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Abstract—This work introduces range-based GP maps,
which model the range from a LiDAR sensor as a Gaussian
process (GP) of the spherical reference frame used to observe
the terrain. Such a model aligns the uncertainty in underlying
sensor observations with the uncertainty produced from the
GP regression. Experimental evaluation on simulated natural
terrain indicate that local range-based GP maps perform
comparably to elevation-based methods when predicting the
local terrain height, with the former producing more stable
parameters and a better uncertainty representation. An aggre-
gation method is proposed using the pose as an additional input
to the GP. Unlike elevation-based methods, range-based GP
maps are capable of modeling overhangs and vertical obstacles
with ease, which elevation-based methods are not designed to
handle. This is demonstrated through examples of local range-
based GP maps built on real-world data from a fully 3D
subterranean environment.

I. INTRODUCTION

Terrain mapping is one of the foremost tasks of mobile
robots operating in unknown and unstructured environments.
Without an accurate model of the surrounding terrain, a
mobile robot will not be able to autonomously localize itself
and perform path and motion planning. Maps themselves
aggregate and reduce dense and memory-intensive perception
data while simultaneously preserving necessary features and
potentially enriching the model with computed information.
Techniques for mapping generally depend on the map’s
end use and cover a wide variety of methods that can
be classified into discrete versus continuous maps, metric
versus topological maps, and/or whether the maps have a
probabilistic structure (i.e. can model uncertainty about a
surface in addition to the surface itself). The latter type
of map is of particular interest due to these maps’ ability
to encode uncertainty information that can be used by the
algorithms that rely on them.

The focus of this work is on Gaussian process (GP)
regression methods for local surface modeling by a ground-
based mobile robot. GP regression models are useful for
a number of reasons, including their modeling of spatial
correlations and uncertainty estimates and the potential to
query them at any location. Gaussian process-based mapping
has focused on elevation, which provides uncertainty in
elevation only. For aerial robots, this is reasonable since
they observe the terrain from a “top-down” view, which
more closely aligns uncertainty in elevation with the range
uncertainty from the sensor. However, as shown in Figure 1,
ground-based robots observe the terrain from an oblique
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(a) Ground-based range measurements.

(b) Aerial range measurements.

Fig. 1: Ground-based and aerial robots observe terrain from
different perspectives. Using angular coordinates along a
sphere to parameterize the range values (a, bottom) aligns
predicted uncertainty with the angle of incidence of a Li-
DAR beam, which is not the case when using 2D ground
coordinates to parameterize the height (a, top). Aerial mea-
surements (b) show less pronounced difference between the
two methods due to the top-down viewing angle.

view, meaning the range uncertainty from the sensor is not
aligned with the z component of the measured terrain points.
For the latter, a range-based approach is better suited to
correctly capture the sensor uncertainty in the terrain model.

We present range-based GP maps, maps built around the
range sampling structure of a LiDAR and represented by a
GP. Rather than model elevation as a function of 2D position,
these maps model the sensor output (range) directly as a
function of the inclination and azimuth angles used to take
measurements. Doing so allows the local mapping method to
model uncertainty in the range measurement itself, which is
then translatable into its 3D components based on knowledge
of the sensor position and sampling angles. Additionally,
these range-based maps implicitly encode visibility infor-



mation into the map and enable modeling of overhanging
structures. The implicit limitation on uncertainty in elevation
provided by visibility information in range-based GP maps is
shown in the simple example in Figure 2. In summary, range-
based GP maps provide all of the advantages of an elevation-
based Gaussian process map but with three additional ben-
efits: (1) more correct modeling of sensor uncertainty for
ground-based robots; (2) modeling of overhangs or vertical
objects and structures; and (3) implicit encoding of visibility
information.

II. RELATED WORK

Gaussian process regression and classification have both
been widely considered in the robotics community for the
task of mapping an environment. The appeal of GP-based
methods is their ability to incorporate spatial correlation in a
continuous manner, enabling interpolation and extrapolation
for query points either between or outside of sample loca-
tions. GP methods have been used to model surface geometry
itself by expanding on basic elevation models for both
local and large-scale mapping [1,2], as well as integrating
Gaussian process modeling into other map representations
such as occupancy grids [3] and signed distance fields [4].

A. Large-Scale Elevation Mapping

Elevation modeling using Gaussian process regression has
a long history in the geostatistics community, here termed
“kriging.” These models typically involve using a GP in
concert with a digital elevation model (DEM) where GP
regression is used to fill in portions of the DEM where
no observations were taken [5]. Some robotic mapping
methods have incorporated elevation-based GP mapping in
ways similar to kriging, including methods that divide the
environment into clusters and generate individual Gaussian
process regressions for each cluster patch [2]. GPGM-SLAM
uses Gaussian process models to interpolate elevation across
local submaps, which are then used to detect potential loop
closures [6]. While the method itself shows promise as a
mapping method that incorporates uncertainty, this uncer-
tainty is not ultimately used in the map’s application (finding
loop closures).

B. Local Elevation-based Terrain Modeling

Elevation-based GP regression has also been used on the
local scale in mobile robotics, where the O(n3) compu-
tational cost is not as severe. To handle discontinuities,
non-stationarity can be incorporated into the kernel based
on local covariance matrices for individual data points [1].
These covariance matrices can be adapted over time to
“learn” the structure of the dataset, including the presence
of discontinuities. Visibility information can also be encoded
via a kernel regression-based framework similar to a GP [7].
This visibility constraint is important but used in an optimiza-
tion of the weights on individual data points, meaning the
kernel function itself is unaffected (and indeed not directly
computed with this method).

C. Modeling Signed Distance Fields and Range

Gaussian process methods have also been used to predict
signed distance fields (SDFs). These models are more sim-
ilar to the range-based GP method proposed here. Termed
“Gaussian Process Implicit Surfaces (GPIS),” these model
the range based on angle in the 2D context for estimating
a signed distance field; the surface model then becomes the
zero crossings of this SDF [4]. GPIS have been extended to
include an ensemble of GPs rather than one model, as well as
to perform approximations based on independence assump-
tions and intelligent data limitations (selection of inducing
points) to improve runtime [8]. While this is certainly an
interesting environment model, using the SDF for surface
modeling requires a raytracing operation to find the zero
crossings that is more computationally expensive than direct
prediction from the GP. Finally, and most similar to the
current work, GPs have been used in polar coordinates for
interpolation between range measurements for densification
of LiDAR scans [9]. However, no terrain modeling was
performed with this GP.

While elevation-based GP methods have historically been
popular due to their ease of use and long history of use
in geostatistics, such models do not account for the oblique
view of a ground-based robot. As a result, visibility con-
straints must be added on externally, removing the ability
to query uncertainty directly from the model. Recent work
using SDFs is more in line with the oblique viewpoint;
however, these methods focus on 2D indoor environments
when performing tests for mobile robots.

III. METHODOLOGY
A. Local Range-based GP Maps

Range measurements taken from a 3D LiDAR scanner
are indexed based on their azimuth (¢) and inclination (0),
with the measured range r specifying the third coordinate
necessary to fix a point in 3D space. With @ = (0, ¢)T as
the vector of the two angles, the range can be modeled as

R(A) =7(d) + €r (D

r(@) is the range to the surface for a given set of angular
coordinates @ and € (&) is the error associated with a given
measurement. Gaussian process regression can be used to
model the range by assuming

r(@) ~ GP(m(d), K(a,d)) 2

which is a Gaussian process model with mean function
m(&) and kernel function K (&, &'). This type of Gaussian
process regression aligns the kernel uncertainties with the
rays between the LiDAR sensor and the surface intersection
points being measured. Since azimuth, inclination, and range
are the coordinates being used, this is akin to modeling
range in a spherical space as is shown in Figure 1(a).
While an elevation-based GP would project the elevation
value onto the zy-plane, the range-based GP projects range
measurements onto a sphere of fixed radius. The projection
vectors of the former do not align with the sensor viewing
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(a) Elevation-based model using a Matérn kernel with hyper-
parameters v = 1.5, Kk = 1.76, o = 0.0992, and n = 0.00001
and a zero elevation prior.
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(b) Range-based model using a Matérn kernel with hyperpa-
rameters v = 1.5, k = 0.0445, ¢ = 0.813, and n = 0.0137 and
a flat ground prior.

Fig. 2: Simple example of elevation versus range-based
GP modeling in 2D. Arrows indicate the viewing angle
associated with the model: “top-down” for the elevation GP
and oblique for the range GP. The o displayed in the plot is
the predicted standard deviation of z; for the range-based
GP, some of the uncertainty in the range measurements
is translated into the x direction, while for the elevation-
based GP all uncertainty is in the z direction. Also note the
presence of a small incorrect positive “obstacle” at around
7.5 m in the elevation-based GP model that is not present in
the range-based model.

angles, as is the case for the latter; as a result, the elevation-
based GP will not model the sensor uncertainty correctly but
the range-based GP is expected to do so.

The kernel function K (&, d’) can be any of the typical
covariance kernels used for Gaussian process regression,
such as squared exponential or rational quadratic. How-
ever, the geodesic (angular) distance does not necessarily
produce valid kernels, so Euclidean (or chordal) distance
between points in 3D space is used instead to ensure kernel
validity [10]. Euclidean coordinates produced when using
the maximum range R,,,, in the conversion from spherical
coordinates will be used in these computations:

T = Rpazsinf cos ¢ 3)
U = Ruaqe sinfsin ¢ 4)
Z = Rypay cost (5)

This is equivalent to computing the Euclidean coordinates
on the “range sphere” where the range equals R,,,, always,
which produces a valid kernel for Gaussian process modeling
on a sphere [10]. For this work, a Matérn kernel with v fixed
to 1.5 was chosen to better model discontinuities:

7,7 : (2ﬁz)ym(2f Z) ©)

K(z,7') = JQW
d is Euclidean distance between 7 and 7/ , v 1s the differentia-
bility parameter (set to 1.5),  is the length scale, and K, (-)
is the modified Bessel function of the second kind [11]. For
this work, the Matérn kernel is additively combined with a
White kernel (parameterized by the noise level 1) to account
for underlying noise in the data.

It is typical when training a Gaussian process regression to
use a mean function of zero; however, for this application,
doing so would mean using a prior of zero range, which
does not align with any reasonable expectation of range
observations. Two options for mean functions are available
in this case: a sphere of pre-determined non-zero radius (e.g.
constant range) and a flat plane at ground height, transformed
into the expected range measurements for a given set of
inclination and azimuth. The latter is computed as:

Sz

sin(#) cos(¢) sin(3) — cos(6) cos(B)
In the equation above, s, is the (assumed known) sensor
height relative to the ground and [ is the sensor pitch with
respect to the horizontal. This mean function produces the
predicted range for given azimuth and inclination angles
along a flat ground plane and is derived from the simpler
equation

m(d) =

(7

Sz

—_— 8
sin(6 — 90°) ®)

P=
in which # is the inclination angle after adjusting for
the sensor pitch. Equation 7 can be derived based on the
Euclidean and spherical coordinate transforms between the
sensor frame and an equivalently centered frame that is not
pitched relative to the ground (i.e. the frame in which 6 is
measured).



It is anticipated that the flat ground plane will be of use
for environments with little to no vertical or overhanging
features. The spherical prior is anticipated to be useful in
cases with many overhanging or vertical features, such as a
robot operating underground or in environments with vertical
relief like near the bases of cliffs.

Given a training dataset a’;,; with observed range values
74, inference is performed for a set of elevation and azimuth
angles @, = (0., ¢,) using the usual inference equations for
a Gaussian process [12]:

P = m(ay) + K(@s, @) T ATy )
02 = K(d.,d.) — K(@s, @) TAK (@4, @) (10)

Tx

where A = (K (-, aqr) + 0?I)71 is the inverse kernel
matrix (in this work, the addition of the noise is contained in
the White kernel). For a given set of kernel hyperparameters,
training the GP is equivalent to computing this inverse.

B. Aggregating the Map

One drawback to range-based GP mapping as outlined
above is that it is an inherently local model. The sensor
measurement angles are defined with respect to the sensor
position - if the sensor moves, the same sampling angles will
not correspond to the same points in the world. Additionally,
modeling range as a function of angles means that one
viewing direction may only have one range value for a given
local map. However, as the robot moves, the map should be
capable of being updated and accumulated in order to more
fully model the environment - indeed, Gaussian processes
themselves are easily updated with incoming data. In this
work, the model is updated by simply incorporating the pose
as additional input variables to the GP regression such that
Qworta = (0,0, 2,y,2,7)T is the new set of inputs, with
z, y, and z representing the translational components of
the sensor pose and -~y the sensor heading. One practical
implication of including the pose is that two scans are
necessary before modeling can begin in the aggregate. The
range prior is still computed based solely on the observation
angle parameters, and the kernel computations are updated
to use Euclidean distance for the translational components
of the pose and chordal distance for the observation angles
and heading. Only the heading and translational components
of the pose are currently integrated into the GP model.

IV. EXPERIMENTS

Range-based GP mapping has been tested with data repre-
senting a ground robot operating on the surface of simulated
cratered terrain, with no vertical obstacles or overhangs. Two
sets of experiments were run: local mapping and aggregate
mapping. The local mapping experiments test the range-
based GP method’s ability to represent the environment
using a single LiDAR scan, while the aggregate mapping
experiments test its ability to represent the environment using
multiple LiDAR scans and known robot pose.

The terrain model, shown in Figure 3 with an example
robot trajectory, represents a 100 m x 100 m heightmap with
a resolution of 5 cm and is generated by sampling from

the size-frequency distribution for lunar craters described in
NASA'’s Design Specification for Natural Environments [13],
extrapolated to represent smaller craters. The crater models
themselves are built based on a parabolic estimation of crater
shape as a function of diameter [14].
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Fig. 3: Cratered terrain heightmap with example trajectory
used for simulated experiments with a planetary rover.
Lighter regions are higher elevation and darker regions are
lower elevation.

Sensor observations are generated at a height of 75 cm
from the ground at sample points across the terrain model.
These observations are generated via raycasting from the
sensor position at elevations ranging from -15 degrees to
0 degrees (relative to the horizontal) with a resolution of 1
degree and azimuths ranging from -90 degrees to 90 degrees
with a resolution of 2 degrees. Raycasting was performed out
to 10 m, and points at the maximum range were removed
from the scans prior to processing. 20% of observations
from each simulated scan are used for training and have
noise added to the range measurements; the other 80% was
reserved for testing to limit the amount of training data
provided to the GP. The simulated noise added to the training
data is scaled linearly by the range value such that at 29 m,
the standard deviation of the noise is 0.75 cm in accordance
with the noise properties of a Velodyne VLP-16 sensor [15].

For local mapping experiments, random sample points are
enough. However, for the aggregate mapping experiments, a
simple trajectory is generated using A* between randomly
sampled start and end locations with a threshold on the
absolute height difference from the mean to define obstacles.
This trajectory is downsampled and the heading computed
based on the direction of travel to produce the positions at
which raycasting is performed for these experiments.

The White kernel noise level is fixed to 0.0075 (0.75 cm)
for all tests. The other kernel hyperparameters are selected
by running scikit-learn’s built-in optimizer [16] on the local
range-based GP model over 100 randomly-selected scans
and averaging the resulting values; these parameters were
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(a) Robot position (red) and raytraced
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(b) Elevation-based GP model.
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(c) Range-based GP model.

Fig. 4: Simulated scan from cratered terrain (left), along with the local map produced using an elevation-based GP (center)
and a range-based GP (right). Viewing directions for all images are in line with the sensor’s viewpoint. Both GPs are colored
based on elevation (yellow is higher and purple is lower). Both methods are capable of modeling the negative obstacle to
the right of the scan, with the range-based GP returning to the flat prior more quickly than the elevation-based GP.

initialized to 0 = 2.5 and x = 0.15 based on initial tests.
The performance of local range-based GP mapping was
then assessed over 100 separate randomly selected scans
and compared to an elevation-based GP regression map,
using the root mean squared error (RMSE) in z over the
test data and the average uncertainty from the GP models.
The performance of the aggregate range-based GP mapping
method was tested on 5 trajectories across the terrain map,
from which scans were aggregated every 5 steps in the
trajectory (representing every 5 meters).

V. RESULTS & DISCUSSION
A. Local Mapping

Local mapping tests indicate that the range-based GP maps
are capable of representing local terrain based on a single
scan. An example comparison between the elevation and
range-based GP maps can be seen in Figure 4, along with
the underlying surface and raytraced sample points. Both the
elevation and range-based GP maps are capable of detecting
and modeling the negative obstacle to the right of the scan.
The performance statistics in Table I support this observation;
the RMSE in z is comparable between the range-based GP
and the elevation-based GP. The uncertainty in z is lower
for the range-based model, which aligns with expectations
based on the oblique view used in this model - some of the
range uncertainty is translated into the z and y components
of the ray along which the observation is taken. Unlike
the elevation-based GP, the range-based GP is not explicitly
designed to model elevation, yet it is still capable of locally
predicting elevation on par with the elevation-based GP.

The average optimal hyperparameters from the 100 opti-
mization scans are also shown in Table I, along with their
standard deviations (in parentheses). The length scale hyper-
parameter for the range-based GP is much more stable than
that for the elevation-based GP, with the latter having a much
larger standard deviation and a more spread out distribution
shown in Figure 5. 10 optimization scans produced a length
scale of 50 for the elevation GP, which was the maximum
allowed length scale for both models; in these cases, the
optimizer may not have found what it considered to be
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(b) Range-based GP model.

Fig. 5: Histogram of optimized length scale parameter for
elevation-based and range-based GP models, across 100
training scans from the simulated cratered terrain dataset.
Note the large spread of length scale values for the elevation-
based GP model, including 10 scans where the length scale
selected was 50 (the upper bound). The range GP models
have a much tighter distribution of optimal length scale
values.



“optimal” due to the bound. This indicates that the range-
based GP model will likely be more generalizable to test
data once a length scale has been chosen for use.

Elevation-based GP
0.0842 (0.0497)
18.102 (12.682)

Range-based GP
2.302 (0.980)
1.206 (0.608)

Kernel scalar
Length scale

Local RMSE 0.0121 (0.0048) 0.0085 (0.0021)
Local GP uncertainty
T 0.0603 (0.0009) -
y 0.0620 (0.0011) -
z 0.0169 (0.0004) 0.0890 (0.0003)

TABLE I: Optimized hyperparameters and performance met-
rics for range-based GP maps compared to elevation-based
GP maps generated from 100 test scans randomly sampled
from the cratered terrain heightmap. RMSE is computed for
z (elevation) over held-out test points. Quantities in paren-
theses are standard deviations of the performance metrics.

Range-based GP maps are comparable in terms of predict-
ing elevation to elevation-based GP maps, have a more stable
length scale parameter, and better represent the underlying
sensor uncertainty. As a result, range-based GP maps should
be preferred to elevation-based methods for applications
using ground robots that require a good model of uncertainty.

B. Aggregate Mapping

The aggregate mapping tests indicate that the range-
based GP model does not predict elevation as well when
operating in this mode, though it is still capable of modeling
general trends in the data. The full model after processing
the trajectory from Figure 3 is shown in Figure 6(a). The
shading in this model corresponds to the height for ease of
comparison to the heightmap; the aggregate model exhibits
many of the same terrain features as the heightmap, such as
the darker regions in the middle of and towards the end of the
trajectory and the lighter region between these. The absolute
error between the height predicted from the range-based GP
and the actual heightmap, shown in Figure 6(b), indicates
that the model is particularly good at representing regions
directly underneath the robot (along the trajectory), as well
as flat regions, likely due to the flat prior. The regions with
the largest error tend to be towards the edges of the scans
or correspond to regions with more abrupt changes.

The aggregate range-based GP maps do not perform as
well as a batch elevation-based GP method at predicting
height over the test scans across the 5 trajectories tested: the
average RMSE in elevation at the end of the range-based
GP aggregation is 0.1442, while the RMSE of the elevation-
based model is 0.0096. However, the elevation-based GP
model is run in batch and does not integrate the pose in
the same manner as the range-based GP model, meaning the
two models are not quite equal for the sake of comparison.
Again, the elevation-based GP model is designed to explicitly
model elevation, while the range-based model is not. Despite
its worse performance, the range-based model shows promise
for aggregate mapping if improved upon.

(a) Aggregate range-based GP map.
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(b) Absolute error between predicted height from range-based GP
map and heightmap ground truth.

Fig. 6: Aggregated range-based GP map produced using
trajectory shown in Figure 3, downsampled to one scan every
5 meters. Red points are trajectory points used to build the
map. The elevation (top) roughly corresponds to the elevation
shown in the heightmap; the error (bottom) is lower near the
trajectory and higher for more pronounced terrain features.
Points near the end of the trajectory were extrapolated off
of the heightmap and have no associated ground truth or
computed error.

C. Real-world Data with Overhangs

Finally, to demonstrate the range-based GP maps’ capabil-
ities of modeling vertical and overhanging structures, local
maps were generated from real-world data collected from a
ground robot operating in a subterranean environment with
a Velodyne VLP-16 LiDAR sensor. This data was collected
during the final DARPA SubT challenge by CMU’s Team
Explorer [17]. 50 local scans were used to compute the
optimal hyperparameters, which were ¢ = 5.16 and kK =
0.177. Again, the noise level was fixed to 0.0075. For these
tests, a spherical prior was used with the maximum range set
to 10 instead of the flat ground prior since the environment
contains many vertical and overhanging features. An example
local scan and associated local range GP map are shown in
Figure 7 from two angles. Note how the method is capable



(a) Top down view.

(b) Front view.

Fig. 7: Example LiDAR scan in a subterranean environment with fitted range GP model. Robot is positioned at the center
of the circle shown in the top-down view (left) and observes a few walls and an open area. Color indicates z value (yellow
is higher and purple is lower). Note the modeling of the vertical wall at the bottom of the top-down view and at the front

of the front view.

of modeling the vertical walls at the bottom and sides of
Figure 7(a), as well as the large open area to the top of this
figure. An elevation-based GP map would not be capable of
modeling such features because the underlying scan would
produce many overlapping points on the ground plane.

VI. CONCLUSION

This work proposes range-based Gaussian process regres-
sion for modeling unstructured terrain in 3D based on a
LiDAR sensor. These models better align with the oblique
viewing angle used when observing terrain from a ground-
based robot than elevation-based methods, resulting in local
maps that better represent sensor uncertainty, are capable of
modeling overhangs and vertical structures, and implicitly
encode the sensor visibility. Tests on simulated cratered
terrain indicate that range-based GP maps are capable of
locally producing estimates with comparable elevation error
to an elevation-based model, though with uncertainty of the
range measurement itself modeled. Additionally, aggregation
across maps produces results that are at a high level similar to
the traversed terrain, though extrapolations beyond the extent
of the model are worse for the range-based GP than when
modeling elevation. Initial results from local range-based
GP maps built from subterranean LiDAR scans indicate that
this method is capable of modeling overhangs and vertical
structures, unlike an elevation-based method.

There are many aspects of range-based GP mapping that
have not been empirically analyzed or focused on in this pa-
per but are still important aspects of the modeling procedure.
In particular, no steps have been taken to reduce the runtime
and memory requirements of the algorithm, both of which
are non-trivial. Additionally, only one built-in optimizer has
been used to perform hyperparameter optimization, and the
range prior was chosen a priori and is not algorithmically
determined based on the environment. Additionally, the

range-based GP models contained in this work are simple
and do not account for non-stationarity in the inputs provided
to the GP regression.

Future work will investigate how to better model discon-
tinuities and allow different hyperparameters for different
input variables. Further testing on real-world data from
various scenarios (subterranean and other) will be performed
to fully validate the method. Additionally, a number of
improvements can be made to decrease runtime and allow
the algorithm to adapt to its surroundings - for instance,
selecting inducing points that provide the most information to
the GP model instead of randomly sampling, and efficiently
adapting hyperparameters and the model prior based on the
changing terrain as the robot moves. Finally, applications
of these maps will be tested, such as using optimization
of the pose inputs in the aggregate GP [18] to perform
localization. The full benefits of range-based GP mapping
are expected become apparent when performing localization
or when using the uncertainty in planning algorithms due to
the better representation of uncertainty incorporated in these
models.
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