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Abstract
Robust tracking and structure from motion (SFM) are fundamental problems in computer vision

that have important applications for robot visual navigation and other computer vision tasks. Al-

though the geometry of the SFM problem is well understood and effective optimization algorithms

have been proposed, SFM is still difficult to apply in practice. The reason is twofold. First, finding

correspondences, or "data association", is still a challenging problem in practice. For visual navi-

gation tasks, the correspondences are usually found by tracking, which often assumes constancy in

feature appearance and smoothness in camera motion so that the search space for correspondences

is much reduced. Therefore tracking itself is intrinsically difficult under degenerate conditions, such

as occlusions, or abrupt camera motion which violates the assumptions for tracking to start with.

Second, the result of SFM is often observed to be extremely sensitive to the error in correspon-

dences, which is often caused by the failure of the tracking.

This thesis aims to tackle both problems simultaneously. We attribute the difficulty of applying

SFM in practice to the failure of tracking algorithms under those degenerate conditions often seen

in the uncontrolled environments. I propose to integrate the SFM with tracking so that the tracking

algorithms can have the structure information recovered from SFM together with the image data

so that it can explicitly reason about occlusions, ambiguous scenes and abrupt camera motion.

Therefore it becomes more robust against those degenerate conditions by properly detecting them.

In addition, the SFM results become more reliable by reducing error in the correspondences found

the tracking algorithms. I aim to achieve this in a probabilistically sound way. Representing the

uncertainty is one of the most important issues for a probabilistic framework can be applied. I

propose a sampling method to capture the uncertainty in both tracking and SFM. The uncertainty is

naturally represented with sample sets. A probabilistic filtering algorithm is developed to propagate

the uncertainty through time. With the sample-based representation, our system can capture the

uncertainty in both tracking and SFM under degenerate conditions, therefore exhibiting improved

robustness by taking proper measures against them, which are usually difficult for the traditional

approaches to achieve. We believe that with this sampling-based probabilistic framework, we are

one step closer to a SFM system that can perform reliably in real robot navigation tasks.
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Chapter 1

Introduction

1.1 Visual Navigation

There is little doubt that cameras are crucial sensors for robot navigation. Images carry a lot of

information about the outside world. The bottleneck is: we still do not understand enough to extract

the useful information in an efficient andreliableway.

There is equally little doubt that a lot of successful vision applications have been developed for

various robotics systems. Although a general purpose vision system is still well beyond the reach

of the current state of art, many existing vision systems have achieved their successes by focusing

on specified functionality. For example, stereo systems are used to generate the depth map which

can guide the robot to avoid the obstacles and navigate for long distances [58]. Monocular vision

systems are also successfully used for target tracking and visual servoing for robot navigation ap-

plications [37] [43]. It can be seen that for robot navigation purpose, one essential problem is to

estimate the robot motion and keep tracking landmarks [65] [37]. Depending on the specified func-

tionality, every system relies on certain assumptions or prior knowledge. For example, a stereo

system usually assumes that the pixels corresponding to the same scene point should have similar

brightness values; similarly, a feature tracking algorithm usually assumes that the feature appear-

ances on consecutive frames are similar and they are located very close to each other. The systems

would fail or behave unpredictably if the prior assumptions are violated. For real world applica-

tions, it is always desirable to have a system that relies on less strict assumptions, i.e., works under

challenging situations.

This dissertation addresses the problem of robust tracking of features (or landmarks) by em-

bedding geometric reconstruction. In particular, how to apply the traditionally knownunreliable

geometric reconstruction in a reliable way, is the key question. We observe that the uncertainty

representation in both tracking and geometric reconstruction is vital for the robustness of the over-

1
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all system. We abandon the traditional covariance based uncertainty representation for correspon-

dences and geometric reconstruction due to its inherent limitation for highly nonlinear problems

and its restricted assumption on small Gaussian noise. We advocate the use of more expensive but

accurate Monte Carlo method to capture the true underlying uncertainty. Accordingly, a sample

based uncertainty representation is developed for both tracking and geometric reconstruction and

a sample based filtering scheme is implemented to propagate the uncertainty through time. We

demonstrate that our method provides reliable estimation results in real navigation tasks even in

presence of large image measurement noise and under challenging conditions such as severe occlu-

sion and abrupt robot motion, which usually can not be handled by traditional approaches.

We start by first introducing the application background to illustrate the need for geometric

estimation during robot navigation. We then identify the limitations of current geometric estimation

methods when applied to real navigation scenario. Finally we propose our approach to the problem.

1.1.1 Visual servoing for robots: successes and limitations

The subject of the thesis is partly inspired by the work done in the Tactical Mobile Robot (TMR)

robotics program with the objective of developing small, fast robots capable of semi-autonomous

operation in unstructured urban environments. In this system, a user controls the robot by designat-

ing goals which the robot attempts to reach with minimum interaction with the user. Visual servoing

is the main approach taken to achieve this goal. The unique challenge in designing this visual servo-

ing system is that the on-board driving system must be robust to shock, vibration and rapid change

of attitude which commonly occur during the operation of a lightweight robot in an unstructured

terrain.

Figure 1.1 shows the main hardware components of the visual servoing system: the robot and

the camera. The mobility chassis is theUrbie tracked platform developed at IS Robotics. Tracked

articulations in the front of the robot can do continuous 360 degree rotation and enable crossing

curbs, climbing stairs and scrambling over rubble. The peak driving speed is 80cm/sec on flat

ground. The high level control electronics is developed by JPL and contain two PC104 stacks,

with a 166 MHz Pentium II stack for navigation control and a 233 MHz Pentium II stack for vi-

sion processes. More details about the hardware configuration can be found in [60]. The vision

sensors include a forward-looking stereo camera pair and an omnidirectional camera shown in Fig-

ure 1.1(b), among various other non-vision sensors. The visual servoing system uses images from

the omnidirectional camera, which was developed at Columbia University by Professor Shree Nayar

and later by RemoteReality Inc. The version of the omnidirectional camera used for the results and

experiments throughout this thesis is the folded mirror camera as described in [63]. It captures full

field of view of its surrounding environment and therefore is an ideal sensor for goal selection and
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(a) The prototype robot for TMR: urbie (b) The omnidirectional camera
developed at Columbia Univer-
sity

Figure 1.1: The robot and the camera we use for the visual servoing system

visual servoing.

In visual servoing mode, the omnidirectional image is sent to the operator from the robot plat-

form, the operator designates the goal from the unwarped virtual perspective view, then the robot

tracks the goal until it approaches the goal. An omnidirectional image taken at a test site is shown

in Figure 1.2 along with its unwarped virtual perspective view. Tracking begins with a 2-D corre-

lation search over predefined search region to accommodate large target translation. An iterative

linearized affine matching procedure is followed to compensate the image plane rotation, scale and

skew changes of the target caused by the robot motion. The transformation is accumulated over time

and therefore the tracker can handle very large changes in the appearance of the target. More details

on tracking with an omnidirectional camera can be found in [15] and [16]. As mentioned above, the

challenge is to make the servoing system robust to drastic changes in robot motion and to maintain

high tracking accuracy. Even though a number of techniques have been developed to cope with the

substantial appearance change of the target during a long distance servoing task, targets still can

be lost during a rapid robot motion or occlusion. A correlation based search scheme over enlarged

window is implemented in an efficient way to recover from the tracking failures. For template sizes

of 40 − 50 pixels, the tracker runs at over15 Hz on the233 MHz Pentium II vision stack. More

details about the algorithm and performance can be found in [40].

The servoing system has been extensively tested in the field, including a series of experiments

at Ft. Sam Houston, TX, the demonstration site for the TMR project. Figure 1.3 shows two aerial
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(a) The image taken by the omnicam

(b) The panoramic view unwarped from the original
omnicam image

Figure 1.2: The omnidirectional image and its unwarped panoramic view
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(a) Path one (b) Path two

Figure 1.3: Typical areas used for experimentation at the Ft. Sam Houston test site

Figure 1.4: Robot in action: going down a curb and driving over obstacles are typical exercises the
robot has to face in a real navigation task.
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views of the main building on this site. The typical paths used for testing semi-autonomous driving

are also indicated in the figure. The paths were designed to simulate a mission for the robot to

approach the building prior to entry and exposed the robot to all the challenges it could face in an

urban environment. In Figure 1.4, several snapshots show the robot in action going down a curb and

running over obstacles, which are typical when moving in an urban environment. Figure 1.5 shows

two examples of tracking targets for visual servoing tasks at Ft. Sam Houston. Both targets were

tracked over long distances while driving over rough terrain. As it is concluded in [60], "Mobile

robot technology has reached a level of maturity at which it should soon be possible to field rugged,

portable mobile robots for urban reconnaissance missions”.

Figure 1.5: Two examples (top and down) of target tracking during visual servoing at Ft. Sam
Houston test site. The inner box shows the template; the outer box shows the region of interest on
the virtual image.

1.1.2 Enhancements: scene structure and robot motion estimation

Despite these successes, limitations of the current visual servoing system have also been identified.

It is in general difficult for the robot to deal with occlusions, and the robot is prone to errors during

recovery from abrupt robot motion or occlusions.

For example, Figure 1.6 shows a possible scenario in which the visual servoing could fail. In

Figure 1.6(a) a driving goal is selected by the operator. After driving some distance the goal is

occluded by an obstructing structure, as shown in Figure 1.6(b). Without knowing the location of

the goal with respect to the robot position, the robot does not have any guidance in searching for

the target place. An optimistic robot may make a risky decision to continue the driving and hope
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to recapture the goal. But even if the goal does appear again in the robot’s field of view, it is still

unlikely that the robot will capture the goal again, since by then the goal has moved far away from

the place where it originally disappeared.

Another example is shown in Figure 1.7. The robot made an abrupt motion and, because of the

limited frame rate of the camera, the target jumps out of the usual tracking region. Searching over

an enlarged search region will find several possible matches for the original target and confuse the

robot.

The challenges in both examples can be solved if the robot keeps an estimation of the scene

structure and its own motion. How to do so in a principled way is the theme of this thesis.

(a) Goal selected (b) Goal occluded (c) Goal reappeared

Figure 1.6: Example images when the target is selected, occluded and then appeared again.

(a) Goal selected (b) Goal jumps

Figure 1.7: Example images when the target is selected, and jumps to other location due to abrupt
camera rotation
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1.2 Difficulties of SFM in Practice

To obtain the structure and motion information is not an easy task. Stereo can provide range estima-

tion but its working distance is usually limited. The distances of selected targets in visual servoing

missions are often beyond the range of stereo vision. The dead-reckoning data from the odometer

is usually poor on fast-moving robots. A natural alternative way to estimate the scene structure and

robot motion from images is to use thestructure from motion (SFM)tools from computer vision.

Structure from motionis a well-studied field in computer vision, largely due to its promise

to provide structure information from a video stream. A large number of algorithms have been

published and successful applications have been demonstrated on real sequences. The progress has

been summarized in a recent book by Hartley and Zisserman [39] and it is generally believed that the

geometry of SFM is a well-understood problem. On the other hand, vision engineers who implement

the existing SFM algorithms in real world applications have noted some serious shortcomings. We

believe that the gap in performance is caused by the fact that the uncertainty of both tracking and

SFM in real world applications has not been well addressed, and it is the central issue of this thesis.

We start the discussion with a high level review of SFM.

There are generally two classes of approaches in performing SFM. One is calleddirect method.

It refers to those approaches which either use the image pixel values directly or start by estimating

the dense optical flow. Direct methods are exemplified by the work in [42, 94, 8, 7]. The other

method often starts by tracking sparse features in the scene and estimates the structure only for

those sparse features. It is usually less expensive and the focus of this thesis is on the second

approach. In the computer vision literature, most SFM problems are formulated as a minimization

problem in high dimension. Given correspondence datax, the parameterizationp of the scene

structure and camera motion can be estimated by minimizing the criteria functionC(x,p) as defined

in Equation 1.1.

p∗ = Argmin
p

C(x,p) (1.1)

The minimization can be carried out by either a batch method, where all the data are processed

simultaneously, or a sequential method, where the current estimate is based on the old solution and

the new measurement. The batch method is in principle more accurate once it converges to the

global minimum, but it requires accurate initialization in high dimensions and is computationally

more expensive. In practice, sequential methods are usually adopted and the batch method can

be applied as a refinement if necessary. As a typical sequential method, Kalman filtering based

algorithms have been repeatedly proposed and demonstrated.

Then why is robustness still a concern for SFM? In practice the relatively large noise in the
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tracking and various unexpected conditions such as occlusions during real navigation tasks are the

main factors contributing to the brittleness of SFM.

It has been noted by researchers that the SFM algorithms are very sensitive to the noise in

the measurementx since they attempt to recover a lost dimension. Good SFM results have been

successful when the noise inx is relatively small. But just as asked in [79],how much noise is too

much?It is a hard question to answer. One way to reduce the sensitivity to noise is to use techniques

such as regularization to introduce smoothness priors that are commonly used for ill-posed problems

in computer vision. Other methods includeactive visionwhich actively controls the camera motion,

and sensor fusion which uses multiple sources of sensors, such as odometer sensors. Our approach

here is to fully characterize the SFM uncertainty and integrate information through the time domain,

namely, filtering.

Generally speaking, there are two types of noise inx that we need to deal with: local noise

and outliers. Since all the correspondences are computed by matching the image data, which is in-

evitably contaminated by noise during the image formation process, the computed correspondences

always deviate from their true locations. We call this type of error the local noise. The matching

process could also mismatch a feature to a totally wrong location under certain circumstances and

we call this type of error outliers. Both local noise and outliers cause errors in SFM and should be

properly addressed.

Local noise is easier to handle, but only when it is relatively small. When the noise is assumed

to be small Gaussian, it can be shown that the covariance ofp∗ can be approximated with tradi-

tional covariance propagation analytically. This covariance approximation is the cornerstone for

the widely used Kalman filtering based sequential optimization method in SFM literature. Indeed,

Kalman filtering is equivalent to the batch method for linear Gaussian systems and is the only opti-

mal linear filter for nonlinear Gaussian systems. A detailed uncertainty analysis on SFM with small

Gaussian noise can be found in [90]. The authors claim that the theoretic lower bound, the Cramer-

Rao bound, has been reached for SFM on real sequences. However this first order approximation is

only valid when the error surface is relatively smooth aroundp∗, compared to the covariance ofx. In

other words, if the noise inx is large or is quite different from a Gaussian, in principle the Kalman

filtering can no longer handle it. Even though the uncertainty of SFM in case of small Gaussian

noise has been thoroughly studied as in [90], and is recently incorporated into factorization [45],

there is little work on cases in which the optimistic assumption on small Gaussian is broken. On the

other hand, for a robot equipped with off-the-shelf hardware carrying out a navigation mission, it is

rather unrealistic to assume that subpixel tracking error will be consistently achieved.

As a remedy,H∞ filter has recently been introduced into SFM as an enhancement to Kalman fil-

tering based methods in the case of unmodelled noise [69]. However, the proposedH∞ filter shares

the same form of a standard EKF except that the propagation of the covariance matrices is controlled
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by an additional attenuation factor. The covariance matrices can thus be made infinitely uncertain if

necessary to guarantee overestimating the noise. ThereforeH∞ based approaches achieve robust-

ness by being very or overly conservative and at the cost of performance of the SFM result. In other

words, instead of giving the user a wrong answer, it gives the user an answer along with a very

low confidence level. In addition, since it still relies on covariance matrices as primary uncertainty

representation, it can not capture multi-modal distributions, which implies that the mean of the dis-

tribution is not a meaningful estimation of the true value for multi-mode distributions. As we will

see later, that type of multi-mode distribution does exist in SFM during real navigation tasks.

Outliers cause unpredictable errors in SFM. A standard approach is to reject them from the

correspondence set from which the SFM is computed. So far, the most popular robust algorithm on

SFM is RANSAC, which rejects outliers in feature matching. The basic idea behind RANSAC is

that if the correspondence set contains false matches, the SFM result will be inferior and cause large

inconsistencies among all available feature matches. Therefore RANSAC rejects the outliers by

finding the match which contains the largest consistent data points. There are two issues involved

in applying RANSAC to SFM problem. First, in order to set the distance threshold for outlier

detection, it needs prior knowledge about the noise in the correspondence data, which is generally

assumed to be standard Gaussian distribution [39]. Second, it solves the robust matching for two-

frame problems only and there is no information propagation through the time domain. Our method

does not have these limitations, as shown later.

It is worth noting that earlier work by Black uses M-estimators to compute robust optical flow

[7]. Recently the Error In Variable model is applied to SFM problem to reduce the bias in the

linearization [33]. But again the noise model for the correspondence is assumed as Gaussian.

1.3 Thesis Outline

In this thesis, I explore the sampling based probabilistic approach to solve the challenges of apply-

ing SFM to real navigation tasks, such as large tracking error and degenerate conditions such as

occlusions and abrupt camera motions.

A Monte Carlo filtering scheme is proposed to fuse the tracking and SFM results through time.

It can be viewed as an alternative based on the recently popular sampling method to the traditional

EKF based tracking and SFM approaches. The advantage of the sampling approach is its faithful

representation of the uncertainty in very nonlinear systems, usually with more computational cost.

While the EKF is more efficient, the conditions for it to work on tracking and SFM are usually

not met in practice, especially in extreme driving situations. That is exactly the reason of many

observations about the robustness of SFM algorithms from vision engineers in the field.

The thesis is organized as follows. First, we present the probabilistic SFM framework in Chap-
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ter 2. In Chapter 3, the uncertainty of tracking and SFM is analyzed in detail. We show that the

underlying uncertainty can be quite different from a Gaussian distribution during normal navigation

tasks. A sampling based technique is proposed to fully capture the uncertainty in both tracking and

SFM.

In Chapter 4, we propose a Bayesian filtering approach based on the sampling representation.

We show how the maximum likelihood estimate can be achieved for multiple frame SFM. We further

show that the challenging situations such as occlusions and abrupt camera motions can also be

handled in a principled way within this framework. From experimental data, we show that the

uncertainty of tracking and SFM are indeed reduced by the fusion scheme we proposed, and the

Bayesian filtering can reduce the SFM uncertainty through time.

In Chapter 5, we discuss the problem of planar patch based SFM and possible extensions of the

sampling based filtering approach to this problem. In Chapter 6, experimental results are shown

for this framework applied to various navigation scenarios. Image data include sequences collected

from an omnidirectional camera mounted on a small mobile robot and from a hand-held video

camcorder.

The contributions include:

• We advocate the sampling based uncertainty representation for SFM problems and identify

drawbacks of the traditional covariance based representation for tracking and SFM in practice.

• With the help of recent advances in Monte Carlo filtering, we build a system that fully inte-

grates tracking and SFM in a probabilistic fashion. The system performs robust tracking and

SFM simultaneously and handles previously challenging situations such as severe occlusions

and sudden camera motions which are commonly seen in practical robot navigation tasks.

• By making the tracking and SFM a practical tool for robot visual navigation, we open the

door for much simpler and effective position based visual servoing algorithms.
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Chapter 2

Probabilistic Framework

2.1 Introduction

Robot visual navigation is naturally a nonlinear dynamic process which involves both state estima-

tion and control. The robot needs to (1) locate itself in the environment, which is the estimation

process, and (2) control itself to approach certain positions. Depending on different onboard sen-

sors, the state variables used to describe the dynamic process vary. While there are plenty of choices

in term of the sensors that we can use, we are interested in using only one camera to achieve the

goal, the problem known as visual servoing.

As stated earlier, the visual servoing problem includes two fundamental steps: state estima-

tion and control. So far, most visual servoing algorithms take a 2D approach, meaning the state

variables of the process are 2D locations of features and the estimation only involves 2D feature

tracking [71, 91, 16, 84, 56, 95]. Due to the lack of 3D information, the initial and goal states in

the control loop have to be specified with given feature configurations on image plane, which can

be cumbersome. Furthermore the controller design is complicated and relies on approximations to

the image Jacobian[43]. In addition, many of the results shown in the literature rely on tracking

artificial markers or color blobs, which underline the importance and difficulty in robust 2D feature

tracking in the visual servoing loop. Although as indicated in [43], the 3D position based visual

servoing has simple and clean controller design, it has not been popular. An exception is [92] in

which a 3D position based visual servoing algorithm is presented, but the problem is simplified by

assuming known 3D feature points.

We attribute the lack of position based visual servoing to the estimation part of the problem,

namely to estimate the 3D positions of the features, also known as structure from motion (SFM) in

computer vision literature. SFM has largely claimed success in the vision community, and results

have been shown on sequences taken in constrained lab environment or setups [1, 18, 48, 86, 85].

13
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However, the limitation is equally apparent in the fact that no SFM system has been demonstrated to

meet the challenges in uncontrolled environment, where feature appearances change substantially,

occlusions commonly occur and camera motion can be jerky. That is part the reasons that we have

not seen SFM applied to real visual servoing systems. Indeed as noted by Chaumette in [17],it

is well known that the (SFM) problem, as most of inverse problems, is sometimes ill-posed and

sensitive to perturbations, ..., small errors in the image measurements may lead to very different

results, in such cases, the control law can be completely unstable. Evidently, applying SFM to real

visual servoing tasks involves more than feature tracking plus Kalman filtering. The difficulty has

been a fundamental one.

In Chapter 3 we show the uncertainty of SFM is commonly beyond the reach of traditional

covariance representation, and henceforth invalidate all the approaches based on Kalman filter or

EKF. Before that, in this chapter, we present the common probabilistic framework used in tracking

and SFM, which subsumes both the Kalman filter type approaches and the particle filter, which

is the approach we adopted. We illustrate the important novel feed-forward paths in our filtering

structure, which seamlessly integrates the SFM with tracking probabilistically, and present it as an

integrated particle filter.

2.2 Probabilistic Filtering

For estimating any stochastic process, filtering is critical to the reduction of state estimation uncer-

tainty and the success of system control. Our problem of tracking and SFM is naturally a sequential

process in the time domain and suitable for standard filtering.

We first define the problem and notations. We then illustrate the Kalman filtering approach with

a graphical model. We then show the proposed filtering structure, which integrates the SFM with

tracking by incorporating feed-forward paths.

2.2.1 Problem Description and Notations

We assume that we are initially given a set ofM features in a reference imageI0. We denote the

position of featurej in I0 by zj
0, j = 1, . . . , M and the vector containing the positions of all the

features byz0. As the robot moves, new images are acquired, which we denote byI1, . . . , Ik. We

denote byIk all the images from time0 to timek. The features are located in the images using a

feature tracker, which is described in Section 3.4. The location of featurej in imageIk is denoted

aszj
k and the vector of all theM feature locations is denoted byzk.

At time k, givenz0 andzk, both the 3-D structure of the scene and the motion of the robot up to

time k can be recovered. We denote bysj
k the 3-D position of featurej reconstructed fromzk and
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by sk the set of the 3-D coordinates of allM features at timek. We denote bymk the robot motion

recovered at timek w.r.t. the original location at time0. Finally, we denote byxk the pair(sk,mk)
reconstructed by SFM at timek.

At time k, the goal is to maintain the probabilityp(xk|Ik). As stated earlier, we are interested

in sequential method, where the current estimatexk depends on both the previousxk−1 and the

current measurementzk.

2.2.2 Previous Approaches and The Problems

All the sequential two-frame based SFM algorithms can be described by Figure 2.1. These include

all the EKF and Kalman filter based approaches [1, 18, 48, 41, 86, 85].
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(b) Inference model

Figure 2.1: Graphical models for traditional recursive SFM

There are two types of filtering schemes. The first scheme starts from some reasonably good

initial estimate, and runs an (I)EKF to keep updating the estimate once new data comes in. We call it

causal model as shown in Figure 2.1(a). The key character of this approach is that there is no explicit

reconstruction at any time. The approaches in [1, 18, 48] belong to this type. The corresponding

discrete time dynamic equations are:
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



sk = sk−1

mk = mk−1 ⊕ vk
1

zk = π(sk,mk) + nk

(2.1)

whereπ is the camera projection function,n is the measurement noise andv is the linear

velocity if a first order motion model is used, and usuallyv can be estimated from the history ofm.

In order to run the (I)EKF, the system often initializes the state to some random state with very large

uncertainty and then updates the state with the new measurements according the Kalman filtering

update equations. Notice that there is no explicit step in this scheme to solve the reconstruction,

therefore this method heavily relies on the accuracy of the initialization. It easily converges to wrong

minima if given a reasonably bad initialization. Although it is reported that, given a reasonable good

initialization, the (I)EKF is able to lock on the correct mode and improve the estimate through time,

the questions remain: (1) it is unclear how good the initial estimate has to be in order for the system

to converge, (2) how much correspondence noise it can bear and (3) how the system performs in

case of camera jittering. The authors do acknowledge in [18] that this approach does suffer from

local minima and fails to converge if the correspondence noise is large or the camera motion is not

smooth. Furthermore, results are mostly from simulations or smooth sequences on careful setups of

lab scenes.

The second scheme is to first perform explicit reconstruction and then fuse the intermediate

reconstruction results through time with a Kalman filter [41], [86] [85]. We call it an inference

model as shown in Figure 2.1(b). The key difference from a causal approach is that explicit two-

frame SFM is performed and filtering can be done by enforcing the rigidity constraint instead of

relying on camera dynamics model. As noted in thecritique [64], this approach suffers from the fact

that if some of the intermediate reconstruction isvery inaccurate, the fused reconstruction can grow

less accurate as more images are acquired. What is not noticed in the critique is that the divergence is

not due to the recursive filtering itself, but the tools used to characterize the uncertainty and filtering,

namely the covariance representation and Kalman filtering. The uncertainty of SFM in practice is

rarely a well-behaved Gaussian, given the large tracking errors and nonlinearity involved. Being too

optimistic about the uncertainty and using simple Kalman filtering can cause unrecoverable errors

once a bad estimate is fused into the final estimate. More details about the SFM uncertainty can be

found in Chapter 3.

1⊕ is used here to represent the necessary addition operation defined in the motion vector space.
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2.2.3 Proposed Approach

We identify the following facts about SFM, some of them can be accounted for the limitations of

various previous approaches.

1) The uncertainty of SFM is largely dependent on the tracking uncertainty. Previous Kalman

filter based approaches only work when the tracking uncertainty is very small, a requirement usually

notmet in practice.

2) Given the tracking uncertainty usually achieved in practice, the uncertainty of SFM can be

skewed (nonlinearity), multi-mode(ambiguous), or even wrong (local minimum), instead of a well-

behaved Gaussian.

3) Robust tracking is essential to robust SFM. Robust tracking means robust against occlusion

and camera jittering. Unfortunately, it is fundamentally impossible to achieve by appearance match-

ing alone.

We explore the following key ideas to improve the robustness of both tracking and SFM.

• The first is to use a sampling method by fully characterizing the uncertainty of tracking to

handle the large noise and ambiguities in correspondences and use Monte Carlo method to

faithfully capture the uncertainty of SFM, especially in the case of skewed, multi-mode, and

mixed (with incorrect estimate) distribution caused by tracking noise. Tracking ambiguity

occurs in the situations when the feature point can be matched to multiple possible locations

and usually can not be resolved from image appearance along.

• The second idea is to integrate tracking with SFM, which leads to more accurate and less

ambiguous tracking results and more principled handling of occlusion.
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Figure 2.2: A graphical model for the proposed integrated tracking and SFM

Figure 2.2 illustrates the graphical model for our probabilistic filtering. It has a similar recursive

structure as in Figure 2.1, except that extra links are added fromxk to zk+1 for k = 1, .... These

extra links imply that the correspondencezk at timek not only depends on the current imageIk,

but also the structure and motion estimated at timek − 1. By adding those extra links, the tracking
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is integrated with SFM in a probabilistic manner and is a unique feature in our tracking and SFM

system. As shown in later experimental results, the added constraints from the reconstruction can

greatly help reduce the tracking ambiguity when it exists and help detect and track targets through

severe occlusion.

In order to use the more general uncertainty representation than the Gaussian distribution and the

more sophisticated filter structure, we need to extend the Kalman filtering to probabilistic filtering.

2.2.4 Probabilistic Filtering

Independently of any particular form of uncertainty representation and filters, the task of filtering

SFM through time can be viewed as an inference problem which estimates the posteriorp(xk|zi, i =
0, ..., k) at timek recursively through time. As noted in [66] [25], the learning and inference from a

general joint distribution in high dimension is usually computationally intractable, and probabilistic

independence has to be used to simplify the problem. For the problem of tracking and SFM, the

dependence among variables is natural and obvious, as shown in Figure 2.1, or in Figure 2.2, the one

we propose is to integrate tracking with SFM. Given the probabilistic dependence, the probabilistic

filtering task becomes an inference problem of a graphical model, in particular, a Bayesian network

as shown in both Figure 2.1 and Figure 2.2. The graphical models shown in Figure 2.1 subsumes

all the previous Kalman filter or (I)EKF approaches to SFM. Indeed, as noted in [77], a broad range

of probabilistic models can be described with graphical models in a unified way, including Kalman

filter, Hidden Markov Models, Markov Random Fields and Bayesian networks, etc.

The dependence in a graphical model is often specified with arrowed links. Once the corre-

sponding conditional probabilities are defined, the inference can be carried out with this probabilis-

tic model [66] [25]. It is worth noting that the inference is not always tractable. For the causal

model in Figure 2.1(a), the following probabilities need to be specified:





p(x0)
p(xk|xk−1)
p(zk|xk)

(2.2)

The probabilityp(x0) is the initial state uncertainty. Usually it is set to be very uncertain.

p(xk|xk−1) represents the prior knowledge of the system dynamics andp(zk|xk) relates the current

observation to a given state. With all three probabilities assumed to be Gaussian distribution and

represented with covariance matrix, the uncertainty propagation can be efficiently carried out with

matrix operations, the Kalman filtering equations.

For the inference model in Figure 2.1(b), we need to specify the following probabilities:
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{
p(xk|zk,xk−1)

p(zk|Ik)
(2.3)

The probabilityp(zk|Ik) represents the measurement uncertainty in the correspondence datazk,

and it can be obtained from the tracker, which is used to estimatezk from the imageIk at timek.

Section 3.4 reveals the details of uncertainty representation forp(zk|Ik). The key step is to compute

the probabilityp(xk|xk−1, zk). It is usually computed from two probabilities, namelyp(xk|zk) and

p(xk|xk−1). If both of them are assumed to be Gaussian, there exists very efficient way to compute

the joint conditional probabilityp(xk|xk−1, zk), which is the Kalman filter.

For our proposed model for integrated tracking and SFM shown in Figure 2.1(b), we need to

specify the following probabilities:

{
p(xk|zk,xk−1)
p(zk|Ik,xk−1)

(2.4)

The integration of tracking with SFM requires the joint conditional probabilityp(z|Ik,xk−1),
in addition top(xk|xk−1, zk).

Now the question arises that given a probabilistic filter illustrated with a graphical model, which

tool should we use to propagate the uncertainty in case of general distributions, in our case, sample

based distributions.

Particle filtering has been the most popular approach to propagate sampling based uncertainty

through time [35, 50, 51, 32, 47, 54, 14, 75, 22]. In different contexts, it has been used under

names such as Monte Carlo filters, bootstrap filters and Condensation. Most of the research has

concentrated on the causal model as in Figure 2.1(a). Given the probabilities defined in Equation 2.2,

the goal of particle filtering is to maintain the probabilityp(xk|zi, i = 1, ..., k), which is given by

applying Bayes rule:

p(xk|zi, i = 1, ..., k) ∝ p(zk|xk)p(xk|zi, i = 1, ..., k − 1) (2.5)

andp(xk|zi, i = 1, ..., k − 1) is called the prediction distribution and can be computed by

p(xk|zi, i = 1, ..., k − 1) =
∫

xk−1

p(xk|xk−1)p(xk−1|zi, i = 1, ..., k − 1) (2.6)

Given a sampled representationxs
k−1, s = 1, ..., N for p(xk−1|zi, i = 1, ..., k− 1), the sampled

representationxs
k−1

′, s = 1, ..., N for p(xk|zi, i = 1, ..., k− 1) can be generated by sampling from

p(xk|xs
k−1) for each sample. Finally, the sample setxs

k, s = 1, ..., N for p(xk|zi, i = 1, ..., k)can be

generated by factored sampling according to Equation 2.5. This iteration can be carried out through
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time.

So far, the particle filter has been mostly studied for solving the causal model as in Figure 2.1(a).

Applying it to a more sophisticated filter structure, as shown in Figure 2.2, is not immediately clear.

We now explain how to realize the particle filter by viewing it as an inference problem in Bayesian

networks.

The general tool to make inference for Bayesian networks is forward sampling. For the inference

models one first finds a ordering of all the nodes (variables) on the model, so that all parents of a

node precede it in the ordering. The ordering is quite obvious for the models shown above. Once

evidences (Ik) come in, the sampling can be carried out according to the conditional probabilities

defined beforehand. In our case, the two conditional probabilities defined in Equation 2.4 can

be arbitrary distributions, and afactored samplingbased algorithm is used to compute both joint

conditional probabilities. Details are described in Section 4.3.3. Under certain assumptions, we can

also prove thatp(xk|xk−1, zk) = p(xk|Ik), indicating that current uncertainty of state estimation,

represented by probabilityp(xk|xk−1, zk), integrates the information through all the imagesIk

probabilistically. See Appendix B for details.

2.2.5 Related Work

Using a sampling method to represent the state uncertainty in a nonlinear dynamic system has

received a lot attention in statistics, robotics and computer vision [35, 50, 51, 32, 47, 54, 14, 75, 22].

Particle filter as the primary tool for filtering sample based uncertainty has been extensively studied

in different fields. It is closely related to the sequential Monte Carlo methods, and many theoretical

and experimental results have been summarized in a recent book [24].

Recently, sampling techniques have been applied to the topic of structure from motion [30, 23,

21, 68]. We compare our approach with these approaches in more details in Section 3.7.

Here we compare the philosophical difference between the causal model and inference model

for the problem of tracking and SFM, and discuss its impact on the performance of the system.

The causal model takes a hypothesize-and-verify type of approach. It generates hypotheses

p(xk|zi, i = 1, ..., k − 1) for the current system state, usually based on current estimation and sys-

tem dynamics, and then verifies the hypotheses with new observations. Obviously the quality of the

hypotheses greatly influences the overall performance. (It at least has to overlap with the true sys-

tem state, so that they can be verified). In the case of particle filtering, the quality of the prediction

decides the number of particles needed in order for the particle filter to function properly. In the case

of poor prediction, usually large number of particles are needed to avoid sample impoverishment,

an effect which usually causes failures of the system [9] [49]. In a recent paper [31], KL divergence

between the proposing distribution and the true distribution has been proposed to measure the ef-
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fectiveness of the hypotheses and change the sample size adaptively. If the initial guess of the state

is reasonably good, then the quality of the hypotheses largely depends on the accuracy of system

dynamics. For a problem with relatively small number of states, such as 2D robot localization [22]

[32], the state space can be covered with a limited number of random samples, therefore it does not

require accurate dynamics model. In the context of tracking and SFM, random sampling as in 2D

robot localization is prohibitively costly, since robot localization involves only the 2D location of

the robot, while SFM has a solution space of5+3∗n, wheren is the number of points in the scene.

For example, consider only randomly sampling the robot motion with5 angles in[0, 2π), it requires

1.4e8 samples to guarantee to have one sample with0.1 accuracy (with 0.99 probability), let alone

to sample the whole structure. Therefore, to make the hypothesize-and-verify approach work, prior

knowledge of the dynamics has to be incorporated to limit the sampling space. [68] is an example of

this approach. By assuming camera smoothness and removing structure from the state, SFM results

are shown on standard sequences. But what is not mentioned in [68] is the sampling size and the

effect of non-smooth camera motion. A more detailed comparison is provided in Section 3.7.

We do nothypothesizethe state, weestimateit directly, with the inference model. Prior SFM

research provides us reliable tools to perform the estimation directly. Given the measurementzk,

an estimation ofxk can be obtained from existing SFM algorithms, upon whichp(xk|zk) can be

obtained. By recognizing the strong non-Gaussian effects inp(xk|zk), caused by nonlinearity, local

minimum and ambiguity, we use a Monte Carlo sampling method to obtain it, therefore it faithfully

captures the true underlying SFM distribution. In other words, if the SFM results are correct, the

KL divergence between the estimatedp(xk|zk) and the true uncertainty should be minimal, and

therefore the samples are always maximally effective according to KL divergence based measure-

ment [31]. In contrast, in the hypothesize-and-test scheme,p(xk|zk) is achieved by weighting and

resampling the proposal distribution, which is subject to sample impoverishment if the proposal

distribution differs from the underlying true distribution a lot. Indeed, the most efficient way to

approach the underlying distribution is to directly estimate it.

Figure 2.3 illustrates the difference between sampling by solving SFM directly and sampling by

hypotheses based on system dynamics. By solving SFM, the samples directly reside on the surface

of the SFM solution space, while in the hypothesize-and-verify type approach, the hypothesized

samples occupy the whole high dimensional space and then only those samples whichhappento

fall on the SFM surface areselectedaccording to the SFM constraint.

To summarize, the salient features in our proposed approach include the following. First, all

the probabilities are represented by samples, which is a versatile representation for arbitrary distri-

butions. It is very important for the uncertainty representation of SFM results, which can be quite

arbitrary (even erroneous) in presence of large tracking noise, tracking ambiguity and camera jitter-

ing, etc. Uncertainty representation is the topic of Chapter 3. The proposed sampling representation
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Figure 2.3: An illustration of the samples from solving SFM (green circles) and from hypotheses
(red crosses)

is compared with the traditional covariance based methods.

Second, tracking and SFM are integrated based on the sampled representation. It can be best

illustrated in Figure 2.2 that the correspondenceszk depend on both the current imageIk and the

previous reconstructionxk−1, unlike the traditional approach, wherezk is solely decided by the

current imageIk. Integrated tracking is much more robust against occlusion, camera jittering and

ambiguous patterns. Chapter 4 is devoted to how to maintain the joint conditional probabilities

through time and how the ambiguity and occlusion are handled probabilistically within this frame-

work.

The following table puts our method in the context of filtering method on SFM, along with a

sample of relevant references.

Kalman Filter Particle Filter

Hypothesize-and-test [1] [18] [68]

Direct SFM [41] [86] [85] Ours

In Chapter 4, we explain in detail how the particle filtering can be applied to SFM tasks, espe-

cially the integration of tracking and SFM, which we believe results in more accurate and robust

tracking.



Chapter 3

Sample Based Uncertainty

Representation for Tracking and SFM

3.1 Introduction

In Chapter 2 we outlined the probabilistic framework we propose to perform sequential tracking

and SFM. The novel part of our approach is to explicitly represent the uncertainty of tracking (mea-

surement) and SFM (state) with a sampling method. In this chapter, we explain in detail how we

sample the tracking and SFM uncertainty. To be consistent with our probabilistic framework, they

are defined as follows, respectively:

• p(zk|Ik) : tracking uncertainty, which is the possible locations of the specified features, ex-

tracted by a matching process, or, a tracker, given the current imageIk. It is explained in

more details in Section 3.5.1;

• p(xk|zk) : SFM uncertainty, which represents the possible reconstructions by the SFM pro-

cess, given the possible locations (correspondences) of all the featureszk. It is explained in

Section 3.5.2.

These two probabilities are the building blocks for the filtering process explained in Chapter 4.

3.2 Tracking

As a fundamental tool in computer vision research, tracking has been an important topic in computer

vision research, ranging from corner point tracking [52, 73], region tracking [4, 38, 6, 20, 72, 2], to

recent human body tracking [11, 75].

23
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Feature tracking is a prerequisite for feature based SFM algorithms. One popular way to track

feature points is to first detect corner points in adjacent image frames and then try to match them

according to the similarity and proximity [27] [39]. This approach works with images with high

quality and slow camera motion. In the case of large camera motion, the matching process is more

expensive and less stable. Our experience in the field shows that it is always desirable to track

regions, instead of points. By using regions, the tracking solution is stable in the presence of large

camera motion. A nice summary on very efficient region based tracking algorithms can be found in

[2], which is the basis of the tracking algorithm we use throughout this thesis.

3.3 Previous Uncertainty Representation for Tracking and SFM Based

on Small Gaussian Assumption

In this section, we examine the covariance based uncertainty representation for SFM. Recall that

most SFM problems can be formulated as optimization problems in high dimensions. Equation 3.1

revisits Equation 1.1, wherex is the structure and motion parameters andz the corrupted correspon-

dences data.

x∗ = Argmin
x

C(x, z) (3.1)

The criterion functionC usually takes the form of summed square error, and nonlinear least

square optimization tools are used to solve it [39]. When the global minima is reached and with the

assumption that the noise in the correspondence dataz is small Gaussian, it can be shown that the

covariance ofx∗ can be approximated with a covariance propagation method analytically [96]. The

covariance ofx∗ is denoted asΛx. Given the covariance ofz denoted asΛz, Λx can be computed

as:

Λx = H−1 ∂Φ
∂z

Λz

(
∂Φ
∂z

)T

H−T (3.2)

whereΦ =
(

∂C
∂x

)T
is the Jacobian andH = ∂Φ

∂x is the Hessian.

This covariance propagation is the base for all the Kalman filtering based methods [1] [10] [13]

[59] [61] [78]. The uncertainty of SFM with small Gaussian noise in correspondence data has been

well addressed in the literature. Bundle adjustment is often the most accurate method and Kalman

filtering based method is the most popular if not the only vehicle for sequential processing.

But the small Gaussian assumption isnotalways met in reality, especially for a robot driving in

the field. In the next section, we closely examine the tracking uncertainty.
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3.4 Tracking Uncertainty

One of the actual challenges in applying SFM to real applications is to find reliable correspon-

dence, namely the tracking problem. Anideal trackershould find correspondence of a feature point

through all image frames in which it is visible, with Gaussian uncertainty. To satisfy theGaussian

assumptionabout the correspondences noise that all the SFM algorithms impose, only the tracking

result from anideal trackercan be used as input to SFM algorithms. Anideal trackershould also

detect occlusion whenever it happens.

So far, most of the tracking algorithms depend on the target appearance alone. For example,

Lucas-Kanade tracker [52] is commonly used in the point based SFM research. It tracks a feature

point by finding the nearest image patch which has a similar appearance to the original feature

template. We will show that it isnot an ideal trackerunder certain circumstances. In fact, anideal

trackerdoes not exist in the cases described below when only the image appearance is used in the

matching.

(1) Dramatic camera motion can move the feature being tracked far away from the original

location and cause ambiguity, that is, from the appearance alone, the tracker can not decide a single

location for the feature being tracked. As an example, Figure 3.1(a) shows a corner feature selected

to be tracked. If the camera motion is large enough, there could be multiple matches to the feature

being tracked, as shown in Figure 3.1(b). The usual tracker often greedily searches for the closest

match and returns only one of them. In this case, directly using the result from a usual tracker in a

SFM procedure is likely to produce an error.

(a) Corner feature selected
with red circle

(b) Four possible matches (in
dashed circles) when the cam-
era motion is large

Figure 3.1: Multiple matches when the camera motion is large

An example from a real tracking sequence is shown in Figure 3.2. The window being tracked is

similar to the windows around it. When a large camera motion occurs, it is difficult to track it from

image appearance alone. The usual tracker assumes small motion in the image, therefore it often



26CHAPTER 3. SAMPLE BASED UNCERTAINTY REPRESENTATION FOR TRACKING AND SFM

fails in case of large camera motion between frames and search over extended region is needed.

(a) Target tem-
plate to be
matched

(b) Multiple similar objects
nearby

Figure 3.2: Multiple matches in a confusing scene

(2) Partial and full occlusion can cause Lucas-Kanade type tracker to lose track. The commonly

used implementation of Lucas-Kanade tracker (LKT) uses simple heuristics to detect occlusion

based on the match error. Figure 3.3 shows a target that is first occluded and then appears in a later

frame which is a challenge case for the usual appearance based trackers.

(a) The original target (b) Target occluded (c) Target appears again

Figure 3.3: A sequence where a target is first occluded and then appears in a later frame. An
appearance based tracker is unable to track through the occlusion.

(3) Illumination change or non-lambertian surface can cause the appearance based tracking to

fail unpredictably, since the appearance based tracking relies on the assumption of constant illumi-

nation and lambertian surface property. Figure 3.4 shows such an example, in which the appearance

of the target changes due to the specular reflection.
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(a) The original appearance of
the target

(b) Target changes its appear-
ance due to specular effect

(c) Target restores its original
appearance later

Figure 3.4: A sequence where a window is being tracked. In most frames the specular effect is not
obvious, but at certain frames, the specular effect is strongly observed and therefore violates the
appearance constancy assumption for the usual template matching trackers.

More sophisticated appearance-based trackers have been developed to cope with those prob-

lems. For example, use robust statistics to reduce of effect of outliers [7], use hierarchical matching

and pyramids to increase the tolerance of target motion [4], use robust matching to cope with partial

occlusion [38], and specular effect has been studied extensively in the context of stereo matching

[12] [5] [81]. Most of them need special algorithms. In our tracking and SFM problem, the focus is

not to analyze those difficult cases carefully, instead it is more important to detect those degenerated

cases and prevent the naive appearance based tracker to make unrecoverable mistakes.

In a controlled environment, some factors can help the appearance based trackers to approximate

the performance of anideal tracker. For example, the camera motion and setup of the objects in the

scene may be constrained. But for a robot moving in uncontrolled environments, this is not feasible.

Dramatic motion and occlusion are constantly expected. Illumination changes and non-lambertian

surfaces are not unusual in practice as well. Therefore, the tracker generally can not be assumed to

be idealand its true uncertainty can not be simply assumed to be Gaussian.

The question arises as to how we can model the uncertainty of an appearance based tracker

and the uncertainty of SFM based on the tracking result. Given the fact that the actual tracking

uncertainty depends on the property of the selected target, it is generally unwise to assume all

the features take the same tracking uncertainty. For example, well-focused images provide better

feature localization than out-of-focus ones, feature located on a horizontal line should have larger

uncertainty along the direction of the edge, and it is much easier to track a person in an open filed

than on the crowded street, etc. All these facts imply that the tracking uncertainty has to be examined

for each feature at each time frame. In order to capture all the possible tracking uncertainty, we

propose a sampling scheme which is explained in detail in next section.
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3.5 Sampling-Based Uncertainty Representation

There are two standard ways to represent an uncertainty distribution: parametric distribution func-

tion and non-parametric sample based representation. The parametric function is easy to manipulate

mathematically and is suitable for relatively simple and known distributions. The sampled repre-

sentation is an extremely versatile and efficient way to represent an unknown distribution. With the

sampled representation, we avoid the usually problematic parameter fitting step that is unavoidable

if a parametric distribution function is used instead. Sampling is the method used in this thesis to

represent both the tracking and SFM uncertainty.

3.5.1 Tracking Uncertainty

In this section we define the probabilityp(z|I). Strictly speaking, the notation for the tracking

uncertainty should bep(z|T0, T ), whereT0 is the initial template andT the current one. We assume

there is an affine transformation betweenT andT0 and only the translation componentz is used

for SFM purpose. Throughout the thesis we useI to represent the current templateT , and omit the

initial templateT0 since it is a constant.

Recall that our task is robust tracking and SFM on a mobile robot driving outdoors. The cam-

era motion is usually non-smooth and the tracker has to maximize its capability to cope with the

large motion and appearance change of the target being tracked. For this reason, the usual corner

matching does not work reliably enough. Our experiments show that tracking regions is generally

more reliable than tracking points. The actual tracking algorithm we use is developed based on the

deformable template matching [38]. The long history of research on template matching and image

alignment algorithms can be found in [2]. The essence of all the tracking algorithms is based on

minimizing the Sum of Square Difference (SSD) between the current image patch and the original

feature template. The deformation of the current image patch from the original feature template is

specified by a family of parametric transformations, namely affine or homographies. By explicitly

compensating the deformation the tracker can match the feature with current image patch even in

presence of large deformation, such as scale change, rotation and skewing. It is crucial for the ro-

bustness of the tracker since we need to track features for long distance during navigation tasks and

the appearances of the features usually deform substantially. After compensating the large defor-

mation, the feature locationz on the current image is computed by minimizing the SSD between

the feature template and the unwarped current image patch. To simplify notations, we denote the

difference between the reference template and the unwarped image patch at locationz by SSD(z).
It is worth noting that both the target template and current image patch are normalized to the range

of [0, 1].
Given the surfaceSSD(z) for each possible correspondencez, there exists standard method to
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convert it into a probability forz, which is defined asp(z|I) in this thesis. With Bayesian rule, it

can be shown that

p(z|I) ∝ p(z)p(I|z)

wherep(z) is a prior for z and p(z)p(I|z) a likelihood. The prior assumed here is simply

a uniform distribution within the search region of the template matching process and the size of

search region is specified according to the expected target motion, namely, the larger the target

motion we want to handle, the larger the search region. The likelihood function can be directly

related to theSSD surface. Following the work in [89, 76], the likelihood can be computed as in

Equation 3.3 assuming Gaussian noise in the temporal derivative:

p(I|z) ∝ exp(−SSD(z)/2σ2) (3.3)

whereσ is the expected variance of the noise in the temporal derivative. This parameter ef-

fectively controls the shape the final probability function. Ifσ is chosen to be small, then the

corresponding probability function is concentrated around the minimum of theSSD surface and it

is unlikely to deviate from it, while largeσ allows the probability function to spread out around

the minimum. In our implementation, theσ2 is chosen to be0.05. As it will be seen later,

samples are generated directly from the distributionp(z|I) as the representation for the track-

ing uncertainty. With sampling method, the normalization constant has no effect on the final

sample set, therefore we can directly use the function valueexp(−SSD(z)/2σ2) as the weight

for a sample at locationz. Figure 3.5 shows the weighting forp(z|I) given different values of

SSD(z). Note that the horizontal axis is actually the normalized correlation value, since the value

of SSD is a function of the normalized correlation value for normalized image patches where

SSD = 2 ∗ (1 − NormalizedCorrelation). As we can see, according to Figure 3.5, a loca-

tion with normalized correlation value of0.95 is approximately8 times more likely to be the true

location than locations with correlation values of0.8.

Once Equation 3.3 is defined, sampling from this 2D distribution is straightforward. To rep-

resent the uncertainty in the tracking, a set ofN sampled locations is drawn according to the dis-

tribution of Equation 3.3. Given a set ofM features, we denote byZ a set of samples for all the

features drawn from the corresponding distribution, withz(i) denoting theith sample containing

all the feature locations, andzj
(i) denoting the position of thejth feature in theith sample. More

precisely,z(i) = (z1
(i), . . . , z

M
(i))i = 1, . . . , N is drawn from the combined distribution

p(z1, ..., zM ) =
j=M∏

j=1

p(zj)
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Figure 3.5: The weighting function for the normalized correlation values

wherep(zj), j = 1, . . . , M is the tracking distribution of Equation 3.3 for thejth feature. We

assume the noise inzj is caused by independent Gaussian noise in each pixel, thereforep(zj)
depends only on thejth feature, thereforezj , j = 1, . . . ,M are independent.

The following algorithm is used to generateZ = (z(1), ..., z(N)). We now give several concrete

examples of sampling the uncertainty of feature tracking. Figure 3.6 shows a typical feature with

the matched image region. It also shows the SSD surface and the samples which are sampled from

the distribution described by Equation 3.3.

for i=1:N {

for j=1:M {

sample the distribution Equation 3.3 to getzj
(i)

}

let z(i) = (z1
(i), ..., z

M
(i))

}

returnZ = (z(1), . . . , z(N))

Figure 3.7 shows a situation in which the location of the feature is ambiguous. The feature being

tracked, the door, is similar in the appearance to the other doors nearby. Searching the door in an

extended area will return several possible locations for the match. In such cases, the uncertainty
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(a) one selected
feature (corner
point)

(b) the search region
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Figure 3.6: Sampled representation of tracking uncertainty
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(a) selected fea-
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Figure 3.7: Sampled representation of tracking uncertainty in case of ambiguity
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distribution 3.3 is multi-modal and cannot be represented by a Gaussian distribution. With the

sampling method, the multi-modal distribution is captured successfully.

Given the sampled uncertainty representation for tracking, our next task is to characterize the

uncertainty of SFM.

3.5.2 SFM Uncertainty

In Section 2.2.2 we explain the traditional covariance based uncertainty representations and their

limitations in robot visual navigation tasks. We propose to use sample based uncertainty represen-

tation instead. In the following we explicitly explain how to generate sample set forp(x|z), namely

given the sample set for correspondence uncertainty how to generate sample sets representing the

uncertainty of the SFM results.

3.6 Monte Carlo Method

The Monte Carlo method provides approximate solutions to a variety of mathematical problems

by performing statistical sampling experiments on a computer [29]. Monte Carlo simulation is the

most general method to characterize the statistical property of an estimator in a very precise way.

Suppose we have a modelatrue = f(Dtrue), whereatrue is the true parameter set that we are

interested in and it can only be computed from the dataDtrue. In practice, the observed dataD0

is always a noise corrupted version ofDtrue, anda0 is normally obtained by fitting the data to the

model through an optimization procedure.

The question is: what is the uncertainty of the estimatea0? If the uncertainty of the noise in

the dataD0 is known and the modelf(D) has a relatively simple expression, the uncertainty of

a0 can be approximated analytically with standard covariance propagation methods. However, if

the distribution of the data noise is not known beforehand, or the model is sufficiently complex,

Monte Carlo method is then a general method for precise uncertainty estimation ofa0. Figure 3.8

illustrates the procedure of a Monte Carlo simulation.

To study the distribution of fitted parametersa0, we first generate orsimulateour own sets of

dataDs
1,Ds

2, ...,Ds
N according to the knowledge of the uncertainty in the measurement process that

generatesD0. By construction these simulated data sets represent the uncertainty ofD0. Next, for

eachDs
j , j = 1, ..., N , perform exactly the same optimization procedure to getas

j , j = 1, ..., N .

The Monte Carlo method generates a setas
j , j = 1, ..., N that is a sampled version ofp(a0|D).

Recentlybootstraptechniques have been popular within the computer vision community as a

tool for performance evaluation and uncertainty estimation [19, 57]. In fact, bootstrap is aquick-

and-dirtyMonte Carlo method. Instead of generating the synthetic data sets according to the under-
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Figure 3.8: Monte Carlo simulation of an experiment, figure adapted from [67]

lying measurement process, bootstrap forms its synthetic data sets by sampling with replacement

of the original data, based on the assumption that the noise in the measurement isindependent and

identically distributed(or i.i.d.).

For the problem of SFM, the correspondencez is the corrupted measurement dataD and the

structure and motionx is the parameter to estimate. As in Equation 3.1, once the minima is reached,

we often can assume there exists an implicit function satisfying

x∗ = F(z) (3.4)

which serves as the model in a Monte Carlo simulation setup, even though the exact form ofF
is unknown and is decided by the minimizing procedure.

Now we are ready to follow Figure 3.8 to perform Monte Carlo sampling for the uncertainty in

SFM. The key step in the Monte Carlo simulation is to generate the synthetic data setszs, which

represent the uncertainty in tracking resultsz. Bootstrap is not applicable, since thei.i.d. assumption

on z does not apply. As we have seen, the uncertainty of each feature correspondence depends on

the individual texture property and its surroundings, therefore they are not identical. A rigorous

Monte Carlo simulation is required. Fortunately we already havez(l), l = 1, ..., N , the sampled

representation for the uncertainty inz. It is exactly what we need for the synthetic data setszs in the

Monte Carlo simulation procedure. The following algorithm gives the procedure for Monte Carlo

sampling of the SFM.
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for i=1:N {

for j=1:M {

samplep(zj |I) to getzj
(i), according to Section 3.5.1

}

solve Equation 3.1 withz = (z1
(i), ..., z

M
(i)) to getx(i)

}

returnX = (x(1), . . . ,x(N))

The uncertainty on structure and motion is represented by a set of samplesX = (x(1), . . . ,x(N)),
in which each sample contains the structure and motion pair,x(l) = (s(l),m(l)) computed from a

sample of image feature locationsz(l) defined as in the previous section. Operationally, the SFM

algorithm is executedN times, one for each sampled set of image locations,z(l), l = 1, . . . , N .

Figure 3.9 shows the structure samples of SFM, that is, for, each structure and motion pair

x(i) = (s(i),m(i)) generated from a samplez(i), we display theM 3-D points ins(i).
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Figure 3.9: Reconstruction at true minima
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3.6.1 Comparison with Importance Sampling

In [68] an importance sampling based scheme is used to generate samples for current uncertainty of

SFM results.

Importance sampling is a technique to generate sample set for probability functionp(x) when

(1) we can not sample directly fromp(x) and (2) it is feasible to evaluatep(x) pointwise.

In [68] p(x|z) is considered as impossible to directly sample from. With Bayesian rule,

p(x|z) ∝ p(x)p(z|x)

p(x|z) is made possible to evaluate pointwise by specifying a prior forx and a likelihood for

observation. Therefore the importance sampling scheme is readily applicable.

The usual problem with importance sampling is that the accuracy of the uncertainty representa-

tion of the weighted sample set relies on how much the proposing distribution deviates from the true

distribution. Since the proposing distribution always deviates from the true distribution by an un-

known amount (otherwise the distribution can be directly sampled from), it is difficult to assess the

accuracy of the uncertainty representation. It is especially the case for high dimensional problems

such as SFM.

The proposed sampling scheme in the previous section can be viewed as a direct method to

samplep(x|z), therefore the importance sampling is avoided along with its drawbacks. To make

it clearer, we do not use any proposing distribution to guide our sampling process, the samples are

generated by solving SFM directly, and all the samples in turn can be treated as fair samples. That

is the primary reason we have fair samples instead of the weighted samples. The advantages are

(1) the accuracy of the uncertainty representation does not rely on any proposing distribution in

an unknown way, it is always a good representation even with small amount of samples, since each

sample is a fair sample from the underlying distribution (2) with fair samples, the proposed sampling

scheme will not suffer from sample impoverishment, which is often a problem for schemes based

on importance sampling.

3.6.2 Covariance vs. Sampling

In this section, we closely compare the traditional covariance based representation with the proposed

sampling representation in characterizing the SFM uncertainty. We show that covariance approxi-

mation cannot capture the true uncertainty and would provide biased or erroneous estimation when

(1) SNR is low in correspondence data, i.e., the noise magnitude is relatively large compared to

the optical flow,(2) feature correspondence is multi-modal distribution, i.e., there is ambiguity in

tracking or(3) whenever the tracking uncertainty is substantially different from a Gaussian, which
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happens when the feature has little or oriented texture.

We demonstrate this first with synthetic examples. We simulate a robot equipped with an omni-

directional camera and executing a forward motion. Fifty features are tracked and a two frame SFM

is performed, which minimizes the reprojection error. The environment is simulated as a rectangle

area, with features in front are100 meters away and features on both sides are20 meters away.

The robot is simulated to move forward for15 meters. Figure 3.10 shows the optical flow on the

omnidirectional image.
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Figure 3.10: Optical flow observed from an omnidirectional camera

We first show the case when the noise in correspondence is indeed small Gaussian noise com-

pared to the relatively large baseline. In this case, the uncertainty of SFM can be well approximated

by covariance representations.

Figure 3.11 shows the Monte Carlo runs of reconstruction for feature No.1 and No.22, compared

with the covariance representations at the true minima. The noise in the correspondences data is set

to be Gaussian noise withσ set to be 0.1 pixel. They match with each other very well.

Since the covariance matrix is only a first order approximation to the true uncertainty, it can-

not fully capture the true uncertainty when the noise is relatively large. We demonstrate this by

increasing the variance of the Gaussian noise to 1 pixel.

Figure 3.12 shows that with increased noise level, the covariance representation can not cap-

ture the true uncertainty for points far away but still capture the uncertainty for points close to the

camera. For points far away (feature No.1 and Figure 3.12(a)) the distribution becomes long tailed
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Figure 3.11: Covariance approximation at true minima
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which deviates substantially from the covariance representation. But for points which are close to

the camera and have large optical flow magnitudes (feature No.22 in Figure 3.12(c)) the covari-

ance is still a valid uncertainty representation. We further demonstrate the effect by projecting

the reconstructions of one feature onto the main axis and compare the distribution of the projec-

tions along the main axis. We expect the distribution to be a Gaussian if the reconstructions can

be approximated by the covariance matrix. In fact, we observe a distribution with a long tail for

points far away, which is an indication that the underlying uncertainty cannot be fully captured by

a Gaussian. In this case, the covariance approximation leads to a biased estimate. In other words,

mean(F(x)) 6= F(mean(x)). Our Monte Carlo simulation based SFM uncertainty representation

can still capture the true uncertainty and therefore is unbiased.
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Figure 3.13: Comparison of the projection distribution for feature No.1 and No.22

Like most tracking algorithms, our tracker find the correspondences by minimizing the SSD

error. It works better for regions with high-contrast texture, such as corners. With other types

of texture, the uncertainty of the tracking (or correspondences) can be quite arbitrary and may

not be always approximated by a Gaussian. As a result, the uncertainty of the reconstructions

can not always be approximated by Gaussian either. We demonstrate the argument above with

synthetic examples. Instead of Gaussian noise, we simulate a cross-like distribution for feature

No.1, as shown in figure 3.14. As shown in figure 3.15, the cross shaped distribution can not be

represented simply with a Gaussian. It can be best viewed with a VRML model which can be found

athttp://www.cs.cmu.edu/p̃eng/vrml/cross22.wrl.

So far we have assumed unimodal distributions for tracking uncertainty. What if our track-

ing algorithm is confused and returns more than one possible mode for all the possible corre-
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Figure 3.15: A cross section view of the reconstructions of feature No.22

spondences? We simulate this situation and Figure 3.16 shows that the distribution of recon-

struction becomes multi-modal as well. In these situations, the simple covariance representa-

tion certainly would fail. Again, the VRML models for feature No.1 and No.22 can be found at

http://www.cs.cmu.edu/p̃eng/vrml/bi01.wrl and bi22.wrl.

We believe we have shown the limitations of covariance approximation for the highly nonlinear

SFM problem in case of large Gaussian noise, non-Gaussian noise such as multi-modal noise in

the correspondence data. It in turn validates the proposed Monte Carlo sampling method in such

situations, which is capable of capturing the true underlying uncertainty.

3.6.3 Sample Size

When using a sampling method to capture the underlying uncertainty, one important issue is to de-

cide on the sample size. Even though sampling is quite general and capable of representing any

distribution, it is still an approximation method. If sampled appropriately, larger sample size gen-

erally results in more accurate representation. The purpose of maintaining a distribution is often to

calculate some statistics of specified variables. Therefore, the accuracy of a sampled representation

can be measured by the variance of those statistics. For example, given sample setxs
i , i = 1...N

from probability distributionP (x), we can estimate the expectationΦ̂ of any given functionφ(x).
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Figure 3.16: Comparison between sampling and covariance approximation in case of ambiguity
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Φ̂ ≡ 1
N

∑

i

φ(xs
i ) (3.5)

whereΦ = 〈φ(x)〉 ≡ ∫
dNxP (x)φ(x). Clearly Φ̂ varies with different sample setsxs

i i =
1...N . The variance of̂Φ is denoted asVΦ̂, and it can be estimated by repeating the sampling

procedure many times. IntuitivelyVΦ̂ is a function of the sample sizeN . LargerN leads to smaller

VΦ̂, and in turn, more accurate uncertainty representation in this sense.

Since the analytical form of the distribution is usually unknown (one of the reasons to use

sampling method), it is generally not feasible to decide the sample size analytically. Monte Carlo

simulation is a standard way to decide the sample size that fulfills certain accuracy requirement.

Given a specifiedvΦ̂, the following steps can be used to decide the sample size.

initialize σ, n

while σ > vΦ̂ {

increasen

for i=1:LARGE {

sample the distributionp(x) and computêΦi as in Equation 3.5

}

setσ as the variance of̂Φi, i = 1, ...LARGE

}

returnn

It is important to estimate the sample size as the first step in any sampling attempt. One can

usually find out for the distribution at hand and with the specified sampling method, (1) if it is re-

ally feasible for the sampling scheme to capture the distribution with affordable samples, (2) if it is

feasible, how many samples are needed to achieve a certain level of performance. In general, one

wants to reduce the sample size in order to reduce the computational cost. It has been mentioned

that sample size depends on both the underlying distribution and the effectiveness of the sampling

scheme. With an inappropriate sampling scheme, it may take unnecessarily large sample size to

achieve the same accuracy. It is especially true in the hypothesize-and-test sampling scheme. The

effectiveness of those sampling schemes largely depends on the quality of the proposing distribu-

tion. Poor proposing distribution may lead to intolerable sampling size. In a recent paper [31] KL

divergence has been proposed to measure the effectiveness of the proposing distribution and change

the sample size adaptively.
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In the context of high dimensional problems such as tracking and SFM, the sampling scheme is

even more important compared to low dimensional problem such as 2D robot localization. With an

inappropriate sampling scheme, the sample size can easily become intractable. We comment further

on that point in Section 3.7.

Another concern with high dimensional problems is how the sample size relates to the dimen-

sionality. It is actually not a concern due to an important property of Monte Carlo method: the

accuracy of a Monte Carlo estimate is not related to the dimensionality of the space to be sampled

from, but depends on the variance of the estimator instead [55].

In our case, it can be shown that with our direct-estimate sampling scheme (compared to the

hypothesize-and-test scheme) a small number of samples is sufficient to meet the accuracy require-

ment for the SFM uncertainty representation despite the high dimensionality of the sampling space.

Specifically, we choose the accuracy measurement to be the mean of the 2D reprojections of

all the SFM samples, since we are most interested in fusing the SFM predictions with the tracking

uncertainty on 2D. As is common practice [47] [54] [75], we evaluate the sample size from training

data. We first construct a typical environment that the robot is supposed to work within. We then

examine the tracking uncertainty for features at different distances. With the synthetic structure and

given noise level similar to those found in the training data, we determine the sample size required

for the sampled estimate to reach a pre-defined accuracy. By running the Monte Carlo algorithm

described above, we plot the relationship of the sample size with the variance of the 2D reprojections

of the SFM samples. The plot is shown in Figure 3.17. As predicted by the theory, the variance

decreases as the sample size increases. In practice, for each feature, we choose a threshold of 2

pixels for the varianceσ of the estimated mean reprojection from the sampled distribution. We

find that in the worst case (for the feature far away) it requires a sample size ofN = 200. For

close features, it requires much less. As indicated in Figure 3.17(b), only50 samples can ensure

the accuracy to be less than0.2 pixel. Figure 3.17 shows how the variances decrease with increased

sample size for both distant features (Figure 3.17(a)) and nearby features (Figure 3.17(b)). Why so

few samples? We believe that the small number of samples is due to the fact that the solution space

is highly correlated and that the SFM algorithm fully exploits this constraint.

3.7 Related Work

Recently various Monte Carlo methods have been introduced to the problem of SFM. We highlight

some of them which are most related to our work.

Realizing that finding correspondence is a key problem in SFM, [21] utilizes Monte Carlo EM

to find the best match of feature points in multiple frames. But the problem was substantially

simplified (although still a very hard problem) by pre-selecting all the feature points in the images
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Figure 3.17: Variance of the mean reprojection v.s. sample size

and the problem becomes to find the best association among them. Random association is proposed

and SFM has been used as a criteria to select the most appropriate ones. In our navigation problem

we have toautomaticallytrack the feature points through all the frames in case of occlusion and

non-smooth camera motion. The challenge here is how to deal with large local tracking error and

ambiguity and reduce its effect on the robustness of SFM results.

In [30], a MCMC method is proposed as a random search scheme to solve the factorization

based SFM problem. The goal of this work is quite similar to ours: to make the SFM more stable

against tracker errors. There are some key differences from our approach, however. First, in [30]

the correspondences are pre-computed and a batch method is taken to solve the SFM, therefore, the

tracking is completely separated from SFM, whereas in our case we take a sequential method and

the tracking and SFM are probabilistically integrated. The problem with batch method is that it has

to try out all the possibilities in order to detect tracking outliers or occlusion, which is an extremely

expensive process, as noted in [30]. Secondly, there is no explicit occlusion detection and prediction

in [30] therefore the tracking is not improved in any sense while our method results more accurate

correspondences and SFM by integrating information through time, as we will explain later.

In a more related work [68], a sequential Monte Carlo sampling method is proposed to solve for

SFM. As noted in previous section, it belongs to the hypothesize-and-test approach and relies on

prior knowledge of camera motion to generate sensible camera movement. Only when the proposing

distribution of camera motion closely mimics the true camera motion uncertainty, the importance

resampling scheme can succeed with tractable sample size. Unfortunately the critical problem of

sampling size is not addressed in [68]. According to the motion model used in [68], it seems

to difficult to deal with rough camera motion. Again, the correspondences are acquired with a
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separated tracking process and there is no explicit occlusion detection. Determining the sample size

without prior knowledge about the camera motion or with unexpected camera motion is a hard issue

for this approach.

The work in [21] [30] and [68] use MCMC sampling as a hypothesize-and-test search scheme to

find an optimal solution, while in our method, the sampling is used to directly recover the uncertainty

of both tracking and SFM, and based on these uncertainties we can improve the accuracy of both

tracking and SFM by integrating them probabilistically and perform occlusion detections, which is

the topic of the next chapter.



Chapter 4

Bayesian Filtering via Sampling

4.1 Introduction

In Chapter 2, we proposed the integrated tracking and SFM, illustrated as in Figure 2.2, reproduced

below.
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Figure 4.1: A graphical model for the proposed integrated tracking and SFM

Given this graphical model, particle filtering can be carried out as an inference problem, once

the following probabilities are defined.

{
p(xk|zk,xk−1)
p(zk|Ik,xk−1)

(4.1)

In Chapter 3 we already described the sampling method to generate the tracking uncertainty

p(zk|Ik) and the SFM uncertaintyp(xk|zk). To recap, we define them again here:

p(zk|Ik) is the tracking uncertainty. To be precise, it should take the formp(zk|T0,Tk), where

T0 andTk are the initial and current templates for all the features respectively. To simplify the

notation we useIk to substituteTk and omitT0 since it is constant. Assuming there is an affine

transformation betweenT0 andTk andzk is the translation of this affine transformation, the prob-

47
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ability p(zk|T0,Tk), or p(zk|Ik), can be related to a function of theSSD error. In Section 3.5.1 a

sampling method is presented to sample from this probability directly.

p(xk|zk) is the SFM uncertainty, which represents the uncertainty of reconstructions given the

uncertainty of feature locations. In most previous work, this uncertainty is assumed to be a Gaussian

distribution. In Section 3.5.2 a sampling method is proposed to capture the true uncertainty of SFM.

In this chapter, we need to address the following aspects of the filtering algorithm:

• Generate the two probabilities in Equation 4.1, given the sampled representation forp(zk|Ik)
andp(xk|zk), as explained in Section 4.2.

• provide a recursive algorithm to propagate the probabilities through time, as in Section 4.3;

• Detect occlusion, as in Section 4.4;

• Tolerate abrupt camera motion, as in Section 4.5.

4.2 Fusion: Two Important Probabilities

This section explains how to generate the two important probabilities defined in Equation 4.1:

p(zk|Ik,xk−1), the observation uncertainty, andp(xk|zk,xk−1), the estimation uncertainty. Both

probabilities have counterparts in a Kalman filter, except that in Kalman filter, they can be very effi-

ciently computed with Gaussian assumptions. Here we seek to compute them without the Gaussian

assumptions. To represent arbitrary distributions, sampled representations are used; to compute

these two probabilities we apply factored sampling method with reasonable assumptions, as ex-

plained in the following.

p(zk|Ik,xk−1) represents the fusion process which integrates current tracking uncertainty with

previous reconstruction and results in more accurate feature correspondences. To directly sample

this probability is difficult and we need the following assumptions to make it possible.

• All feature tracking uncertainties are conditionally independent given current templatesIk

and previous reconstructionxk−1.

It is a reasonable assumption since the uncertainty of feature tracking is caused by the in-

dependent imaging noise and property of the feature itself with its own surroundings. This

assumption allows sampling feature uncertainty one by one instead of sampling all features

together. Mathematically we have

p(zk|Ik,xk−1) =
∏

j=1...M

p(zj
k|Ik,xk−1)
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wherezj
k is theith feature location for timek. Now we can samplep(zj

k|Ik,xk−1) one by

one for all features and then simply concatenate them to form the sampled representation for

p(zk|Ik,xk−1). But the probabilityp(zj
k|Ik,xk−1) is still hard to sample from directly. We

need the following assumption to factor it into a product of two simpler probabilities so that

we can sample it with factored sampling method.

• Current templateIk and previous reconstructionxk−1 are conditional independent given cur-

rent feature locationzj
k. This leads to

p(zj
k|Ik,xk−1) ∝ p(Ik,xk−1|zj

k) (4.2)

∝ p(Ik|zj
k)p(xk−1|zj

k) (4.3)

∝ p(zj
k|Ik)p(zj

k|xk−1) (4.4)

wherep(zj
k|Ik) is the current tracking uncertainty which we already have a sampled repre-

sentation.p(zj
k|xk−1) is the prediction from previous reconstruction. This is computed by

assuming a constant speed model for the camera motion. Givenp(zj
k|Ik) andp(zj

k|xk−1),
p(zj

k|Ik,xk−1) can be computed by factored sampling, as in Section 4.3.3.

p(xk|zk,xk−1) represents the fusion of current reconstruction with previous reconstruction.

Similarly we need the following assumption to apply the factored sampling scheme.

• Current tracking uncertaintyzk and previous reconstructionxk−1 are conditional independent

given current reconstructionxk.

p(xk|zk,xk−1) ∝ p(zk,xk−1|xk) (4.5)

∝ p(zk|xk)p(xk−1|xk) (4.6)

∝ p(xk|zk)p(xk|xk−1) (4.7)

wherep(xk|zk) is the current SFM uncertainty which we already have a sampled represen-

tation.p(xk|xk−1) is the dynamics model, which in our setting is the static environment and

constant speed camera motion. Withp(xk|zk) andp(xk|xk−1) defined,p(xk|zk,xk−1) can

be sampled with factored sampling method, as in Section 4.3.3.
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4.3 Filtering on SFM

The following sample sets are defined to represent the important probabilities in the integrated

tracking and SFM respectively. Note that since they are all sampled directly from the underlying

distributions, they are all fair sample sets, i.e., every sample in the sample set has the same weight.

By directly sampling the unknown distributions we eliminate the usual difficulties with importance

sampling, such as sample impoverishment, low accuracy and large sample size, etc., as discussed in

Section 3.6.1.

Z ′ = (z′(1), . . . , z′(N)): the sampled representation forp(zk|Ik), which is the tracking uncer-

tainty measured from the imageIk directly;

Z ′′ = (z′′(1), . . . , z′′(N)): the sampled representation forp(zk|xk−1), which is the predicted

correspondence from previous SFM;

Zk = (zk(1), . . . , zk(N)): the sampled representation forp(zk|Ik,xk−1), which is the corre-

spondence uncertainty after fusing tracking and SFM;

X ′ = (x′(1), . . . ,x′(N)): sampled representation forp(xk|zk), which is the SFM uncertainty;

X ′′ = (x′′(1), . . . ,x′′(N)): sampled representation forp(xk|xk−1), which is the predicted struc-

ture according some motion assumption;

Xk = (xk(1), . . . ,xk(N)): the sampled representation forp(xk|zk,xk−1), which is the corre-

spondence uncertainty after fusing tracking and SFM;

As a slight abuse of notations, we typically drop the subscriptk for Z ′, Z ′′, X ′, X ′′. It should

be noticed that they are generated at every time framek and are not constant.

4.3.1 Uncertainty Propagation

The basic issue in uncertainty propagation is: given an uncertainty representation of the structure

and motionxk−1 at timek−1, and a new imageIk, compute the uncertainty on the new estimate of

structure and motion,p(xk|xk−1, Ik). A crucial aspect of the problem is that we need to explicitly

combine the uncertainty on tracking and the uncertainty on SFM reconstruction. This is in contrast

with most prior approaches in which the two sources of uncertainty are treated separately. The

problem is further complicated by the fact that features may become occluded.

We describe first the core uncertainty propagation algorithm. Practical implementation issues

and occlusion detection strategy are described in Sections 4.3.3 to Section 4.8.

4.3.2 Propagation Algorithm
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0. Initialization: M featuresz0 = z1
0 , . . . , z

M
0 are selected in a reference imageI0 and the

corresponding featuresz1 = z1
1 , . . . , z

M
1 are located in the second imageI1 using the SSD feature

tracker. A setZ1 of N samples is drawn using the algorithm of Section 3.5.1. For each sam-

ple z1(i), i = 1, . . . , N , the corresponding structure/motion pairx1(i) is computed. The sample

setX1 = (x1(1), . . . ,x1(N)) is the representation of the uncertainty in scene structure and robot

position at time1, p(x1|I1).

Step 1. At timek estimate tracker uncertaintyp(zk|Ik): A setZ ′ of samples of image locations

is generated by using the result of the feature tracker in imageIk as shown in Section 3.5.1.Z ′ is a

sampled representation ofp(zk|Ik).

Step 2. Propagate SFM uncertainty from timek − 1 to timek to getp(zk|xk−1): Let xk−1 be

the structure reconstructed at timek − 1. We assume that we have a sample setXk−1 representing

the uncertainty on structure and motion at timek − 1, p(xk−1|Ik−1). For each samplexk−1(i),

i = 1, . . . , N , the corresponding set of 3-D points is transformed to imageIk using a motion model

(a constant motion model in the simplest case), yielding a set of image locationsZ ′′. Z ′′ is a sampled

representation ofp(zk|xk−1). We explain how to generateZ ′′ from Xk−1 in the next section.

Step 3. Combine tracker and propagate SFM uncertaintyp(zk|xk−1, Ik) ∝ p(zk|xk−1)p(zk|Ik):
The sample setZ ′, representingp(zk|Ik), is resampled based on weights computed from the sample

setZ ′′, representingp(zk|xk−1). The resulting new sample setZ is a fair sample ofp(zk|xk−1, Ik).
The approach used for computing the weights and resampling - factored sampling - is described in

detail in Section 4.3.3.

Step 4. Compute new SFM uncertainty at timek, p(xk|xk−1, zk) ∝ p(xk|xk−1)p(xk|zk): For

each elementz(i), i = 1, . . . , N of Z, the corresponding structurex(i) is computed according to

the SFM algorithm described in Appendix A. The resulting setX ′ is a sampled representation of

the uncertaintyp(xk|zk). As in Step 2, the sample setXk−1 representing the reconstruction at time

k − 1 can be propagated to timek with a motion model (constant camera motion as an example).

The resulting setX ′′ represents the distributionp(xk|xk−1). GivenX ′ andX ′′ the sample setXk

can be obtained by factored sampling again, which is the sampled distribution for the reconstruction

at timek, p(xk|zk,xk−1). Details in Section 4.3.3.

It is shown in the Appendix B that this sampled representation forp(xk|zk,xk−1) converges to

the final uncertainty on reconstructionp(xk|Ik), whereIk represents all the images from time0 to

k, if the sample sizeN is made sufficiently large.
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4.3.3 Factored Sampling

In both Step 3and Step 4, we need to sample the following type of distributionsp(x|o1o2) ∝
p(x|o1)p(x|o2), where we already have sample sets forp(x|o1) andp(x|o2). This is a sensor fusion

problem, namely, we need to infer the posterior probability ofx given both observationso1 ando2,

while we have the posterior probabilities ofx given individual sensor sources.

In our case,p(x|o1) andp(x|o2) are arbitrary distributions represented by samples. The fusion

problem can be solved by factored sampling technique.

Factored sampling is first used by Grenander in [36] then made popular with the nameConden-

sationin [46]. The purpose is to generate sampled representation forp(x|o), which is too complex

to compute directly. With Bayesian rule,

p(x|o) = kp(o|x)p(x)

The factored sampling algorithm first generates a random set from the prior densityp(x) then

weights each sample with the conditional probabilityp(o|x). Then the resampled set has a distribu-

tion approximating the desired posteriorp(x|o).
Here we face a slightly different problem. We need a sampled representation forp(x|o1, o2),

given sampled representations forp(x|o1) andp(x|o2) individually. By assuming thato1 ando2 are

independent information sources,

p(x|o1, o2) = k′p(x|o1)p(x|o2)/p(x) (4.8)

∝ p(x|o1)p(x|o2) (4.9)

Similarly as in the factored sampling for posterior probability, we start with the sample set

for p(x|o1), for each samplexi, we compute a weightp(x = xi|o2) based on the sample set for

p(x|o2). According to the theorem on factored sampling [36], the resampled set approximates the

joint posterior distribution asymptotically. The weighting scheme can depend on the specific nature

of the distribution. In the following we explain how it can be applied tostep 3andstep 4.

step 3Fusing SSD Tracking with SFM

We now explain how to samplep(zk|xk−1, Ik), given sample setZ ′ for p(zk|Ik) and sample set

Z ′′ for p(zk|xk−1). Notice that sincezk contains all the feature correspondences, directly sampling

p(zk|xk−1, Ik) is difficult. However, since the uncertainty in each feature correspondence is in-

dependent of the other feature, we can first samplep(zn
k |xk−1, Ik) for thenth feature individually

and then simply combine them together to formp(zk|xk−1, Ik). Samplingp(zn
k |xk−1, Ik) is much
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easier, given the sample setZ ′n = (z′n(1), . . . , z
′n
(N)) for p(zn

k |Ik) andZ ′′n = (z′′n(1), . . . , z
′′n
(N)) for

p(zn
k |xk−1).

Again we havep(zn
k |xk−1, Ik) ∝ p(zn

k |xk−1)p(zn
k |Ik). The factored sampling takes the follow-

ing procedure:

For each samplez′n(i) ∈ Z ′n, i = 1, . . . , N , a weightπi is generated as

πi = p(zn
k = z′n(i)|xk−1)

Since the distributionp(zn
k |xk−1) is represented by sample setZ ′′n, we need to convert it into a

function. The standard way to convert a nonparametric density into a parametric density is through

kernel function. By introducing a kernel functionD(x) at each sample point, the weight can be

computed as

πi ∝
N∑

j=1

D(z′n(i) − z′′n(j))

Gaussian kernel function has been one popular choice. Here to simplify the computation, we

chooseD(r) to be a threshold function, instead of more complex (but smoother) functions like

Gaussian kernels. Specifically, the weights are computed as follows: for eachz′n(i), theith sample

of thenth feature in the sample setZ ′n, the weightπi is the number of sample points fromZ ′′n

that lie within a certain distance ofz′n(i). In practice, a distance of 2 pixels is used to compute the

weights.

Once the weights are computed, the sample setZ ′n is resampled by usingπi as the weight asso-

ciated with each sample point. It can be shown that this weighted resampling procedure generates

a fair sample setZn for p(zn
k |xk−1, Ik) - see [47] for a justification of factored sampling and for

details on the weighted resampling algorithms.

Z is constructed by concatenating all theZn and is the sampled representation forp(zk|xk−1, Ik).
The reason we can sample the features one by one instead of sampling them all together relies on

the assumption that the uncertainty of each feature location depends on the feature itself, not the

other features, which is reasonable.

It is important to note that this procedure makes no assumption on the distribution of samples.

In particular, the distribution is not required to be unimodal. Therefore, if there is ambiguity in the

tracking, e.g., two parts of the image are similar and closely spaced, the algorithm will preserve

both alternatives in the sample set until such time that they can be discriminated.
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step 4Propagate SFM uncertainty from time k − 1 to k

We next explain the sampling ofp(xk|xk−1, zk), given sample setX ′′ representingp(xk|xk−1) and

sample setZ for zk. There are different ways to complete the propagation.

Our method avoids the requirement of large sample size by solving the SFM directly, instead

of a guided random search for the importance sampling based approaches. In other words, the

samples forxk in our method are all computed with an SFM algorithm according to the geometric

constraints. An alternative view of the approach is as a constrained search in the solution space of

the SFM, which usually resides in a much lower dimension space. Therefore, a small number of

samples can capture the uncertainty in that space and satisfy the performance requirement.

Specifically, given sample setZ for correspondences, we solve SFM for each sample to get

sample setX ′ = (x′(1), . . . ,x′(N)) representingp(xk|zk). And then we fuseX ′ with X ′′ which

representsp(xk|xk−1). Similar to Section 4.3.3, we observe

p(xk|xk−1, zk) ∝ p(xk|xk−1)p(xk|zk)

For each samplex′(i) ∈ X ′, we need a weight proportional top(xk = x′(i)|xk−1). Again, the

probabilityp(xk|xk−1) is represented by sample setX ′′, and we define the probability to be:

p(xk = x′(i)|xk−1) = D(x′(i) − x′′∗)

wherex′′∗ 4= Argminx′′∈X′′ D(x′(i) − x′′)

Effectively the probabilityp(xk = x′(i)|xk−1) is measured by the similarity betweenx′(i) and

sample setxk−1. We use a weighting scheme which chooses the best match forx′(i) from sample

setX ′′ and uses the similarity between these two as the weight. Alternatively an average similarity

betweenx′(i) and every sample inX ′′ can be used as the weight.

One remaining issue is the scale factor. Since SFM algorithms can only recover the structure up

to a scale factor, we need to decide the scale factor for each time frame. Assuming a static scene

andxk = λxk−1, λ can be decided by minimizing the least square errore,

e = 1− xT
k xk−1xT

k−1xk−1

xT
k xk

and the solution is

λ =
xT

k xk−1

xT
k−1xk−1

Given sample setXk−1, the previous reconstruction, and sample setX ′, the current SFM result,
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the procedure to fuse these two sample set to getXk is listed as follows

for i=1:N {

for x′(i), find best matchxk−1,(b) in Xk−1 andλ

scalex′(i) with λ to getxk(i)

vi = m′
(i) ªmk−1,(b)

1

}

returnXk = (xk(1), . . . ,xk(N)) and(vi, i = 1, ..., N)

(vi, i = 1, ..., N) is used as current speed distribution.

With constant speed assumption, sample setXk−1 can be used for prediction at timek by simply

adding the current speed estimation(vi, i = 1, ..., N) ontomk−1,(i), i = 1, ..., N , the motion part

of the samplexk−1,(i), i = 1, ..., N .

4.4 Occlusion Handling

Occlusion is a real challenge for any tracking system. For a feature tracker, occlusion usually

means the end of the tracking and the start of a search process. For a pure appearance based tracker,

searching the occluded features can easily make mistakes. Many SFM algorithms discard those

occluded features, and only keep the visible features in the loop. Our system keeps track of all

the features, even when they are occluded, since the higher level navigation control is based on the

relative position of the robot to those feature positions being tracked. These requirements present

two critical technical problems: occlusion detection and tracking through occlusion.

When an occlusion does occur, the tracker would either(1) be unable to find any target within

a search region or(2) find another feature with similar appearance to the tracked feature. We want

to detect case(1) and avoid case(2). In reality, case(1) is relatively easy to detect by simply

thresholding the SSD error or correlation value. Avoiding case(2) is considerably harder if no

additional information is provided. In traditional JPDAF-type approaches [70], a gating method

is used, where the feature has to be within some distance of the predicted location. The actual

threshold for the distance is decided by the assumed Gaussian covariance in measurement noise

and system dynamics noise. As we argued in previous chapters, the covariance representation can

not fully capture the uncertainty in SFM algorithms, and therefore any gating method based on

covariance matrices can lead to errors.

1ª is used here to represent the subtraction operation defined in the motion vector space.
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Our sampling based method can capture the true uncertainty of SFM. We now explain how to

detect occlusion and guide the search process during the occlusion of the features.

Our SSD tracker can detect case(1) occlusion by thresholding the correlation value. The case

(2) occlusion can be detected only with structure information of the occluded feature. The principle

is to check the consistency between the tracker location from current frame and the SFM results

from previous frames. Case(2) occlusion are detected atStep 3of the algorithm, that is, during

the fusion of SSD tracking and SFM. Recall that in Section 4.3.3, for thenth feature we have the

sample setZ ′n = (z′n(1), . . . , z
′n
(N)) for p(zn

k |Ik) andZ ′′n = (z′′n(1), . . . , z
′′n
(N)) for p(zn

k |xk−1),
we then compute the weightπi for each samplez′n(i) ∈ Z ′n, i = 1, . . . , N . In our algorithm,πi

are the number of all the samples fromZ ′′n that fall within a 2-pixel neighborhood ofz′n(i). The

consistency ofZ ′n andZ ′′n can be measured by the sum of weightsC =
∑N

i=1 πi. If C < T then

the nth feature is declared as occluded.T is a threshold that is currently set atN/2. It is worth

noting that, in practice, the exact value ofT is not critical to the performance of the algorithm.

It is important for features that are occluded to be allowed to “re-appear” at a later time. To allow

this to happen, all the features currently occluded are examined afterStep 4for possible re-insertion

in the list of visible features. If featurej is flagged as occluded at timek − 1, then, at timek, it

is projected toIk using the estimate of the motionmk. The tracker searches around this predicted

location and a decision is made as to the visibility of the feature using the same consistency criteria

to decide if the feature is visible or not. In practice, we use a same thresholdT = N/2 to decide a

feature has “re-appeared” ifC > T whereC is the sum of weights as described above.

Figure 4.2 shows different situations in which occlusion occur. Figure 4.2(a) shows the samples

of tracking uncertainty and SFM predictions are consistent when there is no occlusion. Figure 4.2(b)

shows that they are no longer consistent if the target is occluded and tracker finds another similar

feature by mistake. This inconsistency is applied to detect the occlusion, which is hard to notice

if only appearance model is used. Figure 4.3 shows the effect of resampling. In some cases, such

as searching over enlarged area, the tracker may return multiple locations for the feature. This

ambiguity is reduced by fusing with the SFM predictions.

4.5 Handling Sudden Camera Motion

Sudden camera motion is another realistic challenge for SFM in visual navigation. Camera motion

is often assumed to be smooth for most sequential SFM algorithms. By sudden camera motion

we mean the cases when the actual camera motion is beyond the uncertainty model assumed for

the camera movement. Sudden camera motion is not unusual in a navigation practice when the

robot makes sharp turns or bumps into some small objects at high speed. How to handle it in a

principled way within a Kalman filtering framework is unclear. It also poses significant difficulty
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for Condensationtype sequential sampling based methods, since the samples generated according

to the assumed camera motion model will not lie in the vicinity of the true motion, which is the key

for this type of methods to succeed.

We show that the sudden camera motion is handled naturally within our sampling framework.

In presence of a sudden camera motion (usually caused by large rotation), most feature trackers will

report lost tracking due to the large displacement of the feature points. In turn, the search region

for each feature will be enlarged automatically in the hope of recovering the lost features. Given

the enlarged search region, the chance that the tracker finds some wrong locations also increases.

It is often the case that with enlarged search regions, the tracker can find several possible locations

as the potential matches for the lost feature points, which means the tracking uncertainty is multi-

modal. If the tracking uncertainty is modelled as Gaussian and in turn the SFM uncertainty is also

Gaussian, then one mis-tracked feature can corrupt the entire reconstruction. With the sampling

based uncertainty the tracker ambiguity is properly represented by all the samples, in other words,

both the correct and wrong correspondences are in the sample set. Our SFM sampling and fusion

process inStep 4ensures that only the SFM estimate from correct correspondences survive, since the

SFM estimate from wrong correspondences is unlikely to be consistent with previous SFM results.

4.6 Complete Algorithm with Disturbance Handling

We provide a complete algorithm for the integrated tracking and SFM. Note that it is the same as in

Section 4.3.2, except it includes handling of special cases of occlusion and large motion.

0. Initialization: M featuresz0 are selected in a reference imageI0 and the corresponding

featuresz1 are located inI1. The correspondence sample setZ1 is drawn fromz1 and the structure

sample setX1 is computed accordingly, representingp(x1|I1). ResetO, the binary indicator of

occlusion for each feature, assuming all features are visible for the first two frames. (Drop those

features with low correlation values if there is any.)

Step 1. At timek estimate tracker uncertaintyp(zk|Ik): Appearance based uncertainty, which is

represented by sample setZ ′, is drawn from the tracker result in imageIk. If the tracker does not find

a match forith feature, then the occlusion flagOi is set, and the corresponding field inZ ′ is empty.

Decide if the camera motion is smooth according to Section 4.5 and set the flagsuddenMotion

accordingly.

Step 2. Propagate SFM uncertainty from timek − 1 to timek to getp(zk|xk−1) : Propagate

the structure and motion sample setXk−1 to timek with constant motion model and then project

it to the image plane obtaining the prediction sample setZ ′′, which is a sampled representation of
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p(zk|xk−1).

Step 3. Combine tracker and propagated SFM uncertaintyp(zk|xk−1, Ik) ∝ p(zk|xk−1)p(zk|Ik):
Do the following loop

for each featurei

if suddenMotion

setZ = Z ′, bypassing the fusion with SFM.

else

if Oi is not set (visible)

check the consistency of sample setsZ ′i andZ ′′i

if consistent
the sample setZ ′, is resampled based onZ ′′. The resulting new sample setZ is a

fair sample ofp(zk|xk−1, Ik)
if not consistent

an occlusion is declared andOi is set

if Oi is set (occluded already)

check the fieldZ ′i

if empty (no match)

feature is still occluded, set the search region according toZ ′′i, which is the pre-

diction from SFM
if not empty (possible recovery)

check the consistency of sample setsZ ′i andZ ′′i

if consistent

a recovery is declared andOi is reset

if not consistent
feature is still occluded, set the search region according toZ ′′i,
which is the prediction from SFM

end

Step 4. Compute new SFM uncertainty at timek p(xk|xk−1, zk) ∝ p(xk|xk−1)p(xk|zk): For

each samplei in Z, the corresponding structurex(i) is computed. The resulting sample setX ′

is a sampled representation of the uncertaintyp(xk|zk). Same as inStep 2, the sample setXk−1

representing the reconstruction at timek − 1 can be propagated to timek with a motion model

(constant motion as an example). The resulting setX ′′ represents the distributionp(xk|xk−1).
GivenX ′ andX ′′ the sample setXk can be obtained by factored sampling, which is the sampled

distribution for the reconstruction at timek, p(xk|zk,xk−1).
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4.7 Discussions

In previous sections, we discuss how the occlusions and large camera motion are handled. As the

way presented here, they fall outside of the probabilistic framework. They are treated as "outlier"

cases which our algorithm can detect and handle correctly. There are two thresholds we use to detect

feature occlusion and large camera motion respectively.

• We useN/2 (N is the number of samples) as a threshold to detect occlusion for one feature.

If the overlap of the SFM prediction and the current tracking is less thanN/2, an occlusion is

declared. CertainlyN/2 is not a hard threshold and other numbers can be used too, depending

on how conservative the algorithm needs to be. As discussed before, the occlusion detection is

particularly difficult, if the original target is occluded while the tracker finds another similar

target nearby. In this case, the SFM prediction is unlikely to overlap with the tracking at

all, therefore any number reasonably large can be used. The larger the threshold, the more

conservative the algorithm is.

• We useM/2 (M is the number of features) as a threshold to detect large camera motion. If

most of the features are found to have inconsistent SFM predictions with current tracking,

then a large camera motion is declared. Again,M/2 is not a hard threshold. A more conser-

vative algorithm may require less inconsistent features to declare a large camera motion.

It is possible to include both the occlusion and large camera motion into the probabilistic frame-

work. In order to do that, we need to define a prior probability for both occlusion and large camera

motion and then convert the inconsistency measurements into probabilistic functions.

4.8 Sample Impoverishment

Sample impoverishment is a concern for any approach using samples to represent uncertainty [14].

This occurs when the sample size is not large enough to represent the uncertainty in the system. It

is especially a concern if the sample set is generated from a re-sampling process such as inCon-

densation, since it is likely that several good samples will receive most of the weights and they will

have many duplicates in the sample set. Sample impoverishment is usually alleviated by introducing

artificial system noise, so that the samples are slightly perturbed and they are at least not the same.

In fact this injected system noise can not eliminate the sample impoverishment phenomenon since

most of the samples are still clustered around the few good candidates. Furthermore, the amount of

noise to inject is always an issue.

However, sample impoverishment isnota problem for our method. There are two reasons.
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(1) As explained in Section 2.2.5, the way that we perform SFM to estimate the system state

directly guarantees that the samples representing the state uncertainty is the most effective according

to the KL divergence criteria [31].

(2) Another key difference between our sampling based approach and the conventional particle

filtering approaches is that we generate samples fromp(xk | zk) at every time step, which means

we effectively generate new samples for state variables at each time. In contrast, the usual particle

filters only recursively resample from current sample set thus no new samples are generated.

Based on these two factors, the chance of sample impoverishment in our system is minimized.

Sample impoverishment only happens when the SFM result is very uncertain and cannot be cap-

tured by the usual amount of samples. A possible scenario is that there is too much ambiguity

in the correspondence. For example, if every feature has a multi-modal distribution, the resulting

SFM solution space will be too large to be captured by limited sample size. But most scenes in

real life contain enough distinguishable features so that the ego-motion and scene structure can be

interpreted.
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Figure 4.2: (a) no occlusion: two sample sets are consistent (b) occlusion case(2): two sample sets
are inconsistent
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Figure 4.3: (a) two sample sets before resampling (b) resampled sample set combining information
from both tracker and SFM



Chapter 5

Extensions to Planar Patches

5.1 Introduction

Planar scenes are ubiquitous in man-made environments. In addition, many scenes can be ap-

proximated by planar scenes if viewed from a distance. In this chapter, we study the problem of

planar-patches based structure from motion (PSFM) with a fixed calibrated camera. The structure

reconstructed from PSFM can be included into the framework we propose in Chapter 2.

5.2 Previous work on PSFM

The perspective projections of a plane in different views are related by homography transformations.

Formally, given the projection matrices for two views,P1 = K1[I|0], P2 = K2[R|t], whereK1 and

K2 are calibration matrices, the homography induced by a plane defined bynT X + d = 0, d 6= 0
can be computed as Equation 5.1.

H = K2(R− tnT /d)K−1
1 (5.1)

Given the homography induced by a plane and known camera calibration matrices, the camera

motion (R, t) and plane structure(n, d) can be recovered up to a scale. An algorithm is given in

[28] for structure from motion in a piecewise planar environment with a calibrated camera. It is

solvable by counting the number of variables: there are10 unknowns with9 degrees of freedom (t

is up to a scale) and we have a total of 9 constraints.

If we have more than one plane in the scene, the fundamental matrix can be estimated from

homographies associated with two or multiple planes as in [53], but the authors also report that the

technique is not very stable. With more than one plane, the camera can be calibrated. In [93] a

63
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linear algorithm was presented to recover focal length, camera motion and planar structure from

two or more homographies. In [83] various methods to perform plane based SFM with points on

planes are studied, and as a result the authors advocate using hallucinated points on planes instead

of using homographies directly. In most of the previous work, bundle adjustment is applied to the

feature points on the planar patches as the final refinement step. It is worth noting that some recent

work has been done on enforcing the planarity constraint within the bundle adjustment framework

[3].

Most of the previous approaches on plane based SFM are feature based approaches, i.e., they

require correspondences of feature points first and then minimize the distance between those cor-

respondences. It is accurate given good feature correspondences. See [88] for a discussion of this

class of approaches.

Another class of approaches use the intensity of the image pixels directly, and is often referred

to as a direct method in the literature. This class of techniques often introduce a parametric trans-

formation over regions or all pixels on two or more images and then recover those camera motion or

scene structure parameters by minimizing an objective function based on image intensities, there-

fore naturally bypassing the difficulty of finding correspondences. See [44] for more discussion

on direct methods. For the problem of PSFM, we claim that the direct method behaves better in

presence of noise.

5.3 PSFM: Direct Method

5.3.1 Problem Statement

We are interested in recovering the structure of a piecewise planar scene along with camera motion

from multiple images. Suppose the planar scene is composed ofN independent planar patches,

each of which can be parameterized by the surface normalni asnT
i X = 1. And mj is the camera

motion atjth frame with respect to the first frame. Given image regionsMij corresponding to the

projection ofjth patch on theith frame, the planar sceneni, i = 1...N and motionmj , j = 1...K

can be obtained by minimizing the following objective function

C1(p) =
K∑

j=1

N∑

i=1

(Ti − P(Mij ;p))2 (5.2)

wherep contains all the motion and structure parameters(ni,mj , i = 1...N, j = 1...K).

Ti
4
= Mi0 is theith patch template on the first image, andP is a transformation betweenMij and

Ti, which is well-known to be a homography and depends onp.

Equation (5.2) provides a general form for PSFM from multiple views by minimizing the image
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measurement directly. However, it is a nonlinear optimization problem in high dimension. Solving

it directly with nonlinear optimization method is at least expensive if not impossible. Therefore

instead of a batch method, we choose to use a sequential method. Namely, we compute the recon-

struction for two frame pair first, and then integrate them through the time domain with probabilistic

filtering method to achieve optimal result. In Section 5.4 we detail the explanation for the two view

case.

In a much related work [94], an elegant direct method was presented to recover planar motion

from multiple frames. But since their goal was to perform plane alignment, only the 2D motion

parameters are recovered while the planar structure and camera motion are not explicitly recovered.

Furthermore, although the subspace method has the advantage of using multiple images simulta-

neously, it has to assume small motion throughout the sequence while our PSFM do not have this

assumption.

This work is based on recent development on image alignment algorithms. A nice survey can be

found in [2]. In [38, 74, 2] efficient algorithms were developed to align image regions with certain

parametric deformations, notably the homography and affine models. We show in this paper that

with a typical parameterization for multiple planar scene and camera motion, those algorithms can

be further extended to recover the planar structure and motion efficiently, by minimizing the SSD

error across multiple images regions simultaneously.

5.4 PSFM: Two Frames

Using the notations in Sect. 5.3, the objective function for the two-view case becomes

C2(p) =
N∑

i=1

∑
x

(Ti(x)−Mi(W(x;p))2 (5.3)

wherep = [n1; ...;nN ;m]. Again, ni is the scaled normal of theith patch, which satisfies

nT
i X = 1 for all points on that plane. Note that this parameterization excludes all the planes

intersecting the principal point of the reference view (therefore, invisible in reference view).m is

the motion between the two views.W represents the homography warping function between two

image coordinates, and it depends onp.

Obviously, it is still a difficult optimization task in high dimension. To make it practical, we

need a reasonable initialization and an efficient optimization algorithm. In practice we first track

each planar patch with a SSD based homography tracker. Once we have the initial homography

estimationHi for each patch, the initial estimatep0 can be solved with a linear algorithm and used

as the initialization to the nonlinear step in minimizing (5.3). In Section 5.4.1 we describe the linear
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method to recoverp0 given a set of homographiesHi. In Sect. 5.4.2 a gradient descent algorithm is

presented to recoverp based on (5.3).

5.4.1 Initializing the PSFM

Initial values of the homographiesHi are obtained by tracking each patch individually [38, 74, 2].

Given the homographyHi, i = 1, .., N the rotationR and translationt and the plane parametersni

such thatHi = R + tnT
i are recovered using a direct method. FirstR andt are recovered from

the sum of the homographiesHi using a method similar to the one described in [28]. This step also

generates an estimate for the sum of the planesni, Sn. Finally, the individual planesni are recovered

linearly by finding the planesni such thatSn =
∑

ni andHi = R + t ∗nT
i for all i. Although this

method provides only an approximation toR, t, andni, it is sufficient to initiate the minimization

below and it is a simple direct method computed directly from the homographies. Our experiments

show that the reprojected homographies always closely match the original homographies from the

tracking algorithm, which is critical for the nonlinear optimization step.

5.4.2 PSFM: Nonlinear Optimization

The parameterization for the nonlinear PSFM step is as follows: The rotation is represented by

Euler angles(α, β, γ). Since the translation can only be recovered up to a scale, it is represented by

a unit direction vector which can be parameterized by two additional angles(θ, φ). Therefore,p is

parameterized as[n1; ...;nN ; α, β, γ; θ, φ].

As a baseline method for nonlinear least square problem, we tested the PSFM using the Levenberg-

Marquard method. Generally speaking, Levenberg-Marquard is a better optimization method, but

in the case of PSFM, it is more complicated to implement and much less efficient computation-

ally. Targeted for real-time applications, also as a natural extension to the existing image alignment

algorithms, we derive a gradient descent algorithm which achieves comparable results while com-

putationally efficient. We now describe the gradient descent iteration. Assuming we have an initial

estimatep0, the update∆p can be found by minimizing the following metric:

C(∆p) =
N∑

i=1

∑
x

(Ti(x)−Mi(W(x;p + ∆p)))2 (5.4)

A first order Taylor expansion toC(∆p) gives:

N∑

i=1

∑
x

(ei(x) +∇Mi
∂W
∂p

∆p)2 (5.5)
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whereei(x) = Mi(W(x;p))−Ti(x). DefineAi = ∇Mi
∂W
∂p , the least square solution to (5.5)

is

∆p = −(
N∑

i=1

AT
i Ai)−1

N∑

i=1

AT
i ei (5.6)

Of course, one can choose to compute∂W
∂p directly, but then the Jacobian matrix becomes

quite involved. Alternatively, the computation can be simplified by using the chain rule,Ai =
∇Mi

∂W
∂h

∂h
∂p . If H is the current homography matrix in functionW, thenh is the vector containing

all the elements in matrixh, whereH = I + h. It has been shown repeatedly in the literature that

∂W
∂h

=

[
x y 1 0 0 0 −x2 −xy −x

0 0 0 x y 1 −xy −y2 −y

]
(5.7)

where(x, y) is the image coordinate. Additionally,∂h
∂p can be evaluated according toH =

K1(R + t ∗ nT )K−1
2 , whereK1,2 are known calibration matrices in our case.

According to a recent survey on image alignment algorithms [2], the above algorithm falls

into the category of the additive alignment algorithm. It is a less efficient algorithm since at each

iteration, the image Jacobian and Hessian matrices have to recomputed. Following the terminology

of [2], a more efficient algorithm is called compositional image alignment. Instead of updating

p additively asp = p + δp, a compositional update usesW(x;p) = W(x;p)W(x; δp). By

updatingp compositionally, the Jacobian and Hessian are only evaluated once at the beginning.

It requires that the warping function forms a semi-group, that is,W(x;p)W(x; δp) is always a

valid warp function which can parameterized asW(x;p), see [2] for details. Unfortunately this

requirement can not be satisfied for multiple PSFM problem with our parameterization.

All we need to show is that(R0 + t0nT
0 ) ∗ (δR+ δtδnT ) can not be represented byR1 + t1nT

1 ,

whereR1 andt1 are independent ofn0 andδn. Expanding(R0 + t0nT
0 ) ∗ (δR + δtδnT ) leads to

R0δR + A, whereA = t0nT
0 δR + t0nT

0 δtδnT + R0δtδn′. ThenR1 has to be equal toR0δR, but

it is impossible to decomposeA ast1nT
1 , becauseA is of rank 2 in general.

Although the parameterization is only an approximation, our experiments show that the com-

positional algorithm still achieves comparable results with the additive algorithm, in terms of both

SSD error and 3D reconstructions. Therefore it still can be used in situations when computing cycle

is most critical.
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5.5 Examples

To demonstrate the usefulness of the algorithm we ran it over sequences taken from a robot equipped

with an omnidirectional camera moving through an urban environment. The omnidirectional camera

is calibrated and then the image is warped onto eight concentric virtual perspective cameras. The

user selects several textured planar patches and the homography tracking is performed for each

patch individually. Then the estimated homographies are fed into the linear algorithm described in

Sect. 5.4.1. Using the result from the linear algorithm as an initial value, the nonlinear optimization

is carried out to achieve the final estimation based on minimizing the total SSD error. To make a

comparison with the proposed gradient descent algorithm, we also show the minimization result

with a standard Levenberg-Marquard method. Ideally the larger the planar patch in the image, the

better. Limited by the resolution of the omnidirectional camera, a typical patch window in the image

is 50× 50. We show two sets of results in the following.

Figure 5.1 shows the tracking result for four planar patches selected from the scene. They are

all windows on the surrounding buildings. The tracker estimates the corresponding homography

transformation for each patch.

The homographies estimated from the tracker are used by the linear algorithm to generate the

initial estimation. Figure 5.2 shows the PSFM result obtained from the linear algorithm. It can be

seen that the positions of all the patches are qualitatively correct, but the patches are deformed. The

top view shows that all the patches close to vertical as they should be.

Figure 5.3 shows the PSFM result obtained by minimizing (5.4) with the Levenberg-Marquard

method. Judging from observation, we find that the patches are less deformed and the shape and

position are closer to the true structure. For example, the patch in the front is much larger than

the others, and the reconstruction reflects that. And the top view shows that again all the planes

are close to be vertical and the parallel planes are preserved as parallel Figure 5.4 shows the PSFM

result achieved by the gradient descent method. It is at least comparable with the LM method.

It is worth noting that the nonlinear optimization seems to always find a good reconstructions

even when the initial reconstructions given by the linear algorithm are off substantially. Figure 5.5

shows one such example. Note that even the 3D reconstructions are largely wrong, the resulting

homographies still match the ones estimated from tracking, therefore it is still a legitimate starting

point to minimize the SSD error. This example also shows the instability of SFM from homogra-

phies directly.

Figure 5.6 illustrates the SSD errors versus the iteration cycles for the three methods used in

our experiment: the Levenberg-Marquard, the additive gradient descent and compositional gradient

descent. They all start from the same initialization from the linear algorithm. As can be seen, the

nonlinear optimization brings the total SSD error down by substantial amount. It also suggests that
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(a) (b)

(c) (d)

Figure 5.1: (a) four selected planar patches (b, c, d) homography tracking at three intermediate
frames

all the nonlinear optimization methods are comparable, but the gradient descent algorithms are more

computationally efficient.

5.6 Discussion

As stated earlier, according to [94] it is possible to recover the planar structure and motion with

factorization based method. It has the advantage of using multiple frames simultaneously, but it

assumes small motion and, as a linear method, the planarity constraints are only enforced by rank

constraints. With the nonlinear optimization PSFM, there is no assumption on small motion and the

planarity constraints are enforced by parameterization, therefore, it leads to a more accurate result,

which in fact is the maximum likelihood estimation.

The results we show in this paper are based on omnidirectional camera. A potential advantage

is that it sees all the scene structure around it, therefore we can select planar structures that can not

usually be seen in a conventional camera. The influence of the spatial distribution of the planar

scene to the stability of the algorithm is still under investigation
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Figure 5.2: (a) linear reconstruction (b) top view

5.7 Conclusions

We have presented an efficient algorithm to recover planar scenes and camera motions. Unlike most

previous work, it does not require feature correspondences. The user only need to select several pla-

nar patches in the scene to start with, and the system can automatically track the planar patches and

recover the planar structure and motion. Since this method relies on image measurement directly,

it appears to be more reliable than previous methods which make explicit use of the homographies.

Our experiments on real images further confirm this. In practice, by minimizing the SSD error, the

algorithm finds reasonable reconstructions even when the initialization from the linear algorithm

are far off the ground truth.

5.8 Integration with the Probabilistic Framework

The ultimate goal of a probabilistic framework is to integrate information and to have more reliable

results.

In previous chapters, we describe a probabilistic approach to point based tracking and SFM.

The thrust is to capture the uncertainty of tracking and SFM with the sampling method and integrate

information through time with a probabilistic framework. Similarly this approach can be applied to

PSFM. We would need the following items to make a probabilistic PSFM algorithm possible.

• We need to characterize the uncertainty of the homography for each patch. Since a homog-
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Figure 5.3: (a) reconstruction with Levenberg-Marquard (b) top view

raphy generally has8 dimensions, it is not a trivial task. One possible way to capture the

uncertainty is to use importance sampling. Namely samples are first generated around the

homography returned by the tracking, then each sample is weighted by theSSD value. A

fair sample set can be produced by resampling the weighted sample set. The resulting sample

set represents the uncertainty the homography returned by the tracker.

• Given the sample sets for all the homographies, we solve the PSFM many times. The PSFM

results form the sample set representing the uncertainty of current PSFM.

• Similar to the point feature case, the recovered planar structure and camera motion can be

integrated through time.

To apply the probabilistic framework to the PSFM is much more expensive than the point case

mainly because the planar scene has a much higher dimension space than point scenes. One can

possibly combine these two to reduce the computation cost. For example, if the camera motion can

be estimated from point features SFM, then the homography for each planar patch has a dimension

of 8 − 5 = 3. The sampling space is dramatically reduced when sampling the uncertainty of the

homographies. But a sampling based PSFM remains a very expensive problem.



72 CHAPTER 5. EXTENSIONS TO PLANAR PATCHES

Figure 5.4: (a) reconstruction with gradient descent (b) top view

Figure 5.5: a bad reconstruction from the linear algorithm
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Figure 5.6: SSD error of three algorithms used in experiments
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Chapter 6

Applications

6.1 Introduction

In this section, we show experimental results on two types of sequences: (1) omnidirectional im-

age sequences captured on an omnidirectional camera mounted on a mobile robot and (2) image

sequences captured with a hand-held camera. Most of the sequences are collected in outdoor urban

environments. We want to demonstrate the following results:

(1) robust tracking and SFM for both omnidirectional camera and conventional camera. We

show our integrated tracking and SFM algorithm can robustly track multiple features in the scene

and perform SFM simultaneously.

(2) our probabilistic filtering scheme does propagate the uncertainty in both tracking and SFM

through time. We show the uncertainty of the reconstruction largely decreases with time due to the

increased baseline. However the uncertainty could increase if the current image contains degen-

erate situations. This is different from the Kalman filter case, in which the uncertainty decreases

monotonically.

(3) with the reconstruction from SFM, the tracker is able to detect occlusion without tracking to

wrong targets. We demonstrate that the tracker can track the target even the actual target is occluded.

With the reconstruction the tracker consistently predicts the location of the occluded targets for very

long duration of time and captures it once it appears again.

(4) sudden camera motion is naturally handled within the filtering scheme. In case of sudden

camera motion, the uncertainty of tracking increases, which means the correspondence set is likely

to contain more false matches. As explained earlier, by filtering with previous reconstruction, the

false matches are pruned away naturally. The only special treatment for sudden camera motion

is to detect it. Once the current image is detected as a sudden camera motion case, the tracking

uncertainty is not fused with the SFM prediction, instead, it is used for current SFM directly. The

75
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rest of the procedure is the same.

For most of the results, the green rectangles indicate the search region during normal tracking

cycles. Red rectangles indicate the search region during recovery from occlusion or abrupt camera

motion. The search region during recovery is usually larger than the search region during normal

tracking cycle. A yellow rectangle indicates that the target is being tracked normally. If the yellow

rectangle is not displayed, the tracker is during a recovery process. The red dots are sample pre-

diction from the SFM. The hand-held camcorder we use to collect data is Sony DC-TRV20. The

intrinsic parameters are calibrated with the Intel OpenCV library.

6.2 Robust Tracking and SFM

We show robust tracking and SFM results for several sequences. These sequences include one

omnidirectional image sequence and five conventional camera image sequences collected with a

hand-held camera. Only snapshots of the resulting sequences are displayed. For results on omni-

directional camera, the images contain eight perspective views unwarped from the original omnidi-

rectional image and the feature tracking is performed on those virtual perspective images.

Since most of the image data we use here are taken around the campus of the Carnegie Mellon

University, we enclose a campus map here and highlight the locations where the data collection was

done.

(a) campus map (b) data collection pathes

Figure 6.1: The CMU campus map with data collection sites marked
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6.2.1 Omnidirectional Sequence: Smith Hall 1 (SH1)

This sequence is collected with an omnidirectional camera mounted on a Pioneer AT mobile robot

at the west end of the parking lot between the Smith Hall and Hamburg Hall of Carnegie Mellon

University. The robot drives for about 10 meters and makes a point turn. The selected goal (a

door) is about 40 meters away, marked with a dotted circle in frame1. We manually occlude the

target with photo editing at some frames. The scene is interesting in that there are several doors

similar to the one selected, and we want to demonstrate that with the SFM predictions, the tracker is

able to find the original one, instead of being confused by the others, despite large camera motion.

Figure 6.2 shows several output images from the whole sequence.

11 features are initialized in frame1. The target selected for the robot to drive is a door far away

(about40 meters), and is circled with dotted line. From frame3, SFM starts to predict the target

locations. In frame11, 15 the robot starts to rotate and the robust tracking and SFM follows it well.

In frame17 the target is artificially occluded and the occlusion is detected. (Note there is no yellow

rectangle inside the search box) In frame19, 21, 23, the robot continues to rotate and the search

region is set according to the prediction from SFM and it follows the occluded target consistently.

The target appears again in frame24, and the tracker is able to capture the original target despite the

similar targets nearby.

6.2.2 Omnidirectional Sequence: Smith Hall 2 (SH2)

This sequence is collected with an omnidirectional camera mounted on a Pioneer AT mobile robot

at the east end of the parking lot between the Smith Hall and Hamburg Hall of Carnegie Mellon

University. The robot drives for about 25 meters and the selected goal is about 40 meters away. The

scenario is that the robot first makes a left turn during which the goal is occluded. Then it makes a

right turn and the goal appears in the image again. The actual distance driven with the goal occluded

is about 15 meters. Figure 6.3 shows several output images from the whole sequence.

In frame1, 12 features are initialized. The target selected for the robot to drive is a door far

away (about40 meters), and is circled with dotted line. Frame10, 25 show the usual multiple

feature tracking with template matching method. The SFM is also performed during the initial

driving period, but it is not used for prediction until some criteria about the reconstruction is met.

In the example shown here, the SFM prediction begins when the average reprojection error is less

one pixel. After driving for a certain distance, this criteria is met and the SFM prediction starts (the

red dots indicate the SFM prediction), as in frame26. Frame35, 40, 70 are integrated tracking and

SFM. The robot makes a left turn and the tracking and SFM prediction match very well. In frame

80, the distant goal is occluded by the building in front. The occlusion is detected and a search is

performed in an enlarged region indicated by the red rectangle. In frame125, 200, 301, the robot
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(a) Frame 1

(b) Frame 3

Figure 6.2: Tracking results for omnidirectional sequence SH1
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(c) Frame 11

(d) Frame 15

Figure 6.2: Tracking results for omnidirectional sequence SH1
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(e) Frame 17

(f) Frame 19

Figure 6.2: Tracking results for omnidirectional sequence SH1
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(g) Frame 21

(h) Frame 23

Figure 6.2: Tracking results for omnidirectional sequence SH1
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(i) Frame 24

(j) Frame 25

Figure 6.2: Tracking results for omnidirectional sequence SH1
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(a) Frame 1

(b) Frame 10

Figure 6.3: Tracking results for omnidirectional sequence SH2
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(c) Frame 25

(d) Frame 26

Figure 6.3: Tracking results for omnidirectional sequence SH2
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(e) Frame 35

(f) Frame 40

Figure 6.3: Tracking results for omnidirectional sequence SH2
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(g) Frame 70

(h) Frame 80

Figure 6.3: Tracking results for omnidirectional sequence SH2
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(i) Frame 125

(j) Frame 200

Figure 6.3: Tracking results for omnidirectional sequence SH2
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(k) Frame 301

(l) Frame 305

Figure 6.3: Tracking results for omnidirectional sequence SH2
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(m) Frame 340

Figure 6.3: Tracking results for omnidirectional sequence SH2
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keeps driving forward and turns right. Even when the goal is still occluded, the SFM predictions

can consistently predict the location of the goal and guide the tracker to search for it. Note that the

amount of driving with the goal occluded is about 15 meters, which is a fairly long distance and the

location of the goal moves substantially in the image plane. At frame305, the goal appears again in

the image, and the tracker is able to recapture it with the guidance from the SFM.

6.2.3 Hand-Held Camera Sequence: Hamburg Hall (HH)

This sequence was collected with a hand-held camera at the parking area between the Smith Hall and

Newell-Simon Hall, facing Hamburg Hall. The camera was pointing in the direction of Hamburg

Hall while moving forward about 10 meters. The entrance of Hall is selected as the goal and it

is about40 meters away from my initial position. The path is made curvy so that the entrance is

occluded for most of the sequence. We show that our integrated tracking and SFM is able to track it

consistently. Figure 6.4 shows several output images from the whole sequence.

In frame1, 14 features are initialized. The target selected is the entrance to Hamburg Hall

approximately40 meters away. Frame50 shows the usual integrated tracking and SFM. After

moving about5 meters, the goal is occluded, as shown in frame100. Frame150, 200, 250, 300, 350
show the tracking through the occlusion. In frame403, 409, the occluded targets appear in the

image again, with the SFM prediction, the tracker is able to recover them accurately. Notice that

the occluded features have far away from their original locations. Without the SFM prediction, the

tracker has to search over a large region and may fail to recover the original targets.

6.2.4 Hand-Held Camera Sequence: Newell-Simon Hall (NSH)

This sequence is collected with a hand-held camera at the parking area between the Smith Hall

and Newell-Simon Hall, facing Newell-Simon Hall moving laterally for15 meters with the camera

pointing to the direction of Newell-Simon Hall. The entrance of Newell-Simon Hall is the main

goal and it is about40 meters away from my initial position. The parked automobiles serve as

obstructing objects and occlude the goal for an extended period of time. We show our integrated

tracking and SFM is able to track the main entrance consistently. Figure 6.5 shows several output

images from the whole sequence.

In frame1, 12 features are initialized. The goal is selected at the entrance to Newell-Simon Hall

approximately40 meters away. Frame10, 40, 60 show the usual integrated tracking and SFM. After

moving about5 meters, the goal is occluded by the truck, as shown in frame70. The occlusion is

detected and a search over larger region is started. Frame90, 120, 160, 190, 230, 260, 280 show the

tracking through the occlusion. Due to abrupt camera motion, image quality or going out of the field

of view, some features are lost during the tracking, but they are often recovered promptly. Frame
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(a) Frame 1

(b) Frame 50

Figure 6.4: Tracking results for hand-held sequence HH
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(c) Frame 100

(d) Frame 150

Figure 6.4: Tracking results for hand-held sequence HH
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(e) Frame 200

(f) Frame 250

Figure 6.4: Tracking results for hand-held sequence of HH
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(g) Frame 300

(h) Frame 350

Figure 6.4: Tracking results for hand-held sequence HH
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(i) Frame 403

(j) Frame 409

Figure 6.4: Tracking results for hand-held sequence HH
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(a) Frame 1

(b) Frame 10

Figure 6.5: Tracking results for hand-held sequence NSH
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(c) Frame 40

(d) Frame 60

Figure 6.5: Tracking results for hand-held sequence NSH
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(e) Frame 70

(f) Frame 90

Figure 6.5: Tracking results for hand-held sequence NSH



6.2. ROBUST TRACKING AND SFM 99

(g) Frame 120

(h) Frame 160

Figure 6.5: Tracking results for hand-held sequence NSH
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(i) Frame 190

(j) Frame 230

Figure 6.5: Tracking results for hand-held sequence NSH
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(k) Frame 260

(l) Frame 280

Figure 6.5: Tracking results for hand-held sequence NSH
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(m) Frame 290

Figure 6.5: Tracking results for hand-held sequence of NSH
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290 shows the target is reacquired once it appears again in the image.

6.2.5 Hand-Held Camera Sequence: Purnell Center for the Arts (PCA)

This sequence is collected with a hand-held camera at the parking area behind the Purnell Center

for Arts. The idea is to show various occlusion and scale change during the tracking.

In frame30, 11 features are shown being tracked with the SFM predictions. Frame70, 90 show

the usual integrated tracking and SFM. Note that the light is about to occlude another feature at the

background. Frame100 shows the corner of the window is occluded by the light. The occlusion is

detected and the SFM prediction locks at the correct location. At frame120, another feature, the

front of a parked van, is occluded by the sign. Again, both occlusions are detected and predicted by

the SFM predictions. At frame140, the feature on the parked van is recovered, while the window

corner is still occluded by the light. In frame160 the van is occluded again, while the window

corner is about to appear again. In frame170, the window corner appears again, and it is captured

by the tracker. Due to the large parallax, the closest feature (on the sign) is lost and the van is still

being occluded. The uncertainty of the prediction increases, resulting the samples spread over a

relatively large region. In frame180, the feature on the sign is captured, and the uncertainty of the

prediction decreases, that is, they are concentrated at the right locations. Frame200 shows the usual

integrated tracking and SFM. The feature on the van is outside the field of view and is predicted by

the SFM samples. This sequence is interesting because that due the special camera trajectory, the

occluded feature appears from the same side of the occluding target. This is not easy to deal with if

a Condensation type approach is taken. Since Condensation type approach needs the dynamics of

the target. Once the target is occluded, its dynamics is no longer observable, and therefore is usually

assumed to the same speed before it gets occluded. Under this assumed dynamics, the hypotheses

will expect the target to appear from the other of the occluding target, which never happens in

this example. By keeping SFM in the loop, our method is quite flexible dealing with all kinds of

occlusions, and the occluded target is always being predicted quite accurately according to its 3D

locations.

6.2.6 Hand-Held Camera Sequence: Garage Entrance at Beeler Street

This sequence is collected with a hand-held camera on the Beeler Street walking toward the Carnegie

Mellon University west campus garage. The garage is about35 meters away, with traffic on the road.

The purpose of the sequence again, is to show the robustness of the integrated tracking and SFM

algorithm. Figure 6.7 shows snapshots from the whole sequence.

In frame30, 13 features are shown being tracked with the SFM predictions. Frame70, 110, 160
show the usual integrated tracking and SFM. Frame170 shows the one corner of the garage door
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(a) Frame 30

(b) Frame 70

Figure 6.6: Tracking results for hand-held sequence PCA
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(c) Frame 90

(d) Frame 100

Figure 6.6: Tracking results for hand-held sequence PCA
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(e) Frame 120

(f) Frame 140

Figure 6.6: Tracking results for hand-held sequence PCA
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(g) Frame 160

(h) Frame 170

Figure 6.6: Tracking results for hand-held sequence PCA
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(i) Frame 180

(j) Frame 200

Figure 6.6: Tracking results for hand-held sequence PCA
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(a) Frame 30

(b) Frame 70

Figure 6.7: Tracking results for hand-held sequence of CMU garage
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(c) Frame 110

(d) Frame 160

Figure 6.7: Tracking results for hand-held sequence of CMU garage
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(e) Frame 170

(f) Frame 180

Figure 6.7: Tracking results for hand-held sequence of CMU garage
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(g) Frame 190

(h) Frame 200

Figure 6.7: Tracking results for hand-held sequence of CMU garage
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(i) Frame 230

(j) Frame 280

Figure 6.7: Tracking results for hand-held sequence of CMU garage
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(k) Frame 380

(l) Frame 400

Figure 6.7: Tracking results for hand-held sequence of CMU garage
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is occluded by the incoming traffic. The occlusion is detected and the SFM prediction locks at

the correct location. At frame180, the corner feature is recovered. Frame190, 200 show a jeep

passing by and causing occlusions to several features. After it moves away, one corner point is lost

and the SFM prediction is uncertain. Frame230, 280, 380, 400 show the subsequent frames. Most

of the features are being tracked well. One feature is lost due to going out of field of view. The

corner feature on the garage door is predicted approximately correct (see the green search window is

located at the right location) but the tracker fails to recover from it, due to the appearance matching

score is not high enough. We conjecture that one reason for the SFM prediction to be so uncertain

can be due to the fact that most of the features are on a plane, which is a degenerate case for SFM.

In this case, the SFM result is naturally uncertain and it reflects on the feature predictions.

6.2.7 Hand-Held Camera Sequence: Lab Scene

This sequence is collected with a hand-held camera in an indoor environment. The camera motion

is made quite jerky intentionally, only to show how our method copes with abrupt camera motions.

Figure 6.8 shows snapshots from the whole sequence.

In frame1 11 features are selected. Frame10, 20, 30, 40, 60, 70, 80 show the robust tracking and

SFM. Note there is substantial sudden camera rotation in the sequence. Frame100 shows several

features are lost due to the vigorous camera motion, but they are recovered in later frame110. Frame

160, 190, 250, 270, 280, 290 show the tracking and SFM for the rest of the sequence. It can be seen

that our method works in presence of continuous camera jittering.

6.3 Uncertainty Analysis

In this section, we analyze the uncertainty of both tracking and reconstruction. We show that the

tracking uncertainty is reduced after fusing with SFM predictions. And the uncertainty of SFM is

also reduced by fusing with previous reconstructions. Since we need one scalar for the uncertainty

analysis, the variance is used as a simple measurement.

6.3.1 Tracking

Figure 6.9 shows the tracking uncertainty for one sequence HH1. It can be seen that the uncertainty

of the tracking is reduced after fusing with the SFM results. The uncertainty is measured by the

variance of the feature correspondences in the sample set. To emphasize the difference, a log scale

is used for plotting the variance. One may expect that, when the SFM result becomes accurate,

it should reduce the tracking error further. However, we fuse the tracking uncertainty with SFM

predictions, which depends on the camera motion dynamics. With uncontrolled camera motion,
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(a) Frame 1

(b) Frame 10

Figure 6.8: Tracking results for sequence with large sudden motion
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(c) Frame 20

(d) Frame 30

Figure 6.8: Tracking results for sequence with large sudden motion
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(e) Frame 40

(f) Frame 60

Figure 6.8: Tracking results for sequence with large sudden motion
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(g) Frame 70

(h) Frame 80

Figure 6.8: Tracking results for sequence with large sudden motion
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(i) Frame 100

(j) Frame 110

Figure 6.8: Tracking results for sequence with large sudden motion
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(k) Frame 160

(l) Frame 190

Figure 6.8: Tracking results for sequence with large sudden motion
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(m) Frame 250

(n) Frame 270

Figure 6.8: Tracking results for sequence with large sudden motion
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(o) Frame 280

(p) Frame 290

Figure 6.8: Tracking results for sequence with large sudden motion
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the camera motion is quite uncertain and this uncertainty reflects in the SFM predictions. In other

words, we can not precisely predict the feature correspondences from current SFM along.
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Figure 6.9: The tracking uncertainty over time

6.3.2 Reconstruction

Figure 6.10 show two sample sets for reconstructions at different time frames. It can be seen that

the uncertainty is smaller at frame600 than at350. The distributions are long tailed and may not be

well captured by covariance matrices.

Given a sample setX = (xi, i = 1, ..., N) for the reconstruction, the uncertainty of the re-

construction can be approximated by
∑N

i=1 V ar(xi), whereV ar can be defined as the trace of the

covariance matrix for the vectorx. Note that the variance is used here only as a simple method to

measure the scarceness of the points in the reconstruction.

Figure 6.11 shows the reconstruction uncertainty for one sequence HH1. It can be seen that the

uncertainty of the reconstruction decreases over time. The uncertainty is reduced after the current

SFM result is fused with the reconstruction at previous time frame.

Reprojection error is often used as a measurement for the quality of SFM. Figure 6.12 shows

the reprojection error over time for several test sequences. The red dash line indicates the tracking

status. The possible status are (0: no fusion;1 fusion started;2 target get occluded;−1 target

recaptured;3 large camera motion). Several facts are noticed. The reprojection error has been

fairly small. Targets frequently get occluded and then recaptured. Some of the detected occlusion

are due to some factors other than true occlusion: (1) temporary large appearance change which



6.3. UNCERTAINTY ANALYSIS 125

−6−4−20246

x 10
4 −1

0
1

2
3

x 10
4

−1

−0.5

0

0.5

1

1.5

2

x 10
5

(a) reconstruction sample set at frame 350
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(b) reconstruction sample set at frame 600

Figure 6.10: Sampled reconstructions of the Omni-Smith 2 sequences at two different time frames
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Figure 6.11: The reconstruction uncertainty over time

causes the tracker to fail, due to image quality, motion blur etc.; this case usually can be resolved

in a later frame (2) large motion causes the target to move beyond the search region; in this case,

the tracker relies on the SFM predictions to guide the search at later frames. The occlusion status

shown in Figure 6.12 indicates new target is being occluded in that time frame. Sudden camera

motion usually results in increased reprojection error, but the error goes back to usual level later on,

as shown in theofficesequence.

6.4 Rotation Compensation

To verify the camera motion is estimated correctly, we simulate the stabilization of the sequence

by compensating the estimated rotation. With a calibrated camera (as in our case), it only involves

a homography transformation to the original sequence. We align all the image with respect to the

original frame. This naive stabilization is applied to the lab sequence, which has a lot of camera

jittering. Figure 6.13 shows several frames of the stabilized scene. The image on the left is the

original frame and the aligned image is shown on the right.

6.5 Conclusion

In this chapter, we demonstrate the robust tracking and SFM results with various experiment set-

tings, omnidirectional camera and conventional camera, outdoor and indoor. In particular, we show
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Figure 6.12: Reprojection error coupled with tracking status
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Figure 6.12: Reprojection error coupled with tracking status

that the tracking is made robust against occlusion and large camera motion, by integrating with SFM.

Some of the sequences are taken with a hand-held camera, without controlling camera motion. We

actually intentionally increased the level of vibration during the recording procedure.

Faithfully representing the uncertainty is the key in our system performance. With the sampling

method, we are able to fully characterize the uncertainty in both tracking and SFM under both good

and extreme conditions. A unique feature of our system is that at any time of the process, the system

is fully aware of the degenerate conditions in the data, such as occlusion and sudden camera motion,

and takes proper actions against them. The resulting system can automatically perform tracking and

SFM under rather challenging conditions and we believe it is one step closer to a fully automatic

robust SFM module, which can find applications in various scenarios.



6.5. CONCLUSION 129

(a) Frame 1

(b) Frame 43

(c) Frame 74

Figure 6.13: Compensating the estimated rotation
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(d) Frame 197

(e) Frame 255

Figure 6.13: Compensating the estimated rotation



Chapter 7

Conclusions and Future Work

Tracking and SFM are important topics for visual navigation and other applications. Even though

both the tracking and SFM have made significant progress recently, it is still difficult for them to

be applied in real applications. Namely, tracking with only appearance suffers from occlusion and

ambiguity, while SFM is still considered hard to use reliably in practice.

In this thesis, I analyze the uncertainty of both tracking and SFM, and explore the idea of using

sampling methods to characterize the uncertainty in both tracking and SFM. Sampling is a powerful

method to capturing the uncertainty of an estimator. The particle filter provides a natural vehicle

to propagate the sample based uncertainty through time. Both advantages are exploited in our

integrated tracking and SFM algorithm. We show that with the sampling method, we are able to

capture the uncertainty of the process under extreme conditions, which is often beyond the reach of

conventional approaches. Since we can handle those extreme conditions, which usually cause the

failures for conventional approaches, our tracking and SFM system exhibits improved performance

in terms of robustness. Sampling provides a simple and general tool for uncertainty representation.

With the increasing available computing power, we believe this type of approaches should find more

applications in practice.

From a more practical standpoint I believe our system is more reliable and easy to use compared

to many previous SFM systems. It is my ultimate goal to develop a SFM system that can be easily

used on a robot platform. To reach that goal, the following problems have to be addressed, which

are outside the scope of this thesis.

• Automatic feature selection. There exists working algorithms to perform corner detection,

interesting point selection, etc. To better serve the purpose of visual navigation, a more

sophisticated approach can be developed.

• Large scale driving. In this thesis, we are limited to the range at which most features are

131
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visible throughout the sequences. There is no fundamental limit to extend our approach to

larger scale. The issues include how to maintain the structure of features, such as insertion

and deletion.

• 3D visual servoing. We start out this research with visual servoing in mind. If we can estimate

the 3D structure of scene, 2D visual servoing is no longer needed. The problem becomes how

to design a controller given a 3D structure with sample based uncertainty representation.



Appendix A

Structure from Motion with

Omnidirectional Cameras

A.1 Introduction

In this chapter, a structure from motion algorithm is developed for catadioptric omnidirectional

camera, along with its uncertainty analysis against correspondence noise.

Although the underlying geometry for SFM is well studied, most of the research focus on using

conventional cameras. In this chapter, we develop the epipolar constraint for catadioptric omnidi-

rectional camera and present a two-frame SFM algorithm based on it. In Section A.4, we compare

the geometric property of the omni-directional camera and conventional camera with experiment

results. We show that, in some situations, the omnidirectional SFM can achieve better results than

the conventional one even though the omnidirectional image has a lower resolution.

Generally speaking, most existing SFM algorithms can be divided into two categories according

to the criterion functions that they seek to optimize. The first one is to parameterize both the camera

motion and scene structure, then estimate them by minimizing the criteria based on the distances

of the image projections (as in [82] and [1]). The other approach is to develop the criteria based

on epipolar constraints. See [96] and [87] for a complete review. The observation is that the image

projections are related by the fundamental matrix (essential matrix, for calibrated cameras) which

is only a function of the camera motion. Since the later tries to recover fewer parameters given the

same data, presumably it is easier and that is the approach we adopt here.

The epipolar constraint can take either a differential form or a normal form. J. Gluckman and

S. Nayar [34] addressed the problem of recovering the ego motion from an omnidirectional camera

using the differential form epipolar constraint. As it is noted in [?],there is a fundamental trade-

off between the differential form and normal form. With the differential form, motion between
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two frames is assumed small so that the differential form epipolar constraint still holds, thus the

correspondence problem is easier. On the other hand, with the normal form epipolar constraint,

the motion can be arbitrarily large, which complicates the determination of the correspondence,

but large motion also means large flow magnitude, which is very desirable for the optimization

to be robust against the measurement noise in optic flow. For a robot moving at normal speed

with a normal frame grabber, the differential form epipolar constraint usually does not hold in real

situations. Therefore we developed our omnidirectional SFM based on the normal form epipolar

constraint. To solve the correspondence problem, we can use a multiple target tracking process

which finds correspondences over time.

A.2 Two-step omnidirectional SFM Algorithm

We present the algorithm by first introducing the epipolar constraint for an omnidirectional camera.

In [80], the epipolar geometry is studied for panoramic cameras with hyperbolic mirrors. In this

paper, we develop the epipolar constraint for catadioptric cameras which is simple to compute due

to its special geometric property.

If P is a point in the scene, andm1, m2 are its projections on two images, then the epipolar

constraint holds:

mT
1 Fm2 = 0

and F is the fundamental matrix. If the camera is calibrated, thenm1 and m2 are normalized

image coordinates, andF is the essential matrix and can be decomposed as[t]×R where[t]× and

R encode the translation and rotation of the camera motion.

Now let us look at the epipolar constraint for omnidirectional cameras as shown in Figure A.1.

Here we take a catadioptric omnicam with a parabolic mirror as an example. See Nayar [62] for

more details on this type of omnicam.

P is a point in the scene.P1 andP2 are its projections on two omnidirectional mirrors.(u1, v1)
and(u2, v2) are its corresponding image coordinates on the two omnidirectional images. We con-

struct the local coordinate systemsX1Y1Z1 andX2Y2Z2 as shown in Figure A.1 then the local

coordinates ofP1 andP2 can be computed as in equation A.1 according to [62]. For other types of

omnicam with different mirror shapes, the appropriate projection equation should be used.

Pi =




h2−u2
i−v2

i
2h

ui

vi


 i = 1, 2 (A.1)
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Figure A.1: epipolar geometry of omnidirectional camera

Observing thatP , P1, P2, O1 andO2 are coplanar, then

O2O1 ×O2P1 ·O2P2 = 0

which is equivalent to

O2
1 × P 2

1 · P2 = 0 (A.2)

whereO2
1 andP 2

1 are the coordinates of pointsO1 andP1 in coordinate systemX2Y2Z2. As-

suming the rigid motion betweenX1Y1Z1 andX2Y2Z2 can be described by rotation matrixR and

translation vectort, then

O2
1 = R ·O1 + t = t

P 2
1 = R · P1 + t

Substituting into equation A.2, we get

P T
2 EP1 = 0 (A.3)
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whereE = [t]×R is the essential matrix encoding the motion parameters. Given multiple cor-

respondence points,E can be estimated by minimizing the epipolar errors. In [96] Zhang gives

a comprehensive review of estimatingE for conventional cameras. Since we are more interested

in the motion parameters thanE itself, we choose to parameterizeE with the underlying mo-

tion parameters(tx, ty, tz, q0, ..., q3), and then recover those parameters directly by minimizing the

epipolar errors.(tx, ty, tz) is the translation vector and(q0, ..., q3) is the quaternion representing

rotation matrixR. Since it naturally enforces the rank constraint ofE, it achieves better result than

simply estimatingE.

We present now the two-step omnidirectional SFM algorithm. Suppose we have a set of point

correspondences:(mi,m
′
i), i = 1, ..., n, wheren ≥ 7, wheremi = [ui, vi] are the image coordi-

nates in the omni image. We can can computePi andP ′
i according to equation A.1. Like what is

usually done for a conventional camera, we construct the epipolar constraint for each correspon-

dence pair and stack them together into one linear system.

Uf = 0

where

U = [u1, ...,un]T

andui andf are vectors constructed by stacking columns of matricesPi andE, respectively.

Pi = PiP
′T
i

.

Step 1: estimateE with linear least square by solving

Uf = 0

whereU is an× 9 matrix andf is 9× 1 vector containing the 9 elements ofE.

Step 2:parameterizef asf(tx, ..., q3). Use the estimatedf in step 1 as a starting point, perform

Levenberg-Marquard to solve the following equation:

Uf(t,q) = 0 (A.4)

In practice, to avoid the trivial solution, we actually minimize

Uf(t/‖t‖,q/‖q‖)



A.3. UNCERTAINTY ANALYSIS 137

To verify the algorithm, we first test it with synthetic data. A100m × 40m × 15m rectangle

area is constructed. We simulate the robot moves in a predefined 3D curve as shown in Figure A.2.

The circles represent 3D points (50 in total) randomly selected around this rectangle area and the

solid curve is the trace of the robot which moves at a speed of 0.5m/s for 20 seconds. We simulate

an omnidirectional camera to estimate the motion of the robot every one second. We simulate the

tracking uncertainty by adding a Gaussian noise to the computed optical flow. For the results shown

in Figure A.3, the Gaussian noise is chosen to beN(0, 1). Figure A.3 shows the seven motion

parameters estimated by the linear step and nonlinear step along the path. As we can observe,

the linear step follows the true values, while the nonlinear step achieves more accurate results in

presence of noise.
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Figure A.2: trace of a robot moving in the scene

A.3 Uncertainty analysis

Since the correspondence measurements are always corrupted with noise, we want to model how the

uncertainty of the correspondences propagates into the estimated motion parameters. Following the

implicit theorem as in [96], it is possible to derive an analytic solution to compute the uncertainty

of the estimation. We summarize the results as follows.

Solving equation A.4 with LM is equivalent to minimize the following criterion function:

C(x,p) = ‖U(x)f(t,p)‖ (A.5)

wherex is the correspondence measurement andp, the motion parameters(t,q). We can com-

pute the covariance matrix ofp by equation A.6. Further details can be found in [96].
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Λp = H−1 ∂Φ
∂x

Λx

(
∂Φ
∂x

)T

H−T (A.6)

where

Φ = 2
(

∂f

∂p

)T

U(x)T U(x)f(p)

and

H =
∂Φ
∂p

An approximation to the covariance matrix is also presented by Zhang [96]

Λp =
2S

n− k
H−T (A.7)

whereS is the value of the criterion functionC at the minimum,k is the number of parameters,

i.e. 7 here, andn is the number of correspondences. This approximation shows that the uncertainty

of the estimated motion parameters(p) depends on the condition number of the HessianH.

The above analytic solutions provide ways to estimate the uncertainty of the estimated param-

eters, but they are only valid near the true minimum. The results would be meaningless if the

optimization ends up at some wrong local minimum. To cope with this problem we use bootstrap

to estimate the uncertainty in our synthetic experiments. Bootstrap is a statistical tool for the com-

putation of covariance matrices, bias and confidence regions for specified estimators. It is a more

general alternative to the traditional covariance propagation technique. The book of Efron [26]

contains an good introduction. Bootstrap does not require the analytic solution but is data driven

and computationally more expensive. It is more appealing here since the covariance analysis is

only valid around the true minimum while with bootstrap we statistically evaluate cases when the

minimum is not properly found. Bootstrap is also simple to use, we assume Gaussian noise in the

correspondence data and create a bootstrap set. We run the two-step SFM for many times (200) and

compute the covariance matrix of the recovered motion parameters as its uncertainty measurement.

We use bootstrap to generate the results in the next sections.

A.4 Comparison with conventional camera

Obviously omnidirectional camera sacrifices image resolution in exchange for a wider field of view.

One obvious advantage of the 360 degree horizontal field of view is that we can track feature points

for longer distance with less constraint to the robot motion. Furthermore, one would wonder if this

larger field of view would help solve the SFM problem too.

From equation A.6 we can see that the actual uncertainty of the SFM results depends on both
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the configuration of the scene points and camera motion itself. Assumingi.i.d. noise in the flow

measurement, a better result would be expected when the flow magnitude is larger due to the in-

creased SNR. If we perform SFM by looking at objects at short range, the conventional camera is no

doubt preferred to the omnicam since it generates larger flow with its higher resolution. But when

we look at objects far away, SFM becomes more difficult, since either the flow magnitude is very

small or the bas-relief ambiguity arises due to the weak perspective effect. The omnidirectional

camera bypasses this difficulty by looking at objects at its sides. The actual range beyond which an

omnidirectional camera would outperform a conventional camera in SFM depends on the resolution

of the images and actual environment. In the experimental setting as in Figure A.2, we find the

omnidirectional SFM is better when the objects in front are more than 50 meters away. Figure A.4

shows two flow fields generated by a conventional and an omnidirectional camera respectively.

A.5 Experiment results

In this section, we present some results on the uncertainty of the motion estimation with respect

to flow magnitude and noise level in flow data. The basic observation is that motion estimation

generally improves when flow magnitude increases and that the motion estimation degrades when

noise increases in the flow magnitude. We also compare results from the omnidirectional SFM with

the conventional SFM for a specific situation to verify our discussion in section A.4.

Experiment 1: We simulate the robot with an omnidirectional camera moving 10 meters forward

in the rectangle area which is described in section A.2. We assume we can keep tracking all the

points along the path and we perform omnidirectional SFM every half meter. The flow data is

corrupted with a Gaussian noise, whose variance is set to 1 in the following experiment. We compare

the recovered parameters with the ground truth. The error metric for(tx, ty, tz) is chosen to be the

angle between the true translation direction and recovered translation direction. The error metric

for (q0, ..., q3) is the angle between the true quaternion and the recovered one. Absolute mean error

and standard deviation are computed for both translation and quaternion after running the algorithm

for 200 times. Figure A.5 shows that motion parameters and reconstructed structure improve along

the path, which is what we expect to see. In figure A.5(c) A.5(d), the linear method becomes less

accurate on rotation estimation along the path.

We also show that the reconstruction improves along the path in figure A.6. All the reconstruc-

tions are up to a scale factor. The reconstructed points are inaccurate when the translational distance

is small, as shown in figure A.6(b) and A.6(c).

We can now compare the performance of the omnidirectional SFM with the conventional SFM

using the experimental setting in Figure A.2. Note that the objects in front are 100 meters away

and we only move the robot 0.25 meter forward. When the translational distance is small, it is very
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difficult for SFM with the conventional camera, and it is less difficult for the omnidirectional camera

which can look at its sides. Figure A.7 shows that in this case the rotation (quaternion) estimate is

comparable for both cameras while the translation estimated by the conventional camera is far off

(50 degrees with the N(0,1) noise).

Experiment 3: We also evaluate our algorithm on real images taken with a cadaoptric omni-

directional camera in the outdoor environment. Figure A.8 shows three frames of omnidirectional

images taken at different positions along a path. The robot was moving forward between two build-

ings. The figure A.8(a) is taken at the start point. Figure A.8(b) and A.8(c) are taken at 0.5 meters

and 2.5 meters respectively. The circles on the images are feature points manually selected and

tracked. The dark points are feature points that are very far away. Figure A.8(d) and A.8(e) show

the flow fields. We verified that the translation and rotation are properly recovered. In figure A.9 we

show the reconstructed scene points at 0.5 meters and 2.5 meters respectively.
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Figure A.3: Results of Omnidirectional SFM (a)-(b) is the true motion parameters. (c)-(d) show the
parameters estimated by linear step. (e)-(f) show the parameters estimated by nonlinear step.
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Figure A.4: Two flow fields generated by omnidirectional camera (a) and conventional camera (b).
Both move five meters forward. The omnicam looks at points described in Figure A.2 while the
conventional camera looks at points fifty to sixty meters away.
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Figure A.5: “o” represents linear step and “x” represents LM optimization.X axis is the distance
along the path (a) absolute mean error of translation direction in degree. (b) standard deviation of
translation direction in degree. (c) absolute mean error of quaternion direction in degree. (d) stan-
dard deviation of quaternion direction in degree. (e) mean reconstruction error (meter), the dash line
is the maximum value and the solid line is the mean value (f) standard deviation of reconstruction
error (meter)
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Figure A.6: ground projection of the scene points (a) true scene (b) (c) (d) recovered scene points
at 0.5, 5, 10 meter along the path
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Figure A.7: Comparison between SFMs with an omnicam and a conventional camera when objects
are far away. “x” indicates the omnicam and “o” indicates the conventional camera.X axis is the
variance of the noise andY is the actual error in degree. (a) absolute mean error of translation
(b) standard deviation of translation (c) absolute mean error of quaternion (d) standard deviation of
quaternion estimation
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Figure A.8: (a) first frame (b) frame grabbed after driving 0.5 meters (c) frame at 2.5 meters (d)
omnidirectional flow at 0.5 meters (e) omnidirectional flow at 2.5 meters
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Figure A.9: Reconstructed scene points (up to a scale) (a) reconstruction after driving 0.5 meters
(b) reconstruction after driving 2.5 meters
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Appendix B

Proof of Convergence

We follow the notations defined in Section 4.3. We need to prove that if sample setXk−1 converges

to p(xk−1 | Ik−1) then distribution ofZk converges top(zk | Ik) andXk converges top(xk | Ik).
We basically follow the ideas from Isard and Blake [47].

The probability ofZk is p(zk|Ik,xk−1),

p(zk|Ik,xk−1) =
∫

p(zk | Ik,xk−1 = Xk−1)p(Xk−1)dXk−1 (B.1)

→ inf p(zk | Ik,xk−1)p(xk−1 | Ik−1)dxk−1 (B.2)

=
∫

p(zk | Ik,xk−1, Ik−1)p(xk−1 | Ik−1, Ik)dxk−1 (B.3)

=
∫

p(zk,xk−1 | Ik)dxk−1 (B.4)

= p(zk | Ik) (B.5)

(B.6)

The probability ofXk is p(xk|zk,xk−1),
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p(xk|zk,xk−1) =
∫ ∫

p(xk | zk = Zk,xk−1 = Xk−1)p(Xk−1)p(Zk)dZkdXk−1 (B.7)

→
∫ ∫

p(xk | zk = Zk,xk−1)p(xk−1 | Ik−1)p(Zk)dZkdxk−1 (B.8)

=
∫

p(xk | zk = Zk, Ik−1)p(Zk)dZk (B.9)

→
∫

p(xk | zk, Ik−1)p(zk | Ik)dzk (B.10)

= p(xk | Ik) (B.11)

(B.12)
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