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Abstract

Just as optical flow is the two-dimensional motion of points in an image, scene
flow is the three-dimensional motion of points in the world. The fundamental diffi-
culty with optical flow is that only the normal flow can be computed directly from the
image measurements, without some form of smoothing or regularization. In this pa-
per, we begin by showing that the same fundamental limitation applies to scene flow,
however many cameras are used to image the scene. There are then two choices when
computing scene flow: (1) perform the regularization in the images, or (2) perform the
regularization on the surface of the object in the scene. In this paper, we choose to
compute scene flow using regularization in the images. We describe three algorithms,
the first two for computing scene flow from optical flows, the third for constraining
scene structure from the inconsistencies in multiple optical flows.
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1 Introduction

One of the fundamental properties of any scene is its motion. When a dynamically changing scene

is imaged by a video camera, the optical flow between two neighboring frames tells us something

about the motion of the scene. However, optical flow is just a two-dimensional motion field in

the image plane. It is the projection of the three-dimensional motion of the world. If the world is

completely non-rigid, the motions of the points in the scene may all be independent of each other.

The scene motion is therefore a dense three-dimensional vector field defined for each point on

every surface in the scene. By analogy with optical flow, we refer to this three-dimensional motion

field as the scene flow [22].

Computing the three-dimensional motion of a scene is a basic task in computer vision that

has been approached in a wide variety of ways. If the scene is rigid, the three-dimensional scene

structure and relative motion can be computed (up to a scale factor) from a single monocular video

sequence using structure-from-motion [18]. If the scene is only piecewise rigid, extensions to

structure-from-motion algorithms can be used. See, for example, [6].

Although restricted forms of non-rigidity can be analyzed using the structure-from-motion

paradigm [2], general non-rigid motion cannot be estimated from a single camera without ad-

ditional assumptions. Given strong enough a priori assumptions about the scene, for example in

the form of a deformable model [12,15] or the assumption that the motion minimizes the deviation

from a rigid body motion [19], recovering three-dimensional non-rigid motion from a monocular

view is possible. See [14] for a survey of monocular non-rigid motion estimation.

Another common approach to recovering three-dimensional motion is to use multiple cameras

and combine stereo and motion in an approach known as motion-stereo. Nearly all motion-stereo

algorithms assume that the scene is rigid. See, for example, [23, 24]. A few motion-stereo papers

do consider non-rigid motion, including [9, 11]. The first of these papers uses a relaxation-based

algorithm to cooperatively match features in both the temporal and spatial domains. It therefore

does not provide dense motion. The second uses a grid which acts as a deformable model in a

generalization of the monocular approaches mentioned above.

The well known difficulty with optical flow is that only the normal flow can be computed

directly from the image measurements, without some form of smoothing or regularization. In this

paper, we first show that the same fundamental limitation applies to scene flow. However many

cameras are used to image the scene, it is impossible to compute scene flow directly from the
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image measurements without any smoothing or regularization (except at points with more than 1D

structure, such as corner points.) This result holds for the Lambertian reflectance model, and any

generalization of it, which includes most common reflectance functions.

Given this result, there are then two options if we wish to compute dense scene flow: (1) per-

form the regularization in the images, or (2) perform the regularization on the surface of the object

in the scene. Since our original scene flow paper [22] a few authors have proposed elegant formu-

lations of scene flow in the scene domain, perhaps most notably [5]. In this paper, we investigated

scene flow algorithms where the regularization is performed in the image plane We describe three

algorithms. The first two algorithms compute scene flow from (regularized) optical flows assuming

the scene shape is known. One algorithm uses a single camera, the other uses multiple cameras.

The third algorithm computes scene structure from the inconsistencies in multiple optical flows.

All three algorithms require fully calibrated cameras.

2 Background

Consider a non-rigidly moving surface ���������
	�� imaged by a fixed camera �� with ����� projection

matrix ��� , as illustrated in Figure 1. There are two aspects to the formation of the image sequence
� �� 	 � �� ������������� captured by camera �� : (1) the geometry and (2) the photometrics. We now describe

each of these components in turn and then review the brightness constancy basis for optical flow.

2.1 Relative Camera and Surface Geometry

The relationship between a 3D world point � 	!�#"���$%��&'��( on the surface and the 2D image coor-

dinates )*�+	,�#�-��������� ( of its projection in camera .� is given by:

��� 	
/ �0�21435��"���$6�7&8�:9;� (/ �0�212<=��"���$6�7&8�:9;� ( (1)

��� 	
/ �0�212>=��"���$6�7&8�:9;��(/ �0�212<=��"���$6�7&8�:9;� ( (2)

where
/ ���?1A@ is the BDC2E row of ��� . Without knowing the surface these equations are not invertible. If

��� is known they can be inverted, but the inversion requires intersecting a ray with �F�G�#�=��	�� .
At fixed time H the differential relationship between � and )
� is represented by a IJ�K� Jacobian

matrix LNM:OL7P . The 3 columns of the Jacobian matrix store the differential change in projected image
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Figure 1: A non-rigid surface ������������� is moving with respect to a fixed coordinate system �����! #"%$&"%'(� ) .
The normal to the surface is *+�,*-�! ."%$/"%'10�23� . The surface is assumed to be Lambertian with albedo 45�4/�! #"%$&"%'60�27� and the illumination flux (radiance) is 8 . The camera 9;: is fixed in space, has a coordinate frame�!<6:="%>?:@� ) , is represented by the ACBED projection matrix FG: , and captures the image sequence H �: ��H �: �!<6:I"%>?:@� .
The scene flow is the instantaneous 3D motion of every point on every surface in the scene, illustrated here
for a single point �! ."%$/"%'(� ) . Optical flow is the 2D projection of the scene flow into an image.

coordinates per unit change in J , K , and L . A closed-form expression for MONQPMSR as a function of T can

be derived by differentiating Equations (1) and (2) symbolically [20]. The Jacobian MONQPMSR describes

the relationship between a small change in the point on the surface and its image in camera U .
2.2 Illumination and Surface Photometrics

Suppose that the illumination flux or radiance of light in the scene is VXWYV5Z\[�]^T_]^`ba . The radiance

V depends upon the scene point T where it is measured, the direction [ in which it is measured,

and the time ` at which it is measured [7]. This 6D radiance function V is just a simplified version

of the plenoptic function [1].

We denote the net directional radiance of light at the point Z\JdcbKecbL&a ) on the surface at time `
by fgWYf/Z@Jdc^KechL/]^`ba . The net directional radiance f is a vector quantity and is given by the (vector)

surface integral of the radiance V over the visible hemisphere of possible directions:

f/Z@JdcbK#chLi]3`bajW kQlnmporqsV5Z@[t]bJdcbK#chLi]^`ba&ui[ (3)

where vwZ@xsayW{z|[ }�~S[,~�W��E����u�[��(x,���/� is the hemisphere of directions [ from which
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light can fall on a surface patch with surface normal � .

Assume that the surface � � is Lambertian with albedo � 	��-�#��� H�� . If the point � 	 ��"�� $%�7& ��(
is visible in camera �� and the intensity registered in image

� �� is proportional to the radiance of the

point that it is the image of (i.e. image irradiance is proportional to scene radiance [7]), we have:

� �� ��)5� � 	 ���	�
�-�#��� H�� / �F�#��� H����� ����� H���1 (4)

where � is a constant that only depends upon the diameter of the lens and the distance between

the lens and the image plane [7]. The pixel )�� and 3D point � are related by Equations (1–2).

2.3 Two Dimensional Optical Flow

Suppose that )=���#H�� is the 2D path of the image of the point ���#H�� in camera  � . The optical flow is

the 2D motion
� M:O� � in the image plane of camera �� . As the 3D point ����H�� on the surface moves in

the scene, we assume that that its albedo � 	��-�#����H�� � remains constant; i.e. we assume that:� �� H 	 ��� (5)

The basis for optical flow algorithms is then the time-derivative of Equation 4:� � ��� H 	 � � �� � � )*�� H ��� � ��� H 	 �������-�#�=� �� H / ������1 (6)

where � � �� is the spatial gradient of the image,
� M:O� � is the optical flow, and L�� �OL � is the instantaneous

rate of change of the image intensity
� �� 	 � �� ��)5� � .

The term ����� depends upon both the shape of the surface ( � ) and the illumination ( � ). To avoid

explicit dependence upon the structure of the three-dimensional scene, it is often assumed1 that:

����� 	  �!#"%$
&#'
�)(*� �=�+��� � ( (7)

is constant (
�� � / �,�-��1*	 � ). There are at least two common scenarios where this assumption holds

well: (1) the illumination is constant, or (2) the surface normal does not change rapidly. Assuming

that
�� � / ������1%	 � , we arrive at the Optical Flow Constraint equation:

� � �� � � )5�� H � � � ��� H 	 �.� (8)

1Note that the assumption that //10�2 3547698;:=< is required in addition to the Lambertian assumption to derive the

optical flow constraint in Equation (8). This “hidden assumption” is often overlooked.
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Using this constraint, an example of the brightness constancy assumption, a large number of dif-

ferential algorithms have been proposed to estimate the optical flow
� M:O� � . The most important thing

to note about Equation (8), however, is that it only provides a constraint on the optical flow
� M:O� � in

the direction of the image gradient � � �� , or the normal component of the optical flow:

9� � � �� � � � �� � � )5�� H 	 � 9� � � �� � � � ��� H � (9)

Hence, to compute dense optical flow, some form of regularization or smoothing is needed. Most

research on optical flow has focused on different methods of performing this regularization [3].

3 Three Dimensional Scene Flow

Just as an optical flow is a two-dimensional motion field in an image, the scene flow is a three-

dimensional flow field describing the motion at every point in the scene [22]. If � 	 ����H�� is the 3D

path of a point in the world, its instantaneous scene flow is
� P� � . If the image of this point in camera

 � is )5�+	 )*���#H�� , the optical flow is simply the projection of the scene flow into the image plane:

� )*�� H 	 � )5�� �
� �� H (10)

where L M:OL P is the Jacobian introduced in Section 2.1. This equation tells us how optical flow can be

computed if the scene flow is known, but not the other way around.

3.1 Is Scene Flow Computable from Multiple Normal Flows?

Since only the normal component of the optical flow can be computed without regularization as

shown earlier, perhaps the most important question to ask is whether it is possible to combine the

normal flows from several cameras to estimate the scene flow without having to regularize the

problem? The gradient constraint equation (Equation (8)) can be rewritten as:

� � �� � � � )*�� � � �� H�� � � � ��� H 	 ��� (11)

This is a linear constraint on the three unknown components of the scene flow
� P� � . At first glance,

therefore, it seems likely that it might be possible to estimate the scene flow directly from three
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such constraints. Differentiating2 Equation (4) with respect to � we see that:

� � �� � )5�� � 	 ��� � � ���-�#� � H�� / �F�#� � H��;��� �#��� H�� 1#� � (12)

Since this expression is independent of the camera  � , and instead only depends on properties of

the scene (the surface albedo � , the scene structure � , and the illumination � ), the coefficients of
� P� �

in Equation (11) should ideally always be the same. Hence, any number of copies of the equation

will be linearly dependent. In fact, if the equations turn out not to be linearly dependent, this fact

can be used to deduce that � is not a point on the surface, as will be shown in Section 3.4.

This result means that it is impossible to compute 3D scene flow independently for each point

on the object, without some form of regularization of the problem. The derivation above uses the

Lambertian model, however it naturally also holds for any reflectance function that is a generaliza-

tion of the Lambertian model in the sense that it equals the Lambertian model for certain (limiting)

parameter settings. Most reasonable reflection models, such as the Torrance-Sparrow model [17],

are generalization of the Lambertian model in this sense. Note, however, that this result does not

imply that it is not possible to estimate other useful quantities directly from the normal flow [13].

There are two ways to perform the regularization required to compute scene flow: (1) on the

surface of the object in the scene, and (2) in the image (i.e. by first computing optical flow).

In [5], Carceroni and Kutulakos showed how the brightness constancy equation can be generalized

to the temporal domain, and the motion of a 3D patch (which they refer to as a surfel) can be

determined directly from the input images. Implicitly this algorithm regularizes over the surface

of the 3D object. In this paper, we consider the second option. We assume that optical flow has

first been computed for each camera and then compute the scene flow. In particular we describe

three different ways in which the optical flows can be combined: (1) single camera, known scene

geometry, (2) multiple cameras, known scene geometry, and (3) multiple cameras, unknown scene

geometry. We now discuss each of these options in turn.

3.2 Single Camera, Known Scene Geometry

A natural question to ask is whether the scene flow can be computed from a single optical flow? As

we showed in [22], theoretically it can be. Computing scene flow requires inverting Equation (10).

2Strictly, ���������
	 2 3 �������
	 4 6 �������
	 8 is defined only on the 2D scene surface, and so its 3D gradient is undefined.

However, the definition can be extended into 3D by making it constant on all � that project to the same �� .
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Note that � depends not only on )=� , but also on the time, indirectly through the surface � 	����#��� H�� .
That is � 	 � ��)*� �#H�� � H�� . Differentiating this expression with respect to time gives:

� �� H 	 � �� )*�
� )*�� H � � �� H

�����
M:O
� (13)

This equation says that the motion of a point in the world is made up of two components. The

first is the projection of the scene flow on the plane tangent to the surface and passing through � .

This is obtained by taking the instantaneous motion on the image plane (the optical flow
� M:O� � ), and

projecting it out into the scene using the inverse Jacobian L PLNM:O . The second term is the contribution

to scene flow arising from the three-dimensional motion of the point in the scene imaged by a fixed

pixel. It is the instantaneous motion of � along the ray corresponding to ) � . The magnitude of

L7PL �
���
M:O

is (proportional to) the rate of change of the depth of the surface � along this ray. See [22]

for the full details of the single camera algorithm.

Using Equation (13) to estimate the scene flow is very noisy. In particular, the rate of change

of depth map (needed in the second term) is undefined around depth discontinuities. Moreover,

multiple cameras are needed to estimate the rate of change of the depth map anyway. Hence,

single camera scene flow is mainly only of theoretical interest. See [22] for example results.

3.3 Multiple Cameras, Known Scene Geometry

With multiple optical flows, inverting Equation (10) is far easier. First, the volume containing the

geometry of the scene is partitioned into voxels. Then, the occupancy of each voxel is determined

using the voxel coloring algorithm [16], where each voxel is projected into the various images,

and deemed to be occupied or not depending on the consistency of measurements from the various

images. At the end of the voxel coloring approach, suppose the recovered scene geometry is:

� � 	 � � �@ � B 	 9 ������ ��� � � (14)

where � � is the total number of voxels recovered. In the process, voxel coloring also recovers the

visibility, i.e. for each voxel �5�@ , we compute the set of cameras ���	� �#� C
 � that can see �-@ .
Equation (10) expresses the fact that any optical flow

� M:O� � is the projection of the scene flow� P� � . Assuming that the optical flow has been computed, it provides two linear constraints on the

three unknowns in the scene flow. Therefore, if we have two or more cameras viewing a particular
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point in the scene, the scene flow can be recovered. In practice, we use as many optical flows as

are available to estimate the scene flow.

Suppose there are � cameras in the set � � �:�#����� for a particular voxel. If we have � � I , we

can solve for
� P��� � by setting up the system of equations � � P��� � 	 � , where:

�,	

�														



L���L�� L���L�� L���L��L���L�� L���L�� L���L��� � �� � �
L����L�� L����L�� L����L��L����L�� L����L�� L����L��

����������������
�
��� 	

�													



L�� L �L���L ���
L����L �L�� �L �

���������������
�
� (15)

This system of equations is degenerate if and only if the voxel ��� and the � camera centers are

collinear. A singular value decomposition of � gives the solution that minimizes the sum of least

squares of the error obtained by re-projecting the scene flow onto each of the optical flows. Note

that it is critical that only the cameras in the set � � �:�#� � � are used.

3.3.1 Desirable Properties of the Scene Flow

Suppose !0� is the recovered scene flow for the voxel model, i.e.

! � 	 � � �� H 	
� � � �@ � B 	 9 ������ ��� � �" H � (16)

Note that � � is defined in an asymmetric way; the voxel model at time H � 9 is not even used. This

seems undesirable. We would want that the voxel model at time H flowed forward to time H � 9
gives us the voxel model at time H � 9 . Consider the following two properties:

Inclusion: Every voxel at time H should flow to a voxel at time H � 9 : i.e. #6H �%$'& �� � ! ��)( ���+* 3 .
Onto: Every voxel at time H � 9 should have a voxel at time H that flows to it: #6H ��$ �-, B ���.��/& �@ �

! �@ 	0& �+* 3� .

These properties immediately imply that the voxel model at time H flowed forward to time H � 9 is

exactly the voxel model at time H � 9 :
� & �� � ! �� � $=	 9 ������N��� � � 	 � �+* 3 � (17)
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t=1

t=2

Camera�C1 Camera�C2 Camera�C3 Camera�Cn

Figure 2: The input to the scene flow algorithm consists of 17 image pairs (one set at ����� , the other at
����� ) extracted from 17 video sequences captured in the CMU 3D Room [8]. At the moment the images
were captured the dancer is twisting her torso to the left as she stretches out her right arm.

This means that the scene shape will be continuous at H � 9 as the voxel model is flowed forward.

In [20] we show how to enforce these properties without forcing the scene flow to be one-to-one

by introducing what we call duplicate voxels: these are additional voxels introduced to satisfy the

flow properties, without altering the 3D geometry itself. See [20, 21] for the full details.

3.3.2 Results

Consider a dynamic event consisting of a dancer performing a Paso Doble dance sequence, shown

in Figure 2. The event is captured as a time-varying sequence from 17 cameras, and images from

a snapshot at two time instants are shown for four of these cameras. The image sequences were

captured using the CMU 3D Room [8]. At the moment the images were captured the dancer is

twisting her torso to the left as she stretches out her right arm.

Optical flow is computed between each pair of these images. We use a hierarchical version of

the Lucas-Kanade algorithm [10], although other optical flow algorithms could have been used [3]

(This is a major advantage of regularizing in the image.) Figure 3 shows one pair of horizontal

and vertical optical flow fields computed for one pair of images. Darker pixels indicate a greater

motion to the right and bottom, while lighter pixels indicate motion to the left and upwards.

The results of scene flow computed on an � ���	� ���K9�ID� voxel grid are included in Figures 4– 6.

In Figure 4 the two colored voxel models, one for each time, are displayed. Figure 5 shows two

snapshots of the scene flow. Scene flow is a dense flow field, so a motion vector is computed for

every voxel in the scene. The close-up snapshot on the right shows the motion of the voxels as

the dancer raises and stretches out her arm. Figure 6 shows the same flow vectors overlaid on

9



(a)�t=1

(b)�t=2

(c)�Horizontal�
Optical�Flow

(d)�Vertical�
Optical�Flow

Figure 3: Two input images (shown after background subtraction) and the horizontal and vertical 2D optical
flow fields computed using a hierarchical version of the Lucas-Kanade algorithm [10]. Darker pixels indicate
larger flow to the right and bottom in the horizontal and vertical flow fields respectively.

(a)��t=1 (b)��t=2

Figure 4: The results of applying voxel coloring [16] to the inputs in Figure 2. The voxel models are
displayed with the voxels colored with the average color of the pixels that the voxel projects to in the inputs.

the shape. Notice that the motion of the dancer is highly non-rigid. Also notice the smoothness

of the flow field (for example, on the dancer’s left hand, where the optical flow is noisy and by

no means perfect, but the scene flow is much smoother across the surface). Clearly, redundancies

across multiple cameras have resulted in a scene flow that is less noisy than any one of the input

optical flows. It is also possible to use robust schemes for better elimination of outliers, such as

those in [4].
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(a)� (b)�

Figure 5: The final scene flow computed from the inputs in Figure 2: (a) the complete model and (b) a
close up of the dancer’s arm. Notice that the overall motion of the dancer is highly non-rigid.

            ��������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������

Figure 6: The scene flow shown together with the voxel model; i.e. a combination of Figures 4 and 5(b).

3.4 Computing Shape from Inconsistencies of Multiple Optical Flows

Just as voxel coloring determines the scene shape based on consistency of pixel image measure-

ments, we can also think of shape as being the surface that yields consistent image optical flow

measurements. If the point � lies on the surface, Equation (10) must hold for every camera $ .
Therefore, it is possible to use the degree to which Equation (10) is consistent across cameras as

information for a flow-based reconstruction algorithm. Such an approach would, however, be very

susceptible to outliers. A single large magnitude flow which was wrong could always make the
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equations inconsistent. We therefore take a slightly different approach.

The solution of Equation (10) can be written in the following form:

� �� H 	
� � )*�� ����� � )5�� H ��� �����#)*��� (18)

where �DLNM:OL7P	� � is the pseudo-inverse of LNM:OL7P , ��� ��)5� � is the direction of a ray through the pixel )�� ,

and
�

is an unknown constant that depends upon instantaneous properties of the surface � . (Equa-

tion (18) holds because �;� ��)5��� is in the null-space of L M:OL7P ). Therefore, we have the following

constraint on the the scene flow:

( �������;� � �� H�
 ��� � )*�� ���� � )5�� H � ��� �#)*�#� � � � �� H 	 � (19)

where ( ���#����	��DLNM:OL7P � � � M:O� � � ������)5��� is a vector which is perpendicular to the plane defined by the

camera center and the optical flow in the image plane. Hence, if � is actually a point on the surface,

the vectors ( ������� should all lie in a plane (the one perpendicular to the scene flow
� P� � ). We form a

measure of how coplanar the vectors are by computing the �K� � matrix:� �#�=� 	 � ���( � �(�� � (20)

where �( � is ( � normalized to a unit vector. The normalization makes the algorithm less suscep-

tible to incorrect large magnitude flows. The smallest eigenvalue � 	��*����� of
�

is a measure of

non-coplanarity. We use � ���*����� as a measure of the likelihood that � lies on the surface, where

� is the number of cameras.

We discretize the scene into a three-dimensional array of voxels, as was done in the voxel

coloring algorithm of [16]. We then compute �*���5�#�=� for each voxel. We ignore visibility, but this

does not significantly affect the performance because our coplanarity measure is not significantly

affected by outliers. (The algorithm could be extended to keep track of the visibility, similar to the

flow computation algorithm in the previous section.)

3.4.1 Results

We present the results of this algorithm in Figure 7, for the same sequence shown in Figure 2. For

all 51 cameras, we computed the optical flow from H�	 9 to H0	 I . The measure of coplanarity
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Figure 7: Three volume renderings of the coplanarity measure ���������
	 show that the gross scene structure
is recovered fairly well. Note, however, that this algorithm only recovers structure where the scene is
moving. Hence, certain parts of the scene, such as the legs, are not recovered as well as others. This
information could be combined with traditional sources of information to further enhance the robustness of
stereo. See the accompanying movie volume.mpg for a flyby movie of the volume rendering generated.

� � �5�#��� was then computed for each voxel and thresholded. Figure 7 contains three volume

renderings of the results. (The accompanying movie volume.mpg contains a flyby movie.) As

can be seen, the gross structure of the scene is recovered. Note, however, that this flow-based

reconstruction algorithm can only recover structure where the scene is actually moving. This is

the reason that certain parts of the scene, such as the legs of the dancer, are not fully recovered. In

practice, the information in �	���5�#�=� would probably be best used to enhance the robustness of a

intensity-based 3D reconstruction algorithm.

4 Conclusions

Scene flow, or dense non-rigid 3D motion, is a fundamental property of dynamic scenes. In this

paper, we have shown how the computation of scene flow is an ill-posed problem, needing some

form of smoothing or regularization. We have also presented algorithms to compute scene flow

from both a single and from multiple cameras. In these algorithms, the regularization is performed

in image space in the optical flow algorithm. In contrast, [5] performs the regularization in the

scene itself. Finally, we showed that the consistency of the scene flow projected into multiple

viewpoints (optical flows) can be used to impose constraints on the 3D shape of the scene.

One obvious area for future work is the development of better scene flow algorithms, both

algorithms that just compute scene flow, and algorithms than compute both scene flow and structure

simultaneously. Another major area for future work is in developing applications. While we have

13



used scene flow for “spatio-temporal view interpolation” [21], other possible applications include

modeling the non-rigid deformations of clothes and around human joints. A final suggestion is to

investigate the best way to arrange the cameras to obtain the best possible scene flow.
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