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Abstract—In this paper, we propose an algorithmic framework
for combining multiple neighborhood-based heuristics. An algorithm derived from this framework will function by chaining the
heuristics in a pipelined fashion. Conceptually, this framework is
an algorithmic template that contains two pieces of changeable
components: 1) the policy H for selecting heuristics, and 2) the
policy L for choosing the length of the pipeline that chains the
selected heuristics. In this paper, we will first offer a theoretical
discussion on the design of the policy L, and provide empirical
evidence showing the effectiveness of the derived algorithm. We
will then briefly touch on the issue of designing the policy H at
the end of this paper, and demonstrate a simple pruning strategy
and how it can contribute positively to the performance of the
algorithm.

I. I NTRODUCTION
In most real-world situations, it is often the case that for
a computationally challenging problem, there exists multiple
heuristics, and it is generally the case that any such heuristic
exploits only a limited number of problem characteristics
among all the possible problem characteristics that we can
think of. As a result, if the situation encountered does not
align well with the nature of the employed heuristic, the
algorithm can progress very slowly or get trapped in a bad
local optimum. In order to compensate for this, researchers
have been investigating and experimenting with the idea of
combining multiple heuristics (e.g. [1], [2], [3].)
The development of this idea is also motivated by the fact
that we have progressed to a point at which we started to
consider more complex problems that have facets similar to
simpler and more-studied problems. For example, we can see
that the line of research in routing domains moves from traveling salesman problem (TSP) to TSP with time windows, and
then to vehicle routing problems and orienteering problems.
In this case, it is very natural to attempt to reuse the heuristics
that we developed for those more-studied problem domains.
In this paper, we propose a study on how to automatically
combine multiple neighborhood-based heuristics. In the following, we will first review some background and describe
the algorithmic framework that we intend to study.
A. Neighborhood-based Heuristics
The class of search heuristics considered in this study has a
common trait: Given a solution x, the heuristic can modify a

portion of x to produce another solution x0 . To represent the
idea that a solution x0 can be obtained by changing a portion
of a given solution x, we introduce a neighboring relation on
the search space. That is, x0 is a neighbor of x if x0 can be
obtained by modifying some parts of x. We use x
x0 to
0
denote that x is a neighboring solution of x, and N (x) to
represent the neighborhood of x, i.e., the set {x0 |x
x0 }.
S
Thus, a mapping N : S → 2 (where S is the solution space)
encodes the set of modifications under consideration and is
called a neighborhood function or a neighborhood structure.
In this way, we can characterize each heuristic by the sets of
modifications it considers, and represent this characterization
in a unified manner by the notion of neighborhood functions.
In general, we can specify a broad class of heuristics
around the concept of neighborhood functions. We call them
neighborhood-based search heuristics. To differentiate each
member of this class, we identified three elements that together
can be used to describe a heuristic in this class:
1) the neighborhood structure it considers,
2) the transition rule it uses, and
3) the iterating condition of the process.
To demonstrate this specification, consider a simple optimization procedure that starts from some initial solution x and
evaluates a predefined set of modifications that it can perform
on x, which corresponds to a neighborhood structure N . Of
all the members of N (x), it chooses the solution x0 with the
best objective value (with the premise that x0 is better than
x), then switches to consider x0 and the neighbors of x0 . This
process iterates until there is no further improvement in the
objective value.
Here, the neighborhood structure corresponds to the set
of predefined modifications that this heuristic considers to
perform on a solution. The transition rule is to switch to
the best solution in the neighborhood if it is an improvement
over the current solution. And the iterating condition is to
iterate until no improvement is possible. Note that changing
the employed neighborhood structure will lead to a different
heuristic. Thus, we can specify a range of heuristics by
supplying different kinds of neighborhood structures.
The above procedure is often called a best-improvement
local search. A related procedure called first-improvement
local search can be obtained by changing the transition rule:

Algorithm 1 A Basic Architecture for Combining Heuristics
Require: a set of heuristics H, a policy L for choosing lengths, and
a policy H for choosing heuristics.
1: x ← initial solution.
2: while stopping criteria not met do
3:
` ← a length chosen according to L
4:
x0 ← x
5:
for i = 0 to (` − 1) do
6:
hi+1 ← a heuristic chosen from H according to H.
7:
xi+1 ← hi+1 (xi )
8:
if xi+1 is better than x then
9:
break
10:
end if
11:
end for
12:
if the best among x1 , x2 , ..., x` is better than x then
13:
x ← the best among x1 , x2 , ..., x`
14:
end if
15: end while

We can put a priority on the members of N (x), and examine
them based on this priority. If the neighbor x0 being evaluated is better than x, then we switch to x0 without further
considering other solutions in N (x). The first-improvement
version can be used for efficiency purpose, especially when
the neighborhood size is huge. This also demonstrates another
element mentioned above for specifying heuristics: we can
alter the transition rule to specify a different heuristic.
As for the iterating conditions, there is a wide range of
options as well. For example, we can specify a criterion
based on time (e.g. the heuristic will run for 10 minutes),
or we can specify it based on repetition (e.g. the heuristic
will run for a single transition, 10 transitions, or until no
further improvements.) And it is easy to come up with some
other possibilities, such as iterating until the improvement is
sufficiently small.
B. Subject of Study
In this section, we outline an algorithmic framework that we
would like to study in this research. It functions by passing
the work of one heuristic to another in the form of a complete
solution. This complete solution will be used by the receiving
heuristic for initializing its own operation. As mentioned in the
previous section, the class of heuristics that we consider in this
study are neighborhood-based heuristics. One characteristic of
them is that they can pick up a complete solution and modify
it to generate a new solution. Thus, we can design a high-level
flow that chains the effort of multiple heuristics in a pipelined
fashion. In this way, we can create an environment that allows
heuristics to interact with each other.
Another view on this idea is that we are essentially structuring the exploration of the search space as a process that
constructs many solution chains. Each solution chain is formed
by successively applying a heuristic (chosen by certain policy)
to the previous solution to generate the next solution. The
algorithmic description of this idea is shown in Algorithm 1.
In this algorithm, we assume that we are given a set of
heuristics H, a policy L for choosing the chain length, and
a policy H for choosing among the given heuristics. Every
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Check if xi is better than incumbent solution x.
If it is, we terminate this chain at xi .

Fig. 1. The process of sampling a solution chain starts with a solution
x0 . Each subsequent step consists of selecting a heuristic hi+1 from the set
of provided heuristics H and applying hi+1 to the previous solution xi to
get a new solution xi+1 . If xi+1 is better than the incumbent solution x,
we terminate this process and replace x with xi+1 . Otherwise, we proceed
until reaching the bound `. Since in most cases, we have stochastic heuristics
included in H, and hence the xi ’s are generated stochastically, we can think
of this process as sampling a solution chain.

iteration starts with picking a number ` based on the policy
L. This ` will bound the length of the next solution chain. The
algorithm then goes on constructing a chain of solutions by
applying a sequence of heuristics (selected according to policy
H) successively, as illustrated in Figure 1. If any solution
encountered during this process is better than the incumbent
solution x, we break out of the inner loop and replace x with
the better solution. Otherwise, this process repeats. Note that
since in most cases, we have stochastic heuristics included in
H, we can also think of this process as sampling a solution
chain.
For this research, we mainly consider the situation that the
set of heuristics H is predefined and is given to us from some
external source. Thus, we can think of a problem domain
as a combination of an optimization problem and a set of
heuristics designed for that problem. Apparently, there are still
two elements that we need to supply to make Algorithm 1
functional: the policy L for choosing the chain lengths and the
policy H for choosing the heuristics. In this paper, we will first
offer some theoretical discussion on the policy L. To promote
the generality of the result, we will center our discussion on
a setting that contains two agnostic assumptions:
• We assume that we do not have detailed knowledge about
the problem domain being solved, except that we have
access to the objective function (treating as a black-box)
and a set of predefined heuristics.
• Secondly, we assume that we have no information about
the amount of time allocated for running our algorithm.
For simplicity, this theoretic discussion on L will use a simple
policy Hu that makes a uniformly random choice among the
provided heuristics H each time it is consulted. We should
emphasize that this particular policy is for illustrative purpose.
The techniques presented in the following can generalize to
arbitrary H. And at the end of this paper, we will also offer
a preliminary empirical evidence of how choosing a more
sophisticated H can have a positive impact.
Conceptually, we can see that this architecture is an algorithmic template that we can plug different policies into it to
make it behave differently. It also relates to a growing research
field called hyper-heuristics. In the following section, we will

briefly reviewing the field of hyper-heuristics and connect our
algorithm to this field.
C. Hyper-heuristics
The term “hyper-heuristics” [4], [1] refers to a set of methods that aim at achieving the following objective: given a set
of heuristics (or building blocks that can be used to construct
heuristics), automatically produce an adequate combination
that handles the given problem. This framework has a twolayer structure: At the lower level, there is a set of heuristics
or building blocks for constructing heuristics, and the top level
corresponds to a mechanism which utilizes the lower-level
components in combination to solve a given problem. The term
“hyper-heuristics” was first introduced by Cowling et al. [5] as
“heuristics to choose heuristics.” Its definition has since been
extended. Broadly speaking, hyper-heuristic approaches can
be roughly categorized into two classes: methods that harness
a pre-existing set of heuristics, and methods that generate
new heuristics. In the first category, the hyper-heuristics are
equipped with a set of predefined low-level heuristics, and
the task is to decide which low-level heuristic to apply at
a given point during the optimization. The second category
corresponds to methods that build new heuristics from a set
of components, usually via genetic programming (e.g. [6], [7].)
In this place, we focus on the connection to the first category.
Most of the methods from the first category follow an
iterative procedure: Given an initial solution (either generated
randomly or heuristically), the hyper-heuristic loops through
the steps of (i) selecting a heuristic from the set of provided
heuristics (usually neighborhood-based heuristics), then (ii)
applying selected heuristic to the incumbent solution to generate a new solution, and finally (iii) deciding whether the new
solution should be accepted as the new incumbent solution.
This process iterates until the termination criteria are met.
Another dimension for classifying hyper-heuristics is based
on the learning mechanisms they employ. A common classification is to categorize them as online learning, offline learning
or no learning at all. An online learning hyper-heuristic adjusts
itself based on the feedback received during the search process
and dynamically biases the selection probabilities. Offline
learning, in contrast, takes place before the actual search starts.
While most of the recent hyper-heuristics employ some forms
of learning, in this paper, we will first look at the no-learning
cases because it simplifies our discussion. Furthermore, as
we will see in Section IV, a no-learning algorithm can still
be pretty competitive when comparing to more elaborated,
learning-based hyper-heuristics.
Hyper-heuristics without a learning mechanism are among
the first hyper-heuristics being discussed. In their initial paper,
Cowling et al. [5] proposed a no-learning hyper-heuristic
called Simple Random which chooses a low-level heuristic
uniformly randomly at each step. The authors experimented
with two acceptance strategies: All Moves (AM) and Only
Improving (OI). AM accepts new solutions regardless of their
quality, while OI accepts only better solutions, and if the new
solution is inferior than the incumbent, it is simply discarded.

Now consider the algorithm that we laid out as Algorithm 1.
If we use a simple policy Hu that selects a heuristic uniformly
at random each time it is consulted, then it can be seen as an
extension to the Simple Random with OI. And instead of a
single-step heuristic application, in Algorithm 1 we consider
the accumulated effect of applying multiple heuristics. More
specifically, we consider the exploration of solutions within
a chain of limited length. As described before, this solution
chain is formed by successively applying a randomly chosen
heuristic to the previous solution to generate the next solution.
For this setup, the only unspecified element of the algorithm is
how to make choices on the bounding length `, and the algorithm can be viewed as a procedure which at each iteration of
the inner loop, samples a solution that is at most ` operations
(i.e. heuristic applications) away from the incumbent solution
x. In the following, we will often use the word “operation” to
refer to the action of applying a heuristic.
In the following sections, we will first discuss the policies
for choosing `. One can imagine that this choice can have a
significant impact on the algorithm. For example, if the nearest
improving solution is k operations away, then choosing an
` < k will not yield any improvement. On the other hand,
if we choose an ` that is much larger than needed, we can
waste a significant amount of time exploring unpromising
regions. Furthermore, proper choice of ` may vary during
the optimization process, possibly making rigid policies (e.g.
always choose ` = 10) inefficient or ineffective.
In the following section, we will first define the scenario
that we consider, which contains two agnostic assumptions.
Based on that, Section III presents a strategy for choosing `
which has an asymptotic guarantee. Following that, Section IV
shows the result of our preliminary experiments. And finally,
we will close this paper with a brief look at a simple “learning”
mechanism for choosing heuristics.
II. AGNOSTIC S ETTING AND A NYTIME P ROPERTY
The scenario that we consider for our discussion on L
contains two agnostic aspects. The first aspect is that we don’t
assume that we have detailed knowledge about the problem being solved except that we have access to the objective function
(treating as a black-box) and a set of predefined heuristics.
This aspect has been studied in previous hyper-heuristic research, often under the name of “cross-domain optimization”
(e.g. [8], [9], [10], [11].) The main goal of this line of research
is to design widely-applicable optimization methods that can
operate on different problem instances and domains. The twolayer structure of hyper-heuristics provides a logical separation
between lower-level domain-specific heuristics and a higherlevel control policy, which makes it possible to change the
domain-specific components while reusing the higher-level
policy. In this way, a well-designed hyper-heuristic has the
potential to deal with the aforementioned agnostic assumption.
In fact, this aspect has often been deemed as the de facto
conception of selective hyper-heuristics.
The second agnostic aspect that we consider in this chapter
is about the amount of computational resource that we have for

Algorithm 2 A Modified Version of Algorithm 1

Procedure 3 Search by Sampling a Solution Chain

Require: a policy L for choosing lengths
1: x ← initial solution
2: while stopping criteria not met do
3:
` ← a length chosen according to L
4:
if (x0 ← F IND I MPROVEMENT(x, `)) 6= null then
5:
Replace x with x0
6:
end if
7: end while

Require: a set of heuristics H and a policy H for choosing heuristics.
1: procedure F IND I MPROVEMENT(x, `)
2:
x0 ← x
3:
for i = 0 to ` − 1 do
4:
hi+1 ← a heuristic chosen from H according to H
5:
xi+1 ← hi+1 (xi )
6:
if xi+1 is better than x then
7:
return xi+1
8:
end if
9:
end for
10:
return null
11: end procedure

solving a given problem. Most previous research (especially
in hyper-heuristics) has assumed that we are given a fixed
amount of computing power for solving the given problem,
and this amount is known beforehand (e.g. the algorithm
implementation will be run for 10 minutes on some specific
machine.) However, we argue that this assumption hinders
the development towards more general optimization methods
because it essentially corresponds to a preference for methods
that are tuned to a specific amount of computing power. It may
very well be the case that a method which performs well with
a particular amount of computational resource will compare
unfavorably if the resource is doubled or halved. For example,
Remde et al. [12] compared several hyper-heuristics and noted
that the best performing hyper-heuristics depend on the allotted
CPU time. In the following theoretical discussion on L, we
consider the situation in which we do not know beforehand
the amount of time allocated for running our algorithm. The
algorithm has to function properly under the assumption that it
does not know when will it be terminated externally, hopefully
yielding a satisfactory result upon termination. In short, we
would like the algorithm to have a good anytime profile1 .
Consequently, under this condition, we would like our
algorithm to find an improving solution as soon and as often
as possible. If we look at Algorithm 1 from this perspective,
the objective will be to find the next improvement using as
few operations (heuristic applications) as possible, assuming
each operation takes an equal amount of time2 . However, the
situation is actually more involved. It relates to the probability
that the inner loop terminates with an improving solution,
and also relates to the length of each inner loop execution.
This can be better understood by folding line 4 through 11 of
Algorithm 1 into a procedure and rewriting it as Algorithm 2.
Ideally, we would like a call to F IND I MPROVEMENT to have
a high probability of returning a better solution (equivalently,
having a non-null return.) One way to increase this probability
is to use a larger `. However, a larger ` also corresponds to
a higher expected number of operations per call to F IND I M PROVEMENT and on average, takes more time.
Also note that this probability depends on the incumbent
solution x. For example, for a local optimum x, because
1 This

can be of important concern when the search and execution are tightly
coupled (e.g. dynamic vehicle routing problems.)
2 Note that in reality, different heuristics take different amounts of time,
but because they are selected randomly and independently, we can take the
expectation on the execution time and make this simplification.

Algorithm 4 A Modified Version of Algorithm 2
1: x ← initial solution
2: while stopping criteria not met do
3:
Decide a strategy S = (`1 , `2 , `3 , . . .)
4:
for j = 1 to ∞ do
5:
if (x0 ← F IND I MPROVEMENT(x, `j )) 6= null then
6:
Replace x with x0
7:
break
8:
end if
9:
end for
10: end while

there is no immediate neighbor that is better in quality3 , using
` = 1 will have a zero probability of finding an improvement,
while for other x, there will be a non-zero probability for
` = 1. Furthermore, every time we change to a new incumbent
solution, this probability is likely also going to change, making
techniques such as multi-armed bandit unsuitable to be applied
because they assumes a fixed reward distribution4 .
III. C HOOSING S AMPLING L ENGTHS
In this section, we discuss the policy for choosing the
sampling lengths. As mentioned in the previous section, we
would like to have a policy L so that we can find an improving
solution as fast as possible. For this scenario, we can describe
the task as follows: For each new incumbent solution x, the
policy L decides on an infinite sequence S = (`1 , `2 , `3 , . . .)
which represents the sampling lengths for the subsequent
iterations. And we call F IND I MPROVMENT according to this
sequence until it yields an improving solution. This process is
summarized as Algorithm 4.
Note that we can think of each of these infinite sequences
as corresponding to a different strategy for exploring the
search space. In the following, we will often use the term
“strategy” to refer to such an infinite sequence, i.e. a sequence
(`1 , `2 , `3 , . . .) where each `j ∈ Z+ ∪ {∞}.
Now let YS (x) be the random variable representing the
number of operations accumulated from successive calls to
3 Here, we assume that it is a local optimum with respect to all heuristics
in the set H.
4 Another reason that renders multi-armed bandit algorithms unsuitable is
that the number of choices for ` can be large or potentially unbounded, which
corresponds to having a large number of arms (if not infinite) and cannot be
efficiently addressed by the conventional multi-armed bandit algorithms.

F IND I MPROVEMENT under strategy S until it returns an improvement over x. Our objective can be stated as to minimize
the expected value of YS (x) by choosing a good strategy S. In
the following, we will first investigate the situation in which
for any `, we have the knowledge of how probable it is that
a call to F IND I MPROVEMENT (x, `) will return an improvement,
and describe an optimal strategy under this condition. This will
serve as the basis for further discussion on other strategies.

A. Optimal Strategy when Success Probabilities are Known
We start with the assumption that if we know, for any
`, the probability that a call to F IND I MPROVEMENT (x, `) will
successfully return an improving solution. This information
will in theory enable us to construct an optimal strategy that
achieves the minimal E[YS (x)].
Theorem 1. Given an incumbent solution x, and let q(`)
be the probability that F IND I MPROVEMENT (x, `) returns an
improving solution, then the fixed-length strategy S`∗ =
(`∗ , `∗ , `∗ , . . .) where
!
X
1
0
∗
`−
q(` )
` = arg min
`<∞ q(`)
0
` <`

is an optimal strategy for minimizing E[YS (x)].
Proof. The key is to recognize that F IND I MPROVEMENT (x, `)
is a Las Vegas algorithm if we set ` to ∞, i.e. whenever F IND I MPROVEMENT (x, ∞) halts, it provides an improving solution. However, the number of operations it executed is a random variable5 . Let p(`) be the probability
that F IND I MPROVEMENT (x, ∞) stops after applying exactly `
operations and note that q(`) is the cumulative distribution
function of p, we can prove the above theorem by reducing it
to Theorem 3 of [13].
Of course, the assumption of having detailed knowledge of
q(`) is unrealistic. However, we present this theorem because
we would like to provide guarantees on other strategies in
terms of this theoretically optimal behavior. In the following,
we will denote the above theoretically minimal E[YS (x)] as
mx (or m when the binding to x is implicitly assumed.)
B. Balanced Strategies for Unknown Distributions
In this subsection, we consider the situation in which q(`)
is unknown and describe a “balanced” strategy which tries
many different choices of ` and spends on each chain length
a roughly equal amount of heuristic applications. Specifically,
this strategy is an infinite sequence of the form:
1, 1, 2, 1, 1, 2, 4, 1, 1, 2, 1, 1, 2, 4, 8, 1, 1, 2 . . .
It can be defined recursively as
(
2k−1 ,
if j = 2k − 1;
`j =
`j−2k−1 +1 , if 2k−1 ≤ j ≤ 2k − 1.
5 Also note that it can be the case that F IND I MPROVEMENT (x, ∞) will
run forever. Either because x is a global optimum, or because the set of
operations cannot provide enough variation to enable the algorithm to reach
certain points in the search space. We ignore these situations for simplicity.

This sequence was proposed by Luby et al. [13] and we
will refer to it as Luby’s sequence or Luby’s strategy. Using
the Luby’s strategy in Algorithm 4, we have the following
theorem.
Theorem 2. Given an incumbent solution x, let mx =
minS E[YS (x)]. If we make calls to F IND I MPROVEMENT (x, `)
using Luby’s strategy SLuby , then we have an asymptotic bound
on E[YSLuby (x)] as O(mx log mx ). Furthermore, O(m log m)
is the best asymptotic guarantee we can hope to achieve if we
assume an unknown q(`).
Proof. This theorem can be proved similar to Theorem 1
by recognizing that F IND I MPROVEMENT (x, ∞) is a Las Vegas
algorithm, and defining p(`) accordingly. With this condition,
we can invoke Theorem 5 and 7 of [13] to prove the above
theorem.
Note that this bound is provided without the assumption that
we know q(`), and hence can be applied easily. Furthermore,
Luby’s strategy is regarded as “universal” in the sense that
it will eventually extend to long enough sampling lengths if
shorter lengths are insufficient6 .
Two variations can be introduced while still retaining the
asymptotic guarantee: First, we can change the geometric
factor. For example, using 4 as the geometric factor will give
the sequence: (1, 1, 1, 1, 4, 1, 1, 1, 1, 4, . . .) The second
variation is that we can scale the sequence by a constant s, i.e.
(s, s, 2s, s, s, 2s, 4s, s, s, . . .). Adopting these two variations
will change the leading constant but will not affect the term
m log m. That is, if we write the bound as O(c · m log m) for
some constant c, adopting any or both of these variations will
change the constant c, but not the term m log m.
IV. P RELIMINARY E XPERIMENTS AND R ESULTS
This section describes the setting of our preliminary experiments and results. We will first go over HyFlex, a software framework that the hyper-heuristics research community
developed for testing hyper-heuristics. We then describe our
algorithm implementation on HyFlex, which is based on Algorithm 4 and Luby’s sequence. Implementing our algorithm on
HyFlex enables us to compare our algorithm with other hyperheuristics participated in the 2011 Cross-domain Heuristic
Search Challenge (CHeSC), which was based on the HyFlex
framework. We should point out upfront that most of the
hyper-heuristics participated in CHeSC were based on some
sorts of learning during optimization, while on the contrary,
our algorithm has no learning components. However, the
results suggest that although we could not clinch top spots,
our no-learning algorithm is nevertheless very competitive
when comparing to most of the hyper-heuristics participated
in CHeSC 2011.
6 Note that one can devise other universal strategies by growing the sampling
length in certain ways, but as stated in Theorem 2, O(m log m) is the best
asymptotic guarantee one can hope to achieve if we assume unknown q(`).

TABLE I
C ATEGORICAL S UMMARY OF H EURISTICS IN CH E SC 2011
MU
RR
HC
XO

SAT
0–5
6
7,8
9,10

BP
0,3,5
1,2
4,6
7

PS
11
5–7
0–4
8–10

FS
0–4
5,6
7–10
11–14

TSP
0–4
5
6–8
9–12

VRP
0,1,7
2,3
4,8,9
5, 6

A. HyFlex and CHeSC 2011
HyFlex is a software framework that was created to aide
the development and testing of hyper-heuristics [14]. It has
a particular emphasis on the concept of cross domain optimization. To promote this concept, HyFlex features a common
interface for dealing with different combinatorial optimization
problems. This interface encapsulates problem specific details,
such as solution representations and how each heuristic actually works, from the user of the framework7 . It was expected
that the designer of a hyper-heuristic will come up with some
mechanism that utilizes these encapsulated heuristics based on
the feedback of their performance during the search process.
Although the HyFlex’s interface hides most details of these
heuristics, it reveals a categorical description of them by
classifying each heuristic as mutation (MU) which modifies
a solution in some way with no guarantee of improvement,
ruin and recreate (RR) heuristic which destructs a portion of
the given complete solution and then reconstruct it in certain
fashion, hill climber (HC) which performs a local search
returning a solution that has the same or better quality than
the original solution, or crossover (XO) which creates a new
solution by combining some parts from two given solutions.
In addition, HyFlex also provides a parametric control over
the intensity of the mutation and ruin and recreate heuristics,
as well as the depth of the search in the hill climber heuristics.
However, for this preliminary study, we will only use the
default parameters and will not perform any further tuning.
HyFlex was used as the underlying framework for CHeSC.
And for this competition, it provides six problem domains:
one-dimensional bin packing (BP), personnel scheduling (PS),
permutation flow shop problem (FS), the optimization version
of boolean satisfiability problem (SAT), traveling salesman
problem (TSP) and vehicle routing problem (VRP). Table I
provides a categorical summary of the heuristics implemented
for each problem domain. Each heuristic from a domain is
identified by a unique ID number and classified to a category
as described above. Besides these two pieces of information,
the framework exposes no further details of the heuristic to
the participants of the competition.
The ranking method used at CHeSC was inspired from the
Formula 1 point scoring system. For each problem instance,
the top eight contestants are determined by comparing the
median objective values that the contestants achieved over 31
runs where each run lasts for 10 minutes on the organizer’s
benchmark machine. Each algorithm is then awarded a score
7 Note

that is corresponds exactly to our first agnostic assumption described
in Section II.

according to its ranking. The winner receives 10 points, the
runner up gets 8 and then 6, 5, 4, 3, 2 and 1, respectively. In
the case of a tie, the corresponding points are added together
and shared equally between each algorithm. In CHeSC, each
domain contains 5 instances for the final scoring. The winner
is the one which has the highest accumulated score from the
30 instances across 6 problem domains.
Twenty teams submitted their algorithms to the CHeSC.
The results, along with the description of each algorithm,
are available from the website of the competition8 . In the
following, we will compare the results of our algorithm with
the 20 contestants participated in the CHeSC.
B. Implementation Details
Basically, our algorithm implementation follows the structure of Algorithm 4. Inside the F IND I MPROVEMENT procedure,
we use a uniformly random policy, Hu , for choosing heuristics. And we use Luby’s sequence SLuby as the strategy for
choosing the sampling lengths. (Note that every time we have
found a better solution to replace the incumbent solution, we
will restart the Luby’s sequence, i.e., jumping back to the
beginning of the Luby’s sequence.)
One augmentation that we have done for testing on CHeSC
is that we also consider an “amplified” version of each original
heuristic provided by the HyFlex. Let x0 = h(x) represent an
application of some heuristic h to some solution x, yielding
another solution x0 . We can amplify this process by applying
h multiple times. If an application yields an x0 that is worse
than x, then it is simply discarded. Otherwise, we replace x
with x0 . This process repeats for a period of time9 and returns
the final x.
This particular design stems from our desire to promote
collaboration among heuristics. Typically, it is very often the
case that a stochastic heuristic will only modify a randomlychosen small portion of the given solution, and this small
portion might have very little relation to the modification
done by the previous heuristic. Thus, consecutive heuristics
might have very little chance to create a collaborated effort.
For example, in the SAT domain, we can have the situation
that one heuristic flips a variable and the next heuristic
flips another variable that has no overlapping clauses with
the previously flipped variable. Thus, the two operations are
largely independent. Our idea of creating an amplified heuristic
out of a heuristic defined by HyFlex is to increase the chance
of putting consecutive heuristics to work on related pieces
of a solution. With this addition, we double the size of our
heuristic set, H, with each original heuristic accompanied by
its amplified version.
Another algorithmic modification that we have done is to
allow the incumbent solution to be replaced by a solution of
an equal quality. This is implemented as follows. When a
chained exploration fails to discover an improving solution,
we will examine the solution chain x1 , x2 , . . . , x` to see if
8 http://www.asap.cs.nott.ac.uk/external/chesc2011
9 For

example, in our implementation, it is set to 15 milliseconds.

there is a solution xi that has the same objective value as
the incumbent solution. If multiple solutions were found, we
pick the one that is furtherest down the chain, and replace the
incumbent solution with this solution. We chose to do this to
alleviate stagnation. Note that after performing such kind of
replacement, we do not reinitialize the Luby’s strategy as we
do when we found an improving solution. (Another view of
this is that we are treating the group of solutions that are of
the same quality as an equivalence class.)
Finally, we found that for CHeSC, it is better to bound the
Luby’s sequence instead of growing arbitrarily. We suspect that
this might be because some CHeSC domains have heuristics
that are roughly equal to a random initialization of the solution.
Once such a heuristic has been applied, the subsequent operations will typically have a much smaller chance of finding
an improvement over the incumbent solution because this is
equivalent to forfeiting the work that has been done to the
point. So if such kind of heuristics is included in the domain,
it is better to keep the sampling length short to minimize the
occurrence of this kind of destruction and subsequent waste.

TABLE II
R ANKING AND S CORES IF PARTICIPATED IN CH E SC
Method
AdapHH
VNS-TW
ML
Luby-32
PHUNTER
EPH
HAHA
NAHH
ISEA
KSATS-HH
HAEA
ACO-HH
GenHive
SA-ILS
DynILS
AVEG-Nep
XCJ
GISS
SelfSearch
MCHH-S
Ant-Q

BP
42.00
2.00
8.00
39.00
2.00
6.00
0.00
17.00
26.00
7.00
1.00
16.00
10.00
0.00
9.00
0.00
10.00
0.00
0.00
0.00
0.00

PS
8.00
37.50
31.00
13.00
11.50
10.50
23.50
2.00
14.50
8.50
1.00
0.00
6.00
17.50
0.00
0.00
0.00
8.00
2.50
0.00
0.00

FS
36.00
33.00
38.00
23.00
7.00
17.00
0.83
21.00
1.50
0.00
5.33
7.33
5.00
0.00
0.00
0.00
0.00
0.00
0.00
0.00
0.00

TSP
40.25
18.25
13.00
8.00
25.25
33.25
0.00
12.00
10.00
0.00
11.00
8.00
3.00
0.00
11.00
0.00
0.00
0.00
2.00
0.00
0.00

VRP
15.00
5.00
21.00
9.00
33.00
12.00
13.00
5.00
5.00
21.00
26.00
1.00
6.00
4.00
0.00
8.00
5.00
6.00
0.00
0.00
0.00

Total
175.35
129.35
122.50
111.20
87.25
78.75
68.93
68.50
61.00
58.70
44.33
32.33
30.00
22.10
20.00
18.50
18.50
14.60
4.50
3.60
0.00

Total
111.20
68.00

Rank
4/21
8/21

TABLE III
U SING L UBY ’ S S EQUENCE VS . U SING S1

C. Preliminary Results
As mentioned previously, we use problem domains implemented in CHeSC as a benchmark and compare our results
with the algorithms participated in that contest. For fair comparisons, the CHeSC organizer provides a calibration software
that reports, for a user’s machine, the time budget equivalent
to 10 minutes on the organizer’s machine that was used for
holding the competition. We performed our experiments on
Amazon Web Service’s EC2 c4.large virtual machines, for
which the calibration software reports a 346 seconds time
budget. In accord with CHeSC, we performed 31 runs for
each problem instance and took the median values.
For our algorithm, we use the following configuration: We
allow for an amplified heuristic to run for 15 milliseconds, and
we bound the Luby’s sequence at 32, i.e., when `i = 32, the
following sequence will be a repetition from the beginning of
the sequence to `i . Also note that for this preliminary study, we
do not use the crossover heuristics provided by the HyFlex,
for they require two solutions as input, and thus do not fit
naturally to our framework.
Table II shows the scores achieved by our algorithm,
denoted as Luby-32, if competing with other contestants
in CHeSC. As we can see, it ranks 4th overall. Although
this was not a spectacular performance, it is nevertheless
very interesting. It is interesting because most of the other
algorithms participated in CHeSC 2011 employ some sorts of
learning or adaptation during the search. On the other hand,
our algorithm has no such a learning component: Hu is just
a uniformly random selection, and SLuby is a fixed sequence.
From our point of view, this can be seen as an evidence that
the principles that we relied on are indeed effective.
To further evaluate the contributing factors of our algorithm,
we also tested a version with the sampling length constantly
setting to 1, i.e., using a strategy S1 = (1, 1, 1, . . .). This
is equivalent to performing single-step explorations. Table III

SAT
34.10
33.60
11.50
19.20
8.50
0.00
31.60
11.50
4.00
22.20
0.00
0.00
0.00
0.60
0.00
10.50
3.50
0.60
0.00
3.60
0.00

Method
Luby-32
Length 1

SAT
19.20
0.00

BP
39.00
33.00

PS
13.00
10.00

FS
23.00
21.00

TSP
8.00
0.00

VRP
9.00
4.00

lists the scores and the rank of the algorithm if participated
in CHeSC. From the result, we can see that using Luby’s
sequence has an advantage over the length-1 strategy. This
can be seen as a further proof that Luby’s strategy contributes
positively to the algorithm.
V. P RUNING H EURISTIC S ET
As a prelude to our follow-up research, in this section we
demonstrate how, by adding a simple mechanism that changes
the policy for choosing heuristics, we are able to obtain a
higher total score in CHeSC 2011 with the previous algorithm.
This serves as a starting point for us to think about H, the
policy for choosing heuristics, and more importantly, how to
design H in a more principled manner. Furthermore, how can
we derive H automatically from prior experience.
Perhaps the simplest mechanism that we can add to our
algorithm is to record whether a heuristic has ever participated
in the creation of a solution chain that led to the discovery of
an improving solution. This data gathering is done at the initial
stage of a run. And after this initial stage, we prune away the
heuristics that have never showed up in such a record, reducing
the size of the heuristic set H. This is equivalent to setting the
probability of selecting those heuristics to zero and redistribute
the probability mass equally to the remaining heuristics. Note
that as a safeguard against making pruning based on insufficient information, we do not prune any heuristics that had not
been applied for more than 30 times in the initial stage.
As before, we performed our experiments on Amazon Web
Service’s EC2 c4.large virtual machines, and we set the

TABLE IV
P ERFORMANCE OF A DDING A S IMPLE P RUNING M ECHANISM
Method
AdapHH
Pruning
VNS-TW
ML
PHUNTER
EPH
HAHA
NAHH
KSATS-HH
ISEA
HAEA
ACO-HH
GenHive
SA-ILS
AVEG-Nep
DynILS
XCJ
GISS
SelfSearch
MCHH-S
Ant-Q

SAT
34.10
19.60
33.60
11.00
8.00
0.00
32.10
11.50
22.35
3.50
0.00
0.00
0.00
0.75
10.50
0.00
3.50
0.75
0.00
3.75
0.00

BP
42.00
37.00
2.00
8.00
2.00
6.00
0.00
17.00
7.00
26.00
1.00
18.00
10.00
0.00
0.00
9.00
10.00
0.00
0.00
0.00
0.00

PS
8.00
14.50
37.50
31.00
11.50
10.50
23.50
1.00
8.50
14.50
1.00
0.00
6.00
17.50
0.00
0.00
0.00
8.00
2.00
0.00
0.00

FS
33.00
35.00
29.00
34.00
6.50
17.00
0.83
21.00
0.00
1.50
5.33
6.83
5.00
0.00
0.00
0.00
0.00
0.00
0.00
0.00
0.00

TSP
40.25
14.00
18.25
13.00
24.25
33.25
0.00
11.00
0.00
10.00
10.00
7.00
2.00
0.00
0.00
10.00
0.00
0.00
2.00
0.00
0.00

VRP
14.00
8.00
5.00
21.00
32.00
12.00
13.00
6.00
22.00
4.00
27.00
1.00
6.00
4.00
9.00
0.00
5.00
6.00
0.00
0.00
0.00

Total
171.35
128.10
125.35
118.00
84.25
78.75
69.43
67.50
59.85
59.50
44.33
32.83
29.00
22.25
19.50
19.00
18.50
14.75
4.00
3.75
0.00

initial data-gathering stage to one minute. Table IV shows
the scores obtained by our algorithm with the addition of the
above pruning mechanism (denoted as Pruning in the table),
comparing to the methods originally participated in CHeSC.
As we can see, now we are able to obtain a higher total score
and ranked second overall. This demonstrates the possibility
that we may be able to deduce a better policy H from prior
experience.
VI. F UTURE W ORKS
In this paper, we described an architecture that allows us
to chain multiple heuristics in a pipelined fashion. We laid
out this architecture in the hope that based on this, we can
further think about the issue of how to combine multiple
neighborhood-based heuristics in a more principled manner.
As a future work, we would like to continue on the exploration
of how to design a policy for choosing heuristics, which
corresponds to the H component in our framework. In this
paper, we have looked at a baseline policy Hu , that each
time selects a heuristic uniformly at random from the set of
heuristics. And in the last section, we have brief experimented
with a simple “learning” policy that changes its behavior for
choosing heuristics during a run. In the following work, we
would like to study how to come up with a better policy, and
furthermore, how to automate its construction.
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