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Abstract

This thesis investigates two fundamental challenges in robotics: ensuring reactive safety for agile
systems and achieving scalable planning for contact-rich manipulation. Despite arising in distinct
contexts, both problems hinge on reasoning about system dynamics and constraints. We argue that
reachable sets—long studied in control theory—provide a unifying computational primitive for
tackling both.

In the first part, we study reactive safety for uncertain and high-dimensional systems. We develop
new methods for synthesizing control barrier functions (CBFs) using both formal optimization and
learning-based techniques. Specifically, we introduce a robust-adaptive synthesis framework based on
sum-of-squares programming, which guarantees safety under parametric uncertainty while reducing
unnecessary conservatism. To address scalability, we propose an adversarial training framework that
learns neural CBFs capable of handling higher-dimensional dynamics. Across cartpole, quadrotor,
and other benchmarks, our controllers achieve 100% safety while interfering substantially less with
nominal performance objectives than existing baselines.

In the second part, we extend reachable-set methods to long-horizon planning for contact-rich
manipulation. We present a hierarchical planner for bimanual SE(2) reorientation tasks that uses
mutual Teachable sets as discrete motion primitives. By covering object space with a compact set
of such primitives, we reduce the combinatorial complexity of hybrid contact planning to shortest-
path search on a small graph. This yields efficient and expressive global plans that outperform
sampling-based methods, with successful demonstrations on real robotic hardware.

Together, these contributions demonstrate how reachable sets can serve as a versatile founda-
tion across the robotics stack: from low-level safety filters for agile systems to high-level planning
abstractions for dexterous manipulation. This unifying perspective suggests broader opportunities

for integrating reachability-based methods into robust and scalable robotic autonomy.
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INTRODUCTION

Safe agile systems Performant manipulation planning

Figure 1.1: This figure illustrates our vision for society. (Left) Drones are already a mature technology, but enhancing
collision avoidance at higher speeds would expand their applicability to broader tasks—such as autonomous active
tracking (shown here in human-piloted mode). Potential applications include law enforcement patrols, pursuit and
emergency escorts, and first-responder support. Similar considerations apply to fast autonomous ground vehicles.
(Right) High-quality manipulation could transform manufacturing, logistics, home robotics, and assistive applications.
At present, however, most efforts remain in the research phase and are not yet reliable or robust. For example, BMW
and Figure’s humanoid platform is still in testing and development, while TRI’s work is research-oriented rather than
a deployable product.

In this thesis, we investigate two fundamental challenges in robotics: ensuring safety and per-
formance for agile systems and achieving scalable, high-quality planning for contact-rich
manipulation. Although these problems arise in very different contexts, they share a common
thread: both demand reliable reasoning about how systems evolve under dynamics and constraints.

For agile systems, the central requirement is to operate both safely and efficiently—avoiding colli-
sions while meeting time-sensitive objectives. Safety becomes especially critical in high-performance

settings, where failures can have catastrophic consequences. For instance, at the speeds character-
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istic of autonomous drone racing, a single crash can end an attempt outright, with no opportunity
for recovery. The ability to combine safety with speed is therefore indispensable.

For manipulation, the challenge is different but equally pressing: how to generate high-quality
plans for systems of practical complexity, such as bimanual robots performing reorientation tasks.
Manipulation of this kind requires reasoning over complex, multi-contact interactions, where existing
approaches struggle to balance scalability and solution quality.

The societal benefits of solving these challenges would be immense (Fig. 1.1). For agile systems,
advancing collision avoidance to function reliably at higher speeds would unlock new applications,
such as autonomous active tracking in cluttered environments. These capabilities would enable law
enforcement and emergency services to use drones for patrolling, pursuit, escorts, and first-responder
support. Similar benefits apply to fast autonomous ground vehicles. For manipulation, more scalable
and higher-performing planning would allow robot arms and humanoids to operate with efficiency
approaching that of humans. This would make them far more practical and attractive to deploy,
opening up a wide range of applications in manufacturing, logistics, and home robotics.

Yet, despite recent advances, we are not there today. High-speed drone tracking still requires
human piloting, as navigating dense environments autonomously at speed remains beyond reach.
Similarly, the dexterous robotic skills often highlighted in demonstrations from groups such as TRI
or FigureAl remain in research and development, far from being reliable products. Technically,
the limitations are clear: for agile systems, many existing approaches are restricted to toy systems
or rely on restrictive assumptions, while in manipulation, model-based planners often fail to scale
without compromising plan quality.

Surprisingly, both problems can be addressed using a single mathematical tool: reachable sets.
A second thrust of this thesis, beyond tackling the technical gaps in agile systems and manipulation
planning, is to argue that reachable sets are a far more versatile computational primitive than is
commonly appreciated. They can unify safety analysis and global planning, providing a foundation

for reasoning across both domains.

1.1 Background on Reachability

In this section, we define the different kinds of reachable sets and identify which ones we will be
using in this thesis. First, we define the system dynamics. Let x € R™ be the system state. Then,

we consider it to evolve according to the following ordinary differential equation:

i'(T = f(l‘(T),u(T), d(T)) (1'1)
7€ [t,0l,u(r) eU,d(r) € D (1.2)

where u(7) and d(7) denote the control and the disturbance respectively. We assume that these
inputs are drawn from compact sets (U C R"™ and D C R™¢). This assumption typically holds, as
the magnitude of control that we can assert on the system is typically bounded. Assuming that the

disturbance is bounded is often true in practice, but can become an issue if these bounds are too
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Part 1: reactive safety for agile systems | Part 2: planning for contact-rich

manipulation

Infinite BR I

Finite FRT Finite BRT

Control invariant sets, aka the Finite-time
“complement of infinite-time forward/backward-reachable
avoid BRT” tubes

1

Figure 1.2: This figure illustrates the two kinds of reachable sets we will be studying in this thesis.

big (and therefore allow the disturbance to have a huge effect on the system) or too small (and are
therefore invalid compared to the true disturbance). Bounded disturbance can capture a wide range
of phenomena, including unmodeled dynamics, parameter uncertainty (as in Sec. 3), or physical
disturbances, like wind.

The system dynamics f : R" XU x D — IR" is assumed to be uniformly continuous, and Lipschitz
continuous in x, uniformly Lipschitz continuous in u(-) and d(-), such that given u(-) and d(-), there
is a unique solution to Eqn. 1.1. Let us denote such solutions, which start from state x at time t

under control u(+),d(-) as
C(ryx, tyuls),d(r)) : [t,T] = R" (1.3)

This is the state at time 7, given initial state x, initial time ¢, and input functions u(-) and d(-)
applied over [t, T].

Now, we are ready to define the core terminology in reachability. There are two types of reach-
ability: backwards and forwards. Backwards is further split between avoid problems and reach
problems. For all these kinds of reachability problems, there is a set £ that specifies the task - it
may be a set of states to avoid, reach, or initialize the problem from.

Backwards-avoid problems. In backwards-avoid problems, we are given L, a set of unsafe
states, and want to compute all initial states that are “inevitably unsafe”. That is, we want to find
the states for which there is no valid input sequence that avoids £, under worst-case disturbances

(i.e. disturbances driving the system toward L).

Vavoid—BRS (t) = {x :3d(-) e D,Vu e U, Cgtd(T) € .C} Avoid Backward Reachable Set  (1.4)
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We also distinguish between reachable sets and tubes. For backwards-avoid problems, sets contain
states that would become unsafe at exactly time T', whereas tubes contain all states that collide up
to time T

Vavoid—prr(t) = {a: £ 3d(-) € D,Vu € U, Ir € [t,T], (“U(T) € z:} Avoid Backward Reachable Tube
(1.5)

Backwards-reach problems. In backwards-reach problems, we are given L, a set of goal
states, and want to compute all initial states that can reach the goal set. That is, we want to find
the states for which there is some valid input sequence that enters £, under worst-case disturbances

(i.e. disturbances driving the system away from £).

Vyeach—prs(t) = {x :3u e U, Vd() € D,CHHT) € .c} Reach BRS (1.6)
Analogously, the backward reachable tube for the reach problem is:
Vyeach—prr(t) = {x :Ju e U,Vd(-) € D, 3r € [t,T),C“H(T) € £} Reach BRT  (1.7)

We now introduce the concept of finite-time vs. infinite-time problems. Finite-time problems,
which we have exclusively considered so far, assume a finite time horizon 7'. In the case of infinite-
time problems, avoid-BRT will tend to converge, whereas reach-BRT will continue to expand indef-
initely.

Forward reachability problems. In forward-reach problems, we are given L, the set of initial

states. We want to compute all states that are reachable from £ under any possible disturbance.

Vrrs(t) = {y :JuelU,Vd() e Dy e L,CMIT) =y e E} Finite-time FRS (1.8)

Similar to the backward reachability case, we can define the concepts of sets vs. tubes, finite-time
vs. infinite-time here as well.

We study two kinds of reachable set in this thesis (Fig. 1.2). In Part I where we study safe control,
we compute “control invariant sets” which are the complement of the infinite-time avoid BRT. In
other words, given an unsafe set £, we want to compute all inevitably unsafe initial states and then
exclude them. The remaining states form a set that we can stay inside for all time (“invariant”)
and from which the system can indefinitely avoid the unsafe states. Knowing the control invariant
set, our safe control strategy is merely to keep inside this set. In Part II, we consider long-horizon
planning for the hybrid problem of contact-rich manipulation. We want to chain together plans from
a local planner over a number of “neighborhoods” in state space. However, we want to do this in a
principled way, so we need to explicitly compute these neighborhoods as reachable sets. In this part

of the thesis, we construct “finite-time forward/backward reachable tubes” - these encapsulate the
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Part 1: Safety for Agile Systems

Part 2: Planning for Contact-Rich Manipulation
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Figure 1.3: This figure illustrates how reachable sets are a unifying concept across the two parts of this thesis.

range in object space of our local planner initialized at a certain seed configuration.

We also argue in this thesis that reachable sets are a highly versatile computational primitive,
as they encapsulate multiple notions of feasibility (Fig. 1.3). These include kinematic constraints,
which are central in manipulation; dynamic constraints such as equations of motion and input limits,
which are critical for agile systems operating near their dynamic limits; and user-specified state
constraints, typically representing safety requirements. Because reachable sets naturally integrate
all of this information, they can be applied at both ends of the control spectrum—ifrom low-level
safety filters to long-horizon planning.

At the low level (Part I), where safety filters must respect dynamic constraints, reachable sets
allow us to anticipate when the system is on a trajectory toward violation and intervene early,
well before a crash occurs. At the high level (Part IT), they provide a useful abstraction between
short-horizon local planners and long-horizon reasoning. In this way, the same concept—reachable
sets—serves both as a tool for reactive safety enforcement and as a building block for global planning

in contact-rich manipulation.

1.2 Related Works

1.2.1 Invariant Set Synthesis and Safe Control Filters

In general, computing reachable sets can be framed as an optimal control problem. This makes
them solvable through the Hamilton—Jacobi-Bellman (HJB) framework, a general tool for optimal
control [1], or via geometric set propagation techniques [2, 3, 4, 5, 6, 7].

Within safe control, a well-established principle is that if we can compute the system’s invariant
set, we can directly derive a corresponding safety policy. A set is forward invariant if, for some
admissible control inputs, any trajectory starting inside the set can be kept inside it for all time.
For safety applications, we seek an invariant set lying entirely within the complement of the avoid
region. Once such a set is found, constructing a controller to keep the system inside it—and thus
away from danger—is straightforward. This controller is typically implemented as a filter layered
on top of a performance-oriented controller (e.g., goal-reaching, trajectory tracking), modifying its

outputs only when the system approaches the set boundary.
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As mentioned earlier, invariant sets are a subcategory of reachable sets—specifically, they are the
complement of infinite-time avoid-backward reachable tubes. Consequently, they can be computed
using the same general-purpose tools for optimal control and geometric reachability analysis men-
tioned above. However, these “set-based approaches”, which explicitly compute the set itself, scale
poorly (typically to <6D). In HJB, for instance, the value function is computed on a discretized
state space via Bellman updates, while geometric set propagation techniques also discretize the state
space. In both cases, the curse of dimensionality quickly renders the computation intractable for
higher-dimensional systems.

A complementary family of approaches—“function-based methods”—represents invariant sets
implicitly as the level sets of functions. The goal is to identify a valid function, meaning one whose
level set corresponds to a true invariant set, with validity encoded as constraints on the function it-
self. These methods tend to scale more effectively, since a function representation typically has much
lower complexity (e.g., lower Vapnik—Chervonenkis (VC)-dimension) than an explicit representation
of an arbitrary set. Control Barrier Functions (CBFs)—the focus of this thesis—belong to this cate-
gory. CBFs are closely related to energy functions and Lyapunov methods, and are often synthesized
by hand-design, where both the functional form and parameters are selected using domain expertise
and intuition [8, 9, 10], or derived analytically [10, 11, 12, 13, 14, 15, 16, 17]. Other approaches

parameterize CBFs as polynomials and synthesize them via semidefinite programming (SDP), which

provides rigorous correctness guarantees [18, 19]. Yet others hand-design the parametrization but
use evolutionary algorithms to optimize parameters [20, 21], though such methods lack formal guar-
antees.

In this thesis, we focus on the more scalable function-based synthesis paradigm, in which we

identify several key gaps:

Gap for uncertain systems. Most CBF synthesis work assumes a fully known model. While
standard CBF synthesis for known systems is well studied [22, 23, 24], robust CBF synthesis remains
preliminary [25], and adaptive synthesis has not, to our knowledge, been explored. Our proposed
method (see Chapter 3.A) is one of the few to handle parametric uncertainty and the first to

synthesize an adaptive-type CBF.

Gap for high-dimensional systems. CBF synthesis has so far been limited to small, low-
dimensional benchmarks like the inverted pendulum. Hand-crafted or proof-based synthesis typically
scales to only 4D; geometric set propagation techniques to 5D; Hamilton—Jacobi reachability to

around 7D; and SOSP methods to 8D. Scaling beyond these limits remains an open challenge.

1.2.2 Planning for Contact-Rich Manipulation

In the first part of this thesis, we deal with high-dimensional but smooth systems, requiring
only continuous state space analysis. In contrast, the second part addresses hybrid systems—those
with both discrete and continuous components. For contact-rich manipulation, the discrete portion

involves a combinatorial search over sequences of contact states or modes. Even for planar SE(2)
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reorientation tasks, the branching factor can be significant: the bimanual manipulation system stud-
ied here has between 4!° and 42° distinct contact modes. The continuous portion, which optimizes
motion within a fixed contact mode, is inherently nonconvex. The resulting joint hybrid search space
is high-dimensional, nonsmooth, and nonconvex, posing severe challenges for generating high-quality
trajectories.

Existing approaches fall into three categories. Firstly, RL-based methods can produce strong
policies for complex dexterous manipulation [26, 27, 28, 29, 30, 31, 32], but they are often sample-
inefficient and require extensive reward shaping. Secondly, supervised learning methods like behav-
ioral cloning (BC) can handle simpler contact-rich tasks such as planar pushing [33, 341] but struggle
with complex cases due to the impracticality of collecting large teleoperation datasets for intricate,
contact-heavy behaviors. Thirdly, model-based planners offer a more data-efficient path. We chose
to work within this paradigm. Local planners are typically fast and scalable but heavily dependent
on good initial guesses [35, 36, 37, 38, 39, 40, 41, 42, 43, 44, 45, 46, 47], while global planners can
exhaustively explore the hybrid space but face a scalability—optimality trade-off. Sampling-based
global planners [45, 48, 49, 50, 51] can handle dexterous reorientation but often produce ineffi-
cient trajectories, whereas mixed-integer programming (MIP) [52, 53, 54] can produce near-optimal

solutions but scales poorly.

Gap for high-quality, scalable planners. To address these challenges, we explore hierarchical
planning, which reduces the complexity of discrete search by introducing intermediate abstractions.
Our central innovation is to consider reachable sets as our discrete unit. Each reachable set consists
the range of object configurations that a local planner can reach from a given seed object-robot
configuration. By covering the object space with such sets, we can construct global plans by chaining
together localized ones.

For our exemplar task—object reorientation in SE(2) with a bimanual system—we can concisely
cover the space with only 36 sets. As a result, the combinatorial search reduces to finding shortest
paths on a small 36-node graph. This makes our approach highly efficient while still retaining
generality: because the reachable-set “motion primitives” are not constrained to rigid templates, the
planner can still generate fine-grained, expressive motions across a wide range of queries. In this way,
we leverage reachable sets to improve both the scalability and quality of planning for contact-rich

manipulation.

1.3 Thesis Overview and Summary of Contributions

Part T focuses on reactive safety for agile systems. This part opens with an overview of concepts
like forward invariance and defines control barrier functions. The rest focuses on how we extend
existing reachability-based safe control methods to make them more applicable to real-world systems,

which are often uncertain and high-dimensional. Namely:

e Sec. 3 adopts a formal methods perspective. Using sum-of-squares programming (SOSP),

we synthesize controllers with rigorous mathematical guarantees of safety, while relaxing the
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common assumption of a perfectly known model. Instead, we target a class of uncertain systems
with fixed but unknown affine parameters, developing a robust-adaptive safe controller. We
also consider systems of moderate dimensionality (up to 8D)—more challenging than the toy
examples typical in SOSP literature. Importantly, the resulting safe controller minimizes
conservatism, reducing unnecessary interference with performance-oriented objectives such as
time-to-goal. Experiments show that our controller maintains 100% safety while interfering
55% less with performance objectives compared to an alternative safety controller for uncertain

systems.

e Sec. 4 addresses the scalability limitations of formal methods observed in Chapter 3.A. Formal
approaches can become prohibitively slow for systems above 8D and often yield overly conser-
vative controllers. To address this, we turn to machine learning, representing the CBF as a
neural network and training it adversarially to ensure both validity and minimal conservatism.
This yields a safe controller that is nearly 100% safe and substantially less conservative than
a state-of-the-art MPC baseline, demonstrating that function-based synthesis methods can be

made more scalable without sacrificing safety.

Part II turns to motion planning for contact-rich manipulation, extending reachable set tech-
niques into the domain of long-horizon, hybrid search. We develop a hierarchical planner for complex
bimanual tasks in which reachable sets, computed in object space, form the fundamental planning
units. Planning at this granularity allows us to search efficiently while retaining the richness needed
to capture complex contact interactions. The result is a method that scales to challenging systems
while producing significantly higher-quality trajectories than state-of-the-art RRT-based approaches.

Finally, Chap. 6 concludes the thesis, summarizing contributions across both domains and out-
lining directions for future research, with an emphasis on the broader potential of reachable sets as

a unifying computational primitive for robotics.
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BACKGROUND ON
INVARIANT SETS AND SAFE
CONTROL

In this section, we review invariant sets and safe control.
Notation For a function ¢ : R® — R, define its zero-sublevel set as C £ {c}<o, its boundary as
9C = {c}—o, and its interior as Int(C) = {c}<o. We assume the following:

1. A control-affine system
z=f(x)+g@)u, z€DCR", ueld CR™,

where f: R™ - R"™ and g : R™ — R™"*"™ are locally Lipschitz.
2. An input set U, modeled as a bounded convex polytope.

3. A safety specification p : R" — R, which defines the allowable set
A= {p}<o.

We assume p is smooth and continuous.

The relative degree r € Z+ of p(x) with respect to u is the smallest derivative of p(z) in which

u explicitly appears.

Safe Control and Invariant Sets Safe control is the problem of finding a control invariant
set within A (Fig. 2.1a). A set is control invariant if there exist admissible inputs such that any
trajectory starting inside it remains inside for all time. Such a set immediately induces a safety
controller: the system is repelled from its boundary. Thus, synthesizing a safe controller reduces to
computing an invariant set.

Because many invariant sets may exist, we define an optimal set as the largest control invariant
set, since it yields the least conservative safety filter. The larger the set, the more the system is able

to roam freely inside the set to achieve performance-oriented objectives.

10



Ch. 2 — Background on Invariant Sets and Safe Control

Allewable set
Avoid
set
O
(a) Figure defining concepts like “allowable set”, “control (b) Figure illustrating the function-based invariant set syn-
invariant sets”. Note that many invariant sets are possible thesis paradigm. We seek a function ¢ that implicitly defines
and we seek the largest one. an invariant set as {¢}>o.

Figure 2.1: Figure defining basic invariant set and control barrier function concepts.

Within the function-based paradigm (Sec. 1.2.1), we seek a function whose zero-superlevel set
encodes a control invariant set (Fig. 2.1b). Such a function is called a control barrier function (CBF),
denoted ¢.

Next, to define a safe controller using ¢ is straightforward. A safe controller simply needs to
repel the system back into the safe set whenever it reaches the set boundary. The following theorem

formalizes this idea:
Theorem 2.0.1 (Taken from [11]). Given a CBF ¢ and safe set Xsqre, any feedback controller
k(z) : R™ — R™ satisfying

d(x,k(z)) 2 V() flx) + V() gx)k(z) >0 VYo € dXeafe (2.1)
Lyo(x) Lgp(x)

renders the system forward invariant over Xyqfe.

Note that you can also require a CBF to satisfy a stricter inequality ¢(z) > —a(¢(x)) for all
x € D, where «(-) is a class-x function. We elaborate on this alternative in Appendix Sec. A2.2.
The theorem above requires the controller to repel the system (increase ¢) from the boundary
(x € OXsape). We are allowed to use any nominal controller, kpnom, as long as we modify its inputs
to satisfy Eqn. 4.1 at the boundary. Thus, a CBF-based safe controller simply filters (modifies) a

nominal controller online by applying the QP below at every step of control execution:

k(x) = argmin 1 |lu— knom(x)Hg (CBF-QP)
ueU 2
0 ifxe 8mee
s.t. Lip(x) + Lgp(z)u < (2.2)
0o o.w.

11



SOSP SYNTHESIS OF
RoBUST-ADAPTIVE CBF
FOR UNCERTAIN SYSTEMS

3.1 Introduction

Although much work has been done on safety for known systems, comparatively little work has
been done for systems whose dynamical models cannot perfectly be known. These uncertain systems
are a challenging domain for safe control on both a theoretical and methodological level. Effective
safe controllers must meet two demands: (1) provide mathematical guarantees of safety and (2)
be high-performance, interfering minimally with other control objectives (i.e., stabilizing, tracking).
Currently, many safe control synthesis methods for uncertain systems either lack guarantees or only
obtain safety at a high cost to performance. Secondly, algorithms for controller search should be
both generic and tractable, so they can handle many different systems of varying dimensions. This
work aims to address all of these requirements.

The technique we use is “sum-of-squares programming” (SOSP) [55, 56]. Any robust-adaptive
CBF (raCBF) produced by our SOSP-based algorithm is guaranteed to provide safety. SOSP allows
us to pose the search for a valid raCBF, given a partially-known system and a safety requirement, as
a constrained optimization problem. This optimization problem can be broken down into a series of
convex optimization problems, which can each be solved with an off-the-shelf semidefinite program
(SDP) solver.

Figure 3.1: Two of our three test systems: cartpole with unknown joint friction and quadrotor with unknown drag
coefficients.

Typically, uncertain systems are handled with adaptive, robust, or robust-adaptive control [57].
We choose the robust-adaptive paradigm, which combines the merits of robust and adaptive control.

In adaptive control, the controller depends on estimates of the unknown system. Typically, the

12
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system will be estimated online and the controller adapts with each new estimate. In adaptive
fashion, our raCBF is a function of the estimated parameters as well as the state. This raCBF is
also paired with a special parameter estimation law. This controller structure allows it to effectively
select a CBF online with the choice of parameter. The robust-adaptive scheme leverages this to
attain selective conservatism: more conservative CBFs are only “selected” when necessary, like when
the state suddenly moves toward danger.

The raCBF also incorporates elements of robust control. In robust control, the controller only
depends on worst-case disturbance bounds. Our raCBF follows robust principles by accounting for
maximum estimation error. However, it is able to account for it in a less conservative way compared
to robust CBF (rCBF), as it assumes parameter estimation occurs. Ultimately, these differences
lead our synthesized raCBF to perform better. That is, it provides safety while minimally hindering
control efficiency at tasks like stabilization and tracking.

Our contributions are as follows:

o Propose the first verification and synthesis methods for adaptive-type safe controllers for un-

certain systems.
e For verification: derive convex-equivalent conditions for an raCBF to provide safety.

o For synthesis: design a multi-phase algorithm which yields a valid raCBF with a locally optimal

invariant set.

e Illustrate our algorithm’s genericness and scalability by applying it to three examples with

varying dynamics, dimensions (< 7D), and safety specifications.

o Tllustrate our synthesized raCBF’s safety and superior performance (up to 55% improvement

over robust baseline) in simulation.

3.2 Related works

In this section, we briefly survey existing works on safety for uncertain systems. We primarily
focus on CBF works.

Theory of (r/a)-CBFs: these works mathematically define novel forms of CBF (like robust [58,

, 60] and adaptive [61, 62, 63] CBFs). This category has a different focus than synthesis and
verification (systematically generating CBFs). Hence, works in this category typically just use hand-
derivation to find CBFs for toy systems, which is an approach that is difficult, if not impossible, to
apply to more complex systems.

Verification and synthesis of (r/a)-CBFs: this category, which our work belongs to, deals
with developing new theories and algorithms for systematically checking and generating safety
functions. While synthesis of ordinary CBFs (i.e., for known systems) has been explored exten-
sively [22, 23, 24], to our knowledge, there are very few works for robust CBF synthesis [25] and
none for adaptive synthesis. Our work is one of a handful that synthesize CBFs for uncertain systems,

and the first to synthesize an adaptive-type CBF. While our synthesis technique carries guarantees
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of correctness, there are ad-hoc synthesis works which do not [20, 21]. There are also sample-based
methods for verification, which are unable to scale past 5D due to the curse of dimensionality [21].
Compare this to our SOSP-based verification scheme, which has polynomial time complexity and
can scale to 7D and possibly beyond.

Online optimization of (r/a)-CBFs: this body of work typically assumes a valid CBF already
exists. Ordinary CBFs compute safe control inputs using quadratic programs (QPs) solved at each
time step [64, 65]. Works in this category investigate how best to pose this online optimization
(i.e., possibly as a different type of program, like a second-order cone program) for new forms of
CBFs [66, 67, 68]. Note that one advantage of our robust-adaptive formulation is that it can still be
applied with a QP, which is simple and fast to solve.

Ad-hoc safe controllers: these are works which cannot guarantee safety, because they cannot
prove that an admissible safe control input exists for all states and all realizations of the unknown
system [ , 70, ] By contrast, our approach can ensure that there exists a safe control input for
all possible conditions, therefore guaranteeing system safety.

Non-CBF approaches: there are bodies of work on using HJB reachability [1] or set-based
methods [72, 73] to compute robust backward or forward reachable sets. However, a significant

drawback of these methods is they scale poorly, often not beyond 5D.

3.3 Problem formulation

3.3.1 Safe control for uncertain systems

In this first subsection, we define the problem of safe control for uncertain systems. We also
outline system assumptions and our definition of safety. We consider a system that is affine in the

unknown parameters and the control input:

&= f(z) — A(z)0 + g(z)u (3.1)
ueld,z € X, 00O (3.2)

where f, g, A are polynomial functions in z and x € X CR",u € Y C R™,0 € © C RP. We also
assume the set of admissible inputs and the robust parameter range are both hyperrectangles (i.e.,

u<u<uand <6< é). We want to enforce safety of this system in the sense of “set invariance”
(Def. 77?).

Definition 3.3.1 (Set invariance). A set Z is forward invariant if all trajectories starting inside Z

remain inside the set for all time.

The set Xgate is provided as part of the problem specification and is represented implicitly using

continuous and smooth functions b;(z) : R™ — R:

Definition 3.3.2 (Safety specification).
Xsate = {z|bi(z) >0, Vi=1,...,t} (3.3)
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Robust CBFs:
Worst-case guarantees, but
conservative

Adaptive CBFs:
Not conservative, but no guarantees

u=m(x, baz) \u =

Robust-adaptive CBFs:
Guarantees, not conservative

Figure 3.2: This figure illustrates why we chose a robust-adaptive type CBF.

3.3.2 Robust-adaptive CBFs

In this second subsection, we summarize the raCBF formulation and outline the constraints that
valid raCBFs must satisfy. We choose the formulation in [74], which is less conservative than [58,
, 60, 61, 63] and compatible with more nominal controllers than [62]. The raCBF has the form
o(x, é) where it depends on not only the state, but also on the estimate of the unknown parameters.

The estimate, é, is initialized with a guess and then updated online according to:

0 = w(p)A(@) Vad(a,0), (3.4)
_ v
Vv(p) ¢(z,0) +n

0if V6(2,0)70 > 0
Wo = R ) (3.6)
—(Vb(2,0) T [yA(z) T Vad(x, 0)] otherwise

b [~op+ wy(a)], (3.5)

where « is an admissible adaptation gain, v(p) is a scaling function such that 1 < v(p) < ¢ < oo for
¢ > 1 and also Vrv(p) > 0. Also, n,0,( € Rs( are design parameters. We assume that 6 belongs
to a bounded set ©. For many systems, we can easily provide a guess for ©® based on domain

knowledge [57].

Theorem 3.3.1. Define the set I} = {x € X,0 € © | ¢(z,0) > 5070} where 0 is the mazimum
possible estimation error. § = 0 — 0, where 6 € [0 : ). Then, an raCBF must satisfy the following
constraints to ensure invariance ofIg:

sup {Vx(jz(w,é)(f — NG+ gu)} >— a((j)(x,é) — %éﬂé) (3.7)
ueU
H(z,0) >0 = bi(z) >0,Vi=1,...,¢t. (3.8)
Proof. Eq. (3.7) by Thm. 1 in [74] and Eq. (3.8) by defintion of safety. O

Eq. (3.7) says that the raCBF must be a function that defines a robust invariant set under the
true dynamics. Specifically, the robust set Ig is invariant iff there always exists an admissible input
to repel the state from the set boundary. This is implied by Eq. (3.7), which requires sup,;, ¢ > 0
(repulsion) when ¢ = %éTé (state at the boundary). Now, typically, the invariant set is considered

{z|¢ > 0}. The robust set is shrunk from this typical set by a margin proportional to the maximum
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estimation error. Intuitively, this triggers safe control earlier than is typical, which mitigates the
impact of estimation error.

Additionally, the raCBF must obey the safety specification. Eq. (3.8) says that the raCBF may
define an invariant set that is no larger than Xg.p. Often, X.f itself cannot be an invariant set.
There will be some states within Xg,¢ that will leave the set for any admissible control input.

Given a valid raCBF, a controller design is immediate. We simply apply the raCBF as an
optimization-based safety-filter on top of a nominal control policy. Since any control input satisfying
Eq. (3.7) will keep the system safe, this filter simply projects the nominal control signal to the space
of u satisfying Eq. (3.7).

Definition 3.3.3 (raCBF quadratic program (raCBF-QP)). Given nominal controller uyes = m(z),

min s — (39)
Vo (2, 0)(f — AD + gu) > —a (¢($, 9) - %éTé) . (3.10)

Notice that the filtered input is computed using the estimated dynamics. This is why we require

the raCBF, and the filtered input, by consequence, to be robust to estimation error.

3.4 Preliminaries: SOSP

We use sum-of-squares programming (SOSP) as the optimization framework for verification and
synthesis. In the following section, we briefly summarize key definitions and theorems for SOSP. In
general, checking polynomial non-negativity is NP-hard. However, checking that some p(z) € R,

(the set of polynomials in n variables) is an SOS polynomial (Def. 3.4.1) is completely tractable [75].

Definition 3.4.1 (Sum-of-squares polynomial). A polynomial p(z) is SOS if p(z) = Y, ¢;(z)? for
some polynomials ¢;. Clearly, this implies p(xz) > 0. We denote the set of SOSP as X.

Hence, a popular kind of optimization problem is the SOSP, which has constraints of this form

(enforcing a polynomial to be sum-of-squares).

Definition 3.4.2 (Sum-of-squares program). An SOSP is a convex optimization problem of the

following form for a given cost vector ¢ € RP*4

min ¢’ w (3.11)
ab(x) + Z wiai(z) €T, Vi=1,...,q (3.12)

Vjel:p
where ! () € Ry,.

The definition above says that an SOSP constrains ¢ polynomials to be sum-of-squares. These
;) and the objective is linear in these coefficients.

Next, we introduce the cornerstone theorem, the Positivstellensatz (P-satz), which allows us to

polynomials may have variable coefficients (w
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transform all different kinds of constraints (e.g., logical implications of polynomial inequalities) into
the standard SOSP constraint form of Eq. (3.12).

Theorem 3.4.1 (Positivstellensatz [76]). Given polynomials { f1,..., f+}, {91,-.-,9t}, and{h1,... hy}

in Ry, the following are equivalent:

(a) The set
fl(x) > 0)" 7fr(x) > 0
€ R gi(x) #0,...,9:(x) #0
hl(m) = 07 o >hu(1’) =0
s empty.

(b) There exist polynomials f € P(f1,..., fr),9 € M(g1,...,9¢),h € Z(h1,...,hy) such that
f+d>+h=0 (3.13)

where M(g1,-..,g¢) is the multiplicative monoid generated by the g;’s and consists of all their finite

products; P(f1,..., fr) is the cone generated by the f;’s:

!
P(fi,.- s fr) = {So Jrzsibi

i=1

l€Zy,5; €5y, }
bi EM(flv"'7f7‘)

and finally, Z(hy,...,hy) is the ideal generated by the h;’s:

I(ha, ... hy) = {Z hkpk‘pk c Rn} (3.14)

The P-satz allows us to convert statements in the form of (a) to the form of (b), which can
then straightforwardly be turned into an SOSP-type constraint. However, it is often inconvenient
to apply P-satz directly, since it generates complex constraints (e.g., the cone adds 2" terms, each

with a polynomial multiplier). Instead, we can use a simplification of P-satz called the S-procedure:

Definition 3.4.3 (S-procedure [75]). A sufficient condition for proving p(z) > 0 on the semi-
algebraic set K = {z € R"|bi(z) > 0,...,bn(x) > 0} is the existence of polynomials 7;(z),i =

0,...,m that satisfy

m

(1+7o(2)p(x) = Y ri(x)bi(x) € B (3.15)

=1
,i=0,...,m. (3.16)

<

m

ri(x)

Frequently, we simplify this condition further by taking ro(xz) = 0. Together, the concepts
from this section allow us to write the constraints which define valid raCBFs in the form of SOSP

constraints, which makes them amenable to verification and synthesis.
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3.5 Methodology

In the following sections, we show how a valid raCBF can be characterized using several SOSP
constraints. With this, we can pose raCBF verification as an SOSP; this allows us to efficiently
certify whether a given raCBF is valid. Additionally, we propose an algorithm for synthesizing an
raCBF, given the partially unknown system and the safety definition. The algorithm is a sequence

of SOSPs that are iteratively solved until convergence.

3.5.1 raCBF verification

In this section, we derive an SOSP that allows us to verify if a given raCBF satisfies Theo-
rem 3.3.1. Our goal is to convert Eq. (3.7), (3.8) into the form of Eq. (3.12).

Looking first at Eq. (3.7), we see that it requires us to show that for all x € X,0 € O, there
exists some u € U satisfying the constraint. The “exists” quantifier complicates the conversion, as
theorems like P-satz and S-procedure can only support “for all” quantifiers. However, it turns out
that for any z, we can identify which u € U achieves the supremum in Eq. (3.7) - call it u*(z).
Therefore, we only need to check whether Eq. (3.7) is satisfied for u*(z) for all x.

We derive u*(x) by regarding Eq. (3.7) as a constrained optimization over the input w. In
fact, it is a special kind of optimization problem with an affine objective and a compact, convex
constraint set. Hence, the maximizer always occurs at a vertex of the constraint set [77], v/ where
vf € {u;,u;}. For each x, we can further identify which vertex is the maximizer. First, we write
Eq. (3.7) more clearly in control-affine form. Let ¢(z,0) := V.¢(x, 0)(f — Ab) + a(¢(x,0) — %éTé) and
d(z,0) := V,é(x,0)g(z), so that Eq. (3.7) can be rewritten as sup,, ,, c(z, §)+d(z,0)u. Fori=1,...,m,
if d(x,0); > 0, i.e., the i*" entry of vector d(z,) is nonnegative, then u}(z) = @; and vice versa.
There are then 2™ groups of & with distinct sign patterns on d(z, ) that have distinct maximizers
u*(x). Hence, we can write 2 constraints for all the groups of .

We give an example for m = 1, although the general case is an immediate extension. We have

two constraints:

Ve € X,0 €O, st. ¢(x,0) > :
d(z,0) >0 = c(z,0) +d(z,0)u >0, (3.17)
d(z,0) <0 = c(z,0) +d(z,0)u >0

Applying the S-procedure gives us the following SOSP constraints:

c+du—sid—s2(p—07) €D, $1,52 €3, (3.19)
c+du+s3d—ss(p—PL7)EX, 83,84 €. (3.20)

Likewise, we can also apply the S-procedure to (3.8) to yield:

QS(I’,@)—Tin‘GE, Vi=1,...,t, r;, €. (321)
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Theorem 3.5.1 (raCBF verification). For the case where m = 1', a polynomial ¢(x,0) is a valid
raCBF, providing set invariance and finite-time convergence in {x|¢p > 7}, if there exists $1.4,7;
such that the convex constraints in Eq. (3.7) and (3.8) are satisfied. This can be determined by
seeing if the SOSP consisting of constraints (5.19), (3.20), (3.21) is feasible.

Proof. If there exists such si.4,7;, then by Def. 3.4.3, Thm. 3.3.1 is satisfied. O

Algorithm 1 Synthesis of raCBFs via a sequence of three SOSPs

0: Start with ¢(O)7 9;0), Hﬁm, O = o0, ¢ = 0, converged=False. Denote the objective value as @9,
0: while not converged do

0:  Ellipsoid £ « P1(¢®, 0,65

0:  Multipliers s;(z,0),:(x, 0) < P2(¢®,0", 05 €0

0: UtV Ut Ut ) P3(sy(x, 0), 7i(x, 0), £

0. if |c(i+1) —c®| <¢ then
0

0

0:

converged < True
end if
end while=0

3.5.2 raCBF synthesis

In this section, we provide an algorithm for synthesizing an raCBF given the partially known
system (Eq. 3.1), the safety definition (Eq. 3.3), and a feasible initialization for the raCBF. We would
like to find ¢(x, é) satisfying Theorem 3.3.1, where ¢ is now a polynomial of fixed degree over x, 6
with variable coefficients. However, with ¢ containing optimization variables, Eq. (3.19), (3.20) are
no longer convex, but bilinear. This requires us to apply bilinear alternation on these constraints,
which form the basis of our Alg. 1. We optimize the multipliers s;(z, 8),r;(z,0) in Phase 2 and the
raCBF ¢(z,0) in Phase 3 and continue back and forth.

Phase 2 (3.22)
e P

ct+du—s1d—s2(p—p7) € Ctrl fitr feas. constrs
c+du+ssd—si(p—p7)€eD

o—mrb,ed [ Vi=1,...,t Subset constraints
t—¢p—s5(0 —x' Pr)eY Ellipsoid constraint
1-¢(0,0)ex Anchor constraint

1The case for general m is an immediate extension, but omitted for notational brevity.
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Phase 3 (3.23)
¢7%ilry19u Nt+6,—0,

ct+du—s1d—s3(p—pB7) €D Ctrl fitr feas. constrs
ct+du+szd—s4(p—p7)eED

o—ribjed Vi=1,...,t Subset constraints
t—¢—s5(0 —x' Pr)€X Ellipsoid constraint
1—-¢(0,0)ex Anchor constraint

While bilinear alternation alone would yield a valid raCBF, we’d also like the raCBF to capture a
large invariant set. A larger invariant set means the system is less restricted, providing the nominal
controller more flexibility. Thus, our optimization needs to also maximize the size of the invariant
set Z;. To do this, we follow [24] (Fig. ). To increase its size, we perform several steps in each
iteration. First, we find the largest ellipsoid & := {z | z " Pz < §} contained within Z; (solve Phase
1 for the maximum ellipsoid radius §). Then, we optimize the raCBF so that the margin between s
and Ig is as large as possible (Phase 2). This effectively increases the size of Ig over the iterations.
We also add an “anchor constraint”, which limits the maximum value of the raCBF. This helps us

avoid a trivially optimal raCBF with large values but a small invariant set.

Phase 1 (3.24)

max r
JER,s0EX

st. d—x'Pr—sppeX

Another challenge posed by synthesis is the requirement for a feasible initialization. That is, we
need to supply a raCBF already satisfying Eq. (3.7), (3.8) when using bilinear alternation. Generally,
this initialization is something that can be computed straightforwardly, but has a trivially small
invariant set. Then, the idea is for synthesis to enlarge the invariant set, while maintaining validity,
until it has a reasonable size. We can easily provide such an initialization if the robust range ©
is small. In that case, we can use the control Lyapunov function (CLF) corresponding to a linear
quadratic regulator (LQR) which stabilizes to an equilibrium point in Xsafe. This initialization will
intrinsically have some robustness to perturbation [78]. However, in the general case, the robust
range © will have moderate size.

To handle this, we consider a small robust range at initialization, so that we may use our LQR-
based CLF initialization. Then, we maximize this robust range over the iterations (Phase 3). In our
experiments, the ultimate robust range produced by our algorithm is always equal to the desired
range. However, we have found, for example, that the algorithm is unable to increase the robust

range to double the desired size. This is not a significant issue though, since robust control is
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IO = {2|o(z,8) > 0} IO = {|p"(z,8) > 0} IO = {26V (2, 6) > 0}

5;” = {z]zT Pz < 60} 6;7) = {z]zT Pz < 6%}

Figure 3.3: This figure illustrates the invariant set size maximization process.

generally not recommended when the desired range is large [57].

Table 3.1: Results for feedback simulations. We use 200 random trials for each test. For the performance test, the
cartpole task metric is time-to-reach z,,4; and the quadrotor’s task metric is the average trajectory tracking error.

Toy 2D  Cartpole Quadrotor

Safety Test

(% safe trajectories) 100% 100% 100%
Performance Test
(% improvement of raCBF

over rCBF on task metric) — 7.014% 54.953%

3.6 Results

In this section, we synthesize raCBFs for three different systems: toy 2D, cartpole, and quadrotor.
We show that our algorithm is quite general, producing valid raCBFs for a variety of dynamics
and safety specifications. We also compare closed-loop performance in simulation for our robust-
adaptive controller and a baseline robust controller [25]. We find that our robust-adaptive safety
filter ensures 100% safety while also interfering less with the nominal controller. This means it
achieves significantly better performance on combined safety-stabilization and safety-tracking tasks.
Finally, we also show that our method scales better than the baseline, handling systems of 7D as
opposed to 2D.

In particular, we run two sets of experiments with the simulated closed-loop system:

1. Safety test: ensure the system does not leave the invariant set under an adversarial nominal
controller, which tries to drive the system out. Trials vary the initial state and the true

parameter(s) value(s).

2. Performance test: measure stabilizing/tracking performance on combined safety-(stabilizing/tracking)
task. Compare with baseline, a robust CBF [25]. Trials vary the true parameter(s) value(s).
The cartpole’s task metric is time to reach the goal and the quadrotor’s task metric is the

average trajectory tracking error.
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We use 200 random trials for each test. Results are listed in Table 3.1 and analyzed further in
the following subsections. All the experimental hyperparameters can be found in the Appendix
(Sec. 7?). To solve the SOSPs, we use SOSTOOLS [79] with Mosek [30] on a 3.00GHz Intel(R)
Core(TM) i9-9980XE CPU with 16 cores and 126GB of RAM. For all examples, the initial raCBF
is derived from an LQR-based CLF that stabilizes the system to the origin. Specifically, we use the
solution S of the algebraic Riccati equation of the system linearized about the origin to define the
CLF V(z) = 27 Sz and the raCBF ¢(©)(2) = ¢ — V(x), where ¢ € R+ is chosen experimentally.

?rajectories for 2D Toy System Safety Test

Safe Set b(x)
Final ¢;(z,0
- - - Final ¢;(z,0)

Figure 3.4: Random trajectories generated by the safety test. Observe that all stay within the invariant set (in red).

3.6.1 Toy 2D

We use the 2D toy system from [81]:

To — s —z? 0
:ic:[ 1]—[ 1]0+Hu (3.25)
0 0 1

with © € [0.8,1.5] and u € [~2,2]. The safety definition is Xsate = {x | b(x) := 1 — (27 + 23) > 0}.
Our synthesized raCBF attains 100% safety on this system. Observe in Fig. 3.4 that the trajec-
tories under the safety-filtered adversarial controller never leave the system despite the parametric

uncertainty.

3.6.2 Cartpole

For the cartpole system (Fig. 3.1), we transform the standard trigonometric dynamics [32] to
polynomial form by redefining the states as [, z,),sin(1), cos(t)) + 1]. For these new states, we
require sin?(v) + cos?(1)) = 1, which we incorporate into the SOSP using the S-procedure [%3]. The
unknown parameter is the friction coefficient at the joint. We let © € [0.28,0.31], following [34] and

u € [—5,5] N. The safety definition confines the pole angle to be small: Xsage := {sin?(%) —sin?(¢) >

0}.
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10 Initial & Final Invariant Sets for Cartpole
N\ — Initial ¢(x)
——Final ¢; (z,0)

- - - Final ¢;(z,0) -

ot

2 2.5 3 3.5 4

Figure 3.5: Note the significant increase in size from the initial to final invariant sets. Also, observe that the final
raCBF depends on 6 in an intuitive way.

In Fig. 3.5, we plot the invariant set along (9,9). First, observe that the shape of the set is
sensible: it is an ellipsoid with primary axis § = —6, meaning it considers the pole swinging to the
vertical as safe and vice versa. Secondly, note that the synthesized raCBF depends meaningfully
on . Comparing the invariant sets for ¢(x,0) (low joint friction) and ¢(x,0) (high joint friction),
we can see that the former set is larger. This makes sense, since for low joint friction, the pole is
more responsive and easily controlled. Finally, notice that the initial invariant is almost negligibly
small, but the final set is quite large. We conclude that our algorithm is very effective at growing
the invariant set.

As for the closed-loop simulations, raCBF attains 100% safety, even with an adversarially unsafe
nominal controller. We also synthesize a robust CBF according to [25]. In the performance test, we
implement a nominal controller which controls the cart to reach position zg0q;. Then, the nominal
controller is either layered with an raCBF-based or an rCBF-based safety filter, both of which
prevent the pole from tipping.

Overall, the raCBF controller reaches the goal 7.014% faster. One reason for this is that the
raCBF has a larger invariant set (Fig. 3.6), which allows larger pole angles during safe operation
(Fig. 3.7) and hence larger cart acceleration. The difference in invariant set size can be explained as
follows: while both raCBF and rCBF are robust to maximum estimation error, the raCBF is able
to account for this error in a more moderate way, since it assumes parameter estimation is possible.

The second reason raCBF reaches the goal faster is its use of parameter estimation. The pa-
rameter adaptation law renders the raCBF selectively conservative, whereas the rCBF is always
conservative (always operating under worst-case assumptions). To see this, observe Fig. 3.8. The
law adapts the parameters toward values that increase conservatism when the state becomes in-
creasingly unsafe. This happens at times ~ 3,7,9 seconds, when the pole changes direction as the
cart oscillates around the goal. This pivot causes the parameter estimate to grow to 6, which corre-
sponds to the smallest and thus most conservative invariant set (Ig) among the family of invariant
sets {Ig,@ € ©}. On the other hand, when the state is relatively safe, minimal conservatism is
applied. This is the case when the pole is static. At those points, the parameter estimate is § = 0,

corresponding to the largest invariant set in the family of invariant sets.
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raCBF vs rCBF
Final Invariant Sets for Cartpole

——Final raCBF ¢;(, Oia)
——Final r1CBF ¢(x)

Figure 3.6: Notice that raCBF’s invariant set is much larger than the baseline’s, which accounts for the difference
in the performance test.
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Figure 3.7: Detailed analysis of one trial from cartpole’s performance test.
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Figure 3.8: Analysis of parameter estimation for cartpole’s performance test.

24



Ch. 3 — SOSP Synthesis of Robust-adaptive CBF for Uncertain Systems

3.6.3 Quadrotor

This system is a planar quadrotor (Fig. 3.1) that we transform from the typical trigonometric
dynamics [85] redefining the states as [, ¢, ¥, x,y, sin(%)), cos(¢)) — 1]. We handle the transformation
in much the same way as the cartpole (Sec. 3.6.2). The system has two unknown parameters, which
are the drag coefficients in x and y that range from [0,0.01], roughly following the physical values
from [36]. The propeller thrusts are limited to [—4, 4] mg. The safety definition enforces the system
to avoid walls on the left and right: Xs.f. = {z | 2 € [-1,1]}.

Our synthesis is able to handle a system of this moderate size (7D), producing an raCBF that
ensures safety in 100% of the randomized trials of the safety test (Table 3.1). The raCBF also has a
large invariant set, which is evidenced by how it can track trajectories closely to the wall (Fig. 3.9).
On the other hand, the robust CBF from [25] cannot be applied to a system of this size. However,
in order to produce some point of comparison, we transfer the key parts of their formulation into
our SOSP algorithm. Essentially, this just modifies the control filter feasibility constraints in phases
2 and 3 of our algorithm. This allows us to produce a result after six hours of optimization, which
we use in the following performance test.

In the performance test, both controllers attempt to track a trajectory that crosses the walls.
The nominal tracking controller is gain-scheduled LQR. As we can see, our raCBF offers an 54.95%
improvement over the robust controller. In Fig. 3.9, we note that while our raCBF allows the
quadrotor to approach the wall, the robust CBF, which has a much smaller invariant set in the x
dimension, restricts the quadrotor to around = = 0. We can conclude that raCBF performs better

and currently scales better than rCBF. More work will be required to get rCBF to scale moderately.

3.7 Conclusion

In this chapter, we proposed the first verification and synthesis methods for adaptive-type safe
controllers for uncertain systems. We proved that the constraints characterizing a valid raCBF can
be written as an SOS program, and showed we can devise a multi-phase algorithm to synthesize an
raCBF. Then, in our experiments, we illustrated that our algorithm is generic and scalable with three
examples with varied dynamics, dimensions (up to 7D), and safety specifications. We empirically
confirmed our theoretical safety guarantees by showing that 100% of trajectories under the safe
controller are safe. Finally, we showed that our raCBF provides up to ~ 55% task performance
improvement over the baseline. In the future, we are interested in extending synthesis to systems

with time-varying unknown parameters.
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raCBF vs rCBF: Quad Tracking

3
— = Ref. Traj.
9l raCBF Traj. | |
rCBF Traj.
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Figure 3.9: raCBF enables closer trajectory tracking than rCBF and is therefore more performant.
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ADVERSARIAL TRAINING OF
NEURAL CBF FOR
HIGH-DIMENSIONAL

SYSTEMS

4.1 Introduction

In theory, control barrier functions are an appealing tool for safe control. However, it is difficult
to make the derived controllers respect input limits, which reduces their usage in practice. CBFs tar-
get the set invariance class of safety problems, in which safety is defined as keeping a system’s state
to a prescribed region. A large part of their appeal is that they offer mathematical guarantees of
safety. Such assurances are essential for safety-critical robotics applications, like collision-free drone
flight [37, 88], manipulators that work safely around humans [89], and stable bipedal walking [90].
However, these safety guarantees break down when input saturation occurs, since that means the
system cannot exert the force required for an evasive maneuver. The system then becomes endan-
gered (or dangerous), with the possibility of expensive equipment failure or people getting harmed.
It is therefore imperative that we account for input limits when designing CBFs.

CBFs are energy functions which map states to an energy value, with safe states having lower
energy. In energy function methods, an energy function is found and then a controller is crafted
that dissipates the energy. The core problem of these methods is constructing the energy function.
A valid energy function has to meet complex constraints that depend on the input limits, system
dynamics, and safety specification. So far, this problem of designing CBFs around input limits has
been studied to a limited degree, mostly for small or simple systems. To our knowledge, nothing
has been proposed which handles the nonlinear and high-dimensional systems that are more realistic
in robotics. Currently, many state-of-the-art approaches rely on hand-designing CBFs. This works
well for certain simple systems, like the kinematic bicycle system [10, 11, 12, 13, 14, 15, 16, 17].
Some of these hand-design methods are more systematic, deriving non-saturating CBF for special
classes of systems, like polynomial systems [18, 19]. Yet another variation of hand-design is to hand-
select a parametric function for the CBF and optimize the parameters to avoid saturation [8, 9, 10].
The problem of designing a non-saturating CBF is also equivalent to computing a control invariant
set, a well-known problem in the controls community [91]. This area has a long history and has

been studied under different viewpoints and names, including viability kernel computation [92] and
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infinite-time reachable set computation [93]. For a condensed survey, see [94]. The most generic
framework for computing control invariant sets is HJ Reachability [1]. Although it can handle
nonlinear systems and gives formal guarantees against saturation, it cannot typically scale past
systems of 6 or 7 dimensions in the state. This paper takes a different approach from HJ Reachability
and abandons formal guarantees for better scalability.

For the most part, existing approaches for synthesizing non-saturating CBF apply to narrow
classes of systems and can involve considerable human effort. In contrast, we envision a framework
for automating CBF synthesis that has a wide range of applicability. To achieve this, we borrow
ideas from machine learning (ML). We take inspiration from the related field of Lyapunov function
(LF) synthesis, which has incorporated ML with success. LFs certify stabilization, rather than safety.
However, finding a non-saturating CBF is essentially finding a function that satisfies a constraint
on a set of inputs, which is the same problem as in LF synthesis. Recent works in LF synthesis
represent the LF as a NN and then train it to satisfy the function constraints [95, 96, 97, 98]. We
borrow this paradigm for the unique problem of input saturation of CBFs. For additional related
work, please see Appendix Sec. A2.1.

There are several advantages to framing the problem as NN training. Firstly, it allows us to
handle synthesis for nonlinear systems. Good non-saturating CBFs for nonlinear systems tend to be
nonlinear functions, and NN are a richly expressive class of nonlinear functions. Secondly, it allows
us to handle synthesis for systems with large state dimensions (> 10D). Neural networks can be
trained quickly for inputs (here, the system state) of this size.

We synthesize CBFs that respect input limits by posing this as a problem of training a neural

function to satisfy limit-related constraints. Our contributions are as follows:
1. A novel way to frame the synthesis of non-saturating CBF.

2. The design of a training framework, including a neural CBF design, loss function and training

algorithm design.
3. Experimental validation on a 10D state, 4D input nonlinear system.

The rest of this paper is laid out as follows: Sec. 4.2 explains how CBFs work and carefully
define the input saturation problem. Then, Sec. 4.3 details our approach, including the design of
the neural CBF, training losses, and training algorithm. Finally, Sec. 5.6 describes how we test our

method on a challenging quadcopter-pendulum system against several baselines.

4.2 Preliminaries

In this section, we provide a review of CBFs, mathematically define a non-saturating CBF,
and explain the premise of CBF synthesis. First, some notation: for a function ¢ : R™ — R, let
C £ {c}<o be its zero-sublevel set, 9C = {c}_o the boundary of this set, and Int(C) = {c}<o the
interior. Now, we assume the following is given: (1) a control-affine system & = f(z) + g(z)u, where
€D CR ueld CR™ and f: R" - R, g : R® — R™ ™ are locally Lipschitz continuous on
R™, (2) input set U, a bounded convex polytope, and (3) a safety specification p : R™ — R, which
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implicitly defines the allowable set as A = {p}<o. Further, assume p(z) is continuous and smooth.
Given p(z), we can define r € ZT as the relative degree from p(x) to u (i.e. the first derivative of
p(z) where u appears).

We now walk through the process of producing a safe controller via CBF methods. In safe
control, the goal is to keep some subset of the allowable set forward invariant, which means keeping
any trajectory starting within the subset inside of it for all time. We call this subset the safe set
and it will be defined by a function, the control barrier function, which we design. The CBF will
also be used to define the safe controller that ensures forward invariance.

In the absence of input limits, we would just form a CBF as a known function of the safety

specification p(x):

r—1
¢ = []:[1 (1 + czgtﬂ p (limit-blind CBF)
where ¢; < 0. See [11, 99] for an explanation. The safe set X,q7. C A defined by this limit-blind

CBF is elaborated in Appendix Sec. A2.2. In the presence of input limits, we will have to modify this
design, but we will come back to this. Next, to define a safe controller using a CBF is straightforward.
A safe controller simply needs to repel the system back into the safe set whenever it reaches the set

boundary. The following theorem formalizes this idea:
Theorem 4.2.1 (Taken from [11]). Given a CBF ¢ and safe set Xsqpe, any feedback controller
k(z) : R™ — R™ satisfying

Oz, k(x)) £ Vo(x)" f(z) +Vo(z) g(z) k(z) SO Vo € OXyape (4.1)
Lyp(z) Lgo(x)

renders the system forward invariant over Xyqfe.

Note that you can also require a CBF to satisfy a stricter inequality ¢(z) < —a(¢(x)) for all
x € D, where «(-) is a class-x function. We elaborate on this alternative in Appendix Sec. A2.2.
The theorem above requires the controller to repel the system (decrease ¢) from the boundary
(x € OXsqpe). We are allowed to use any nominal controller, kpom, as long as we modify its inputs
to satisfy Eqn. 4.1 at the boundary. Thus, a CBF-based safe controller simply filters (modifies) a

nominal controller online by applying the QP below at every step of control execution:

k(z) = argmin 1 [|uw— knom(:c)Hg (CBF-QP)
ueU 2
0 ifzedXsye
s.t. Lip(x) + Lyp(z)u < (4.2)
0o 0.w.

The issue with using a limit-blind CBF for this controller is that it can cause controller saturation.

Specifically, saturation occurs when no u € Y exists that satisfies Eqn. 4.1 (constraint 4.2), causing
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Figure 4.1: Learned safe sets for the toy cartpole problem at four iterations during training. Candidate counterex-
amples are marked in black. It is observed that the critic correctly identifies that the states with severe saturation are
those with angle and angular velocity of the same sign (angular velocity swinging the pendulum out from the vertical).
In (d), green denotes the largest non-saturating safe set, computed using MPC. Note that our volume enlargement is
so effective that the learned safe set attains 95% of the largest volume.

1

the loss of safety guarantees.” What we need is to synthesize a mon-saturating CBF, which is

mathematically defined as:

Definition 4.2.1 (Non-saturating CBF). A function ¢ : R™ — R is a non-saturating CBF over a
set Xsqe if for all x € OXs, ¢e:

inf ¢ <0 4.3
inf ¢(z,u) < (4.3)
Intuitively, Def. 1 just requires that there exist a feasible control input to decrease ¢ (push the

system to the interior of Xs,f.) at every state on the boundary, 0Xs, .. We approach this problem
by modifying the limit-blind CBF:

r—1
o E (1 + cl;ﬁ) p—p+p* (modified CBF)
where p*(z) : R™ — R such that {p*(x)}<o C {p(z)}<o. This modification acts to shrink the
associated safe set from X,qp. to S*. With a proper choice of function p*(z), we can exclude
irrecoverable states (states where no feeasible input preserves safety) from the safe set boundary. In
the rest of the paper, we focus on learning the function p*(x) to produce a non-saturating CBF.

Problem scope: to review, our proposed method applies to nonlinear, control-affine systems
and safety problems that can be described by a smooth safety specification function p(z). We also
assume the system is deterministic and fully known. The method also applies to systems of high
relative degree, since we based the modified CBF off of a higher-order CBF.

1n practice, to avoid an unsolvable QP when saturation occurs, we add a slack variable to Eqn. 4.2. However, we
will still violate safety guarantees.
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4.3 Methodology

In this section, we present our neural CBF design (Sec. 4.3.1) and then discuss the training
framework which optimizes it with respect to control limits (Sec. 4.3.2, 4.3.3). Learning is formulated

as a min-max optimization problem of the following form, where 6 denotes the parameters of ¢*:

mein max L(6,x) (4.4)
We call this loss £(6,x) the saturation risk. This min-max problem is solved using a learner-critic
algorithm (Alg. 2), where the critic and learner repeatedly find where the worst saturation occurs
and then update the CBF to reduce saturation there. We also propose some strategies for training
stably, boosting critic efficiency, and for increasing the volume of the safe set. For visualization, we
plot the critic’s counterexamples for a toy cartpole problem and intuitively justify their correctness
(Fig. 4.1).

4.3.1 Design of CBF with Neural Residual

Building upon the previous work discussed in Sec. 4.2, to design a non-saturating CBF, we only
need to consider the design of the function p*(x) from the modified CBF. Let nn : R® — R be a

multilayer perceptron with tanh activations. Then, we define

p* (@) = (nn(z) — nn(z.))? + plx) (4.5)

where z. is a state, identified by the user, that should belong to any reasonable learned safe set.
Specifically, x, should belong to the allowable set A and should satisfy p((z.) < 0 for i € [0,7 —
1] (this constrains any possible higher-order components in z.; for example, velocities should be
directed away from unsafe zones). For safety problems that limit the system’s distance from an
equilibrium, the equilibrium itself should lie in any reasonable safe set. For anti-collision problems,
T, can be a point far from the ego robot. For additional recommendations, see the Appendix.
We have designed p* to obey three constraints: Constraint 1: p* is smooth. This is required to
preserve the smoothness of ¢*, which allows us to make existence and uniqueness arguments for
the closed-loop system. Our p* satisfies this because nn has smooth tanh activations and also p is
assumed smooth. Constraint 2: The 0-sublevel set of p* is contained within the 0-sublevel set of p:
{p*}<0 € {p}<o. The allowable set can be shrunk but not enlarged; otherwise, dangerous states may
be incorporated. Our design meets this criterion because p* > p. Constraint 3: S* is nonempty,
where §* is defined by p*. With our design, z. € §* by the definition of $* (see Appendix) and our

assumptions on z..

4.3.2 Adversarial Training Framework

In the following sections, we present a loss function that encourages satisfaction of Eqn. 4.1 and

the algorithm for solving the min-max problem on this loss. First, we define 6 as the parameters of
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Algorithm 2 Learning non-saturating CBF

: function LEARN(X,., 0)
Set learning rate «;
00—y Vo [Yex,. softmax(L(0,x)) + R(0)] {From Eqn. 4.7, 4.6}
return 60
end function
: function CoMPUTECE(#)
Set learning rate o, number of gradient steps N
X < uniformly sample a set on the boundary {See Alg. 4}
for iin [0,...,N] do
G + VxL(0,X) {Batch gradient}
P <+ project G along boundary
X + X+ a. - P {Batch update}
X « project X to boundary {See Alg. 5}
end for
X¢e < worst saturating states in X
return X..
end function
: function MAIN( )
Input: dynamical system %, safety specification p
Randomly initialize neural CBF parameters 6
Repeat:
Xee ¢ COMPUTECE(0){X,, is a set of counterexamples}
0 + LEARN(X,,0)
Until convergence
return 60
end function=0

PRI

¢*, which include the weights of nn and the ¢; coefficients. Our loss function, called saturation risk,

is defined as:
L(0,z) £ inf ¢}(z,u) (saturation risk)
ueU

It is a measure of the best-case saturation at a given state z. When £(, z) < 0, then no saturation
occurs at x; when £(6,x) > 0, it measures how severe the saturation is. Thus, our min-max problem
(Eqn. 4.4) is to minimize the worst best-case saturation over the boundary. When the worst best-case

is negative, i.e.

ax L£(0,xz) <0 (training goal)
then we have successfully found a non-saturating CBF.

To solve the min-max problem on L£(6,z) (Eqn. 4.4), we propose a learner-critic algorithm
(Alg. 2). Essentially, the algorithm alternates between the critic computing counterexamples (max-
imization with respect to z) and the learner updating the CBF (minimization with respect to 8).
The critic uses projected gradient descent to produce an approximate maximizer, £*, and then the
learner uses gradient descent to minimize the saturation loss at £*. Since both learner and critic

perform gradient descent on £(0, z), it is useful to re-express it as an analytic function, rather than a
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continuous minimization. To find the analytic expression, observe that this £(6, x) is a minimization
over u where the objective is affine (from Eqn. 4.2.1) and the constraint set is a convex polyhedron
U, by assumption. This means the minimizing u* is one of the vertices v € V(U) of the constraint

set. Thus, £(6,x) can be computed as a discrete minimization, which is analytic:

L(0,7) = vglvi(%) b (x,v) (analytic risk)

4.3.3 Encouraging CBF Optimality and Practical Training Methods

Design of objective term for enlarging the safe set: in this section, we introduce a
regularization term that we add to the training objective to help enlarge the safe set. One measure
of quality for safe sets is size. Since CBFs will allow a system to move freely inside a safe set, a larger
safe set provides greater freedom towards accomplishing control objectives. Thus, a larger safe set
enables better task performance. To this end, we add a regularization term to the training objective
to encourage a large safe set. For context, recall that our CBF ¢} defines a safe set S*. Specifically,
there is a function ss* of ¢} that implicitly defines S* as its 0-sublevel set: S* = {z[ss*(z) < 0});
ss*(z) is defined in the Appendix. To clearly indicate its dependence on the CBF and its learned
parameters #, we write it as ssj here. Next, we evaluate the regularization term at some sampled
states X,¢q. We have:

R(O) £ Y sigmoid(ssj(x)) (4.6)

T€X ey

The idea behind the sigmoid is to encourage states near the boundary (ss(¢j(z)) ~ 0) to move
(further) inside the safe set (ss(¢j(z)) << 0). Sigmoid gives a gradient which encourages values
near zero to become (more) negative. We demonstrate in the Appendix that including this term can
increase the volume by several factors.

Batch optimization: in practice, training works better if both learner and critic use a batch
of counterexamples, rather than just a single one. This means the critic optimizes a set of differently
initialized counterexamples at once and the learner takes a weighted loss over a subset of the best

counterexamples:

0=60—a-Vy Z softmax(L(0, z)) (4.7

xE€X e

This has the advantage of stabilizing convergence without adding much overhead. It stabilizes
convergence by preventing (1) deadlock and (2) inaccurate gradients throughout training. Deadlock
is when improvement at one counterexample causes saturation at another; averaging the learner’s
loss on a group of counterexamples avoids this by encouraging progress on many counterexamples
at once. Inaccurate gradients refers to the fact that the learner should be using the gradient at
the optimal counterexample x* (VoL(8,2*)), but since the critic is suboptimal, it uses a different

gradient, VoL(0,2*). Clearly, this could derail training. However, we find that with batching, the
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(b) vv. ¥ (c) Ov. 6 @@ év. 3
(quad roll, roll vel) (pend pitch, pitch vel) (pend, quad pitch vel)

Figure 4.2: (Left) quadcopter-pendulum system (image from [103]). (Others) Axis-aligned 2D slices of the 10D safe
set (blue is ours, purple is hand-designed CBF, green is safe MPC). For each slice, the unvisualized states have been
set to 0.

critic produces better counterexamples, giving us a closer estimate of the true gradient (Vg L(0, 2*) ~
VoL(0,z*)). Plus, with averaging, the learner averages out the effect of inaccurate gradients. We
show in the Appendix that the algorithm requires large batches of counterexamples to perform
well (Table A2.1). All in all, these techniques are a cheap and effective way to avoid the kind of
training instability found in other counterexample-based methods, like adversarial training for image
classifiers [100, 101, 102].

4.4 Experiments

In this section, we train a neural CBF on a challenging nonlinear, high-dimensional, and input-

limited robotic system. We pose two experimental questions:
Q1. How well do we achieve our training objective?
Q2. Does the CBF-based safe controller ensure FI?

Our system is a pendulum on top of a quadcopter (Fig. 4.2). This is a coupled system, with
the dynamics of both components found by the Euler-Lagrangian method [104]. The states are
quadcopter position and roll-pitch-yaw orientation (x,y, z and v, a, 8) and roll-pitch pendulum ori-
entation (¢p,0,), as well as the first derivatives of these states. The inputs are thrust and torque
(F, Ty, T8, Ta), which are limited to a bounded convex polytope set. See the Appendix for the system
dynamics. The safety specification is to prevent the pendulum from tipping and the quadcopter

from rolling:
p=7"+pB%+5, — (m4)? (4.8)

where ¢, = arccos(cos(¢p) cos(6,)) is the pendulum’s angle from the vertical. Since the quadcopter

position does not impact safety and the position dynamics can be decoupled, we exclude position
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Saturation at the boundary Safety of rollouts w/ diff kyom Safe set volume
% non-sat. states mean, std dev of sat. worst sat. ko Kigr Kigr—agg (as fraction of ours)
Ours 99.00 1.75 + 2.40 15.19 99.62  99.62 99.02 1.00
Hand-designed CBF 78.68 4.99 +3.78 29.50 78.68 80.28 80.28 53.87
Safe MPC - - - 99.06 99.54 99.44 0.08

Table 4.1: Comparison of our method against baselines. The “mean, std dev of sat.” is E[L(0,z)] £ o[£(0, z)] and
“worst sat.” is £(0,x*).

and consider the resulting 10D state, 4D input system. Finally, in the design of p*(x), we let 2, = 0,
which is the system’s equilibrium.

Next, we propose metrics to answer each of our experimental questions:

Q1 metrics. % of non-saturating states on OS*: we measure how well we satisfy Eqn. 4.3 by
uniformly sampling states on S* and calculating what percentage of them are non-saturating. We
also use these samples to compute the mean and variance of the severity of saturation, E[L(0, )]
and o[L(0,x)]. To approximate the severity of the worst saturation, L£(6,x*), we apply our critic
and allow it to use more samples and computation time than during CBF training.

Q2 metrics. Q2 considers the in-the-loop control performance of our learned CBF. We measure
% of simulated rollouts that are FI by initializing rollouts randomly inside S* and simulating their
trajectories under the safe controller (CBF-QP) until just after they reach the boundary. Then, we
record whether the system exited or remained inside §* after arriving at the boundary. The value
of this metric depends on the choice of nominal controller, kyomm. We try ko(z) = 0, which yields an
unactuated system, and kigr and kjgr—agg, which are linear quadratic regulator (LQR) stabilizing
controllers, with kg, _qg¢ tuned to be more aggressive.

We also choose two well-known alternatives as our baselines:

Hand-designed CBF: for CBFs5, this is a typical alternative. We hand-pick a parametric CBF
and then optimize the parameters for non-saturation.

Safe MPC: MPC is often used for safe planning and control and it can take input limits into
account. The safety specification (p < 0) becomes a nonlinear state constraint and we also have to
set the terminal constraint to be a smaller, known invariant set for the MPC solution to be forward
invariant.

For details on any of these baselines, see the Appendix Sec A2.4. Note that safe MPC defines
its safe set implicitly. This means the boundary of the safe set is not defined by a function. Hence,
it would be too time-consuming to sample states on the boundary and compute the metrics for Q1.
For safe MPC, we only report the results for Q2.

Code. Our code can be found at https://github.com/s1iu2019/input_limit_cbf

Training details. The learning framework and metrics were implemented using Python and
PyTorch [105]. Training took about 2 hours on a single NVIDIA GeForce RTX 2080 Ti GPU.

Discussion. As we can see in Table 4.1, for our learned CBF, almost 100% of the boundary
states are non-saturating and almost 100% of the rollouts are FI across the nominal policies. This
shows that our neural CBF and learning framework are an effective combination and capable of
handling systems of high complexity. We are not able to attain 100% non-saturating states and

FI rollouts, which is either due to suboptimality of training or limitations of the function class,
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as NNs are only universal approximators when their size is taken to the infinite. For our learned
CBF, the severity of saturation at the saturating states is not negligible, but it is still low, and the
worst saturation is large, but rarely encountered. The hand-designed CBF does poorly across all
metrics (only 80% of the boundary states are non-saturating and around 80% of rollouts are FI).
Safe MPC is equally good as the learned CBF at ensuring safety (almost 100% rollout safety)?.
However, its significant disadvantage is that its safe sets are just a fraction of the size of our own
(8.4% respectively). Size is an important measure of the quality of a safe set; these small sizes imply
that this baseline can only ensure safety from relatively few states. The root of the issue is that
safe MPC constructs a safe set by effectively expanding a smaller, “seed” invariant set provided by
the user. The size of the safe set therefore depends greatly on the size of the seed invariant set. As
we have already established, it can be quite difficult for users to design invariant sets (equivalently,
non-saturating CBFs) of any reasonable size.

Visualizing slices of the safe set can provide deeper insight into the results of training (Fig. 4.2).
Recall that a safe set contains only states that are recoverable from danger, given our input limits.
We observe that our CBF has diamond-shaped safe sets in slices B and C, which makes sense because
small angles can still be recoverable at larger speeds. In slice B, safe MPC’s set largely captures
states where the signs of -, differ. This makes sense too, since these are states where the angular
velocity acts to return the angle to 0. Safe MPC’s set in slice B is also larger than ours. Since it is
a non-saturating safe set, just like ours, we have to conclude that our algorithm could have found a
larger non-saturating safe set. The reason for this suboptimality is that our volume regularization
strategy is imperfect. It encourages expansion only at scattered points on the boundary, which
means that some areas of the boundary may be unaffected. However, our regularization strategy
seems to work well overall, since the volume of our safe set in 10D is much larger than that of safe
MPC. In slices C and D, we get a glimpse of why that is. In both of these slices, safe MPC’s set is
tiny. It very tightly constraints the pendulum’s angular velocity. While it makes sense for safe MPC
to be more conservative towards the pendulum than the quadcopter (the pendulum is not directly
actuated, while the quadcopter is), it is unnecessarily conservative.

Next, we analyze the shapes of the sets in slice D. Our safe set indicates that there should be a
maximum safe angular speed for quadcopter and pendulum. This makes sense, since higher angular
velocities are certainly harder to pull back from. We also observe a larger range for the quadcopter’s
pitch velocity than the pendulum’s, which makes sense because again, the quadcopter is directly
actuated and the pendulum is not. On the other hand, the hand-designed CBF does not restrict 6
or A in slice D. Due to the functional form of the hand-designed CBF (see Appendix Section A2.4),
6 and 3 are only restricted when 66 > 0 or A8 > 0 (that is, when angular velocity is strictly acting
to destabilize). We've assumed 6, 3 = 0 in slice D. This safety criterion is clearly too lenient, since
large angular velocities that are currently swinging the system to the origin can cause overshooting
and toppling shortly after. Overall, we can see that the non-neural CBF does not have the right

function form. In general, it can be hard to guess what the right form might be for a system of this

2In theory, MPC should attain perfect safety. However, nonlinear MPC solvers are not “complete” in the sense
that even if there exists a solution to their nonlinear program, they may not find it. Hence, sometimes they may
falsely consider the safety problem infeasible and provide an unsafe input.
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complexity. However, our algorithmic approach, combined with the NN functional representation,
removes the need for guessing.

Limitations and future work: in the future, we intend to loosen our assumptions (see last
paragraph of Sec. 4.2), particularly the assumption of a known and deterministic model. We would
also like to test this method on more high-dimensional, nonlinear systems. One limitation of our
work is that we had to perform a change of variables on the states input to the neural CBF before it
would train successfully (see Appendix for details). While the dynamics on the new states were still
nonlinear, this indicates that a simple feed-forward network might not be the best neural function

class.

4.5 Conclusion

In summary, we proposed a framework for facilitating CBF synthesis under input limits. Thanks
to our neural CBF representation and our effective and efficient learning framework, our method
scales to higher-dimensional nonlinear systems. We learned a virtually non-saturating CBF on one
such system, the quadcopter-pendulum. We hope that this safe control tool will makes CBFs more

accessible and of practical value to roboticists.
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INTRODUCTION TO PART 11

Part I argued that reachable sets are a unifying computational primitive for safety and perfor-
mance in agile systems. In Part I1, we shift that lens to performance-driven planning for contact-rich
manipulation, where the challenge is not avoiding imminent violations but finding high-quality, feasi-
ble motion through hybrid state spaces. Contact-rich tasks inherently couple discrete mode changes
(which contacts are active) with continuous motion (how the object and arms move), yielding a
search space that is high-dimensional, nonsmooth, and riddled with local minima. Standard ap-
proaches split along two extremes: local trajectory optimizers that are fast but myopic and highly
initialization-sensitive, and global methods (sampling or MIPs) that explore more broadly but often
return circuitous plans or fail to scale. This section develops a middle path that retains global
structure without sacrificing solution quality.

Our key idea is to make reachable sets the unit of abstraction for global planning. Concretely, we
introduce Mutual Reachable Sets (MRS)—the set of object poses in SE(2) that are both forward-
and backward-reachable in finite time from a seed grasp under a competent local contact-rich planner
(CQDC-MPC). Because modern local planners can traverse multiple contact modes in one shot, each
MRS compactly summarizes a large swath of feasible, multi-contact behaviors. We then (i) build
an offline graph of MRS that covers the object space, (ii) plan online in object space by finding
near-optimal paths through this graph via the Graph of Convex Sets (GCS) relaxation (yielding
bounded suboptimality), and (iii) lift the object path back to full robot inputs by tracking with
the same local planner and inserting regrasps only where sets intersect. On a demanding bimanual
KUKA iiwa reorientation problem in SE(2), a small cover (e.g., 36 sets) suffices to collapse the
hybrid search to a short path on a sparse graph, delivering seconds-level query times, high success
rates, and substantially lower execution cost than a state-of-the-art sampling baseline—all while

preserving the expressiveness needed for fine, multi-contact maneuvers.
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GLOBAL PLANNING FOR
BiMANUAL SE(2)

MANIPULATION ON A
(GRAPH OF REACHABLE
SETS

5.1 Introduction

Robots today are not yet leveraging their full physical potential. Most manipulation relies solely
on end effectors, but without engaging other parts of the manipulator, tasks involving large, heavy
objects or small, delicate ones become nearly impossible. To effectively handle these long-tail objects,
we often need contact-rich interactions with the manipulator or environment. For example, for large,
heavy objects, bracing can allow greater wrench application and more efficient, expressive motion.
For small objects, multi-point support against the manipulator can provide stability during fine,
precise actions. In order to fully exploit these manipulator capabilities, we must reason explicitly
about contact.

Planning for contact-rich manipulation remains an open challenge, as it involves planning for
systems that are both hybrid and underactuated. The discrete portion is a combinatorial search
over the sequence of contact states or modes. Even for SE(2) tasks, this search branching factor can

be significant: between 4!° and 420

contact modes for the system we study here. The continuous
portion, which considers motion within a fixed contact mode, is a nonconvex optimization problem.
The joint hybrid search space is high-dimensional, nonsmooth, and nonconvex, making it difficult
to find high-quality trajectories. Namely, local planners will often get trapped in local minima, and
global planners tend to produce circuitous trajectories.

We also consider a challenging manipulation system: a bimanual KUKA iiwa robot (Fig. 5.1)
that reorients objects in the plane. This system has high dimensionality and requires reasoning about
multi-point contact involving complex geometries, as well as kinematic feasibility. It is significantly
more complex than the systems typically studied in model-based planning, like those involving point
contacts or parallel-jaw grippers.

We introduce a hierarchical, multi-query planner for full-body manipulation in SE(2). In our
offline phase, we build a graph of mutual reachable sets in object space. A mutual reachable set

comprises object states forward and backward reachable in finite time from a starting grasp. Since
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current local planners [45] can generate far-reaching trajectories that span several contact modes,
their reachable sets are a much more tractable discrete unit than contact modes themselves (Fig. 5.2).
Relatively few of such sets can cover key regions of the search space, enabling efficient search over

chains of local policies.

{ 2 kuka iiwa-7 Arms
— /
L »

7

.w-@}.m 4

Initial

Figure 5.1: Left: Bimanual KUKA iiwa-7 setup with the three actuated joints on each arm (shoulder—elbow—wrist)
highlighted. Right: collision model used for planning, which 29 spheres per arm.

Besides reducing the complexity of the discrete search space, our approach also reduces the
dimensionality of the continuous search space. At runtime, our planner operates in two layers: (1) a
top level that generates an object-space trajectory through the graph of reachable sets and (2) a lower
level that computes the corresponding trajectory in the full manipulator and object configuration
space. At the top level, which is the most time-consuming, we plan in the low-dimensional object
subspace. We design the framework so that object space contains all the required information to plan
- including information that ensures kinematic and dynamic feasibility at the lower-level planner.

Taken together, our design choices drastically shrink the search space and allow us to apply
bounded-suboptimal search techniques to find high-quality solutions. This framework provides sev-

eral advantages:
e Bounded suboptimality, up to the object-space cover
e Trajectories have orders of magnitude lower objective cost than state-of-the-art planners
¢ Online solutions in seconds

« High planning success across broad distribution of queries

5.2 Related Works

Reinforcement learning (RL) methods have shown early success in dexterous manipulation, but

they tend to be highly sample-inefficient and require extensive reward shaping [26, 27, 28, 29, 30,
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, 32]. Additionally, while behavioral cloning (BC) has been effective for general real-world manip-
ulation [106, , ], it has been limited to all but the simplest contact-rich tasks, like end-effector
pushing [33, 34]. This is because it is impractical to collect the necessary teleoperation data -
the embodiment gap makes intricate contact-rich tasks hard to complete via teleoperation. Initial
works have instead begun to investigate generating such data using planners like ours [109, ]
One of their key findings is that the success of learning depends strongly on the quality of the
planner-generated data, which is an issue we address in this work.

Model-based approaches can be divided into local and global methods. We first review local
methods, which perform optimization within the hybrid space by treating it as piecewise nonlinear.
One main type of local method employs contact-implicit models, which frame contact dynamics
as constrained optimization problems [35, 36, 37, 38, 39]. These models can be incorporated into
gradient-based trajectory optimizers [39, 45]. The second major body of local methods leverages
differentiable simulators, which approximate dynamics via Taylor expansions [40, 41, 42, 43, 44, 45].
These can be used within gradient-free trajectory optimizers [16, 417]. Overall, though local methods
tend to be fast and scalable, the feasibility and quality of their solutions depends heavily on having
a “good” initial guess.

Next, we summarize global methods, which fall into three main categories. The first is sampling-
based approaches [15, 48, 19, 50, 51, ], which alternate between discrete search and continuous
optimization. Recent works have been able to tackle complex problems, like bimanual manipula-
tion or dexterous reorientation [45]. However, these methods generally lack asymptotic optimality
guarantees and also perform poorly in practice, as their random growth strategy leads to inefficient
trajectories. Post-processing with shortcutting or trajectory optimization provides only marginal
improvements, as it does not address the underlying exploration bias. Some sampling-based works
also incorporate local reachable sets, using them to guide sampling [45, 48, , ], but this only
improves efficiency, not optimality.

The second category is mixed-integer programming (MIP) methods [52, 53, 54], which encode
contact modes as binary variables and search over mode sequences. These methods scale poorly,
with runtime growing exponentially in the number of modes, and are typically limited to simple 2D
manipulation tasks (e.g., gripper-and-cube or push-T). Solving convex relaxations of the MIP can
improve scalability [54], but only somewhat.

The third class consists of hierarchical planners, which aim to reduce the combinatorial com-

plexity of discrete search through abstraction. The top layer of the hierarchy can range from

low-level contact mode enumeration [51, , , ] to high-level, hand-designed motion prim-
itives [117, , ]. We argue that the structure of the hierarchy is critical. Too low-level, and
planning becomes slow: for example, [51, ] do not scale past point contact and gripper systems.

On the other hand, if the hierarchy is too high-level, then planner becomes rigid, incapable of pro-
ducing fine-grained motions [119]. To our knowledge, no prior work strikes the right balance between
efficiency and expressiveness.

Finally, in feedback control, there are works that construct global feedback policies by chaining

locally stabilizing controllers [120, ], but these primarily focus on smooth systems.
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Figure 5.2: Example of MRS showing different configurations (g1, g2, ¢3) reachable from an initial grasp gseeq via
a local planner. Note especially how the MRS encapsulates multiple different contact states/modes (g1, g2, gseeq all
have distinct active contact pairs). This is what makes MRS a useful discrete unit in planning - it abstracts away
some of the combinatorial complexity of contact states/modes.

5.3 Preliminaries

We begin by specifying our problem setting, defining mutually reachable sets, and explaining
two tools that we leverage: CQDC-MPC, a local planner for contact-rich problems, and GCS, a

framework that can be used to find shortest paths on graphs of sets.

5.3.1 Problem Formulation

We consider a bimanual KUKA iiwa system (Fig. 5.1), where each arm has 7 joints but only 3
(shoulder, elbow, wrist) are actuated to constrain motion in the zy-plane. The task is to move a
cylindrical object to a desired pose. The system has 3 unactuated DOFs, 6 actuated DOFs, and 29
collision geometries. We assume known geometric models of both the robots and the object.

We describe the system using configurations ¢ € Q@ C R® x SE(2). We omit velocities due the
quasidynamic assumption of CQDC, our planning model (Sec. 5.3.3). The configurations are divided
into the manipulator’s actuated configurations ¢* € Q% C R® and unactuated object configurations
q° = (49, qy,q5) € Q° C SE(2). The actions are position commands u € U C RS that are tracked
with a stiffness controller with diagonal gain matrix K, € R%*6. We model our system as a discrete-
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Qa

QO

Figure 5.3: Figure showing the relationship between FRS RT € Q, BRS R~ € Q, and MRS FRS R° € Q°.

time dynamical system:

g1 = f(qe,u) (5.1)

For convenience, we define fr : @ x U7 — Q, which recursively applies dynamics for a length-T
control trajectory ug.r_1 from some initial state g.

We use two distance functions. To describe differences in robot configuration, we use the standard
£2 norm. For differences in object configuration, we use dsg(2), which denotes a weighed Euclidean

norm:

dsg(2) (47, 45) = \/le —p2l* +w((q? g — a5 5) mod 27)? (5.2)

where p; = (¢7 ., ¢7,) for i =1,2. We set w = 1.

Now we are ready to describe our problem. Given an initial system configuration ggtart, goal
object configuration goa» and tolerance r € R*, our goal is to produce an action sequence ug.7_1
which, when applied to ggtart, produces a configuration sequence go.7 with dsg(2)(¢7, qgooal) <r. We

would like this action sequence to minimize the following cost function

!

-1

c (QO:Ty UO:T—1) = d (Qt, Qt+1) (5-3)
t

i
=

where d(gs, g1) = llg7 — aiall-

5.3.2 Mutual Reachable Sets

We define mutual reachable sets (MRS), the basis of our framework. An MRS consists of all
object configurations that are forward and backward reachable from a seed grasp (a configuration
Jseed € Q where the manipulator and object are in contact) under a local planner. Each set can be
thought of as the “coverage region” of the local planner. The core innovation of our framework is

that we consider our MRS as the discrete elements, rather than contact modes or higher-level skills
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(e.g. rotating, pivoting). This choice of discretization reduces combinatorial complexity while still
remaining flexible enough to solve any reorientation queries. Later, in the methodology section, we
will describe how we can cover the object configuration space Q° with a collection of MRS and link
them into a graph to plan through.

First, we begin by defining forward and backward reachable sets (FRS, BRS). Given a seed
configuration ¢seeq, @ maximum horizon T, a local planner which produces a control trajectory
T(qSrarts Qgoar) —* o:T—1, the finite-time FRS is the set of all configurations that are reachable from

(seeq Under 7:

R:,T(QSeed) = {q | q= fT(qseedaTr(QS‘eed7qo))} - Q (54)

Analogously, the finite-time BRS is all configurations that can reach to gseeq under :

R;T(q:;eed) = {q | fT(q,’/T(qovqgeed)) - (Iseed} g Q (55)

Though the FRS and BRS are defined on full configuration space Q, we are interested in their

coordinate projections onto Q°, which we denote by a superscripted o:
/- . . +/-
Rfr,T/ (@seed) = Projsg (2) (Rw,/T (qSeed)) . (5.6)

We are now ready to define the mutually reachable set.

Definition 1. Mutually reachable set (MRS) - given a seed configuration ¢seeq, planner m, and
maximum horizon T, the MRS is all object configurations that simultaneously can be reached from

and can reach back to the seed in 27"
R7O-r7T(qS€€d) = R(:r:-'; (QSeed) n R?E“(Qseed) - QO (57)
See also Fig. 5.3 for a visualization. For brevity, we refer to these sets from here on out as
R, Ro+/~ R/~ dropping the dependency on qseeq, T

Lemma 5.3.1. Any two object states qf, g5 in the MRS are mutually reachable: qf is reachable from

q5 and vice versa.

We will use this lemma later to show that our object plans are feasible by construction, under
some assumptions. Note that because we focus on prehensile manipulation, the FRS and BRS will

tend to overlap significantly, giving us sizable MRS.

5.3.3 Local Planner: CQDC-MPC

Our framework is agnostic to the choice of local planner 7(q% g, qgoal) — ug.r—1, SO we just
choose one with useful traits. As mentioned in the prior section, we will use m to construct the
MRS offline. We will also use it online at the second stage of our hierarchical planner to produce

manipulator control inputs given an object plan.

45



Ch. 5 — Global Planning for Bimanual SE(2) Manipulation on a Graph of Reachable Sets

Our local planner consists of a contact-implicit dynamics model that is incorporated into a
trajectory optimization program. This program is solved and applied MPC-style. The specific
dynamics model we chose is called the Convex Quasidynamic Differentiable Contact (CQDC) model.
It assumes a quasidynamic, implicit time-stepping model [45].

When used for control, this model is locally smoothed and then linearized. This linearized model
is also constrained to a trust region [122]. Then, the one-step forward dynamics are computed as the
solution of a convex program. The CQDC model offers several benefits. For one, the smoothing that
precedes linearization makes the model numerically robust when used with gradient-based trajectory
optimizers. This smoothing also enables contact discovery through gradients, though non-convexity
prevents gradient-based optimization from effectively searching through all modes. For another, the
quasidynamic assumption leads to more efficient trajectory optimization, since it predicts long-term

behavior.

CQDC-TrajOPt(qars: Goats 40t.) = SUf.r— 1, Where (5.8a)
s (007, 057 0o (5.8b)

st. 0o =0 (5.8¢)

and for t=0,...,T: (5.8d)

@ =q; +oq (5.8¢)

w = g, + duy (5.8f)

Ay pi=0fe/0q(g uiT) (5.8g)

B, := 0f./0ulq; ujT) (5.8h)

0qi+1 = Ay 10q: + By 10uy (5.81)

(61, 6ur) € Ssn(a; ui) (5.8)

To generate trajectories, we apply CQDC-TrajOpt in an MPC fashion (CQDC-MPC). We find
empirically that CQDC-MPC is more likely to find feasible solutions if we use a batch of different
ref,i

reference trajectories, {qy7" | Vi € I} with I an index set. Following [123], we design the reference

trajectories as two-segment paths with varying midpoints.

5.3.4 Shortest Paths on Graph of Convex Sets

Using our local planner, we cover the object space with MRS and then connect them into a graph.
At query-time, our hierarchical planner first searches for the shortest path through the MRS graph,
yielding an object path, ¢§.,. For this, we apply the Graph of Convex Sets (GCS) framework [124],
an efficient approach to solving the Shortest Path Problem (SPP) in a graph of convex sets. It has
primarily been used for collision-free motion planning [125], but has also been used for contact-rich
manipulation planning [54] and skill composition [126].

We define the problem setting formally as follows: we have a directed graph G = (V, ), with
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vertex set V and edge set £ C V2. Each vertex v € V is associated with a state z,, € X,,, where X, is a
convex set. Each edge e := (u,v) € £ is associated with a nonnegative convex cost £, : X, x X, — RT.
Next, we define a path p as a sequence of distinct vertices that connect a source s € V to a target
t € V. Let P denote the family of all s to ¢ paths in the graph, and let £, denote the set of edges
traversed by p. Since the SPP involves both discrete (choosing which sets to traverse) and continuous
(designing a trajectory within each set) components, it is naturally transcribed into the following

mixed-integer convex program (MICP):

min Z Le(Ty, ) (5.9a)

e:=(u,v)€Ey
st. peP (5.9b)
Ty € Xy, Vv Ep (5.9¢)

While this problem can be solved to global optimality using MIP, the GCS framework introduces
a tight convex relaxation that can be solved much faster. The solution to this relaxation is bounded-
suboptimal to the solution of the original MIP, where the bound can easily be computed. We find
this optimality gap to be easily computed (Sec. 5.6). This means that it is sensible to solve the
faster relaxation rather than the MIP, and also that our object paths are nearly globally optimal up

to our assumptions.

5.4 Methodology - Offline Graph Construction

As typical of multi-query planners, we begin by constructing a reusable graph offline. This section
outlines that process: we first compute a convex approximation of the MRS from a seed grasp gseed,
then use this subroutine to cover object space with sets. We describe how these sets are connected
into a planning graph—defining edges, costs, and constraints—and conclude with guarantees for

object-space planning over this graph.

5.4.1 Computing a Convex-Approximated MRS

Given a seed grasp (seeq, We construct its mutual reachable set by intersecting the projected
forward and backward reachable sets induced by CQDC-MPC. We discretize the object space into
a grid with resolution A and represent the FRS and BRS as binary occupancy maps. To compute
the projected FRS, RZJF, we attempt to reach each grid cell from ggeeq. Likewise, to compute the
projected BRS, R}, we attempt to reach ggeeq from each grid cell. The MRS is then obtained by
their intersection: Rq = RYT NRY™.

Since the MRS is generally non-convex, we need to approximate it with a convex set R} to use
it within the GCS framework. We apply the lightweight IRIS-ZO algorithm [127], which inflates a
convex polytope inside an implicitly defined non-convex region. IRIS-ZO iteratively adds separating

hyperplanes until the volume violating the exclusion region falls below a threshold. We can use
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Figure 5.4: Illustration of computing a convex-approximated MRS in 2D. Left: shows how the discrete MRS (brown)
R is computed as the intersection of theA projected FRS (orange) ’RZ"’ and BRS (green) RZ_. Right: gives an
example of a likely convex approximation R% (violet) - mostly within R% , but perhaps slightly exceeding it.

hypothesis testing to guarantee with high probability that this violating volume is bounded by an €
of choice. Overall, our estimated MRS 7@2 is guaranteed to have no more than (e + A%) percent of

its volume lying outside the true MRS R°.

5.4.2 Covering Object Space with MRS

Given the ability to compute an MRS from a single seed, we now seek to build an ”"a-approximate”
(see Defn. A3) convex cover of the free object space Q%,¢c- This enables coverage of most arbitrary

queries. We construct this cover by iteratively sampling the uncovered region Q%,... .ncovered =

N . .
Qfree \ iL:Jl’RZZ, seeding new sets from sampled points ¢§ ~ Uniform(Q‘J’cree’unwvered). For each
sample, we generate a stable two-point grasp by selecting symmetric contact points on the object
and checking inverse kinematics (IK) for feasibility. Under mild assumptions, this procedure is

probabilistically complete.

5.4.3 Linking MRS Into a Graph

Given the approximate cover, we construct a graph and pose a shortest path problem following
Eqns 5.9.

Each convex region R}* contributes an intraset “move-object” edge e’ = (}

in»

xl ) with cost £F =

d(xt, 2t ., -) (Eqn. (5.3) ) and constraints ¢ € ]ROA’ If this cost depends on full configurations

in/out
(e.g. penalizing actuation effort), we must app/roximate it as a function of the object configurations
to use it in our object-space graph (Sec. 5.4.3).

To enable transitions between sets, we also add “regrasp” edges between intersecting MRS.
Specifically, we assume a regrasp is possible between configurations ¢; and g; as long as they share
the same object pose (g7 = ¢7). In SE(2), this is typically valid due to planar support of the object.
In practice, this assumption holds for > 97.5% of queries (Sec. 5.6). To find valid regrasp pairs (i, j),

we identify intersecting sets ROA’ N sz # () via linear programs (LP). Each pair adds two directed
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edges: (x%,,, ) ) with constraint z , = 7, and (27, «% ) with constraint z , = i . Edge costs
(€9 and 7%, respectively) are handled as above.

Finally, given a query (g2, q‘;oal)7 we first identify which convex sets contain these object poses
using LP. Then we add zero-cost dummy edges (¢%.+, z%,) for all sets ¢ € Isqr¢ that contain ¢,
and likewise for Qgoal-

Handling SE(2) in GCS: GCS assumes a Euclidean configuration space, but SE(2) includes
a Riemannian angular component. To bridge this mismatch, we expand the angular domain from
[—7, 7] to [—2m,27] when constructing the set cover. This allows us to identify overlapping sets
that are equivalent modulo 27r. For any such pair (g;, ¢;) where ¢;(6) = ¢;(6) £ 27, we connect their
corresponding graph vertices with symmetric edges enforcing z¢,, = xzn + 27.
Approximating Manipulator Configuration Costs in Object Space: GCS requires edge
costs £i and ¢% to be nonnegative convex functions of their arguments. Due to the complexity of
analytically expressing many useful cost functions in such a manner (e.g., time taken for a robot to
execute a particular maneuver), we instead approximate edge costs using a regression procedure.
Regression. Given a dataset of input-output pairs D = {(xx,yx)}5_,, least squares regression
seeks a function fp : R™ — R that best explains a data under a squared loss:

2

K
0 = argrogiél ;(fg(xk) —yk> (5.10)

where © is the parameter space for the selected model class. Because GCS requires that cost functions
be nonnegative convex functions, we consider two model classes: nonnegative convexr quadratics and
constants. We use quadratics to represent contact edge costs and constants to represent regrasp
edge costs; these model classes are selected based on validation loss in a sample dataset.

Contact Edge Costs. In order to approximate contact costs of edge e’, we first collect a dataset
Di consisting of pairs of start and end object configurations Fvgtars,” Vend) € Vi x V&, and the

corresponding *c = ¢(7(*vgtars,” Vend)). This is done by sampling (¥vggart,” Vena) pairs from Vi x V2

uniformly at random, then evaluating c(m(*vstars,” vend)). Data from IV.A.1 can also be used. Now,

Ustart

let z:= [k €R% and y;, :="c. We seek a nonnegative convex quadratic fp(z)=x'Az+b z+c

Vend
that minimizes the squared error on D.:

2
- T T _
mari Z .<$kAl‘k+b T+ ¢ Zlk)
(z1,yx)EDL

5.11

- (5.11)

s.t. AEO7 M = t07
1y 4

where the first constraint enforces convexity and the second constraint guarantees fp(z) > 0 for all
x. The optimal fp- defines the contact-edge cost £ (vstart, Vend) = fg*([vswrt; vend]).
Regrasp Edge Costs. For each regrasp edge e/ we assemble D = {(*v,* ¢)}, where kv € VoiutﬁVifl

is the unchanged object pose and F¢ = c(Tregrasp(¥¢',¥ ¢7)) is the cost of the trajectory returned

49



Ch. 5 — Global Planning for Bimanual SE(2) Manipulation on a Graph of Reachable Sets

Stage 1: Object-Space Planning over MRS Graph Stage 2: Computing Manipulator Inputs

(1) Move-object segment w/ CQDC (2) Regrasp w/ BIRRT (3) Move-object segment w/ CDQC

Figure 5.5: This figure illustrates the 2-stage hierarchical planning process. On the left, the first stage takes in
Qsarts QZoal = (q;’oal7 r) and computes an object plan qg; The next stage takes in this object plan and produces a
manipulator input trajectory u§.,_-

by a regrasp policy Tregrasp from the system configuration *¢' to ¥¢/; note that projq.(*¢') =
projg.(F¢?) =% v. A constant model fy(*v) = ¢ with ¢ = m—liJTZk(kC) minimizes (5.10) for this

dataset and satisfies ¢ > 0 by construction.

5.4.4 Guarantees for Object-Space Planning

Taken altogether, the object space path produced by GCS will bounded suboptimal, up to the
choice of set cover and trajectory parametrization. We verify in Sec. 5.6 that the suboptimality bound
is negligibly small. This implies that our object path is effectively optimal given these assumptions.
It is difficult to state guarantees for the corresponding configuration space path, since GCS optimizes
a proxy to the true objective(Sec. 5.4.3). However, we find that our configuration space path are

empirically several times better than a SOTA baseline.

5.5 Methodology - Online Hierarchical Planning

Given a query (qgqres Qgoqr)> We plan in two stages:
1. compute an object-space plan qg:’; over the MRS graph, and
2. recover the corresponding manipulator controls ug.,_4

This hierarchical design offers some key advantages. Firstly, it offers efficiency. Searching low-
dimensional object space (3D here) is much more efficient than searching high-dimensional full
configuration space (9D here). Plus, much of the manipulator’s configuration space is redundant,
as multiple configurations may produce the same object motion. Besides object space search, our
method only needs to track the object trajectory—a simple problem that is quickly solved with local
planner 7. This enables fast planning without sacrificing quality.

Secondly, it offers a high planning success rate. A well-known limitation of hierarchical plan-
ners is that the high-level plans may turn out to be kinematically or dynamically infeasible, which
lowers success rates. In contrast, our object plans are built over reachable sets, making them fea-
sible by design. As a result, the second stage can generally recover valid manipulator inputs and

configurations.
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Algorithm 3 Transcription of GCS plan

Require: Object trajectory ggy; sequence of sets {7@2 kN;Ol

Ensure: Control trajectory T,
0: g + GETGRASP( AS, q0”") {Initialize grasp}
0: Ty, < [ ] {Initialize empty control list}
0: forn<—0to N —2do
0: (g, uo.re) < 7(q, gp4q) {Generate contact segment }
0: Ty < EXTEND(TY, uo.T:)
0: ¢ + GETGRASP( A%_H, q°) {Grasp for next set at current object pose}
0:  Uo.Tr ¢ Tregrasp(q, ¢') {Generate regrasp segment }
0: Ty < EXTEND(T%, uo.Tr)
0: g+ ¢
0: end for
0: (g, wo.rg,) < 7(gq, q%) {Final contact segment}
0: T, + EXTEND(Ty, uo:va)
0: return 7T, =0

Overall, our design provides a fast, dependable framework for solving global planning problems.

We expand on its components below.

Stage 1: Object-Space Planning Over the MRS Graph

Given a query (qgq,e: Ggoar), We add these states to the MRS graph (Sec. ??) and solve for a
low-cost object trajectory gy using GCS. This step is fast—typically under 10 seconds—due to the
low dimensionality of object space.

By construction, any path through the MRS graph should be both kinematically and dynamically
feasible: “move-object” transitions satisfy Lemma 5.3.1 and all regrasps are assumed feasible. In

practice, however, approximations can lead to rare infeasibilities (discussed in Sec. 5.5).

Stage 2: Computing Manipulator Inputs

Next, we compute the manipulator inputs ug.,-_; by closed-loop tracking of the object trajectory
g0 from Stage 1. We assume Stage 1 also provides the sequence of MRS indices (I1,...,I;) and
regrasp times (771,...,7Tx—1). In this stage, we alternate between “translating” move-object and
regrasp phases. For each move-object phase, we track an object path segment, q%’ifTiH. For each
regrasp phase, we hold the object static at q%’i* and find a collision-free plan from the current grasp
to the next. We elaborate below.

Move-object phase: We use CQDC to track q%fTi+1. Failures here typically occur when the
convex-approximated MRS R{ includes states that are not truly reachable, making reaching the
target q;’ijl dynamically infeasible.

Regrasp phase: At the ith regrasp, assume the current translated state is g;, where ¢ = qf}fb_*
(we have reached the most recent target object pose). We assume the object is static between
regrasps, so all we have to do is calculate the new grasp and then compute a collision-free plan to

it. We first have to calculate the next grasp, as Stage 1 only provides the object configuration at
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the grasp, ¢7.", and the identity of the next set, ;1. To find the manipulator configuration in the
grasp, we simply attempt to reach the object configuration from the full seed configuration, just like
during MRS construction. That is, the next grasp can be computed as: q;msp = T(qseed,I; +17q;’i*).
After that, we simply use BiRRT ([? ]) to find a collision-free path between ¢; and q;msp.

Failures here occur when (1) the new grasp is unreachable (again due to MRS approximation
error), or (2) no collision-free regrasp path exists. The latter is rare—our offline phase assumes
regrasps are always possible when ¢f = ¢, which is mostly valid in SE(2)—but kinematic infeasibility

can still appear in < 2.5% of queries (e.g., when the object traps the manipulators against the base).

‘(. !(1 (2) T fail to reach
(1)  fail to W goal Legend
generate new - —
grasp N/ .
. y / — : Object path found by Stage 1

: possible points of failure in
Stage 2 control evaluation

(3) BIRRT failed to find
collision-free regrasp path

it

(2)  fail to reac.h regrasp
prior

Figure 5.6: This figure illustrates the various points of failure that may occur in Stage 2 of hierarchical planning.
The local planner m may fail to reach the goal of a “move-object” segment or to generate the regrasp target. BiRRT
may also fail to find a collision-free path for executing regrasp.

Sampling Multiple Paths to Mitigate Infeasibility: Since these failures stem from the chosen
object path, we increase robustness by sampling multiple candidates in Stage 1. GCS solves a
convex relaxation of a MIP, yielding soft edge weights that define traversal probabilities. Rather
than evaluating only the nominal lowest-cost path, we sample several candidates and select the
lowest-cost feasible trajectory after validating them all in Stage 2. This boosts success rates without

significant additional computation (Sec. 5.6).

5.6 Experiments

Task Setup We evaluate on planar reorientation of a cylindrical object using a bimanual KUKA

iiwa-7 system. This is a challenging and representative contact-rich manipulation task: it requires
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Figure 5.7: This figure illustrates the a-approximate set cover we find, which contains only 36 sets. By covering the
object space with MRS, we reduce the combinatorial complexity of the planning problem to a minimum.

exploiting intrinsic dexterity to complete efficiently, while reasoning about multi-point contacts
and complex arm geometries. Compared to the simpler end-effector or gripper systems typically
studied in model-based planning, this setup is significantly higher dimensional and better tests the
capabilities of our planner.

Experimental Questions Our experiments address two key questions:

1. Does our method provide higher-quality global plans?

2. Does it achieve this without sacrificing speed or planning success rate?

Baseline and Parameters We compare against the state-of-the-art sampling-based planner from [45],
which uses the same local planner (CQDC-MPC) for its extend operation. This makes for a direct
comparison, as the methods differ only in their global search strategy: sampling-based expansion
versus graph search over MRS.

Key details for our method: the MRS graph we compute has 36 sets and is fully connected. When
approximating manipulator configuration costs in object space, we select the convex function classes
using a holdout dataset. Ultimately, we chose a quadratic function to approximate “move-object”
cost and a constant for regrasp cost. We implement using Python.

Experimental design: we run 250 queries with random initial and goal object orientations, sam-

pled uniformly from the feasible kinematic workspace.

Objective cost | Query time (seconds) | Success rate
RRT 7.39 £5.36 52.7 +47.14 66.8%
Ours 2.55 +1.53 35.74 £19.48 92.4%

Table 5.1: Objective cost - total actual effort. Query time - time to plan online. Success rate - number of queries
for which the algorithm successfully produced a manipulator sequence.
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Figure 5.8: This figure shows keyframes for a single query: top row is RRT solution, bottom row is ours. The frames
are numbered according to which “move-object” phase they are in. Hence, for example, between frames numbered
2 and 3, there is a regrasp. Note that the top and bottom row frames are not aligned according timestamp - the
RRT path takes much longer to execute than ours (10s vs. 4s). Also note that the RRT solution requires 3 regrasps,
whereas ours only uses 1.

Discussion on Path Quality

This task is especially illustrative because it requires contact-rich manipulation to complete
efficiently. End-effector manipulation is not suitable for such large, unwieldy objects: it would
require frequent regrasps for rotation and may be unable to generate sufficient force for heavy
objects.

In keyframe comparisons (Fig. 5.8), we see that RRT often produces circuitous, jittery trajec-
tories. As shown in Table 5.1, RRT struggles to minimize the objective (total manipulator effort).
This aligns with intuition: the random growth of sampling-based planners tends to yield inefficient
solutions.

By contrast, our method generates concise, direct paths—often resembling those a human might
devise. The plans exploit intrinsic dexterity, e.g., reorienting the object by rolling it along manipu-
lator surfaces, or selecting successive antipodal grasps that maximize rotation or translation.

We attribute this effectiveness to our choice of MRS as the discrete unit in this hybrid problem.
The unit is high-level enough to keep the search space small, yet structured enough for efficient
optimization.! With only 36 MRS we obtain an a-approximate cover of the kinematic object space,
and the offline graph search completes in just a few seconds.

Discussion on Runtime

Online: Query time is only seconds, not minutes. This is competitive with other SOTA planners,
which also take seconds even on simpler point-contact systems [51]. Breaking down the timing: ~15%
is spent on object planning, 25% on translating move-object phases with CQDC-MPC, and 60% on
regrasp phases with BiRRT. The bottleneck is BiRRT, which we implemented in Python; a C++
implementation should significantly reduce runtime.

Offline: Building the MRS graph required 3.98M (s, a,s’) samples (~11 hours of real-time
equivalent). For comparison, RL and BC require 4-7 robot-hours per task for dexterous hand
systems [27, 128]. Our graph is task-agnostic: tasks like drawer opening or object reorientation can
all be specified within the same framework. Thus, while the upfront cost is higher than task-specific
data collection, it amortizes quickly across tasks and provides a reusable foundation for diverse

manipulation problems.

Hn practice, solved via GCS. We compare GCS and exact MIP, showing near-identical cost (optimality gap 0.02%)
with GCS much faster (3.16s on average vs. 29.52s).
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Discussion on Success Rate

We set RRT’s termination condition (max nodes) so average query times matched ours. At
comparable runtimes, our planner achieved a 92.4% success rate—about 40% higher than RRT.
Most RRT failures came from not finding a path before termination.

Our high success rate again stems from MRS. First, MRS operates at a finer granularity than
motion primitives (pushing, pulling, pivoting), allowing us to handle diverse queries requiring differ-
ent rotations and translations. Second, planning in object space with reachable sets yields paths that
are inherently (mostly) kinematically and dynamically feasible, since those are the states captured
by the sets.

Failure Modes. Despite this, approximations introduce some infeasibility (Fig. 5.6): 18.2% of
failures from start/goal states outside the approximate cover (can be reduced by longer offline com-
putation), 45.5% from dynamic infeasibility in move-object phases due to convex over-approximation
of reachable sets, 38.4% from BiRRT failing to find a collision-free regrasp (e.g., when the object
traps manipulators against the base).

To address multiple failure modes at once, we sample multiple object paths from GCS, check
feasibility downstream, and select the best. This strategy improves success rate by 8.6% at only a

2% increase in query time, and is highly parallelizable.

Figure 5.9: This figure shows keyframes for our plan executed on hardware. Notice that robot rotates the bucket
using the full surfaces of the orange “hand”, demonstrating fine-grained contact-rich behavior.

Hardware Results Finally, we present hardware rollouts in Fig. 5.9. Plans transfer, but execution
is sensitive to model mismatch: our planner relies on a quasidynamic, discrete-time approximation,
which accumulates error over long horizons. Future work could incorporate higher-fidelity local

planners, e.g., shooting methods in physics simulation, to improve robustness.
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CONCLUSION

This thesis addressed two seemingly different problems in robotics: enforcing safety for agile
systems and planning high-quality motions for contact-rich manipulation. At the core of both lies a
unifying idea: reachable sets. By capturing how a system evolves under dynamics and constraints,
reachable sets provide a principled way to reason about safety, feasibility, and performance across
domains.

On the safety side, we developed methods for synthesizing control barrier functions (CBFs) that
extend beyond the standard assumption of perfectly known models. Using sum-of-squares pro-
gramming, we introduced a robust-adaptive framework that guarantees safety under parametric
uncertainty while reducing unnecessary conservatism. To address the scalability limits of such for-
mal approaches, we proposed adversarially trained neural CBFs, which preserve near-perfect safety
while scaling to higher-dimensional systems like drones. Together, these contributions show that
function-based synthesis can achieve rigorous safety guarantees while remaining practical for real-
world platforms.

On the manipulation side, we proposed a hierarchical planner that treats mutual reachable sets as
motion primitives. This representation reduces the combinatorial complexity of planning by covering
object space with a compact set of primitives and then searching over them as a graph. Experiments
with a bimanual KUKA iiwa system demonstrated that this approach scales effectively to challeng-
ing reorientation tasks and produces significantly higher-quality trajectories than sampling-based
baselines, with successful transfer to hardware execution.

Taken together, these results highlight the breadth and versatility of reachable sets as a com-
putational primitive. They enable both reactive safety enforcement for agile systems and scalable,
expressive planning for contact-rich manipulation.

There are several natural extensions of this work. On the safe control side, a key direction
is to broaden neural control barrier function (CBF) synthesis beyond known models. Handling
stochastic disturbances, time-varying dynamics, and partial observability would make these methods
more directly applicable to real systems. Omne approach is to incorporate chance constraints or
distributionally robust formulations into the adversarial training framework, so that controllers can
maintain safety with quantified risk while remaining minimally conservative.

On the planning side, the mutual reachable set (MRS) abstraction used for bimanual SE(2)
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reorientation tasks can be extended to more general domains. In particular, extending the graph-
of-sets representation to SE(3) object manipulation would test its scalability while preserving its
advantage of reducing combinatorial complexity. At the same time, the hardware results in this
thesis show that model mismatch remains a limiting factor. Addressing this will likely require
higher-fidelity local solvers, differentiable contact models, and data-driven corrections from tactile
sensing.

These directions continue the central theme of the thesis: using reachable sets as a computational
primitive that supports both safety and planning, and adapting them to more complex models, tasks,
and hardware constraints.

In summary, this thesis demonstrates that by elevating reachable sets from a specialized analysis
tool to a central design abstraction, we can develop algorithms that are safe, scalable, and perfor-
mant across diverse robotic domains. This perspective not only advances the particular problems
studied here but also points toward a broader design philosophy for robotics: leveraging general

mathematical abstractions to unify solutions across seemingly disparate challenges.
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Table Al.1
Computation Lengths for Synthesis
2D Toy | Cartpole | Quadrotor
Total Time (sec) 23 655 68,934
Total Iterations 11 159 337
Avg. P1 Time (sec) 0.1 0.12 0.87
Avg. P2 Time (sec) 1 2.8 74
Avg. P3 Time (sec) 0.8 1.2 130
Table A1.2
Synthesis & Estimation Hyperparameters
2D Toy Cartpole Quadrotor
Deg. ¢(x,0) 3 3 3
R 1.0 0.5 0.1
«Q 0.1 0.01 0.01
~ 10.0 10.0 10.0
v(p) atan(p) + 1 | atan(p) + 1 | atan(p) +1
n 100 100 1000
o 1 1 1
3 1 1 1
p range [0,10] [0,10] [0,10]

Al1l.1 System Parameters

e Cartpole: m. = 1kg, m, = 0.1kg, [ = 0.5m
e Quadrotor: m = 0.486kg, r = 0.25m, I = 0.00383kg-m>
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A1.2 Final raCBF

2D toy: ¢(x,0) = (0.3666)0% + (0.07823)0x1 + (0.0007759)0zo
— (1.673)2? — (2.005)z122 — (1.726)x2 — (0.8380)0 — (0.09071)z1
— (0.0007912)x2 + 1.098

Cartpole: ¢(z,0) = (23.24)62 + (0.0002120)0z; — (22.73)0z2
— (0.04065)22 + (1.136)x321 — (10.06)27 — (8.015)22 — (12.98)4
+ (10.27) 22 + 2.785

Quadrotor: ¢(z,0) = (—2.663)67 — (0.06829)6, 62

+ (0.05703)01 22 + (0.3199)83 — (0.08092)025 — (0.7239) a3
+(0.03167)2123 — (1.138) 124 + (3.074) 121 — (0.01136)23
+ (0.02167)z324 — (0.1209)x321 — (1.462)x3 + (2.118)z421
— (5.706)27 — (5.308)23 + (0.06482)22 + 0.9881
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A2.1 Extended related works

There are also many works on neural CBFs, but they target problems unrelated to input satura-

tion. Some examples: learning an unknown safety criterion from safe expert trajectories [129, 1,

jointly learning a safe policy and safety certificate via reinforcement learning [131, |, optimizing
the task performance of a CBF-based controller [133], and learning dynamics under model uncer-
tainty [134].

A2.2 Appendix for preliminaries

Defining the safe sets: we define the safe sets corresponding to the limit-blind CBF and modified
CBF. We need to first define the following functions, for all j in [1,r — 1] where r is the relative

degree betweeen safety specification p(x) and input w:

¢; = [H (1 +Ci§t>] po Vel r—1] (A2.1)

i=1

and then from [11], we have
r—1
Xsage = AN [ﬂl{qﬁj}@} (limit-blind safe set)
j=
S = Xsare N{d"}<0 (modified safe set)

For this paper, it is also convenient to indicate the function ss*(z) that implicitly defines the safe

set S* as its O-sublevel set.

S* = {ss"(x)}<o (A2.2)
55" (&) = max(p(2), 6, (2), 6" (&) (A2
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Comparison to the class-x CBF formulation: there is a different CBF formulation that requires
d(x) < —a(o(z)) , Yz €D (A2.4)

for a class-k function @ : R = R (a(0) = 0, « is continuous and monotonically increasing). While
this is a stricter constraint than ours (it constrains the inputs at all states, not just boundary states),
the benefit is that it produces a smooth control signal. It could be possible to extend our method to
CBFs of this variety. The only major change is that the critic would search for counterexamples in
the domain D, rather than just along the safe set boundary, 9S*. One could learn the «(-) function

as well, parametrizing as a monotonic NN [135].

A2.3 Appendix for methodology

More recommendations for the design of p*(x)
If it is very awkward to choose an z. in Eqn. 4.5, then another design can be used. For example,

p*(x) can be:
p*(z) = softplus(nn(zx)) + p(z) (A2.5)

The disadvantage of such a design is that the safe set might be empty (Contraint 3 is violated).
It might be fine to starting training with no safe set, since the volume regularization term in the
objective may slowly create a safe set.

Helper functions for training algorithm

Algorithm 4 Sampling uniformly on a boundary (MSample from [136])

0: function SAMPLEBOUNDARY (6, Nsump) {Note that 6 defines the boundary, 0S* }
0 Set error parameter € € (0,1] to 0.01, boundary attribute 7 to 0.25, n to state space dim.
0 Keamp ¢ {}

0: 0+ 2(m/ed(n + 2In(1e)))” {Set hyperparam. to meet sampling guarantees}
0 While size of Xgamp < Nsamp:
0:  p < sample uniformly inside S*
0 q + sample from Gaussian(p, o - I,xp)

0: x < attempt to intersect segment pq with boundary
0: If x is not none:
0:  Add z to Xsamp
0 return X,
0:

end function=0
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Algorithm 5 Projecting to a boundary

function PROJTOBOUNDARY(X, 6) {Project set X to boundary defined by 6}
Set learning rate v = 0.01
ssj + function that defines the boundary implicitly (0S* £ {ss}}—o)

X+ X — v Vx|ss;(X)| {Batch GD}
Until convergence

0:

0

0

0: Repeat:
0

0

0 return X
0:

end function=0

For the critic, the first step to computing boundary counterexamples is sampling on the boundary.
Alg. 3 from [1306] provides a method to uniformly sample on manifolds with bounded absolute
curvature and diameter. The algorithm finds points on the boundary by sampling line segments
and checking if they intersect the boundary. An important trait of the algorithm is that it is
efficient: the number of evaluations of the membership function ssj does not depend on the state
space dimension, n. It only depends on the curvature of the boundary (captured by an inversely
proportional “condition number”, 7) and the error threshold, e, which bounds the total variation
distance between the sampling distribution and a true uniform distribution. We do not measure or
estimate 7; for our purposes, it is enough to set it sufficiently small. Another essential helper routine
(Alg. 5) projects states onto the boundary. The boundary dS* is implicitly defined as the 0-level set
of a function ssj. Thus, we can simply apply gradient descent to minimize |ssj(z)| toward 0, which

is a “good enough” approximate projection scheme.

A2.4 Appendix for experiments

System model for quadcopter-pendulum

In our 10D state and 4D input model, the states are roll-pitch-yaw quadcopter orientation (v, «, 3)
and roll-pitch pendulum orientation (¢p,6,), as well as the first derivatives of these states. The
inputs are thrust and torque (F,r,,7g,7,), which are limited to a bounded convex polytope set.
The quadcopter dynamics are from [137], which models the inputs realistically, and the pendulum

dynamics are from [104]:

7] 7
:R(’%Bva)t]il TB (A26)
& Te
4 soeomg (ky (7, B, @) cos ¢ + k. (v, B, ) sin ¢)
j| | . o | (Ftmg)
0] sty (ke (7, B, @) cosO — ky (7, B, ) sin ¢sin 6 + k. (v, 5, ) cos ¢ sin 0)
[ 20¢ tan 6 ]
T (A2.7)
—¢?sinf cosf
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where R(v, 8, a) rotates between the quadcopter and world frame and is computed as the compo-
sition of the rotations about the XY, Z axes of the world frame. Also, the variables k; (v, 3, @), ky (7, 8, a), k. (7, B, )

are defined as:

R(y, 8, @) £ R.(a)Ry(B)Ra(7) (A2.8)
kx(’y , ) = (cos asin 3 cosy + sin asin ) (A2.9)
ky('y ,a) = (sinasin 8 cosy — cos asin ) (A2.10)
k.(v, B, ) £ (cos cos ) (A2.11)

and J = diag(J,, Jy, J,) = diag(0.005,0.005,0.009) kg - m? contains the moments of inertia of
the quadcopter, m = 0.84 kg is the mass of the combined system, L, = 0.03 m is the length of

the pendulum. The values of these physical parameters are taken from the default values in a high-

fidelity quadcopter simulator, JMAVSim [138] and also extrapolated from the real-world experiments
in [104]. Our control inputs are limited to a convex polyhedral set defined by:
U2 {u|u+[mg,0,0,0] = Mv, for some v € [0,1]} (A2.12)

k1 k1 k1 k1

0 —tk, 0 (k
M2 ! ! (A2.13)
tky 0  —lky O

—ko k‘g —ko ko

with £ = %”, k1 = 4.0, ke = 0.05 from jJMAVSim. The interpretation of this is that v contains the
low-level motor command signals at each rotor, which are limited between 0 to 1, and we linearly
transform them to thrusts and torques using the mizer matriz M, which is derived using first
principles [137]. Finally, we perform a change of variables on the input by adding mg to the thrust
so that the origin is an equilibrium (&|,—o = 0).

Baseline details

Hand-designed CBF': the system was not very intuitive to reason about, so we picked a simple

and general function form from [8, 14]:
pr=P+ B2+ 6)" — (7)¥" +ay (A2.14)

where a; > 0,a5 > 0 are the parameters. The parameters were optimized with an evolutionary
algorithm, Covariance Matrix Adaptation Evolution Strategy (CMA-ES) [139] using the same ob-
jective function from our method for fairness. After tuning the hyperparameters of CMA-ES, the

best parametrization we found was:

pr = (7 B4 82T — (r4)?)0TO (A2.15)
¢ =p*+0.01-p* (A2.16)

Safe MPC: the MPC formulation was kept similar to CBF-QP. The objective here is also to
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Losses throughout training for 5 random seeds

Dashed: train loss (sat. risk)
Solid: test loss (% non-sat. states)
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Figure A21: Plot of train and test loss over training for 5 runs with different random seeds. The black dashed line
marks 0, the target loss. As we can see, the runs finish training in different lengths of time, but they all ultimately
train successfully (reach =~ 0 loss).

minimize modification to kyem(z) while keeping the trajectory safe and forward invariant.

’ 2
i [ utt) = Ko a0 0 (A2.17)
z(0) = xo (A2.18)
#(t) = f(x(t) + g(x(t))u(t) (A2.19)
p(z(t)) <0,vt €[0,T] (A2.20)
po(x(T)) <0 (terminal constraint)

The terminal constraint ensures invariance (safety for all time) of the MPC solution by enforcing
the last predicted state x(T) to lie in an invariant set defined by pp(z). We set py(z) to be the
approximated region of attraction of an LQR stabilizing controller: p,(z) = ||x||g —0.1.

Training details

Random seeds: We trained a neural CBF for the quadcopter-pendulum problem on 5 different
random seeds. The random seed affects the neural CBF initialization, the critic’s counterexamples,

etc. The test loss (% non-saturating states) consistently reaches & 0 across seeds; the seeds only
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Figure A22: An axis-aligned 2D slice (depicting 6 (pendulum pitch velocity) vs. B (quadcopter pitch velocity) of
the 10D safe set, at four points during training. The safe set being learned is in blue.

affect how long it takes to reach this loss (14 4 4 hours, on average). For Table 4.1, we chose the
run that yielded a CBF that balances performance and a large safe set volume.

Training hyperparameters: (1) Critic: takes 20 gradient steps with learning rate le—3 to optimize
batch of size 500. To initialize the batch, uses 50% uniform random samples, 50% warmstarted
from the previous critic call. (2) Neural CBF: nn :
hidden layers (sizes 64, 64) and tanh, tanh, softplus activations. It uses the default Xavier random
initialization [140]; the ¢; coefficients are initialized uniformly in [0,0.01]. (3) Regularization: we

used regularization weight 150.0 and 250 state samples in D to compute the regularization term. (4)

R™ — R is a multilayer perceptron with 2

Learner: used learning rate le—3.
Ablation study: We conduct ablation to analyze the effect of two key design choices: (1) our regu-

larization term and (2) batch computing counterexamples.

Reg weight | Volume (as % of domain volume) Batcil Sz ’IYalnlng_tlme (h)
0 5.72e—3 10 9.50
10 8.36e—3
50 1.88
50 1.34e—2
200 1.91e—-2 100 1.88
: 500 11.00

Table A2.1: (Left) Demonstrating how increasing the regularization weight effectively increases the volume of the
learned safe set. (Right) Demonstrating how using a medium-sized batch of counterexamples can provide significant
speed gains. Batch size 1 didn’t finish.

For the regularization term, we measure the impact of the regularization weight on the volume of the
learned safe set. We varied the weight between 0 (no regularization) and 200 and chose learned safe
sets that attained a similarly low loss (within 0.05 of each other). Next, we approximated the safe set
volume by sampling: we took 2.5 million uniformly random samples in the state domain and checked
whether they belonged to the safe set. We see in Table A2.1 that increasing the regularization weight
effectively increases the volume.

For batch computing counterexamples, we measure the effect of batch size on the training time. To

compute training time, we consider training finished when the loss drops below a certain threshold
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(note that batch size 1 didn’t finish). We might expect that for medium-sized batches improve the
quality of the counterexamples (since there are more counterexample options in a batch), resulting in
more efficient training. On the other hand, we also expect that for larger batch sizes, the overhead of
creating the batch (mainly, sampling a large number of points on the boundary) exceeds any speed
gains. In fact, this is what we observe in Table A2.1: as we increase the batch size from 10 to 50,
the training speed improves by 25%. But a further increase from 100 to 500 sees the speed drop due
to the aforementioned overhead.

Testing details

Implementing safe control in discrete time: Our CBF has a continuous-time formulation, and
moreover, yields discontinuous control which is abruptly activated at the boundary. This means
that in discrete time, where the system state is sampled at some frequency, the system might reach
the boundary in between samples and the safe control may not kick in to prevent exiting from S*.
In this case, we should have safe control kick in slightly before the boundary. This can be at a fixed
distance from the boundary (at ss*(z) = —e for small € > 0) or we can leverage the known dynamics
to apply safe control when the boundary would otherwise be crossed in the next time step. We use
the latter approach when simulating rollouts for Table 4.1. Another way to address this could be to
seek finite-time or asymptotic convergence guarantees, in addition to forward invariance guarantees.
If we had them, the system would be returned quickly to S* should it ever exit. This is acceptable
in most cases, as it is only mandatory for the system to stay inside the user-specified allowable set
A, which contains S*. Generally, the system will exit §* without exiting A.

Testing hyperparameters: (1) For the metric “% of non-saturating states on 9S*”, we used 10K
boundary samples. The critic used to compute the worst saturation used a batch of size 10K and
took 50 gradient steps, during which its objective converged. (2) For the metric “% of simulated
rollouts that are FI”, we used 5K rollouts. To approximate the volume of the safe set, we calculated
the percentage of samples in D falling within §*, for 1 million samples.

Details for kigr: We construct an LQR controller to stabilize the full 16D system to the origin
in the typical way: we find the linearized system & = Az + Bu, let Q = Iligx16, R = I4x4, and
compute the linear feedback matrix K. For a nonlinear system such a quadcopter-pendulum, this
stabilizing controller only has a small region of attraction about the origin. Thus, it may produce
unsafe behavior when initialized further from the origin, so a CBF safeguard is useful.

Details on inverted pendulum volume comparison (from Fig. 4.1): For our toy inverted pendulum
problem with a 2D state space and 1D input space, we are curious about how our learned, volume-
regularized safe set compares to the largest possible safe set. The largest safe set is the set of all
states from which a safe trajectory exists (that is, a trajectory keeping within allowable set .A). We
can identify most of these states by checking, for every state xs: 4+ in the two-dimensional domain

D, if such a trajectory can be found. Specifically, we pose the following nonlinear program to the
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do-mpc Python package [141]:

min /0 " ot (A2.21)
st u(t) el , Wt el0,T) (A2.22)
2(0) = Torart (A2.23)
() = F(x) + g(a)u(t) (A2.24)

where recall that A is defined as {p}<¢ and T is a sufficiently long time horizon. Besides MPC,
another way to compute the largest safe set would be to use HJ reachability [1]. However, the problem
of finding the largest safe set under input limits is NP-hard, so we can only compute this baseline for
our toy inverted pendulum problem and not the higher-dimensional quadcopter-pendulum problem.

Testing robustness to model mismatch and stochastic dynamics:

Inertia off by a factor of... | % FI rollouts
Noise variance | % FI rollouts 0.75 99.66
1 99.42 1.00 99.62
2 99.11 1.25 99.20
5 93.47 1.5 97.51
10 85.84 2 89.18
5 53.33

Table A2.2: (Left) Rollout metrics computed for our learned CBF under stochastic dynamics (when the spread
of the zero-mean, Gaussian noise is varied). (Right) Rollout metrics computed for our learned CBF under model
mismatch (when the moments of inertia of the quadcopter are off by a factor).

We test whether our learned CBF still ensures safety when our assumption of a known, deter-
ministic system is broken. First, we consider what happens if the model is unknown. Specifically,
we consider the case where some model parameters (the quadcopter’s moments of inertia) have been
misidentified (are all off by a factor). We expect that if the inertia is greater than believed, our
learned safe controller will probably intervene too late to save the higher-inertia system. In Ta-
ble A2.2, we see this is true. Our safe controller becomes increasingly ineffective at preserving safety
as the true inertia increases. On the other hand, when inertia is smaller than expected, the system
will be easier to save than expected, which means the same level of safety is preserved (compare
first and second rows of Table A2.2). Second, we consider what happens if the model is stochastic.
We consider a system with additive white Gaussian noise: & = f(x) + g(x)u + w, with w € N (0,0)
(0-mean, o-variance Gaussian). As the variance of the noise increases, the system departs further
from its assumed dynamics, and our safe controller fails more and more to ensure safety. Note that
we have run rollouts with kg, (a stabilizing LQR nominal controller).

Elaborating on limitations: We mentioned that we had to perform a change of variables on
the states input to the neural CBF before it would train successfully. Specifically, we changed the

pendulum’s angular velocity to a linear velocity and the quadcopter’s angular velocity to the linear
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velocity of its vertical body axis. However, we note that after we made this adjustment, the rest of

the synthesis required no human intervention.
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Definition 2. Following [127], an a-approximate cover of Q%,c 1s a collection of convex sets
RL,...,RY C Q%,.. whose union covers at least an a-fraction of its volume:
N 5 o
vol iL:JlRA > - vol(Q%,e.) (A3.1)
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