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Abstruct- Detecting faults on-board planetary rovers is im- 
portant since human intervention may not he possible due to 
communication delays. In this paper we propose a scalable 
method for on-board fault detection and identification that 
may be applied to general fault models with limited com- 
putation. Although our application focus is on diagnosing 
rover faults, this method is applicable in general for track- 
ing any general non-linear, non-Gaussian hybrid (discrete- 
continuous) dynamic system online. 

Our formulation of the fault detection problem requires esti- 
mating robot and environmental state, as it changes over time, 
from a sequence of noisy sensor measurements. We propose 
a Monte Carlo algorithm that will generate new trajectories 
if the probability of the current set of fault hypothesis being 
tracked is low. This approach maintains a fixed lag history of 
measurements, controls and samples. 

Experimental results of a dynamic simulation of a six-wheel 
rocker-bogie rover show a significant improvement in perfor- 
mance over the classical approach. 

Keywords- Fault diagnosis, particle filters, tracking, 
Bayesian filtering, Monte Carlo smoothing, autonomous 
rovers 

TABLE OF CONTENTS 

1 INTRODUCTION 
2 FILTERING AND SMOOTHING 

3 BACKGROUND ON PARTICLE FILTERS 

4 DECISION-THEORETIC SAMPLING 

5 LIMITATIONS OF MONTE CARLO SMOOTHING 
AND THE AUXILIARY PARTICLE FILTER 
6 DECISION-THEORETIC MONTE CARLO SMOOTH- 
ING 

7 EXPERIMENTAL RESULTS 

8 CONCLUSIONS 

0-7803-723 I -X/01/$ I0.00la xm ms 
IEEEAC paper # 1228(version 2) 

0-7803-8155-6/04/$17.00 Q2004 IEEE 

1. INTRODUCTION 
Planetary rovers operate in environments where human inter- 
vention is expensive, slow, unreliable, or impossible. It is 
therefore essential to monitor the behavior of these robots 
so that contingencies may be addressed before they result 
in catastrophic failures. This monitoring needs to be effi- 
cient since there is limited computational power available on 
rovers. 

The algorithm presented in this paper provides a probabil- 
ity distribution over the various fault and operational states 
of the rover. Detecting and classifying faults in terms of 
a probability distribution over fault states captures the un- 
certainty in the estimate that results from noisy and insuf- 
ficient data. In addition, it allows a lot of flexibility in the 
types of plannerdcontrollers that may be used for controlling 
the robot and for recovering from faults. For example, such 
distributions are compatible with classical conditional plan- 
ners or a Markov Decision Proccsses (MDPs), which use the 
most likely state to determine which action to take, and also 
Partially Observable Markov Decision Processes (POMDPs), 
which use the distribution over the entire state space. 

Our formulation of the fault detection problem requires esti- 
mating robot and environmental state, as it changes over time, 
from a sequence of sensor measurements that provide noisy, 
partial information about the state. Particle filters address this 
problem and have been extensively used for Bayesian state 
estimation in nonlinear systems with noisy measurements. 
They approximate the probability distribution with a set of 
samples or particles. 

Particle filters have a number of characteristics that make 
them attractive for fault detection on robots: they can rep- 
resent arbitrary distributions, handle hybrid state spaces and 
noise, and can easily he extended to an anytime approach 
where the estimation accuracy can be adjusted to match avail- 
able computation. The main problem is that a large number 
of particles are often needed to maintain a reasonable approx- 
imation of the state probability distribution and to enable de- 
tection of rare events. This is because particle filters, are pre- 
dictive, i.e. they generate a hypothesis about a fault at the 
time a measurement is taken. Regardless of whether they take 
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the next measurement into account to improve the prediction, 
it’s still a prediction. This results in a high variance in the 
possihle fault hypothesis given a finite number of samples. 

We propose an algorithm that will re-evaluate past assign- 
ments to generate ncw trajectories if the current hypothesis 
is unlikely. This approach maintains a fixed lag history of 
measurements, controls and particles. The process of esti- 
mating state based on future measurements is termed smooth- 
ing in the literature. Our approach is different from existing 
Monte Carlo smoothing methods since it is not restricted to 
re-weighting existing hypothesis, but instead generates new 
hypothcsis with higher posterior likelihood. 

Our experimental results of a dynamic simulation of a six- 
wheel rocker-bogie rover show a significant improvement in 
performance over the classical approach. 

2. FILTERING AND SMOOTHING 

State estimation is the process of determining the sate of the 
system from a sequence of data. There are two main classes 
of state estimation methods. Batch estimation methods and 
recursive estimation methods. 

Bath methods treat all the data with equal importance and 
find an optimal estimate of the state given the entire sequence. 
However, full batch estimation is computationally expensive 
and gets exponentially slower as the rover accumulates mono- 
tonically increasing volumes of data. It is therefore not suit- 
able for FDI. 

Recursive state estimation methods incorporate the data as it 
becomes available and replace the data with a statistic. Esti- 
mates at subsequent timesteps use this statistic instead of the 
history of data for state estimation. A majority of the popular 
recursive state estimation methods make a Markov assump- 
tion, i.e., the past and future are conditionally independent 
given the current statc. If the statistic is a sufficient statistic, 
the performance of recursive state estimation is comparable 
to batch estimation. 

Bayesian Filtering for Recursive State Estimation-Filtering 
is defined as the process of estimating the state, s t ,  at time 1, 
given the sequence of data upto time t ,  20..  . zt. Hence, it is 
a forward process. Bayes filters are based on Bayes rule from 
probability theory. 

We denote the multivariate state at time t as st and mea- 
surements or observations as zt. Since we concentrate on 
the discrete time, first order Markov formulation of the dy- 
namic state estimation problem. Hence, the state at time t 
is a sufficient statistic of the history of measurements, i.e. 
p(st I sat-1) = p(st I st-1) and the observations depend 
only on the current state, i.e. p(zt I sat)  = p(zt 1 st). The 
posterior distribution at time t ,  p(so,t 1 Z I : ~ ) ,  includes all the 
available information up to time t and provides the optimal 
solution to the state estimation problem. 

The filtering distribution,p(st I zI:t), is a marginal ofthe pos- 
terior distribution, p(so,t I z I z t ) .  The recursive filter defined 
as follows, using Bayes rule and the Markov assumption: 

This process is known as Bayesian filtering, optimal filter- 
ing or stochastic filtering and may be characterized by three 
distributions: ( I )  a state transition model p(s t  I st-l) ,  (2)  a 
measurement modelp(tt I s t ) ,  and, (3) an initial prior distri- 
bution, p(a0) .  Bayesian filtering provides an optimal estimate 
of the posterior, at time t ,  given the sequence of data , [ O . .  . t] ,  
up to time t. It is however not the optimal estimate, given 
future data. A batch estimate of a sequence of data from time 
[0 . . .TI, where T > t, would however provide a more accu- 
rate estimate. 

Smoothing is a backward process of updating past estimates 
based on future data, i.e. p(s t  I  SO:^+^). I > 0. It achieves a 
balance between the efficiency of filtering and the optimality 
of batch methods. Bayesian smoothing is defined as follows: 

= Tt P(St+l I S t )  p(st  I Z1: t )  P(St+l I ZI:t+l) &+I 

( 2 )  

Although the mathematical structure of the optimal Bayesian 
solution is well understood [ 2 ] ,  [?I, [?I, for general prob- 
lems the computational complexity of the optimal filtering 
algorithm limits it’s practical applicability using even the 
fastest computers available in the foreseeable future. In gen- 
eral robots (specially planetary rovers) tend to be even more 
power and computation constrained than the state of the art. 
Particle filters are a popular method for computing tractable 
approximations to this posterior. 
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3. BACKGROUND ON PARTICLE FILTERS 

Bayesian Model for Tracking Faults 

Fault detection and identification (FDI) has a natural repre- 
sentation as a state estimation problem. We represent the 
possible fault and operational modes of the systems as ex- 
plicit states. The sequence of measurements are then used to 
determine the state of the system. 

Let D represent the finite set of discrete fault and operational 
modes of the rover, dt E D the state of the rover at timet and 
{&} the discrete, first order Markov chain representing the 
evolution of the state over time. The problem of monitoring 
the state of  the rover consists of providing a belief (a distribu- 
tion over the state set D) at each time step as it evolves based 
on the following transition model: 

~ ( d t  = j I dt-1 = i), ( i , j  E D )  (3) 
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Each of the discrete fault and operational modes changes the 
dynamics of the rover. Let zt E RK- denote the multivariate 
continuous state of the rover at time t. The non-linear condi- 
tional state transition models are denoted by p(zt I zt-1, dt). 
The state of the rover is observed through a sequence of mea- 
surements, {.*}, based on the measurement model p(zt I 
z t ,d t ) , z t  E R K F .  

Classical Panicle Filter 

Filtering for FDI consists of estimating the marginal p(dt I 
ZL. t )  of the posterior distributionp(zt, 4 I ZL. t ) .  A recursive 
estimate of this posterior distribution may be obtained with a 
Bayes filter using the following factorization: 

p ( z t , d t  1 .L..t) = Q p(.t I z t , d t )  x 

/Cp(zt ,dt  I zt-I,&-ddzt-1 (4) 

There is no closed form solution to this recursion, hence 
we use a particle filter approximation. A particle filter 
(PF) [7], 1121 is a Monte Carlo approximation of the pos- 
terior in a Bayes filter. PFs approximate the posterior 
with a set of N fully instantiated state samples or particles 
{(dll,zll). .. (diN1,ziN1)} and importance weights {w!]}: 

de-, 

N 

f"(zt,dt I .l..t) = c v F 1  6zF1,df1(Zt,&) 
i=1 

( 5 )  

where 6(.) denotes the Dirac delta function. It can he shown 
that as N + 00 the approximation in (5 )  approaches the true 
posterior density [23]. Because it is difficult to draw sam- 
ples from the m e  posterior, we instead draw them from a 
more tractable distribution q(.),  called the proposal (or im- 
portance) distribution. There are a large number of possible 
choices for the proposal distribution, the only condition be- 
ing that its support must include that of the posterior. The 
importance weights are used 1201, [21] to account for the dis- 
crepancy between the proposal distribution q(.) and the true 
distribution p(z t ,  dt I ~ 1 : ~ ) .  and for a given sample $I, &I 
the importance weight is 

The simplest choice for the proposal distribution is the tran- 
sition probability 

[+I &I ) e(zt ,dt)  =p(z t ,d t  I zt-1, t-1 

= p ( z t  I z!!l,&)ddt I dt-1) ['I (7) 

in which case the importance weight is equal to the likelihood 

[:I $1 p(+t I Zt-1, t-u.1 ... t-1) 

This is the most widely used proposal distribution [ I ] ,  [81, 
[13] and is simple to compute, hut it can be inefficient since 
it ignores the most recent measurement tt. Particularly in 
the fault diagnosis domain, where there are a large number of 

possible faults that may occur at any instant in time, the most 
recent measurement can he very informative. 

A well-known problem with particle filters is that a large 
number of particles are often needed to obtain a reasonable 
approximation of the posterior distribution. For real-time 
fault detection and identification, maintaining such a large 
number of particles is typically not practical. However, the 
variance of the particle-based estimate can he high with a lim- 
ited number of samples, since a large number of faults may 
potentially occur at any instant. 

Rao-Blackwellized Panicle Filter 

RBPFs factor the state space, so that a subset of the variables 
may be computed analytically given the values of the rest of 
variables, which are obtained from particle filtering [ 171, [6]. 
Since our representation of the fault diagnosis problem has 
a natural factorization and the discrete state transitions p(dt I 
dt-1 are conditionally independent, Rao-Blackwellized parti- 
cle filters may be used to track the state space. Discrete states 
are sampled as in a classical particle filter, and conditioned on 
these discrete samples, dF1, the continuous state zF1 is com- 
puted analytically. 

The most common representation for the conditional prob- 
ability density p(zt I z!!,,dF1), is a Gaussian, (pF1,oF1), 
where pF1 and OF' represent the mean and covariance of the 
Gaussian conditioned on the discrete sample d!]. In 141 this 
representation was used for diagnosing faults in conditional 
linear-Gaussian systems. When the faults being tracked have 
linearGaussian models, a Kalman filter may be used to ef- 
ficiently estimate the posterior mixture of Gaussians. If the 
models are nonlinear numerical integration methods may be 
used for computing a posterior. An Unscented Kalman filter 
(UKF) [ I O ]  is used in [?I. Although the conditional density 
is no longer exact convergence guarantees can no longer be 
made, it is found to work well in practice. 

The UKF (and variants known as derivative-free filter, linear- 
update filter, linear-regression filter or statistical linearization 
filter), is a recursive minimum mean square error estima- 
tor that often provides an improvement over the Extended 
Kalman filter (EKF) for nonlinear models. The EKF lin- 
earizes nonlinear functions using only the first order terms 
of the Taylor series expansion, which can be a poor approxi- 
mation. Unlike the EKF, the UKF does not approximate the 
nonlinear process and measurement models. It uses the actual 
nonlinear models and instead approximates the distribution of 
the state random variable as a Gaussian. It is called a linear- 
update filter because the update to the state is a linear function 
of the measurement. The Gaussian approximation is specified 
using a minimal set of deterministically chosen sample points 
called sigma points These sigma points are a sufficient statis- 
tic of the mean and covariance of the Gaussian approxima- 
tion. Each sigma point is independently propagated through 
the actual nonlinear model to provide a posterior Gaussian 



approximation 

In this paper we use a Rao-Blackwellized particle filter to 
track a hybrid (discrete-continuous) state. A UKF is used for 
computing the conditional posterior of the continuous state. 
This is also called the Gaussian particle filter (GPF) [9]. 

4. DECISION-THEORETIC SAMPLING 
Faults are low-probability, high-cost events. The classical 
particle filter generates particles proportional only to the pos- 
terior probability of an event. Monitoring a system to detect 
and identify faults based on a CPF thercfore requires a very 
large number of particles and is computationally expensive. 

Decision-theoretic sampling [27], [24] incorporates a model 
of cost when generating particles. This approach is motivated 
by the observation that the cost of not tracking hypotheses is 
related to risk. Not tracking a rare hut risky state may have 
a high cost, whereas not tracking a rare but benign state may 
be irrelevant. Incorporating a cost model into particle filter- 
ing improves the tracking of states that are most critical to the 
performance of the robot. Decision-theoretic sampling gen- 
erates particles by factoring in the cost. Since faults have a 
high cost, even though they have a low probability, a smaller 
number of particles than the CPF may be used to monitor 
these events because it ensures particles will be generated to 
represent them. 

The cost function assigns a real-valued cost to states and con- 
trol. The control selected, given the exact state, results in 
the minimum cost. The approximate nature of the particle 
representation may result in sub-optimal control and hence 
increased cost. The goal of decision-theoretic sampling is to 
generate particles that minimize the cumulative increase in 
cost due to the approximate particle representation. This is 
done by modifying the classical particle filter to generate par- 
ticles in a risk-sensitive manner, where risk is defined as a 
function of the cost and is positive and finite. Given a suit- 
able risk function r (d ) ,  a decision-theoretic particle filter gen- 
erates particles that are distributed according to the invariant 
distribution, 

7t T ( 4  P ( d t , $ t  I Z t )  (8) 

where, ît is a normalization constant that ensures that equa- 
tion (8) is a probability distribution. Instead of using just the 
posterior distribution to generate the particles, a product of 
the risk times the posterior is used. The choice of risk func- 
tion is important. 

Thrun et. al. in  [241 present a method for obtaining this risk 
function via a Markov decision process (MDP) [I91 that cal- 
culates the approximate future risk of decisions made in a par- 
ticular state. The risk function is computed as the difference 
between the value function (computed using value-iteration) 
obtained from accurate tracking and the value-function ob- 
tained from inaccurate tracking. The value function for ac- 
curate tracking is computed using optimal control and the 

value function for inaccurate tracking is obtained using ran- 
dom control. The idea is that if the state-estimate is good, 
control is optimal and if it is poor control is sub-optimal, 
The risk-functions used in this paper are computed using this 
method. 

The decision-theoretic filter is shown to improve state- 
estimation of low-probability high-risk states, but given nu- 
merous low probability high-risk states the performance of 
the decision-theoretic filter degrades. This is because not all 
the fault states may be sampled. 

5 .  LIMITATIONS OF MONTE CARLO 
SMOOTHING AND THE AUXILIARY PARTICLE 

FILTER 
The problem with the decision-theoretic filter is that it is 
purely predictive. There are a large number of possible faults 
at a given instance, but only a small number of these have 
a high probability given the next measurement. In this sec- 
tion we discuss methods that generate samples by taking into 
account future measurements. 

The estimation of the state of the system using future mea- 
surements is termed smoothing. It introduces a slight de- 
lay in providing state estimates (proportional to the number 
of timesteps over which smoothing is performed), but re- 
sults in improved state estimates. Kalman smoothing is the 
best known, but may only be used in a filter that linearizes 
the state equations (such as the Kalman filter, and Extended 
Kalman Filter (EKF)). An improvement, Expectation Prop- 
agation [18], may be used with methods that linearize the 
measurement equations (such as EKF, UKF). Expectation- 
propagation re-linearizes the measurement equations until a 
globally-stable solution is reached. linear-Gaussian models, 
such as the Variable State (VSDF). Two-filter smoothing ap- 
proaches [ 141 combines the results from running filtering for- 
ward and independently in reverse. 

There are also methods in the literature for Monte Carlo 
smoothing. Forward particle filtering is performed up to time 
t + 1. Particles at time t a re  then re-weighted and resampled, 
based on a sampled particle from time t + 1 to obtain an up- 
dated estimate ~ ~ l ~ + ~  [ 5 ] ,  [?]. There are also methods that 
re-weight particles at time t, using a density fitted to the par- 
ticles at time t + 1 [ 151. Forward sampling is then performed 
using an updated proposal distribution q(s t l t+ l )  = p(s t+ l  I 
s + + ~ ) ,  based on the smoothed state estimate. 

Particles in a particle filter represent trajectories through state 
space. Resampling (although essential for reducing the vari- 
ance of importance weights) reduces the number of indepen- 
dent trajectories, (or the effective sample size [3]). The aim of 
Monte Carlo smoothing is to ensure long independent trajec- 
tories, else the particle filter can often degenerate to tracking 
a single hypothesis. It does so by re-weighting particles to as- 
sign higher weight to particles that are more likely to survive, 
given future data. It is important to note that the backward 
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pass in smoothing does not generate any new hypotheses. In 
addition, forward sampling from smoothed estimates is not 
guided by the smoothing process. Smoothing only improves 
the marginal distribution at timet - L, where L is the length 
of the fixed-lag over which smoothing is performed. In some 
applications such a hybrid-state estimation for fault diagno- 
sis, where there are a large number of possible faults that may 
occur at any instance, states that resulted in long trajectories 
in the forward pass, may not do so subsequent forward passes 
using smoothed estimates. 

The Auxiliary particle filter [?] is a method that uses future 
data to bias sampling to regions with high posterior likeli- 
hood. Subsequent variants, such as the Unscented particle 
filter [25], present alternate methods for estimating the pos- 
terior likelihood. The bias is compensated for by introducing 
an additional term in the importance weight. 

As discussed in [26], the problem with using Auxiliary parti- 
cle filter variants for hybrid state estimation is that it is com- 
putationally very expensive. A estimate of the posterior like- 
lihood (such as with a UKF [26]), needs to be computed for 
every possible next discrete state transition. Measurement 
noise makes it difficult to find a reasonable estimate of a 
thereshold that may be used for selecting posterior states with 
high likelihood without an exhaustive search. 

6. DECISION-THEORETIC MONTE CARLO 
SMOOTHING 

The idea behind decision-theoretic Monte Carlo smoothing 
(DTMS) is to maintain a time varying risk-function. Fu- 
ture measurements are used to smooth the risk-function to 
discourage sampling of states that are unlikely given future 
measurements. This approach is a compromise between the 
purely predictive decision-theoretic theoretic approach in sec- 
tion(RSPF)), which is efficient but inaccurate (for a large 
number of faults), and the auxiliary particle filter from the 
previous section, which is more accurate, but computation- 
ally expensive. 

In DTMS, each particle in addition to the discrete-continuous 
(d!”], z{”])}, and importance weight, 

{@}, also maintains an estimate of the risk-function, 4 i ] ,  
at time t. As discussed in section(), the initial risk function 
is computed for each discrete state dt ,  t = 0, using a MDP, 
which assumes that complete information about the current 
state is available This is an efficient approximation. The pro- 
cess is actually a Partially Observable Markov Decision Pro- 
cess (POMDP) [22], [ 1 I], but computing a value function for 
large state spaces in a POMDP is computationally expensive. 
A POMDP is a model from operations research (OR) liter- 
ature for decision making using information states (distribu- 
tions over states) when complete information about the cur- 
rent state is not available. Smoothing the risk-function im- 
proves the approximation of the risk-function at time t ,  given 
a more accurate estimate of the probability distribution over 
states at t imet  + 1. 

The aim of smoothing the risk function at timet is not merely 
to reinforce the discrete states that are already represented in 
the particle set at time t+l since, hut to encourage exploration 
of alternate high-risk states. Hence, instead of increasing the 
risk of transitions that have a high posterior likelihood we 
decrease the risk of transitions that have low posterior like- 
lihood. A fixed lag history of particles is maintained. If a 
trajectory terminates at time t + 1, i.e. the particle is elimi- 
nated during re-sampling, the risk function at time t for that 
particle is updated to reduce the risk of state t + 1. Sub- 
sequent forward sampling therefore encourages sampling al- 
ternate high-risk states, which now have a relatively higher 
risk. This process is iterated until the trajectory survives re- 
sampling at time t + 1 or all possible transitions have been 
explored. The advantage of this approach is that extra com- 
putation is required only when the particle estimate starts to 
degenerate and not otherwise. 

7. EXPERIMENTAL RESULTS 
Preliminary experimental results show an improvement in 
performance for small particle sets when using DTMS over 
decision-theoretic sampling without smoothing. For our ex- 
periments we used data from simulating stuck wheel faults on 
a six-wheel rocker-bogie rover in the Darwin2k [ 161 simula- 
tor. There are 7 discrete states in this simple example - a nor- 
mal operation state and a state representing each of the stuck 
wheel faults. The continuous state tracks the [z, y, 81 posi- 
tion of the rover in global co-ordinates and measurements are 
noisy estimates of the position. Each experiment described 
below was run with the true state being each of the 7 dis- 
crete states. Except when specified otherwise, each experi- 
ment was repeated 1000 times to compute the standard er- 
ror bars shown. The experiments measure error in terms of 
Kulback-Leibler divergence from the true distribution (com- 
puted using lo6 particles with a classical filter. In the first 
experiment, shown in figure( 1) as a dashed black line, a Rao- 
Blackwellized particle filler was used. The discrete states 
were sampled and the conditional continuous states were ob- 
tained using a UKF since the process is nonlinear (GPF). As 
expected the filter tacked the normal state well, but tracked 
fault states poorly since the probability of faults is low and no 
particles jumped to fault states. This experiment was only re- 
peated 50 times since additional runs would not have made a 
visible difference to the graph. The reason the KL-divergence 
appears to increase slightly with more particles is because we 
use a Dirichlet 1 prior and the effect of the prior decreses with 
larger sample sizes. 

In the second experiment, the Rao-Blackwellized filter above 
was enhanced to use decision-theoretic sampling. The results 
were good when the experiment was limited to one or two 
highly distinct fault states. When the full experiment was 
performed, performance degraded as shown in figure( I)as the 
dash-dot blue line. This is all faults have high risk and an in- 
correct fault (that explained the measurement relatively better 
than the normal state) was often confused when the correct 
fault state was not sampled. 
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Figure 1. Number of particles vs. error in terms of KL- 
divergence For Rao-Blackwelized particle filter, Decision- 
theoretic RBPF, and Decision-theoretic RBPF with smoothed 
loss function 

In the third experiment, shown in figure(1) as a solid red 
line, decision-theoretic smoothing of the risk function was 
performed with the GPF. Since the size of the discrete state 
space in this preliminary experiment is small, small particle 
sets were used to highlight the relative differences between 
the approaches. 

8. CONCLUSIONS 
We present a scalable method for monitoring hybrid state 
spaces and demonstrate the applicability of the approach for 
fault diagnosis on rovers. This approach is valid even when 
the process is nonlinear. In addition it is also capable of mon- 
itoring an arbitrarily large number of faults. It is based on 
particle filters and has all the advantages of particle filters 
which include the ability to represent non-parametric poste- 
riors, nonlinear processes, and easy extension to an anytime 
approach. The main drawback of particle filters is that a large 
number of samples may he nceded for reasonable approxi- 
mations. This is because small particle sets often degenerate 
to tracking a single trajectory. Our approach uses decision- 
theoretic Monte Carlo smoothing to ensure that multiple in- 
dependent trajectories are maintained and focuses particles in 
regions of the state space that are expected to be high-risk at 
that time. This requires a comparatively smaller number of 
samples for performance comparable to other state-of-the-art 
methods. Experimental results demonstrate the improvement 
in performance obtained with this approach. 
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