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Abstract

In cluttered real-world workspaces, simple pick-and-place tasks for robot
manipulators can be quite challenging to solve. Often there is no collision-
free trajectory that allows the robot to grasp and extract a desired object
from the scene. This requires motion planning algorithms to reason about
rearranging some of the “movable” clutter in the scene so as to make the
task feasible. Our work focuses on solving these pick-and-place tasks in
3D workspaces where objects may tilt, lean on each other, topple, and
slide. This problem setup can be used to describe common uses of robot
manipulators tasked with packing boxes in warehouses, assembling struc-
tures in manufacturing industries, and assisting humans inside households.
Robots operating in these environments will engage in contact-rich inter-
actions with objects in the environment, and must be able to model and
reason about the effect of these interactions on the environment. In this
thesis we develop motion planning algorithms for robotic manipulation
that make efficient use of a physics-based rigid-body simulator to solve
pick-and-place manipulation tasks while accounting for the configuration
of all objects in the environment and the effect that robot actions have
on them. In particular, we require our planning algorithms to compute
trajectories that satisfy all object-centric “interaction constraints”. In the
3D workspaces we care about, these encode properties of objects such as
whether the robot can make contact with an object, how far it can make
objects tilt, whether objects are allowed to topple over, how fast they can
be moved etc. The challenge in solving simple pick-and-place tasks in
these environments lies in finding a solution trajectory that satisfies these
constraints at all points in time.

In environments with relatively large object-free volumes, we show that
it suffices to only model robot-object and any resultant object-object
interactions near grasp poses given to the robot. These grasp poses are
specified as intermediate goals for the robot from where the desired object
may be grasped before being moved to its final goal (or “home”) config-
uration. Our intuition in these workspaces suggests that we can exploit
the large object-free volume to plan contact-free trajectories that get the
robot near the grasp pose. Once such a trajectory has been found, the
planner can forward simulate dynamically generated grasping primitives
in the physics-based simulator to ensure that interaction constraints are
not violated while grasping the target object.

With more clutter in the scene or in a more constrained workspace, we



cannot assume the existence of a contact-free trajectory that gets close
to the target object. In such cases, we have to reason about deliberately
rearranging any movable clutter so that the object-of-interest (OoI) can be
grasped and extracted. Such situations arise commonly when a robot must
reach inside a cluttered shelf to retrieve a desired object. Manipulation
planning algorithms for such scenes must be able to answer three fun-
damental questions – which movable objects should the robot rearrange,
where should they be moved, and how should the robot move them while
still satisfying all interaction constraints? This thesis presents a family
of algorithms that draw on a unique connection between Multi-Agent
Pathfinding (MAPF), the problem of finding paths for multiple robots
that need to get from their start states to some desired goal states, and
Manipulation Among Movable Objects (MAMO), solving manipulation
tasks in environments where the robot is allowed to rearrange movable
clutter. Our algorithms solve an appropriately constructed MAPF ab-
straction of MAMO to answer the first two questions of which objects
should be moved and where to. We then convert the MAPF solution into
rearrangement actions for the robot to rearrange movable objects and
make progress towards solving the MAMO problem of retrieving the OoI
from a cluttered shelf.

We test all algorithms developed as part of this thesis in the real-world
with the PR2 robot. We show that we can execute trajectories returned
by our algorithms on the PR2 to solve complex manipulation tasks that
require rearranging objects on a refrigerator shelf before reaching inside to
grasp and extract a desired object. Our work takes a step towards solving
MAMO problems in realistic real-world workspaces and we conclude this
thesis by discussing some possible directions for future work to develop
even more capable and versatile MAMO planning algorithms.
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Chapter 1

Introduction

1.1 Motivation

Robots that manipulate objects in their environment are commonplace in industrial

and warehouse automation, and are expected to achieve similar levels of integration in

domestic scenarios. The core aspect of their deployments in these workspaces is that

they act upon the environment in which they operate by manipulating the objects

therein. This may happen in the form of a series of industrial arms assembling parts,

a mobile manipulator packing boxes to be shipped in a warehouse, or a home robot

retrieving cooking ingredients from pantry and refrigerator shelves. Manipulation

planning algorithms for these tasks must be capable of physics-based reasoning to

ensure safety and stability during robot operation. Intermediate sub-assemblies put

together by robots and objects packed in boxes should create stable structures, while

a home robot should be careful not to drop or break or tip over fragile containers.

Since the effect of robot actions on reconfigurable environments is tied to the task

at hand, planning algorithms must account for these effects to ensure the task is

completed safely.

In order for a robot to solve the fundamental task in robot manipulation of

pick-and-place – where the goal is for a robot to grasp a desired object and relocate

it to a specified location – it must be able to deal with obstructing clutter because it

is unrealistic to assume the robot will always have contact-free access to grasp the

desired object. In cluttered environments, access to the desired object may be blocked
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1. Introduction

Figure 1.1: The goal is to retrieve the beer can (yellow outline). The yogurt and
almond beverage are movable objects (blue outlines). All other objects in the scene
are immovable obstacles (red outline).

by multiple other objects that need to be rearranged. The robot must reason about

how best to rearrange this obstructing clutter in order to complete the pick-and-place

task. Consider a robot that must extract the can of beer (outlined in yellow) from

the cluttered refrigerator shelf in Figure 6.1. The robot cannot reach the can without

moving aside a box of almond beverage and/or a tub of yogurt (both outlined in blue).

However, it must take care in doing so because the shelf also contains fragile objects

such as eggs, a glass of coffee, and two glass bottles (all outlined in red) that should

not be made contact with by either the robot or other objects. The simply stated

task of “retrieve the can of beer” suddenly becomes a lot more complex to solve. The

motion planning algorithm must find a delicate sequence of rearrangements to clear

enough room in the workspace to solve the task.

When robots make contact with their environment, they can do so via prehensile

or non-prehensile actions [14]. Prehensile contacts stabilise the contacted object

through the contact forces alone, independent of external forces like gravity. Grasping

and holding an object is perhaps the simplest example of prehensile interactions

with the environment. The physics of such interactions can be modeled accurately

under the assumption that the object model is known, and the contact is ‘rigid’, i.e.
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grasping an object rigidly attaches it to the robot arm at the point(s) of contact.

If a robot could complete all tasks assigned to it in a reasonable amount of time

via prehensile interactions only, existing planning algorithms for robot manipulation

would go a long way to enabling their deployment across all scenarios.

However robots, like humans, are limited in the variety of objects they can grasp.

Some objects may be too big or too bulky for a robot to interact with using only

prehensile actions. Moreover, in many cases it is more time- and energy-efficient to

manipulate objects in the environment via non-prehensile actions such as pushing

and sliding, tilting, pivoting etc. For example, it may be simpler to push an object

off to the side to reach another one than to grasp it, pick it up, move it elsewhere,

place it down, and release it before going back to reach the second object.

In the case of our example in Figure 6.1, a planning algorithm could compute a

sequence of pick-and-place rearrangements for the almond beverage and yogurt to

solve the task. However, this is only possible if we assume that both objects can

be grasped (i.e. fit inside the end-effector of the robot), we know good grasp poses

to grasp them both from, the robot can exert enough torque to lift them, and we

have knowledge of and access to stable locations to place the objects. Any of these

assumptions may easily be violated in real-world scenarios and in such cases we would

still like to be able to solve the problems of interest to us.

Instead of a sequence of prehensile rearrangements, our planners could alterna-

tively solve the problem by rearranging the scene via a sequence of pushing actions.

This requires us to be able to forward simulate the effect of robot actions on the

configurations of objects in the scene – we would not want to inadvertently push the

almond beverage into the glass bottles on the right or the yogurt into the coffee on

the left. The mechanics of such non-prehensile interactions is not well understood,

especially when we want to model complex multi-body interactions in 3D. There is

work on creating analytical models of planar pushing of objects with simple geome-

tries [97], but this becomes intractable for arbitrary 3D object models and multi-body

interactions (e.g. when an object being pushed by a robot pushes other objects in

turn).

It is still possible to use the simpler physics models to propagate the dynamics

of complex multi-body interactions. Physics-based simulators [27, 95, 153] do this

by maintaining a necessary set of physics parameters for all objects in the environ-

3



1. Introduction

Figure 1.2: (a) The scene prior to the robot pushing object A to the right. (b) The
resultant scene after the push.

ment. These parameters include the intrinsic object dynamics (e.g. mass, velocity,

acceleration, frictional forces) and extrinsic interaction dynamics (e.g. contacts and

contact forces). The complex multi-body interaction dynamics can then be simulated

by integrating all simple physics models with a sufficiently small discretisation of

time. This makes physics-based simulators computationally expensive to query and

thus their use within planning algorithms introduces a challenging bottleneck.

The planning algorithms we present in this thesis use a physics-based simulator

in-the-loop during planning to keep track of the state of the environment as the robot

acts in it. Figure 1.2 shows the result of simulating a push action – when the robot

decides to push object A towards the right, querying our physics-based simulator tells

us the result of that action will lead to object A leaning on object B which in turn

will lean on the right wall of the shelf. By keeping track of the state of all objects in

the scene, our planners can find an appropriate sequence of actions that rearrange

movable clutter and retrieve the object-of-interest (OoI) from the workspace. If the

planner needs to satisfy object-centric “interaction constraints” on whether the robot

can make contact with an object, how far it can make objects tilt, whether objects

are allowed to topple over, how fast they can be moved etc. it can determine the

validity of an action depending on the result obtained after querying the physics-based

simulator. In this way, the planner would be able to solve the problem in Figure 6.1

by carefully pushing aside the movable objects (outlined in blue) just enough to clear

up room to retrieve the OoI (outlined in yellow) without the movable objects or the
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robot making contact with “immovable” obstacles (outlined in red).

1.2 Thesis Overview

The algorithms we develop in this thesis attempt to solve exactly the kinds of problems

described above. We would like robots to solve manipulation planning tasks with a

physics-based simulator in-the-loop to forward simulate the environment dynamics.

Our model-based planning algorithms use a physics-based simulator in-the-loop to

propagate the multi-body interaction dynamics resulting from robot rearrangement

actions executed in the environment. In particular, we require our planning algorithms

to compute trajectories that satisfy all object-centric interaction constraints specified

as part of the problem. In the 3D workspaces we care about, these encode properties

of objects such as whether the robot can make contact with an object, how far it

can make objects tilt, whether objects are allowed to topple over, how fast they

can be moved etc. The challenge in solving simple pick-and-place tasks in these

environments lies in finding a solution trajectory that satisfies these constraints at

all points in time. This domain is called “Manipulation Planning Among Movable

Obstacles”, or MAMO [144, 165]. These algorithms must be efficient about when they

query the simulator since that is the computational bottleneck. Typical manipulation

planning problems may require the robot to evaluate hundreds of thousands of actions.

Simulating all of them in problems that we care about would take an inordinate

amount of time. We have developed algorithms that query simulators when absolutely

necessary, and do so by reducing the general problem statement to a more tractable

alternative, and adding constraints on which robot actions may be simulated.

We briefly state the contributions of the work included in this thesis in the

sections below, with detailed technical exposition in the chapters to follow. Chapter 2

provides information on prior work in robot manipulation planning, MAMO and its

predecessor “Navigation Among Movable Obstacles” (NAMO), and the use of physics-

based simulators for planning. It also provides a basic introduction to some of the

algorithmic techniques used in our work. Chapter 3 presents our work from [130] on

simulation-based planning with adaptive motion primitives. The work in Chapters 4–

6 relies on a connection between multi-agent pathfinding (MAPF) and MAMO to aid

the planning algorithms in deciding which objects should be rearranged and where
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they should be moved. We introduce this connection in Chapter 4 to present our M4M

algorithm from [128], use it to formulate a graph search-based solver E-M4M [127] for

MAMO in Chapter 5, and generalise this further by introducing the use of prehensile

rearrangements and object parameter uncertainty (imprecise knowledge of object

masses and coefficients of friction) in Chapter 6. Finally Chapter 7 presents a summary

of the ideas explored in this thesis and possible extensions to this line of work.

This thesis does not include details of two projects the author completed during

his doctoral studies. We exclude our work on developing a general anytime, multi-

heuristic, multi-resolution graph search algorithm AMRA* [131] from this thesis.

AMRA* generalises several existing search algorithms [3, 40, 50, 87, 106, 119] into

one unified algorithm. It is capable of searching a state space at multiple levels of

discretisation, share information between multiple heuristics, and improve the quality

of the solution found over time. We also exclude work done on learning autonomous

driving policies in dense traffic [7, 129]. These works are not related to the contents

of the thesis but were completed contemporaneously.

1.2.1 Simulation Constraints on Robot Actions

The first contribution of this thesis (Chapter 3) is to show that a large class of

MAMO problems is solved by only allowing physics-based simulations for adaptive

motion primitives. These actions are computed on-the-fly during the planning process

to achieve some desired goal (or intermediate subgoal). We develop a strategy to

leverage minimal precomputation prior to planning to reduce time spent querying

a physics-based simulator by up to two orders of magnitude over state-of-the-art

MAMO planning algorithms [130].

The class of MAMO problems solvable with this approach usually have a large

volume of object-free space in the workspace. This is true for all tabletop manipulation

scenes (since object-free volume above the table is unbounded), and also for shelves

that are quite tall or shallow relative to the objects kept in them. It is not necessary

to restrict ourselves to top-down grasps for pick-and-place tasks in these workspaces

and in fact our experimental setup limits the robot to perform side-on grasps. The

assumption about large object-free volume only helps avoid contact with objects until

the robot is “close enough” to the grasp pose. Adaptive motion primitives help the
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Figure 1.3: A PR2 robot executing a solution trajectory found by M4M for a
real-world MAMO problem.

robot achieve the grasp pose from such a configuration, and our work shows that it

suffices to restrict simulations to these actions only.

1.2.2 Abstracting MAMO Problems with Multi-Agent

Pathfinding

Multi-agent pathfinding (MAPF) algorithms attempt to solve the problem of finding

paths for a team of robots or ‘agents’ from their start locations to a set of goal

locations. Chapter 4 presents our work from [128] where we develop the key insight

that we can leverage existing MAPF solvers for the MAMO domain. This is done by

pretending that the objects the robot is allowed to move in a MAMO problem are

actuated agents themselves. We use MAPF solvers to compute a solution for this

abstracted version of the MAMO problem, and develop an algorithm that is capable

of ‘realising’ this solution in the real-world where only the robot is actuated.

The benefit of the MAPF abstraction is that – provided we can solve the abstract

problem – if the movable objects were truly actuated, the robot trajectory computed

prior to solving the MAPF problem solves the MAMO problem. In this way the

MAPF solution helps guide us toward a rearrangement of the scene that lets us

solve the MAMO problem. We present the Multi-Agent Pathfinding for Manipulation

Among Movable Objects algorithm (M4M), a greedy algorithm for solving MAMO

problems that uses the solution to an abstract MAPF problem to generate candidate

rearrangement actions. Figure 1.3 shows a sequence of images from the solution

trajectory found by M4M for the PR2 robot on a real-world MAMO problem.
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1.2.3 A Graph Search Formulation for MAMO

One of the main challenges in solving MAMO problems lies in the combinatorial

explosion of the search space with increasing numbers of movable objects in the scene.

Since MAMO solvers are required to keep track of the configuration that all movable

objects in the scene are in at any given point in time, the search space for solution

grow with each movable object added to the scene. Our work in Chapter 4 dealt with

this by “planning in the now” [65], an idea that commits to executing the first valid

action found. This makes the algorithm greedy with respect to successful pushing

actions that rearrange movable objects. However it precludes a systematic search

over different orderings of movable object rearrangements, different ways to rearrange

the same object, and different potential rearrangements of the same scene.

Chapter 5 addresses this issue by solving MAMO problems via a best-first graph

search. The Enhanced-M4M algorithm [127] (E-M4M) for MAMO problems searches

over orderings of object rearrangements, different rearrangements of the scene, and

different ways to rearrange each object. Additionally we describe algorithmic improve-

ments that help speed up the search by caching the result of all actions simulated

during planning.

1.2.4 Solving MAMO Problems with Diverse Action Spaces

and Object Parameter Uncertainty

The M4M and E-M4M algorithms as presented in Chapters 4 and 5 only make use

of non-prehensile or pushing actions to rearrange movable objects. They also assume

perfect knowledge of all object parameters, including their masses and coefficients of

friction, in an attempt to minimise the sim-to-real gap [18, 62], something commonly

encountered in works that try to use physics-based simulators as proxies for the

real-world.

Given the graph search formulation for MAMO used by E-M4M, it is relatively

straightforward to introduce a diverse action space that allows robots to rearrange the

environment in different ways such as pick-and-place actions or the use of additional

tools. Chapter 6 allows our robot to rearrange movable objects via prehensile actions

in addition to the pushes we considered hitherto. This increases the computational
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cost to solve the same problem by increasing the branching factor of the graph search.

We show that being “lazy” with respect to action simulations can help offset some of

these costs.

There has been a lot of advancement in localising objects in a scene with great

accuracy [155, 167], and some existing MAMO solvers are able to deal with localisation

inaccuracies [35]. Yet there is little work in addressing uncertain measurements

of physical properties of objects. In particular, we are interested in relaxing the

assumption on perfect knowledge of object masses and coefficients and friction. Object

masses are difficult to perceive and can change over time, while coefficients of friction

are difficult to measure accurately and change with every surface the object is placed

on. Our use of physics-based simulators allows us to simulate several actions in parallel

and the extension to E-M4M in Chapter 6 leverages this to instantiate several copies

of the same object with different sampled values for mass and coefficient of friction.

We can then validate/invalidate actions based on the number of samples for which

they succeed, thereby making us more robust to uncertain object parameters.

1.2.5 Discussion and Future Work

Chapter 7 includes a thorough discussion about the work in this thesis and tries to

provide some insight on how it can be extended. We discuss ideas on incorporating

heuristics into search algorithms for MAMO, interleaving planning and execution to

deal with real-world uncertainties such as occlusions and errors in sensing, execution,

and environment modeling, and finally on incorporating model-based rearrangement

actions designed for manipulation tasks in clutter.
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Chapter 2

Background

2.1 Related Work

The work in this thesis extends existing literature on “Manipulation Planning Among

Movable Obstacles”, a domain where a robot arm has to perform a manipulation

task (such as pick-and-place of a desired object) in a reconfigurable environment.

This domain is closely related to “Navigation Among Movable Obstacles”, where the

robot has to complete a navigation task in a reconfigurable environment. Several

approaches to both problem domains make use of a physics-based simulator in the

planning loop to keep track of the state of the environment. This section provides

information on prior work in these fields.

2.1.1 Manipulation Planning Among Movable Obstacles

Wilfong [165] showed that when goal positions for the reconfigurable objects are

specified, the MAMO problem is PSPACE-hard and is otherwise NP-hard. Much of the

early work in this domain [5, 114, 149, 165], restricted itself to planar environments

and geometric solutions. They relied on the ability to compute the joint configuration

space of the robot and the movable objects. Furthermore, planning problems were

intialised were known sets of grasp configuration for each object and restricted to

prehensile manipulation of movable objects.

More recently, Stilman et al. [143, 144] have solved manipulation and navigation
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problems in 3D workspaces with movable obstacles with prehensile rearrangements

only. These solvers search for solutions backwards from the goal state, and resolve

conflicts relating to obstructing objects by incorporating prehensile manipulation

plans for their rearrangement. When the robot has access to an intermediate “buffer”

location to relocate obstructing objects, pick-and-place rearrangement of movable

obstacles is possible [86, 163], however this is not always the case in the problems we

consider in our thesis.

Most work that uses non-prehensile actions limits interactions to a plane [35, 70,

159]. The solution trajectories computed for these planar problem usually only plan

for the robot end-effector. They are ‘lifted’ to a full joint-space trajectory by solving a

constrained inverse dynamics problem, where the constraint enforces the end-effector

move in a plane [15].

2.1.2 Non-prehensile Manipulation

Early work by Mason [97] on the mechanics of pushing established conditions for

the movement of objects in a plane subject to frictional and external (pushing)

forces. They showed that the direction of rotation of the object (clockwise or counter-

clockwise) is determined based on the ‘votes’ of the external force vectors and the

vectors that define the friction cone at the point of contact. This analysis was

extended in [93] where a search-based planner for pushing polygonal objects to a

goal configuration in a plane was introduced. Pivoting and toppling of objects in

order to orient them into a known and observable or desired pose was explored in the

context of automated parts feeding using conveyor belts or hoppers [4, 169] following

the analysis of toppling manipulation in [92].

Dynamic non-prehensile manipulation, where the motion of an pushed object is

not restricted to follow that of the object pushing it, can lead to complex behaviours

such as rolling, sliding, and throwing objects [94, 123, 166]. Although we do not utilise

such actions in our work, given accurate robot and object models, physics-based

simulators can forward simulate the effect of these actions, albeit to a lesser degree

of accuracy than quasi-static actions. Since we assume access to such models in our

work, such actions can be integrated into the algorithms we develop in this thesis.

The reliance on accurate models can be relaxed by model-free learning-based
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approaches that help planning algorithms predict the effect of non-prehensile ac-

tions [82, 90, 115]. The learned models can help close the loop when it comes to

planning a sequence of actions directly from sensor information, provided that they

generalise well across all possible scenes observed by these sensors.

2.1.3 Rearrangement Planning

Rearrangement of movable objects in the scene is a defining characteristic of MAMO

problems. In our work, we rearrange objects in the scene without any explicit

information about desired goal poses for these objects since they only act as obstructing

clutter for the pick-and-place style tasks we consider. However, the domain of

rearrangement planning focuses on problems where goal poses are specified for some

(or all) of the movable objects in the workspace [9, 78]. Given the right action

space, sampling-based planners have been shown to solve 2D rearrangement planning

problems while querying a physics-based simulator for the effects of non-prehensile

actions [54, 69]. The ability to sample multiple actions from a state and roll them

out in a simulator allows these algorithms to reason about modeling, sensing and

execution uncertainty as well [71, 76].

There is a rich body of work that uses model-free learning to solve the rearrange-

ment planning problem in different ways. A learned model can be used to determine

the feasibility of robot actions by predicting collisions [30, 121]. They are trained by

conditioning them on a specified goal configuration as input. Since these models are

fast to query, they can quickly help eliminate infeasible actions and select feasible

ones that help achieve the desired goal. Learned models have also been used to

directly [172] or indirectly [174, 175] predict robot actions for rearrangement planning.

Direct prediction of robot actions involves end-to-end learning of an execution policy

from sensory input [172]. This can be hard to generalise to a variety of workspaces,

objects, robots, and sensors. A more abstract learning model predicts parameters that

inform the selection of robot actions. These parameters can take the form of desired

displacements of specific objects in the scene [175], which may be achieved by local

controllers the robot has access to. Alternatively, a learned model can predict spatial

relations between the objects present in the scene as logical formulae [174] which can

be passed to a symbolic planning algorithm for actually planning the sequence of

13



2. Background

robot actions given a goal specification.

2.1.4 Simulation-based Planning

Simulators are used within planning algorithms for problems when the effect of

robot actions on the state of the environment cannot be computed easily. In such

cases, physics-based simulators are a useful tool as they encapsulate simple physics

models for all interactions between pairs of bodies in the scene. The notion of ‘push

grasping’ and ‘negative goal regions’ was introduced for these problems in a line

of work by Dogar et al. [33, 34, 35]. King studied rearrangement planning with

non-prehensile actions extensively in their thesis [68] with a 2D physics simulator

in their planning loop. Sucan and Kavraki [147] developed a randomised planning

algorithm for cases with a computationally expensive transition model (querying a

physics-based simulator is an example of such a model). This algorithm was extended

in [101] to deal with uncertainty in some model parameters. Computing robust

trajectories in the presence of parameter uncertainty has also been formulated as a

multi-armed bandit problem [76], and a convergent planning problem [2] borrowing

prior work from [64]. In other applications, simulators have been used to compute the

effect of higher-level and longer-horizon robot ‘skills’ [176], and to determine low-level

feasibility of a high-level discrete plan [118].

2.1.5 Contact-Based Trajectory Optimisation

Trajectory optimisation methods that are able to reason about contacts with the

environment have received a lot of attention when planning trajectories for humanoid

and quadruped robots [43, 99, 158]. These methods find a locally optimal solution

around an initial trajectory that satisfies constraints on the sequence of contacts to

be made and the forces applied through them while satisfying kinematic and dynamic

limits of the robot. Typically it can be computationally expensive for these methods

to converge to a solution since they require access to gradient-based information about

good ‘descent’ directions to reach the local optimum. Contacts are discrete events that

are difficult to detect for these continuous optimisation techniques and only help the

optimiser take gradient descent steps towards the optimum while the specific contact

is ‘active’. In practice, often a “soft”-contact model is used [107, 152] that provides
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information about virtual forces from a distance and can be used to converge to the

optimum faster. Other works include contacts as complementarity constraints [120]

which encode the property that contact forces between two bodies can be non-zero

only when the two bodies are in contact, or recently as pressure fields [81] where

contact forces are determined based on the volumetric overlap between rigid bodies

with hydro-elastic properties.

Contact-based optimisation of a robot arm trajectory for manipulation also

requires updating the state of other movable objects in the workspace and ensuring

any interaction constraints are satisfied. For simple planar applications, analytical

models describing the dynamics of contacts between a robot end-effector and a

single object being pushed can be used to compute pushing trajectories [57, 100].

Analytical models have also been used to optimise trajectories for dexterous in-hand

manipulation of objects [98], albeit at a high computational expense. If analytical

models are inadequate at describing the dynamics of complex multi-body interactions

in cluttered workspaces, an alternative approach numerically computes gradients via

finite differencing and often uses a physics-based simulator in-the-loop to observe the

state of the movable objects in the scene [73, 124].

2.1.6 Learning-based Methods for Manipulation in Clutter

The degree of difficulty in solving MAMO problems is dictated by the complex multi-

body interactions between the robot and objects in the workspace that make it hard to

find a valid rearrangement action that also satisfies all interaction constraints. Work

on using machine learning to train models suited for this task hopes to generalise over

the different configurations we might encounter in any MAMO problem. Existing work

on learning non-prehensile pushing policies has thus far been limited to planar robot-

object interactions [91, 117, 173] and does not capture the complexity of toppling

objects [92]. Learned models have also been employed to solve simulated task-and-

motion planning problems [112, 141] that require longer-horizon reasoning over both

discrete decisions about which objects to manipulate and continuous trajectories for

the robot.

Recent work has looked at solving more complicated rearrangement planning

problems on real robots over long horizons [88, 122]. These methods rely on prehensile
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or pick-and-place rearrangement actions only as that simplifies the learning problem

to one that need only figure out a good sequence of rearrangements and perhaps

predict good grasp and placement poses for objects. Given a desired object to be

rearranged, and grasp and placement poses for it, we can query a motion planner

for robot trajectories to carry out the rearrangement. For the MAMO problems we

consider in this thesis, we must reason about non-prehensile robot-object interactions

in the 3D workspace, long sequences of rearrangements, and complex multi-body

interactions, all while ensuring we do not violate interaction constraints. This is a

particularly challenging problem to model, even for learning-based methods with

powerful generalisation capabilities. However, the recent progress shown by methods

for rearrangement planning, especially those that use graph neural networks and

point clouds as input show promise for the complicated MAMO problems we target.

2.2 Discrete Graph Search

All of the algorithms used in this thesis are discrete search algorithms that find

solutions for planning problems on an appropriate discrete graph representation of the

search space. This section provides a brief overview of this category of algorithms at

a high-level. Interested readers are encouraged to look up a rich history of literature

in this field and details of many more discrete search algorithms in [41, 113].

Algorithm 1 Discrete Graph Search

1: procedure Search(vstart, Vgoal, f)
2: OPEN ← ∅
3: Insert vstart into OPEN with priority f(vstart)
4: while OPEN is not empty and time remains do
5: v ← OPEN.top()
6: if v ∈ Vgoal then
7: return ReconstructPath(v)

8: for v′ ∈ GetSuccessors(v) do
9: if EvaluateAction(v, v′) then

10: Insert/update v′ in OPEN with priority f(v′)

11: return ∅

Algorithm 1 contains a pseudocode for a discrete graph search algorithm. The
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Search method is a basic graph search over a discrete graph G = (V,E) where

vertices v ∈ V are search states (V is thus the search space) and edges e = (u, v) ∈ E
represent actions/transitions that take us from state u to state v. Search takes

three input arguments – vstart is the start state or root of the search tree from where

we would like to find a path, Vgoal ⊂ V is the set of goal states where a solution path

may terminate, and f is a priority function that preferentially selects more promising

states (usually in terms of “closeness” to Vgoal) to grow the graph from.

OPEN is a priority queue that contains states ordered according to the func-

tion f . The function GetSuccessors : V → P(V ) returns the set of all states

that may be reached from the input state. As such, the set of states returned by

GetSuccessors(v) can be considered successors/neighbours of v in G. In order

to check whether the transition from v to one of its neighbours v′ is valid, we call

EvaluateAction(v, v′). If the transition is found to be valid, we may consider

further growing the graph (towards Vgoal) from v′. Once we reach a state in Vgoal, we

can backtrack from it to vstart along valid edges in the graph and return the solution

path found.

Figure 2.1 shows a graphical illustration of a discrete graph search in four steps.

Step (1) shows the graph G = (V,E) representing the problem we want to solve. The

search space V = {vstart}∪Vgoal ⊂ V ∪{vi}5i=1. Edge set E is shown as gray arrows in

the figure. In step (2) we evaluate edges to the successors of vstart and find both edges

are valid (represented by green arrows). Step (3) proceeds to evaluate the successors

of v1 (preferred over v2 due to the f -function) and finds two more valid edges, one

invalid edge to v5 (red arrow), and determines that the path to v2 via v1 is better

than directly going from vstart to v2 (indicated by the blue arrow −−−−−→vstart, v2). Finally in

step (4) we solve the problem by finding a path from vstart to Vgoal via v1 and v3.
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(1)

(2)

(3)

(4)

Figure 2.1: A high-level graphical illustration of a discrete graph search algorithm
(Algorithm 1).
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2.3 Problem Formulation

2.3.1 Search Space

In this thesis, we denote the robot manipulator asR, and XR ⊂ Rq as the configuration

space for a q degrees-of-freedom (DoFs) manipulator. The set of objects in the scene

is O = {O1, . . . , On}, and the configuration of any object XOi
∈ SE(3) includes its

3D position and orientation. The search space for a planning problem in the MAMO

domain is the Cartesian product of the robot and all object configuration spaces,

denoted as X = XR × XO1 × · · · × XOn . We denote movable objects by OM and

immovable obstacles by OI such that O = OM ∪ OI and OM ∩ OI = ∅.

2.3.2 Object Constraints

Each object is associated with a set of interaction constraints. For example, an

‘immovable’ obstacle (an object that cannot be interacted with, such as a wall) will

contain a constraint function which is satisfied so long as neither the robot nor any

other object makes contact with it. In our problems similar functions encode that

movable objects cannot fall off the shelf, tilt too far (beyond 25°), or move with a

high instantaneous velocity (above 1 m s−1). A state x ∈ X is valid if all constraints

for all objects are satisfied at that state1. We denote the space of valid states by XV .

2.3.3 Problem Statement

A MAMO planning problem can be defined with the tuple P = (X ,A, T , c, xS,XG).

A is the action space of the robot, T : X × A → X is a deterministic transition

function, c : X × X → R≥0 is a state transition cost function, xS ∈ XV is the start

state, and XG ⊂ X ,XG ∩ XV 6= ∅ is the set of goal configurations.

To solve MAMO problems, we would like to find the least-cost valid path π∗ from

start to goal i.e., a path made up of a sequence of valid states. Formally, we can write

1We omit the necessary robot kinematic and dynamic feasibility constraints from the definition
of state validity for brevity.
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this as:

find π∗ = argmin
π={x1,...,xT }

T−1∑
i=1

c(xi, xi+1)

s.t. x ∈ XV , ∀x ∈ π (path of valid states)

x1 = xS, xT ∈ XG (start, goal constraints)

xi+1 = T (xi, ai), ai ∈ A, ∀xi, xi+1 ∈ π

(transition dynamics)

The cost of robot actions c is proportional to the distance traveled in XR. The

start state xs includes a “home” robot configuration in XR and the initial poses of

all objects. We assume XG is defined in two parts – a grasp pose in SE(3) for the

OoI and a goal pose in SE(3) where it must end up (while grasped by the robot).

We will provide details about the action space A and transition function T as and

when appropriate for the algorithms we present in this thesis.
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Chapter 3

Planning with Physics-Based

Adaptive Motion Primitives

Robot manipulation in cluttered scenes often requires contact-rich interactions with

objects. It can be more economical to interact via non-prehensile actions, for example,

push through other objects to get to the desired grasp pose, instead of deliberate

prehensile rearrangement of the scene. For each object in a scene, depending on its

properties, the robot may or may not be allowed to make contact with, tilt, or topple

it. To ensure that these constraints are satisfied during non-prehensile interactions,

a planner can query a physics-based simulator to evaluate the complex multi-body

interactions caused by robot actions. Unfortunately, it is infeasible to query the

simulator for thousands of actions that need to be evaluated in a typical planning

problem as each simulation is time-consuming. The first contribution of this thesis

shows that (i) manipulation tasks (specifically pick-and-place style tasks from a

tabletop or a refrigerator) can often be solved by restricting robot-object interactions

to adaptive motion primitives in a plan, (ii) these actions can be incorporated as

subgoals within a multi-heuristic search framework, and (iii) limiting interactions to

these actions can help reduce the time spent querying the simulator during planning

by up to 40× in comparison to baseline algorithms. Our algorithm is evaluated

in simulation and in the real-world on a PR2 robot using PyBullet as our physics-

based simulator. The work included in this chapter was published in [130], and the

accompanying video can be viewed at this link: https://youtu.be/ABQc7JbeJPM.
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3. Planning with Physics-Based Adaptive Motion Primitives

3.1 Introduction

Manipulation planning problems in domestic households, industrial manufacturing

and warehouses require contact-rich interactions between a robot and the objects

in the environment. As the amount of clutter in a scene increases, the likelihood

of finding a completely collision-free trajectory for the manipulator decreases. This

does not mean the task is impossible since we might still be able to complete it by

moving the objects around. In these cases, non-prehensile interactions with objects

can be much faster than deliberately rearranging the scene via a sequence of slow

pick-and-place style prehensile maneuvers. In addition, each object in a cluttered

scene is associated with constraints that define how a robot can manipulate it. For

example, while we might be allowed to interact freely with a box of sugar, we might

not be allowed to tilt or topple a cup of coffee.

We want to enable robots to grasp in clutter by using non-prehensile actions to

interact with objects while satisfying any object-centric constraints, e.g. constraints

that dictate whether or not we can make contact with, tilt, or topple an object. This

domain of Manipulation Among Movable Obstacles (MAMO) [144] is derived from

prior work on Navigation Among Movable Obstacles (NAMO) [143, 165]. Planning

problems for NAMO aim to find a feasible path between start and goal states for a

mobile robot navigating in an environment with reconfigurable obstacles1. We focus

on the class of MAMO problems where the goal for the robot manipulator is a 6D

pre-grasp pose of an object in SE(3) without any constraints on the final poses of

the movable objects. The task of planning the grasp itself is not addressed by our

algorithm.

3.1.1 Challenges

Motion planning for MAMO is computationally costly because of two major challenges.

First, we need to accurately model the dynamics of the robot-object and object-object

interactions in the environment during planning. This requires the use of a high-

fidelity physics-based simulator since hand-designed analytical models are hard to

generalise for complex object geometries and cluttered scenes. The simulator is used

1In this work ‘objects’ may be movable, but ‘obstacles’ are immovable.
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3. Planning with Physics-Based Adaptive Motion Primitives

Figure 3.1: Manipulation tasks in cluttered tabletop (left) or refrigerator (right)
workspaces require planners to account for complex multi-body interactions between
the robot and objects (blue movable objects and red immovable obstacles). The goal
is to pickup a randomly selected immovable obstacle.

to model the environment and predict the outcome of actions. The computational

cost associated with running a simulator is high, which makes it infeasible to query

the simulator for every action that needs to be evaluated. The second challenge is

associated with the search space of the problem. Since the robot may interact with

objects in the scene and reconfigure them, the search space needs to include the

configuration space of all these objects. This makes the search space for a planning

problem in this domain grow exponentially with the number of objects, and makes it

computationally hard to find a solution.

3.1.2 Contribution

In this chapter, we make an observation that many MAMO problems can be solved

effectively by restricting robot-object interactions to adaptive motion primitives and

show how this observation can be exploited to structure an efficient search for a

contact-rich motion. Adaptive motion primitives (AMPs, Section 3.3.3) are long-range

actions generated on-the-fly such that they terminate in a valid goal state [24]. In

our domain, they are straight lines in the configuration space of the robot, between

two states whose end-effector Cartesian coordinates are within δ of each other in

Euclidean norm. Since the goal in our domain is defined in the workspace of the

robot, an AMP is computed by linearly interpolating between a state that satisfies
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the δ threshold condition and an inverse kinematics (IK) solution of the goal pose.

Our central assumption in this chapter limits robot-object interactions to the final

action (an AMP) in a plan. This restriction limits the class of MAMO problems solvable

by our algorithm to ones that require at most one robot action near the goal to make

contact with the objects in the scene. We test our algorithm on random initialisations

of the cluttered tabletop and refrigerator scenes from Figure 3.1. Empirically our

results in Section 3.5 show that even with this restriction, our algorithm solves many

MAMO planning problems and is up to 40× faster than competitive baselines in our

experiments.

Our main contributions towards robot manipulation planning among movable

obstacles include:

� a two-stage planning approach where we first sample promising AMPs in parallel,

and then systematically use them in our planning algorithm to find a solution.

� the use of these AMPs as subgoals within a multi-heuristic search algorithm.

� an action evaluation scheme that minimises the time spent querying a simulator

during planning.

3.2 Related Work

The domain of Manipulation Among Movable Obstacles (MAMO) is closely tied to

prior work in the field of Navigation Among Movable Obstacles (NAMO) [143, 165].

Lynch and Mason [93] studied the mechanics of pushing maneuvers and used them in

a planner to solve early NAMO problems. Past works in the MAMO domain have

taken one of two popular approaches - either solving problems via a sequence of

pick-and-place style maneuvers [144], or limiting solutions to only planar robot-object

interactions [35, 70, 159]. The rearrangement planning problem was extensively

studied by King [68] in their thesis which focused on non-prehensile interactions.

Manipulation planning in clutter with non-prehensile interactions has also seen

solutions that make use of model predictive control [66], human guidance [110], and

reinforcement learning [116].

We use a physics-based simulator in-the-loop during planning to account for dy-

namics of robot-object and object-object interactions in the scene. Plaku et. al. [118]
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decompose the planning problem into a high-level discrete space, and a low-level

sampling-based planner with a complex dynamics model (physics-based simulator).

Zickler and Veloso [176] attempt to solve physics-based planning problems with the

help of high-level, long-range robot behaviours. Dogar et. al. [36] simulate and

cache multiple robot-object interactions, and use their result during planning to

find feasible solutions. However, they do not allow any object-object interactions,

which can be unavoidable in cluttered MAMO scenes. Similar to our work, the idea

of planning till the proximity of the goal and using a more expensive specialized

maneuver from within this proximity can be seen in [157] in the context of grasp

planning. Most relevant to our work in this paper are: a sampling-based planning

algorithm KPIECE [147] and a search-based planning algorithm Selective Simu-

lation [148]. Each uses different approaches to incorporate a simulator in-the-loop

during planning. KPIECE is a sampling-based planner for applications with com-

plex dynamics that uses an importance function over discretised cells of the robot

workspace to guide exploration, but calls the simulator for all action evaluations. This

is very computationally expensive for MAMO and in our experimental comparisons

with KPIECE we show that intelligently limiting the number of simulator queries

can improve quantitative performance. Selective Simulation iteratively plans with

simulations in a reduced search space (accounting for some objects) and executes

the plan in a simulator (with all objects). If any object constraints are violated

upon execution, it decides on one of these objects to be added to the search space

for the next planning iteration. However, in the original paper Selective Simulation

was evaluated for simple constraints of contact or toppling off the table. In addition

to these, we consider constraints on how far obstacles can be tilted and how much

velocity can be imparted to them. Selective Simulation is also prone to repeated

simulations of similar actions which is time consuming and something we explicitly

account for in our work with soft duplicate detection. Our experimental analysis also

includes comparison with Selective Simulation.

3.3 Approach

In this section we present our work on solving MAMO problems formulated in

Section 2.3. Our solution involves simulating only goal-directed AMPs, and deferring
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simulation of these actions until absolutely necessary.

3.3.1 Graph Representation

We solve MAMO planning problems using a search-based planning algorithm in X .

Our graph representation contains two types of actions in A - simple primitives and

adaptive motion primitives (AMPs). Each simple primitive changes one joint angle of

a robot by a small amount2. In comparison, an AMP is computed on the fly and can

change all coordinates in XR. A consequence of our core assumption (Section 3.3.4)

is that for simple primitives as ∈ A, a valid transition x′ = T (x, as) implies that the

state x and the successor state x′ only differ in the robot configuration (in XR). To

be precise, for x, x′ ∈ X , as ∈ A and x′ = T (x, as), x and x′ differ only in one robot

DoF in XR. For AMPs aAMP ∈ A, a valid transition x′ = T (x, aAMP) can lead to

differences in object configurations (XO1 × · · · × XOn) in addition to a difference in

all robot DoFs in XR.

We search over the graph G = (V,E) where the vertex set V ⊂ XR and edges

e = (xi, xj) ∈ E correspond to actions a ∈ A such that xj = T (xi, a). Let FK : XR →
SE(3) be the forward kinematics function for the robot. Similarly let IK : SE(3)→
XR be the inverse kinematics function. For x ∈ XR and some user-defined threshold

δ > 0, if the Cartesian end-effector distance to the goal ‖FK(x) − XG‖< δ, we add

AMP edges e = (x, IK(XG)) to our graph. All other edges correspond to simple motion

primitives as ∈ A.

3.3.2 Action Evaluation

Following the ideas outlined in [148], we decompose our action evaluation scheme into

a relatively fast collision checking routine and a much slower physics-based simulation.

Collision checking involves checking for volumetric overlaps between the collision

models of the robot and objects. This is computationally a relatively cheap operation

that can be easily implemented with the use of a distance field. If and when necessary,

an action that passes this collision checking phase might need to be simulated to

determine whether or not it violates any object constraints.

2In our implementation, 4◦ or 7◦ depending on the joint.
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The set of objects O in a scene can be separated into two subsets - movable objects

OM that the robot is allowed to interact with, and immovable obstacles OI = O\OM .

We assume that this separation is known a priori.

Definition 1 (Phase 1 validity). We say an action a ∈ A from state x ∈ XV is Phase

1 valid if it does not make contact with any immovable obstacle O ∈ OI .
Definition 2 (Phase 2 validity). We say an action a ∈ A from state x ∈ XV is Phase

2 valid if it is Phase 1 valid and it does not result in any object constraint violations.

The fast collision checking routine is used to determine Phase 1 validity of an

action as it can quickly detect overlaps with immovable obstacles. This can also

determine Phase 2 validity if there is no overlap with any object. Note that for

a ∈ A, x ∈ XV , x′ = T (x, a), we call the collision checking routine for all intermediate

states between x and x′, including x′ but not x. In the case when an action is Phase 1

valid, but also makes contact with some movable object(s), Phase 2 validity can only

be determined after simulating the action. This is because we need to account for the

complex multi-body interactions that might result upon executing the action. These

interactions might violate object constraints due to a movable object-immovable

obstacle contact, or the robot violating other movable object constraints such as

tilting or toppling. We emphasise that determining Phase 1 validity of an action

is computationally much cheaper (around 30ms per action evaluation for a 7 DoF

manipulator) than determining Phase 2 validity which requires simulating the action

(e.g., around 1.5s per action of a 7 DoF manipulator in PyBullet).

3.3.3 Adaptive Motion Primitives

Adaptive motion primitives (AMPs) are IK-based motion primitives that are generated

on-the-fly as part of our algorithm [24] and included in A. For any robot configuration

x ∈ XR, if the robot’s 3D Cartesian end-effector pose is within δ = 0.2m of the goal

end-effector pose XG, we generate an AMP that tries to connect x to XG. This is done

by obtaining an IK solution xG = IK(XG) ∈ XR, and linearly interpolating between

x and xG. We choose this value of δ based on basic domain knowledge like the size

of our workspaces and obstacles therein. We did not tune this value to improve

performance. The 3D Cartesian distance between end effector poses ‖FK(x)−XG‖ is

computed while accounting for immovable obstacles. This prevents AMPs from being
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Movable Object Immovable Obstacle

Figure 3.2: For a particular goal state configuration xG ∈ XR, we can generate AMPs
from several states xi within distance δ from it. This δ-sphere in configuration space
XR might be occupied by both movable (blue) objects and immovable (red) obstacles.
This can lead to invalid actions a1, a2, valid action a3, and Phase 1 valid action a4
whose Phase 2 validity will be determined after simulation.

generated from poses close to the goal that have an immovable obstacle in the way.

We refer to the set of robot configurations from which an AMP can be generated as

the “δ-sphere in configuration space” (around goal XG).

The validity of an AMP (Phase 1 or Phase 2) is dependent on checking all

interpolated states between x and xG. Figure 3.2 shows our action evaluation strategy

from Section 3.3.2 for AMPs. Since AMPs terminate in a goal state, they can only be

included in valid paths as the final action.

3.3.4 Assumptions

We make one assumption for solving MAMO planning problems in this chapter which

is closely related to AMPs and their use in our search algorithm. In this subsection

we hope to provide an intuitive justification for this assumption.

Assumption 1. We only need to simulate AMPs to find a valid solution for a MAMO

planning problem.

For grasping and reaching in cluttered scenes like those we consider in this chapter,
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Movable Object
Immovable Obstacle

Start

Goal

Figure 3.3: Consider planning between start and goal configurations shown on the
left. A “greedy” shortest-path search algorithm in the MAMO domain would proceed
along the dotted path, exploring states in the light blue region, and spend a lot of
time simulating interactions with object O2 near the purple state v. Due to the
assumptions we make, our search algorithm SPAMP proceeds along the dashed path
via orange states u, and only starts simulating AMPs from states beyond u′ in the
δ-sphere around goal xG.

there is a large volume of object-free space between the start configuration and goal

region. Interactions with objects are necessary when the robot is in a region with a

high degree of clutter. The tabletop and refrigerator workspaces we consider in this

chapter contain clutter near the goal which is often the most pertinent for finding a

feasible plan. Based on this observation we delay interacting with objects until the

robot reaches a configuration near the goal.

For a preset value of δ, we restrict robot-object interactions until the end-effector

is within δ of the goal pose. Since AMPs are long-range actions contained inside this

δ-sphere, interactions that are vital to the success of a plan are often the terminal

AMPs in a plan (in comparison to the short-range simple primitives which do not

lead to meaningful interactions). This leads us to Assumption 1. Consequently,

since AMPs are terminal actions, the valid solution paths we find only contain a

single action which interacts with obstacles. It is important to note that restricting

interactions to a single action does not limit the number of objects the robot can

interact with. We illustrate the effect of Assumption 1 in Figure 3.3 by comparing
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Movable Object

Immovable Obstacle

Figure 3.4: In case there is no interaction-free path between start state xS and the
δ-sphere around any goal state xG, our assumption of only simulating terminal AMPs
will cause our algorithm to not return a solution. A greater value of δ in this case
could make this problem solvable by our algorithm.

our algorithm against a naive search algorithm.

This assumption restricts the space of MAMO planning problems solvable by our

algorithm to those that require at most one AMP to interact with objects near the

goal configuration. Our success rates from Section 3.5 suggest that this assumption is

not restrictive for the scenes we consider in this chapter (Figure 3.1). In cases where

no such configuration near the goal is achievable by the manipulator as shown in

Figure 3.4, our algorithm will fail to find a solution. It might still be possible to find

solutions in these cases by dynamically changing δ to find a valid AMP, but we have

not explored this yet.

Assumption 1 helps us deal with the two major computational challenges for

MAMO:

1. The number of calls to the simulator go down significantly, as we now only

simulate terminal AMPs that interact with movable objects as opposed to any

action that interacts with movable objects.

2. Since only terminal AMPs might be simulated, we can plan from xS to inside

the δ-sphere around some goal configuration purely in XR. This means that

the search space for finding a path from xS to xT−1 (the penultimate state in a

solution path) reduces from X = XR×XO1 × · · · ×XOn to XR, thereby tackling

the issue of a prohibitively large search space in cluttered environments.
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3.3.5 Subgoals

We solve MAMO planning problems using a search-based planning algorithm. The

performance of these algorithms is dependent on the quality of the heuristic functions

used. As it is often infeasible to create a single heuristic that can perfectly guide the

search from start to goal in all scenarios, it is common practice in high-dimensional

spaces to use a multi-heuristic framework. Multiple heuristics guide the search along

multiple promising directions, which can help overcome local minima associated with

any one heuristic.

Given the fact that simulations are the computational bottleneck in our domain,

and the assumption that we only simulate AMPs, it is helpful to guide a search-based

planning algorithm to regions of the search space where a valid AMP likely exists.

Our two-stage planning approach discussed in Section 3.4 first finds AMPs that are

Phase 1 or Phase 2 valid, and generates heuristic functions that guide the search to

the beginning of these actions. For an AMP from state xT−1 ∈ XV , the corresponding

heuristic function is a simple Euclidean distance from xT−1 in XR3. This first stage

is run in parallel across multiple simulator instances, one per AMP sampled. The

second stage runs a multi-heuristic search to find a path from start state xS to a goal

state in XG.

The beginning of the AMP xT−1 can be thought of as a subgoal for the planner

since we guide the search towards it. While it is not necessary to reach the subgoal,

the use of a heuristic centered on the subgoal implies that exploring the search space

near it can help find a solution.

If an AMP aAMP is Phase 2 valid, and the subgoal xT−1 is reachable without

making contact with any object, we do not need to simulate actions on the way to

xT−1. It suffices to find a collision-free path in XR from start xS to xT−1, and append

xT = T (xT−1, aAMP) for a valid MAMO solution.

If we only have access to Phase 1 valid subgoals, we allow our planning algorithm

to simulate any Phase 1 valid AMPs that are generated during the search. To account

for the rare case when a subgoal is Phase 2 valid and unreachable (perhaps due to

kinematic limits or a scenario like Figure 3.4), we allow our planner to simulate Phase

3We refer to the start state of an AMP as xT−1 since AMPs are necessarily terminal actions in
any potential solution plan between xT−1 and xT ∈ XG
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Movable Object
Immovable Obstacle

Figure 3.5: If an AMP from any xl ∈ L is found to be invalid, we postpone the
simulation of AMPs from any other state x that is within β distance from it by
inflating the heuristic value of that action.

1 valid AMPs after time t has elapsed during planning (Algorithm 2, Line 3)4. This

is implemented by maintaining a priority queue of all Phase 1 valid AMPs generated

by the search, and simulating them in order after time t.

3.3.6 Soft Duplicate Detection for Action Evaluation

Assumption 1 states that we only simulate Phase 1 valid AMPs during planning.

However, since the number of such AMPs in cluttered environments can be very large,

we further optimise the calls to the simulator by employing a soft duplicate action

detection scheme [39].

Soft duplicate detection estimates the similarity between an action that needs

to be evaluated in simulation and an action that has already been simulated and

deemed invalid (one which violated object constraints). If they are very similar then

it is likely that the new action would also violate some of the same constraints and

be invalid. The idea of preferring promising actions based on the validity of similar

actions can also be found in [55].

4We set t = 30s for our experiments.
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We maintain a list of states L from which an AMP has been simulated and found

to be invalid. For any new state x ∈ XV from which we find a Phase 1 valid AMP, we

first compute its Euclidean distances in XR to states in L. Given a preset threshold

β, if ‖x− xl‖2< β for any xl ∈ L we postpone the simulation of the AMP from x by

artificially inflating the heuristic value of x and re-inserting it into the priority queue

it was expanded from. This ensures that x might be re-expanded from the same

priority queue at a later time, at which point we would simulate the AMP from it to

a goal configuration. Figure 3.5 shows how this process implicitly creates β-spheres

in configuration space around states that lead to invalid AMPs due to any constraint

violation.

3.4 Algorithm

Algorithm 2 Simulation-based Planning with AMPs (SPAMP)

Input: Planning problem P , number of AMP subgoals N , number of AMP samples
M , simulation start time tsim, planning timeout tmax

Output: solution path π

1: procedure SPAMP(P , N,M, tsim, tmax)
2: H ← GetValidSubgoals(N,M) . Phase 1 or Phase 2 valid subgoals.
3: t← tsim . Simulations are allowed starting from time t.
4: if |H|= 0 or |IsPhase2Valid(H)|= 0 then
5: t← 0 . |·| is the set cardinality operation.

6: OPEN ← InitialiseHeuristics(H)
7: π ← Plan(P , H,OPEN, t, tmax)
8: return π

Algorithm 2 is a high-level overview of our two-stage planning pipeline. We call

our algorithm Simulation-based Planning with AMPs (SPAMP). The GetValid-

Subgoals subroutine in Line 2 selects subgoals via rejection sampling. M Phase

1 valid AMPs are randomly sampled and simulated in parallel. N Phase 2 valid

subgoals are returned (if available), else a combination of Phase 1 and Phase 2 valid

make up the N returned subgoals (first stage). This section goes into more details

about our specific planning algorithm from Line 7 of Algorithm 2 (second stage).
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3.4.1 Multi-Heuristic Framework for MAMO

We use Multi-Heuristic A* (MHA*) [3] as our search algorithm in this work. MHA*

maintains multiple priority queues, one for each heuristic that is used. It was originally

developed under the assumption that all action evaluations take roughly the same

amount of time. This meant priority queues could be selected round robin for

state expansions to equitably distribute computational resources across the queues.

However, our action evaluations have varying time complexity (checking for Phase 1

vs. Phase 2 validity). Expanding a state from which an AMP has to be simulated is

far more expensive than expanding a state from which we do not have to simulate

any action. Since some queues might need many simulator calls, and some queues

might never query the simulator, a simple round robin strategy would lead to an

uneven distribution of computational resources across the queues. For this reason,

we prioritise state expansions from queues that the search has spent the least time

expanding states from thus far. This time-based prioritisation of queues in MHA*

leads to a much more equitable allocation of computational resources for MAMO.

3.4.2 Planning Algorithm

Algorithm 3 contains details from the preceding sections to provide a more in-depth

look at our planning algorithm. Details of the MHA* planning algorithm can be

found in the original publication [3]. In our algorithm, OPEN is a set of priority

queues, each of which is defined by a heuristic function. Following standard MHA*

terminology, our anchor heuristic is a 3D Breadth-First Search (BFS) heuristic

computed from the specified Cartesian goal end-effector position [23], taking into

account the immovable obstacles in the scene. Every other heuristic is defined by a

corresponding AMP subgoal as per Section 3.3.5. The action set A is made up of the

simple primitives and AMPs via the function GenerateAMP which can dynamically

generate AMPs if the requisite conditions are satisfied. Simple primitives and AMPs

are denoted by as and aAMP respectively (Section 3.3.1).

SPAMP terminates if the next-best state to expand x is in the goal set or we

have already found a Phase 2 valid AMP from it. For every other x, the Expand

function generates and evaluates all possible successor states of x. These necessarily

include successors x′ = T (x, as)∀ as ∈ A (Line 13). In addition, we may generate

34



3. Planning with Physics-Based Adaptive Motion Primitives

Algorithm 3 SPAMP Planner

1: procedure Plan(P , H,OPEN, t, tmax))
2: Insert(OPEN, xS) . Add to all queues.
3: while OPEN is not empty do
4: h← BestQueue(OPEN) . Time-based selection.
5: x← BestState(h) . Pop from all queues.
6: if x ∈ XG then
7: return ExtractPath(x)

8: if ∃ Phase 2 valid AMP from x ∈ H then
9: aAMP ← Phase 2 valid AMP from x ∈ H

10: return ExtractPath(x) ∪ {T (x, aAMP)}
11: Expand(x,OPEN, t)

12: procedure Expand(x,OPEN, t)
13: for as ∈ A do . Simple primitives only.
14: x′ ← T (x, a).
15: if x′ ∈ XV then
16: Insert(OPEN, x′)

17: if ‖FK(x)−XG‖≤ δ then . 3D end-effector poses.
18: if x has soft duplicate then
19: InflateHeuristic(x)
20: Insert(OPEN, x)
21: return
22: xG ← IK(XG) . Inverse kinematics.
23: aAMP ← GenerateAMP(x, xG)
24: if IsPhase1Valid(aAMP) then
25: if IsInteraction(aAMP) and telapsed > t then
26: x′ ← Simulate(aAMP)
27: if x′ ∈ XV then
28: Insert(OPEN, x′)
29: else
30: Insert(L, x)

31: else if not Interaction(aAMP) then
32: x′ ← T (x, aAMP).
33: Insert(OPEN, x′)
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Table 3.1: Quantitative evaluation of simulated tabletop MAMO experiments

Planning Algorithms

Metrics Scenario SPAMP K1 K2 K3 SS SS2

Success % Overall 99% 91% 92% 85% 87% 91%

Planning
Time (s)

Easy 5 ± 5 267 ± 301 339 ± 351 211 ± 369 6 ± 20 8 ± 26
Difficult 11 ± 16 318 ± 310 464 ± 416 210 ± 327 22 ± 41 38 ± 55

Simulation
Time (s)

Easy 0 ± 0 267 ± 301 339 ± 351 42 ± 88 4 ± 18 4 ± 14
Difficult 1 ± 7 318 ± 310 463 ± 415 90 ± 131 4 ± 14 16 ± 31

and evaluate an AMP from x to xG ∈ XR, an inverse-kinematics solution for XG
(Line 22). This evaluation (Line 23 onwards) occurs if x passes the end-effector

distance check (Line 17) and soft duplicate check (Line 18). The IsInteraction

function returns true if aAMP ‘collides’ with a movable object during the Phase 1

validity check (Line 24).

3.5 Experimental Results

We run all our experiments on the PR2 robot and use PyBullet [27] as our physics-

based simulator. We run experiments in two different workspaces - a tabletop and a

refrigerator. The objects in a scene are divided into immovable and movable subsets

prior to planning. The robot is allowed to interact with the movable objects but

cannot tilt them excessively, cause them to fall over or outside the workspace (table

or refrigerator), or impart high velocities. Neither the robot nor any movable object

can make contact with immovable obstacles.

3.5.1 Comparative Quantitative Evaluation in Simulation

We compare the performance of our algorithm Simulation-based Planning with AMPs

(SPAMP) against relevant state-of-the-art baseline algorithms that can be applied to

the MAMO domain - KPIECE [147] and Selective Simulation (SS) [148], which were

described in Section 3.2. Three variants of KPIECE were tested. The first two use

use the KPIECE implementation from OMPL [146], but differ in how goal biasing

is implemented. K1 precomputes a set of 3 valid goal configurations by running IK
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Table 3.2: Quantitative evaluation of simulated refrigerator MAMO experiments

Planning Algorithms

Metrics Scenario SPAMP K1 K2 K3 SS SS2

Success % Overall 93% 51% 38% 94% 87% 91%

Planning
Time (s)

Easy 3 ± 3 116 ± 293 210 ± 443 167 ± 222 7 ± 22 14 ± 57
Difficult 8 ± 13 58 ± 119 128 ± 335 249 ± 425 57 ± 126 63 ± 157

Simulation
Time (s)

Easy 0 ± 0 116 ± 293 208 ± 441 50 ± 89 3 ± 18 8 ± 35
Difficult 1 ± 6 57 ± 118 137 ± 334 44 ± 92 20 ± 82 24 ± 62

before planning. K2 runs IK online (with random seeds) every time the search tree

is grown towards the goal. K3 is our implementation of KPIECE5. The projective

space for all KPIECE algorithms is the 3D Cartesian coordinate for the end-effector

(via robot forward kinematics). In addition, we implemented a modified version of

Selective Simulation (SS2) which includes soft duplicate detection on top of SS.

A planning problem is initialised with objects selected at random from the YCB

Object Dataset [16]. Objects are placed in the workspace at random. The goal for

the PR2 is to reach a pre-grasp pose for an immovable obstacle. Object masses are

obtained from the YCB dataset, and their PyBullet friction coefficients are randomly

sampled from the interval [0.5, 1.1] as the dataset does not provide any friction

coefficient values. We run all planners on 180 randomly initialised planning problems

in both workspaces.

Tables 3.1 and 3.2 show quantitative results for all planners. We use 12 objects on

the tabletop (6 movable and 6 immovable), and 5 objects in the refrigerator (3 movable

and 2 immovable)6. Sample initialisations of these workspaces are shown in Figure 3.1.

SPAMP uses N = 3 subgoals from M = 8 samples in GetValidSubgoals. All

planners were given a maximum planning time of 1800s. We divide all planning

problems into two scenarios based on how long it takes a Naive planner (a vanilla

MHA* algorithm with only the 3D BFS heuristic to the goal) to solve them. Naive

uses the action evaluation scheme from Section 3.3.2 and simulates all Phase 1 valid

AMPs. Problems solved by Naive in less than 100s are ‘Easy’, and the rest are

5Per [147], we implement multiple levels of discretisation, goal biasing, and add all intermediate
states of ‘motions’ to the search tree (something OMPL does not do). Additionally, we only simulate
Phase 1 valid motions.

6The tabletop is 0.6m× 0.8m, and refrigerator is 0.6m× 0.6m× 0.6m.
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‘Difficult’.

SPAMP achieves the highest success rate across all algorithms which shows that

our assumption from Section 3.3.4 is not too restrictive for the MAMO domain. In

terms of planning times, SPAMP is 30 − 50× faster than KPIECE, and 2 − 8×
faster than Selective Simulation. SS is most competitive in terms of planning times,

but it is still 2− 7× slower than SPAMP for difficult planning problems. By design,

SPAMP spends most of the simulation time finding valid subgoals for the search

which is still comparable to SS, and one or two orders of magnitude less than the

other baseline algorithms.

KPIECE by default simulates all actions in the search tree, spends almost all of

its planning time in simulation, and in OMPL samples a random state in XR 95%

of the time (XR ⊂ R7 for a PR2 arm). Since each simulation takes around 1.5s,

and mostly random point-to-point exploration of XR (as implemented in OMPL) is

wasteful, planning times grow quickly with the number of actions KPIECE evaluates.

3.5.2 Runs on a Physical Robot

We setup the tabletop workspace experiment with the PR2 robot in our laboratory.

We also set up a rudimentary experiment to calculate the coefficient of static friction

as the tangent of the incline angle of the table at which the objects start sliding. We

used this friction coefficient in our simulator in an attempt to minimise the sim-to-real

gap. We selected 6 objects at random to initialise our scene and used a search-based

object localisation algorithm [1] on an NVidia TITAN X GPU to detect the object

poses for simulator initialisation. SPAMP was given a 30s planning timeout, and

objects were instantiated in the simulator as movable with 75% probability.

The quantitative data from execution of 39 plans on the physical robot is shown

in Table 3.3. A success rate of 82% means that in 7 out of 39 of the executions, the

robot violated an obstacle constraint in the real-world. Since the plan found by the

robot must have been valid in simulation, constraint violations in the real-world are

due to a mismatch between the simulator and the real-world. This could occur due to

modeling errors for the obstacles, execution errors on the robot, or perception errors

in object localisation.

A qualitative assessment of the 39 executions indicates that the two main sources
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Figure 3.6: Experimental setup for a PR2 robot in front of a tabletop workspace for
MAMO.

Table 3.3: Quantitative Performance for Real-World Experiments

Metrics

Algorithm Success Rate Planning Time (s) Simulation Time (s)

SPAMP 82% 2 ± 4 0.8 ± 0.6

of error in our experiment were inaccurate friction coefficients and object localisa-

tions. Figure 3.6 shows an image of our experimental setup. A supplemental video

(https://youtu.be/ABQc7JbeJPM) also includes successful executions by the PR2 in

a refrigerator and cabinet workspace.

3.5.3 In-Depth Analysis of SPAMP in Simulation

To get a better understanding of the quantitative performance of SPAMP, we

conducted experiments to highlight the effect of various components. For our first

experiment, we highlight the effect of subgoals and soft duplicate detection. We

consider four different planning algorithms - Naive is a vanilla MHA* algorithm with

only the 3D BFS heuristic to the goal; Naive+DD uses soft duplicate detection on

top of the Naive planner, everything else being the same; SubG uses one randomly

sampled Phase 1 valid AMP as a subgoal in MHA*; and SubG+DD uses soft duplicate

detection on top of the SubG planner. Problems in this experiment are initialised

39
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Table 3.4: Effect of Subgoals and Soft duplicate detection

Metrics Scenario
Planning Algorithms

Naive Naive+DD SubG SubG+DD

Success
Rate Overall 90% 92% 95% 96%

Planning
Time (s)

Easy 13 ± 22 9 ± 21 7 ± 14 6 ± 10
Difficult 433 ± 388 188 ± 264 58 ± 108 39 ± 97

Table 3.5: Quantitative Performance of SPAMP Variants (Tabletop)

Metrics Scenario
Planning Algorithms

Naive Naive+DD Phase1 SPAMP

Success
Rate Overall 85% 92% 97% 99%

Planning
Time (s)

Easy 16 ± 22 14 ± 37 13 ± 101 5 ± 5
Difficult 524 ± 439 379 ± 461 48 ± 218 11 ± 16

Simulation
Time (s)

Easy 7 ± 13 4 ± 7 5 ± 11 0 ± 0
Difficult 130 ± 292 63 ± 136 18 ± 62 1 ± 7

with 8 movable objects on the tabletop. Table 3.4 shows the quantitative benefits

of subgoals and soft duplicate detection individually, and that in tandem they can

greatly improve performance over the Naive planner, which can be considered a

lower-bound on performance for any planning algorithm in this domain.

In a second experiment, we compare the performance of SPAMP against three

related variants on the same tabletop workspace experiment from Section 3.5.1. We

compare against Naive, Naive+DD, and also a planner (Phase1) which randomly

samples N = 3 Phase 1 valid AMPs without simulation for use as subgoals. All three

of these baselines are allowed to simulate AMPs from within the δ-sphere of a goal

configuration from the outset. Table 3.5 shows that while simply using Phase 1 valid

subgoals has clear benefits over not using them, the necessary reliance on simulating

all Phase 1 valid AMPs leads to higher simulation times, and thereby higher planning

times, as compared to SPAMP.

All planners in this section utilise Assumption 1 from Section 3.3.4. If a planning

problem is unsolvable due to the assumption being violated, that failure is common to

all planners. All other failures for the experiments in this section are due to planners
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exceeding the timeout (1800s).

3.6 Discussion & Future Work

In this chapter we present SPAMP, an algorithm for Simulation-based Planning with

Adaptive Motion Primitives for the MAMO domain. We use AMPs as subgoals within a

multi-heuristic search framework to solve manipulation planning problems in cluttered

scenes. SPAMP improves planning times by up to 40− 80× over KPIECE, and

up to 2− 8× over Selective Simulation, two state-of-the-art baselines for the MAMO

domain. SPAMP also reduces simulation times by up to 20− 40× in comparison to

these baselines. We show that our assumption of restricting robot-object interactions

to terminal AMPs in a plan is not restrictive since we solve 93− 99% of all problems.

In ongoing and future work as part of this thesis, we relax our assumption that

interactions may only occur during terminal AMPs in order to solve all planning

problems in the MAMO domain.
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Chapter 4

Multi-Agent Pathfinding for

Manipulation Among Movable

Objects

The work in Chapter 3 of this thesis relied on the key insight that for a certain class

of MAMO problems, we can defer robot-object interactions until the robot is close

to the goal. The defining factor of this class of MAMO problems is a relatively high

volume of object-free space near the goal region. In such scenes it is possible for the

robot to get close to the goal (within the δ-sphere) without making contact with

any object. This assumption is easily violated when (i) there is significant clutter

between the robot and the goal, and (ii) a top-down grasp of the desired object is

impossible due to tight workspace constraints. Such situations can arise in cluttered

shelves in domestic refrigerators and cupboards, and warehouse bins as seen in the

Amazon Picking Challenge [26]. Together, these two conditions ensure that a robot

manipulator needs to reason about rearranging the clutter in the scene in order to

grasp and extract an object-of-interest. Our goal in this chapter is to build this

type of reasoning into a manipulation planning algorithm for pick-and-place tasks in

densely cluttered environments.

Real-world manipulation problems in heavy clutter require robots to reason about

potential contacts with objects in the environment. We focus on pick-and-place style

tasks to retrieve a target object from a shelf where some ‘movable’ objects must be
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rearranged in order to solve the task. In particular, our motivation is to allow the

robot to reason over and consider non-prehensile rearrangement actions that lead to

complex robot-object and object-object interactions where multiple objects might be

moved by the robot simultaneously, and objects might tilt, lean on each other, or

topple. To support this, we query a physics-based simulator to forward simulate these

interaction dynamics which makes action evaluation during planning computationally

very expensive. To make the planner tractable, we establish a connection between

the domain of Manipulation Among Movable Objects and Multi-Agent Pathfinding

that lets us decompose the problem into two phases our M4M algorithm iterates over.

First we solve a multi-agent planning problem that reasons about the configurations

of movable objects but does not forward simulate a physics model. Next, an arm

motion planning problem is solved that uses a physics-based simulator but does

not search over possible configurations of movable objects. We run simulated and

real-world experiments with the PR2 robot and compare against relevant baseline

algorithms. Our results highlight that M4M generates complex 3D interactions, and

solves at least twice as many problems as the baselines with competitive performance.

This chapter was first published as a paper in [128].

4.1 Introduction

Manipulation Among Movable Objects (MAMO) [144] defines a broad class of problems

where a robot must complete a manipulation task in the presence of obstructing

clutter. In heavily cluttered scenes, there may be no collision-free trajectory that

solves the task. This does not make the problem unsolvable since MAMO allows

rearrangement of some objects a priori designated as ‘movable’. In addition, MAMO

may associate each object with constraints on how it can be interacted with – it is

undesirable to allow robots to carelessly push or throw objects around.

In this chapter, we consider MAMO problems for pick-and-place manipulation

tasks where the robot needs to retrieve a target object from a cluttered shelf, cabinet,

fridge, or a similar structure. Figure 4.1 (a) shows an example of such a scene where

two movable objects must be rearranged in order to retrieve the desired object, while

ensuring they do not topple and no contacts are made with an immovable obstacle.

Solving such MAMO problems requires answers to three difficult questions: which
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(a) (b)

Figure 4.1: (a) An example MAMO problem to retrieve the beer can (yellow outline).
Access is blocked by the movable box of milk and tub of yogurt (blue outlines). In
order to retrieve the can, they must be rearranged out of the way without toppling
them, and without anything making contact with the glass of juice (red outline). (b)
A complex non-prehensile action that tilts the movable potted meat can (blue outline)
to rearrange it.

objects to move, where to move them, and how to move them. Thus MAMO problems

assign the robot a goal with respect to the overall task and object-of-interest (OoI),

without any additional goal specifications for other objects except for satisfying

their associated interaction constraints; while MAMO solutions exist in a composite

configuration space that includes the configuration of the robot arm and all objects

in the scene. The search for a solution is computationally challenging since the size

of this space grows exponentially with the number of objects.

We are interested in non-prehensile rearrangement actions since they allow robots

to manipulate objects that may be too big or too bulky or otherwise ungraspable.

In many cases it is more time- and energy-efficient to push an object off to the side

than to grasp it, pick it up, move it elsewhere, place it down, and release it before

proceeding. Furthermore, we allow the robot to move multiple objects simultaneously

with the same push action, and we allow objects to tilt, lean on each other, and

slide (an example is shown in Figure 4.1 (b)). Planning with these actions requires

the ability to predict the effect of robot actions on the configuration of objects,

typically through computationally expensive forward simulations of a rigid-body
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(a) (b) (c)

Figure 4.2: Sequence of images showing a solution found by our M4M algorithm for
a simple MAMO scene. From left to right : (a) initial scene, (b) rearranged scene after
one push action, (c) successful OoI retrieval. Movable objects are blue, immovable
obstacles are red, and the OoI is yellow.

physics simulator.

Our key insight in this work draws a connection between the MAMO domain and

Multi-Agent Pathfinding (MAPF) to decompose the problem into two parts. First, we

treat the movable objects as artificially actuated agents tasked with avoiding collisions

with (i) our robot arm retrieving the OoI, (ii) each other, and (iii) immovable obstacles.

A solution to this abstract MAPF problem searches over potential rearrangements

of objects without the need to query a physics simulator. Next, we use the MAPF

solution to compute informed push actions to rearrange movable objects without

searching over their possible configurations. These actions are forward simulated with

a physics model to ensure validity. The decomposition helps us keep track of object

configurations in the full SE(3) space and generate informed push actions that lead

to realistic multi-body interactions in the 3D workspace as shown in Figure 4.1 (b).

Fig 4.2 shows a complex and interesting solution found by our algorithm for one of

the simpler scenarios in our test data.

The main contributions of our work in this chapter for solving MAMO planning

problems are:

� Enable reasoning over and usage of complex non-prehensile interactions that

may push multiple objects in tandem and produce object-object interactions

like leaning and toppling (Figure 4.1 (b)).

� MAPF abstraction for computing suitable rearrangements for MAMO planning

problems, without using a simulation-based model.
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� An efficient algorithm to solve MAMO problems that iterates between calls to

an MAPF solver (to determine which objects to move where) and a push planner

(to verify how to move the objects).

� A thorough experimental evaluation of our approach in simulation and in the

real-world on a PR2 robot.

We provide details of relevant works from MAMO literature in Section 4.2. Sec-

tion 4.3 formalises the MAMO planning problem. Section 4.4 presents our iterative

planning algorithm M4M, including the abstraction from MAMO to MAPF (Sec-

tion 4.4.1) and a non-prehensile push planner (Section 4.4.2). We provide extensive

quantitative evaluation against relevant MAMO baselines in simulation in Section 4.5

along with real-world results of our algorithm on the PR2 robot. Section 4.6 discusses

the benefits, limitations, and future extensions of this work.

4.2 Related Work

MAMO generalises Navigation Among Movable Obstacles (NAMO) where a mobile

robot must navigate from start to goal in a reconfigurable environment [5, 143, 165].

It is also related to the rearrangement planning problem [12, 108] which explicitly

specifies desired goal configurations for movable objects. Latombe [83] provides

an excellent review of early work in these domains which were limited to planar

environments and geometric solutions. Wilfong [165] showed that rearrangement

planning is PSPACE-hard, and MAMO problems are NP-hard to solve. Non-prehensile

actions were introduced in MAMO planning algorithms [93] based on analysis done

by Mason [97] on the mechanics of pushing.

MAMO problems can be formulated as task and motion planning problems [20, 65,

67, 103] where a high-level search reasons about all allowed rearrangements of the

workspace such that the manipulation task of OoI retrieval may be completed. The

success of these methods depends on how the high-level actions are parameterised.

Parameterisations that include more information – such as stable configurations and

grasp poses of objects – potentially lead to easier motion planning problems, provided

the parameters are sampled intelligently. In contrast, we rely on a MAPF abstraction

to guide our search towards a suitable rearrangement for completing the manipulation
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task, and dynamically generate push strategies based on the MAPF solution.

Many existing MAMO and rearrangement planning solvers make use of prehensile

actions [79, 80, 86, 135, 144, 163]. This simplifies planning since grasped objects

behave as rigid bodies attached to the robot, but assumes access to known stable

configurations of and grasp poses for objects [79, 80, 135, 144]. In some cases a

“buffer” location to place grasped objects is required [86, 163]. In particular, [80]

and [135] utilise the concept of “pebble graphs” [75, 140] from MAPF literature to find

prehensile actions for rearrangement planning. Their formulation restricts the motion

of the movable objects (pebbles) on a precomputed roadmap of robot arm trajectories

via prehensile actions. This limits the possible configurations of objects they consider

since motions are limited to poses from where they can be grasped and to those where

they can be stably placed. Since we utilise non-prehensile pushes for rearrangement

and a physics-based simulator for action validation, our planner explores a richer

space of robot-object and object-object interactions in the 3D workspace.

Allowing non-prehensile interactions with objects typically requires access to

a simulation model to obtain the result of complex interaction dynamics [35, 59,

70, 148, 159, 161]. Of these approaches, only Selective Simulation [148] considers

realistic interactions in the 3D workspace and is one of our comparative baselines in

Section 4.5. Others rely on planar robot-object interactions which fail to account for

object dynamics in SE(3) where they might tilt, lean, or topple. In Section 4.5, we

adapt the MAMO solver from [35] to use our push actions that lead to 3D robot-object

interactions and require a physics simulator during planning. Originally their work

was limited to interacting with a single object at a time, and used an analytical motion

model in SE(2) to propagate the effect of the push on the planar configuration of the

object being pushed (tilting and toppling was not considered in [35, 59, 70, 159, 161]).

Querying physics-based simulators for the result of an action is much more

expensive than collision checking it. KPIECE [147] is a randomised algorithm for

planning with a computationally expensive transition model (querying a physics-based

simulator is an example of such a model). We compare against KPIECE in our

experiments in Section 4.5. In our own prior work on MAMO planning [130] from

Chapter 3, we find a collision-free trajectory to a region near the OoI grasp pose, and

simulate goal-directed non-prehensile actions only within this region. The assumption

that such a collision-free trajectory exists is easily violated in the cluttered MAMO
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workspaces we instantiate in our experiments (see Figs. 4.1 (a), 4.6, and 4.7 for

example).

4.2.1 Multi-Agent Pathfinding

Multi-agent Pathfinding is a family of planning problems that tries to find paths

for a team of robots from a set of start locations to a set of goal locations. This

general formulation can give rise to many different types of problems based on the

homogeneity of the robot team, a centralised or decentralised planning algorithm, the

number of robots in the team and the number of goals to be achieved, and whether

the goals are labeled (specific goals for specific robots) or not. Additional factors that

can be important to consider include whether the environment is static or dynamic,

known or unknown, and whether there are inter-robot communication latencies. A

general introduction to multi-agent pathfinding can be found in [84, 134, 142].

One class of algorithms that solve MAPF problems assigns priorities to the robots

and solves a sequence of single-agent planning problems based on this prioritisation [42,

137]. This prioritised planning scheme trades off algorithmic incompleteness and

solution suboptimality for practical efficiency. Turpin et al. [156] present a resolution

complete prioritised MAPF solver for the specific case when robots are interchangeable.

Conflict-based search (CBS) [132, 134] and M* [162] are complete and optimal

MAPF solvers that use different techniques to provide strong theoretical guarantees.

CBS searches a tree of all possible solutions in a best-first manner by resolving robot

conflicts into constraints on robot motion. For two robots that collide at any instant,

either one can be in that location in the final solution but not both. CBS enumerates

all such possibilities for all potential conflicts until a solution with no conflict is found.

M* resolves robot conflicts by combining two conflicting robots and treating them

as one agent until the conflict between them is resolved. This idea has also been

adopted in the CBS family of algorithms [133].

While the focus of MAPF is typically limited to finding paths on discrete graphs,

multi-robot motion planning tries to compute feasible trajectories for a team of robots.

This has been formulated as an integer program in prior work [171], and techniques

from sampling-based planning have been used to quickly search the continuous

composite space [32, 136]. However, in this work we solve an abstract MAPF problem
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with artificially actuated agents that move on a discrete grid. This simplifies the

MAPF problem by discretising it, and we then attempt to realise the MAPF solution

in the continuous 3D workspace via our non-prehensile push planner.

4.2.2 Abstract Planning

Abstract search spaces or abstractions of planning problems refer to simpler, reduced

forms of the full space of the original problem. The use of these search abstractions

is related to the field of hierarchical planning [125] which attempts to use abstract

space solutions as partial plans or heuristics in the full space. Pearl [113] contains a

thorough review of these techniques. An abstract solution can sometimes be refined to

obtain a full solution by removing the simplifications used to construct the abstraction

hierarchy [6, 51]. Another common approach is to use abstract space distances to

abstract goals as a heuristic in the full space [17, 56, 58]. Pattern databases generalise

this idea for multiple abstract space states or “subgoals”, and store cost-to-subgoal

values for use as a heuristic in the full search [28]. Guided optimisation in the

computer graphics and animation community [158], postulates a “hand of god” which

applies an external balancing torque to help find a control trajectory for bipedal

locomotion. The work done by this “hand of god” is reduced over time to guide the

solver towards a good optimum. Philosophically this idea is the same as the artificial

actuation of movable objects in our work.

The idea of solving a simplified version of the planning problem as a means to

finding a solution in the full space is related to curriculum learning. Curriculum

learning was explored in the context of robotics by Sanger [126], and since then a

more formal theoretical basis for machine learning methods has been established [13].

A brief overview specifically for robot manipulation can be found in [77].

4.3 Problem Setup

The work in this chapter follows the general problem setup from Section 2.3.3. For

ease of readability, we will reiterate some of the salient aspects of our formulation.

A MAMO planning problem can be defined with the tuple P = (X ,A, T , c, xS,XG).

A is the action space of the robot, T : X × A → X is a deterministic transition
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Figure 4.3: MAMO workspace (left) and its 2D projection labeled with movable object
IDs. Movable objects are in blue, immovable obstacles in red, and the object-of-interest
to be retrieved in yellow.

function, c : X × X → R≥0 is a state transition cost function, xS ∈ XV is the start

state, and XG ⊂ X ,XG ∩ XV 6= ∅ is the set of goal configurations. For the work in

this chapter we discretise the action space of the robot A to include “simple motion

primitives” that independently change each robot joint angle by a fixed amount

(described in more detail earlier in Section 3.3.1) and dynamically generated “push

actions” described in Section 4.4.2. For transition xi+1 = T (xi, ai), action ai ∈ A
can affect object configurations between xi and xi+1 only if ai is a push action or

the OoI has been grasped. Our solution to MAMO problems is a sequence of arm

trajectories in the robot configuration space XR ⊂ Rq (q = 7 for the PR2 robot) that

(i) rearrange movable clutter and (ii) retrieve the OoI. Figure 4.3 shows an example of

the MAMO problems we consider in this chapter, along with its 2D projection. Red

objects are immovable obstacles OI , blue objects are initial movable objects Oinit
M ,

and the goal for the robot arm is to extract the yellow OoI from the shelf. There

is no collision-free trajectory for the arm to extract the OoI from the shelf. Upon

rearrangement of some movable objects (A and B in particular), such a trajectory

may be found.
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4.3.1 Classical Multi-Agent Pathfinding

Classical MAPF planning problems seek to find non-conflicting paths for a set of

agents {r1, . . . , rn} on a discrete graph G = (V,E) in discrete time. Each robot ri has

a designated start state si ∈ V and a desired goal state gi ∈ V . Robot ri has access

to an action space Ai, which includes an action to wait at the current state. An edge

(v, v′) ∈ E implies that some action aj ∈ Ai takes robot ri from vertex v to v′. All

actions are assumed to take the same amount of time such that traversing an edge

(v, v′) ∈ E takes one unit of time. A single-agent solution path for ri is a sequence

of states πi = {v0 = si, . . . , vT = gi} where the subscripts denote time indices. Two

single-agent solution paths πi and πj are conflict-free if robots ri and rj never collide

as they traverse their respective paths. The solution to a MAPF problem with n

robots {r1, . . . , rn} is a set of n mutually conflict-free paths, i.e. πi and πj must be

conflict-free for any 1 ≤ i, j ≤ n , i 6= j.

Although a thorough review of MAPF literature is beyond the scope of this work,

we would like to highlight that the MAPF problem is NP-hard to solve optimally [170].

We use Conflict-Based Search (CBS) [134], a complete and optimal MAPF algorithm,

to solve our abstract MAPF problem formulated in Section 4.4.1.

4.4 The M4M Planning Algorithm

We call our algorithm M4M: Multi-Agent Pathfinding for Manipulation Among

Movable Objects. M4M is given access to a physics-based simulator (PyBullet [27])

to ensure that no interaction constraints defined in the MAMO problem are violated.

We note that a MAMO problem P to retrieve the OoI with OM 6= ∅ is solvable iff

the simpler problem P̂ without any movable objects i.e., OM = ∅ can be solved. We

denote a solution trajectory to P̂ as π̂R. Let V (π̂R) denote the volume occupied by

the robot arm in the workspace during execution of π̂R. V (π̂R) specifies a “negative

goal region” (NGR) [35] for the movable objects. A NGR is a sufficient volume of the

3D workspace which, if there are no objects inside it, allows the robot arm to retrieve

the OoI without other contacts. If all movable objects can be rearranged such that

they are outside V (π̂R), the robot can execute π̂R to retrieve the OoI. Figure 4.4

shows a NGR V (π̂R) for the problem from Figure 4.3.
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Figure 4.4: The negative goal region (NGR) V (π̂R) in gray for the MAMO problem
from Figure 4.3. (left) 3D volumes of the NGR and all objects at their initial poses
(we omit the shelf for ease of visualisation). (right) 2D projection of the NGR and
the workspace, overlayed with the solution to the abstract MAPF problem from
Section 4.4.1 formulated for this scene. Objects A and B need to move outside the
NGR, and object C needs to move to allow A to reach its goal. MAPF solution paths
are shown in pink.

Algorithm 4 contains the pseudocode for M4M. At a high-level, M4M first com-

putes π̂R (Line 4) and the NGR V (π̂R) (Line 5). It then iterates over two steps:

1. Section 4.4.1: Compute a solution to the abstract Multi-agent Pathfinding

(MAPF) problem where each movable object is treated as an agent that needs

to escape the NGR without colliding with other agents using Conflict-Based

Search (CBS) [134], a complete and optimal MAPF algorithm.

2. Section 4.4.2: Pick a movable object to be rearranged according to the MAPF

plan computed in 1 and find a valid non-prehensile push for it by forward

simulating potential pushes using a physics-based simulator.

Algorithm 4 uses replan to ensure CBS is only called to solve new MAPF problems.

After the first CBS call, replan triggers subsequent CBS calls once a valid push has

been found i.e., at least one object has been moved (Line 8). This leads to a different

MAPF problem with new object poses. Until a valid push is found, we sample and

simulate pushes for all objects that move in the MAPF solution. Only when we find a

valid push for an object that needs to move per the MAPF solution do we call the
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MAPF solver again for the resulting scene. Until such time we sample and simulate

pushes for all objects that move as part of the MAPF solution. After successfully

moving an object, the next call to the MAPF solver can take this change in object

state into account to find a better solution for rearrangement. In this way M4M is

greedy with respect to valid pushes that it finds and plans “in the now” [65].

Algorithm 4 Multi-Agent Pathfinding for Manipulation Among Movable Objects

1: procedure M4M(Oinit
M ,OI)

2: OM ← Oinit
M . Rearranged object positions

3: Ψ← ∅ . Sequence of arm trajectories
4: π̂R ← PlanRetrieval(OI) . OoI retrieval trajectory
5: Compute V(π̂R)
6: replan ← true, done ← false

7: while time remains do
8: if replan then
9: πR ← PlanRetrieval(OI ∪ OM)

10: if πR exists then
11: Ψ← Ψ ∪ {πR}, done ← true

12: break
13: {πom}om∈OM

← CBS(OM ,OI ,V(π̂R))
14: replan ← false

15: for om ∈ OM do
16: if πom = ∅ then
17: continue
18: ψ ← PlanPush(om, πom ,OM ,OI)
19: (valid, o′m)← SimulatePush(ψ)
20: if valid then
21: Ψ← Ψ ∪ {ψ}, replan ← true

22: UpdatePose(OM , o′m)
23: break
24: if ¬done then
25: return ∅
26: return Ψ

The PlanRetrieval function takes as input a set of objects to be considered

as immovable obstacles for the robot and runs Multi-Heuristic A∗ [3] to find an arm

trajectory in XR to retrieve the OoI.

CBS is called in Line 13 with the latest known movable object poses in SE(3) to
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obtain a set of paths that ensure they all satisfy the NGR V (π̂R). This searches over

all possible rearrangements of the scene from the current state, without ever querying

a physics simulator, by assuming that movable objects are artificially actuated agents

(Section 4.4.1).

We then loop over all objects that need to be rearranged (from Line 15) and

try and find a valid push for them (Section 4.4.2). Details of our push planner are

provided in Section 4.4.2. If a valid push is found (Line 20), it is added to the final

sequence of arm trajectories to be executed Ψ, and the pose of that object is updated

for future iterations.

M4M terminates either when the allocated planning budget expires, or we suc-

cessfully find a trajectory to retrieve the OoI in the presence of all objects (OI ∪OM )

as obstacles in Line 9. Although this trajectory πR may be different from π̂R (Line 4),

it will still retrieve the OoI successfully since it is guaranteed to not make contact

with any object (immovable or movable). The sequence of trajectories Ψ can then be

executed in order to rearrange the movable objects (if required) and finally ending in

successful OoI retrieval.

4.4.1 MAPF Abstraction for Manipulation

A fundamental challenge to solving MAMO problems requires determining which

objects need to be rearranged and where they should be moved. The key idea in

this chapter uses an existing MAPF solver to search over potential rearrangements

of the scene which lead to successful OoI retrieval. Importantly, the MAPF solver

does not require access to a physics simulator for this purpose – it only relies on

3D collision checking. Our MAPF abstraction includes all movable objects om ∈ OM
as agents. We check for collisions between agents in space and time in their full

SE(3) configuration space. All agents have a discrete action space corresponding to

a four-connected grid on the (x, y)−plane of the shelf. We assume each action takes

unit time and either the agent remains in place, or the x− or y−coordinate of the

agent pose changes by 1 cm.

Agent start configurations are determined by their latest pose in SE(3) prior to

the MAPF call (Algorithm 4, Line 13). Each agent om in the MAPF problem has a set

of possible goals that include all states where the agent satisfies the NGR by being
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“outside” it. We call CBS to obtain a solution, shown in Figure 4.4, to this MAPF

abstraction. CBS runs a two-level search to solve MAPF problems. The high-level

of CBS searches a tree of all possible solutions in a best-first manner by resolving

agent conflicts into constraints on agent motion. For two agents that collide along

their paths, either one can be in the location where and when they collide in the final

solution but not both. The low-level of CBS runs single-agent searches for each agent

on a discrete graph GCBS = (V,E) where vertices V ⊂ SE(3) are object poses. The

solution returned by CBS is a set of paths for movable objects {πom}om∈OM
whose

final states πendom satisfy the NGR, and suggests a rearrangement strategy in terms of

which objects to move and where. If we can rearrange all om ∈ OM to their respective

πendom poses, we know that the trajectory π̂R will successfully retrieve the OoI, thereby

solving the MAMO problem.

4.4.2 Generating Non-Prehensile Push Actions

Given a path πom for om ∈ OM from the MAPF solution, PlanPush (Algorithm 4,

Line 18) determines how an object may be rearranged (Figure 4.5). We would like to

move the object to πendom , which is known to satisfy the NGR. To compute a push trajec-

tory, we first shortcut πom (taking into account collisions with immovable obstacles OI)
into a series of straight line segments defined by points {x1 = πstartom , . . . , xn = πendom }.
We also compute the point of intersection xaabb of the ray from x1 along the direction
−−−−→
(x2, x1) with the axis-aligned bounding box of om.

PlanPush computes a collision-free path between successive pushes by planning

in XR with all objects OI ∪ OM as obstacles to a point x0push sampled around xaabb1.

If this path is found, PlanPush similarly samples points xipush around each xi in the

shortcut path. It runs inverse kinematics (IK) in sequence for each segment of the

push action between points
(
xi−1push, x

i
push

)
, i = {1, . . . , n}. If all IK calls succeed, we

return the full push trajectory by concatenating π0 with all push action segments.

This push action, informed by the MAPF solution about which object to move

where, is forward simulated with a physics model to verify whether it satisfies all

interaction constraints for all objects. If so, it is queued into the sequence of

1We sample (x, y) coordinates for x0push from N (xaabb, σI), σ = 2.5 cm. The z−coordinate is
fixed at 3 cm above the shelf for the entire push action.
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AABB

Figure 4.5: 2D illustration of our push planner. Given a movable object om (blue) and
its MAPF solution path πom (pink), we shortcut πom while accounting for immovable
obstacles OI (red) to get the green path of straight line segments. After computing

xaabb by intersecting the
−−−−→
(x2, x1) ray with the axis-aligned bounding box for om,

the push action (cyan) is computed via inverse kinematics between sampled points
xipush ∼ N (xi, σI), i = {0, . . . , n}, x0 := xaabb.

rearrangements that will be executed as part of the MAMO solution returned by

M4M (Algorithm 4, Line 20).

4.5 Experimental Results

4.5.1 Simulation Experiments

We run our simulation experiments in MAMO workspaces of three difficulty levels

shown in Figure 4.6. Each workspace has one OoI (yellow), four immovable obstacles

(red), and different numbers of movable objects (blue). Objects are cylinders and

cuboids with random sizes, initial poses, masses, and coefficients of friction. We

assume perfect knowledge of the initial workspace state and all object parameters.

We set a planning timeout of 120 s for 100 randomly generated MAMO problems
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at each level. Our analysis includes two versions of our algorithm – M4M refers to

Algorithm 4, and M̂4M refers to a version which only calls CBS once (after Line 5)

and does not iterate between calling CBS and finding a valid push in simulation.

Baselines: We compare the performance of M4M against three types of baselines

for solving MAMO problems with non-prehensile interactions. The first is a standard

implementations of a sampling-based algorithm KPIECE [147] from OMPL [146]

that searches the entire MAMO state space X by randomly sampling robot motions.

The second baseline, Selective Simulation [148] (SelSim), is a search-based algo-

rithm that interleaves a ‘planning’ phase and a ‘tracking’ phase. The former queries

the physics-based simulator for interactions with a set of ‘relevant’ movable objects

identified so far. The latter executes the solution found by the planning phase in the

presence of all objects in simulation and, if any interaction constraints are violated,

it adds the ‘relevant’ object to the set. It only uses the simple motion primitives

described in Section 4.3.

Our final baseline is the work from Dogar et al. [35] (Dogar) which introduced

the idea of a negative goal region (NGR) we use in M4M. Dogar recursively searches

for a solution backwards in time, similar to [144]. It first finds an OoI retrieval

trajectory ignoring all movable objects. The NGR induced by this trajectory helps

identify a set of objects to be rearranged, and the OoI is added as an obstacle. If an

object is successfully rearranged, the NGR and set of objects still to be rearranged

are updated with the trajectory found, and the rearranged object is added as an

obstacle at its initial pose. This process continues until no further objects need to be

rearranged. Our implementation of Dogar finds the same OoI retrieval trajectory

as M4M, and uses the same push actions (Section 4.4.2) to try and rearrange objects.

Notably, Dogar only has information about which objects to move but not where

to move them. Our implementation finds the closest cell outside the latest NGR for

an object and samples points around this location to try to move the object towards.
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Table 4.1: Simulation Study for MAMO Planning in Cluttered Scenes - success rates and min/median/max planning
and simulation times

Metrics Level
Planning Algorithms

M4M M̂4M Dogar [35] SelSim [148] KPIECE [147]

Success
Rate (%)

1 92 79 40 33 48
2 73 54 20 21 33
3 62 36 6 16 17

Total
Planning
Time (s)

1 1.0 / 2.6 / 102.5 1.0 / 2.4 / 103.8 0.1 / 0.9 / 115.3 0.004 / 0.02 / 0.03 7.4 / 23.4 / 117.8
2 1.2 / 6.6 / 115.4 1.3 / 2.6 / 100.3 0.3 / 0.5 / 113.5 0.002 / 0.008 / 0.2 9.3 / 28.2 / 112.0
3 1.3 / 7.2 / 116.1 1.6 / 2.4 / 72.6 0.2 / 0.4 / 55.0 0.004 / 0.01 / 0.03 10.6 / 32.0 / 98.5

Simulation
Time (s)

1 0 / 0 / 58.6 0 / 0 / 20.1 0 / 0 / 42.0 27.3 / 35.0 / 43.6 0 / 10.6 / 99.0
2 0 / 0.4 / 75.9 0 / 0 / 37.0 0 / 0 / 20.9 36.7 / 44.1 / 58.3 0 / 16.1 / 95.4
3 0 / 0.4 / 55.1 0 / 0 / 24.3 0 / 0 / 20.0 47.3 / 55.7 / 76.0 0 / 18.3 / 79.3
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Level 1 Level 2 Level 3Level 1
(1, 4, 10) (1, 4, 15)(1, 4, 5)1 4 5 1 14 410 15

Figure 4.6: MAMO problems of differing complexity. From left to right, Levels 1, 2,
and 3 have 5, 10, and 15 movable objects respectively. Each Level has 1 OoI and 4
immovable obstacles.

Figure 4.7: A MAMO solution generated by M4M. The tomato soup can (yellow
outline) is the OoI, all other objects are movable.

Results: Table 4.1 shows the result of our experiments where we present the

min/median/max values for total planning time and simulation time of successful runs

only. Experiments were run on a 4 GHz Intel i7-4790K CPU with 28 GB 1600 MHz

DDR3 RAM.

Both versions of M4M solve the most problems across all difficulty levels. For

Levels 1, 2, and 3, the M4M solution successfully executed 0.8, 1.9, and 3.1 push

actions on average. The difference in performance between M4M and M̂4M highlights

the benefit of the iterative nature of M4M. Since MAPF paths are usually not precisely

replicated in simulation via pushes, querying the solver repeatedly with an updated

workspace configuration leads to more informed future paths for objects, instead of

trying to forcibly push them to the first goal configuration suggested by MAPF.

All baseline algorithms from Table 4.1 suffer due to poor exploration over the space

of rearrangements. Our approach benefits from the MAPF abstraction to produce

guidance on where to move each object to free up the NGR. The stochastic sampling

of push actions used by our push planner leads to complex, multi-body non-prehensile

60



4. Multi-Agent Pathfinding for Manipulation Among Movable Objects

interactions that satisfy interaction constraints in the final solution. In contrast

Dogar naively samples pushes to be simulated, and necessarily tries to ensure

there is no overlap between the NGR and movable objects, even if a slightly different

collision-free path can be found to retrieve the OoI (Algorithm 4, Line 9). This strategy

suffers when sampled points are near immovable obstacles, and limits the possible

rearrangements considered since movable objects that are rearranged successfully are

treated as immovable obstacles. Dogar also never executes a potential trajectory

until there is no overlap between the NGR and movable objects, unlike SelSim which

simulates all trajectories found during planning. In fact, all SelSim successes in

Table 4.1 correspond to scenes where the very first planned trajectory succeeds in OoI

retrieval in simulation. This is only true when there is minimal overlap between the

NGR and movable objects. When any movable object needs to be rearranged, SelSim

suffers from its poor action space – the simple motion primitives are ineffective at

causing meaningful robot-object interactions in the workspace. KPIECE benefits

significantly from goal biasing in simpler scenes where either little to no robot-object

interactions are required or the objects that need to be moved have nice physical

properties (large supporting footprint, low center-of-mass, low coefficient of friction).

4.5.2 Real-World Performance on the PR2

We ran M4M on a PR2 robot where we used a refrigerator compartment as our MAMO

workspace (Figure 4.7). We placed five objects from the YCB Object Dataset [16]

in the refrigerator. Four of these were movable and the tomato soup can was the

object-of-interest. Objects were localised using a search-based algorithm [1] run on a

NVidia Titan X GPU. Figure 4.8 shows an image of this setup in our lab. We gave

M4M a total planning timeout of 120 s.

Out of 16 perturbations of the initial scene from Figure 4.7, 12 runs successfully

retrieved the OoI. Across the successful runs the planner took 56.41 ± 27.29 s to

compute a plan of which 49.26± 24.21 s was spent simulating pushes. Failures were

due to interaction constraints being violated during execution by the PR2. Since

M4M returns a solution that does not violate constraints in simulation, failures

are due to modeling errors between the simulator and the real-world. Specifically,

accurately computing coefficients of friction is difficult and can lead to differing
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Figure 4.8: Real-world setup for pick-and-place MAMO experiments with a PR2. The
tomato soup can (yellow outline) is the object-of-interest.

contact mechanics in simulation than the real-world. Figure 4.7 shows the solution to

a MAMO problem being executed by the PR2. It moves the coffee can out of the way,

pushes the potted meat can slightly aside, and finally the OoI (tomato soup can) is

extracted while also nudging the potted meat can.

4.5.3 Comparison of MAPF Solvers

M4M uses a resolution complete MAPF solver (CBS) to ensure it does not miss any

potential rearrangement of a scene (with respect to the graph GCBS of the low-level

CBS searches). Another class of MAPF solvers assigns priorities to agents and

solves a sequence of single-agent planning problems based on this prioritisation [42].

This prioritised planning (PP) scheme trades off algorithmic incompleteness and

solution suboptimality for practical efficiency. For all the problems solved by M4M

in Table 4.1, we compare the performance of CBS against PP in terms of success

rates for an initial solution and planning times.

Being provably complete, CBS succeeds in finding an MAPF solution 100% of

the time. Given the same 30 s timeout as CBS, PP failed to find solutions for 2

Level 1 problems, 9 Level 2 problems, and 9 Level 3 problems. The bottleneck for

MAPF is collision checking between objects in SE(3). CBS only collision checks

solution trajectories returned by the low-level searches of the corresponding agents. In

addition to being incomplete, PP turns out to also be much slower than CBS. This

is because PP collision checks every state expanded by the low-level search against
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corresponding states of higher priority agents, which is slow when many agents collide

with each other along their solution paths. We compare the ratio of planning times

for CBS to those for PP across the three levels. The median value of this ratio

TCBS/TPP for Level 1 is 1.22 (PP is at least 22% faster in half the problems). For

Levels 2 and 3, this value is 0.89 (PP is at least 11% slower in half the problems)

and 0.63 (PP is at least 37% slower in half the problems). The ability to solve all

problems and in less time when the MAMO problem is more complicated highlights

the benefit of using CBS over PP.

4.6 Conclusion and Discussion

This chapter presents M4M: Multi-Agent Pathfinding for Manipulation Among Mov-

able Objects, an algorithm to plan for manipulation in heavy clutter that considers

complex interactions such as rearranging multiple objects simultaneously, and tilting,

leaning and sliding objects. These MAMO problems include interaction constraints

that define how the robot is allowed to interact with objects. M4M decouples the

search over all rearrangements of movable objects from the need to query a physics-

based simulator. It first constructs and solves an appropriate MAPF abstraction

for MAMO to search over all rearrangements without the need to query a physics-

based simulator. This MAPF solution helps the push planner generate informed

non-prehensile rearrangements that are simulated for interaction constraint verifica-

tion. We recognise that if we artificially actuate these movable objects and solve an

appropriately constructed abstract MAPF problem, the solution informs us of a suit-

able rearrangement for completing the original MAMO task. The MAPF formulation

searches over object configurations without a simulator, and upon returning a solution,

M4M computes non-prehensile push actions to realise the suggested rearrangement

within the simulator. Thus, M4M is able to find a suitable rearrangement of the

MAMO workspace without querying a physics-based simulator and attempts to rear-

range movable clutter without needing to search the space of all rearrangements of the

scene for an appropriate one to complete the MAMO task. It dramatically outperforms

alternative approaches that do not reason about such interactions efficiently.

The key contribution of this chapter, an application of MAPF solvers within MAMO,

leads to several distinct areas of future research. M4M greedily commits valid pushes
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found to its sequence of rearrangement trajectories. This greedy behaviour makes

M4M incomplete (it may not find a solution to a MAMO problem even if one exists),

given that it has no ability to backtrack from this decision. It is important to address

this incompleteness of M4M by developing an algorithm that considers (i) all feasible

pushes for an object that needs to be rearranged to a specific location, (ii) all orderings

of all feasible push actions to realise a particular rearrangement for a set of objects,

and (iii) all possible rearrangements for a set of objects. Our work in Chapter 5

makes progress towards such an algorithm. Additionally, the MAPF solver used in

M4M should be modified to use a cost function which has information about robot

kinematics and pushing dynamics so as to compute and thus simulate better push

actions. Using a model-based push planner, even for simple straight-line pushes like

those used by M4M, will greatly reduce the time M4M currently spends stochastically

sampling and simulating valid pushes. M4M currently terminates with success when

it has found a complete sequence of rearrangement actions that help solve the MAMO

task. Modifying it to interleave planning and execution can help introduce robustness

by allowing M4M to replan from the current rearrangement of the scene. We can also

augment the MAPF solver with information from past execution steps that constrain

the motions of some movable objects.
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Chapter 5

A Graph Search Formulation of

Manipulation Among Movable

Objects

In this thesis we are interested in pick-and-place style robot manipulation tasks in

cluttered and confined 3D workspaces among movable objects that may be rearranged

by the robot and may slide, tilt, lean or topple as the robot interacts with them. The

algorithm we presented earlier in Chapter 4, M4M, determines which objects need to

be moved and where by solving a Multi-Agent Pathfinding (MAPF) abstraction of

this problem. It then utilises a non-prehensile push planner to compute actions for

how the robot might realise these rearrangements and a rigid body physics simulator

to check whether the actions satisfy physics constraints encoded in the problem.

However, M4M greedily commits to valid pushes found during planning, and does

not reason about orderings over pushes if multiple objects need to be rearranged.

Furthermore, M4M does not reason about other possible MAPF solutions that lead

to different rearrangements and pushes. This chapter extends M4M and we present

Enhanced-M4M (E-M4M) – a systematic graph search-based solver that searches

over orderings of pushes for movable objects that need to be rearranged and different

possible rearrangements of the scene. We introduce several algorithmic optimisations

to circumvent the increased computational complexity, discuss the space of problems

solvable by E-M4M and show that experimentally, both on the real robot and in
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simulation, it significantly outperforms the original M4M algorithm, as well as other

state-of-the-art alternatives when dealing with complex scenes. To address the higher

computational complexity associated with searching for a solution in this much

larger space, E-M4M stores information about all successful and unsuccessful pushes

found during planning. The former are used to avoid simulations of similar pushes

seen previously, and the latter help us feedback information to the MAPF solver to

efficiently search the space of rearrangements of the scene. The work in this chapter

was first published in [127].

5.1 Introduction

Simple pick-and-place robot manipulation tasks can be difficult to solve for motion

planning algorithms that do not reason about how ‘movable’ objects in the confined

workspace might need to be rearranged in order to find a feasible solution path. Such

situations are commonly encountered when robot arms have to grasp and extract

desired objects from cluttered shelves or pack several objects in a box. Solving

these “Manipulation Among Movable Objects” (MAMO) problems [5, 144] requires

a planning algorithm to decide which objects should be moved [52], where to move

them, and how they may be moved. For the scene shown in Figure 5.1 (a), the tomato

soup can is the “object-of-interest” (OoI) to be retrieved. In order to do so, the PR2

robot must first move the coffee can and potted meat can out of the way so that the

grasp pose for the OoI becomes reachable.

Existing state-of-the-art approaches in literature commonly assume prehensile

(pick-and-place) rearrangement actions, e.g. Stilman et al. [144], Wang et al. [164]

and/or planar robot-object and object-object interactions, e.g. van den Berg et al.

[159], Vieira et al. [161]. Prehensile rearrangements not only preclude manipulation

of big, bulky and otherwise ungraspable objects, but also assume access to known

grasp poses for all movable objects and availability of stable placement locations for

them in a cluttered and confined workspace. The planar world assumption does not

account for realistic physics interactions between objects in a real-world scene. In

contrast to these, our emphasis is on solving MAMO problems (i) in a 3D workspace

where robot actions can lead to complex multi-body interactions where objects tilt,

lean on each other, slide, and topple (Figure 5.1 (b)); and (ii) with non-prehensile
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(a) (b)

Figure 5.1: (a) The tomato soup can (yellow outline) is the object-of-interest (OoI)
to be retrieved. The potted meat can and coffee can in front of it must be rearranged
out of the way in order to retrieve the OoI and solve the MAMO problem. (b) Trying
to retrieve the beer can (OoI, yellow outline) leads to a complex interaction with the
movable potted meat can being tilted by the robot arm.

push actions for rearranging the clutter in the scene. With this we allow for more

seamless and natural manipulation that rearranges objects aside without picking

them up while considering complicated toppling, sliding, and leaning effects.

The MAMO problem definition includes information about which objects are

movable and which are static or immovable obstacles. All objects have a set of

interaction constraints associated with them that define valid robot-object and object-

object interactions in the workspace. Interaction constraints encode that neither the

robot nor any other object can make contact with immovable obstacles (an object

that cannot be interacted with, such as a wall), and movable objects cannot fall off

the shelf, tilt too far (beyond 25°), or move with a high instantaneous velocity (above

1 m s−1). These constraints help model realistic and desirable robot-object interactions

since we want to prevent robots from carelessly hitting, pushing or throwing objects

around. In order to forward simulate the effect of non-prehensile robot pushes on the

objects, we use a rigid body physics simulator to evaluate the interaction constraints

and determine the resultant state of the workspace.
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In recent work [128], we proposed the M4M algorithm for MAMO to answer the

questions of which objects to move where, and how. M4M (“Multi-Agent Pathfinding

for Manipulation Among Movable Objects”) relies on an MAPF abstraction of MAMO

problems where the movable objects are artificially actuated agents with the goal

of avoiding collisions with (i) the robot arm as it retrieves the OoI, (ii) each other,

and (iii) immovable obstacles. A solution to this MAPF abstraction informs M4M of

which objects must be moved and where so that the OoI can be retrieved to solve

the MAMO problem. M4M then samples non-prehensile pushes to try and realise the

rearrangements suggested by the MAPF solution in the real-world, thereby addressing

the third question of how objects may be moved.

However, M4M is greedy and can fail to find solutions in many cases where one

may exist. It is greedy in three different ways. First, M4M does not search over all

possible orderings of object rearrangements if multiple movable objects need to be

moved. It greedily commits to the first valid push it finds and continues searching

for a solution from the resultant state of that push. Second, M4M never reconsiders

solving the MAPF problem again for a different solution that might require objects to

be rearranged differently. As such, it does not search over all possible rearrangements

of the scene. This is important because in cases where an object cannot be rearranged

successfully as per the MAPF solution (perhaps due to robot kinematic limits, the

presence of immovable obstacles, interaction constraint violations etc.), we must

replan the MAPF solution and consider a different way to rearrange the scene that

may indeed be feasible. Finally, even in cases where we successfully rearrange an

object to a particular location, M4M never reconsiders moving that object differently,

which may be required if no solution can be found from the resultant state of the

valid push.

This chapter extends M4M and presents Enhanced-M4M (E-M4M), an algorithm

that addresses all three shortcomings of M4M and does so by searching a much larger

space for solutions. It considers different orderings for rearranging objects, replans

MAPF solutions as and when required, and considers different ways to rearrange

any particular object. Although the search space for E-M4M grows tremendously

as a result, E-M4M exploits the information gained during its execution to reduce

redundant exploration of the solution space. There is redundancy in considering the

same or similar pushing actions for an object in different nodes of E-M4M search
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tree such that if one action succeeds or fails (i.e. its validity is determined by forward

simulating it for interaction constraint verification), it is likely that the other actions

will succeed or fail as well. We exploit this by introducing caching of positive and

negative simulation results and learning a probabilistic estimate of solving a particular

subtree of the search, and use these within E-M4M to bias its exploration. We make

the following contributions as part of our E-M4M algorithm:

1. A best-first graph search for MAMO problems that searches over orderings of

object rearrangements, different rearrangements of the scene, and different ways

to rearrange each object.

2. Caching results of successful (valid) pushes to avoid simulations of similar pushes

repeatedly.

3. Caching results of unsuccessful (invalid) pushes to feedback information to the

MAPF solver to efficiently search the space of rearrangements of the scene.

4. A learned probabilistic model for solving a particular subtree to bias exploration

of the best-first search.

5. Significant quantitative improvements over M4M and several other state-of-the-

art MAMO baselines.

5.2 Related Work

In recent years, MAMO planning algorithms have continued to rely on at least one of

two simplifying assumptions. The first limits the action space of the robot to prehensile

or pick-and-place rearrangements of movable objects [79, 80, 86, 103, 135, 144, 164].

This simplifies the planning problem as grasped objects behave as rigid bodies attached

to the robot end effector, and rearrangement paths can be computed by avoiding

collisions with other objects in the scene. It is important to note that these paths

can only be found if we assume (i) all objects that may need to be rearranged are

graspable by the robot, (ii) we have known grasp poses for all graspable objects,

(iii) the existence of stable placement locations for these objects in the cluttered

workspace, and (iv) a relatively large volume of object-free space so that collision-

and contact-free rearrangement paths with a grasped object exist. In our work, we

make none of these assumptions, instead relying on non-prehensile pushing actions to
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rearrange the scene. This allows us to manipulate a much larger set of objects, and

also lets us rearrange multiple objects simultaneously. However, using these actions

within a planning algorithm necessitates the ability to accurately predict their effect

on the configurations of movable objects in order to compute the resultant state of

the world after the push. In case the assumptions stated earlier are indeed true for

the problems being solved, the E-M4M algorithm can be easily modified to include

pick-and-place rearrangement actions as part of the action space of the robot within

its graph search, something we will include in E-M4M in Chapter 6.

The second simplification assumes planar robot-object and object-object inter-

actions, while allowing non-prehensile push actions for rearrangement. This planar

assumption halves the size of the configuration space of movable objects from SE(3)

to SE(2). To predict the effect of push actions on the scene, some existing algorithms

make use of simple analytical or learned physics models [35, 59, 159], while others use

computationally cheap 2D physics simulators [60, 68]. Assuming planar interactions

does not capture the complex multi-body physics of the 3D real-world where objects

may tilt, lean on each other, topple etc., something we account for in the E-M4M

algorithm. As part of our experiments, we compare against an implementation of the

algorithm from [35] that uses the same non-prehensile push planner as E-M4M in

conjunction with a 3D rigid body physics simulator. The original algorithm is not

viable for our MAMO problems as it uses a 2D analytical model to predict the result

of planar robot-object interactions, and only allows the robot to rearrange one object

at a time.

Existing work which uses a full 3D rigid body physics simulator to forward simulate

the effect of robot actions on the scene does not account for the difficult interaction

constraints we include in our MAMO problems which makes it harder to find a feasible

solution. Instead, they either only deal with simple constraints [130, 148] where

objects are not allowed to fall off the workspace shelf, or do not include any such

constraints [111, 161] and ignore cases where objects topple. We include a comparison

against [148] in our experiments, albeit with the full interaction constraint set that

E-M4M considers.

We also include comparisons against two general purpose sampling-based planning

algorithms, KPIECE [147] and RRT [85], and our own recent M4M algorithm

developed for this MAMO domain. KPIECE is a randomised algorithm developed for
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planning problems where it is expensive to determine the resultant state of an action

(like querying a physics-based simulator for the effect of robot pushes). M4M, as

discussed earlier, decouples the search for a solution to the MAMO problem between

solving an abstract MAPF problem that reasons about the configuration of movable

objects but does not require forward simulating a simulation-based model, and solving

a simulation-based arm motion planning problem that does not need to search over

the possible configurations of movable objects.

5.3 Problem Formulation

We are interested in solving MAMO problems with a q degrees-of-freedom robot

manipulator R whose configuration space XR ⊂ Rq. The workspace is populated with

objects O = {O1, . . . , On} whose configuration spaces XOk
≡ SE(3). We assume we

know which objects OM ⊂ O are movable and which objects OI ⊂ O are immovable.

Each object Ok is associated with interaction constraints described earlier that help

determine whether any state x in the search space X := XR×XO1×· · ·×XOn is valid

or not. The planning algorithm is provided the initial configurations of all movable

objects (denoted as Oinit
M ) and immovable obstacles (OI), information about which

object is the “object-of-interest” (OoI), desired grasp pose for the OoI, and a “home”

configuration outside the workspace shelf where the OoI must be moved. Our goal

is to find a path of valid states in X that successfully retrieves the OoI from the

cluttered and confined workspace shelf.

Conceptually this path rearranges some movable objects if necessary and retrieves

the OoI while ensuring (i) neither the robot nor any movable object makes contact

with immovable ‘obstacles’, and (ii) movable objects are rearranged satisfactorily

(without making them topple, fall off the workspace shelf, move very fast etc.). We

make no assumptions about the MAMO problem being monotone where each movable

object may only be moved once, and we allow the robot to rearrange several movable

objects at the same time. We do assume access to a rigid body physics simulator to

evaluate the effect of robot actions on the states of the objects in the workspace.
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5.4 E-M4M

This chapter presents the E-M4M algorithm, an enhanced version of our previous

M4M algorithm. In this section we provide details about E-M4M, the MAPF

abstraction and non-prehensile push planner used within it, and discuss when and

why E-M4M will solve a MAMO problem (or not).

In order to solve the MAMO problems of interest to us, E-M4M must answer

questions about which objects should be moved, where they may be moved, and

how the robot can move them. Like M4M, it relies on two modules to answer these

questions – an MAPF solver [134] is used to answer the first two questions, while our

non-prehensile push planner uses the MAPF solution to try and answer the third.

The push planner also updates the feasible solution space for the MAPF solver if it

determines that certain rearrangements are infeasible due to interaction constraint

violations. Unlike M4M however, E-M4M runs a best-first search over a graph

G = (V,E) with the help of these two modules. The vertices v ∈ V represent a

set of configurations (alternatively a rearrangement) of the movable objects OM
in the scene. Since the configurations of immovable obstacles are known prior to

planning and cannot be changed by virtue of the definition of interaction constraints,

we do not explicitly store them in each vertex v. Edges e = (u, v) ∈ E represent a

successful rearrangement action changing the configuration of at least one Om ∈ OM
between u and v. If a rearrangement action from vertex v is unsuccessful due to

any interaction constraint violation or reachability constraint, E-M4M will use this

information to generate a different rearrangement action from v at a later point in

the search. Thus given enough time, for any vertex v ∈ V , E-M4M will evaluate all

possible rearrangement actions for all objects Om ∈ OM . The overall E-M4M search

expands vertices in an order dictated by some priority function f : V → R≥0. In

contrast M4M (i) greedily commits to the first valid push found (it does not search

over orderings of rearrangements of multiple movable objects like E-M4M), (ii) only

obtains a single MAPF solution for each rearrangement it sees (it never replans the

MAPF solution based on the result of push actions like E-M4M), and consequently

(iii) only tries to rearrange a movable object along a single MAPF solution path for

each rearrangement (it does not consider alternate ways to push an object for the

same rearrangement like E-M4M).
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(a) (b) (c)

Figure 5.2: (a) A MAMO problem with ten movable objects and four immovable
obstacles, (b) the initial NGR V(γOoI) found for this scene (in gray), and (c) a 2D
projection of the scene with the MAPF solution paths in pink. This MAPF solution
suggests that the objects labeled A and B should be rearranged as per the pink paths
to be outside V(γOoI).

5.4.1 Main Algorithm

Algorithm 5 contains the pseudocode for E-M4M. Initially, E-M4M computes a

trajectory γOoI ⊂ XR for the robot to grasp and extract the OoI while pretend-

ing no movable objects OM exist in the scene (Line 28). The argument for the

PlanRetrieval function is the set of objects to be considered as obstacles during

planning. The volume occupied by the robot arm and OoI during execution of γOoI,

written as V(γOoI), creates a negative goal region (NGR) [35]. We define an NGR

parameterised with a robot trajectory as some volume in the workspace that, if free

of all objects, will lead to successful retrieval of the OoI upon execution of that

robot trajectory. Note that if the trajectory γOoI cannot be found, the overall MAMO

problem as specified is unsolvable. It may be solvable given a different grasp pose for

the OoI, however grasp planning is beyond the scope of this work. Once the initial

NGR V(γOoI) has been computed (Line 29), E-M4M executes a best-first search

using a priority queue ordered by f . Figure 5.2 shows a simulated MAMO problem,

the initial NGR V(γOoI) for the scene, and a 2D projection of the scene which shows

the MAPF solution found.

Every time a vertex v is expanded from this queue during the search (Line 36),

E-M4M calls an MAPF solver (Line 14). The set of solution paths returned by

the MAPF solver is then used by our non-prehensile push planner to generate and

evaluate successor rearrangement states (the loop from Line 18). For each object Om

that “moves” in the MAPF solution, our push planner tries to compute a trajectory
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Algorithm 5 E-M4M
1: procedure CreateVertex(OM , v, γ)
2: v′.OM ← OM , v′.parent← v, v′.γ ← γ
3: return v′

4: procedure Done(v)
5: if v.OM ∩ V(γOoI) = ∅ then
6: return true
7: γ̂OoI ← PlanRetrieval(v.OM ∪ OI)
8: if γ̂OoI exists then
9: γOoI ← γ̂OoI

10: return true
11: return false
12: procedure ExpandState(v)
13: κ← InvalidGoals(v)
14: v.{πm}m∈OM

← RunMAPF(v, κ,V(γOoI))
15: if MAPF failed then
16: Remove v from OPEN
17: return
18: for m ∈ v.OM do
19: if v.πm 6= ∅ then
20: γm ← PlanPush(v.πm, v.OM)
21: O′M , valid← IsValid(γm)
22: if valid then
23: v′ ← CreateVertex(O′M , v, γm)
24: Insert v′ into OPEN with priority f(v′)
25: else
26: Add final state in v.πm to InvalidGoals(v)

27: procedure Main(Oinit
M ,OI)

28: γOoI ← PlanRetrieval(OI)
29: Compute V(γOoI)
30: OPEN ← ∅, vstart ← CreateVertex(Oinit

M , ∅, ∅)
31: Insert vstart into OPEN with priority f(vstart)
32: while OPEN is not empty and time remains do
33: v ← OPEN.top()
34: if Done(v) then
35: return ExtractRearrangements(v)

36: ExpandState(v)

37: return ∅
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γm ⊂ XR to push Om along its MAPF solution path πm (Line 20). If γm is found,

it is forward simulated in a rigid body physics simulator for interaction constraint

verification (Line 21). If γm successfully rearranges the scene, i.e. at least one object

is moved and no constraints are violated, E-M4M generates a successor state v′ with

the resultant rearrangement and adds it to the queue (Lines 23 and 24).

A vertex v is closed in Line 16 and never re-expanded again iff the MAPF solver

fails to return a solution in Line 14 as this implies there are no more rearrangement

actions for us to try given the configurations of movable objects in that vertex v.

Otherwise when a vertex v is re-expanded, we ensure that the MAPF solver returns a

different solution than one obtained during any previous expansion of v by including

a set κ of invalid goals (Line 13). κ contains configurations for each movable object

Om ∈ v.OM that cannot be the final state in the path πm found by the MAPF solver.

This helps E-M4M search over different MAPF solutions for the same rearrangement

v.OM , thereby helping it search over different ways to rearrange v.OM . Invalid goals

are populated in κ in two ways – all push actions γm found to be invalid lead to the

final state of the corresponding πm being included as an invalid goal for Om (Line 26);

additionally if no such invalid pushes remain to be added to κ, the final states of

valid pushes found previously from v are “hallucinated” as invalid goals.

E-M4M terminates with v as the goal state when the OoI can be successfully

retrieved given the rearrangement v.OM . This may be achieved in one of two ways.

If the movable objects OM in v have been successfully rearranged to be outside the

initial NGR V(γOoI), we know the robot can execute γOoI to retrieve the OoI (Line 6).

Alternatively, if a different trajectory γ̂OoI (and therefore its NGR V(γ̂OoI)) can be

found in the presence of all objects (movable and immovable) as obstacles, the robot

can execute γ̂OoI to retrieve the OoI without making contact with any other object

(Line 10). Thus E-M4M, like M4M, implicitly makes the assumption that the OoI

retrieval trajectory will only make contact with the OoI.

Figure 5.3 shows the entire graph constructed by E-M4M to solve the problem

from Figure 5.2. E-M4M finds a sequence of four pushes to rearrange the scene in

order to retrieve the OoI. Note that in the solution both pushes that were computed

to rearrange object B also move object C. This is allowed since E-M4M places no

restriction on the number of movable objects that may be moved during a pushing

action.
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Push object A

Push object B

Push object BPush object A

Push object A

Figure 5.3: The graph constructed by E-M4M to find a solution to the MAMO
problem from Figure 5.2. Within each graph vertex we show an image of the 3D
scene in simulation and its 2D projection to visualise the MAPF solution found by
CBS.
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5.4.2 MAPF Abstraction

E-M4M relies on the same key observation as M4M (Section 4.4.1) that by solving a

carefully constructed MAPF problem with movable objects as agents, we can obtain

information about which objects our MAMO planner should consider rearranging and

where. As before, we use Conflict-Based Search (CBS) [134] as the solver for our

abstract MAPF problem. For a vertex v in E-M4M, we include all movable objects

as agents in CBS starting at their current poses in v.OM . Each agent is assigned

a goal of being outside the initial NGR V(γOoI), while avoiding collisions with each

other and all immovable obstacles OI . Although agent states in CBS specify their

configuration in XOm ≡ SE(3), agents use a 2D action space on a four-connected grid

in the MAPF abstraction that only changes the x− or y−coordinates of their state.

The CBS solution for this MAPF problem is a set of paths {πm}m∈OM
such that Om

ends up outside V(γOoI) after following πm.

In order to search over all possible ways to rearrange v.OM , E-M4M includes a

set of invalid goals κ when it calls CBS in Line 14. For each vertex v, κ includes

information about where each object Om ∈ v.OM cannot end up in any future CBS

solution. During a previous expansion of v, if path πm led to an invalid push γm, the

final state of πm is added as an invalid goal for Om ∈ v.OM since we failed to rearrange

Om along πm (Line 26). As a result, the next solution from CBS would return a new

path π′m 6= πm which in turn would cause our push planner to consider a different

rearrangement action. When all invalid pushes from v have been included in the

previous call to CBS, we also include the final states of valid pushes found previously

as invalid goals in κ so as to ensure we consider all possible ways to rearrange v.OM .

If CBS fails to find a solution, or if no new invalid goals can be added to κ from

the last call to CBS, we close vertex v and stop it from being re-expanded (Line 16)

since no new way to rearrange v.OM can be found. Figure 5.4 (a) shows another

simulated MAMO problem and the effect that invalid goals κ can have on the MAPF

solution – when both pushes γA and γB computed as per the MAPF solution in (b)

failed, adding the final states of πA and πB to κ results in a different MAPF solution

in (c).
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(b)(a)

Figure 5.4: (a) A MAMO problem with five movable objects and four immovable
obstacles, (b) First MAPF solution that led to invalid pushes γA and γB, (c) Adding
the final states of πA and πB (colour coded stars) to κ leads to a new MAPF solution.

AABB AABB
(1) (2)

Figure 5.5: 2D illustration of our push planner. Movable object Om is blue, and an
immovable obstacle is drawn in red. The green path is obtained after shortcutting
the pink MAPF solution path πm. xaabb is the point-of-intersection between the first
segment (x1, x2) and the axis-aligned bounding box for Om. The cyan segments depict
the path along which inverse kinematics is used to obtain γim.

5.4.3 Non-prehensile Push Planner

The goal for our push planner is to find robot trajectories γm ⊂ XR that rearrange a

movable object along the path πm returned by our MAPF solver. If we are able to

precisely rearrange each Om to the final state of πm, we know the robot can execute

γOoI to solve the MAMO problem. In order to do so, we assume the push planner is

provided a shortcut path πm (accounting for immovable obstacles OI) in Line 20.

Each call to PlanPush stochastically generates a robot trajectory γm, as discussed

earlier in Section 4.4.2. For ease of understanding, Figure 5.5 shows a simplified,

deterministic version of our push planner. The push planner first tries to compute

a trajectory to a end-effector pose in SE(3) from where we would like to push

the intended object. In the simplest version of our push planner, the push start

78



5. A Graph Search Formulation of Manipulation Among Movable Objects

pose is the point of intersection xaabb between the axis-aligned bounding box of Om

and the ray
−−−−→
(x1, x0) (from the final state in πm to the initial state). If the motion

planner for the robot arm succeeds in finding this trajectory γ0m ⊂ XR to xaabb in

the presence of all objects (movable and immovable) as obstacles – depicted by Step

(1) in Figure 5.5 – we will go on to compute the pushing action in Step (2). We

use an inverse kinematics solver for our robot R to compute a sequence of joint

configurations that take the end-effector of R in a straight-line from xaabb to x1. If

we succeed in computing the pushing action γ1m in this way, we append it to γ0m to

obtain the full pushing trajectory. However, since γ0m is known to be contact-free by

construction, we only forward simulate γ1m in our physics-based simulator to detect if

any interaction constraints are violated during its execution and get the resultant

rearrangement of the scene. In addition, by ensuring that we retract the robot arm

to the final configuration in γ0m after executing the push action γ1m, we can guarantee

that the robot can move from one push to the next entirely in free space without

making contact with any object.

5.4.4 What E-M4M Can and Cannot Solve

Solutions to MAMO problems lie in a space X = XR ×XO1 × · · · × XOn that grows

exponentially with the number of movable objects. There are several subtle reasons

due to which E-M4M might fail to find solutions to complicated MAMO problems in

this space. A rigorous theoretical analysis of E-M4M requires careful consideration

of three different graphs that it searches – the high-level graph G with vertices that

denote rearrangements of movable objects and edges that encode rearrangement

actions from our non-prehensile push planner, the graphs with vertices in SE(3)

with edges corresponding to a 2D action space on a four-connected grid used by the

single-agent searches within our MAPF solver CBS, and finally a graph with vertices

in XR and edges representing changes in one of the q degrees-of-freedom that is used

when computing any robot trajectory (within the PlanRetrieval and PlanPush

functions in Algorithm 5).

When trying to rearrange an object to a specific location, E-M4M only considers

moving it along the particular path πm found by CBS and not along all such paths.

E-M4M does not compute all ways to push an object to a particular location, i.e.
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it does not compute all paths (and by extension pushes) that end in the same final

state, instead only computing a push γm for the particular πm found by CBS. Its

reliance on CBS and our push planner also means that E-M4M might fail to find

interesting non-monotone solutions where it must rearrange an object Oa partially

along its solution path πa before moving Ob along πb and finally going back to move

Oa the remainder of the way along πa. The MAPF abstraction itself uses a simple

2D action space which fails to capture all possible rearrangements of the scene in

XO1 × · · · × XOn . Finally, E-M4M does not actively search over all OoI retrieval

trajectories γOoI ⊂ XR, and consequently the same NGR is used to specify goals for

movable objects in all MAPF calls.

Despite these limitations, by relying on our MAPF abstraction and non-prehensile

push planner, E-M4M does search over ‘allowed’ (i) orderings of movable object

rearrangements, (ii) potential rearrangements for the set of movable objects, and

(iii) ways to rearrange the same movable object. In doing so it makes progress

towards a complete MAMO planning algorithm that uses non-prehensile actions

for rearrangement in a 3D workspace with complex multi-body interactions where

movable objects may tilt, lean, topple etc. Our quantitative analysis shows that

E-M4M performs better than many state-of-the-art planning algorithms for these

MAMO problems.

5.5 Speeding up the Algorithm

This section discusses three algorithmic optimisations we propose as part of E-M4M

that significantly improve its quantitative performance. We discuss caching informa-

tion from successful and unsuccessful rearrangement actions to speed up the E-M4M

search, and a data-driven priority function that learns a naive probabilistic estimate

of the subtree at a vertex v in the E-M4M graph being solvable based on features of

the rearrangement v.OM .

5.5.1 Caching Unsuccessful Push Actions

The goal set for movable objects in the MAPF abstraction includes any configuration

outside the initial NGR V(γOoI) that is free of collision from all other objects. Given
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vertex v, consider an object Om in v.OM and its corresponding path πm which achieves

this goal. If the resulting push γm is invalid, the next call to CBS from v will lead to

a path π′m 6= πm. However, naively including the last state in πm as an invalid goal

state for CBS will likely lead to the new path π′m ending in a neighbouring state of

the invalid goal (since CBS is an optimal MAPF solver). This in turn will lead to a

push γ′m ≈ γm that is also likely to be invalid.

To mitigate this, for every CBS call from a vertex v, for each object Om, E-M4M

caches the goals that were previously determined to be invalid in a nearest neighbour

data structure. We use this cached information to bias the solutions produced by

CBS to avoid moving objects to states close to known invalid goals for the respective

objects. This biasing is done by assigning penalties to each potential goal location

for each object Om, and then during each low-level search within CBS finding the

solution that minimises the summation of getting to a goal plus the penalty associated

with the goal. This can be done by introducing one single ‘pseudogoal’ that the search

searches towards and connecting all the potential goal locations to this ‘pseudogoal’

with edges whose cost is proportional to the respective penalty. This helps penalise

paths to states close to known invalid goals, and lets E-M4M search the space of

allowed rearrangements of v.OM more efficiently. For the same MAMO problem as in

Figure 5.4, Figure 5.6 (a) shows the new MAPF solution when we include invalid goals

naively – the new paths π′A and π′B are very similar to πA and πB (from Figure 5.4

(b)) and end in final states very close to the invalidated goals. However, using the

above explained approach that modifies the single-agent search to use our nearest

neighbour data structure for invalid goals, we get a very different MAPF solution in

Figure 5.6 (b). This allows us to search the space of possible rearrangements much

more efficiently.

5.5.2 Caching Successful Push Actions

During the search, CBS solutions in different vertices of the graph E-M4M may

contain the same path πm for object Om. This can occur if the best rearrangement

for Om is unaffected by the different configurations of other objects in these vertices.

In such cases, if we have computed the push γm in one of these vertices and found

it to be valid in simulation while generating the successor rearrangement state, we
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Figure 5.6: (a) First MAPF solution that led to invalid pushes γA and γB, (b) Adding
the final states of πA and πB (colour coded stars) to κ leads to a new MAPF solution.

would like to reuse this result whenever possible since simulating a push action is

computationally expensive (around 2 − 6s per action simulation). This reuse of

successful push actions is enabled by storing the successful pushes in a database.

If a push γm from path πm for object Om rearranged the scene from v.OM to v′.OM ,

we index into this database with the key (Om, πm). While any push is simulated, we

keep track of objects that are relevant for that push – these are all objects whose

configurations are changed between v.OM and v′.OM . For each (Om, πm) tuple, the

database stores the value (v.OM , v′.OM , γm, relevant objects). During the expansion

of some other vertex u, if CBS returns the same path πm for Om, we try to reuse

the result of the stored push γm to generate the successor state u′ corresponding to

rearranging Om. However, this reuse is only possible if all relevant objects are in the

same configurations in v.OM and u.OM , and all other ‘irrelevant’ objects in u.OM are

in configurations that will not be affected by γm. If both these conditions are true,

we can simply reuse the result of γm stored in the database to say that the relevant

objects in u.OM will be rearranged to their respective configurations v′.OM , and the

‘irrelevant’ objects will remain unaffected.
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5.5.3 Learned Priority Function

E-M4M searches an extremely large space for MAMO solutions since it searches

over orderings of object rearrangements, different rearrangements of the scene, and

different ways to rearrange each object. In an attempt to focus its search effort

on more promising vertices of the search tree, we learn to predict the probability

of a particular vertex leading to a solution for the MAMO problem. The learned

function is used as the priority function f in the best-first E-M4M search. We

predict the probability of a vertex v leading to a solution based on features of the

rearrangement v.OM – the percentage volume of the initial NGR V(γOoI) occupied

by movable objects (φ1), the number of movable objects inside the NGR (φ2), and

for each such object the product of its mass, coefficient of friction and percentage

volume inside the NGR (φ3). These features indicate how difficult it is to clear the

NGR and therefore solve the MAMO problem. Our predictive model f makes the

Naive Bayes assumption [63] that these features are conditionally independent of the

others. Thus if E is the event that vertex v leads to a MAMO solution,

f(v) = P (E)× P (φ1 |E)× P (φ2 |E)

× ΠOm∈V(γOoI)P (φ3 |E)

We model P (φ1 |E) as a beta distribution, and P (φ2 |E) and P (φ3 |E) are both

exponential distributions. Their parameters are estimated via maximum likelihood

estimation from a dataset of self-supervised MAMO problems. We generate this set

of problems by running E-M4M breadth-first on 20 MAMO scenes with a 10 min

planning timeout. We store each vertex generated during these E-M4M runs as a

separate MAMO problem, and then run E-M4M depth-first with a 60 s timeout on

these problems to get our training dataset of 2400 datapoints.

5.6 Experimental Analysis

This section compares the performance of E-M4M against several MAMO baselines,

studies the effect of the algorithmic improvements we propose in an ablation study,

and provides results from real-world experiments on a PR2 robot.
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Easy Medium Hard

Figure 5.7: Example Easy, Medium, and Hard scenes.

5.6.1 Simulation Experiments Against MAMO Baselines

Our simulation experiments randomly generate MAMO workspaces with one OoI, four

immovable obstacles, and five, ten or fifteen movable objects. All object properties

(shapes, sizes, mass, coefficient of frictions, initial poses) are randomised and known

to each planner prior to planning. We categorise these workspaces into three difficulty

levels based on the number of movable objects inside the initial NGR V(γOoI). Prob-

lems are Easy, Medium, or Hard depending on whether there are one, two, or more

than two movable objects overlapping with the initial NGR. Figure 5.7 shows sample

MAMO workspaces of each difficulty level. We test the performance of all algorithms

on 98 Easy, 63 Medium, and 39 Hard problems with a 5 min planning timeout.

In addition to (1) M4M, we compare the performance of E-M4M against four

other baselines. (2) We re-implement Dogar [35] to use our push planner with

a physics-based simulator. It recursively searches backwards in time for objects

that need to be rearranged outside the most recent NGR. If it rearranges an object

successfully, the volume spanned by the rearrangement trajectory is added to the

previous NGR and the recursion continues. However, Dogar only has information

about which objects need to be rearranged but not where they should be moved. Our

implementation randomly samples points outside the latest NGR as goal locations for

our push planner. (3) SelSim [148] interleaves planning a trajectory while simulating

interactions with ‘relevant’ objects with tracking the found trajectory in the presence

of all objects. If tracking violates interaction constraints, the ‘culprit’ object is

identified and added to the set of relevant objects for the next iteration. SelSim uses

simple motion primitives that change only one of the q degrees-of-freedom of the robot,
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Table 5.1: Number of problems solved by various MAMO planning algorithms in
simulation experiments

Difficulty
Planning Algorithm

E-M4M M4M Dogar SelSim RRT KPIECE

Easy (98) 97 78 7 16 33 16
Medium (63) 45 25 0 8 7 1
Hard (39) 15 7 0 1 1 0

which does not lead to meaningful robot-object interactions in this domain. Finally,

we compare against the standard OMPL [146] implementations of general-purpose

sampling-based planning algorithms (4) RRT [85] and (5) KPIECE [147].

Table 5.1 contains the number of problems solved by each planning algorithm for

the different difficulty levels. It is apparent that E-M4M far outperforms all other

algorithms, and that all baselines struggle to solve Medium and Hard problems.

The quantitative performance of all algorithms in terms of total planning time

and time spent simulating robot actions is shown in Figure 5.8. E-M4M is able to

achieve a good balance of time spent computing robot actions (with the MAPF solver

and push planner) and forward simulating them for interaction constraint verification.

Since M4M never replans the MAPF solution, it spends most of its time trying to

sample push actions to be simulated. Dogar repeatedly fails to find solutions, even

for simple problems, because it (i) has no information about where objects should

move, choosing to randomly sample uninformed pushes instead, (ii) only considers

pushes to be successful if they rearrange an object to be completely outside the NGR,

and (iii) never considers rearranging an object more than once. The performance

of SelSim is particularly interesting. It is only able to solve problems where the

first planned path succeeds when tracked without any interaction constraints being

violated, resulting in negligible planning times for its successes (and no time spent

in simulation). Otherwise, owing to its primitive action space, it spends most of

its planning budget in simulation trying to rearrange the scene with small robot

actions that are incapable of significantly changing object configurations. RRT

and KPIECE perform well as they are able to sample long robot motions that can

rearrange objects with favourable physical properties (low masses and coefficients of

friction) with high likelihood.
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(b)

Figure 5.8: (a) Total planning time and (b) time spent querying a physics-based
simulator for MAMO planning algorithms across planning problems with varying
difficulty levels.
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Table 5.2: Number of problems solved E-M4M ablations

Difficulty
Ablation

E-M4M Neg-DB Pos-DB No-DB Tiebreak

Easy (98) 97 87 86 82 85
Medium (63) 45 24 29 25 36
Hard (39) 15 7 8 7 13

5.6.2 E-M4M Ablation Study

To study the effect of the algorithmic improvements we propose as part of E-M4M,

we compare four different versions of E-M4M. Neg-DB only caches information from

unsuccessful push actions to modify the low-level CBS single-agent search; Pos-DB

only caches information from successful push actions and tries to reuse their results

whenever possible; No-DB does not cache any information from push actions; and

Tiebreak assigns priorities by lexicographically tiebreaking E-M4M vertex feature

vectors (φ1, φ2,
∑

Om∈V(γOoI)
φ3). Neg-DB, Pos-DB, and No-DB all use the learned

priority function like E-M4M, while Tiebreak caches information from unsuccessful

and successful push actions like E-M4M.

Table 5.2 shows that each of these E-M4M ablations solve fewer MAMO problems

in comparison to E-M4M which combines all of them. Quantitatively, their perfor-

mance can be compared from the plots in Figure 5.9. While there is no significant

difference between the different ablations for Easy problems, for Medium and Hard

problems we can see that performance degrades as we remove cached information.

Pos-DB performs worse than Neg-DB since it is not as likely for E-M4M to find

the same push multiple times during a search as it is for it to require several different

MAPF solutions. Finally, even with a naive tiebreaking based priority function,

Tiebreak performs only slightly worse than E-M4M for Hard problems. This sug-

gests that the learned priority function (using the Naive Bayes assumption) is not

as useful for these problems, perhaps due to the 60 s timeout imposed during data

collection being insufficient to result in a rich set of datapoints for Hard problems.
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Figure 5.9: Median statistics for time spent calling the MAPF solver, push planner,
and simulator for different E-M4M ablations.

5.6.3 Real-World Experiments

We ran experiments with the PR2 robot with a refrigerator compartment as our

MAMO workspace (Figure 5.1). Problems were initialised with five objects from

the YCB Object Dataset [16]. The tomato soup can was always our OoI, while all

other objects were initialised as movable. Their initial poses were localised with a

search-based algorithm [1] run on a NVidia Titan X GPU.

We ran E-M4M on 20 perturbations of the scenes in Figure 5.1 with a 5 min

planning timeout. 15 runs resulted in successful OoI retrieval, with the others

failing due to unforeseen discrepancies between simulated and real-world robot-object

interactions. Four failures were due to inaccurate computation of coefficients of

friction of movable objects. One failure was the result of an object getting stuck in

ridges in the real-world refrigerator shelf that were not modeled in simulation. These

discrepancies highlight the sim-to-real gap that E-M4M can suffer from, since it

blindly relies on the result of the physics based simulator used in the algorithm. On

average, for the 15 successful retrievals, E-M4M took a total time of 39.3± 28.2 s of

which 0.9± 1.2 s was spent calling the MAPF solver, 33.5± 25.8 s was spent planning

pushes, and 7.1± 5.3 s was spent simulating them.
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5.7 Conclusion and Discussion

The Enhanced-M4M algorithm presented in this chapter builds upon our prior work

on Multi-Agent Pathfinding for Manipulation Among Movable Objects [128]. E-M4M

utilises an MAPF abstraction of MAMO, a non-prehensile push planner, and a rigid

body physics simulator within a best-first graph search for solving MAMO problems

that require determining which movable objects should be moved, where to move

them, and how they can be moved. E-M4M searches over different orderings of

object rearrangements, different rearrangements of the workspace, and different ways

to rearrange the same object.

Formulating a graph search for MAMO allows us to lean on a rich history of

literature on improving the efficacy of search-based planning algorithms [113]. First

and foremost, it becomes trivial to expand the action space A available to the robot for

rearrangement of movable objects. In theory we can add any number of rearrangement

actions to this action space – prehensile or pick-and-place style rearrangements, use

of tools accessible by the robot, full-body and/or bi-manual manipulation capabilities

etc. In practice however, each additional action provided to the robot increases the

branching factor of the graph we implicitly construct as part of E-M4M, which in

turn can increase the computational burden on the planning algorithm as it would

need to evaluate more actions per state. Evaluating these edges (Algorithm 1, Line 9)

is more often than not the most time consuming step of a graph search-based planning

algorithm [22, 102, 105]. In Chapter 6, we will introduce the use of prehensile or

pick-and-place style rearrangements in addition to the non-prehensile pushing actions

we have focused on thus far.

We can offset some of the computational burden introduced by increasing the

branching factor by making our graph search “eagerly lazy” [25]. This is the idea

that we only need to evaluate edges (u, v) to vertex v (for any u such that (u, v) ∈ E),

when we want to grow the graph beyond vertex v. In our case, this would let us defer

running expensive arm motion planning queries and even more expensive forward

simulations in our physics-based simulator until absolutely necessary. We modify

E-M4M to exploit this idea in Chapter 6.

Finally, the work in this thesis until now has assumed that prior to planning we

have perfect knowledge of all object parameters – their poses in the environment,
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dimensions, masses, and coefficients of friction. This is an unrealistic assumption to

make for real-world deployment of the algorithms we have developed. In Chapter 6

we will relax the assumption on perfect knowledge of object masses and coefficients

of friction in particular as this has received relatively little attention in literature

and is extremely important for algorithms that utilise non-prehensile rearrangements.

Relaxing this assumption complements ongoing work on accurate localisation of

objects in the environment [155, 167] and allowing MAMO solvers to be robust in

any errors in object localisation [35].
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Chapter 6

Manipulation Among Movable

Objects With Diverse Actions and

Parameter Uncertainty

In Chapter 5 we introduced E-M4M [127], a graph search-based solver for solving

Manipulation tasks Among Movable Objects (MAMO). We focused on rearrangement

by non-prehensile or pushing actions in 3D workspaces where objects may tilt,

topple, lean etc. The E-M4M algorithm searches over different orderings of object

rearrangements, different rearrangements of the workspace, and different ways to

rearrange the same object. In this chapter we make several improvements to E-M4M –

we introduce the use of prehensile or pick-and-place rearrangement actions in addition

to pushes; we show that by running it as a depth-first search improves performance

and alleviates the shortcomings of the learned heuristic function used by E-M4M;

we show how the search can be run “eagerly lazily” to only simulate actions in a

physics-based simulator when necessary; finally we relax the assumption that we

require perfect knowledge of the physical properties of objects (mass and coefficient

of friction in particular) and leverage parallelised simulations to make E-M4M robust

to uncertainty in these parameters. The improved version of E-M4M presented in

this chapter, I-M4M, is a faster and more versatile MAMO solver with a rich action

space. We discuss the impact of the improvements we make in an extensive simulation

study and show previously unachievable results on a real-world PR2 robot.
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6.1 Introduction

“Manipulation Among Movable Objects” (MAMO) [5, 144] defines a class of hybrid

or multi-modal planning problems [53, 138]. The difficulty in solving multi-modal

planning problems arises from the need to jointly optimise over discrete decisions

(which objects to rearrange) and continuous trajectories (for the robot arm to rearrange

objects) in a search space that grows with the number of movable objects in the

workspace of the robot. In our work, the configuration space of the robot XR ⊂ R7

since we use the 7 degree-of-freedom manipulator on a PR2 robot. The configuration

space of each movable object Oi is XOi
≡ SE(3) since we keep track of their 3D pose

(position and orientation). The search space for MAMO solutions in a workspace

with n movable objects is the cross-product space X = XR ×XO1 × · · · × XOn . As an

example, Figure 6.1 shows a MAMO problem a robot may be asked to solve. The

task can be stated very simply – retrieve the can of beer (object-of-interest or OoI,

outlined in yellow) from the refrigerator shelf. The complexity in solving this problem

arises from the fact that the robot is only allowed to move the yogurt and almond

beverage (movable objects outlined in blue). Furthermore, the solution must not

violate object-centric “interaction constraints” specified in the problem. These may

encode properties desired in the MAMO solution such as whether the robot is allowed

to make contact with certain objects, how far it can tilt them, whether they can

topple, and how fast they can be moved at all times along the solution trajectory.

In the problems we consider, the robot cannot make movable objects tilt beyond

25◦ along any axis, topple, or make contact with the (fragile) immovable obstacles

outlined in red in Figure 6.1 (eggs, cup of coffee, and glass bottles).

There are several approaches to make it computationally tractable to solve such

problems. Task and motion planning (TAMP) [31, 47, 65] decomposes the MAMO

problem to first compute a sequence of abstract, high-level, symbolic actions that

solve the problem (without taking into account any kinematic or dynamic constraints

of the problem). Using this “task plan” as guidance, they try and solve for a sequence

of robot trajectories in the continuous space that does take all necessary constraints

of the problem. Other solvers compute solution trajectories in the joint space X
either by sampling random control sequences and validating them by taking into

account all problem constraints [8, 69, 160] or using a discretised robot action space
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Figure 6.1: The goal is to retrieve the beer can (yellow outline). The yogurt and
almond beverage are movable objects (blue outlines). All other objects in the scene
are immovable obstacles (red outline).

in a graph search [35, 144].

These methods however usually simplify the MAMO problem further to make it

easier to find solutions. In some cases the robot is allowed to only rearrange the scene

via prehensile or pick-and-place actions [79, 80, 86, 103, 135, 164]. This simplifies

motion planning as we can rely on collision-free motion planning to find prehensile

rearrangement trajectories by assuming that once an object is grasped it becomes

rigidly attached to the robot kinematic chain. Other approaches allow non-prehensile

rearrangement actions such as pushing, but only consider non-prehensile interactions in

a planar world where objects do not tilt, topple, lean etc. [35, 59, 60, 68, 111, 159, 161].

Often MAMO solvers will make additional assumptions about access to intermediate

or “buffer” locations where objects may be rearranged [86, 163], or that the robot

can only interact with and rearrange one object at a time and that an object may

not be rearranged more than once [35, 144, 160].

In prior work [127, 128] we have developed the E-M4M algorithm – a solver for

MAMO problems that draws a connection between the MAMO domain and Multi-

Agent Pathfinding (MAPF). E-M4M first solves an MAPF abstraction of the MAMO

problem to determine which rearrangement actions it should generate as candidates

from a particular state. These are then converted into robot trajectories for validation
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in a physics-based simulator. Unlike TAMP solvers, E-M4M does not need access

to a prescribed set of parameterised abstract/symbolic actions. Instead it generates

these on-the-fly by solving the MAPF problem. E-M4M formulates a graph search

for MAMO problems and searches over different rearrangements of the scene, different

orderings of rearrangements for movable objects in a scene, and different ways to

rearrange a movable object. However E-M4M is limited to the use of non-prehensile

or pushing actions to rearrange movable objects, uses a learned heuristic function

that does not capture the complexity of difficult-to-solve problem instances1, and

assumes accurate estimates of movable object masses and coefficients of friction in

order to minimise the sim-to-real gap [18, 62].

In this chapter we make several changes to E-M4M and present an Improved

version of the algorithm, I-M4M. Each of the modifications are intended to create a

more versatile and/or efficient solver for MAMO problems. To be precise, we make

the following contributions with the I-M4M algorithm:

1. We introduce the use of prehensile rearrangement actions to allow the robot

to deliberately pick up objects and place them down elsewhere. This makes

significant progress towards the MAMO solution that may otherwise have

required multiple pushes.

2. We implement I-M4M as a depth-first search with respect to valid rearrange-

ment actions found. In doing so we are able to address inaccuracies in the

learned heuristic function used by E-M4M that would lead to re-expansions of

states from which the algorithm had already made progress.

3. With the inclusion of prehensile rearrangements I-M4M uses a richer action

space that increases the branching factor of the search and hence the computa-

tional complexity. We propose an “eagerly lazy” version of I-M4M that only

validates rearrangement actions when necessary.

4. We parallelise simulations across multiple instances of the physics-based sim-

ulator to relax the assumption of accurate estimates of object masses and

coefficients of friction that make I-M4M more robust to modeling errors in the

real-world.

1Problems that are difficult to solve typically require the robot to rearrange many objects, each
with multiple actions.
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Section 6.2 of this chapter contains a review of work related to MAMO. Section 6.3

contains technical details of the major improvements we incorporate in the I-M4M

algorithm. These are thoroughly evaluated in simulation and on real-world runs on

the PR2. The results of these experiments are presented in Section 6.4. Section 6.5

provides a discussion about the work in this chapter and how it can be extended in

future work.

6.2 Related Work

There are two broad categories of MAMO solvers that can be differentiated by whether

they use a discretised action space or whether they search for solutions in the joint

configuration space of the robot and all movable objects.

Task and motion planning (TAMP) solvers [20, 31, 46, 47, 65, 67] use a discrete

set of parameterised symbolic actions to compute “task plans” – abstract, high-level

action sequences that solve the MAMO problem but need to be refined into continuous

trajectories executable by a robot. They differ in whether a complete task plan to

the goal state is refined or whether each abstract action the algorithm considers

adding to the task plan is verified by a motion planner when generated. In our

work, we present an algorithm that implicitly generates these high-level actions by

solving an appropriately constructed MAPF abstraction to MAMO and does not rely

on a predefined set of symbolic actions. Other MAMO solvers and algorithms for

rearrangement planning keep track of object configurations as part of the search graph

they construct with a discrete set of rearrangement actions. To avoid an exhaustive

search over the entire configuration space X , these algorithms restrict themselves to

the use of prehensile or pick-and-place style rearrangement actions that change the

configuration of at most one object at a time [79, 80, 86, 103, 135, 144, 159, 163, 164].

Pick-and-place rearrangement actions can be computed with collision-free motion

planning where the robot grasps an object, rigidly attaching the object to its kinematic

chain, and relocates it to the desired location. This does not require querying a

computationally expensive model (such as a physics-based simulator in our case)

to forward simulate the effect of robot actions on the configurations of all other

movable objects, something typical of algorithms that use non-prehensile robot-object

interactions.
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Since non-prehensile robot-object interactions can change the configuration of

several movable objects during the same action, usually a physics-based simulator

is integrated into the motion planning algorithm. The simulator is used to forward

simulate the effect of robot actions on the configuration of objects in the environment.

Since querying such a simulator is computationally expensive, existing literature

limits non-prehensile interactions to a planar world [59, 60, 68, 69, 111, 161]. This

makes it easier to find valid pushing actions as the only interaction constraint to be

satisfied is ensuring objects remain within workspace bounds. Our work does not

make the planar world assumption and keeps track of object configurations in SE(3)

(3D position and orientation) and satisfies a more challenging but realistic set of

interaction constraints – neither the robot nor movable objects can make contact with

immovable obstacles ; movable objects cannot be tilted beyond 25◦ along any axis, they

cannot be toppled or leave workspace bounds, and they cannot be moved faster than

1 m s−1. There is existing work that allows the robot to manipulate objects in the

workspace via both prehensile and non-prehensile rearrangement actions [8, 35, 45].

However they also limit non-prehensile interactions to a planar world and only allow

the robot to manipulate a single object at a time. We do not impose these restrictions

in our work, nor do we limit each object to be rearranged once.

The second category of algorithms that search the joint configuration space of the

robot and all objects are able to rely on sampling algorithms to generate candidate

robot actions [8, 10, 44, 69, 72, 150, 151, 160]. They are aided by additional guidance or

biased sampling that provides heuristic guidance to the algorithm about which (if any)

object should be manipulated and how. Additionally they may rely on constrained

projections of robot motions to ensure that the robot maintains appropriate contacts

when evaluating actions.

6.3 Improvements to the E-M4M Algorithm

This chapter introduces several improvements to the E-M4M that contribute to a

faster MAMO solver with a richer action space. We call this improved version of the

algorithm Improved-M4M or I-M4M. This section discusses four improvements we

introduce in this chapter.
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6.3.1 Addition of Prehensile Rearrangement Actions

Given the structure of the E-M4M graph search, it is straightforward to extend

it to obtain a richer MAMO solver with a diverse action space.In this chapter we

introduce the use of pick-and-place rearrangement actions as part of the I-M4M

algorithm. For objects that are “graspable”, i.e. those that will fit inside the end-

effector of our robot, we generate two outgoing edges from vertex v to vertices v′1 and

v′2 in I-M4M corresponding to rearranging an object by a push and pick-and-place

action respectively. The edge (v, v′1) corresponding to a push action is evaluated as

described in Section 5.4.3. To validate edges (v, v′2) corresponding to pick-and-place

rearrangement, we first compute a pick-and-place trajectory, and if one is found,

validate it in the simulator.

We assume access to known grasp poses for each object. While the MAPF solution

contains entire paths for objects to be rearranged as shown in Figure 5.2, if we want

to rearrange an object with a pick-and-place action we select the final state in its

MAPF solution path as the placement pose and discard the rest. The rearrangement

action can be broken down into four parts – a trajectory to reach the grasp pose, the

grasp maneuver, a trajectory to reach the placement pose, and the placement action.

Grasping and placement actions are hard-coded movements of the end-effector relative

to the object from the grasp pose and placement pose respectively. The trajectories

to the grasp and placement poses are computed in XR by calling a motion planner

for the robot arm. For prehensile rearrangements, we impose the restriction that the

entire trajectory must be collision-free with all objects (movable and immovable).

If such a collision-free trajectory is found, we simulate the grasping and placement

actions in the simulator to ensure that no interaction constraints are violated. We

do not need to simulate any other parts of the trajectory since by construction they

are collision-free. Figure 6.2 shows a MAMO solution found by I-M4M with one

non-prehensile and one prehensile rearrangement.

6.3.2 Depth-First I-M4M

E-M4M was proposed as a prioritised best-first search on graph G described in

Section 5 where the priority function was learned offline to predict the likelihood

a particular state lay on a path to the goal state for the MAMO problem. This
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Figure 6.2: (1) The initial scene; (2) Pushing the movable cylinder in the front to the
left; (3) Prehensile rearrangement of the movable cylinder in the back; (4) Retrieving
the OoI from the scene.

was shown to be particularly ineffective in disambiguating between, i.e. accurately

prioritising, scenes in which several objects overlap with the negative goal region.

This leads to E-M4M (re-)expanding vertices in the graph from which it is difficult

to make further progress.

Instead I-M4M is run as a depth-first search to continue the search for solutions

from states which we have reached via valid rearrangement actions. This is closely

related to the work of Garrett et al. [45] which proposes a hill-climbing solver for

TAMP problems, and that of Stilman et al. [144] and Dogar et al. [35] who propose a

depth-first solver for MAMO problems that searches backwards from the goal state.

However all of these works are restricted to manipulating a single object at a time,
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and limit all non-prehensile interactions to a plane so that objects do not tilt, topple

or lean. We still allow I-M4M to re-expand states if it is unsuccessful in validating

rearrangement actions, and it can backtrack to other vertices in the graph as and

when necessary.

I-M4M orders the priority queue lexicographically based on the pair (actions,

reexpands) where actions is the number of valid rearrangement actions found on

the partial path to a vertex and reexpands is the number of times that vertex has

been re-expanded. We preferentially prioritise greater values of actions and lesser

values of reexpands. Thus if u ≺ v implies that u appears in the priority queue

ahead of v, and consequently u will be expanded before v, I-M4M will contain the

following ordering of states: (3, 0) ≺ (3, 1) ≺ (2, 4) ≺ (1, 0) ≺ (0, 2).

6.3.3 Eagerly Lazy Evaluation of Rearrangement Actions

The virtue of lazy search algorithms is well-understood [49, 96, 102]. Laziness in the

property where the evaluation of an edge is postponed until it becomes necessary. For

MAMO problems edge-evaluations require computing a robot arm trajectory in XR and

in some cases simulating it in a physics-based simulator if such a trajectory is found.

This is a particularly time-consuming operation executed for every rearrangement

action we evaluate during the search (taking on average 3 − 4s per action). Lazy

I-M4M can thus save considerable computational effort by evaluating actions as and

when required.

Conventional lazy search algorithms assume that during the search the existence

of an edge (v, v′), and by extension that of the successor state v′, cannot be refuted

and only its validity is determined upon evaluation. However in our domain the edge

is generated as an abstract action based on the MAPF solution that when evaluated

will almost surely achieve a successor state v′′ 6= v′ if valid. This leads to a slightly

modified implementation of the Lazy Weighted A∗ (LwA∗) algorithm from [25] that

we propose in this chapter.

Until an edge (v, v′) has been evaluated, we say that v′ is an “unevaluated” state

and afterwards it is a “fully evaluated” state. LwA∗ maintains duplicates of all

states in the priority queue with different parents. When unevaluated states are

expanded, LwA∗ evaluates the edge from its best parent. When fully evaluated states

99



6. Manipulation Among Movable Objects With Diverse Actions and Parameter
Uncertainty

are expanded2 LwA∗ grows the graph by adding unevaluated successor states. To

deal with the fact that evaluating an edge to an unevaluated state can lead to a

different fully evaluated state in Lazy I-M4M, our priority queue is allowed to contain

duplicates of unevaluated states with different parents but not of fully evaluated

states. This is because we cannot discard any unevaluated state on the basis of a

different edge to it having been evaluated before and we need only keep track of the

best parent/path to fully evaluated states. To implement this we store fully evaluated

states in a hash table, and we do not hash unevaluated states.

6.3.4 Parallelised Simulations for Robustness to Parameter

Uncertainty

E-M4M assumes that prior to planning we can perfectly localise all objects in the

scene and we know their respective masses and coefficients of friction. This is difficult

to satisfy in the real-world even with accurate localisation algorithms [155, 167]

since masses can change over time and cannot be perceived by vision sensors, while

coefficients of friction are difficult to compute accurately and change with the surface

an object is placed on. If we do not know one or both of these parameters accurately,

even with the use of a physics-based simulator, we cannot accurately simulate the

result of a pushing action. Figure 6.3 (a) shows a graphical 2D illustration of the

potential results of pushing an object whose mass and coefficient of friction are not

known accurately. At the end of the push, it may end up in a different configuration

depending on the value of these parameters.

Fortunately, our use of a physics-based simulator for action evaluation makes

it easy to make E-M4M (or any modified version of it) robust to these uncertain

parameters. Taking inspiration from existing work [2, 64? ], we utilise parallelised

simulations of the same trajectory in scenes where each object is instantiated with

different values of their mass and coefficient of friction. We assume known, bounded

uncertainty on each of these parameters and given some budget on the number of

parallelised simulators we are allowed to launch, we instantiate multiple copies of

each object within each simulator. For each object copy, we sample its mass and

coefficient of friction from within the known bounded uncertainty we assumed for

2Unevaluated copies of this state can be ignored/discarded in the future.
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Figure 6.3: (a) If the robot end-effect pushes an object whose mass and coefficient of
friction is not known precisely, it may end up in one of many different possible final
poses. (b) A screenshot from our simulator where multiple copies of an object with
different parameters are being pushed. Irrelevant colours have been desaturated for
ease of viewing. Different object copies can be seen in blue (opaque), and cyan and
magenta (partially transparent)

that parameter. If the true mass and coefficient of friction for an object are m and µ

respectively, for each object copy we sample:

m̂ = min
(

2m,max
(m

2
, N (m, 0.2m)

))
µ̂ = min

(
2µ,max

(µ
2
, N (µ, 0.5µ)

))
. N (x, y) represents a sample from a 1D Gaussian distribution with mean x and

standard deviation y.

We ensure that contacts and collisions within the simulator are computed appro-

priately – object copies do not collide with each other, but they do collide with one

copy each of all other objects. An action is said to be valid or not based on some

user-defined threshold δ ∈ (0, 1] for success. Given N parallel simulators and M

copies of each object, we say that an action is valid if max(1, bδNMc) samples are

valid in simulation. Figure 6.3 (b) shows a screenshot of a push being evaluated in

our physics-based simulator with multiple object copies. Each copy of the objects

being moved by this push can be seen behaving differently than the others with two

out of three copies on the verge of interaction constraint violation by toppling.
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Figure 6.4: Example Easy, Medium, and Hard scenes.

6.4 Experimental Results

6.4.1 Simulation Study

We ran all algorithms on 75 randomly generated MAMO problems categorised into

three difficulty levels. Problems are Easy, Medium, or Hard depending on whether

there are one, two, or more than two movable objects overlapping with the initial

NGR. Each problem has 1 OoI, 4 immovable obstacles, and 5, 10, or 15 movable

objects. Objects are randomly generated as cuboids or cylinders and their dimensions,

mass, coefficient of friction, and initial configuration are all randomly initialised.

Figure 6.4 shows sample MAMO workspaces of each difficulty level. We test the

performance of all algorithms on 25 Easy, 25 Medium, and 25 Hard problems with a

5 min planning timeout and use PyBullet [27] as our physics-based simulator.

Tables 6.1 and 6.2 contain the number of problems solved by all algorithms, and

for solved problems only the minimum/median/maximum total planning time and

time spent simulating actions. The first experiment (Table 6.1) compares performance

of E-M4M against: (i) I-M4M – depth-first search with pushing actions only, (ii)

I-M4M-PnP – I-M4M with pick-and-place actions, (iii) Lazy I-M4M – eagerly

lazy version with pushes only, and (iv) Lazy I-M4M-PnP – eagerly lazy version

with pick-and-place actions added. The second experiment (Table 6.2) compares the

performance of Robust I-M4M that uses parallelised simulations against ̂I-M4M –

a version of I-M4M that instantiates a single copy of each object with mass and

coefficient of friction sampled as described in Section 6.3.4. For this experiment a

problem is successfully solved if the solution trajectory found by the planner does
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not violate any interaction constraints when executed in simulation with the true

parameters for all objects. We only used pushing actions for this experiment since

they are acutely affected by parameter uncertainty. Robust I-M4M used N = 6

parallel simulators each with M = 2 object copies and with δ = 0.9 an action must

be valid for 10 samples to be added to the graph.

All I-M4M versions solve more problems than E-M4M. Basic I-M4M solves

problems faster and spends less time in simulation than E-M4M. This is because the

planner tries to exploit the “goal-directed” rearrangement actions suggested by our

MAPF solver that make deliberate progress towards clearing the NGR and solving the

MAMO problem. The addition of prehensile rearrangement actions in I-M4M-PnP

increases the branching factor of the search which increases planning and simulation

times when compared against E-M4M. The major difference between the solutions

found by I-M4M and I-M4M-PnP is observed in the number of rearrangement

actions in their solution. I-M4M solves problems with 1.8± 0.8 (Easy), 2.9± 1.3

(Medium), and 6.2± 3.0 (Hard) pushes while I-M4M-PnP requires 1.7± 1.1 (Easy),

2.4± 0.9 (Medium), and 4.5± 1.8 (Hard) rearrangement actions in comparison. This

is because if we find a valid pick-and-place rearrangement action, given the strict

conditions required of it (Section 6.3.1), we exactly achieve the desired configuration

of a movable object as suggested by our MAPF solver. This results in much greater

progress towards the goal of solving the MAMO problem in comparison to a push

action which is subject to the complex multi-body contact dynamics that are not

modeled by the MAPF solver and can lead to a successor state much different than

the one the MAPF solver wanted to achieve. As expected, Lazy I-M4M and Lazy

I-M4M-PnP outperform their non-lazy versions in all metrics (the statistics for the

length of the solution found remain similar in comparison). Laziness is particularly

effective in combating the computational overhead of a greater branching factor

caused by adding prehensile actions as the median planning time is almost halved

between I-M4M-PnP and Lazy I-M4M-PnP.
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Table 6.1: Quantitative Comparison between E-M4M and several I-M4M variants

Metrics Difficulty
Planning Algorithms

E-M4M I-M4M I-M4M-PnP Lazy I-M4M Lazy I-M4M-PnP

Solved
Problems

Easy 22 23 23 25 24
Medium 20 24 22 25 23
Hard 17 22 21 23 22

Total
Planning
Time (s)

Easy 0.5 / 18.6 / 79.3 0.5 / 12.1 / 46.3 15.8 / 27.3 / 279.0 0.4 / 9.9 / 53.6 6.2 / 11.6 / 266.7
Medium 0.5 / 41.4 / 195.7 0.4 / 21.1 / 84.4 0.6 / 47.2 / 221.0 0.5 / 20.8 / 179.9 0.4 / 24.7 / 132.1
Hard 9.8 / 55.3 / 188.5 13.8 / 35.6 / 212.0 9.6 / 61.2 / 206.2 9.3 / 29.7 / 144.6 12.0 / 40.9 / 187.7

Simulation
Time
(s)

Easy 0 / 6.4 / 58.0 0 / 5.9 / 28.0 0 / 15.8 / 196.5 0 / 5.9 / 40.5 0 / 6.5 / 119.7
Medium 0 / 23.5 / 82.8 0 / 13.4 / 46.7 0 / 30.1 / 71.6 0 / 10.6 / 70.8 0 / 11.2 / 58.3
Hard 11.3 / 34.9 / 154.9 6.8 / 25.8 / 139.9 5.2 / 36.6 / 120.4 12.5 / 21.5 / 98.5 5.7 / 23.1 / 76.1

104



6. Manipulation Among Movable Objects With Diverse Actions and Parameter
Uncertainty

Table 6.2: Experiment Quantifying the Effect of Being Robust to Physics Parameter
Uncertainty

Metrics Difficulty
Planning Algorithms

Robust I-M4M ̂I-M4M

Solved
Problems

Easy 23 18
Medium 23 17
Hard 22 11

Total
Planning
Time (s)

Easy 8.1 / 11.3 / 284.9 7.4 / 14.3 / 177.1
Medium 1.1 / 60.3 / 216.7 1.9 / 54.3 / 128.8
Hard 19.2 / 83.6 / 295.9 22.9 / 104.7 / 257.4

Simulation
Time
(s)

Easy 0 / 6.2 / 253.8 0 / 5.4 / 77.3
Medium 0 / 29.8 / 127.2 0 / 20.8 / 64.7
Hard 10.5 / 51.5 / 200.5 8.6 / 41.9 / 138.1

The timing statistics for Robust I-M4M and ̂I-M4M are comparable. However

Robust I-M4M solves many more problems than ̂I-M4M., i.e. the solution found

by Robust I-M4M does not violate any interaction constraint when executed in

simulation with the true object masses and coefficients of friction. Robust I-M4M

ensures that each action is considered valid only if it is valid for 90% of the samples

which makes the solution more likely to be valid for the true parameters as opposed

to ̂I-M4M which hopes to get lucky during execution because the solution found by

the planner was only valid for one sampled value of all parameters.

6.4.2 Real-World Experiments

We solved 10 MAMO problems in the real-world with our PR2 robot using I-M4M-

PnP. Figure 6.5 shows the robot executing a solution where the PR2 first pushes the

coffee can aside, then moves the tomato soup can via a prehensile action, before finally

retrieving the OoI potted meat can. We used objects from the YCB dataset [16]

for our experiments and they were localised using PERCH 2.0 [1]. We initialised

each MAMO problem with either the tomato soup can or the potted meat can as the

OoI and 2− 4 other movable objects. Although I-M4M-PnP found solutions to all

problems, 3 out of 10 executions failed. In two of the runs, the sim-to-real gap led to
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Figure 6.5: A real-world MAMO problem being solved by the PR2 using I-M4M-PnP.
The potted meat can is the OoI (outlined in yellow), all other objects are movable.

discrepancies between the result of a pushing action. In one case an object toppled

over when it did not in simulation, and another time an object was pushed into the

OoI which is an interaction constraint violation that did not occur during planning.

The third failure was due to the robot failing to grasp an object during a prehensile

rearrangement action. This could be due to either small object localisation errors or

due to trajectory execution errors.

6.5 Conclusion and Discussion

This chapter extends [127] and presents I-M4M, a fast and versatile MAMO solver

– it utilises a diverse action space consisting of both non-prehensile and prehensile
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rearrangement actions, can be run lazily, and can leverage parallelised simulations

to make it robust to inaccurate estimates of physics parameters of objects – for

solving manipulating tasks among movable objects in cluttered and constrained 3D

workspaces where these objects tilt, topple, and lean on each other.

I-M4M spends the majority of its time simulating actions since it is difficult to

satisfy all interaction constraints on contact, tilting, toppling etc. in our domain. To

improve performance, we would like to incorporate learned rearrangement skills that

are aware of the physical properties of all objects in the scene. We are also interested

in extending I-M4M to deal with occlusions in the scene while maintaining the

property that the solution will satisfy all interaction constraints at all times.
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Chapter 7

Discussion and Future Work

This chapter concludes the work in this thesis by discussing some directions for future

work to develop even more capable MAMO solvers that we can deploy on robots in

the real-world.

7.1 Discussion

7.1.1 Theoretical Analysis on Completeness of Planning

Algorithms

A motion planning algorithm is considered complete if it is guaranteed to find a

solution when one exists, and return failure in finite time otherwise [48]. In the case of

discrete search algorithms like the ones we propose as part of this thesis, we typically

want algorithms to be resolution complete, i.e. they will find a solution, if one exists,

given a particular discretisation scheme [21]. In this section we hope to provide a

discussion about the theoretical properties of algorithms we propose in this thesis.

We discuss why or why not various algorithms are resolution complete, under what

conditions we can obtain a theoretically complete version of the algorithm, and the

computational expense associated with this.

The first two planning algorithms in this thesis – SPAMP from Chapter 3 and

M4M from Chapter 4 – deliberately ignore or prune away states that may lead

to solutions. SPAMP never considers finding a solution that includes an action
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that changes the configuration of movable objects until within a δ-sphere of the

goal configuration. Even though SPAMP will search over all solution trajectories

that satisfy this property and return one as the solution in finite time (as long as

all interaction constraints are satisfied), by construction it does not search over all

solution trajectories for the problem which include those that do not satisfy the

property. Thus, SPAMP is incomplete for the MAMO problems it tries to solve.

Similarly, even though M4M relaxes the assumption made by SPAMP and allows a

solution trajectory to change the configuration of movable objects at any point, it is

greedy with respect to valid rearrangement actions and therefore prunes away part

of the search space with every valid rearrangement action found. With every valid

rearrangement action found by M4M, the algorithm commits to finding a solution

trajectory that necessarily includes (begins with) the partial path up to the resultant

state of that action. A simple hypothetical example can be constructed to illustrate

the incompleteness of M4M. Consider a problem where a robot must first rearrange

an object B before an object A in order to retrieve the object-of-interest from the

workspace. If M4M finds any action that rearranges A before it finds one to rearrange

B, it will fail to solve the problem.

Since the I-M4M algorithm from Chapter 6 includes improvements to E-M4M

from Chapter 5 without fundamentally changing the algorithm, we will present a

theoretical analysis for E-M4M in this section, with the same results being applicable

for I-M4M. E-M4M further generalises M4M by systematically constructing a

discrete graph over the MAMO search space X = XR ×XO1 × · · · × XOn whose edges

correspond to one of a discrete set of rearrangement actions made available to the

robot. However, the rearrangement actions used by E-M4M are directly informed by

the negative goal region (NGR) it computes at the outset of planning (Section 5.4.1),

and this region is never re-computed. If in case E-M4M cannot find a solution with

the first NGR it computes, it will fail to find any solution altogether. Although

this failure mode will only be detected after all permutations of all rearrangement

actions for a given NGR are evaluated by E-M4M, it can be averted by then allowing

E-M4M to compute a different NGR from a different robot trajectory. In this way,

provided the MAPF solver used by E-M4M and the non-prehensile push planner are

themselves complete, we can obtain a theoretically resolution complete version of

E-M4M by allowing it to search over all possible robot trajectories in XR that avoid
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collisions with immovable obstacles and each generate a different NGR.

The MAPF solver used by E-M4M, Conflict-Based Search (CBS) [134], is provably

resolution complete. The non-prehensile push planner used by E-M4M, described

in Section 5.4.3, queries a complete motion planner [3] to find a trajectory to the

start pose for a push. It then samples waypoints to compute the pushing action with

inverse kinematics. A deterministic version of this planner, without any sampling,

is complete with respect to the discrete graph it searches for pushing trajectories1

since the two pieces (a motion planner to find a trajectory to the start pose and

an inverse kinematics solver) are individually complete. In this thesis we included

stochastic sampling for waypoints to generate a variety of different pushes which in

turn cause a variety of robot-object interactions. The stochastic push planner can

be shown to be probabilistically complete if the number of those samples goes to

infinity in the limit of infinite time. To summarise, if we allow E-M4M to search over

all robot trajectories and consequently all NGRs, the version of the algorithm that

uses a deterministic push planner can be shown to be resolution complete and the

version of the algorithm that uses stochastic sampling within the push planner can be

shown to be probabilistically complete. Finally, the only different between E-M4M

and I-M4M is a prehensile or pick-and-place rearrangement planner (Section 6.3.1).

This queries a complete motion planner [3] twice (once for the trajectory to the grasp

pose, and again for the trajectory to the placement pose) and inverse kinematics

twice (once for the grasping action, and again for the placement action). Thus, since

all pieces are resolution complete, the prehensile or pick-and-place rearrangement

planner is resolution complete.

7.1.2 A Note for Practitioners

We present several algorithms in this thesis for solving MAMO problems of varying

complexity. Figure 7.1 shows a graph comparing the contributions in this thesis

along two axes – the complexity of the workspace we can solve MAMO tasks in

(“Workspace Difficulty”) and the size of the search space an algorithm tries to find a

solution in (“Search Space”). The SPAMP algorithm from Chapter 3 was designed

1Note that even though this push planner does not search over all possible ways to push an
object to a particular pose, it is resolution complete with respect to the graph it constructs.
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Workspace
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Figure 7.1: A comparison of the work in this thesis based on the difficulty of the
workspace they solve problems in and the size of the space they find solutions in.

for “open” workspaces with considerable object-free volume so that we can resort to

collision-free motion planning purely in the configuration space of the robot arm XR
(without accounting for configurations of movable objects in XO1×· · ·×XOn) until we

reach a state close to the desired goal/grasp pose. This assumption is easily violated

in more cluttered and constrained workspace. Even if it is possible to reach close

to the goal without collisions, heavy clutter in a constrained workspace can cause

grasping actions to fail, and even if those succeed, we can still violate interaction

constraints while trying to retrieve the object-of-interest. M4M from Chapter 4

is able to relax this assumption and solve MAMO problems in heavily cluttered

and constrained workspaces while keeping track of movable object configurations in

XO1 × · · · × XOn . However, since M4M is greedy with respect to valid rearrangement

actions that it finds, it can fail to find solutions in the full MAMO search space

X = XR × XO1 × · · · × XOn . Chapters 5 and 6 present the E-M4M and I-M4M

algorithms that systematically search for solutions in X by building a graph over

different rearrangements of the scene (MAMO states in X ) and connecting them via

edges that correspond to rearrangement actions. E-M4M and I-M4M only differ in

terms of the edges they add to the graph – the latter uses prehensile or pick-and-place

112



7. Discussion and Future Work

rearrangement actions in addition to the non-prehensile pushes used by the former.

7.1.3 Learning Predictive Models of Push Action

Feasibility

While developing the I-M4M algorithm, we explored the idea of incorporating a

non-uniform cost function within the MAPF solver to bias solutions towards paths

that were likely to lead to valid pushing actions. Our hypothesis was that part of the

reason E-M4M spends the majority of its time inside the push planner (Section 5.6.2)

is because it tries to compute pushing trajectories informed by “bad” MAPF solutions

that lead to (i) bad initial poses for the push (unreachable due to clutter, outside the

reachable workspace, near singular configurations of the robot arm etc.), (ii) joint

limit violations and collisions with immovable obstacles while querying the inverse

kinematics (IK) solver for a pushing action, and/or (iii) near immediate interaction

constraint violations when simulated. If we are able to bias the MAPF solver towards

solution paths that are aware of the geometry and physics properties (mass and

coefficient of friction) of movable objects, we would be able to alleviate the poor

performance of E-M4M within the push planner by allowing it to compute pushes

less susceptible to the three failure cases we described earlier.

To this end, we collected data from over 100, 000 simulations of our robot arm

pushing a single randomly generated object (randomised geometry, mass, and coef-

ficient of friction). Given a randomly sampled desired displacement of the object,

we collected data about (i) whether a trajectory to the push start pose exists, (ii)

whether the IK calls for the pushing action succeeds, and (iii) whether the push

violates interaction constraints when simulated.

Figures 7.2 and 7.3 show two different results from the model we learn to predict

the feasibility of pushing actions [109]. Each corresponding sub-figure in Figures 7.2

and 7.3 shows the result for the same randomly generated object (visualised as a blue

outline). We are showing a 2D, top-down view of the workspace shelf on which these

objects are placed (rotated 90◦) – the “front” of the shelf facing the robot is the left

edge of each sub-figure, the “back” of the shelf is the right edge, the left wall of the

edge is the top edge, and the right wall of the shelf is the bottom edge. Each point

within the workspace shelf is coloured according to the output of the learned model.
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Figure 7.2: Predicted probability of the existence of an inverse kinematics (IK)
solution between the current pose of an object (blue outline) and a desired location
for it (any point on the workspace shelf, 2D, top-down view shown).

Specifically, the value/colour of a point on the shelf corresponds to the output of

the model assuming that we would like to translate the object (no rotation) from its

current pose (blue outline) to that point with a pushing action.

Figure 7.2 shows the probability of IK finding a solution along the straight line

from the current object location to the desired location. It shows that it is easier for

the robot to push objects towards the back-left and front-right of the shelf which is

to be expected since we are using the right arm of the PR2 robot. It also shows that

it is difficult for the robot to move any object towards itself since that would require

reaching a start pose behind the object, something usually kinematically infeasible.

Figure 7.3 shows the probability that, when pushed, the object ends at a location
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Figure 7.3: Predicted probability of the object (blue outline) achieving a pose within
5 cm of a desired location on the workspace shelf (2D, top-down view shown).

within 5 cm of the desired location on the shelf. The model predicts that in order

to achieve a 5 cm tolerance around the desired pose, we should not push objects too

far from their current pose and we should try to push cuboids along their longer

dimension. The result in Figure 7.3 is explicitly taking into account the output of

the model from Figure 7.2 – they are in fact the same neural network models with

multiple output heads that predict the probability of IK success and probability of

reaching a pose within 5 cm of the desired pose.

We can incorporate the predictions shown in Figure 7.3 as a non-uniform cost

function for the MAPF solver in order to bias the solution towards paths that lead to

“successful” pushes – those for which we can find an IK solution and have the object
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reach close to the desired pose. In practice using this non-uniform cost function

within the MAPF solver yielded no overall computational benefit in terms of the total

time required to solve MAMO planning problems. The only significant difference

we observed was an increase in the time spent solving MAPF problems by 10× as

more object-object conflicts are encountered by the MAPF solver (median solve time

increases from 0.04 s, 0.2 s, and 0.3 s for Easy, Medium, and Hard problems respectively

to 0.7 s, 1.6 s, and 3.7 s). In terms of time spent planning pushes, these numbers are

0.5 s, 4.9 s, and 6.8 s without the learned cost function and 0.4 s, 5.6 s, and 7.0 s with

the non-uniform cost function for the MAPF solver. In terms of time spent simulating

pushes, these numbers are 4.0 s, 16.4 s, and 21.2 s without the learned cost function

and 4.4 s, 15.5 s, and 21.8 s with the non-uniform cost function for the MAPF solver.

There is a small amount of overhead in querying the learned model (once per MAPF

problem solved), but overall it offers no computational benefit regardless of whether it

is used as the cost function for the MAPF problem or a heuristic within it. We believe

that the reason why we obtain no computational benefit from these models is because

they fail to account for the multi-body interactions that make our MAMO problems

difficult to solve. Notably, these models have no information whatsoever about any

other objects in the scene. Thus they are unable to account for robot-object and

object-object interactions that lead to constraint violations such as the forearm or

upper arm of the robot hitting an immovable obstacle, or a movable object pushing

a different movable object into an immovable obstacle. It is exactly these kinds of

multi-body interactions that make it difficult to find valid rearrangement actions for

the MAMO problems we solve in this thesis, and by extension make it difficult to find

a solution to them. Extending the literature on predicting action feasibility for such

MAMO problems or learning heuristics for them is important and difficult. At the

same time, if we are able to account for the combinatorics of MAMO problems that

grow with the number of objects in the scene, the variety of interactions they can

lead to, and the ways in which they can affect the validity of robot actions, we can

hope to learn models that benefit our planning algorithms. Advances in the use of

graph neural networks [61, 89] for manipulation problems is a step towards modeling

such complex interactions. These models are capable of capturing the effect of robot

actions on inter-object relations, for scenes with varying numbers of objects. It should

be possible for us to collect a vast amount of data across MAMO problems to try and

116



7. Discussion and Future Work

predict the feasibility of robot actions for a new MAMO scene, or even to generate a

good candidate set of actions to rearrange the current scene.

7.2 Future Work

7.2.1 Learning Heuristics for MAMO

We showed in Section 6.3.2 that the performance of E-M4M suffered from an

inaccurate heuristic function which caused it to re-expand states from which it was

difficult to make progress instead of continuing to grow the graph from states it had

reached via valid rearrangement actions. The quality of solutions found by E-M4M

and I-M4M is heavily dependent on the states that they explore during planning.

This is governed in part by the heuristic or prioritisation function they use, and in

part by the trajectories these algorithms (and M4M) generate to refine high-level

rearrangements suggested by the MAPF solution. In order to learn a good heuristic

function for MAMO planners, we must take into account the configuration of all

objects in the scene along with their physical properties. Existing work on learning

appropriate high-level abstractions for such problems [74] or predicting the value of

states encountered during planning [20] are effective in small state spaces. For MAMO

problems however, the dimensionality of the state space changes with the number of

objects in the scene which makes it difficult to learn good heuristics. In addition to

the number and types of objects in the scene, the heuristic value of a MAMO state

can be affected by the physics properties of movable objects (dimensions, masses,

coefficients of friction), their proximity to immovable obstacles, and the ability and

necessity of the robot to manipulate them.

It is possible to learn predictors of action feasibility and success [109, 145] and to

predict the effect of robot actions on the state of objects in the world [139]. Once

again these approaches were developed in small state spaces with a single object in

the scene. But they offer a promising direction for research on learning similar models

for MAMO problems that are capable of predicting the feasibility and probability

of success of rearrangement actions given the current scene, and the configuration

of objects in the resultant scene. This information can be aggregated into a value

function that can be used as heuristic guidance for MAMO planning algorithms
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to preferentially grow the graph using likely successful actions to like ‘valid’ (and

valuable) states.

7.2.2 Interleaving Planning and Execution

This thesis assumes that prior to planning, we are able to accurately localise all objects

in the workspace. It is difficult to satisfy this assumption in the real-world where

occlusions make it difficult to even detect the existence of, let alone accurately localise,

some objects. It is important for our algorithms to be capable of reasoning about

occlusions amongst clutter and be careful when potentially manipulating objects

towards unobservable areas of the workspace. We would like to avoid inadvertently

violating interaction constraints associated with unseen objects. This can be done by

interleaving planning and execution where we always try and manipulate objects into

known, visible areas in an attempt to get more sensory information about the scene

and update our model of the workspace.

Work on mechanical search [29] and occlusion-aware object retrieval [11, 37, 104]

has addressed this issue in the past. For the M4M family of algorithms presented in

this thesis we can impose restrictions within the MAPF solver on where visible movable

objects can move. Unseen areas of the workspace can be optimistically considered

occupied by immovable obstacles so that we only try to generate rearrangement actions

that manipulate objects into visible areas. To interleave planning and execution,

we will also need to specify intermediate goal states that determine when we can

terminate planning with a partial path to be executed. This can be done in an

‘anytime’ fashion [87] where we return the best sequence of rearrangement actions

found for the currently visible workspace given a planning time budget. After

execution of this partial sequence of rearrangements, we can update our workspace

model with new sensed information and continue planning.

7.2.3 Model-Based Object-Centric Rearrangement Actions

The degree of difficulty in solving the MAMO problems we consider in this thesis is

dictated by our ability to find valid rearrangement actions (with respect to interaction

constraints). Our non-prehensile push planner from Section 4.4.2 in particular

geometrically computes a pushing action for each object without taking into account
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any information about the contact made with the object, forces applied on the object

during pushing, or the physical properties of the object (other than its geometry).

Incorporating more informed, object-centric rearrangement actions into the planning

algorithms developed in this thesis will improve the versatility of the planners and

also the likelihood of these actions being valid. We can leverage work on planning

rearrangement actions by explicitly modeling the contacts between the robot and

object [19, 38] or by using learned policies [168] or by allowing robots to use additional

tools [154] to manipulate objects to desired configurations. It is important to keep

in mind that the computational performance of the planning algorithms developed

in this thesis is limited by how computationally cheap it is to generate and evaluate

actions that make up the action space made available to them. When considering

the addition of new actions to the action space or replacing existing ones, we must

evaluate the trade-off between constructing a more capable and versatile planner, and

increasing the computational burden on it to find solutions.

7.3 Conclusion

This thesis adds to the body of work on “Manipulation Planning Among Movable

Obstacles” or MAMO by developing algorithms capable of solving challenging, long-

horizon tasks in 3D workspaces where objects tilt, topple, lean etc. The work in

this thesis highlights the importance of developing algorithms for realistic scenarios

robots may be expected to solve and giving them the tools to be able to do so.

The algorithms we present in this thesis – SPAMP (Chapter 3), M4M (Chapter 4),

E-M4M (Chapter 5), and I-M4M (Chapter 6) – use a physics-based simulator

in-the-loop during planning to account for complex interaction constraints to ensure

desirable properties in the solution found. We are able to allow objects to tilt and slide

(within acceptable limits), lean on each other, and move other objects in turn. Our

use of a novel multi-agent pathfinding (MAPF) abstraction to MAMO highlights the

importance of decoupling the search over rearrangements of objects in the scene from

evaluating actions to achieve those rearrangements. The MAPF abstraction is only one

way to generate candidate rearrangement actions for MAMO problems. Regardless,

it is capable of easily capturing interdependence between object rearrangements in

case the robot is required to rearrange one before being able to successfully rearrange
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another. Our work leaves open the door for incorporating techniques that have been

developed for prehensile, non-prehensile and dexterous robot manipulation under

uncertainty in the real-world to long-horizon tasks in 3D workspaces like the MAMO

problems we consider with the complex multi-body interactions involved therein.
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Michael L. Littman, editors, Proceedings of the 26th Annual International
Conference on Machine Learning, ICML 2009, Montreal, Quebec, Canada,
June 14-18, 2009, volume 382 of ACM International Conference Proceed-
ing Series, pages 41–48. ACM, 2009. doi: 10.1145/1553374.1553380. URL
https://doi.org/10.1145/1553374.1553380. 4.2.2

[14] Ian M. Bullock and Aaron M. Dollar. Classifying human manipulation behavior.
In 2011 IEEE International Conference on Rehabilitation Robotics, pages 1–6,
2011. doi: 10.1109/ICORR.2011.5975408. 1.1

[15] Samuel R. Buss. Introduction to inverse kinematics with jacobian transpose,
pseudoinverse and damped least squares methods. Technical report, IEEE
Journal of Robotics and Automation, 2004. 2.1.1
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