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Abstract

In many applications, mobile robots must be able to localize themselves with
respect to environments which are not known a priori in order to navigate and
accomplish tasks. This means that the robot must be able to build a map
of an unknown environment while simultaneously localizing itself within that
map. The so-called Simultaneous Localization and Mapping or SLAM problem
is a formulation of this requirement, and has been the subject of a considerable
amount of robotics research in the last decade.

This thesis looks at the problem of localization and mapping when the only
information available to the robot is measurements of relative motion and bear-
ings to features. The relative motion sensor measures displacement from one
time to the next through some means such as inertial measurement or odome-
try, as opposed to externally referenced position measurements like compass or
GPS. The bearing sensor measures the direction toward features from the robot
through a sensor such as an omnidirectional camera, as opposed to bearing and
range sensors such as laser rangefinders, sonar, or millimeter wave radar.

A full solution to the bearing-only SLAM problem must take into consid-
eration detecting and identifying features and estimating the location of the
features as well as the motion of the robot using the measurements. This thesis
focuses on the estimation problem given that feature detection and data as-
sociation are available. Estimation requires a solution that is fast, accurate,
consistent, and robust.

In an applied sense, this dissertation puts forth a methodology for build-
ing maps and localizing a mobile robot using odometry and monocular vision.
This sensor suite is chosen for its simplicity and generality, and in some sense
represents a minimal configuration for localization and mapping.

In a broader sense, the dissertation describes a novel method for state estima-
tion applicable to problems which exhibit particular nonlinearity and sparseness
properties. The method relies on deterministic sampling in order to compute
sufficient statistics at each time step in a recursive filter. The relationship of
the new algorithm to bundle adjustment and Kalman filtering (including some
of its variants) is discussed.
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Notation

m trajectory (all vehicle poses)

m; vehicle pose at time

S map (position of all features)

S; position of feature j

x all model parameters, i.e. the map and trajectory
d; odometry measurement

bx bearing measurement k

/ vector of all measurements

£f() odometry measurement function
F Jacobian of f

9() bearing measurement function
G Jacobian of g()

h() general measurement function

Jacobian of h
odometry measurement noise
bearing measurement noise
covariance of odometry noise
covariance of bearing measurement noise
{} expectation computed over distribution p
cost function
VJ gradient of cost function
V2J  Hessian of cost function
a approximation to V.J
A approximation to V2.J
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Chapter 1

Bearing only localization
and mapping

An essential aspect of autonomy for a mobile robot is the capability to de-
termine its location. This capability is known as localization. Localization is
typically a prerequisite for accomplishing real tasks, whether it is exploration,
navigation toward a known goal, transportation of material, construction or site
preparation.

In many applications, the mobile robot has an a priori map. Given a map,
the robot may localize by matching current sensor observations to features in
the map. Given enough features and an unambiguous geometry, the pose of the
robot can be determined or at least narrowed down to a set of possible locations.

Usable maps do not always exist, and it is not always possible to have ac-
curate externally referenced pose estimates. Planetary rovers may enter areas
that have not been mapped out previously, or have not been mapped at high
enough resolution for localization on a small scale. Mining robots might operate
in areas that change dramatically. Underwater robots often explore sites that
have never been visited before. If an a priori map is not available, the robot
may need to construct one. With a precise, externally referenced position es-
timate from GPS or similar means, the robot can take its sensor observations,
reference the observations to its current pose, and insert features in the map in
the appropriate places.

Without maps or externally referenced pose information, the robot must
produce its own map and concurrently localize within that map. This problem
has been referred to as concurrent localization and mapping (CLM) and simul-
taneous localization and mapping (SLAM). This thesis focuses on the SLAM
problem in which the robot is equipped with a bearing-only sensor and odom-
etry and computes a metric, feature-based map of its environment without a
priori information about feature locations.



1.1 Motivation

The SLAM problem has been considered in many contexts. Frequently ap-
proaches rely on accurate range-bearing sensors such as laser range scanners,
millimeter-wave radar, imaging sonar, or active stereo vision. Motion measure-
ments often come from accurate inertial measurement systems, gyroscopes, etc.
or even externally referenced sensors such as GPS or compass.

Below is a discussion of the motivation for many of the choices in sensors,
models, and algorithms used in this thesis.

1.1.1 Monocular vision and odometry

Much of the existing work in localization and mapping uses range sensors such
as laser rangefinders, millimeter wave radar, and sonar[10, 17, 20, 21, 30, 34,
39, 47, 49, 50, 59, 62, 79, 80, 85, 86, 87, 96]. The first two sensing modalities
typically have much higher power and mass than a single camera. Furthermore,
most sensors require mechanical scanning mechanisms which reduce the fault
tolerance of the sensors and limit the data acquisition rates. Sonar sensors used
in indoor applications typically have wide beam profiles, making it difficult to
identify the origin of the return signal. Range is typically limited as well. Use
of sonar on outdoor robots is far less common.

Monocular vision does not provide range information. Using a pair of stereo
cameras, depth maps of a 3-D scene can be computed from a single pair of
images with the appropriate processing. However, sets of cameras require more
mass, power, volume, and hardware support (framegrabbers, etc.) compared
to a single monocular camera. Furthermore, stereo processing can require a
significant computational effort, and stereo vision is prone to its own problems.
Monocular vision provides bearing information in the sense that each pixel in
an image corresponds to a cone of light which passes through the focal center of
the camera and the pixel location on the image plane. The depth information
is lost due to the projection of the scene onto the image plane, but if images are
combined from multiple poses, then the poses from which the images were taken
as well as the locations of the features in the images can be determined. The
low weight, low power, and low cost make monocular vision an attractive sensor
choice for simple mobile robots. The sensor can also serve multiple purposes;
onboard cameras are useful for visualization, remote science, teleoperation, etc.

Bearing only measurements are a difficult case for several reasons. First, a
single measurement is insufficient for computing an estimate of the location of
a landmark, since the measurement is merely a direction and the distance is
unknown. This makes it difficult to initialize the location of a new landmark
during mapping. Second, the nonlinear nature of the measurement makes it
difficult to compute useful posterior statistics for recursive filtering methods
such as Kalman filters, since the posterior statistics rely on linearization near
the true state in order to be useful. Also, it will be argued later that without
range measurements some other sensor must provide information about the
overall scale of the map and the robot motion.
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In addition to monocular vision, the work presented here makes use of odom-
etry information. Odometry can provide the scale information which is missing
in the bearing only measurement. There have been examples of robots localiz-
ing and mapping without odometry[50], but this requires range sensing which
we do not assume to be available. Furthermore, odometry provides some prior
information on the robot motion which can help to disambiguate the solution.
Fitting robot motion to the odometry also tends to favor smooth robot motion
since the kinematic and dynamic constraints of the vehicle will disallow erratic
motion. This tends to regularize the problem.

This work does not consider the inclusion of external position references.
There are many cases in which external heading or position references do not
exist or are unreliable. Single antenna GPS receivers do not provide orientation
information; gyroscopic compasses drift; magnetic compasses are only useful in
environments where there is a useful magnetic field, e.g. not on Mars or near
the Earth’s poles. Even then magnetic compasses can exhibit limited slew rates,
large noise, and bias in the presence of magnetic fields generated by the robot
itself.

It should be noted that GPS, compass, gyroscopes, accelerometers and other
sensors can be incorporated into this framework. The addition of these mea-
surements will improve the state estimates, especially externally referenced ones
which can correct drift.

1.1.2 Batch mode and Recursive estimation

Batch estimation techniques consider all of the available data at once in order to
compute the best solution available given the data. Batch estimation techniques
have the advantage that they treat all data with equal importance and find
optimal estimates for all model parameters given all data. Batch estimation
can also often serve as a “gold standard” method, since it can provide a way
to compute the best solution available given the data, decoupling the errors
that are due to the data itself, and the errors due to approximations or other
characteristics of algorithms which are preferred for computational reasons.

However, full batch estimation solutions are slow due to the volume of data
that a mobile robot can gather in even a fairly modest period of time. For this
reason, we desire a recursive state estimation method so that measurements can
be incorporated as they are made and later discarded.

Kalman filter based solutions to SLAM or SFM incorporate the data as it
becomes available and replaces the data with a statistic. The statistic used is an
estimated posterior mean and covariance. It is known that this estimate is biased
for nonlinear problems and the statistic may not capture the true posterior
well, causing the Kalman filter to drift or become inconsistent. The primary
issues in computing statistics in a Kalman filter for bearing only SLAM are that
estimating a landmark location with few measurements is ill posed, and that
therefore computing linearizations after only a small number of measurements
of a landmark are available means potentially linearizing at the wrong point.
The posterior statistics do not capture the data.



The estimate can be improved if we use a nonlinear smoothing filter, since
the measurements are linearized and summarized using a better (lower variance)
state estimate. The incorporation of more information with which to compute
state estimates improves the quality of the estimates. The estimate can also be
improved if we use statistical linearization, since the posterior statistics are valid
over the region of high probability rather than only at the point corresponding
to the current state estimate. Given that we choose to represent the posterior
state estimate as a Gaussian, this thesis will show that smoothing and statis-
tical linearization can be used to compute better approximations for recursive
estimation in SLAM.

1.2 Modeling the system

Recursive filters are typically described in terms of process and measurement
models. The process model is a description of how the state evolves as a func-
tion of time. The measurement model is a description of what measurement
would be expected for a given state. In general these models are nonlinear
and only approximate the true nature of the system. The filter also requires a
representation of the system state and measurements.

1.2.1 System state

In the work presented here, we model the robot environment as a 2-D planar
world. The rover is modeled as a rigid body. The rover pose at time i is the
3-DOF (degree of freedom) parameter vector

My
my

which is the position of the rover on the 2-D plane and the orientation or yaw
of the rover with respect to some conventional reference direction.

Landmarks are assumed to be point features. The vector describing land-
mark j is the 2-DOF parameter vector

55 = ( z; ) (1.2)

which is the position of the landmark on the 2-D plane.

There are many rover and landmark attributes which are not included in this
representation. The 2-D world model does not include elevation for the rover
or landmarks. The rover attitude is not fully described, since the roll and pitch
angles are not included. There is nothing in the sequel which precludes a 3-D
model but generalizing the approach to 3-D would require a reparameterization.
In particular the attitude of the rover is not trivial to encode. Euler angles or
unit quaternions might be used but both approaches have their limitations. The

6



Figure 1.1: Vehicle odometry model

rover might also have articulation which is ignored here. Landmark descriptions
could include many attributes such as size, shape, appearance, etc.
For notational convenience, we denote the vector of all unknown parameters

x={my " my”, .. mpT, 51T 80T, st )T (1.3)

The vector x includes the entire description of the state of the system subject
to our modeling assumptions.

1.2.2 Measurement models

Small rovers which move slowly operate in a quasistatic manner. The motion of
the rover is not significantly influenced by dynamics. There are typically a few
layers of software and hardware between the high level action plan, low level
control, motor amplifiers, and the actual motion of motors, transmissions, and
wheels. Sensors that directly measure the motion of the wheels return more
reliable information about the motion of the robot than directives reported
by higher level software such as planners, executive instructions or even low
level control inputs. For this reason, the vehicle model used in this thesis is a
measurement model, rather than a predictive dynamic model. The vehicle is
assumed to have some means of measuring odometry and returning an estimate
of the motion on the plane since the last odometry measurement was reported.
The odometry measurement is

d; = f(mi, mi_l) + wi (1.4)
where the components of the measurement are
Am,
di= | Am, (1.5)
Amg

The noise term w; is assumed to be zero mean with variance Qj, or

By combining (1.4) and (1.6), we can write that the odometry measurement
is distributed as a Gaussian with mean given by the odometry measurement
equation and variance Qj, or

di ~ N(f(mj—1, m;), Q;) (1.7)
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Figure 1.2: Image from an omnidirectional camera

This motion information is enough for the robot to localize using dead reckoning,
or path integration. However, path integration is known to produce poor pose
estimates since the noise is integrated over time, producing error which grows
unbounded.

A typical camera projects a 3-D scene onto a 2-D image plane. The depth to
each point in the scene is lost. With an omnidirectional camera, the field of view
that is projected onto the image plane consists of a full 360° surrounding the
camera. These camera systems are typically built from a normal CCD camera
which looks upward at a curved mirror[63].

The omnidirectional camera projects the scene onto an annular region on
the image plane, as shown on the left side of Figure 1.2. The elevation of a
scene point with respect to the camera determines the distance from center
of the image plane to the feature location on the image plane. The azimuth
angle toward any scene point determines the angle around the annulus where
the point appears on the image plane. This property makes the omnidirectional
camera a viable way of measuring bearings toward features. The right side of
Figure 1.2 shows a dewarped image, where the projection has been rectified to
show the image such that the elevation angle determines the pixel row and the
azimuth determines the pixel column in the rectified image. These images are
more intuitive than the raw camera image. The distance from the left edge of
the dewarped image is the bearing toward the feature.

In relation to the model of image formation for typical perspective projection
cameras, the measurement model can also be thought to project a feature point
in the world onto a unit circle (unit sphere in three dimensions) centered at the
sensor. This model is depicted in Figure 1.3. The projection is nonlinear.

The bearing measurement equation

b = g(mi(k), Sj(k)) —+ vg (1.8)

models the bearing from the rover at pose m;y) to a landmark at position s;),
where (k) and j(k) indicate which pose and landmark correspond to bearing
k. The bearing measurement noise vy is modeled as i.i.d. Gaussian with mean
zero and covariance Ry, or

v ~ N(0, Ry) (1.9)

Using (1.8) and (1.9), we can write that the bearing measurement is dis-
tributed as a Gaussian random variable with mean given by the measurement
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Figure 1.3: Bearing measurement model.
function and variance given by Ry,
bk ~ N (g(mj, s;), Ri) (1.10)
The actual form of the measurement function g() is
g(my, s;) = atan2(sy; — Myi, Szj — Mai) — Me; (1.11)

Similar to the combination of all parameters describing the state, we define
the measurement vector

Z:{dl,dz,...,di,bl,bg,...,bk}. (112)

to be the collection of all odometry and bearing measurements. The generating
function for all measurements as a function of all parameters is

z = h(x) + v, (1.13)

where v ~ N(0,R) is a normally distributed random variable. Following the
assumption of i.i.d. noise for the individual measurements described above, R
is (block) diagonal. The generating function for a single odometry or bearing
measurement will be denoted zx = hy(x) + v where zyx can be either type of
measurement.

Using the notation described above, we can express the bearing only SLAM
problem as estimating the parameters describing the rover trajectory and feature
map using the measurements. In terms of a maximum a posteriori estimate, we
seek

x* = argmaxP(x|z) (1.14)

The remainder of this thesis will focus on how to achieve or approximate this
maximum a posterior estimate for the robot motion and feature map given
measurements of robot odometry and bearings toward features.
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1.3 The nature of bearings-only SLAM

There are a number of ways in which we can investigate the nature of the
bearings only SLAM problem. In [30] the authors investigate the nature of the
bearing-range SLAM problem by looking carefully at the behavior of a Kalman
filter solution to the problem. The trouble with this approach is that there
may be some confusion between the nature of the underlying problem, and the
nature of the solution being applied.

A complete SLAM system must deal with many sources of uncertainty. Mea-
surement errors in odometry and bearings will occur, and may loosely fall into
errors which are captured by the system model, or inliers, and those which do
not fall into the system model, or outliers. Outliers present a problem because
when the assumptions made in the model are violated the behavior of the algo-
rithm may be quite different from what is expected. For this reason, methods
which are robust to outlier measurements are desired.

Furthermore, a complete SLAM system must deal with uncertainty in data
association. Features must be detected and recognized as the same in order
to use multiple measurements to refine estimates of feature locations and use
the map to navigate. If correspondence is not known, then techniques such as
multiple hypothesis tracking[74], RANSAC[35], or EM [26] might be used along
with the procedures outlined below.

1.3.1 SLAM as parameter estimation

The use of odometry for pose estimation in the absence of any other information
is one example of deduced reckoning, also referred to as dead reckoning or ded
reckoning. Dead reckoning is known to have many problems, the most significant
of which is that the errors in incremental motion estimation accumulate and
position error grows without bound. That is, since the motion measurements
are essentially integrated or summed over time,

m; =Y dy (1.15)
k=0

Since each motion estimate dx has some error, the final pose estimate is affected
by all of the errors on all of the incremental motion estimates. The result is that
the error on the robot position grows unbounded. Depending on the magnitude
of the errors the pose estimate may become useless rapidly. Systematic errors
such as inaccurate estimate of wheel diameter, wheelbase, tire friction, etc.
contribute as well as random effects such as wheel slippage, uneven or changing
surfaces, or external forces on the robot. Nonetheless, dead reckoning is a well
posed problem. Given an initial robot pose and a set of estimated motions, dead
reckoning can compute an answer and an estimate of the quality of the answer.

If we only use the bearing sensor without information from odometry, then
we can look to Structure from Motion (SFM) to gain some insight into what is
possible. There is a counting argument often used in SFM to determine when
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Table 1.1: Cases for which a solution exists in 2-D SFM.

solutions will exist for multiframe SFM. If there are N features and M robot
poses from which bearings are measured, then there are 2N + 3M unknowns
in the parameter estimation, 2 unknowns for the position of each landmark on
the (x,y) plane and 3 unknowns (x,y,#) for the pose of the robot at the time
each measurement was taken. Let us assume for simplicity that all features of
interest are visible in all frames, so that there are N M measurements. However,
in the bearings only SLAM problem, as in SFM, there are a few gauge freedoms,
or inherent ambiguities, particularly the coordinate frame and the scale factor.
Any solution {m,s} to the problem is also valid if a similarity transform is
applied. A similarity transform in 2D has four parameters, translation in x or
y (2 parameters), rotation (1), and scale (1). This means that to have a unique
solution to the bearing-only SLAM problem, we need to include 4 constraints.
A solution exists when the total number of constraints and measurements is at
least as many as the number of unknown model parameters, or

44+ NM >3M + 2N (1.16)
which after some algebra becomes

(M —2)(N —3)>2 (1.17)

Looking at equation (1.17) we can see that without odometry, we cannot
find a unique solution unless there are at least three robot poses and at least
four landmarks, since otherwise either the left or right factor on the right side of
the inequality is nonpositive. Figure 1.4 shows why the bearing measurements
made from two consecutive robot poses do not help to disambiguate the robot
motion. Even if the first robot pose is known to be at the origin, there are an
infinite number of solutions to the second robot pose that are consistent with the
bearing measurements: as long as the rays corresponding to the measurements
intersect somewhere, the feature position can be triangulated.

For the special case of four features and three poses, the solution is still
underconstrained. Table 1.1 enumerates the solvable cases for small N and M,
and for large N and M the solution is always well constrained.
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Figure 1.4: Ambiguity of two frame SLAM problem without odometry
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Figure 1.5: Conditional independence between measurements and states.

Using odometry alone, the problem is properly constrained. In fact, with
redundant motion information, say with wheel odometry plus INS, the problem
is overconstrained. But the fact that the problem is well posed does not mean
that good estimates are available. It is well established that dead reckoning error
grows unbounded, and that typically dead reckoning does not produce useful
position estimates over long periods of time. But because the dead reckoning
provides enough information to estimate pose, any bearing information at all
will help to correct odometry errors. This has been demonstrated in the past,
for example, by using fixation on a single feature in order to use a single bearing
to improve navigation[1, 2].

1.3.2 Conditional dependencies

As a Bayes inference problem, the SLAM problem can be investigated in terms
of the dependencies of measurements on particular subspaces of the state space.
A graphical model is a convenient way of visualizing these relationships. Fig-
ure 1.5 shows one such visualization. Measurements are z (bearing) and d
(odometry), represented by the circles, and the state space is made up of robot
poses m and landmark positions s, represented by squares. An odometry mea-
surement depends only on two consecutive poses of the robot. The odometry
system measures the motion of the robot from m;_; to m;, and only that mo-
tion. Measurement d; is conditionally independent of the rest of the state space
and the rest of the measurements given m;_; and m,. Likewise, the bearing
sensor measures the direction toward a landmark from the current robot pose.
Measurement z;; is conditionally independent of the rest of the state space and
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Figure 1.6: Sparseness of Jacobian induced by conditional independences.

Figure 1.7: Sparseness of Hessian induced by conditional independences.
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the rest of the measurements given m; and s;. These conditional independences
lead to the sparse nature of the estimation problem and therefore to fast algo-
rithms for finding its solution.

1.3.3 Gauge freedoms

Similar to Structure from Motion, the SLAM problem often has the freedom
to choose a coordinate system in which to estimate the position of the vehicle
and the landmarks. Any choice of coordinate system is equally valid if there are
no external references such as compass to disambiguate orientation and GPS
to disambiguate absolute position. Typically this gauge freedom is removed by
arbitrarily setting the initial position and orientation of the vehicle to be the
origin of the coordinate frame in which the estimation takes place. However,
due to biases or errors, the algorithm may still end up with a map which is close
to the true solution but transformed to another coordinate frame.

Unlike the Structure from Motion problem, the SLAM problem should not
have a scale ambiguity. Without motion information in SFM, camera motions
and scene geometry can be arbitrarily scaled and still be consistent with the
image measurements. In most SLAM work, the range measurements provided
by a sensor such as sonar, radar, or laser disambiguate the scale, even when
there is no motion information. In bearing-only SLAM, the scale ambiguity
can only be resolved by vehicle odometry. This means that systematic errors in
odometry may be unrecoverable if motions are always over- or under-estimated
by the vehicle. This is equivalent to a change of units, e.g. from centimeters
to inches. The resulting map should be consistent with future observations and
may still be useful from the standpoint of navigation and path planning, but
may contain an unrecoverable error in scale.

1.3.4 The linearization issue

Linearization is essential to the nonlinear least squares framework. Local deriva-
tives are required for nonlinear optimization techniques, and recursive tech-
niques for filtering, smoothing and prediction require linearization of the non-
linear process and measurement models in order to propagate the statistics of
probability distributions. The way in which this linearization is done can have
a large impact on the performance of the algorithms.

One of the principal concerns in Kalman filtering is that of filter consistency.
If the filter estimates a covariance matrix that is too small, (or equivalently an
inverse covariance matrix that is too big) the filter will begin to “trust” its prior
estimate too much, and will not incorporate enough of the information that is
coming from new observations. The result can be strong bias or even complete
failure of the filter in the form of divergence.

For the bearing-only SLAM problem in two dimensions, we can get an under-
standing of the errors which occur in estimation by looking at how the lineariza-
tion is influenced by errors in the state estimate. The measurement function in
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the bearing-only SLAM problem in the plane can be written as
h(m,s) = atan2(s, — my, So — Mz) — My (1.18)

where the subscript m denotes motion (robot) and the subscript s denotes struc-
ture (landmarks). The measurement model is a Gaussian in measurement space

p(2) = kexp{—(2 — h(x))"R™' (2 — h(x))} (1.19)
or
z ~N(h(x), R) (1.20)
With one measurement of a feature, the Bayes posterior is
_ p(z[x)p(x)
p(x|z) = o) (1.21)

The prior probability for a given measurement p(z) remains constant. If there
is no prior information about where the feature is, then we can model p(x) as
uniform over state space, so that

p(x|z) o< p(z[x) (1.22)

Figure 1.8 shows the posterior for the landmark position after one measurement.
The true posterior is a wedge-shaped region with a Gaussian profile in the
direction orthogonal to the bearing from the robot to the feature, and is uniform
along the bearing measurement direction since the measurement tells us nothing
about the range to the feature. The measurement likelihood is Gaussian in
measurement space,

p(z[x) o e(z=h(x)) R~ (z—h(x)) (1.23)

but the posterior must be modeled as a Gaussian in state space by linearizing the
measurement function. The linearization of the measurement equation typically
is the first order Taylor expansion,

h(x) = h(xo) + H(x — x0) (1.24)

where H = Vh. The posterior Gaussian in state space resulting from this
linearization is

p(X|Z) o 6(z—h(x0)—H(x—xo))R7l(z—h(xo)—H(x—xo)) (125)

In order to understand the influence of the derivative of h() on the posterior
state estimate, we can look at the terms of the analytic Jacobian,

[ Sy—My Sy —My My — Sy Mg — Sy
vh=( 2 e o1 D ) (1.26)

where r is the distance between the robot and the landmark. The derivatives of
the measurement with respect to the robot position and landmark position scale
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with the inverse of the distance between the landmark and robot. This means
that when the landmark is closer to the robot, the certainty with which the filter
can estimate the relative positions of the robot and feature will increase. For
far away features the certainty in robot position and feature position decreases.
The derivative with respect to the robot orientation does not change, so the
certainty of the robot orientation is the same whether the features are near or
far.

The linearization in the filter is performed at the current maximum likeli-
hood or maximum a posteriori estimate of the state given the measurements.
Figure 1.9 shows the posterior distribution approximated by a Gaussian in state
space. The width of the Gaussian is the width of the wedge in Figure 1.8 at the
current estimated position of the landmark. Note that because the posterior
in state space merely represents a linear projection, the uncertainty region now
extends infinitely far along the bearing direction, and on both sides of the robot.
In other words, positions which would have the wrong bearing measurement by
180 deg in measurement space have high probability after linearization.

If the filter currently has an estimate for the feature position which is closer
to the robot than the true landmark position, then the filter will compute a
derivative which is too large and hence a posterior covariance which is too
small. This effect can be seen in Figure 1.10. If the filter has an estimate for
the landmark position which is farther away than the true position, the deriva-
tive will be too small and the covariance will be overestimated as shown in
Figure 1.11. This is probably less of a concern when considering filter consis-
tency, but down-weighting prior information can have negative impact as well.
Finally, linearization computed at a point which is translated away from the ray
corresponding to the bearing measurement will cause a covariance region with
the wrong orientation as shown in Figure 1.12.

This analysis of state estimate errors leads to two desiderata for an algorithm
for recursive bearing-only SLAM.

e The algorithm should compute smoothed estimates of the state in order
to refine the estimated landmark and robot positions before linearizing.

e The algorithm should also use a linearization which is not simply computed
at a single point.

The first of these points relates to where the linearization occurs. Refined
estimates should be closer to the estimate which would be achieved by a full
nonlinear estimator, and therefore the linearizations should be more accurate
with respect to the full Bayes posterior. The second relates to how they are
computed. A problem with the Jacobian approach is that the linearization
takes place at the point corresponding to the maximum a posterior estimate,
and is valid only close to that point. If we instead compute a linearization
which is valid over the region where the posterior probability is large then we can
expect the linearization to be valid when the point estimate changes. This thesis
will explain a method for computing posterior statistics using a deterministic
sampling procedure which outperforms analytic Jacobians.
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1.4 Contributions

This thesis discusses the nature of the bearing-only SLAM problem and the
relative advantages and limitations inherent to many existing methods applied
to the problem. What is revealed by applying these methods motivates the
development of a new method for solving the problem. The new method is
based largely on two recent algorithms from the SFM and SLAM literature,
and incorporates ideas from Monte Carlo techniques, numerical integration,
and derivative-free state estimation.

The bearing only problem is interesting for many reasons. The motion and
bearing measurement models are nonlinear. The bearing measurement is a pro-
jection, which loses information about the relative position of the feature since
the range is not known. The full state can be of very high dimension since there
are several parameters for each robot pose and for each feature in the map. The
robot moves but map features do not, making the state space partly dynamic
and partly static. Features may not be visible from all locations, and measure-
ments may be made which grossly diverge from the true value or do not even
correspond to actual features. This thesis presents a recursive technique which
can deal with the nonlinearities, degeneracies, high dimensionality, and outly-
ing measurements inherent to the bearing only SLAM problem. In particular,
this thesis will show that principles from robust estimation, recursive nonlinear
smoothing, statistical linearization, and systematic sampling can be combined to
produce a recursive filter for SLAM that outperforms existing methods in terms
of robustness and accuracy, with little increase in computational complexity.

1.5 Organization

The first contribution of the thesis is to investigate the application of several
existing techniques to the problem of bearings-only SLAM to determine how
well these methods work, where they fall short, and what can be learned about
the difficulties in bearings-only SLAM as a result. Chapter 2 presents a brief
overview of related work, primarily covering methods from the SLAM and SFM
literature.

Chapter 3 presents an overview of batch estimation techniques, including
the application of projective factorization (Section 3.1), nonlinear bundle ad-
justment (Section 3.2), and iteratively reweighted least squares for robust es-
timation (Section 3.3). The bundle adjustment and IRLS implementations are
fairly straightforward applications of popular techniques, largely useful as a
“gold standard” against which to compare other methods. The specialization
of projective factorization to 2D bearings-only SLAM is a minor contribution
of this thesis and provides some useful insights, but practicality of the tech-
nique for SLAM is limited since the framework does not make use of odometry
measurements.

Chapter 4 discusses hierarchical methods, including strategies for filtering
invariants (Section 4.1), and for divide-and-conquer style submap estimation
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(Section 4.2). The invariant filtering technique presented is a nonlinear exten-
sion to an earlier linear technique which required a fixed heading reference[22].
Chapter 5 presents an overview and analysis of recursive estimation tech-
niques applied to bearings-only SLAM, in particular the Kalman filter (Section
5.2), the nonparametric Unscented and Divided Difference ilters (Section 5.3),
and fixed lag smoothing (Section 5.4). These sections provide much of the com-
ponents and motivations for the main contribution of the thesis in Chapter 6.

Chapter 6 is the main contribution in the thesis. Chapter 6 discusses in detail
how to apply smoothing (Section 6.1) and statistical linearization (Section 6.2)
to the problem. A major problem with applying statistical linearization is in the
computation of expectation values over the filter posterior. This is addressed
in Section 6.3 which discusses numerical integration techniques and develops
a method for efficiently and accurately computing the integrals in Section 6.2.
The other major difficulty with computing the expectations in Section 6.2 is
the curse of dimensionality, which is addressed in Section 6.4 by analyzing the
structure of the bearings-only SLAM problem to exploit conditional indepen-
dences, gauge freedoms, and the hybrid linear /nonlinear nature of the problem
in order to minimize the number of dimensions over which integrals must be
computed. The result is a novel algorithm which combines the advantages of
several previous methods in a way that was not formerly feasible. The algorithm
is presented in detail in Section 6.5. Section 6.6 presents a further addition of
robust methods, and Section 6.7 presents a further addition of computational
efficiency by maintaining square root matrices within the filter rather than full
matrices.

Chapter 7 presents experiments designed to demonstrate the performance of
the new method. A comparison to the performance of an EKF are presented
in Section 7.1.1. A comparison of the performance of point derivatives vs.
statistical linearization is presented in Section 7.1.2 which covers the improved
expected map errors, and in Section 7.1.3 which covers the improvement in
consistency of the filter. Section 7.2 presents experiments with real data from
an ATRV Jr. operating in an unstructured environment at a test facility at
NASA Ames Research Center, and a Pioneer DX2 robot operating on campus
at CMU.

Chapter 8 presents a discussion of the method. Section 8.1 discusses quali-
tative and quantitative metrics on the performance of the algorithm, including
consistency, convergence, complexity, optimality, and reliability. Section 8.2 dis-
cusses its relationship to many popular existing methods. Section 8.3 identifies
some directions for future work.
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Chapter 2

Related work

There are two areas of research which are most directly related to the bear-
ings only simultaneous localization and mapping (SLAM) problem. The first
is of course the community of researchers investigating SLAM, also known as
Stochastic Mapping, Concurrent Localization and Mapping, etc. The second
is the body of literature concerned with the Computer Vision problem referred
to as Structure from Motion (SFM) or Multi-Frame Structure From Motion
(MFSFM).

The goal of the bearing only SLAM problem is to reconstruct a map of the
environment and an estimate of robot motion given bearing measurements and
motion measurements. In Structure from Motion, a camera provides feature
measurements. The camera measurement is a projection of the environment.
There is typically no motion measurement in SFM.

By contrast, most SLAM work makes use of both motion measurements from
INS, GPS, odometry, etc. and range-bearing sensors such as laser rangefind-
ers, radar, or sonar. The feature measurements are not a projection of the
environment, but rather a rigid transformation.

Bearing only SLAM contains a feature measurement model which is a pro-
jection of the environment, which is similar to SFM, and contains a motion
measurement model, as does the original SLAM problem. For this reason, lit-
erature from both areas is relevant to this thesis.

In some ways the problem of range scan alignment is related to SFM and
SLAM as well. Range scan alignment seeks to register data from a sensor which
measures a full 3D model of an environment or an object, and often without
any prior information on the motion of the sensor or the object between scans.
The problem is quite different from bearing only SLAM, however, so we will not
discuss literature from range scan alignment but merely point out its relationship
to these other related problems.

A diagram showing the relationship between structure from motion, simulta-
neous localization and mapping, range scan alignment, and bearing-only SLAM
is shown in Figure 2.1.

21



c .
On ® Bearing-only SLAM ® sLAM
© q>", Pentland, Oliensis Smith & Cheeseman,
e Taylor & Kriegman, Durrant-Whyte,
’5 Dissanayake Leonard, Thrun
(T4
=
5 @® sFm @ Range Scan
"'3 g Azarbayejani, Torr, Alignment
Soatto, Hartley, -
£ Triggs, McLauchlan Lu & Milios
ags, Benjemaa & Schmidt
Neugebauer, Pulli

bearing range+bearing
feature information

Figure 2.1: Problems related to bearing only SLAM

2.1 Simultaneous localization and mapping

The SLAM problem has been of interest for just over a decade. Kalman filters
are used in a large majority of the methods reported[79, 62, 47, 30, 34], al-
though other recursive approaches include estimating invariants[22], unscented
filtering[44], covariance intersection[92], and submap estimation methods[34].
Batch approaches have also been proposed, including range scan alignment[50],
expectation-maximization[10], and nonlinear least squares[84].

2.1.1 Stochastic mapping

The seminal paper by Smith and Cheeseman on uncertainty representation in
robotics presented the stochastic map algorithm, a Kalman filtering solution to
SLAM][80]. Moutarlier and Chatilla presented the first experiments using a real
robot[62], and also presented two different ways of representing relationships
between objects, the first they called relation representation and the second
location representation[62]. In the relation representation, each object has its
own reference frame and is related to other objects by uncertain transformations
between their reference frames. In location representation, each object uses the
same global reference frame, and the object’s location in the global coordinate
frame is the parameter of interest.

A decade of SLAM research largely adopted the location representation,
and typically used recursive estimation procedures, almost exclusively Kalman
Filters or methods directly related to Kalman Filters, essentially the stochastic
mapping algorithm of Smith and Cheeseman[79]. Approaches based on these
methods are common and a good review can be found in [34]. These methods
usually estimate the entire map and the most current vehicle pose[30, 47]. The
implementations frequently assume that odometry is very accurate and that
bearing and range are measurable.
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2.1.2 Kalman filter extensions

There have been two important extensions to Kalman filtering recently in the
SLAM community. The first is Covariance Intersection[92], which deals with
consistent estimation in the presence of unknown correlations. Covariance In-
tersection is a pessimistic estimator whereas the Kalman filter, by assuming that
all measurements are completely uncorrelated, can be overly optimistic. This
optimism can cause divergence problems.

The second improvement to Kalman filtering in SLAM is Unscented Fil-
tering, in which the mean and covariance of the filter estimate are computed
using a deterministic sampling scheme[44]. Samples are drawn with the exact
first through fourth moments and passed through the nonlinear model. The
posterior moments of the samples are computed and used in place of the mean
and covariance computed using the Kalman filter equations. The Divided Dif-
ference Filter[68] uses a similar deterministic sampling scheme for interpolation
with very similar results. This deterministic sampling will be discussed later
in terms of Gaussian quadrature, and generalized to computing approximate
sufficient statistics in a slightly broader recursive filtering context.

2.1.3 Estimating invariants

Recently, there have been several methods which attempt to use an invariant
relationship approach to SLAM. Csorba’s Relative Filter [23] recursively up-
dates minimalistic relationships between landmark features in a Kalman filter-
ing framework. Each pairwise (or n-tuple-wise) relationship is estimated inde-
pendently. The advantage in relative filtering is that the measurements which
influence the estimate of a relationship between two features might not directly
influence the estimate of another relationship. The parameterization gains by
decoupling the state space, causing the state covariance to become block diago-
nal and offering fast updates to the invariant features. The disadvantage is that
in order to localize, navigate, or plan paths using the map, a step is required
which converts the information about relationships back to a consistent global
map.

The approach was extended to enforce global map consistency by Newman
with the Geometric Projection Filter (GPF)[66]. The GPF provides a means
by which to produce a geometrically consistent map from the relative features
in Csorba’s filter by solving a set of simultaneous linear constraint equations
to project the relative map states onto an absolute coordinate system. The
relative filter and GPF assumed that absolute heading is measurable (e.g. by a
compass) and that bearing and range to each target is measurable, in order to
keep the problem linear. The method was later extended to nonlinear estimation
and bearing-only measurements to loosen the requirement on accurately known
heading[25].
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2.1.4 Submap methods

Other work decouples the problem at a larger scale of local submaps, using a
Kalman filter approach in a neighborhood but treating neighborhoods as inde-
pendent and uncorrelated. The covariance matrix is again block diagonal, but
the blocks correspond to many landmark features. Inversion becomes simpler
and the EKF update can be done using only the states relevant to a local map.
Leonard and Feder’s Decoupled Stochastic Mapping (DSM) algorithm[49] tes-
sellates the environment in this way with loosely coupled local maps. Between
local maps the relationship is approximate and covariances are not considered.
The computational complexity of the stochastic map is incurred only within
each local map.

The Expectation-Maximization algorithm has been used to register and com-
bine local maps built with sonar and dead reckoning[10]. In this approach, it
is assumed that odometry is accurate over short distances and mapping is done
with approximate pose information in a local coordinate frame. EM is used to
register and combine local maps to build a global map.

2.1.5 Batch methods

Some methods estimate the whole history of vehicle poses and the map, which
causes a linear growth in the dimension of the state vector but allows smoothing
of the trajectory estimate at each step [50, 84].

SLAM methods that do not use the Kalman filtering framework often use
a least squares approach. Lu and Milios[50] have developed a SLAM method
which is very similar to the Iterated Closest Point (ICP)[14, 6] algorithm, and
Taylor et al.’s nonlinear least squares optimization method[84] is similar to
bundle adjustment, which will be discussed below.

2.1.6 Image registration

Image correlation[39] has also been explored for the SLAM task. Leveraging on
a large development effort in fast image registration, Konolige built a system
which converts sonar scans into local grid based maps which are represented as
“images” and uses fast image registration techniques to combine them into a
large composite grid. The technique has been applied to indoor environments.
As the robot moves and measures sonar scans, each local scan is registered to
the current global map. The robot keeps a measurement history and if the
robot travels in a loop and detects loop closure, the measurements taken on
that loop are all registered together to improve the estimate over the sequential
registration.

2.1.7 Rao-Blackwellized particle filters

Based on our own experiments, a straightforward implementation of particle
filters does not perform well for bearing only SLAM. The biggest problem is
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in initializing new features with one measurement, since the feature can lie
anywhere along an infinite ray and the full posterior is represented using only
samples.

Rather than sampling over the full joint posterior, the Rao-Blackwellized
particle filter (RBPF) maintains samples for a marginal distribution over some
part of the state space, then for each sample computes a parametric conditional
distribution over the rest of the state space[13]. Recently, Montemerlo and
Thrun[59] have worked with a RBPF for range-bearing SLAM. By choosing to
marginalize and sample over robot pose and then estimate parametric densities
for landmark positions, the landmarks can be mapped independently. The map
updates are then trivial; the update can be done in O(N) for N landmarks.
The approach has not yet been extended to the bearing-only case.

Within a RBPF algorithm, some method is required for maintaining the
parametric density estimates for the conditional probabilities. One common
approach is to use a Kalman filter. The recursive estimation procedure de-
scribed in this thesis outperforms Kalman filtering and can therefore be used in
conjunction with a RBPF scheme.

2.1.8 Bearings only SLAM

Taylor and Kriegman published a nonlinear least squares approach to the bear-
ing only SLAM problem in 1991[84]. The approach was a batch method, and
used Gauss Newton to alternate between solving for an update to the trajectory
parameters given the landmarks and solving for an update for the landmark pa-
rameters given the trajectory. The justification for this was that each of these
updates was trivial to compute, taking only O(M) for updating M robot poses
and O(N) to update N landmarks. However, although each update step has
quadratic convergence within one step, the combination of updating pose given
map and then map given pose ignores the relationship between the two and the
overall algorithm has sublinear convergence. A recent review paper on bundle
adjustment[90] details the limitations of algorithms like Taylor’s, arguing for
a good approximation to the Hessian of the full objective function in order to
get fast overall convergence at the expense of more computationally expensive
steps.

Another recent paper approaches bearings only SLAM as a Structure from
Motion problem in the plane[97]. The algorithm uses nonlinear bundle adjust-
ment to compute local maps, then combines local maps to produce a global
map.

2.2 Structure from motion
The photogrammetry and computer vision literature contain a significant amount
of work related to the structure from motion (SFM) problem, in which monoc-

ular images alone are used to reconstruct the scene and recover the camera mo-
tion. Much like the SLAM problem, this seems like an egg and chicken problem.
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If we knew where the cameras were when the images were taken, then recon-
structing the scene would be a matter of triangulation. If we knew the structure
of the scene, then we could localize the camera again using triangulation tech-
niques. However, in the general SFM problem there is no a priori knowledge of
the scene and no a priori knowledge of the camera positions. Among the popular
approaches are factorization [88], sequential multiframe geometric constraints
[76], recursive filtering[8, 4], and nonlinear bundle adjustment[90].

It has been known to photogrammetrists for many decades that for a 3D
scene and two views, as few as five corresponding points constrain the structure
of the scene and the relative positions of the camera views up to a similitude, e.g.
a Euclidean transformation and scale ambiguity. The Euclidean transformation
is present because we can not know the absolute positions of the cameras, we
can only recover their relative positions. It can be assumed that one of them
was at a particular location in order to constrain the solution, i.e. define one
camera to be at the origin. The scale ambiguity is introduced due to the fact
that scaling the environment and the distance between camera positions by the
same factor yields the same images, so from the images one can only hope to
recover structure up to this scale factor. In practice, many SFM solutions simply
assume that the translation between a pair of cameras is of unit length, or that
the distance between two scene points is unity.

2.2.1 Factorization

A class of SFM solutions exist for orthographic projection which use factoriza-
tion using SVD [88]. These methods are not applicable to perspective projection
or bearings only sensing, however, since the projection is not a linear one. Fac-
torization was later extended to work with weak perspective[70] and later full
perspective projection[83] camera models. The recent algorithm from Mahamud
and Hebert[53] exhibits improved performance over previous projective factor-
ization techniques and can be extended to the bearing-only SLAM problem,
albeit without odometry information. The advantage to projective factoriza-
tion methods is that they do not rely on a good initial guess for convergence.

2.2.2 Recursive filtering

Recursive SFM methods have been reported, following the seminal work[8] in
which an IEKF is used to recursively estimate motion and structure from images.
The filter is initialized using a batch processing technique to interpret the first
set of frames in the video sequence. The work was later extended to incorporate
the estimation of focal length, using a novel camera parameterization to ensure
that the problem remain well conditioned[4].

The general Structure From Motion problem assumes no a priori information
about camera motion, which is overly conservative in our case since we may
have some motion estimates from odometry, and we may have nonholonomic
constraints or other knowledge which can help constrain the solution. Some
recursive SFM work has incorporated inertial sensing as well[73].
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2.2.3 Sequential linear constraints

There have also been 3D structure from motion algorithms which compute two-
view structure and motion from pairs of images taken sequentially, then recur-
sively filter the resulting structure estimates using an EKF or similar smoothing
filter [69, 81]. These methods may be suitable for the current problem if three
consecutive views are used. Faugeras published a paper on trilinear constraints
for 1D cameras[32, 33], and Dellaert used the technique for SLAM[27].

2.2.4 Nonlinear optimization

Many SFM solutions have used nonlinear optimization techniques, most no-
tably Levenberg-Marquardt, to handle cases where factorization is not appli-
cable. Hartley explained the sparse nature of the SFM problem and detailed
an algorithm which takes advantage of the structure of the problem to reduce
computational complexity in the worst case[40]. A more recent review article
discusses many aspects of nonlinear bundle adjustment, including a more gen-
eralized view of sparse matrix formulation of SFM as well as robust estimation
and other improvements[90].

2.2.5 Robust estimation

Bundle adjustment is a least squares approach to estimation. As such it suffers
from outliers. Measurements which do not conform well to a Gaussian error
model can have drastic impact on the solution found by least squares. For this
reason, robust methods have been sought for parameter estimation under the
influence of outliers[42]. Many cost functions have been proposed, and a scheme
exists for the use of weights in a least squares algorithm to achieve robustness.
The iteratively reweighted least squares (IRLS) technique has been used for
general parameter estimation problems[98] and tailored specifically to SFM[90],
and is an important influence on the work presented in this thesis.

2.2.6 Recursive nonlinear smoothing

Nonlinear smoothing provides an important improvement over Kalman filter-
ing for bearing-only SLAM. The Variable State Dimension filter (VSDF)[57, 55]
combines the EKF with nonlinear Gauss-Newton, resulting in a smoothing algo-
rithm. The advantage is that the filter contains multiple robot pose estimates in
the filter, and treats the measurements from these states as nonlinear quantities
until an accurate estimate is computed. This helps mitigate the bias problems
that the EKF suffers from when linearizations are computed at the wrong point.
The VSDF lays important groundwork for the method presented in this thesis.

2.2.7 Gauge constraints

Recently a lot of work by Morris[61] and McLauchlan[56] has been done which
looks at the application of gauge constraints in the SFM problem. That work is
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applicable here as well. However, due to the mobile robot nature of the problem,
the gauge constraint is typically applied by constraining the initial robot pose
with some convention, e.g. that the robot starts at the origin with heading 0,
and with no uncertainty in its pose since the pose is set by convention. The way
in which this gauge constraint is enforced in practice depends on the algorithm
being used. Batch methods can leave the gauge freedom in the problem until
a solution is found, then project the rank deficient Hessian using techniques
described by Morris[61] to the correct gauge. Recursive formulations must take
the linearization and marginalization of the first pose as a special case in order
to enforce the constraint.

2.2.8 Hierarchical methods

A hierarchical SEFM approach is presented in [36] which builds submodels using
trilinear constraints then merges submodels and recovers all scene and model
parameters. However, in a model building or mapping application, the recovery
of the camera parameters for every view may not be necessary and a considerable
amount of computation could be eliminated.

Another hierarchical SFM approach is presented in [78] which computes local
structure estimates and then projects them into virtual “key frames”, eliminat-
ing the viewing parameters from the submodel estimation but also projecting
the submodel into a small number of virtual views. It is not clear whether
the key frames capture as much information about the reconstructed model as
possible given the original data.

2.3 Range scan alignment

Many different approaches exist to the range scan alignment problem. The
earliest methods sought to align two 3-D point clouds with known correspon-
dences, and Horn’s method[41] is perhaps best known. Later techniques regis-
tered multiple views either directly[5, 38] or by first computing pairwise align-
ments and then approximating the posterior over pairwise alignment to find
a global registration[82, 72]. Gold et al. simultaneously found an alignment
for point clouds and the correspondence between them[37], as does the ICP
algorithm[14, 6]. Because the range scanner might measure distinct points on
a continuous surface, Neugebauer incorporated an error metric which used the
distance from a point to a surface, rather than the distance between correspond-
ing points[64]. Lu and Milios used range scan alignment in the context of 2D
SLAMI50].

2.4 Conclusions

Insights from bundle adjustment, Kalman filtering, robust statistics, variable
state dimension filtering, and the unscented filter and divided difference filter
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are crucial to the development of the algorithm proposed in this thesis. Sev-
eral of the methods briefly described above have been applied to the bearing
only SLAM problem, and this dissertation will explain the adaptation of these
methods and some of the insights and conclusions which resulted. The central
theme of the thesis will then be the formulation of a robust nonlinear smoothing
algorithm which uses deterministic sampling to compute posterior statistics.
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Part 11

Batch estimation
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Chapter 3

Full batch estimation

Batch estimation uses all of the observations to solve for all of the unknown
state variables at the same time. Batch estimation allows us to find a maximum
a posterior (MAP) estimate

*

x* = argmax, p(x|z)

— argmax, p(z[x)p(x) (3.1)

where p(z|x) is the data likelihood and p(x) is the prior on solutions. The goal
of most recursive estimation algorithms is to approximate (3.1) as closely as
possible. Therefore we will first consider the nature and solution of the SLAM
problem in terms of a full batch style MAP estimation problem.

A projective factorization approach is outlined first. The approach is adapted
from Structure from Motion and is directly applicable to the bearing measure-
ments in the SLAM problem, but a formulation which takes odometry into
account is not currently known. The advantage of projective factorization is
that it is a linear algorithm, and does not require any initial guess for the pa-
rameters. The disadvantages are that each iteration is slow and it can take many
iterations to converge, and that the solution is not guaranteed to be physically
meaningful, i.e. the solution from projective factorization must be projected
onto the set of feasible solutions, and may therefore not be optimal in a least
squares sense.

An adaptation of nonlinear bundle adjustment from computer vision is out-
lined next. This approach is capable of finding optimal solutions in a least
square sense, and provides a considerable amount of insight into the nature of
Kalman type algorithms for recursive SLAM estimation. Iterations are fast and
only a few are required for convergence, but the algorithm requires an initial
guess at the parameters and can get stuck in bad local minima if the initial
guess is not in the basin of attraction for the global optimum.

Finally some consideration is given to robust estimators, which are designed
to perform reasonably in the presence of outliers in the observations.
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3.1 Projective factorization

Factorization for structure from motion was first introduced by Tomasi and
Kanade[88] for orthographic projection. It was later extended to work under
weak perspective by Poelman [70] and more recently for perspective projection
by Sturm [83]. An improved algorithm for projective factorization for per-
spective cameras by Mahamud[52, 53] is very simple and also exhibits good
performance for 2D bearings only SLAM.

Orthographic projection models image formation as a completely linear pro-
cess, and is only accurate for extreme focal length camera systems or extreme
distances between camera and scene. Weak perspective approximates perspec-
tive projection by treating all points in the scene as though they are at the same
depth, and therefore work reasonably well for scenes with little depth variation
compared to average scene depth. Because a mobile robot may be moving in the
scene that is being mapped, depth variations can be expected to be extreme,
and the bearing measurement is a highly nonlinear model. Only the perspective
projection methods are applicable to bearings only SLAM.

The measurement model may be written as
Z =MS (3.2)

where S is a scene point and M is the robot motion parameterized by a pro-
jection matrix. That is, the entries in the projection matrix encode the rover
trajectory.

For orthographic cameras, Z is an image point which is bilinear in the camera
projections M and the scene S. That is, the image formation in (3.2) is a linear
model. The image is modeled as a simple multiplication without any scaling
due to scene depth.

Under a perspective camera projection model, each 3-D point in the scene
is mapped to a point on the image plane with some homogeneous coordinates
(u,v, 1)T. With a bearings only sensor model in a 2-D environment, the equiva-
lent way to write the measurement as a homogeneous coordinate is (cot(z), 1)T,
which would model a 1-D camera “plane”. However, rather than use homoge-
neous coordinates where the last coordinate for each point is set to 1, we use
the projective coordinate (cos(z),sin(z),)” which is much better behaved for
points which would project to (or near) infinity on a 1-D camera, i.e. bearing
measurements which are nearly parallel to the image plane.

Given the true bearing z;; and range r;; to each feature, the localization and
mapping problem can be reduced to finding the rigid transformation which aligns
sensor scans. With many range/bearing scans (and known data association) the
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measurements could be stacked into a measurement matrix Z as in

T11 COS(le) T12 COS(Zlg) cee TN COS(ZlN)
T11 Sin(le) T12 Sin(Zlg) s "IN Sin(le)
r91 c08(221) rogcos(za2) -+ ran cos(zan)
7 = MS = T21 8111(221) T22 sin 222) ToN sin 22]\/') (33)
ra1cos(zay)  razcos(zae) -0 ran cos(zan)
L TM1 Sin(le) TM2 Sin(ZMg) s TMN Sin(ZMN) i
where M is a vertical stack of projection matrices
cos(fy)  sin(61) oz ]
—sin(f;) cos(f1) w1
cos(fy)  sin(fa) a9
M = — Sin(og) COS(GQ) Y2 (34)

cos(fy) sin(fy) zn
| —sin(fn) cos(fn) yn

which capture the set of robot poses from which the scans were taken, and

uyp U2 UN
S = U1 (%) st UN (35)
1 1 1

is a column matrix of homogeneous coordinates for the landmarks. Since S is
rank 3 and M is rank 3, the resulting matrix Z is rank 3. We can compute a
factorization of Z using SVD in order to find a M and S that are consistent
with the measurements. This is done in closed form, without any initial guess
at structure or motion. In general, any valid factorization computed this way
is a member of an equivalence class of projective solutions

Z =MQ QS (3.6)

where Q is a nonsingular projective transformation. For a useful Euclidean
solution a Q must be found such that the final solution

M =MQ! (3.7)

satisfies orthonormality constraints[83, 89, 52] and then S is upgraded accord-
ingly.

With real (noisy) data, SVD is used to find the best rank 3 factorization
and under the right circumstances can yield the MLE estimate. This could be
used to solve SLAM problems with bearing/range sensors, and related methods
exist in 3D model registration and other related problems.

Without the range information the SVD approach cannot be applied directly
because the measurements are not easily factorized. The basic idea in projective
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factorization is to approach factorization as a missing data problem where the
bearing z;; is known but the range r;; is missing. We begin with a measurement
matrix Z which consists of the sines and cosines of the bearing measurements z;;
similar to (3.3). A scaling parameter \;; is introduced (which in the projective
factorization literature is referred to as projective depth) which is used to scale
the bearing measurements yielding the scaled measurement matrix

All COS(le) )\12 COS(2’12) AlN COS(ZlN)
/\11 Sin(le) )\12 Sin(Zlg) )\11\] Sin(le)
/\21 COS(Zgl) )\22 COS(Z22) s )\2]\[ COS(ZQN)
Z — /\21 sin(221) )\22 Sin(Zzg) )\2]\] sin Z2N) (38)
)\Ml COS(ZMl) )\MQ COS(ZMQ) tee )\MN COS(ZMN)
L /\Ml Sin(le) )\Mg Sin(ZMg) )\MN Sin(ZMN) 1

An appropriate choice of \;; produces 7 which is approximately rank 3. How-
ever, arbitrary scaling of the columns and arbitrary scaling of pairs of rows will
not affect the rank of Z, so a suitable choice of \;; will in general recover the
structure and motion up to some projective ambiguity. Other constraints must
be applied to recover Euclidean structure and motion.

The procedure begins by initializing a guess at the projective depths and
an alternating minimization procedure is then used to produce estimates for M
and S using a rank 3 decomposition of Z. M and S are then used to compute a
new estimate for A;; by noticing that together M and z provide a set of linear
constraints for S. A generalized eigenvalue problem is solved to compute new
values for A;;. Details can be found in [53].

Projective factorization has a few drawbacks as a practical solution to bear-
ings only SLAM. The algorithm as described above uses only the bearing mea-
surements. The motion as measured by odometry could be used to fix the scale
of the reconstruction but there is no simple way to incorporate all of the infor-
mation in the odometry (i.e. direction of motion, measured rotation) in order to
produce better trajectory estimates. The computation of the SVD step is slow
and many iterations are required since the convergence is sublinear. There is
currently no incremental or recursive version. Finally the algorithm as described
only deals with features that are visible from every robot pose, so the method
would need to be extended to deal with occlusions, perhaps using something
like the PCA with Missing Data (PCAMD) algorithm[77]. However, it should
also be pointed out that as a linear method, projective factorization often has
better convergence properties, i.e. gets stuck in local minima less frequently
than nonlinear optimization methods might.

3.2 Nonlinear bundle adjustment

Bundle adjustment is the use of Levenberg-Marquardt to solve the multiframe
Structure from Motion problem. It has been used in Photogrammetry for a few
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decades. The name “bundle adjustment” refers to an intuition for the optimiza-
tion problem as the alignment of bundles of rays emanating from the camera
centers and passing through the image planes and feature points. With little
modification, Levenberg-Marquardt optimization can be used for the bearing
only SLAM problem as well.

Bundle adjustment is a full nonlinear optimization. The algorithm computes
first and second derivatives of an objective function at every step using all
available observations, and updates its estimate of all model parameters. Since
bundle adjustment optimizes all motion and structure parameters at every step,
the state vector is the entire history of robot pose and the entire map, which
can become quite large.

We begin with the Bayesian estimation expressed in (3.1) above, and model
the measurements as conditionally independent

*

x" = argmax,p(x)p(z|x)

= argmax,p(x) Hp(zi|x) (3.9)

We assume a uniform prior over model parameters, so that p(x) is constant
and can be removed. The result is a maximum likelihood estimation problem.
The observation model assumes that measurements are a function of the model
parameters with some Gaussian noise,

p(d, b|x) = ke~ 2(d—£()" Q7N (d—£(x)) o —3(b—g(x)) "R (b—g(x)) (3.10)
taking the negative of the log of the likelihood we get the cost function

J(x) = (d—f(X))TQ_l(d—f(X))+%(b—g(X))TR_l(b—g(X)) (3.11)

DN =

where x = (m7,s7)7 is the vector of parameters to be estimated, d and b
are vectors of all odometry and all bearing measurements, and f() and g() are
all predicted odometry and bearing measurements. The measurement covari-
ances R and Q are diagonal since the measurements are independent. The first
term in (3.11) penalizes robot motion that does not agree well with odometry
measurements and the second term penalizes robot motion and landmark map
combinations that do not agree well with bearing measurements.
Taking the first and second derivatives of (3.11) we find

Vid = =37 Q7 ey — In" R 1ey (3.12)

ViJ=-V2fQ leg+3¢7Q 71 — V2AR ey + I TRy (3.13)

where J¢ = Vi f and J, = Vxh are the Jacobian matrices of the measurement
equations for odometry and bearings, eq = (d — f(x)) is the difference between
measured odometry and odometry predicted by the model parameters, and €, =
(b — g(x)) is the difference between measured and predicted bearings. These
last two quantities are the same as the innovations in a Kalman filter.
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When the innovations are small the Jacobian inner products dominate ex-
pression (3.13); they are also errors which, for an unbiased estimate of x, should
tend to cancel out. The Jacobian term will also dominate when the measure-
ment equations are linear (or approximately linear), since V2 f or V2h will be
zero (or small). In our case, f is in fact linear, but h contains an arctangent.
Bundle adjustment drops the second derivative terms and approximates the
Hessian of the cost function using only the Jacobian inner products, i.e.

H=V2J/=J3"Q "3+ J,"R ' Jy,. (3.14)

Note that H is the Fisher Information Matrix, or inverse covariance matrix,
when x is the true parameter vector. Newton iterations are used to minimize
(3.11) by solving

HAx), = —(J¢'Q g+ In R ') (3.15)
and then computing the update
Xp+1 = Xk + Axy, (3.16)

Generally the complexity of solving an arbitrary system of linear equations in
(3.15) would be cubic in the number of model parameters (3M + 2N here).
However, photogrammetrists have known for decades how to speed up bundle
adjustment using the sparse nature of the structure from motion problem. We
can take a similar approach here by exploiting the nature of the bearings-only
SLAM problem.

Each bearing measurement depends only on the landmark being measured
and the robot pose at the time that the measurement is taken. Therefore, each
row of the Jacobian of the bearing measurement equation, Jy, has nonzero
entries only for the columns corresponding to the parameters which represent
that landmark position and robot pose. The sparse structure is shown in Fig-
ure 3.1(a). The Jacobian of the odometry measurement equation, J¢, depends
only on two consecutive robot poses. Each row of the Jacobian of the odometry
measurement equation, then, has nonzero entries only for the robot poses before
and after the motion. Odometry contains no information about landmark posi-
tions and corresponding columns of J¢ are zero. The Jacobian has the structure
shown in Figure 3.1(b). Because odometry and bearing measurement errors are
assumed to be uncorrelated, Q and R (and their inverses) are block diagonal.
The Hessian H = JfTQ’lJf + JnTR1J}, has the sparse structure shown in
Figure 3.1(c). The upper left is a block tridiagonal matrix U, the lower right
is a block diagonal, and the upper right and lower left are rectangular matrices
W and W7,

We can write the equation (3.15) as

u w Am | | ¢(m)
[WT V]{As}_[e(s)} (3.17)
where the Hessian H, the parameter update Ax, and the scaled and projected
innovations have been partitioned. Now we can premultiply both sides of this
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(a) (b)

Figure 3.1: Sparse structure of derivatives. (a) Jacobian of bearing measurement
equation. (b) Jacobian of odometry measurement equation. (¢) Approximation
to the Hessian of the cost function.

Figure 3.2: Sparsity of (a) the Jacobian of the image measurement function (b)
the Jacobian of the odometry measurement function (c) the Hessian for local
submap e stimation and (d) the minimum degree reordering for the Hessian.

equation with
1 0
-wtu-t 1

g V—WV;/U—1W ] [ AAI: } = [ e(s) _Ve[/(;ll[j)_le(m) (3.18)

We solve (3.18) in two steps. We first solve the bottom equation
(V—WTU'W)As = e(s) = W U Le(m) (3.19)
to find As and then substitute it into the top equation, rearranging to get
UAm = e(m) — WASs (3.20)

and solve for Am. Computation of (V — WTU~1W) is O(M N?), and solving
(3.19) is O(N?). Substituting As into (3.20) and solving only requires O(M N)
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due to the block tridiagonal structure of U, so the overall complexity of bundle
adjustment for bearings-only SLAM is O(M N2+ N3). The complexity of bundle
adjustment is larger than that of a Kalman filter, which has a complexity of
O(N3) for N landmarks, but it is not as complex as a general inverse Hessian
approach which might require O((N + M)3).

3.3 Robust estimation

Under the zero mean Gaussian noise assumption, the model parameters which
minimize the sum of squared residuals is optimal in the maximum likelihood
sense. However, there are many reasons why the noise may not be truly zero
mean Gaussian. Spurious features and data association errors can cause in-
troduce a measurement with any arbitrary value within the sensor range, for
example [—m, 7] in the case of a bearing measurement. Camera synchronization
problems, interlacing artifacts, motion blur, etc. can all cause errors which do
not fit the described measurement model.

When errors do not follow the Gaussian noise model assumed, the cost func-
tion can be severely affected by these outliers. The thin tails of the Gaussian
distribution make large noise values extremely rare. These thin tails translate
to a disproportionate influence by large discrepancies between observations and
expected observations through the square residual terms. Furthermore, large
discrepancies result in large contributions to the gradient term, causing the op-
timization to take large steps in the direction which minimizes the discrepancy
due to the outlier.

If we write the normalized residual in the i** measurement as

rix) = 8 _ 7= hi(x) (3.21)

0; 0;

then least squares seeks to minimize

() = 3 (ri(x))* (3.22)

i

In order to reduce the sensitivity of the estimate to outliers, we may use an
M-estimator, in which the squared residual is replaced by a “softer” function

Ju(x) = Zp (ri(x)) (3.23)

where p is a symmetric, positive definite function, has a minimum at zero, and
is bounded above by r2[42]. The function p is chosen so that it increases less
dramatically than r? for large values of r;. Minimizing (3.23) does not require
explicit computation of gradients and Hessians. The problem can instead be
translated into an equivalent weighted least squares problem at each step in
the iterative optimization. The result is known as iteratively reweighted least
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squares (IRLS). The minimum of (3.23) satisfies
8ri
;w(”)a_x =0 (3.24)

where the derivative ¢(r) = dp(r)/0r is called the influence function[98]. We
can then define a weight function

w(r) = wEf’) (3.25)
and equation (3.24) becomes
Zw(m)m% =0 (3.26)

%

This is the same system of equations that would be solved in one iteration of
the weighted least squares problem

Zw(rikil))r? (3.27)
3
where rgkfl) indicates the residuals from the last step of the iterative least
squares optimization, r;(x(*=1)).

The influence function v (r;) indicates how much the measurement z; in-
fluences the final estimate. For least squares estimation p(r;) = r?/2 and
¥(r;) = r;, meaning that the influence of the datum grows linearly with the
magnitude of the residual, and is unbounded for unbounded error. Table 3.2
shows a list of M-estimators and associated influence functions and weights.
This table is adapted from Zhang’s tutorial on parameter estimation[98].

The above M-estimators can be used to compute estimates for robot trajec-
tory and feature map parameters from the data. An example is shown below.
A synthetic robot trajectory was generated consisting of 80 robot poses in ap-
proximately a closed loop. A map containing four landmarks was generated,
and measurements were synthesized by computing the expected odometry and
bearing measurements and adding Gaussian noise. The optimization was ini-
tialized by integrating the odometry to get an initial pose, then triangulating
using the trajectory and bearing measurements to get an initial map. The ini-
tial trajectory and map were used to initialize an iteratively reweighted least
squares algorithm with the six different M-estimators discussed above. The
results follow.
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Figure 3.3: Ly and Ly robust M-estimators applied to bearings-only SLAM
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Figure 3.4: L, and Cauchy robust M-estimators applied to bearings-only SLAM
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Figure 3.5: Huber and Tukey robust M-estimators applied to bearings-only
SLAM
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Table 3.1: Some common M-estimators, adapted from Zhang[98].

3.4 Conclusions

Batch algorithms can be optimal in the sense that by considering all of the model
parameters and all of the measurements over the history of the robot, a true
maximum a posterior estimate for the trajectory of the rover and the positions
of the landmarks. However, this is typically prohibitive for large numbers of
robot poses or landmark features.

Projective factorization methods from Structure from Motion are applica-
ble to the bearing only SLAM problem with a slight modification. Unlike the
traditional perspective camera model, the measurement model here does not
use projection onto a plane to model measurement formation. The typical ap-
proach of writing 2D image plane measurements in 3D homogeneous coordinates
is modified by writing 1-D bearing measurements zj, as the 2D projective coor-
dinates (cos(zy), sin(z;))” rather than (cot(zz), 1)”. The modification has the
advantage that rays are never nearly parallel to a virtual image plane, which
can cause numerical instability in projective factorization. There is currently no
known factorization method for bearing only SLAM that incorporates odometry.

When the measurements are assumed to be corrupted by Gaussian noise,
nonlinear least squares optimizes a loss function which is directly related to the
Bayes posterior over model parameters given measurements. Nonlinear opti-
mization requires an initial guess for the model parameters. In the bearing only
SLAM problem, the odometry measurements can be integrated to generate a
guess for the robot trajectory, and a linear triangulation using the initial tra-
jectory and the bearing measurements can provide an initial map. The initial
guess is good as long as the odometry is good enough to provide a reliable
dead reckoning estimate over the distance traveled by the robot. The method
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M-estimator

cost p(r)

influence ¥ (r)

weight w(r)

Lo

L

Cauchy

Huber

Tukey

Table 3.2: M-estimator cost, influence, and weight functions. Adapted from

Zhang[98].
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converges well for Gaussian noise, but is brittle in the presence of outliers.

When the noise is not Gaussian, or if very unlikely noise corruptions hap-
pen, the filter can become unstable. Robust estimators do not suffer from this
problem, since the importance of measurements that do not fit the model can be
downweighted in order to ignore outliers in the measurements. Several robust
estimators were presented here and applied to an example bearing-only SLAM
problem. The Ly estimator is the same as nonlinear least squares and does not
perform well on data with outliers. The L,, estimator also failed to perform well
on data including outliers. The primary reason seems to be that the weight
function itself diverges for small residuals, which can cause a few measurements
which fit well to dominate the cost function. This is particularly problematic
if one measurement is used to provide an initial guess for the parameters, since
that measurement will have zero residual (to machine precision). The L; and
Huber estimators perform well on the example problem shown.

The nature of these batch algorithms provide important insight into how
recursive estimators work. A good recursive estimator is designed to closely
approximate the batch estimator. The next chapter will discuss how Kalman
filters and related algorithms accomplish this approximation.
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Chapter 4

Hierarchical estimation

In many Structure from Motion problems, the camera motion and scene struc-
ture are recovered in one large estimation or optimization step. Figure 4.1(a)
shows a diagram of this strategy. A hierarchical approach attempts to recon-
struct the scene using a divide-and-conquer scheme. The first step is to break
the image sequence into smaller subsequences and recover motion and structure
within that subsequence. At the higher level, the models generated from subse-
quences are registered and merged together to form an estimate of the structure
of the entire scene. This approach is shown in Figure 4.1(b). The goal of the
hierarchical approach is to reduce the total computation required for map build-
ing without compromising too much on the resulting map quality. The degree to
which resulting map quality is compromised depends on how much information
is retained in the submap estimation and representation.

Hierarchical estimation can refer to two slightly different methods for break-
ing the SLAM problem into smaller problems, solving each one independently,
and combining the solutions from each subproblem to produce a single, global
solution. The hierarchy may occur in space or in time, although typically the
two are tightly coupled.

Spatial hierarchy refers to mapping algorithms which produce submaps by
any means. Batch methods[10] or recursive methods[34, 16] can be used for
producing the submaps. Maintaining consistency within the spatial hierarchy
involves knowing when the robot leaves a submap and enters a different submap,
and whether this submap is a new region or one which has already been visited.
This by itself can be a difficult problem.

Temporal hierarchy refers to breaking the observation stream into shorter
substreams and producing an independent map and trajectory estimate for each
substream. These maps may not be spatially disjoint, which means that consis-
tency requires the registration algorithm to find overlapping regions and to find
unique position estimates for features which occur in multiple submaps.

Hierarchical mapping approaches also differ in whether they enforce global
geometric constraints after the local maps are constructed. Chong and Klee-
man’s hierarchical mapping algorithm only preserves topological information
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Figure 4.1: (a) Full optimization approach to structure and motion recovery (b)
Hierarchical approach to structure and motion recovery

about the connection between submaps[16]. Burgard et al. use the EM algo-
rithm to globally register submaps produced with sonar while trusting odome-
try to produce locally accurate trajectory estimates[10]. Lu and Milios[50] align
range scans directly, using odometry to provide an initial guess for the align-
ment and treating each range scan as a local submap. The Decoupled Stochastic
Map (DSM) algorithm of Feder and Leonard[49] aligns submaps using the ve-
hicle motion from one region to another in order to register submaps relative to
neighboring submaps during transitions[34].

Relative filtering algorithms are closely related to hierarchical methods. In
relative filtering, local relationships are estimated which are invariant to co-
ordinate frame. The algorithm can produce a map consisting only of local
relationships[22], or use global constraints to produce a globally consistent map
using the local invariant relationships[65, 25]. These methods are an extreme
form of the divide and conquer philosophy, where each submap is simply a
relationship between the smallest number of features which still contain some
information. If the heading of the vehicle is known, then the difference in z
and y coordinates can be estimated for any pair of points[22] and a set of lin-
ear constraints can be applied to enforce global consistency[65]. If the heading
is not known, then the invariant relationships consist of pairwise distances be-
tween two landmarks or angles subtended by two features at a third feature,
and global consistency requires solving a nonlinear optimization problem|[25].

A hierarchical SFM approach is presented in [36] which builds submodels
using trilinear constraints, then merges submodels and recovers scene and mo-
tion parameters. However, in a model building or mapping application, the
recovery of the camera parameters for every view may not be necessary and a
considerable amount of computation could be eliminated. Another hierarchical
SFM approach is presented in [78] which computes local structure estimates
and then projects them into virtual “key frames”, eliminating the viewing pa-
rameters from the submodel estimation but also projecting the submodel into a
small number of virtual views. It is not clear whether the key frames capture as
much information about the reconstructed model as possible given the original
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Figure 4.2: FErrors in estimates of rover pose and landmark position, in the
global frame, are correlated

Figure 4.3: Environment features invariant to rover pose are impervious to
errors in pose estimate

data.

Hierarchical estimation has characteristics in common with recursive and
batch approaches. By breaking up the environment map into smaller local
submaps, the algorithm needs to consider only some of the data at a time.
Limiting the amount of data that needs to be processed at once can reduce the
processing requirements.

4.1 Invariant filtering

In any realistic scenario, the pose of the robot is not known to absolute certainty.
The estimate Zj of the robot pose has some associated error T = T — xx and
landmark position estimates ¢ have error ¢ = ¢ — /. One source of complexity
for absolute coordinate frames in SLAM is that landmark position estimates v
and the robot pose estimate Zj are correlated. Assuming for the moment that
the bearing measurements zj, and zj,,, are perfect, the error in the landmark
position due to the error in robot pose can be found by expanding (" then taking
a Taylor expansion

o= -
L(xy, + imukaziaziﬂ) -

‘C(Xka Uk, Z;w Z;H—l)
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0 = (Ve L)Xk + O((%k)?) (4.1)
Dropping all but the first order term,
E{xpli}} = BE{Xy(Vs, L)%s} (4.2)

Figure 4.2 shows a diagram of how this happens. The vehicle measures the
bearing to a target, moves, and measures the bearing to the target again. The
position of the target is measured in a rover-centered coordinate frame with
the initial robot position as its origin. The resulting estimate of the landmark
location in absolute coordinates depends on where the vehicle was when it began
its motion and the error in landmark position is directly correlated with the error
in robot position.

A similar argument demonstrates how the error in the robot pose estimate
becomes correlated to errors in the map when the rover attempts to localize rel-
ative to landmarks with erroneous locations. Over time, filtering methods such
as Kalman filters which recursively update robot pose and landmark positions
in an absolute coordinate frame can diverge.

In addition, absolute filtering approaches to solving the SLAM problem suffer
the curse of dimensionality. The state space is of dimension N where in a planar
environment, N is three parameters for the robot pose plus two parameters for
every landmark. Kalman filters require O(N?) storage and O(N?) computation
per step in order to keep track of the full covariance matrix, and as the robot
explores larger and larger regions, the filter becomes intractable.

The fundamental importance of the relative filter[22] is that it recursively
updates estimates of environmental features which are invariant to the robot
pose. Consider the distance between two landmarks,

dii = ||¢t — 092, (4.3)

The estimate d/ and error dJ do not depend on xj. If D(xy, uy, z};, zi, z};_H, ziﬂ)
is the estimator for d*7, then

vXkD(ka ukv Z}lcv Zia ZZ+15 Z;H-l) = O (44)

and therefore N

E{xd} = 0. (4.5)
Even an error in heading, which is notoriously problematic for dead reckoning,
does not affect the estimate. Figure 4.3 shows a robot estimating the distance
d¥ between landmarks i and j. The position of each landmark is wrong due to
Zk but the relationship between the landmarks is unaffected.

The two invariant features which can be estimated are pairwise distances,
as mentioned above, and angles ¥** subtended by a landmark pair ¢%,¢* as
measured from a third, #/, as in Figure 4.4. The endpoints which define a
distance, or the triplet of points which define an angle, are called control points.
For simplicity, we will deal with only distance measurements for the rest of this
paper, but note that angles may be more difficult to use. Angles represent more
nonlinear relationships and may present singularities. In addition, estimating
angles requires the simultaneous observation of three landmarks instead of two.
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Figure 4.4: Angles between two landmarks subtended at a third are invariant
to robot pose

4.1.1 Data structure

The invariant filter requires two separate “maps” to be maintained. The first
map is a relative map similar to that of [22]. This map contains the invariant
relationships between landmarks. Each invariant feature has an associated type
(distance or angle), a list of the landmarks which make up its control points,
and a mean and covariance for the estimated feature value.

The second map is an absolute map which contains estimates for landmark
positions in a global coordinate frame. Each landmark in the absolute map
contains an estimated (z,y) coordinate and a list of the invariant features for
which it is a control point. This enables efficient computation of the derivatives
for optimizing the absolute map with respect to the relative map. Figure 4.5
shows a diagram of these data structures and their relationships.

Absolute Map Relative Map

landmark[0] .| | feature[0]

x coordinate type {angle, distance}

y coordinate endpointl

feature[0] endpoint2

feature[1] centerpoint {angle only}

= mean

feature[F-1] sigma
landmark[1] :§ ™ feature[1]
landmark[L-1] ™ feature[F-1]

Figure 4.5: Relationship between absolute map and relative map data structures

4.1.2 Building the maps

When a new landmark is encountered, its position is estimated in the global
reference frame using the estimate of the robot pose and an estimate of the
landmark position in the robot coordinate frame. The landmark is then inserted
into the absolute map at that location. It is only important that the landmark
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be inserted close enough to its “true” position that the optimization procedure
used to update the absolute map converges to the right solution.

Invariant features involving the new landmark must also be inserted into
the relative map. A greedy triangulation algorithm is used to connect the new
landmark to observable neighbors. Note that we do not require a planar trian-
gulation. The triangulation must simply provide enough constraints to fix the
landmarks in the absolute map. An attempt is made to create invariant features
using landmarks which are close together, since landmarks which are far apart
are less likely to be observed simultaneously.

4.1.3 Strategy for avoiding correlations

The goal in this filtering method is to ensure that the state vector is decoupled
so that memory requirements and update computation are trivial. In order to
do this, we must be careful not to introduce correlations. Correlation between
robot pose error and landmark position errors is eliminated by using map fea-
tures which are invariant to robot pose. By proper consideration, we can also
eliminate correlation between map features.

When bearing observations are made, the bearings Z = {z};i = 0,...} to
all visible targets at time k are stored. The measurement u; of motion from
time k to k 4 1 is also stored.

Triangulation allows computation of the landmark positions using the mo-
tion estimate as a baseline,

A =£(xk,.7:(xk,uk),z};,z};+l). (4.6)

We then compute the Euclidean distance between pairs of landmarks as dii =
|[¢" — ¢7]>. The error d” will be correlated with ug, z}, 2z}, 2, and z; ;.

In order to be sure that the estimate d/ is not correlated with any other
features in the relative map, we cannot use any of {uk,z}c,z}chl,zi?zchrl} to
estimate other features. The restriction that we cannot use z;_, ; and z], 41 means
that we must remove those measurements from the buffer. The restriction that
we cannot use uy means that not only will ug be removed from the buffer,
but also all old bearing measurements z; as well, since these bearings cannot
be used for triangulation without estimates of motion after the bearings were
measured. The result is that after step k + 1, only zgy1 — {2}, 2}, } remain
in the measurement buffer for the next step.

4.1.4 Updating the relative map

At time k, the algorithm checks the buffer to find all pairs of consecutive bearing
measurements of the same landmark {z}_,,z,}. These pairs create a list of
observable invariant features which are checked against the invariant features
already in the relative map. This check is necessary because not every landmark
pair distance or landmark triplet angle appear in the relative map.
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Once a list of candidate features is found, a decision must be made as to
which feature should be updated. We have adopted a greedy strategy where the
observable relative feature d J with the highest covariance Uk] is updated. The
selected feature is updated using the familiar equations

(UD)2J;3 ( Z])2D(£k+1agé+1)

dv = 4.7
rH (0p)2 + (0})2 (1)
gy _ (UD)Q(UZj_)? 4.8
o (0p)? + (07)? 9

where CZZJ and aij are the estimate and variance at time k£ and D(EA}C +1,l% 41) 18

the new measurement, with variance op.

4.1.5 Updating the absolute map

The update of the absolute map is independent of the update of the relative map
and can be done asynchronously. The upate step can be invoked automatically
whenever the relative map is updated or can be delayed until a localization is
required, a relative feature estimate changes dramatically, or some other crite-
rion.

The update is done by optimizing the relationships between landmarks in
the absolute map with respect to the relationships estimated in the relative
map. This is done by applying Levenberg-Marquardt (LM) optimization to the

cost function )
i (gz(p) 0ip )
J= Z < o (P)i(p) (4.9)

where F}, is the number of features in the relative map at time k and i(p) and
j(p) are the indices for the landmarks which are the control points for the p*®
feature.

The LM algorithm has an advantage over the EKF or IEKF (i.e. Newton-
Raphson) update in cases where inverse Hessian methods cause iterations to
diverge away from the solution. The LM algorithm checks the solution at each
step by evaluating (4.9) and if the solution is worse, LM smoothly transitions to
gradient descent behavior by forcing the Hessian to be diagonally dominant[71].
One step of LM has the same complexity as one step of the EKF or IEKF.

4.1.6 Memory and computational requirements

At time k, let Lj be the number of landmarks in the absolute map, Fj be the
number of features in the relative map and Vj be the number of landmarks that
are visible. In the worst case, i.e. for small areas or long range sensors where
every landmark is visible at each step, Vi could be Ly, but generally Vi, < L.
With a reasonable triangulation, Fy, is O(Ly).

Checking for new features to add is fast. A list is maintained containing all
of the landmarks which require another invariant feature in order to be properly
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Figure 4.6: Convergence of relative feature 0, d°t.

constrained. This list is usually much smaller than Lj;. Determining whether
a new landmark is to be added is O(V}), since all visible landmarks must be
checked to see if any are new. Determining which invariant feature to update is
O(Fy,) in the worst case. Once the feature to be added or updated is selected,
the update is O(1). O(F}) memory is required to store the relative map since a
full covariance matrix is not needed.

The update of the absolute map given the features in the relative map is done
using Levenberg-Marquardt optimization. One iteration is O(L3) in general, but
may be faster if sparse matrix techniques are used to speed up the inversion of
the Hessian. The algorithm has quadratic convergence near the optimum, so
although we require an unknown number of iterations there should not be many
if the solution is near the optimum when iteration begins. We also do not need
to update the absolute map every cycle. O(L) memory is required to store the
absolute map.

By comparison, Kalman filtering requires an O(L}) update each time new
observations become available, and O(L?) memory to maintain the covariance
matrix.

4.1.7 Example

The above algorithm has been implemented and tested in simulation and on real
data. In the interest of time we will only present results with real data here.

The robot is an RWI ATRV with an omnidirectional camera onboard. The
robot logs images from the camera at about 1Hz, and odometry at about 10 Hz.
The “landmarks” are large textured foam blocks. It is not our intent at this time
to solve the tracking or landmark recognition problem, so the landmark selection
in the omnidirectional images was done by hand, and the visual tracking requires
a user to identify targets.
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Figure 4.7: Convergence of invariant feature 4, d23.

During these tests, the ATRV had a broken wheel. The result was a sig-
nificant bias in dead reckoning which was partially calibrated out. The error
model was also modified to increase the vehicle motion uncertainty to a much
higher degree when going through large turns. The invariant filtering algorithm
successfully recovers the relationships between the landmarks even with this
bias.

Figure 4.6 and 4.7 show the time evolution of invariant features d°! and d?3,
the first and fourth features to be added to the relative map. The estimated
mean is shown along with 30 intervals.

Ground truth for the map is not available. Instead, we implemented a full
minimum mean square error (MMSE) batch estimation and used all available
data to optimize the estimate of map and robot trajectory. Since the map
computed by the invariant filter is not computed with an absolute position
reference, there is an unknown planar transformation between the map from
the invariant filter and the map from the MMSE estimate. This is accounted
for by finding the transformation which most closely aligns the two maps.

The map recovered by the invariant filter is shown in Figure 4.8 along with
the MMSE map. The landmark positions agree to within about a half meter
after registration.
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Figure 4.8: Final estimated map (x’s) with MMSE estimate (0’s)

4.2 Temporal hierarchical mapping

In this section we will show a hierarchical mapping scheme which breaks the
observation stream into temporal subsequences. Each subsequence is processed
in batch and produces a local submap. The submaps may or may not be spatially
distinct. After the submaps are computed, they are all registered to a common
coordinate frame, again using batch estimation.

4.2.1 Submap estimation

We would like to be able to produce a maximum likelihood estimate for the
robot motion and scene structure given a subset of the bearing and odome-
try measurements, denoted z; and di. In order to do this, we must find the
robot trajectory myj and environment map Xj which maximize the likelihood
p(bg, di|mg, x). We will drop the batch index subscript k for clarity. From
the noise model described above, we have

p(z,d|m, x) = p(z/m,x)p(d/m) = HP(Zij|mi,Xj) Hp(diImi_l,mi) (4.10)

That is, each image measurement z;; depends on the position of landmark j and
the pose of the robot at time 4, while each odometry measurement d; depends
on the pose of the robot at time ¢ — 1 and time ¢, before and after the motion
measured. Taking the negative log of the likelihood yields (up to scale)

L(b,d|m,x) = (b —g(m,x))"R™ (b~ g(m,x)) + (d — f(m))" Q™" (d - f m
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Figure 4.9: Given robot positions and bearing measurements, the landmark
position can be computed as a linear least squares problem

which must be minimized to find m, X. This cost function is similar to that of
bundle adjustment in SFM and the minimization can be done efficiently using
Levenberg-Marquardt (LM)[90, 71, 24]. Taking the Jacobian J = VL and
using the Gauss-Newton approximation [71] to the Hessian H ~ V2L of the
cost function above, we compute

J = -H'R;'(z—-h(m,x)) - F'R;'(d - f(m)) (4.12)
H = H'R;'H+F'R,'F (4.13)

where H and F' are the Jacobian of () and f() respectively. The Gauss-Newton
update to the parameters is computed using equations (4.13)

(Am”, AXT)" = (H)'g (4.14)
m™ = m'4+Am (4.15)
xT = x' 4 Ax (4.16)

This process iterates until convergence to a locally optimum submap and sub-
trajectory estimate.

4.2.2 Initial submap

As a nonlinear optimization method, LM requires a good initial parameter es-
timate in order to converge to a good solution. Dead reckoning, although in-
accurate over long distances, can be used to provide an initial estimate of the
trajectory of the robot over short distances. Once an initial trajectory estimate
is available, it can be held fixed and the landmark position estimation can be
solved as a linear least squares problem. The geometry is shown in Figure 4.9.
We introduce an unknown variable A;; which is the distance from the robot at
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time 4 to landmark j. The geometry is such that

Sgj = Mai+ Aijcos(me; + 2ij)
my; + N\ij sin(me; + 2i;) (4.17)

Syj

These constraints are rearranged to be of the form

1 0 — COS(¢1j) 0 0 s mMe1

0 1 — sin(¢1j) 0 0 SIJ_ mMy1

1 0 0 — COS(¢2j) 0 )\yj Mg2

0 1 0 —sin(pg;) - 0 AZ _ | mye

1 0 0 0 <o —cos(dnrg) A MM

0 1 0 0 - —sin(¢ar)) Mj Ty
(4.18)

where ¢;; = meg; + 2;;. Every bearing measurement of landmark j provides
two linear equations and one additional unknown, the depth A;;. Each pair of
equations from one observation z;; is linearly independent, and the equations
generated from robot poses that are not colinear with the landmark are also
linearly independent. Solving (4.18) finds the least squares estimate for the
landmark position and all of the depth parameters.

Once a reasonable initial guess is available for both the robot trajectory
and the environment map, the nonlinear optimization algorithm can refine the
estimate for both.

4.2.3 Map registration and merging

At the higher level of the hierarchy, the submaps that are found using the
nonlinear optimization described above must be registered. We treat the map
that is recovered as a measurement W of some section of the full map from an
uncertain location. That is

where s is the true map, P; is a permutation matrix which selects the landmarks
from the full map that are present in submap 4, and &; is noise with covariance
Q.

Each submap is related to the global map by some unknown similarity
transformation T;. The submaps s; we would expect to measure given a sim-
ilarity transformation Ti, a map §, and a permutation matrix P; is simply
E{s} = T;P;5, so we define the squared error cost function

J(T,8) = (si — T;P:8)"Q; ' (s; — T;P;8) (4.20)

%

with hats denoting quantities to be estimated while s; (the submap) and P;
(the permutation, or correspondence) are known. The similarity transform T;
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Figure 4.10: (a) Measurement covariance for registration and merging step. (b)
Hessian for registration/merging. (c) Reordered Hessian.

is of the form

(cos(0;) —sin(0;) Axi \ _ [ ai —bi ¢«
Tz—az(sm(ei) cos(0;)) Ay; )T\ b oai ds (4.21)

By substituting the unknown parameters {a;, b;, ¢;, d;} for the unknown param-
eters {«;, Ax;, Ay;, 0;}, our cost function is bilinear in the unknown parameters
T, and s. Minimizing equation (4.20) will find an optimal global map s* given
the submaps and their covariances computed at the lower level.

Once again, there is sparseness which can be exploited in solving (4.20). The
measurement covariance is block diagonal, since each submap was computed
independently. The measurement covariance matrix is shown in Figure 4.10(a).
The Jacobian of the measurement function for the registration stage is only
nonzero in row ¢ and column j if feature j was mapped in submap i. Less overlap
between submaps will mean more sparseness in the Hessian, although more
overlap between submaps will result in stronger connections between adjacent
submaps and a better reconstruction. The LM Hessian approximation for (4.20)
has the structure shown in Figure 4.10(b). The LM Hessian can be reordered
using a minimum degree ordering in order to speed up the computation of the
LM update step, an example of a reordered Hessian is shown in Figure 4.10(c).

4.2.4 Example

An example problem is shown in Figure 4.11 where a robot moves in a pattern
which covers a large rectangular area in short, roughly parallel rows. The dead
reckoning accumulates significant errors over the course of the motion, but lo-
cally each section of the trajectory estimate from dead reckoning is accurate
enough to initialize search for a local map and trajectory estimate. Figure 4.12
shows the submaps estimated for sections of the trajectory, and Figure 4.13
shows the resulting global map after the local submaps are registered together.
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Figure 4.11: (a) Ground truth trajectory and map (b) Dead reckoning trajectory
estim ate

4.3 Conclusions

Invariant filtering methods decouple the robot position and orientation from the
map in order to simplify computation. The strength of the invariant filtering
approach to SLAM lies in the decoupling of the estimates of each feature rela-
tionship so that the map states are completely uncorrelated with each other and
the robot state. This allows a much more scalable approach since the computa-
tional and memory requirements scale linearly with the number of features. A
more recent formulation of the relative mapping philosophy can be found in[85].

As a solution to SLAM, hierarchical mapping is more of a meta-approach
than a full solution to the problem. There still needs to be some way of com-
puting local submaps, and the method chosen for submaps needs to satisfy
constraints of algorithmic complexity, memory requirements, and robustness to
outliers. The hierarchical mapping approach might use batch or recursive meth-
ods to build submaps, and once the submaps are built the system can either
use geometric constraints to register the maps or leave them loosely but topo-
logically connected. The registration algorithm described in this thesis is an
efficient method for aligning point sets under similarity transforms which is lin-
ear in the parameters. By posing the registration problem so that it is linear in
the parameters, we can avoid local optima and guarantee an optimal solution,
subject to numerical considerations.

In some ways hierarchical mapping strikes a balance between full map tech-
niques such as the original stochastic mapping algorithm[80], and relative or
invariant filtering techniques[22, 65, 25]. Relative filtering techniques choose to
estimate the smallest meaningful geometric relationships between features, such
as pairwise distances between features, and then build a network of such geo-
metric constraints to map the environment. Hierarchical mapping instead uses
a metric map of the local region as its primitive, and then places that region
submap in a greater context in the global map using loose topological informa-
tion or by registering the submaps. Global mapping uses the entire world map
as its primitive, rather than breaking the map into smaller primitives.

The question of which representation to use has implications on the compu-
tational complexity, memory requirements, and speed of an algorithm, and the
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quality and usefulness of the resulting map. However, there is a deeper question
behind which representation and which approach is the best to use. The real
question is which representation does the best job of capturing the information
that is present in the data. On way to answer this question is to look at the
quality of the maps produced by each algorithm and rank them based on resid-
ual mapping error. Another way is to look at the question from first principles,
and find an approximation which most closely matches the true posterior. An-
swering the representation question in this way proves to be a difficult question,
but can lead to insights into how to best capture the information in the data in
a recursive algorithm.
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Figure 4.12: Recovered submaps
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Chapter 5

Recursive estimation

Recursive estimation is a natural approach for Markov systems. In general,
recursive approaches are an attempt to process observations as they become
available in order to determine a posterior state estimate, or a posterior density
over state space. The observations are then discarded and the filter retains
only the posterior distribution itself. This approach is necessary because of the
on-line constraints faced by real world systems, and the enormous number of
measurements that can be made over an operational lifetime.

If the distribution used by the filter can represent everything that can be
determined about the state given all of the observations made so far, then recur-
sive estimation can provide the same performance as full maximum likelihood
estimation at a lower cost. A familiar example where this is possible is Kalman
filters applied to linear systems with Gaussian noise. However, when the distri-
bution cannot represent everything that can be determined from the data, an
approximation is necessary.

Recursive estimation is a data reduction technique. The data reduction oc-
curs in two ways. The first is computation of statistics from observations. The
statistics are then used in place of the data in order to make inferences. Infer-
ences can be made more efficiently using the statistics than using the original
data. The second reduction is in the marginalization of state variables. In a
Kalman filter for dynamic systems, an assumption is made that the past history
of the dynamic state is not necessary given an estimte of the current state. In
SLAM, the robot pose is estimated over time, but if the entire history of vehicle
motion is not of interest then all but the most recent pose can be discarded.

In linear systems, the mean and covariance computed by the Kalman filter
are a sufficient statistic. For this reason the Kalman filter is an optimal filter
for linear Gaussian processes. For nonlinear problems the statistics are not
sufficient, and several approaches for computing statistics which best capture
the information in the data are described in this chapter. Chapter 6 presents a
new method which is based on some of the ideas in this chapter.
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5.1 General Markov systems

In a general Markov system, the belief state can be updated from time step ¢t —1
to time step t in the following way. A system model is required which describes
the distribution for the current state given the previous state, or p(x¢|x¢—1). A
measurement model is also required, which describes the probability of making
a particular measurement given a system state, or p(z;|x;). If we begin with
a probability over state space at time ¢ — 1 which is conditioned on all of the
measurements up to that time, then the state at time ¢ can be expressed as?

p(x¢|ze) = /p(xtlztaXt—l)p(xt—l)dxt—l (5.1)

We can then apply Bayes’ rule to the first probability in the integral to get

P(x¢|2e) o /p(zt|xt;thl)p(xt|Xt71)p(xtfl)dxtfl (5.2)

The current measurement z; is assumed to be independent of the previous
state or previous measurements given the current state so that p(z¢|x¢, x¢—1) =
p(z¢|x:). We now have

p(xilat) o / Pz )p(xelxe1)p(xe1)dx; s (5.3)

The last factor in the integral is the belief state at time ¢ — 1, and this gives us
a recursive algorithm for updating the belief at each time step.

5.2 Kalman filter

The Kalman filter represents the belief state using only the first two central
moments of the distribution, the mean and covariance. Given the mean and
covariance at one time, the Kalman filter proceeds by making predictions of
the state at the next time step using the current state, then updating the esti-
mate using new observations. The mathematics behind the predict and update
equations follow directly from the Gaussian assumption and the process and
measurement models.

The Kalman filter maintains an estimate of the state which is parameterized
in terms of a mean and covariance. These form a sufficient statistic for the
posterior if it is Gaussian. The state at time ¢ is a random variable x; ~ p(x;),
and the estimated mean and covariance are

i‘t = Ep{xt}
C: = EBp{(xi—%)(xi—%)"} (5.4)

IThe prior p(xt—1|z*~') is actually conditioned on past measurements. Since the old
measurements are not used for inference, we drop the z*~! for convenience and write p(x¢—1).
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The notation X1, ét‘H denotes the prediction, or the estimate of the state

at time ¢ using measurements up to time ¢ — 1. The notation Xy, (Ajt‘t denotes
the update, or the estimate of the state at time t using the measurement from
time t.

5.2.1 Prediction

The dynamic model is used to predict the state of the system at the next time
step. We can generally write the dynamic model as

Xt4+1 = f(Xt; U.t) —+ we (55)

where u; is some control input and w; is the process noise. The control input
is a constant, which we will drop in the sequel for simplicity. The process noise
captures all of the unpredictable or unmodeled effects and is assumed to be zero
mean Gaussian noise with covariance (J;. The zero mean assumption is not
restrictive since if E,{w;} were nonzero we could account for that in the process
model. Using the predictive model and the assumption that the state at time ¢
is Gaussian distributed, we can write the expected state, or prior mean

Xe41 = Ep{xi11}
= Ep{f(xt) +wi}
= Ep{f(x)} + Ep{w:} (5.6)

Since the process noise is zero mean,

Xip1 = /p(xt)f(xt)dxt (5.7)
The prior covariance is

6t+1 = Ep{(xt+1 — Xe1) (Xe1 — >A<15+1)T}
= Ep{(f(x¢) +wr — Xep1)(F(xe) +wi — Xep1) "}
= E;D{(f(xt) — Xep1) (F(xe) — fCtJrl)T}
+2Ep{(£(x¢) = Re1)wy } + Ep{wiwr } (5.8)
The second term disappears since the process noise is uncorrelated with the

state prediction. The third term is the process noise covariance @), so the prior
covariance is

Coon = [ plox)(E0x) = %) () — ki) T+ Qe (59)

With linear predictive models, the state equation is a linear function. In the
EKF and IEKF, the prediction model is linearized about the current state es-
timate using a first-order Taylor expansion, i.e. computing the Jacobian of the
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process model and then treating the model as though it were linear. If the state
prediction model can be written as

where the matrix F = é%f then the predicted mean in (5.6) becomes
X411 = Ep{f(ke) + F(x — %) +wi}
= E{f(x)} + FE {x; — X} + Ep{wi}
= (%) (5.11)

and the predicted variance in (5.8) becomes

Cotfp = Ep{(EGeyye) + Fxe — %ype) — Kepre) (ko) + F (e — Xejy) — %)}
F2E, {(F(Rye) + F(xt — Xype) — K1) )wf b+ Bp{wiw }
= E{F(x¢ — X¢p) (%t — >A<t|t)TFT} +Qq
= FC,FT +Q (5.12)

5.2.2 Update

We are given a prior mean and covariance for the state variable z; from the
prediction step. Assuming that the state is Gaussian distributed, these statistics
fully describe the Normal distribution

p(xe) = N (%, Cy). (5.13)

This distribution is conditioned on measurements {zg...z;—1} but we drop the
conditional distribution notation for simplicity. After acquiring a new measure-
ment z;, we would like to update our estimate X;. The measurement is given by
some function of the current state (the measurement equation) plus observation
noise

Zy = h(Xt) + 1 (514)

The observation noise v; is zero mean with covariance R;. The zero mean
assumption is not restrictive since if E,{1;} is nonzero it can be accounted for
in h. From the observation model,

p(ze]x:) = N(h(x:), Ry). (5.15)

The update step of the Kalman filter is a maximum a posterior (MAP) esti-
mation problem. The goal of MAP estimation is to find X} which maximizes

p(Xtzt), or
X; = argmax, p(z¢|x:)p(x¢) (5.16)

Maximizing (5.16) is equivalent to minimizing an objective function given by
the negative log of the posterior. For Gaussian distributions this is a quadratic
form

J(xt) = —Log(p(z|x:)) — Log(p(xt)) R
= (2 —h(x) Ry (2 — h(xe) + (%0 — %) Cypl (3 — %)(5.17)
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We can find the minimum of J(x;) using Gauss-Newton. Gauss-Newton requires
the first and second derivatives of J with respect to x,

ViJ(x) = —H{R'(z—h(x))+Cy  (x-%) (5.18)
ViJ(x) = H{R'H,+Cy, (5.19)

where H; is the Jacobian of the measurement function h(x) and we have made
the assumption that V2h(x) is small.
The Hessian of J is —V2log(p(x;|z:)) or the Fisher information matrix. The
Fisher information is the inverse of the covariance of the updated estimate, so
C-1 _ ggTRp-1 C—1
C,, =H;R"H;+C,_, (5.20)
which is the well known covariance update equation for the Kalman filter.

Gauss-Newton minimization of (5.17) requires iteratively updating x by an
amount § given by

V2] 6=~V (5.21)
or
§=—(ViJ)"'V,J. (5.22)
Using (5.17), we find
5=y, (H{R;l(zt ~h(x) — Gl (x — fct)) (5.23)

The updated state estimate X;; then becomes
fit|t = f‘it\t—l + at\t (HtTRt_l(Zt —h(x;)) - aﬂtl_l(xt - f‘t|t—l)) . (5.24)

The terms in (5.24) can be interpreted as follows. The first term pulls the state
estimate toward a value of the state which would produce the measurement that
was observed, or a zero measurement residual state. The second term pulls the
state estimate toward the prior mean estimate. The degree to which the solution
is pulled toward the prior is C;;_1, so a small prior covariance will pull strongly
toward the prior mean and a large prior covariance will not. The degree to
which the solution is pulled toward the zero measurement residual is H R; !,
so a measurement with very small variance will pull strongly toward the zero
residual state, and a measurement with large covariance will not. The derivative
of the measurement equation is also important. If the measurement function is
locally flat, the measurement will not strongly influence the estimated mean and
if the measurement function is locally sensitive to the state, the measurement
can have a strong influence.

The iterated extended Kalman filter is implemented by repeating (5.20) and
(5.24) until they converge, to find an locally optimal estimate for the mean and
covariance. The extended Kalman filter simply computes each quantity once,
implicitly assuming that one iteration of Gauss-Newton will find an estimate
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that is close enough to the local optimum. If the measurement equation is lin-
ear, then Gauss-Newton is guaranteed to converge in one step, and the Kalman
filter is optimal. When the measurement function is nonlinear, we cannot ex-
pect convergence in one step. The IEKF repeats the Gauss-Newton iterations
until convergence. Convergence can be determined by computing the step size
for one Gauss-Newton iteration and terminating when the step is small relative
to the state covariance. The number of iterations depends on the size of the
innovation, the complexity of the nonlinearities, and the threshold for the con-
vergence criterion. The threshold can be interpreted as a x? statistic, so that
its value has some statistical meaning.

5.2.3 Kalman filtering and bearing only SLAM

The EKF has been used extensively in SLAM where range measurements are
available. For the bearing only problem, the EKF is less well suited. The biggest
problem lies in initializing new features. Because one measurement is not suf-
ficient for initializing a new feature, several problems arise. The first problem
is initializing the location of the landmark. With a range-bearing sensor, the
landmark location can be initialized in the map coordinates by transforming the
landmark position in robot coordinates to global coordinates using the current
estimated robot pose. With only one bearing measurement, the landmark loca-
tion is still unknown. The approach used in the experiments in this thesis is to
initialize the landmark at some arbitrary distance away from the rover in the
direction along the bearing measurement. The insertion of a landmark into the

state vector is then
X

x| my+ acos(z+my) (5.25)
my + asin(z + my)

where m,, my, mg are the pose of the robot. The insertion of a landmark into
the map also requires the addition of rows and columns of the covariance ma-
trix. Since there is no prior knowledge of the landmark location, the covariance
is unbounded. Using the information form of the filter, zero entries in the in-
formation matrix can properly capture this (lack of) knowledge. However, in
the covariance form, we must instead inserting a large covariance for the new
landmark in order to keep the covariance matrix nonsingular. In a Bayesian
sense, inserting the landmark with a finite covariance is equivalent to putting a
prior on the location of the landmark which is given by the normal distribution
N(x;,P;;). With a large enough covariance, the hope is that the first few ob-
servations will “swamp the prior,” and that this prior is simply for numerical
stability. Inserting a new landmark, then, requires a change to the covariance

matrix of
C 0
C «— ( 0 P, ) (5.26)

Once the landmark is inserted into the state vector and covariance matrix, the
filter procedes with updating the state using the measurement.
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Empirically, the EKF does poorly for bearing-only SLAM with any consid-
erable level of noise in the observations. The IEKF can be used to overcome the
problems of the EKF when there is a moderate amount of noise. Primarily, the
EKF is insufficient because posterior statistics are computed for observations
before the state has been disambiguated, and these posterior statistics are not a
good approximation to the original measurement when the state estimation er-
rors are large. The EKF also has trouble minimizing the nonlinear cost function
in one step. The repeated Gauss-Newton iterations of the IEKF can overcome
this latter issue.

5.3 Derivative free state estimation

There has been a lot of interest recently in state estimation techniques which do
not require the analytic computation of Jacobians[44, 46, 18, 68, 94, 95]. There
are many advantages to eliminating the Jacobian computation from a recursive
filter. Dynamic and measurement models may not be analytic. If they are
analytic they may not be differentiable, e.g. functions may be discontinuous.
If they are analytic and differentiable, getting all of the terms correct can be a
hassle if the models are large or complicated. Furthermore, there is interest in
the automatic software generation community of providing tools for the creation
of state estimators[9] Providing a tool which requires only a user-supplied state
transition function and user-supplied measurement function is advantageous.
The user can more quickly and easily get the filter up and running.

For these reasons, one might consider a derivative free approach in order to
provide a trade-off between simplicity of implementation and filter performance.
However, in reality, it is possible to outperform Jacobian based filters with
derivative free filters. It’s a win-win situation; one can avoid computing and
implementing Jacobians and do better than Kalman filters at the same time.

In this section we will discuss the theory behind derivative free state esti-
mation and review two methods from the literature.

There are two major differences in approaches to derivative free state esti-
mation. The first has to do with whether the samples are used to interpolate the
model equations and produce effective model linearizations, or to compute pos-
terior statistics for the squared error term directly. The second difference has to
do with how 1-dimensional sampling rules are extended to multiple dimensions.
We will begin with a brief overview of two existing methods.

5.3.1 Divided difference filter

The Divided difference filter (DDF) [68] replaces the Jacobian computation in
the EKF with a central divided difference. Rather than computing the analytic
Jacobian of the function h(x), the filter computes a polynomial interpolation of
h(z) using Stirling’s formula.

phg

(z — 20)? (5.27)



where

udhy = %(h(zo + Azx) — h(zg — Ax))
82ho = h(zo + Ax) — 2h(x0) + h(zg — Ax) (5.28)

Consideration is given to the appropriate choice of Az, which is found to be
V30 where o2 is the variance of the posterior.

The divided difference filter computes the Jacobian H of the interpolated
polynomial in (5.27), which is a best first order approximation to the nonlinear
model h(). The linear interpolation is used to compute an approximation to Ve
and V2e by

Ve ~H"R'(z — h(x))
Vie ~ H'R'H (5.29)

%

However, if h() contains significant second order terms, this linearization is not
sufficient. To compensate for this, the authors have developed a second order
divided difference algorithm. Compared with the Unscented filter which will be
described below, the performance of the second order DDF is about the same
but the DDF algorithm is more complex. However, the DDF algorithm and
its development are interesting because the method approaches linearization
in recursive state estimation from a numerical interpolation and differentiation
perspective, rather than from a numerical integration point of view.

5.3.2 TUnscented filter

The Unscented filter [92] uses a deterministic sampling scheme to compute the
posterior mean and covariance in (5.7) and (5.9) numerically. The integral is
computed using a set of weighted samples, replacing the analytic integral with
a numerical sum.

The samples used in the sum are chosen to match the moments of the Gaus-
sian distribution. Consider the standard normal in one dimension. We wish
to approximate the Gaussian with three samples located on the real line at
X = {zo,21, 22} and with weights W = {wg, w1, we}. With three weighted
samples, we have six degrees of freedom. The degrees of freedom correspond to
the location of the three samples on the real line, and the weight associated with
each one. These six degrees of freedom can be used to match the six constraints
which require the empirical moments of the sample set to match the first five
moments of the standard normal, and for the weights to sum to one,

2w =1

W= Do Wity =0

o= S, wi(r, —p)? =1
s= Y, wi(z;—p)? =0

= Ywilzi—p)t =3
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Figure 5.1: Unscented transform points are passed through the nonlinear model
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Figure 5.2: Distribution of unscented filter samples for 1, 2, and 3 dimensions.

S wilzi —p)® =0
(5.30)
Choosing the points to be symmetric (xg = 0, 1 = —x2 and w; = wsy) auto-
matically satisfies the constraints on the mean, skew, and fifth moment. Using

the criteria on normalized weights, variance and kurtosis criteria Julier et al.
find that

X

{Oa _\/gv \/g}
211
— 2 -z 5.31
{355} (5:31)
are the best choice[44]. These samples correspond with the samples for the
divided difference filter.

In higher dimensions, the Unscented filter repeats this 1-dimensional distri-
bution along each dimension in the state space. The central point is used once,
and one point is generated on either side of the central point along each dimen-
sion, so a total of 2d + 1 points are needed. The weights are set to x/(d + k)
for the central point, and 1/(2(d 4 k)) for all other points, and a guideline is

given that x should be set such that d + k = 3. For example, the five points
and weights used for a 2D state space would be
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Figure 5.3: Flow diagram of the Unscented and Divided Difference filters
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The arrangement of Unscented filter points are shown for 1, 2, and 3 dimensions
in Figure 5.2.

The sigma points in the unscented filter are passed through the process
or observation model and the mean and covariance of the resulting points is
computed. A schematic of this step is shown in Figure 5.1. Julier points out that
in Jacobian based methods, while the state estimate vector is passed through
the process or observation model, the errors pass through a separate linear
system[44]. The sigma points of the unscented filter pass through the same
nonlinear function as the state vector. Some loss of information occurs when
the posterior mean and variance are computed, but the resulting mean and
variance should be closer to the true values.

Julier and Uhlmann later introduced a scaling parameter which allows a
filter designer to match higher order moments in the distribution at the expense
of no longer matching some of the lower order moments as well. The resulting
transform is referred to as the scaled unscented transform[46].

Julier has also introduced a “simplex” form of the unscented transform, using
the minimum number of points required to match the first two moments[45].
The points now form a simplex consisting of N 4 1 vertices in N dimensions.
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Figure 5.4: Ballistic reentry problem from Athans (1968)

5.3.3 Relation between UKF and DD2

The UKF and DD2 filters are actually quite similar. The Unscented filter sam-
ples a set of points which exactly represent the mean and covariance of the prior
distribution, evaluate the state prediction and measurement prediction for each
sample, and compute the posterior mean and covariance empirically using the
sample points. The DD2 filter samples a set of points which exactly represent
the mean and covariance, predicts the state and measurement for each sam-
ple, finds a second order polynomial which best interpolates the predictions,
computes derivatives of the interpolated function, and uses the derivatives to
compute the posterior mean and covariance analytically. The difference between
the two methods can is shown in Figure 5.3.

The sampling scheme is also shared between the two filters. Each filter
approximates the 1-D standard normal with the points X = {—+/3,0,v/3} and
weights W = {%, %, %}, and approximates a general d dimensional Gaussian by
repeating this rule along each principal direction and scaling by the variance.

In order to demonstrate the similar performance of these two algorithms,
they have been applied to a standard benchmark problem from a 1968 paper by
Athans et al.[3]. The paper presents a ballistic reentry problem which has been
widely used as a benchmark for nonlinear estimation. Julier and Ngrgaard have
provided Matlab implementations of the UKF[91] and DD2[67] filters, respec-
tively, including the Athans ballistic reentry benchmark problem.

A diagram of the simulated ballistic reentry problem is in Figure 5.4. A
ballistic body with known altitude and velocity enters the atmosphere. A radar
repeatedly measures the range to the object as it falls. Gravity accelerates
the body downward, but drag causes the object to decelerate as it enters the
atmosphere. Because the filter begins with the wrong ballistic coeflicient, the
filter makes biased predictions about the deceleration due to air drag. The
benchmark problem is designed to see how fast and how well the filter can
recover from the bias.
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Figure 5.6: Velocity estimation errors for DD2 and Unscented filter.

Results from applying the UKF and DD2 to the problem are in Figure 5.5
through 5.9. The unscented filter does appear to outperform the DD2 filter,
but not in a significant way compared to the improvement that both filters
achieve beyond the EKF. This is not surprising since the deterministic sampling
scheme in each filter is the same. What is interesting to note, however, is that
the two filters are derived using different principles and result in very similar
performance.
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Figure 5.9: Average absolute error in ballistic coefficient for the Unscented and
DD2 filters

5.3.4 A “more robust” unscented filter

The unscented transform (and filter) was first introduced in this form in 1995[44].
van Zandt later introduced a more robust method using a larger number of sam-
ples along each axis[94]. Unfortunately the word robust is not used here in the
sense that is typically is in statistics, where the influence of outliers is of concern.
Rather the method is supposed to provide more accurate estimates of posterior
statistics in the presence of strong nonlinearities or discontinuities.

The points in van Zandt’s robust unscented filter are taken from the roots of
higher order orthogonal polynomials, or equivalently from higher order Gauss-
Hermite quadrature rules in one dimension. The examples he shows use an odd
number of points so that there is one central point. In higher dimensions, van
Zandt’s filter embeds Nd+ 1 points in the same way that Julier and Uhlmann’s
original filter uses 2d + 1, i.e. by repeating 1-dimensional rules along the direc-
tions given by the columns of the Cholesky factor of C.

If the system or measurement model is highly nonlinear or discontinuous,
then larger samples will generate answers closer to the true posterior mean and
variance. Of course if the system and measurement are truly discontinuous then
an approach which can handle a multimodal, nonGaussian posterior might be
preferred, such as particle filters.

5.3.5 Quadrature based method

Gaussian quadrature is a means of numerically computing an integral using a
small number of carefully chosen points and associated weights[71]. Determinis-
tic rules for computing the samples and weights exist. There are specific rules for
computing the samples to use for evaluating expectations as in (5.3) depending
on the form of the distribution over which the expectation is computed.

In place of the unscented transform and unscented filter, Ito et al. compute
the integrals in (5.7) and (5.9) using Gaussian Quadrature[43]. The algorithm
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Figure 5.10: Comparison of sample points for unscented and quadrature meth-
ods in 1, 2, and 3 dimensions.

proceeds in the same way as the unscented filter.

Figure 5.10 shows the difference between the sigma points from Unscented
filtering and the quadrature points for a one, two and three dimensional stan-
dard normal. The important distinction is in the “off diagonal” points. The
sigma points lie along the axes, which one can visualize as the line segments that
connect faces of a hypercube. There are 2d + 1 sigma points for a d-dimensional
space. In contrast, a 3 point quadrature rule extended into d dimensions has a
total of 3¢ points. This should be acceptable only when the individual measure-
ments rely on a few dimensions of the state space. Ito et al. report using up to
six dimensional state spaces[43], which is far too few for a SLAM problem with
even a few landmarks and robot poses.

To make the problem with exponential numbers of samples more explicit,
consider the minimal constraints on the number of robot poses and landmarks
for which a solution to the SLAM problem exists. A minimal well posed problem
is one with three robot poses and five landmarks. In a 2-D world, this means
a 19 dimensional state space. Integrals defined over these 19 dimensions and
using a 3-point quadrature rule recursively for each dimension would require
319 = 1,162, 261,467, over one billion. A reasonable number of landmarks,
on the order of 100 for example, would require in the neighborhood of 10190
samples.
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5.4 Recursive nonlinear smoothing

Nonlinear smoothing retains states and measurements beyond the time step
when they are first introduced. The algorithm estimates the state of the system
over a specified time window rather than at a specific snapshot in time. Smooth-
ing offers a trade-off between the one-step prediction and updating approach of
filtering and full batch estimation methods. A schematic representation of this
is in Figure 5.12. The green dots indicate measurements which are treated as
nonlinear quantities, whereas the blue dots indicate measurements which have
been linearized and approximated. Batch methods recompute local lineariza-
tions until the algorithm converges. Kalman filters compute a linearization right
when the measurement is incorporated and then not reconsidered. Smoothing
filters treat the measurements as nonlinear for some time lag, which may be
fixed or determined on the fly, and linearize the measurements after they have
been used to help determine the state of the system into the future.

There are many advantages to recursive smoothing over recursive filtering.
Using information from multiple time steps helps to resolve degeneracies. One
bearing measurement is not enough to initialize a new feature, but bearing
measurements from two or more different locations can be used to triangulate the
location of a new feature. The multiple constraints can also help to disambiguate
the rover pose, helping to improve the motion estimate over one-step filtering
of odometry.

Since the measurements will be linearized in the smoothing filter, the use
of information from multiple time steps also helps to refine the state estimate
before computing the linearization. This means that the linearization will be
computed using an estimate which is more likely to be near the true solution,
reducing linearization errors and better approximating the posterior covariance
relative to the Fisher information at the true solution.

Smoothing also allows the algorithm to reconsider data association. This
is the primary reason smoothing is used in the delayed initialization work of
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Leonard and Rikoski[48].

Finally, smoothing allows us to develop a robust version of the recursive
algorithm by incorporating influence functions from iteratively reweighted least
squares (IRLS) in robust estimation.

5.4.1 Variable state dimension filter

The variable state dimension filter (VSDF) combines aspects of the EKF with
aspects of Gauss-Newton nonlinear optimization[71]. Since zx is a Gaussian
random variable with mean hy(x) and variance Rk, we can write the likelihood
for z given x

> (Z—hi(x) "Ry~ (2 —hi(x)) (5.33)

p(z]x) x e”

Gauss-Newton optimization searches for the parameter which minimizes the
negative log of the likelihood

e = —log(p(z|x))
= ) (z — hi(x))"Ric " (zkc — hu(x)) (5.34)
k

In order to minimize this cost function, the algorithm starts with an estimate
of the state vector Xg and computes

a = Y —H"Ri '(zi — hy(x)) (5.35)
k
A = > HRyx 'Hyg (5.36)
k
where Hy = %Lzo is the measurement Jacobian, a = Ve is the gradient of

(5.34) and A ~ VZe is an approximation to the Hessian[71]. The algorithm
computes an update to the state estimate by solving the linear system

Aj=a (5.37)
and updating the parameter vector
X—x—90 (5.38)

Equations (5.35) through (5.38) are iterated to convergence. Solutions found
using Gauss-Newton are optimal in a least squares sense, which is also maximum
likelihood for Gaussian noise. However, the vector x contains the entire map and
the entire vehicle trajectory, which makes Gauss-Newton slow for large datasets.

The VSDF provides a method for linearizing measurements, incorporating
them into a Gaussian “prior”. The filter equations may be derived by linearizing
terms on the right hand side of (5.35) and (5.36). Suppose we wish to replace
the term involving zy in (5.34). We can compute a linear approximation to hy()

hk(X) ~ hk(Xo) + Hk(X — Xo) (539)
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Figure 5.14: The variance of the state estimate decreases over time, making
linearizations more accurate

and in order to minimize the new cost function we simply replace the corre-
sponding term in (5.35) and (5.36) with the same linearization.
In the VSDF, terms are replaced with a linearization of the form

(x — %0)T Ak (x — %0) = (zx — hk(x))" R} *(zx — hk(x)) (5.40)

(x — %0)T Ak (x — %¢) ~
(Zk - Hk(X—)A(()))TRgl(Zk —Hk(X—)A(())) (541)

where Ag = HkTRllek is the contribution of measurement k to the Hessian,
and
ak — HkTRlzl(Zk — hk(Xo)) (542)

is the constant contribution of measurement k to the gradient (5.35). In the
original VSDF the linearization Hy is again taken to be the Jacobian of the
measurement function evaluated at the state estimate.

This is similar to the EKF, except that the EKF linearizes each measure-
ment immediately upon incorporation into the state estimate. The VSDF opens
the possibility of linearizing the term at some later time[57]. The advantage in
linearizing the measurement later is that the point of expansion for the lin-
earization is estimated using more data, and therefore has smaller variance. We
can expect the linearization to occur at a more accurately estimated point, as
shown in Figure 5.14.

The error and its Jacobian and Hessian can now be expressed as a combina-
tion of terms from the linearized measurements and the nonlinear measurements

e = (x—x0)"Ao(x —x0) + Y (2 — hie(x))"Ric " (mc — hye(x))
a = ag+Ao(x—x0)+ Y Hi'Ri (2 — hi(x))
A = Ao+ ) HRi 'Hg (5.43)

Once measurements are linearized, there are parts of the state space that will no
longer be a part of new measurements coming in (like old robot poses). Those
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subspaces can be eliminated from the filter. If we partition the state vector into

x = [ x1 ] (5.44)

and the gradient

a= { & ] (5.45)

as
and
Ain Axe
A = 5.46
(A21 A22> (5.46)

then we can eliminate the first subspace by updating the parameter vector,
gradient, and Hessian as follows,

X < X, a < a

A — Az —AyAn A (5.47)

See [57] for details. The filter continues to incorporate new measurements as
they become available, and linearizes them at some later time.

5.5 Conclusions

Recursive state estimation is attractive because of the online constraints faced by
real world robotics applications. Batch methods are infeasible for long duration
robotic tasks since the amount of data collected can, for all practical purposes,
be considered unbounded. Even in hierarchical mapping approaches, a method
is required for building local submaps, and a recursive filter is a good candidate
for the task if submaps are to be built with large amounts of information.

Kalman filtering based approaches have dominated the SLAM community
for over a decade, but there are issues with bias caused by incorrect linearization
of nonlinear process and measurement models. These problems are exacerbated
in a bearing only SLAM context since no range information is available from the
sensor, and the problems is at its worst for initialization of new features when
few measurements are available to disambiguate the location of the feature even
in local rover coordinates. For this reason an approach which can consider
multiple robot poses in a smoothing context is desired.

In terms of computing posterior statistics, the unscented filter is a great
improvement over the traditional Kalman filter for several reasons. The filter
computes posterior statistics which are more accurate than the Jacobian based
method because the linearization is done by considering a neighborhood on a
length scale which is commensurate with the uncertainty in the filter. Also, the
tedious task of computing analytic Jacobians and encoding them in a Kalman
filter can be avoided. However, as it stands, the unscented filter only uses one
step prediction to compute the posterior statistics. There is currently no adap-
tation to the filter which allows computation of the posterior statistics using
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the updated state rather than the predicted state, as is done in the IEKF. Lin-
earizing about the posterior mean rather than the predicted mean can improve
Kalman filtering and should therefore improve unscented filtering. In addition,
the extension of the unscented filter for multiple dimensions is incomplete. The
unscented filter points correspond to an optimal Gaussian quadrature rule in
one dimension, but the multi-dimensional extension simply repeats the one-
dimensional integral over each dimension. Finally, there is currently no method
for incorporating future data in a smoothing context to further improve the
state estimate and accompanying linearization. The variable state dimension
filter uses nonlinear smoothing to improve state estimation but uses a Jacobian
based linearization. Since a deterministic sampling scheme has been shown to
outperform the Jacobian in a one-step Kalman filter, we can expect to improve
nonlinear smoothing by computing better statistics.
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Chapter 6

Nonlinear smoothing and
statistical linearization

This chapter describes the proposed recursive nonlinear smoothing method for
bearing only localization and mapping. The method developed here relies on
the development of the variable state dimension filter (VSDF)[57] and ideas
from derivative free state estimation[44, 68] and robust statistics[42]. Using a
nonlinear smoothing framework, we first investigate the optimal computation
of linearized process and measurement models by considering statistical lin-
earization, which attempts to find a linearization which is most accurate with
respect to the state estimate and uncertainty. Closed form computation of the
linearizations proves infeasible, but we can use concepts from exact numerical
integration[71] and approximate Monte Carlo integration[51] to solve the prob-
lem. We finally incorporate a robust cost function[42] into nonlinear smoothing
in order to achieve reasonable behavior in the presence of outliers.

6.1 Smoothing

Smoothing refers to the estimation of the state of a system at time ¢ using
observations from time i + L, i.e. in the future. There are many advantages
to recursive smoothing over recursive filtering. Using information from multi-
ple time steps helps to resolve degeneracies. One bearing measurement is not
enough to disambiguate the position of a feature in order to initialize its location
in the filter. Bearing measurements from two or more different locations can
be used to triangulate the location of a new feature to improve initialization.
The multiple constraints can also help to disambiguate the rover pose, helping
to improve the motion estimate over one-step filtering. When measurements
are linearized, they are done so after the state has been estimated using more
data. This decreases the variance on the state estimate before linearization, so
that the expansion point used has a better chance of being close to the true
location. The inclusion of more information also helps to produce a posterior
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density which is more Gaussian, so that a Gaussian approximation to the poste-
rior fits better. Smoothing also allows the filter to reconsider data association.
Until a measurement is linearized and then discarded, it can be re-associated
with a different feature. This feature is not used in the work presented here but
it might become an important feature in future work. Finally, smoothing allows
us to more easily include a robust loss loss function.

The extended Kalman filter (EKF) is not sufficient for bearing-only or range-
only SLAM. The primary issue with the EKF approach is in initializing new
features. One bearing or range measurement is not sufficient for disambiguat-
ing where a feature is in the environment relative to the rover. A bearing
measurement restricts a feature to lie along a ray, but without range informa-
tion the location along the ray is unknown. Because the location along the ray
is unknown, any point along the ray is equally valid as an expansion point for
linearization. However, using the wrong point for linearization can cause prob-
lems. With multiple bearing measurements made from different locations, the
rover trajectory and feature positions can be uniquely recovered at the same
time. With at least three poses and five landmarks, or at least four poses and
four landmarks, the bearing measurements are enough to disambiguate the mo-
tion of the robot and the locations of the features up to scale, so the bearing
measurements can compensate for errors in odometry if multiple time steps are
considered. Performing smoothing in a consistent way requires using multiple
measurements and treating them as the nonlinear quantities that they are rather
than linearizing them as they are observed.

The smoothing algorithm presented here relies on the EKF and variable state
dimension filter (VSDF) framework. The posterior density over state space is
approximated by a Gaussian, parameterized by a mean and covariance which
capture everything there is to know if the posterior is Gaussian. Measurements
are linearized and removed from the filter in order to compute the Gaussian
approximation. The primary issue is where, when, and how to compute the
linearization.

6.2 Approximating the posterior

For linear process and measurement models, the posterior statistics are trivial
to compute. If the measurement function is linear

h(x) =ho + Hx + v (6.1)

where v ~ N (0, R) then the EKF update equations

C;; = H'R'H+Cy}

t|t tlt—1

fit\t = fit|t—l + 6t|thTRt_1(Zt - h(xt\t—l)) (6.2)

are exact in the sense that A ()Act‘t, 6t|t) is the exact posterior distribution for
the state estimate. However, for nonlinear functions the matrix H represents
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some linear approximation to the function h(x). The EKF uses a Taylor series
expansion of the measurement function

h(x) = h(xo) + H(x — x¢) + _T(X —x0)%... (6.3)

where H = %, and then truncates the series after the linear term. This approx-
imation is accurate for small departures (x —xg). A better approximation can
be had by finding the linear function which best matches the nonlinear model
over some neighborhood specified by the uncertainty in the state estimate. If
the uncertainty in the state estimate is large, then the filter should use an ap-
proximation which is reasonable for large values of (x — x¢). If the uncertainty
is small then an approximation which better captures the shape of i() for small
values of (x — x¢) is desirable.

The nonlinear smoothing algorithm approximates the true full posterior by
approximating measurements with Gaussians and incorporating them into the
prior term. At any time, the filter contains a Gaussian prior

1
px) o exp (—5<x ~ x0)" Ag(x — xO>> (6.4
and a true measurement likelihood

plal) o [Toxw (=5~ bR =) 09
k

where each zj, is a one dimensional measurement (single bearing to a landmark).
The posterior p(x|z) is proportional to the product of (6.4) and (6.5). Maxi-
mizing the posterior is done by computing the negative log of the posterior to
obtain the objective function

J = (x—x0)TAg(x — x0) + Y (2 — hi(x)) Ry, (2 — hi(x)) (6.6)
k

When measurement z; is to be moved from the nonlinear portion of the filter
(the sum in (6.6)) to the linearized portion (the first quadratic term, or prior,
in (6.6)), the approximation

(hix — ho)R; ' (hix — ho) ~ (z; — hj(x))R; ' (z; — h;(x)) (6.7)

J

is required, where the constant scalar hy and the N x 1 coefficient vector hy
form the linearization of the term involving the observation z; and measurement
function hj(x). As noted earlier, the standard EKF implementation uses the
measurement Jacobian for h; and the value of the measurement at the nominal
state estimate for hg. However, in order to minimize the effect of this approxi-
mation on the cost function, one can instead compute a linearization for h;(x)
which minimizes the expected squared error between the approximation and the
true function

e= /p(x|z)(zj —h;i(x) — h7x + ho)Rj_l(zj —h;i(x) — h7x 4 ho)dx  (6.8)
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with respect to the linearization parameters h; and hg. This is the statistical
linearization[54] of the function h(x), and corresponds to the minimum expected
future squared deviation between the nonlinear model and the linear approxi-
mation, with the expectation taken under the current posterior over state space.
Using the notation x|z {} to denote expectation, we write (6.8) as

e = Ep(x|z){(zj —hy (x) — h{x + ho)Rj_l(Zj —hy (x) — h{x + ho)} (6.9)

The minimum of (6.9) with respect to hy and hy occurs where the partial deriva-
tives of e() with respect to those parameters vanish,

Ode _

oh, = Ep(x|z){_2XRj l(zj - hj (X) - h,{X + ho)}

Oe _

Bhe = Epxja){2R; (25 — hj(x) — hi’x + ho)} (6.10)

Setting the partial derivatives to zero, multiplying by the constant R,/2, sepa-
rating the terms in the expectation, and taking advantage of the fact that the
inner product h¥x = xTh; leads to

(Ep(xla) {xx"}) i = (Bpwin) {x}) ho = Epgxiay {2(2 — hyj(x))}
— (Epxjn {x"}) b1 + ho —Epxin{ (2 — hj (%))}

(6.11)

which is a linear system of equations for h; and hg,

(i ) G) - (i =)
6.12

In order to solve (6.12), we must compute the integrals which form the coeffi-
cients in the linear system. Since p(x|z) is a complicated function, the integrals
in (6.12) cannot be computed directly, but numerical integration techniques can
be applied as discussed in the next section.

As an example of what statistical linearization does, Figure 6.1 shows the
linearization of a 1-dimensional nonlinear function under a Gaussian density.
The blue curve is the nonlinear function to be approximated. The purple dots
show the Gaussian density over which the expectation values are computed.
The dashed red line shows the Jacobian, or tangent plane, and the solid red
line shows the statistical linearization, or the line which minimizes (6.8). As the
mean of the Gaussian changes, a different part of the function is approximated.
As the variance of the Gaussian increases, the neighborhood over which the
function must be approximated grows. The Jacobian would correspond to the
statistical linearization if the posterior p(z|z) were a delta function, and would
be a reasonable approximation if the Gaussian had an extremely low variance.
However, for large variance the statistical linearization can be dramatically dif-
ferent. In the SLAM problem, errors can accumulate over time and over large
distances, particularly when the same features are not always in view, and the
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Figure 6.1: Comparison of Jacobian and statistical linearization for different
mean and variance p(z)

93



variance of the posterior can become significant enough that the difference in
linearizations is important.

The numerical technique used to integrate the terms in (6.12) is the subject
of the next section.

6.3 Numerical integration

There are many integrals of interest which cannot be computed analytically.
In these cases, numerical techniques for approximating integrals are required.
Gaussian quadrature and Monte Carlo techniques have been used in recursive
state estimation recently, and can be used to compute posterior statistics in
recursive nonlinear smoothing.

6.3.1 Quadrature

The term quadrature refers to any numerical integration method which seeks
to replace an integral with a sum. Newton-Cotes rules, including the familiar
trapezoidal rule and Simpson’s rule, use points which are equally spaced in the
interval [a, b], and weights such that the sum is exactly correct for some class of
functions[71].

b (b—a) .
/f(z)dz:Zwlf(:cz), i =a+1 N i=0...N (6.13)

For the two rules mentioned above, the classes of functions which can be inte-
grated exactly are first and second order polynomials, i.e. linear and quadratic
functions, respectively. Newton-Cotes rules specify the weights but not the
points at which the function is evaluated.

If the function f() is indeed linear, then the trapezoidal rule can compute
the integral exactly using only two samples. This should come as no surprise
since a line is specified uniquely by two points. The two samples should contain
all of the information available about the line and therefore all the information
available about its integral. If the function is quadratic, then Simpson’s rule can
compute the result exactly using only three samples for similar reasons. When
the function is not linear or quadratic, the answer is only approximate.

6.3.2 Gaussian quadrature

Gaussian quadrature is another method for replacing integrals with sums. In
addition to the weights for the sum, Gaussian quadrature rules specify the
locations at which the function should be evaluated. This offers two degrees of
freedom per sample in the sum, which gives more flexibility and therefore higher
order approximations with the same number of samples. Furthermore, Gaussian
quadrature rules are designed to compute integrals of polynomials multiplied by
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Quadrature rule | Weight function Interval
Gauss-Legendre | w(x) = -l<z<1
Gauss-Chebychev | w(z) = (1 —22)~1/2 -l<z<1
Gauss-Leguerre w(z) = x%e ™" 0<z<oo
Gauss-Hermite w(z) = e —00 <z < 00
Gauss-Jacobi wr)=1-2)*0+z)f | -l<z<1

Table 6.1: Gaussian quadrature rules for some weight functions, from[71].

some known weighting function, i.e.

/w(m)f(m) dx = Zwlf(acz) (6.14)

The weighting function determines which Gaussian quadrature rule applies. Ta-
ble 6.1, adapted from Numerical Recipes[71], has a list of weighting functions
and corresponding exact quadrature rules. A Gaussian quadrature rule using
n points can evaluate (6.14) exactly when the polynomial f() is order 2n — 1
or less[71]. This means that if the polynomial is order d, the Gaussian quadra-
ture rule requires (d + 1)/2 samples in order to compute the result exactly. For
functions which are not polynomial, the error in the integral will be related to
the lowest order component of the function which cannot be captured by the
quadrature rule.

Gauss-Hermite quadrature can compute integrals exactly for polynomial
functions and a weighting of the form e~ . The points and weights for a
Gauss-Hermite quadrature rule with 3, 5, 7, 9, 11, and 13 points are shown in
Figure 6.2.

To use a normal distribution as the weighting function w(z) = NM(u, o), we
need to modify the samples. A change of variables using u = f/i—Q‘a‘ shows the

correction,

/x \/2170 exp (_(952;2“)2> (@) da

% [ exp=u)f(VBou+ p)
% Z w; f(V20u; + 1) (6.15)

To compute expectations with respect to N (u, o), we must scale the abscissae
by v20 and add p, and multiply the weights by % In multiple dimensions,

the points are modified by multiplying by v/2S where SST = C, adding the
mean vector X, and multiplying the weights by #

The integral of interest in computing posterior statistics for recursive filter-
ing is an expectation taken under the posterior distribution p(z|xg, Ao, z). The
posterior is conditioned on the mean state vector and covariance which were
computed by linearizing older measurements, as well as the nonlinear measure-
ments which are still in the filter. This distribution is approximately Gaussian,
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Figure 6.2: Gauss-Hermite samples and weights for 3, 5, 7, 9, 11, and 13 points
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Figure 6.3: Integration errors for quadrature and Monte Carlo with varying
sample sizes.

but not exactly Gaussian. We can take this into account by modifying the
quadrature rule using a technique from Monte Carlo.

6.3.3 Monte Carlo

Monte Carlo methods are also a popular method for converting the integral in
(6.14) to a sum. Monte Carlo techniques can compute arbitrary integrals to
arbitrary precision given enough computation, but convergence only happens in
the limit as the number of samples goes to infinity. The techniques are widely
used since not all distributions fit the rules in Table 6.1 and not all functions of
interest are limited order polynomials.

If w(z) is a probability distribution from which we can sample x; ~ w(zx),
then w; = 1 for all samples and the integral is approximated by

/w(x)f(m) dx ~ Zf(:vz), x; ~ w(x) (6.16)

One important difference between quadrature rules and Monte Carlo is the
bias and variance in the estimates. Quadrature rules are biased, unless the
function being integrated is a bounded order polynomial in which case the in-
tegral is exact. Quadrature is always zero variance; the samples are computed
deterministically. Monte Carlo, on the other hand, is statistically unbiased but
has finite variance. The variance decreases as the sample size increases. Fig-
ure 6.3 shows the error in computing the linearization for f(z) = arctan(zx)
and p(z) = N(0,1) using Gauss-Hermite quadrature and using Monte Carlo.
The quadrature rule converges quickly to the correct answer. The Monte Carlo
method has considerable variance for small sample sizes, and even after sample
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Figure 6.4: Ratio 1/¢(x) for a standard normal proposal density.

sizes of over 100 has not yet reached an average error less than a quadrature
rule using 11 points.

6.3.4 Importance sampling

Not all probability densities are easy to sample from. If the probability density
p(x) cannot be directly sampled, but can be evaluated (even up to a constant
scale factor) then importance sampling can be used. A proposal distribution
q(z) is used to draw samples, and importance weights are computed as a ratio
between the true distribution and the proposal distribution[51] to compute the
integral. That is,

[r@)f@ da -

\
\_/
'U
—
5/
~
/—\

a(@)
> P ”””f( — (6.17)

q(x;)

There are some caveats to using importance sampling, which are discussed in
an excellent tutorial on Monte Carlo by MacKay[51]. Of principal interest is
the caveat that ¢(x) must have support wherever p(x) is nonzero, or the weight
p(z)/q(x) can diverge. One sample from a region of low probability in ¢(z) can
dominate the sum if the weight is large. Figure 6.4 shows 1/¢(z) for a standard
normal proposal ¢(z) = N (0, 1). This quantity is multiplied by the value of the
true density to get the importance weight. The divergence of 1/¢(z) for large
values of x is dangerous if p(x) has support where the divergence occurs.
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Figure 6.5: Ratio w;/q(z;) for a standard normal proposal density and Gauss-
Hermite quadrature with 3, 5, 7, 9, and 11 points.

6.3.5 Importance quadrature

If the integral we wish to compute is of the form

/ p(a)f () do ~ 3 wif (w0) (6.18)

and p(x) is a normal distribution, then we can apply the Gauss-Hermite quadra-
ture rule as described above. However, if the distribution p(z) is not normal,
then Gauss-Hermite quadrature does not strictly apply. If p(z) can be reason-
ably approximated by a normal density ¢(x), then we can use the importance
weighting idea from Monte Carlo to compute (6.18). Using g(z) = N (u,0) as
a proposal density, (6.18) becomes

p(z) oo p@)
[ a@ 55 re) o~ > oy (6.19)
where the samples and weights are computed as described above for Gauss-
Hermite quadrature.

The caveat for importance sampling, namely that the proposal density should
have support where the target density has support, is somewhat less of a con-
cern in importance quadrature. The reason is that values of x far from the
mean are represented in the quadrature rule by points with low weight w;. The
correction factor for importance sampling is 1/q(x), but the correction here is
w;/q(x;), and the weights w; are increasingly smaller for values of z; farther
from the mean, as shown in Figure 6.2. Figure 6.5 shows the ratio w;/q(x;)
for a standard normal and 3, 5, 7, 9, and 11 points. Notice that the correction
factor remains small, since both w; and ¢(x;) are smaller for values of x; farther
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from the mean. The ratio between the largest and smallest value of w;/q(x;) is
about 1.5, whereas the ratio between the largest and smallest values of 1/q(x)
shown in Figure 6.4 is on the order of 107.

6.3.6 Multidimensional quadrature

The Gaussian quadrature description above assumes that integrals are to be
computed over one dimension. For multiple dimensions, we can consider the
integral along each dimension and apply a Gaussian quadrature rule to each
integral. For two dimensions the integral becomes a double sum,

//p(x,y)f(x,y) dr dy = Z/wzp(ylzl)f(y,zl) dy
= DD wiwif (i, y5) (6.20)

and for three dimensions a triple sum
i ik

Embedding an n point quadrature in d dimensions using this method requires
n® points. If we consider even a minimally solvable SLAM problem with three
rover poses and five features, there are 3 x 3+5 x 2 = 19 dimensions to the state
space. For a three point quadrature rule and 19 dimensions we would require
1,162,261,467 points, each of which represents an evaluation of the measure-
ment equation. Compared with particle filter methods this represents a few
orders of magnitude more samples, and the Unscented filter would require only
39 points. Some benefit may be achieved by considering a 2 point quadrature
rule, but even then the number of samples required is 524, 288. The next section
describes a few techniques which can be used to reduce the dimensionality of
the integrals to be computed so that full multi-dimensional quadrature rules are
feasible.

6.4 Dimensionality reduction

We can use the structure of the SLAM problem in order to reduce the dimen-
sionality of the integrals that need to be evaluated in order to compute the
posterior statistics. The conditional independences, gauge freedoms, and mixed
linear and nonlinear nature of the measurement model can all be exploited in
order to reduce the dimensionality.

6.4.1 Conditional independences

The integral in (6.8) is nominally an integral over all of state space, and therefore
an integral over potentially many dimensions. We can use sparseness proper-
ties of the underlying models to significantly reduce the dimensionality of the
integrals to be computed so that they are tractable.
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The noise corrupting the measurements are modeled as independent pro-
cesses. The noise in one bearing measurement is statistically uncorrelated with
the noise in another bearing measurement. In other words, the noise covariance
R is diagonal. Similarly the odometry measurement errors are uncorrelated,
but since the odometry measurement d; is a vector, the noise covariance Q is
block diagonal. The noise influencing the bearing and odometry measurements
are assumed to be independent as well. Taken as a whole, the noise covariance
for all measurements is

E{w’} = ( Cg 2 > (6.22)

which is block diagonal. This also means that the joint measurement likelihood
p(z]x) can be factored into a product of the all of the individual measurement
likelihoods

p(zx) = [ [ p(zelx) (6.23)
k

Furthermore, although the function h(x) is a multidimensional function of
multiple variables, it has significant conditional independences. Figure 1.5 shows
a graphical model of the hidden and observable parameters in the bearing only
SLAM problem. In the model, an edge between nodes indicates conditional
dependence. Lack of an edge indicates that given the parameters which are
connected to a node, the value of the node is conditionally independent.

The figure indicates that a bearing measurement b;; is conditionally inde-
pendent of all other parameters of the state space given the location s; of the
feature measured and the robot pose m; from which it was measured. The
odometry measurement d; is conditionally independent of all other parameters
in state space given the consecutive robot poses m;_; and m; between which the
odometry measurement was made. This means that in practice we can partition
the distribution p(zj|x)

6.4.2 Gauge freedoms

We can also exploit the gauge freedoms in the measurement equation to reduce
the dimensionality of the integral to be computed. Regardless of the coordinate
frame used to compute the expected measurement,

h(mi, Sj) = arctan(sjy — My, Sjx — mw) — M40 (624)
Indeed, the robot may have no idea where it is when it makes the bearing
measurements in the first place. Using this fact, we can instead express the
measurement equation as

h = arctan(Ay, Azx) — mg (6.25)
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where Az = sj,; — mi, and Ay = s;,, — myy, or

Mig
Az -1 0 0 10 Miy
Ay |= 0o -1 00 1 ma (6.26)
m;e 0 0O 1 0 O Sjx

Sjy

In order to integrate over the new variables, we require the covariance of the
state estimate as expressed using the change of variables. If the covariance of
(mTsT)T is C, then the covariance of (Az, Ay)7 is

-1 0 0
-1 0 010 0 -1 0
0 -1 00 1J|c| o o 1 (6.27)
0 0 100 1 0 0
1 0

In two dimensional mapping and localization, this change of variables corre-
sponds to a reduction from 5 dimensions down to three. Since the multidimen-
sional quadrature rule requires n¢ samples, a 1-D three point quadrature rule
can now be embedded using 27 samples instead of 243.

6.4.3 Mixed linear/nonlinear model

The third technique used to reduce the dimensionality of the function to be
linearized is to note the mixed linear and nonlinear nature of the measurement
function itself. The bearing measurement is of the form

h = arctan(Ay, Az) — mg (6.28)

which is nonlinear in Ay and Az, but linear in m;g. The derivative

Jh
Omie

=-1 (6.29)

is valid everywhere. We can use this analytic derivative and then use the sta-
tistical linearization approach to linearize arctan(Ay, Az). For 2-D localization
and mapping the dimensionality of the function to be linearized has been re-
duced to 2. A 1-D three point quadrature rule can now be embedded using 9
points rather than 27.

6.5 The algorithm

So far most of this chapter has been devoted to the statistical linearization
approach which makes this algorithm unique. The next section presents a step
by step explanation of the full algorithm as it applies to the bearing only SLAM
problem.
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Figure 6.6: Algorithm outline

6.5.1 Initialization

The algorithm is essentially a deterministic nonlinear optimization which re-
cursively estimates the system state. Because the nonlinear optimization is
deterministic, global convergence is not guaranteed and a good initial guess is
required in order to achieve a reasonable solution. The initialization strategy
consists of three steps. The first step is to integrate the odometry to get an
initial trajectory. The second step is to use the initial trajectory and the bear-
ing measurements in a closed-form linear estimation step to initialize the map.
The third step is to optimize the trajectory and map with respect to all of the
measurements in a full nonlinear optimization.

In the bearing only SLAM problem, robot motion information is available
in the form of odometry. Motion estimation from odometry is insufficient for
long durations but over short durations odometry can provide a reasonable esti-
mate of the robot trajectory. The odometry is of the form d; = (Axz;, Ay;, Ab;),
specified in the rover coordinate frame at the start of the motion. Dead reckon-
ing, or path integration, is achieved by starting with mgo = (0,0,0)7 and then
iteratively computing

Mi—1,5 + cos(m;—1,0)Ax; — sin(mi—1,0)Ay;
m; = miflyy —+ COS(mi,La)Ayi + sin(mi,lﬁg)A:ci (630)
mi—1,0 + AO;

With an initial estimate for robot trajectory plus a set of bearings, we can
set up a linear estimation problem for the position of a feature. The position
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of each feature can be independent determined knowing the trajectory and the
bearing toward that feature from at least two different points along the trajec-
tory. Setting up the problem as a linear estimation problem guarantees that
there is a unique solution, which means that if an initial guess for the trajectory
can be made with odometry, then the best initial map can be computed directly
and without the annoyance of local minima.

The relationship between a feature and the robot can be expressed in terms
of the robot pose, feature position, and an unknown depth A;; in the following
two equations:

Sjx = Mg + >\ij COS(mig + bzg)
Sjy = Miy + Aij sin(me + bij) (6.31)

where myz;, M4y, and m;p have already been estimated using odometry and are
therefore known quantities. We need only estimate s;,, s;,, which are the pa-
rameters of interest, and A;;, a nuisance parameter. Equations (6.31) represent
two constraints and three unknowns. Two additional equations and one ad-
ditional unknown are introduced for each additional pose m;y;. In general,
bearing measurements for feature j from M different poses can be used to gen-
erate M + 2 unknowns and 2M equations, so that with at least two different
poses there exists a unique solution.

Note that since the rover orientation m,g is held fixed and the bearing b;; is
a direct measurement, equations (6.31) are linear in the unknowns. Let ¢;; =
mig + b;j. Then by rearranging (6.31) we get the following system of equations

1 0 — COS(¢1j) 0 0 s mix

0 1 — sin(qblj) 0 0 Sj*z miy

1 0 0 — cos(¢2;) 0 )\J? Mag

0 1 0 —sin(¢o;) - 0 AZ _ | may

1 0 0 0 oo —cos(dmy) A MMz

0 1 0 0 - —sin(¢ar)) M; Mary
(6.32)

This system of equations can be solved directly in a least squares sense, yielding
an estimate of the feature position s; along with the nuisance parameters \;;.
This linear system is set up and solved independently for each feature j.

The solution to (6.32) may actually correspond to a feature location which
is on the wrong side of the rover. Such a solution is easy to detect, since the
depth parameters A;; will be negative. This can easily happen if the mea-
surements toward the feature diverge as in Figure 6.7. If this is the case, the
feature can be removed from the filter, or simply held out of the estimation until
further measurements are available which provide a more reasonable estimate.
In many cases, the initial guess obtained by solving (6.32) is very far off but
enough features are estimated properly that the nonlinear optimization will still
succeed. However, a conservative approach would remove the feature and the
corresponding measurements.
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Figure 6.7: Initialization with divergent bearings can lead to poor feature posi-
tion estimates.

The next step is to use the initial trajectory obtained via the path integra-
tion in equation (6.30) and the initial map obtained by solving (6.32) as an
initial guess for Gauss-Newton optimization. Together the trajectory and map
constitute the state vector

x = ( r: ) (6.33)

and the odometry and bearings constitute the measurement vector

72— ( d ) (6.34)

and the state is optimized with respect to the measurements by minimizing the
squared error (or robust norm) with respect to the measurements predicted by
the measurement model

e=(z—h(x)"R(z — h(x)) (6.35)

This cost function is minimized using Gauss-Newton, which requires the com-
putation of the Jacobian and Hessian of (6.35)

e = Ve = —-H'R'(z—-h(x))
A = Ve = H'R'H (6.36)
and then solving
Al = ¢
X «— x—90 (6.37)

Once the optimization converges to some value of the state vector, the algorithm
is initialized. The Hessian computed using (6.36) at the minimum is the initial
inverse covariance for the filter.
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6.5.2 Gauge constraint

As discussed in Section 1.3.3, the bearing only SLAM problem contains a gauge
freedom in the coordinate frame. Both the location of the origin (translation)
and the direction of the x and y axes (rotation) are undetermined by the odome-
try and bearing measurements alone. Unlike the SFM problem, the scale factor
is disambiguated by odometry, since the number of wheel rotations measured in
each interval provide redundant information about the total distance traveled.

In order to constrain the rotational and translational gauge freedoms, we
simply constrain the solution to use an initial robot pose of (0,0,0)7. This
constraint means that the uncertainty along the dimensions of the state space
corresponding to the initial rover pose is zero.

Applying the constraint and removing the first robot pose (with absolute
certainty) from the filter results in an inverse covariance of A where

C B

do= pr 4

(6.38)

is the inverse covariance from the optimization step.

6.5.3 Adding states and measurements

New measurements and new states must be added to the filter. Odometry
measurements are always added to the measurement vector. The odometry
measurement is also used to predict the next robot pose. One step of the path
integration in equation (6.30) is done to get an initial estimate of the current
robot pose m;. This new robot pose is inserted into the state vector so that

m;_r+1
m;—r+1 mi 1o
i—
m;_r+2
X = , X = : (6.39)
m;—j
m;—i m,
s 2
S

Bearing measurements corresponding to features already in the filter are added,
but bearings corresponding to new features are first put into a tentative target
list, as in the approach described by Dissanayake et al.[30] Once the target
has been observed a few times, the current trajectory estimate for the robot is
combined with the measurements of the tentative feature using the linear least
squares approach described in Section 6.5.1. If this initialization procedure finds
a reasonable position for the feature, i.e. if the recovered depth parameters A;;
are all positive and the squared error residual is low, then the feature position
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Figure 6.8: Steps to manage target list and initialize features

s; is inserted into the state vector so that

m m
s 50
0
S1
X = 51 : X — , (6.40)
; -
4 j
S;—1 S,
j

and the bearing measurements are inserted into the measurement vector.

Figure 6.9 shows an example. A new feature is being initialized after enough
measurements have been made to confirm the feature. Eight features already
exist in the map, shown with uncertainty ellipses around the estimated locations.
The bearings toward the ninth feature from the current estimated trajectory are
shown as blue lines. The closed form solution is obtained for the position of the
feature and it is inserted into the map.

Note that the initialization of new features used here does not find the op-
timal solution. The initialization procedure estimates a feature position which
is good enough to seed nonlinear optimization. Information from the feature
measurements will help improve the pose estimates from which the feature was
measured. Rather than linearize the measurements after computing this rough
initial position estimate as is done in some approaches|75], we leave the mea-
surements in nonlinear form and proceed to update the state using all of the
available information.

6.5.4 State update

After the new measurements have been added to the measurement vector, the
new pose has been added to the trajectory and any confirmed features have
been added to the map, the algorithm performs an optimization step. The
optimization step uses Gauss-Newton to update the state with respect to the
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Figure 6.9: New feature being initialized using closed form mapping technique

prior, modeled with xy and Ay, and the measurement likelihood. The cost
function to be minimized is

e=(x—x0) Ag(x — %) + (z — h(x))"R™(z — h(x)) (6.41)
The minimization proceeds as before, by computing the derivatives
e = Ve = Ag(x—x9)-H'R ! (z~-h(x))
A = V% = Aj+H'R'H (6.42)
and then solving
Ad = ¢
X «— x—90 (6.43)

Once the optimization converges to some value of the state vector, the update
is complete. This step is very similar to the update in the iterated extended
Kalman filter (IEKF), except that a history of measurements is used for the
update rather than only the most recent measurement.

6.5.5 Removing old measurements

Removing old measurements is done by computing the contributions to the
derivative ¢ and Hessian A of the cost function in (6.42). To remove measure-
ment j, we apply the statistical linearization method covered in Section 6.2. As
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explained in that section, the coefficients hl and hg are sought which minimize
¢ = Epxjz){(zj = hj(x) = hix + ho)Rj (2 — hj(x) —hix + ho)}  (6.44)
by solving the linear system

( Epxa{xx"}  —Epxz iz} ) ( hy > _ ( Epxm {x(z; — hj(x))} )
—Epxin {x"} 1 ho —Epxiz{(2 — hj(x))}
(6.45)

The individual terms in (6.45) are integrated using the importance quadrature
and dimensionality reduction techniques discussed in Sections 6.3 and 6.4, and
then (6.45) is solved for hy and hyg.

Once the linearization is computed, the approximation can be made. The
log prior from the last time step is combined with the linearized measurement
model

e = (x—x0)" Ag(x —xo) + (h{ x — ho)"R; ' (h{'x — ho) (6.46)

where hg and h; now relate the full state x to the linearized measurement,
which means that the nonzero components are in the columns corresponding to
the state variables which influence measurement z; and they contain zeros for
all other entries. The two terms in (6.46) are both quadratic in x. The mean
and inverse covariance of the new posterior can be computed using

de _
& = Ao(X - Xo) - thj 1(h,{X - ho)
0%e _
50 = AothiR 'h! (6.47)

The new mean of (6.46) is computed as
Xg + X0 — (Ag +hy R, 'hT)""hy R (hT %o — hy) (6.48)
and the new inverse covariance is computed as
Ay — Ag+h R 'hT (6.49)

It can be seen immediately that one bearing measurement provides the ad-
dition of a rank one matrix to the inverse covariance A, since the update in
(6.49) adds a single vector outer product.

Once the measurements have been linearized and the likelihood terms in-
corporated into the prior, the pose corresponding to the bearing and odometry
measurements that were removed is also removed. The state vector is simply
transformed by removing the state variables corresponding to the old pose

m;_r4+1

m;_r42
m;_r42
< — . ox= : (6.50)
m;
m; s
S
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and the inverse covariance is updated by marginalizing the covariance. If the
inverse covariance is partitioned into blocks corresponding to the states to be
removed and the states to be left in the filter,

(A Ap
o— (A1 ) oo

then from the matrix inversion lemma for block matrices, the marginal inverse
covariance is computed by

AQ — A22 - A21A1_11A12 (652)

A similar procedure may be followed for removing features from the map.
This might be done for reasons such as limiting the complexity of the algorithm
by concentrating only on local features[28]. However, in the current implemen-
tation of the work in this thesis, features are not removed.

The next step of the algorithm is to return to the measurement and state
insertion step described in Section 6.5.3.

6.6 Robust nonlinear smoothing

The Variable State Dimension Filter was designed as a best approximation to full
nonlinear least squares. In order to include robustness in the algorithm, this idea
can be extended to a nonlinear M-estimator using the Iteratively Reweighted
Least Squares (IRLS) approach described in 3.3. The smoothing section of the
VSDF can include iterative reweighting of each measurement based on the in-
novation, as in IRLS. When a measurement is linearized, the weight for that
measurement is fixed. The linear and quadratic contributions of the measure-
ment to the Jacobian and Hessian of estimation term are computed one last
time, then held fixed and incorporated into the posterior. Measurements which
cannot be consistently incorporated into the posterior will have small weights.
This downweighting of inconsistent measurements provides some robustness to
outlying measurements. The robust recursive smoother is described by the fol-
lowing cost function and its derivatives

e = (x—x0)TAo(x—x0)+ Z w(er)er Ry ey,
a = ap+Ap(x—x0)+ Z w(ek)HkTkalek
A = Ao+ Zw(ek)HkTRkilHk (6.53)

where €, = zx —hy(x) is the residual of measurement k and the weight function
w(ex) is one of the weighting functions from Table 3.2.

6.7 Square root filtering

Finally, a reduction in computational complexity can be realized by working
with the Cholesky factorization of the Hessian matrix rather than the Hessian

110



Figure 6.10: Pictorial representation of the Hessian update

itself. Cholesky factorization is a common means of solving a system of linear
equations Az = b when the coefficient matrix A is symmetric and positive
definite. The Cholesky factorization SST = A is first computed, then the two
triangular systems

Sy = b
ST'x =y (6.54)

are solved. The Cholesky decomposition of a dense N x N matrix can be
computed in O(N?). The solution to the two triangular linear systems is O(N?).

If rather than storing and manipulating the full Hessian matrix A we can
store and manipulate its Cholesky factor S, then the factorization step can be
avoided and the solution to (5.37) can be computed with O(N?) backsubstitu-
tions alone. The only remaining problem is to determine how to propagate the
Cholesky factor from step to step in the filter.

There exist algorithms for performing the update and downdate of a Cholesky
factor, where update is defined as the addition of a symmetric outer product
A’ = A +v7ov and downdate is the subtraction of a symmetric outer product
A’ = A —vTov. For a rank-1 update or downdate these algorithms require
O(N?) computation, so a rank-k update can be done in O(kN?). If we already
have the Cholesky factor for the prior Hessian A, then the step which combines
the prior and the likelihood is

A=A +H'RT'H+ FTQ'F (6.55)

which can be computed as a Cholesky update, and the marginalization of state
dimensions to be removed from the filter is

A =A0(2:1n,2:n) — Ag(2:n,1)Ap(1,1) " A(1,2: n) (6.56)

which can be computed as a Cholesky downdate. A pictorial representation of
the matrix operation in a Cholesky update is in Figure 6.10. Typically H is
rectangular and there are far more columns (state dimensions) than rows (mea-
surements in the nonlinear portion of the filter) so that the Cholesky updating
procedure is more efficient than the straightforward full Hessian implementation.
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Since we can perform Cholesky updates and downdates for adding and re-
moving measurements and states in the filter, and use the Cholesky factors in
the optimization step to solve the normal equations, we can do away with the
full covariance matrix A and only maintain and use its Cholesky decomposition
S. This technique has been used to modify the EKF for parameter estimation
problems|[54].

The insertion and removal of measurements and states in the filter proceeds
as before except that Cholesky updates and downdates replace the operations
on Ag.

6.8 Conclusions

This chapter presents a novel method for bearing only SLAM. The technique
derived relies on the VSDF[57], a nonlinear smoothing technique which was
originally derived for Structure from Motion. The smoothing algorithm can be
improved by considering the computation of posterior statistics. The statistical
linearization criterion can be applied to compute a linearization, and the crite-
rion requires the computation of an integral which does not have an analytical
solution.

By using the Gauss-Hermite quadrature rule from numerical integration, and
modifying the rule to use a corrective weighting similar to importance sampling
from Monte Carlo, the integral can be converted to a sum which approximates
the integral. Because the full quadrature rule requires a sample size which is
exponential in the number of dimensions, it is necessary to exploit the nature
of the problem to reduce the dimensionality. The conditional independence of
measurements, gauge freedoms, and mixed linear and nonlinear nature of the
measurement models can be used to reduce the dimensionality from hundreds
or thousands down to two or three.

Finally, a robust version of the recursive smoothing filter is achievable by
extending the smoothing algorithm to be a recursive version of robust M-
estimators rather than a recursive version of total least squares.

In the next chapter, results from applying the algorithm to synthetic and
real data will be shown.
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Chapter 7

Experiments

This chapter presents experimental support for the claims put forth by this
dissertation. In some cases, synthetic examples are preferred. The ability to
precisely control the experimental setup, to know the ground truth for all of
the state variables, to generate noise from a known distribution, and to repeat
experiments with similar conditions but different corrupting noise makes it pos-
sible to quantify the performance of the algorithm. However, “simulations are
doomed to succeed,” so experiments with real data are included to verify that
the techniques can successfully move out of the lab and into the real world.

7.1 Experiments with synthetic data

7.1.1 Comparison to Kalman filters

This first set of experiments investigate the difference in performance between
a standard EKF and the new method. There are three results presented which
characterize this difference. These results are from applying the two methods
to the simulated example in Figure 7.1, and computing the average map error
(sum of distances between the true and estimated map) over time for 100 Monte
Carlo runs. Each Monte Carlo run is carried out by first generating synthetic
data for the ground truth case, then running each of the estimators on the same
synthetic data and recording the resulting map errors.

The first experiment compares the result of localizing and mapping using
both methods with all landmarks visible from the all positions along the tra-
verse. This decouples issues of initialization of landmark positions from the
convergence properties of the two filters. The experiment is repeated with two
different noise levels. The results in Figure 7.2 shows that the new method
converges more rapidly and to a better final solution than an EKF. This is
probably partly because the EKF must compute posterior statistics with only
the first measurement and some guess as to the range to the target. In this
experiment the initial range used was the average range to the landmarks. In
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Figure 7.1: Map and trajectory used to generate synthetic data. (a) shows a
typical result from the EKF and (b) shows a result from the new method.
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Figure 7.2: Map errors over time for the EKF and the new method. (a) and (b)
show the sum of distances between the ground truth and estimated map with
different levels of noise.
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Figure 7.3: Map errors over time for the EKF and the new method with different
smoothing windows.

real applications an initial guess would be necessarily less favorable since the
average distance to new targets could not be known.

The second experiment compares the results using different numbers of steps
in smoothing. The data is again from a simulation where all landmarks are visi-
ble from all positions to demonstrate that the improvement comes in part simply
from the computation of statistics using more data. The EKF uses the fewest
fully nonlinear models per update, and is compared to smoothing windows of
5, 10, and 15 steps. It is expected that a larger window of observations in the
smoothing filter will yield improved results, since more data is used to compute
the state estimate. Figure 7.3 demonstrates this.

The third experiment compares results from an EKF and smoothing filter
where landmarks are not all seen from all locations. This introduces the problem
of initializing landmarks as they are first observed and computing the map
and trajectory using a smaller number of local observations. Figure 7.4 shows
that the EKF has much more trouble with this scenario. New landmarks are
being observed frequently, and inserted into the map in the direction of the first
bearing measurement at a fixed distance from the robot location. The distance
chosen was the average distance to new targets, which in real applications would
not necessarily be known at all. Using other choices for the initial distance
yielded worse results. The smoothing filter however performs nearly as well as
the scenarios above where all features are visible from all locations.
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Figure 7.4: Map errors over time for the EKF and the new method, where new
landmarks become visible and must be initialized.

7.1.2 Comparison of linearization methods

The following example compares the mapping errors of the statistical lineariza-
tion method for computing posterior statistics with the typical Jacobian based
linearization. Figure 7.5 shows a robot trajectory and map, where only every
fiftth robot pose is plotted for clarity. This example has 89 robot poses and
four landmarks. This case is used to illustrate the difference between lineariza-
tion methods since the small number of landmarks makes the problem less well
posed. With less data it is more important to approximate the data accurately.

Figure 7.6 shows the error in the reconstructed map over time for 100 Monte
Carlo runs. The two methods are comparable for about the first thirty time
steps, but at ¢ = 40 the reconstruction error for the Jacobian based method
begins to rise, and by ¢ = 89 the reconstruction error is on average significantly
higher than for the quadrature based method. This is not surprising. It is
known that the EKF is biased, and the Jacobian based method for computing
posterior statistics is similar to an EKF. However, the statistical linearization
produces posterior statistics which capture the shape of the posterior in a larger
neighborhood, so that evidence which is gathered later does not have as drastic
an effect on the estimate. The result is that the variance of the mapping error
is much smaller.

116



157

101

-5 0 5 10 15 20 25

Figure 7.5: Map and trajectory used to generate synthetic data.
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Figure 7.6: Average reconstruction error for Jacobian and statistical lineariza-
tion methods.

7.1.3 Consistency of the algorithm

The next experiment is to compare the consistency of the filter using the Jaco-
bian linearization and the statistical linearization. Figure 7.7 shows the ground
truth model and trajectory. For each linearization method, 50 Monte Carlo runs
were completed. The smoothing algorithm used a lag of 5 timesteps in order to
make the processing more difficult. The data was generated by evaluating the
measurement models for odometry and bearing measurements and corrupting
the measurements by adding independent Gaussian noise. Both filters were run
on the same data samples so that the comparison is not influenced by processing
particularly difficult data with only one of the methods. Figures 7.8 and 7.9
show the result of the 50 trials with each filter using a time lag of 5. The result
computed using full batch estimation on uncorrupted data is plotted along with
uncertainty ellipses in order to get a sense of the posterior covariance evaluated
near the maximum likelihood solution. The Jacobian based method clearly ex-
hibits divergence, since many of the trajectory and map estimates shown in
Figure 7.8 are well outside the covariance ellipses. The statistical linearization,
on the other hand, exhibits consistency since the map and trajectory estimates
in Figure 7.9 mostly lie within the uncertainty ellipse. Since the ellipse cor-
responds to a 99% confidence interval, it is not unreasonable for some of the
points to lie outside the ellipses. For 100 runs, we can expect one result to lie
outside the interval, and since the ellipses correspond to marginal covariances,
it is not surprising that one run of the algorithm can produce estimates for all
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Figure 7.7: Ground truth for consistency experiment.

of the map features and robot poses which lie outside the intervals since they
are in fact correlated.

It should be noted that both of the methods will improve by using a longer
lag time. Figure 7.10 shows the result of running 50 Monte Carlo runs and
Jacobian linearization with a time lag of 10 rather than 5. The results are
improved but still show some divergence. Figure 7.11 shows 50 Monte Carlo
runs with the same data and a time lag of 10 with the statistical linearization.
The result has lower variance than the result with statistical linearization and
a time lag of 5 and again shows good consistency.
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Figure 7.8: Monte Carlo runs with a lag of 5 and Jacobian linearization.
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Figure 7.9: Monte Carlo runs with a lag of 5 and statistical linearization.
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Figure 7.10: Monte Carlo runs with a lag of 10 and Jacobian linearization.
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Figure 7.11: Monte Carlo runs with a lag of 10 and statistical linearization.
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7.2 Experiments with real data

7.2.1 Grommit in the SPA

Figure 7.12: NASA Ames ATRV Junior, “grommit”, used to collect data for
experiments

The next experiment uses data from a real robot. NASA Ames Research
Center has an ActivMedia ATRV Junior called “grommit”. Grommit was used
to collect data for navigation experiments in the Science Planetary Analog (SPA)
site at Ames. A photograph of grommit in the SPA is in Figure 7.12.

An omnidirectional camera was attached to grommit and the robot was
driven in a gravel lot, acquiring omnidirectional images once approximately
every five seconds. A seven minute traverse yielded 91 images as the robot
drove in a loop, stopping close to its starting point. The rover logged wheel
odometry once every second, and images once every five seconds. Figure 7.13
shows the result of path integration using only odometry.

Figure 7.14 shows every 10" frame of the video sequence captured with
the omnidirectional camera. The red dots in the images mark the image plane
locations of tracked features.

The overall trajectory traveled consisted of about 50 meters driving distance.
Ground truth position is not available, but at the end of the traverse, the rover
was approximately back at the starting point with approximately the same
heading that it started with. The dead reckoning estimate results in a final
position error of about 4.03 meters, or 10% of distance travelled, and a final
heading error of about 55°. The batch estimate recovers a final position within
40cm of the initial starting point, and a heading within 4°. Figure 7.18 shows the
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Figure 7.13: Dead reckoning for grommit.

trajectory and map estimated using full batch estimation. Figure 7.16 shows a
comparison of the trajectory computed using dead reckoning and the trajectory
computed using batch estimation.

Figure 7.17 shows the final trajectory segment and map estimated by the
algorithm presented in Chapter 6. The trajectory segment corresponds to the
rover poses still in the nonlinear section of the smoothing algorithm, i.e. those
which have not been linearized and removed. This includes the final pose of
the rover, which was estimated to be (m, = 0.405,m, = —0.625,mg = 5.3°)
with respect to the first pose. Compared to a final pose estimate of (m, =
0.273, my, = —0.305, my = 4.1°) from the full batch estimate, the result from the
nonlinear smoothing is relatively close and represents a significant improvement
over odometry alone.

Figure 7.19 shows the result from the nonlinear smoothing with the result
from full batch estimation. The red corresponds to the batch estimate and
the blue corresponds to the nonlinear smoothing algorithm. The discrepancy
between the output of the two estimators is well within the uncertainty ellipses,
as expected. With only one example, this is not a sufficient test for consistency.
Measurements are only available from one run, however, so ensemble averages
would need to be computed by generating multiple sets of synthetic data from
the real data that was collected.

One interesting result from this experiment can be seen by looking at fea-
ture 11 and feature 16. These are actually the same feature but are labelled
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Figure 7.14: Images from the grommit sequence, with tracked features.
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Figure 7.15: Sparseness pattern of bearing measurements for the grommit data.

Figure 7.16: Batch estimated trajectory vs. dead reckoning for grommit.
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Figure 7.17: Final trajectory segment and map for grommit data estimated
using the new algorithm.
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Figure 7.18: Batch estimated trajectory and map for grommit.
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Figure 7.19: Final trajectory segment and map for grommit data estimated
using the new algorithm along with the batch result.

as two different features in the data. The correspondence was not fixed, so
the information was not taken into account in the mapping algorithm. The
batch processing produced estimates for the position of feature 11 and 16 of
(—2.7247,—-1.2268) and (—2.7254, —1.2178), respectively. This represents a dis-
tance of only 91mm. The nonlinear smoothing algorithm estimated the feature
locations to be (—2.5591, —1.6250) and (—2.5574, —1.5961), respectively. The
nonlinear smoothing algorithm maps the feature to within 2.90 cm. The dis-
tance between the absolute position for feature 11 in the batch estimate and
smoothing estimate is about 43cm, and the distance between the absolute po-
sition for feature 16 in the two estimates is about 41cm. This means that the
feature is mapped very consistently relative to the coordinate frame even if the
absolute location of the feature is not estimated quite as well.
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Figure 7.20: Ground truth for the Pioneer test.

7.2.2 Pioneer DX2

The second experiment with real data uses an ActivMedia Pioneer DX2. The
robot was driven in the parking lot between Smith Hall and Hamburg Hall on
the campus of Carnegie Mellon University. This experiment involves a short
traverse with odometry and images being logged. The images were taken at 20
different points along the trajectory while the robot was stopped. Each time
that the robot stopped, the pose of the vehicle was measured accurately with a
total station. In addition, the locations of 24 features in the environment were
measured using the same total station.

The camera on the pioneer was not mounted absolutely straight with respect
to the robot body. First attempts at processing the data from the camera either
diverged or contained errors that were attributable to bias, e.g. the rover orien-
tation error was significantly biased. In order to overcome this issue, the camera
had to be calibrated with respect to the robot body. Because the approach used
in this work is 2-dimensional, only the azimuth angle was calibrated. In order
to calibrate the azimuth angle, an extra parameter was inserted into the model.
This parameter corresponds to the orientation of the camera coordinate frame
with respect to the robot coordinate frame. The parameter was optimized by
searching over the camera offset which produced the smallest residual error when
fitting the entire dataset to the underlying model using the total least squares
method discussed in Chapter 3. The minimum residual occurred for an angular
offset of 8.1°.

Figure 7.20 shows the ground truth robot position and feature positions. The
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Figure 7.21: First image from pioneer sequence
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Figure 7.22: Final map for pioneer test.
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Figure 7.23: Mapping errors for each feature in the pioneer test.

features are corners of the ground floor windows on Hamburg and Smith Hall.
The buildings can be seen in an unwarped omnidirectional image in Figure 7.21,
which is the first image in the sequence. Figure 7.22 shows the resulting map and
final part of the trajectory. The green dots indicate the ground truth locations
for the robot and features. The dots are all within the uncertainty ellipses.
Figure 7.23 shows the distance between the mapped points and the ground
truth. Features 1-4 appear along the wall behind the robot’s starting position.
These features are observed from positions which do not span much length
parallel to the wall. The uncertainty ellipses for these features are elongated
and narrow, resulting from the large number of measurements which come from
the same direction. These features also have the highest reconstruction error.
Most other features are observed from a wider baseline of positions, resulting in
uncertainty ellipses which are less oblate and lower reconstruction error.
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Chapter 8

Discussion

8.1 Conclusions

This thesis presents several insights into the bearing only SLAM problem. Bun-
dle adjustment and projective factorization techniques from Structure from Mo-
tion have been modified to solve the problem, and particularly the use of bundle
adjustment provides insight into the nature of the SLAM problem as well as a
“gold standard” against which other methods can be tested.

The principle contribution of this thesis is the development of a recursive
smoothing algorithm which builds on the Variable State Dimension Filter of
McLauchlan and on the derivative free state estimation techniques of Julier,
Uhlmann, and Norgaard. The technique starts with the goal of computing the
best approximation to the true posterior distribution over state space given the
nonlinear measurements. The approximation is done by computing a statistical
linearization which can be solved using deterministic sampling from Gaussian
quadrature along with importance weighting from Monte Carlo. The full inter-
polation rule requires a number of samples which is exponential in the number
of dimensions. The Unscented filter and Divided Difference filter solve this
problem by ignoring all cross terms in the sampling rule, keeping only a min-
imal set of points which lie along a set of vectors which span the state space.
The approach taken here to keep the interpolation tractable is to take advan-
tage of conditional independences and gauge freedoms to reduce the number of
dimensions over which the linearization must be computed, then use the full
(exponential) sampling rule over a much smaller subspace. The resulting lin-
earization is still exact, without using the simplification from the Unscented or
Divided Difference filters which ignore the interactions of different dimensions.
Finally, a robust version of the recursive smoothing algorithm is formulated by
developing a recursive version of iteratively reweighted least squares (IRLS),
which down-weights measurements which cannot be modelled well, rather than
a recursive version of total least squares (TLS), which can diverge in the presence
of a small number of outliers.
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The algorithms developed have been tested in simulation and with some real
world experiments to show their consistency, accuracy, and robustness.

At a recent workshop on localization and mapping[19], some criteria were
proposed to serve as a basis for comparison for all SLAM algorithms. The
first criteria are consistency, convergence, complexity. Later two more criteria,
optimality and reliability, were added during discussions.

8.1.1 Consistency

Consistency requires that the error in the state estimate provided by the al-
gorithm is commensurate with the algorithm’s own estimate of the error. The
algorithm presented in this thesis is empirically consistent, shown by the experi-
ments in Chapter 7. The 99% confidence intervals reported by the filter contain
most of the recovered map and trajectory estimates. Furthermore, the method
is empirically more consistent than the VSDF for this problem, since the exper-
imental results obtained using the Taylor expansion less often fall within this
high probability region.

8.1.2 Convergence

Convergence requires that the error in the state estimate decreases in expec-
tation. In other words, convergence requires estimates which are unbiased and
which decrease in variance over time. Unfortunately, the algorithm presented
cannot be guaranteed to be unbiased for the same reason that the EKF cannot.
The linear approximations to the nonlinearities in the problem can always cause
a bias, although the errors in linearization are reduced when smoothing and sta-
tistical linearization are used. The variance of the state estimate will decrease
over time. The performance of the filter in terms of bias and variance will im-
prove as the time lag increases. As the algorithm becomes closer to full bundle
adjustment, the results approach the maximum likelihood result, in which case
the algorithm achieves the Cramer-Rao lower bound.

8.1.3 Complexity

Complexity refers to the computational complexity of the algorithm. The algo-
rithm in this thesis is an O(NN?) algorithm where N is the number of landmarks.
This is the same complexity as methods based on the EKF. There are a new
class of algorithms which use Rao-Blackwellized particle filters and report com-
plexities of O(N) or O(log(N)) but have not yet been used for bearing only
SLAM.

8.1.4 Optimality

Optimality requires that the algorithm can provide the lowest variance estimate
achievable using the information available. As mentioned above, the algorithm
in this thesis should achieve the CRLB if the time lag goes to infinity. With a
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finite time lag the filter should outperform the EKF since it incorporates more
data, and with a time lag of 1 the filter should perform exactly as an IEKF.

8.1.5 Reliability

And finally reliability requires that the algorithm can know when it is failing
and report failure. This is done in two ways. The linearization criterion can
be used to determine when the nonlinear model is accurately approximated by
a linear approximation. This criterion can also be used to dynamically set the
time lag, but at the very least can be used to determine whether the expected
squared error between nonlinear model and linear approximation is tolerable. If
the Taylor expansion is used in an EKF or VSDF framework without analysing
higher order terms then there is no guarantee that the approximation is valid.
Secondly, since a finite time history of measurements is available, a x? test for
significance can be made to check that the model recovered by the algorithm
matches the measurements to a reasonable degree. An excessively large x? value
can imply filter divergence or the presence of outliers in the data, and in either
case should raise a red flag in terms of reliability.

8.2 Comparison with existing methods

This section will briefly present some qualitative comparisons with existing
SLAM techniques. Not all of these techniques have been applied to bearing
only SLAM.

8.2.1 Bundle Adjustment

Bundle adjustment is optimal in the sense that the objective function, the total
squared error between the measurements observed and those that are predicted
by the sensor models, is minimized directly. This is often referred to in com-
puter vision as the reconstruction error. Barring annoyances such as local min-
ima, bundle adjustment should achieve the lowest possible reconstruction error.
However, this optimum is achieved at a high computational cost.

Nonlinear recursive smoothing attempts to approximate full bundle adjust-
ment with a recursive algorithm. In some sense, this approximation offers a
full range of algorithms which mix Kalman filtering and bundle adjustment by
providing a range of time lags that can be used for filtering. A one-step filter is
equivalent to the EKF, and an infinite memory nonlinear optimization is equiv-
alent to bundle adjustment. A graphical representation is shown in Figure 8.1.

8.2.2 Kalman Filters

The extended Kalman filter certainly has a long and rich history in the SLAM
community[79, 62, 80, 47, 20, 29]. The stochastic mapping algorithm of Smith
and Cheeseman[79], which is essentially an extended Kalman filter, has been
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Figure 8.1: Relationship between nonlinear smoothing and both the EKF and
bundle adjustment.

used and referenced extensively. The filtering equations have even been used to
analyze the nature of the problem itself[30, 31]. The extended Kalman filter is
the foundation for both the unscented filter, which uses deterministic sampling
for computing posterior statistics, and for the Variable State Dimension Filter,
which uses nonlinear smoothing rather than one-step filtering. The method
outlined in this thesis uses deterministic sampling to compute posterior statistics
for nonlinear smoothing, relying on the UKF and VSDF. For this reason, it
makes sense to directly consider the relationship between the new method and
both the UKF and VSDF below.

8.2.3 Unscented filter

The method described in this thesis is related to the unscented filter in its use
of deterministic sampling for computing posterior statistics. However, there are
three major differences between the algorithms.

The first difference is that the UKF does filtering and the method described
here uses smoothing. In a UKF, at each sensor update the measurement is in-
corporated directly into the state estimate and posterior statistics are computed
for the data. The method described in this thesis uses smoothing to incorporate
data from multiple time steps, so the state estimates should be more accurate
before posterior statistics are computed.

The other difference is that the unscented filter computes the first and second
moments of the posterior directly, whereas the method described here computes
the best linear fit for the motion and measurement model, then computes the
posterior statistics as an analytic function of the linearized model. This is essen-
tially the difference between the UKF and DD1 filters, discussed in Chapter 5,
and one of the interesting proposals for future work is to compare moment
matching and statistical linearization for bearing only SLAM.

Finally, the UKF performs multidimensional moment matching by embed-
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ding a one-dimensional sampling scheme along the principal axes of the poste-
rior distribution in state space. This potentially misses nonlinaer interactions
between the different dimensions. The method used in this thesis does a full
multidimensional quadrature by reducing the dimensionality of the integrals to
be computed.

8.2.4 Variable State Dimension Filter

The Variable State Dimension Filter is a nonlinear smoothing algorithm which
was developed in the context of SFM. The method uses the same linearization
technique as the EKF for computing measurement updates and posterior statis-
tics. The method in this thesis extends the VSDF to use deterministic sampling
to compute posterior statistics. The extension is similar to the relationship that
the UKF has to the EKF. In terms of computational complexity the method is
the same as the VSDF. When the problem has significant nonlinearities the new
method can be expected to outperform the VSDF, and for purely linear models
the two should perform the same, since the linearizations computed numerically
should exactly match the analytic derivatives. The experimental results pre-
sented here explicitly compare the difference in performance between the VSDF
and the new technique for bearing only SLAM.

8.2.5 Hierarchical mapping

Chong and Kleeman presented a technique for breaking an environment into
small local maps which can be mapped separately[16]. Decoupled stochastic
mapping[49] is a similar map management strategy, and the ATLAS framework|7]
is the latest generation of this technique which adds topological inference and
global map generation. These techniques all require a mapping algorithm to
build the local submaps. Typically an EKF style algorithm is used. The method
presented in this thesis could be used in place of the EKF in the local map build-
ing.

8.2.6 Filtering with invariants

The relative filter[22], GPF[66], and invariant filter[25] recursively estimate in-
variant relationships between landmark features, and then recover a global map
from the invariant relationships. Existing approaches compute one step filter
estimates of the invariant relationships. The nonlinear smoothing approach
taken here could be used to estimate invariants as well, replacing the nonlinear
filtering with nonlinear smoothing. The principle difficulty is in the strategies
for avoiding correlation between invariants. Accounting for correlations in the
bearing only case becomes difficult if multiple invariants were estimated using
measurements that are correlated by virtue of sharing common motion informa-
tion.
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8.2.7 Delayed Decision Making

Delayed decision making[48, 75] is closely related to the method presented in this
thesis. Leonard and Rikoski are interested in the bearing only SLAM problem,
particularly in the context of underwater robots. They have introduced the ter-
minology partially observable to describe measurements which cannot uniquely
determine the state of a feature, and have developed a strategy for initializing
and updating features with measurements from multiple time steps, similarly
to the work presented here. However, the measurements used to initialize the
feature are not used for the update, and vice versa. The algorithm in this
thesis uses all available measurements to initialize new features, obtaining an
“optimal” estimate relative to the reconstruction error with respect to available
measurements. Furthermore, the posterior statistics are computed only for the
oldest measurement in the filter, leaving other measurements as nonlinear quan-
tities until they have been in the filter for the specified lag time. The delayed
decision making algorithm performs a batch update which updates the state with
respect to a delayed time window of measurements using the Kalman filtering
update equations and then clears out the old measurements. The posterior
statistics are computed using a Taylor expansion, unlike the method described
here which uses deterministic sampling to find the best local linear approxima-
tion.

8.2.8 Particle Filters

The two primary difficulties for particle filters for SLAM are the high dimen-
sionality of the state space and the mix of static and dynamic states within the
problem. Particle filters have difficulties with state estimation in high dimen-
sions. Drawing samples from a reasonable prior or directly from the posterior
can be difficult. In Structure from Motion, this has been dealt with by di-
rectly solving two frame SFM problems and sampling from the results[12] in a
manner similar to bootstrap[15]. Using nonparametric, sample based density
estimates, particle filters can represent arbitrary posterior distributions. The
method described in this thesis assumes a normal density for the posterior and
seeks the best approximation from this family. For multimodal or otherwise
highly non-Gaussian posteriors, particle filters can be expected to perform well,
but if the posterior is approximately Gaussian, then assuming a parametric form
will perform better.

Stochastic time-evolving state models can be tracked well with particle fil-
ters because the stochastic nature of the problem helps the filter recover from
sample impoverishment by diffusing samples which come from the same parent.
However, the map is often modeled as a static state in SLAM. Once a sample
containing a particular map hypothesis is eliminated, that map hypothesis is lost
along with it. Some ad hoc approaches have been suggested for dealing with this
issue[11], but as yet there is not a compelling sample based parameter estimation
technique. An alternative is to mix representations using Rao-Blackwellization.
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8.2.9 Rao-Blackwellized Particle Filters

The FastSLAM algorithm of Thrun and Montemerlo[59] is a Rao-Blackwellized
particle filter. The filter samples over part of the state space, the robot motion,
and computes analytic density estimates over the other, the map. The analytic
portion of the filter is implemented using Kalman filters, and due to the struc-
ture of the problem, this partioning also has the advantage that the mapping
can be decoupled so that each of the landmarks is mapped independently, i.e.
each Kalman filter is of a fixed size. The partioning is exact, and the result-
ing algorithm is O(N) for N landmarks, or perhaps O(log(N))[59] using a tree
representation for the maps. This represents a significant improvement in com-
putational complexity over the EKF, UKF, VSDF, and the method discussed
here.

However, similar to the EKF, FastSLAM uses only a one step update, and
to date FastSLAM has only been used for sensors which measure bearing and
range together. An interesting proposal for future work would be to tackle
bearing-only SLAM with an algorithm which incorporates the mixed paramet-
ric/nonparametric approach and partitioning in a smoothing context to handle
bearing only or range only measurements. The resulting algorithm should ben-
efit from the reduction in computational complexity from Rao-Blackwellization
and gain in filter accuracy from smoothing.

8.2.10 Linear subspace methods

The trilinear tensor has been used for SFM[33] and localization and mapping[27],
and projective factorization has been used for SEM[83, 52, 53] and could be used
for bearing only SLAM as well. The methods have the advantage that because
the problem is expressed as a linear one, convergence is less often hindered by
local minima. This means that in practice the algorithms do not require good
initial guesses to converge to a reasonable solution.

However, neither of the approaches takes all of the information from odom-
etry into consideration. It is not convenient to express the odometry mea-
surement in the same framework as the trilinear tensor constraint or the SVD
factorization. Furthermore, in SFM these approaches are often followed by
bundle adjustment in order to obtain the best possible results. The nonlinear
smoothing algorithm approximates bundle adjustment directly.

8.2.11 Scan matching and correlation

Scan matching[50] and correlation techniques[39] have been used recently for
SLAM and for SLAM with moving object detection and removal[96]. These
methods work well with range sensors, but with a bearing only sensor or monoc-
ular camera, scan matching is not applicable. The most direct analogy to scan
matching for projective geometry are methods based on linear subspaces[33, 27,
83, 52, 53]
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8.2.12 Grid based methods

Grid based methods have been used for mapping for a long time[60] and have
the advantage that they do not require a feature based map. However the maps
made using grid based methods typically record the probability of occupancy for
each cell in the grid marginalized over other unknowns such as robot position.
Because of this, grid based methods do not track the full joint posterior between
the robot and map or even the joint probability between neighboring cells. This
is understandable since the state space is intractable, but it can have serious
consequences since knowledge of one part of the map can have a strong affect
on the robot’s knowledge of other parts of the map[30]. As with the popular
Kalman filter based methods, the nonlinear smoothing algorithm presented here
represents the environment in a feature based map, and maintains a full joint
posterior over state space.

8.3 Future work

One important goal for sampling based methods in recursive estimation is to
eliminate the need for analytic Jacobians. The method developed in this thesis
relies on analytic derivatives for optimization but uses statistical linearization
to compute posterior statistics. It should be possible to extend this to a fully
sample based method which no longer requires analytic differentiation. There
are several advantages to doing this. The first is that some estimation problems
do not have differentiable models. The second is that Jacobians can be tricky
to compute and implement correctly. Finally, a turnkey filter implementation
tool[9] would be easier if a user can simply specify the models rather than also
providing Jacobians.

Minka’s thesis[58] presents a method called expectation propagation (EP) for
approximating densities in arbitrary Bayes networks which might be useful for
the problem considered here. In EP, the moments of the posterior distribution
are iteratively estimated directly. Moment matching has been used in recur-
sive filtering before, and is more akin to the unscented filter than the method
described in this thesis. It will be interesting to compare the two methods.

Data association is a crucial issue in SLAM, and has gone largely unad-
dressed in this dissertation. The data association problem is one which is cur-
rently gaining popularity in the SLAM community. This is partly because the
community is beginning to settle on a set of algorithms which behave well and
are well understood, and partly because as SLAM implementations move out of
the lab and into the world, data association is an issue which can become very
complex very quickly.

In image based target tracking, feature correspondence is often established
in measurement space, i.e. on the image plane. By combining appearance cues
and motion cues on the image plane, features can be tracked as images become
available. Images provide a richness of data which partly makes up for the
loss of range information by returning enough data to capture the appearance
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of a feature. Cues such as color, texture, shape and size can be used to es-
tablish correspondence, or a straightforward template comparison can be used
when appearance constancy is a reasonable assumption. Furthermore, tracking
features and establishing correspondence on the image plane does not require
good estimates for the positions of features in the world or for good estimates
of the camera (rover) position. However, in order to properly handle features
which leave the field of view and return, and likewise handle mapping a large
cyclic environment, some recourse to state space is necessary. In the example
with NASA Ames’ grommit rover, two features were mapped independently
even though they were actually the same feature. The first time the feature
was encountered was near the starting location, and the feature left the field of
view. When the feature returned to the field of view it was reinitialized and
tracked. Ideally, the algorithm would be aware of the fact that the two features
are located at almost the same location (especially given the Mahalanobis dis-
tance with respect to the estimated mapping accuracy) and that they are not
simultaneously visible. Furthermore, a check for appearance consistency might
have shown a good match.

Outside of the context of metric based mapping and feature based measure-
ments, there is some interest in topological SLAM and visual cues for localiza-
tion and mapping which go beyond extracting a few features from an image. A
640x480 image contains 307,200 pixels. If a handful of features are extracted
from the image and each feature corresponds to a small window of neighboring
pixels, most of the data collected is ignored. Some alternate approaches such
as color histogramming have proved useful for localization[93]. Moving to envi-
ronments which do not have easily identifiable point features and do not lend
themselves to feature based metric mapping might be solveable using topologi-
cal methods and matching techniques which use color histograms, textures, or
other cues.
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