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Abstract
Robust state estimation is a key enabling technology for reactive control of hybridsystems, such as high performance mobile robots. Advanced mobile robots oftenexhibit intermittent interactions with their environment, resulting in high-order,high-dimensional dynamics that undergo high-frequency discrete changes. Esti-mating the state of such systems is complicated by the di�culty of modeling theserapidly evolving hybrid dynamics. This thesis makes state estimation more e�ectiveby recognizing that the hybrid dynamics can be approximated by a collection ofsimple models and identifying situations when speci�c models are applicable. Con-ventionally, state estimation for such systems is performed with multiple-model�lters, but these �ltering systems do not scale well as the number of models grows,and perform poorly in the face of high-frequency discrete dynamics. To overcomethese limitations, this thesis develops an estimation framework that leverages avail-able sensor information to improve the accuracy and scalability of multiple-modelsystems. The framework represents the dynamics with a hierarchy of contexts, anduses discrete-state estimation techniques to robustly identify the current context.The contextual information is then incorporated into multiple model �lters to im-prove their accuracy and scalability. This thesis shows both experimentally andthrough simulation that integrating discrete and continuous estimation techniquesenables accurate and scalable estimation for hybrid systems such as mobile robotswith rapidly switching intermittent dynamics.
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Chapter 1Introduction
State estimation enables mobile robots to gain awareness of their situation withinthe environment and close the loop on motion controllers to correctly executenavigation plans. With scienti�c and technological advances, robot interactionswith the environment result in increasingly complex dynamics that require high-bandwidth control. For such systems, estimation speed and robustness becomeparamount, as the successful execution of control strategies depends on the avail-ability of accurate and timely information about the state. This thesis develops aframework for estimating the state of robots with complex dynamics by improvingthe performance of conventional estimation techniques and adapting them to theconstraints of mobile robot estimation.The presentation of this framework and its results are the principal subject of thisthesis. To better frame the type of problem addressed, it helps to �rst position theproblem in the larger �eld of state estimation, particularly as it applies to robotics.State estimation has long been integral to signal processing, with notable contribu-tions by Wiener, Kalman and Luenberger providing �lters and observers to extractthe signal from a data stream [86, 31, 32, 50, 51]. The common characteristic ofthese estimation tools is that they rely on models of the process generating thesignal to �lter the noise embedded in the data and recover the original signal.In robotics, the same estimation principles are applied to localization and map-



6ping, sensor fusion, and feedback control, among other applications. Instead ofusing models of the signal, �lters and observers use motion models of the robot tointerpret sensor data and recover the robot's state.The description of some representative applications helps clarify points of di�erencebetween the problem addressed in this thesis and related research. For instance,the task of localization and mapping centers on the correct tracking of environmentlandmarks in the face of uncertainty in robot motion and sensor measurements (e.g.[41, 45, 33, 15]). Little attention is paid to situations where the motion dynamicsare complex and di�cult to model accurately. In contrast, this thesis focuses onestimating the state of the robot itself rather than that of landmarks, and explicitlyaddresses systems with complex dynamics whose state is di�cult to estimate withconventional techniques.Another application is sensor fusion, where the task is to integrate sensor informa-tion generated by di�erent types of sensors and at di�erent rates (e.g. [63, 77, 48]).The emphasis of sensor fusion research is on correctly incorporating di�erent ob-servations into an estimation �lter to improve the accuracy of the state estimates.Similarly, this thesis seeks to make e�cient use of available information to gener-ate accurate state estimates. The di�erence is that the emphasis is not on fusingsensor data, but rather on developing a general framework to e�ciently use theinformation, particularly in situations where some sensor data cannot be directlyincorporated into the estimation �lter.In summary, the estimation problem addressed in this thesis consists of generatingaccurate state estimates for mobile robots with complex dynamics, through thee�cient use of information available to the system. This problem de�nition isshared with other research projects, such as the design of an observer system totrack a bouncing ball [62] or an observer to estimate the state of robots withnon-holonomic constraints [26]. Such research typically involve the developmentof specialized estimation tools that handle a speci�c problem very well. This is adeparture from the approach adopted in this thesis, which advocates an estimation



7framework designed to improve the performance of conventional estimation toolsthat are widely used in most estimation �elds. Thus, this research is not speci�cto a particular system, but is intended to provide a new estimation approach thatcan be applied to a variety of systems.It is also important to place this work in the context of the hybrid control re-search �eld, which addresses similar classes of systems with intermittent dynamics[36, 1]. The hybrid control community approaches such systems in two ways [36];the �rst is to devise control policies that ensure convergence and stable opera-tion despite switching dynamics, such as deploying multiple Lyapunov functionsto avoid chattering when dynamical modes switch [7]; the second is to model thediscrete/continuous dynamics in a uni�ed framework, an approach that often seeksto solve computer science problems such as model checking and veri�cation [14, 75].The research most closely related to this thesis is the development of uni�ed mod-eling frameworks that explicitly express a system's hybrid properties. For example,Lemmon [38] develops a supervisory hybrid system consisting of a hybrid automa-ton whose discrete states represent an abstraction of continuous dynamics, andwhere transitions among the discrete states are triggered by the continuous state.It would seem that this modeling approach could be used to represent intermittentdynamics of mobile robots, but hybrid automata typically only handle simpli�edcontinuous dynamics (such as an integrator that tracks time [36]), and are brittlein the presence of noise. Therefore, alternative techniques are needed to accountfor complex dynamics and imperfect sensors, a problem addressed in this thesis.This brief analysis shows that even though the systems of interest to this researchare mobile robots with intermittent dynamics, the estimation framework appliesto hybrid systems in general. Together with multiple-model �ltering, the context-based estimation approach complements the existing body of research in controland modeling for hybrid systems.The assumptions underlying the estimation framework are as follows. The sys-tems of interest are rigid bodies, possibly equipped with inertia-less appendages.



8The robots are expected to have intermittent interactions with the environment,and these interactions result in high-order hybrid dynamics along many degrees offreedom. Throughout the document, the term `complex' dynamics refers to high-order, high-dimension and intermittent dynamics. The experiments are designedto validate the context-based estimation framework, and do not account for sensorfailure.The following sections describe the philosophical approach to state estimation ad-vocated by this research and present an outline of the thesis.1.1 Philosophical Approach to State EstimationA �rst step in addressing the problem of state estimation for systems with complexdynamics is to recognize that the dynamics can be approximated by a collection ofsimple models, provided these models are used only when they are accurate. Thisapproach reduces the need for complete motion models that capture the high-ordercomponents of the dynamics over six dimensions, and that may be intractable todesign.This multiple-model representation is appropriate for hybrid systems whose dy-namics undergo discrete changes, as di�erent dynamics can naturally be describedwith di�erent models. The representation is also appropriate for non-hybrid butcomplex systems, in situations where di�erent components of the dynamics can beapproximated by simple models, even if the components do not switch discretelyamong each other.Conventionally, state estimation for such systems is performed with multiple-model(MM) �ltering systems, but these systems do not scale well as the number ofmodels grows. An MM system associates multiple Kalman �lters to each dynamicalcontext and runs all �lters simultaneously. It averages the individual �lters' outputweighted by their relative likelihood and generates a consolidated state estimate.This approach requires the activation of the entire set of �lters, which can become



9computationally intractable.Multiple model systems can also output low-accuracy state estimates when thedynamics undergo sharp and recurrent transitions. To maintain the accuracy ofthe consolidated state estimate, individual �lters should rapidly converge to correctlikelihood values after a sharp transition. However, the computation of �lter like-lihoods can be incorrect if individual �lters do not have enough time to convergebefore the dynamics change again. Likelihood estimates can also be inaccurate ifthe �lters' observations have a low sensitivity to changes in the dynamics, as theywould further delay �lter convergence.This thesis improves the scalability and performance limitations of MM systems byleveraging sensor information to reduce the systems' computational complexity andimprove their output accuracy. To this end, the notion of context is de�ned andthe dynamics are represented with a hierarchy of contexts as follows: dynamicalcontexts represent the dynamics that can be described by one model, and behavioralcontexts represent speci�c sequences and frequencies of transition among dynamicalcontexts. In other words, contexts are discrete states that associate dynamics to themodels that describe them. The approach seeks to exploit the context's hierarchicalrepresentation to e�ciently and correctly determine which model is accurate.Since contexts correspond to dynamics and the models that describe them, deter-mining which model is accurate reduces to identifying the robot's current context.This can be done e�ciently by using conventional discrete-state estimation tech-niques such as classi�cation to determine the identity of the context at a bandwidthclose to the update rate of onboard sensors. Knowing the current context deter-mines which model is accurate enough to be used by MM �lters when estimatingthe robot's state.This approach can be better understood with the help of an example. Consider alegged robot that executes a jogging gait and alternates �ight and stance contexts.The �ight dynamical context is identi�ed when the legs are extended (no contactwith the ground) and when the body acceleration is close to gravity. Similarly,



10
A

cc
el

er
at

io
n


Leg Compression


-
g


Flight Context


Stance
 Context


-
g


N


-
g
Figure 1.1: A jogging hexapod robot alternates �ight and stance dynamical con-texts. The contexts are identi�ed by classi�cation of leg compression and bodyacceleration measurements.the stance context is identi�ed when the legs are compressed and the accelerationmeasurements are positive (see Figure 1.1). Thus, the identity of the robot's dy-namical context can be determined by classifying measurements of leg compressionand body acceleration into the �ight or dynamical contexts, at the rate at whichmeasurements are made available to the system.The jogging robot's behavioral context is de�ned by the frequency of transition be-tween its �ight and stance contexts. By alternating contexts at a speci�c frequency,the jogging dynamics causes acceleration measurements to follow speci�c patternsthat can be e�ciently detected by discrete-state estimation tools. The tool adoptedis the combined use of hidden Markov models to recognize the spatial structure ofa pattern and of timed automata its recognize temporal structure. Therefore, thejogging behavior is identi�ed when the discrete-state estimators recognize acceler-ation patterns that correspond to jogging, as illustrated in Figure 1.2.The ability to e�ciently identify the dynamical and behavioral contexts improvesthe scalability and accuracy of conventional state estimation. The scalability ofMM systems is signi�cantly enhanced by �rst identifying the abstract context andthen only activating the subset of �lters that correspond to that context. This
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Figure 1.2: The robot's jogging behavioral context is identi�ed by recognizingpatterns in acceleration data that are speci�c to the jogging behavior.reduces that computational complexity of the MM system, as it no longer needs toaverage the output of all �lters in order to produce accurate estimates.This approach also improves the output accuracy of multiple-model systems whensharp and recurrent context transitions take place. Sharp changes in the dynamicslead to distinct dynamical contexts that can be classi�ed rapidly and unambigu-ously. This information directs MM systems to assign correct weights to individual�lters, even if the �lters' own likelihood estimates are incorrect. As a result, thecontribution of accurate �lters is emphasized and the contribution of inaccurate �l-ters de-emphasized, which improves the timeliness and accuracy of the consolidatedstate estimates.Context-based estimation applies to hybrid systems subject to recurrent and rapidlyswitching dynamics. Figure 1.3 depicts a family of existing mobile robots that sharethese dynamic characteristics and therefore bene�t from the approach. The �gurealso provides a graphical summary of the approach. Conventional state estimationfor any such mobile robot requires the deployment of a large-scale multiple-model�ltering system with signi�cant computational overhead; the context-based frame-work reduces computational cost by deploying multiple small-scale MM systems,and further reduces computational cost and increases accuracy by determiningwhich MM system and which individual �lter are appropriate and any point intime. As depicted in the �gure, behavioral context identi�cation determines whichsmall-scale MM system is appropriate, and dynamical context identi�cation deter-mines which �lter within the small-scale MM system is appropriate.
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Figure 1.3: Context-based estimation applies to systems such as mobile robots thathave recurrent and rapidly switching dynamics. Examples of recurrent dynamicsare hyper-redundant robots, also known as snake robots [25, 12, 69]. Examplesof rapidly switching dynamics span a spectrum of legged robots, such as Sprawl[34], a small-scale robot for horizontal running; RHex [65], a medium-scale robotfor horizontal locomotion; Big Dog, a large scale robot also for horizontal loco-motion; and RiSE [2], a medium-scale robot for vertical locomotion. For all thesesystems, identifying the behavioral context speci�es which small-scale MM systemto activate, and identifying the dynamical context determines which �lter withinthe small-scale MM to activate.



13It is worth noting that the combination of discrete and continuous estimation in-creases the e�ciency of information utilization, as context identi�cation can capturesensor information discarded by simple models and use that information to improvethe performance of continuous �lters. Additionally, the context identi�cation ap-proach provides the advantage of formalizing abstract models of the dynamics (suchas representing jogging dynamics with a behavioral context), which is necessary toclose the robot's behavioral control loop and improve its locomotion ability.This thesis shows that separating the recognition of context from classical stateestimation constitutes a rather intuitive framework for e�ciently and accuratelyestimating the state of systems with complex dynamics.1.2 Thesis StatementState estimation for mobile robots with complex dynamics can be made more ef-�cient and accurate by representing the dynamics with a hierarchy of contextsand combining discrete and continuous state estimation techniques. High-order,high-dimensional and intermittent locomotion dynamics are approximated by acollection of simple models and represented by a hierarchy of dynamical and be-havioral contexts to ensure that models are only used when accurate. Discretestate estimation enables the e�cient identi�cation of the contexts, and the contextinformation improves the accuracy and scalability of multiple-model continuousstate estimation �lters.1.3 ContributionsThis thesis makes two main contributions to state estimation. First, it introducesthe notion of dynamical and behavioral contexts to explicitly associate locomotiondynamics to the motion models that describe them. This notion changes the waymotion models are selected for state estimation; before, state estimation used mo-tion models that correspond to the current control policy ; now, selected models



14have to correspond to the current locomotion dynamics. The new selection criteriais more accurate and can be exploited to improve the accuracy of state estimation.The second contribution is the context-based estimation framework that lever-ages contextual information to improve the accuracy and scalability of multiplemodel �lters. This framework consists of discrete state estimation techniques foridentifying a robot's context, and of continuous estimation techniques that allowscalable and accurate estimation for systems with hybrid dynamics. More precisely,the framework uses classi�cation, hidden Markov models and timed automata toidentify dynamical and behavioral contexts, and a modi�ed generalized pseudo-Bayesian 2 algorithm to generate estimates of the continuous state.1.4 Thesis outlineThe thesis starts with a detailed analysis of the state estimation problem as itapplies to systems with complex dynamics (Chapter 2). A close examination ofestimation mechanisms for hybrid systems reveals the circumstances under whichthe performance of models and model-based �lters degrades. In particular, theanalysis shows that multiple-model �lters scale poorly as the number of modelsincreases, and generate low accuracy state estimates when locomotion dynamicsare of high order and change abruptly.To overcome these limitations, Chapter 3 presents a new estimation approach thatrelies on a contextual representation of the dynamics to improve estimation perfor-mance. The chapter gives precise de�nitions of dynamical and behavioral contexts,describes means of identifying them with discrete-state estimation tools, and showshow context information improves the accuracy and scalability of conventional �l-ters.This framework is put to practice in experiment and simulation. First, the presen-tation examines the proposed discrete-state estimation methods for context identi-�cation; classi�cation is used to identify dynamical contexts, and a combination of



15hidden Markov models and timed automata is used for identifying behavioral con-texts (Chapter 4). The techniques and their implementation are described in detailand their performance demonstrated experimentally on a hexapod robot. Second,context identi�cation is shown to improve the accuracy and scalability of multiplemodel �lters (Chapter 5). The thesis presents algorithms that incorporate contextinformation into MM systems, and demonstrates the approach's e�ectiveness ex-perimentally: the identi�cation of the dynamical context is shown to signi�cantlyimprove the accuracy of multiple model �lters by rapidly determining which mod-els are accurate; and the identi�cation of behavioral contexts is shown to improvethe scalability of MM systems, by enabling the deployment of multiple small-scaleMM systems instead of a single large-scale system. An extension of the frame-work is also presented, whereby the identity of a robot's context is used to regulatethe parameters of individual estimation �lters and improve their output accuracy.Additional development of algorithms for simple context-based �lter adaptation isprovided in the Appendix.The thesis concludes in Chapter 6 with a discussion of the research's results, po-tential applications, and extensions to the current framework that would furtherincrease estimation accuracy.
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Chapter 2Problem Description
Estimating the state of physical systems is a longstanding necessity for aircraftfault detection and target tracking [9, 55, 61, 6], and for automotive control anddiagnostics [80, 28, 16], to name a few applications. These industries invest large ef-forts developing complex models and deploying onboard sensors to obtain accuratestate estimates from model-based estimation �lters. Robust state estimation is alsonecessary for mobile robot control, particularly as increasingly dynamic robot mo-tions require high-bandwidth feedback control. Unfortunately, the tools developedfor aircraft and automotive estimation cannot be directly used in robotics for twomain reasons. First, mobile robots are expected to interact with more challengingenvironments than cars, whose computer-controlled subsystems are generally de-signed to operate on �at roads. In contrast, robot-environment interactions oftenresult in high-order, time varying dynamics that are di�cult to model accurately.The second reason is that cost, power and size constraints of most mobile robotsprohibit the use of specialized sensing and powerful computing as practiced in theaircraft industry.These considerations motivate the development of an estimation approach thatenhances the ability of existing techniques to use simple motion models and low-cost sensors and accurately estimate the state of mobile robots. The approachconsists in part of approximating the high-order hybrid dynamics of mobile robots



18with a collection of lower-order models to make the design of motion models moretractable. The accuracy of individual models is expected to vary with time, as thedynamics may �t the description of one model at one time and of another modelat another time.The typical estimation tools designed to take advantage of such a model setup arethe multiple model (MM) �lters [55, 53, 88, 23]. They were initially developedfor aircraft fault detection, where a small number of models is used to describepossible faults and detect their occurrence. Applied to mobile robots, MM �ltersare limited by poor scalability characteristics. The �ltering approach associatesmultiple Kalman �lters to each model and runs all �lters simultaneously. It aver-ages the individual �lters' output weighted by their relative likelihood to generatea consolidated state estimate. This approach requires the activation of the en-tire set of �lters, which can become computationally intractable for robots thatrequire a large number of models to accurately describe their di�erent locomotioncapabilities.Multiple model �lters can also produce inaccurate state estimates when suddenchanges in the dynamics lead to sharp and recurrent variations in model accu-racy. To maintain the accuracy of the consolidated state estimate, individual �ltersshould rapidly converge to the correct likelihood after a sharp change of dynamics.However, three factors reduce the convergence rate of likelihood estimates, the �rstand second relating to the �ltering mechanism itself and the third relating to thetype of sensors available to the system.First, the �lter's ability to rapidly converge to the correct likelihood depends onthe �lter's con�dence in its motion model's accuracy relative to the accuracy of thesensor measurements. In situations of low con�dence in the motion model, individ-ual �lters assign relatively more weight to observations than to model predictionswhen updating the state. As a result, model predictions are close to observations,�lter innovations1 are small, and output likelihoods, which are a function of inno-1Innovations are de�ned as the di�erence between model prediction and sensor observation.



19vations, have a low sensitivity to variations in the observations. In other words,the lower the con�dence the �lter has in its motion model, the lesser the �lter'sability to rapidly change its likelihood when the dynamics change abruptly, even ifthese changes are observed by onboard sensors. This limitation is likely to occurwhen using simple models, as �lters often have relatively con�dence in such models'predictions.The second factor for slow likelihood convergence has to do with the multiplemodel system's mechanism for assigning weights to individual �lters. The weightsare a function of the current individual likelihood and of the weights computedat the previous estimation step. By tying current likelihoods to previous weights,this algorithm introduces some delay in redistributing the weights after an abruptchange in the dynamics.Third, the convergence of likelihood estimates can be slow if the �lters' observationsare slow at detecting variations in the dynamics. For example, consider the taskof estimating a body's position over time by using a �lter that relies on positionmeasurements. If the dynamics governing the body's motion change abruptly, theywould induce immediate change in the body's acceleration, but only induce smallchange in its instantaneous position which could be hard to measure. This meansthat the position sensor has a low sensitivity to the dynamics, thus limiting the�lter's ability to rapidly converge to the correct likelihood and detect when itsmodel looses accuracy.Slow convergence can lead to the failure of multiple model state estimation if theabrupt changes in the dynamics take place at a frequency higher than the conver-gence rate of individual �lters. Such conditions drive the MM system to assignincorrect weights to individual �lters, thereby causing the divergence of the con-solidated state estimate.This chapter describes the underlying causes of the scalability and accuracy limi-tations of MM �lters in a bottom-up approach. Since MM �lters are composed ofindividual �lters based on motion models, it is safe to assume that the properties



20of the motion models a�ect the performance of individual �lters which, in turn,a�ect the performance of multiple model �lters. Therefore, the following sections�rst analyze the impact of a model's design choices on that model's expressivenessand accuracy; second, a review of Kalman �lters highlights their performance limi-tations when using simple models; and third, a description of multiple model �ltersshows their inherent scalability limitations as well as their accuracy limitationswhen individual �lters su�er from performance problems.2.1 Accuracy of Motion ModelEstimation �lters use a combination of motion and sensor models to generate stateestimates that are robust to noise [86, 31, 50]. Motion models describe the evolutionof a system over time by capturing a representation of its dynamics. Observationmodels map sensor data into measurements of the state being estimated by the�lters. The following brief description of the �ltering mechanism explains howboth types of models are used to generate state estimates.At each sampling step, a �lter compares a motion model's prediction of the stateto observations of that state. The idea behind comparing predictions to observa-tions is that the greater the agreement between the two values, the greater thecon�dence in the state estimate. In practice, model inaccuracies and sensor noisecause discrepancies between the two values, so the �lter computes a best estimateof the state as the weighted sum of predictions and observations. Here, the weightsare proportional to the relative accuracies of the model and of the sensors. Thus,in the presence of signi�cant sensor noise, the �lter assigns higher weights to thepredictions, which limits the in�uence of inaccurate measurements on the stateestimates.Since state estimates combine predictions and observations, their accuracy dependsin part on the motion model's accuracy. Therefore, careful examination of theassumptions and trade-o�s underlying the model design is necessary to determine



21if and when predictions are accurate. In this respect, an important measure ofaccuracy is the motion model's expressiveness, i.e., the extent to which the modelcaptures the dynamics of the robot. Fully expressive motion models represent theentire dynamics and generate accurate predictions. Realistically, the representationof complex dynamics is likely to make simplifying assumptions that reduce themodel's expressiveness and therefore limit its accuracy. Model expressiveness alsodictates the extent to which information can be extracted from sensors to form theobservations that are combined to predictions. Low-expressiveness models oftencause �lters to discard some sensor measurements that cannot be combined topredictions, which reduces the estimation accuracy.To help understand which situations can lead to low model expressiveness, it isuseful to �rst introduce some de�nitions. Robot dynamics govern the evolution ofthe complete state of the robot, called robot state. Accurate motion models seekto capture as complete a representation of these dynamics as possible. However,practical considerations often lead to limiting the representation to the dynamicsthat govern only a subset of the robot state, called model state. The space of robotstates is typically multi-dimensional, so the model state is a reduced-dimensionalrepresentation of the robot state, and the motion model describes dynamics alongsome of the state dimensions and ignores the other dimensions. For example, arobot's motion on �at ground can be approximated with a planar model in SE(2)2(translation and rotation in the plane), discarding dynamics along the remainingthree dimensions even though they may be signi�cant. For instance, a robot colli-sion with an obstacle would generate signi�cant vertical motions that modify therobot's position in the plane, but a purely planar model would be unable capturesuch a event. This dimension reduction simpli�es the design of the model but re-duces its expressiveness, as dynamics along unmodeled dimensions are treated asnoise.Model expressiveness can be further reduced when the robot dynamics are com-2
SE(2) is the special Euclidean group homeomorphic to R
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22plex. In this case, the represented dynamics can be of lower-order than the actualdynamics, discarding higher-order components that may be too di�cult to model.A common example is modeling animal running as a spring loaded inverted pen-dulum (SLIP) [68], which is a largely accurate description of a running body'smotion. However, the SLIP model does not capture the dynamics of the inelasticcollisions of the foot with the ground, so these dynamics are treated as noise. Thus,order reduction is often a necessary design choice to make the modeling of complexdynamics tractable, but it clearly limits the model's expressiveness.The following subsections describe the e�ect of low expressiveness on model accu-racy and, by extension, on estimation performance.2.1.1 Accuracy loss through order reductionReduced-order models typically capture an aggregate representation of the dynam-ics, i.e. they describe the low-frequency components of the dynamics and ignorehigher frequency components. This means that low-order models are useful atdescribing the evolution of a system over an aggregate amount of time, but areinaccurate over short periods. As such, these models describe the average e�ectof the dynamics on the system, and are useful because they enable the �lters toaccurately estimate the state over time. However, if the �lters update their state athigh frequency, then the �lters have to assign a low con�dence value to the model'spredictions relative to the sensors' observations. As discussed in Section 2.2.2, thissetup reduces a �lter's ability to rapidly adjust its likelihood estimates in responseto abrupt variations in the dynamics, which reduces the accuracy of multiple modelestimation.Despite the limitations of reduced-order models, they remain a tractable tool usefulfor estimating the state of systems with complex dynamics. This thesis addresses aclass of systems whose state can be estimated with such models, because their high-order dynamics cannot be easily modeled with a single, complete model. Rather,the dynamics are approximated with a collection of lower-order models, which,



23when considered as a set, provide a comprehensive description of the the dynamics.Being of low-order, these models are only accurate in the presence of the dynamicswhich they are designed to describe, and lose accuracy when unmodeled dynamicsdominate the motion. Therefore, the challenge is to build an estimation system thatis able to incorporate a large number of models but rely only on the appropriateones at the right time.2.1.2 Information loss through dimension reductionReduced-dimension models limit the ability of state estimation �lters to take fulladvantage of available sensor information. Sensors typically measure elements ofthe robot state, but some of these elements may not be part of the lower-dimensionmodel state. Measurements of state elements that are common to the robot andto the motion model are said to be compatible with the model state. As thesensor model maps available measurements into measurements of the model state,measurements that are incompatible with the model state are discarded. In general,the greater the dimension reduction, the greater the likelihood of some sensorinformation being discarded. As an example, consider a robot equipped with anonboard six degree-of-freedom (DOF) inertial measurement unit (IMU), comprisingthree-axis accelerometers and three-axis gyroscopes. If the motion of the robot isrepresented with a collection of decoupled models, say one model per degree offreedom, then individual models would only be compatible with measurementsalong their own corresponding dimension, and measurements along the other �vedimensions would be discarded.Discarded measurements could contain information about a model's accuracy. Theloss of this information hinders the ability of the estimation system to decidewhether to rely on that model or discard its predictions, which could lead to thefailure of state estimation. Consider the robot equipped with the 6-DOF IMUmentioned above, and assume that it locomotes on �at ground. A simple motionmodel (e.g. unicycle model) can describe the robot's translation and rotation in



24the plane with su�cient accuracy to predict the robot's planar state. However,only three dimensions of the IMU output are compatible with the model, namelythe acceleration along the x and y coordinates, and the rate of rotation around theyaw axis (see Table 2.1 for a summary of the dimensions of the di�erent spaces).Measurements along the other three dimensions, acceleration along z and rate ofrotation around the roll and pitch axes, are discarded. Therefore, a state estima-tor would be unable to use this additional information to compute estimates or toevaluate the model's accuracy. To see the impact of this limitation, imagine thatthe robot suddenly �ips on its back with its wheels still touching the ground. Theunicycle-based �lter being �blind� to gyroscope roll information, doesn't accom-modate the new robot con�guration. The model assumes that control input stilldrives the robot forward, whereas the upside-down robot is moving backward. Theerroneous predictions soon cause the divergence of the �lter. If the system wereable to rationalize the gyroscope roll information, it would infer that the modelassumptions have been violated and that the model predictions have lost accuracy.In this case, a di�erent model could be used, or in its absence, the �lter wouldsigni�cantly de-emphasize the contribution of model predictions to state updatesto reduce the risk of divergence.Dim. Dim.Robot State Space 6 Model State Space 3Available Measurements 5 Compatible Measurements 3Table 2.1: Dimensions of robot state, model state, measurement vector and com-patible measurement vector.Discarding sensor measurements reduces the system's e�ciency at information ex-traction. In general, the more information is made available to the estimationsystem, the faster the estimation converges. Therefore, the advantages of reduced-dimensional models in terms of simplicity and tractability are o�set by lower es-timation performance. This motivates building an information processing system



25that simultaneously uses simple models and seeks to improve the e�ciency of in-formation utilization.In practical terms, this thesis considers that a major reason for low estimationperformance is the �lter's reduced ability to assess the accuracy of its model.Therefore, the information processing system it advocates seeks to use informa-tion discarded by reduced-order models to assess the accuracy of the entire modelset and direct �lters to only use appropriate models.2.2 Accuracy of Single-Model FiltersThe accuracy limitations of the motion models naturally induce performance limi-tations for the �lters that use them. As already mentioned, state estimation �lters(e.g. Wiener �lters, Kalman �lters, Luenberger observers) combine model pre-dictions and sensor observations to generate state estimates [86, 31, 50, 51]. Alltypes of �lters make assumptions about the relative accuracies of model predic-tions and sensor observations. The following sections discuss the validity of theseassumptions in realistic situations and the impact of violating them on the esti-mation performance. In addition, adaptation techniques are brie�y reviewed toassess their ability to mitigate the loss of estimation performance. The discussionis grounded in the Kalman �lter framework, a framework extensively used by theestimation community.2.2.1 A brief description of the Kalman �ltersKalman �lters enable the optimal estimation of the state of a system subject tonoise under speci�c linearity and statistical assumptions. Optimality is guaranteedif the dynamical system is linear, and if the process and sensor noise have a known,white Gaussian distribution. Process and sensor noise expresses uncertainty inthe model and in the sensor, respectively. For reference, a generic discrete linearsystem expressed in the Kalman framework is reproduced in Algorithm 1, with the



26Algorithm 1 Kalman Filter
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) Innovation Likelihoodfollowing convention used throughout the document: x stands for the system state;
F for transition matrix; Bu for input; y for observation; H for observation matrix;
xm for estimated state; P for state covariance; k for sampling time; the indexes pand u for predicted and updated values, respectively; and �nally ν and ω stand formodel and measurement noise with covariances Q and R, respectively.2.2.2 Loss of estimation accuracy when using simple modelsGiven the impact of the innovation likelihood p on the performance of multiplemodel �lters, a close look at the likelihood's computation is warranted. The in-novation likelihood equation shows that p is a function of the innovation r andits covariance S. The innovation is de�ned as the distance between the observedand the predicted state; the more accurate the model prediction, the shorter thedistance between predictions and observations.Incorporating the innovation into the computation of the likelihood serves thelogical argument that the �lter's output should be trusted if its predictions and
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(b) High innovation covarianceFigure 2.1: The likelihood is a a function of the innovation (r) weighted by theinnovation covariance (S). Figure (a) shows a system where S1 is low, resulting ina narrow bell curve. Variations in r1 results in large variations of the likelihood

p1. In contrast, Figure (b) shows a �at bell curve system representing a large S2.The shape of the curve explains that variations in r2 lead to small variations of p2,meaning that the likelihood has a low sensitivity to variations in the innovation.observations agree. In addition, the likelihood incorporates innovation covariance
S which expresses the �lter's con�dence in the innovation �gure itself. A highcon�dence in the innovation is expressed with a small S, which translates into a`bell-curve' distribution of p as a function of r (see Figure 2.1(a)). This distri-bution means that changes in the value of the innovation r induce pronouncedchanges in the likelihood p. In other words, the likelihood has a high sensitivityto the innovation. Conversely, a low con�dence in the innovation translate into a`�at' distribution of p, and the likelihood has a low sensitivity to the innovation(sub�gure (b)).Thus, if a �lter is con�dent that its motion model and sensors are accurate, then itwill con�dently interpret a large innovation as an indication that the �lter's outputcannot be trusted. Conversely, if the �lter is not con�dent in the model's or thesensors' accuracy, then variations in the innovation can be due to either process orsensor noise, and the likelihood becomes a more uniform and low-valued functionof the innovation.



28It follows from this analysis that when �lters have a low con�dence in their models,their likelihood has a low sensitivity to changes in the innovation. This means thatif the individual �lters of an MM system have a low con�dence in their motionmodels, then they will be slow at computing likelihood estimates that correctlyre�ect the relative accuracy of each �lter. This reduces the multiple �lter's abilityto rapidly adjust the weights associated with the individual outputs after an abruptvariation in the dynamics, leading to a loss of estimation accuracy.2.2.3 Loss of estimation accuracy when violating �lter assump-tionsApart from the likelihood's impact on multiple model �lters, practical considera-tions limit the accuracy of individual Kalman �lters by violating the assumptionsunder which optimality is guaranteed. For instance, few systems are actually lin-ear, so their motion and sensor models have to be linearized in order to be used ina Kalman �lter. This leads to the extended Kalman �lter [27, 46], which replacesthe process and sensor models F and H with their �rst-order Taylor series expan-sion ∂F/∂x and ∂H/∂x, respectively. An alternative technique is the unscentedKalman �lter [30], which accommodates a more accurate second-order linearizationof the model. Still, both methods use reduced-order representations of the dynam-ics that treat higher-order components as process noise. Since these higher-ordercomponents are unlikely to have a Gaussian distribution, both the linearity and thestatistical assumptions for optimality are violated. As a result, the performanceof the Kalman �lter is di�cult to quantify and can be far from optimal. This isparticularly true for the class of systems of interest to this thesis, where the dy-namics are of high-order and therefore far from linearity. Nevertheless, this thesispurports that such dynamics can be approximated by a collection of linear modelswith reasonable accuracy, so the Kalman �lter remain an attractive framework formultiple model state estimation.Another problem common to all types of �lters is their inability to adapt the



29feedback gain K to variations of the model's accuracy. When robots operate in the�eld, unanticipated transient dynamics often contradict the predictions of motionmodels, which decreases the models' accuracy. In such situations, the feedback gainshould increase in order to increase the weight of observations, decrease the weightof predictions, and reduce the risk of �lter divergence. Unfortunately, estimation�lters do not have a gain-regulation mechanism. At �rst glance, the Kalman �lteralgorithm may seem to regulate the gain, but a close inspection of Algorithm 1shows that the feedback gain does not depend on the innovation, which is the�lter's measure of model accuracy, and therefore does not adapt to variations inthe operating conditions.A possible remedy to this problem is �lter adaptation, discussed next.2.2.4 Improving estimation accuracy through �lter adaptationAdaptation consists of improving the accuracy of a system's parameters by in-corporating new information as it becomes available. Adaptation could provide asolution to the problem of variable model accuracy, by either learning the model'sparameters online to maintain its accuracy, or by modifying the feedback gain tode-emphasize the model's contribution when it becomes inaccurate. The follow-ing survey of available adaptation techniques shows that they are impractical forthe class of systems addressed here, because of considerations of implementationcomplexity and slow convergence.Learning the parameters of a model is called system identi�cation [47, 74], wherebythe model's structure is known a priori, but its parameters are identi�ed throughexperimentation (e.g. [58, 85]). This is done by collecting sensor measurements andrunning optimization routines on the model's parameters to minimize discrepan-cies between measurements and model predictions. Unfortunately, this techniquecannot be used to adapt the parameters online, because it requires the decouplingof the estimation and learning tasks, so that the model is identi�ed �rst and thenused for estimation [57].



30Available extensions to system identi�cation seek to simultaneously estimate thestate and identify model parameters, but they are generally di�cult to design andare only stable under restrictive assumptions [57, ch.4][78, ch.6]. Notable applica-tions are the estimation of slow-moving system biases through state augmentation.The parameters being estimated are incorporated into the model, where they areusually represented with a stationary model corrupted by zero-mean noise [3]. Anexample is Strelow and Singh's work [77] to compensate for IMU bias. They in-corporate the bias into the motion model, estimate its value at every �lter update,and use the estimate to correct the biased measurements.A related technique is adaptive control, where the system's input is designed todrive the model's parameters towards their true value [60, 8, 5]. Both adaptivecontrol and simultaneous estimation and model adaptation o�er asymptotic sta-bility, but are not guaranteed to converge rapidly. This limits their applicabilityto dynamic robots, as their convergence may be slower than the rate of changeof the dynamics. Another disadvantage is that speci�c adaptive systems have tobe developed for each model, so they do not scale well as the number of modelsincreases.An alternative approach to model adaptation is to adapt the parameters of the �l-ter to variations in model accuracy. For Kalman �lters, Maybeck [53] augments thestate of the model with the process and sensor noise covariances and provides analgorithm to continuously adapt their value. The drawback of this approach is itssigni�cant implementation complexity that requires many restrictive assumptionsto ensure stability. A more tractable technique proposed by Escamilla-Embrosioand Mort [21] adapts the value of sensor covariance using fuzzy-logic iteration.They �rst compare the covariance S of the �lter's innovation to the statisticalcovariance computed from a history of innovation values. Then they minimize dis-crepancies between the two values by modifying R using fuzzy logic, e�ectivelytuning the �lter's con�dence in the sensor. Along similar lines but with a di�erentimplementation, this thesis proposes in the Appendix a technique to continuouslyregulate the process covariance of one-dimensional systems with minimal compu-



31tational overhead.A simpler approach to continuous covariance adaptation is to vary the covariancesdiscretely, in incremental steps. For example, Bourassa and Kamoun [6] use two�lters to track a maneuvering plane with a radar. Both �lters use the same modelassuming the plane �ies in a straight line but have di�erent process covariances.The �lter with the lower covariance is used when the model can accurately describeaircraft in steady �ight, and the �lter with the higher covariance is used to trackaircraft executing maneuvers, which makes the model inaccurate. In the samespirit, the �rst implementation of the regulation framework proposed in this thesise�ects discrete change to the process covariance when a decrease in model accuracyis detected from the analysis of sensor data. The framework also enables continuouscovariance regulation, but this development is beyond the current scope.In summary, adaptive techniques are powerful tools for adapting slowly varyingparameters. In contrast, this thesis seeks to develop an estimation framework thatis explicitly designed to accommodate rapid variations in operating conditions.2.3 Limitation of Multiple-Model FiltersThe analysis so far has focused on the accuracy limitation of motion models andhow these limitations reduce the performance of individual �lters. This sectionextends this analysis to multiple model �lters, whose performance depends directlyon the performance of individual �lters and the models they use. The discussion ofMM �lters' performance starts with a description of leading MM algorithms thatdemonstrates their scalability limitations, and ends with a discussion of accuracyproblems speci�c to MM algorithms and those which are inherited from �lter andmodel limitations.Multiple-model �ltering techniques were initially developed for aircraft fault detec-tion and radar target tracking (e.g. [55, 4, 88, 54, 23]). These applications involvesystems that operate in di�erent modes, such as �ying with various system faults



32or executing distinct maneuvers, so di�erent models are designed to represent thedynamics of the di�erent modes. The assumption is that exactly one of these mod-els will correspond to the current mode of operation, so MM �lters identify themost accurate model at every sampling step and use it to output accurate stateestimates.Some research in the robotics community is adopting MM approaches for fault de-tection in mobile robots (e.g. [83, 79]). However, little attention has been paid tothe speci�cs of estimating the state of robots with complex dynamics. Multiple-model �lters could be used to accurately estimate the state of such robots, providedthat their scalability and performance limitations are adequately addressed. Thefollowing sections detail the multiple model �ltering process and discusses its lim-itations when applied to mobile robots.2.3.1 A brief introduction to multiple model algorithmsEstimating the state of systems with multiple modes of operation typically involvesassociating hypotheses to mode transitions and evaluating the most likely hypothe-sis at every sampling step. Each hypothesis consists of a transition from a particularmode at the previous sampling step to a particular mode at the current step. A�lter based on the model of the current mode is associated to each hypothesis, andits prior is the previous output of the �lter based on the model of the precedingmode. The relative likelihoods of all �lter outputs are computed at each samplingstep, and the highest-likelihood output is adopted as the system's state estimate.For fault detection, the hypothesis corresponding to the highest-likelihood �lter isbelieved to be correct, thus identifying the current mode and fault.Clearly, the disadvantage of this approach is that the number of hypotheses in-creases exponentially with the number of steps. For example, consider a simpletwo-mode system. Between two consecutive steps, each mode can make two pos-sible transitions to new modes, so the number of hypotheses after N steps is 2N .The computational cost of running that number of �lters rapidly becomes pro-



33

Figure 2.2: A two-mode GPB2 spawns N2 = 4 �lters, one for each mode sequence.Their output is consolidated to form the state estimate.hibitive, so this problem has motivated extensive research into means of reducingthe number of hypotheses. The most accurate of these techniques is the generalizedpseudo-Bayesian 2 (GPB2) algorithm [11, 52, 42] expressed in the Kalman �lterframework, which collapses the hypotheses at each sampling step into a set whosecardinality is equal to the number of modes. This way, the number of hypothe-ses is maintained constant from one sample step to the next, which improves theestimation tractability.The GPB2 cycle is shown schematically in Figure 2.2 for a two-mode system overone sampling step. The initial two hypotheses (Mode 1 and Mode 2) spawn fourhypotheses as expected, but those are collapsed back to two before the next cyclestarts. The collapse is made possible by the consolidation of the outputs of all �ltersbased on the same model. The individual outputs of those �lters (e.g. X1,1 and
X1,2) are weighted by their relative likelihoods (Prob1,1 and Prob1,2) and summedto form the mode-speci�c estimate (X1). At every iteration, a best estimate (X)can be extracted by consolidating the mode-speci�c estimates.Another interpretation of this approach is that the estimates of the individual�lters are weighted according to their relative likelihood, and all weighted outputsare then consolidated into the system's state estimate. This way, the greater the



34Algorithm 2 Steps of a GPB2 update [11]
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likelihood a �lter's output, the greater its contribution to the overall estimate. Ifthe �lters are able to accurately estimate their likelihood, then the GPB2 woulddeliver estimates as accurately and rapidly as the most accurate individual �lter.Described more formally, each GPB2 iteration starts with the assumption that anymode could have been in e�ect at time t − 1, and any mode could be in e�ect attime t. For a system with N modes, a bank of N2 �lters is updated and the outputof all �lters is consolidated. Algorithm 2 details the steps involved in a cycle. Here,
filteri is based on the model of mode i; it represents the hypothesis that mode iis in e�ect at time t; xi,j is the state estimated by filteri and whose prior is theoutput of filterj; r is the residual (innovation); and S and P are the innovationand process covariances, respectively.



352.3.2 Scalability limitation of MM �ltersEven though the development of algorithms such as the GPB2 has given multiplemodel �ltering practical value, all such algorithms still require the simultaneousactivation of the entire set of �lters in order to compare and consolidate theiroutput. This limits the applicability of these algorithms to systems with a smallnumber of models, as the computational cost of individual Kalman �lters is oftensigni�cant. In contrast to conventional systems using MM �lters, robotic platformsare generally constrained by size, energy and computational power. In addition,advances in science and technology are enhancing the capability of mobile robots,and they can require large numbers of models to capture increasingly complexdynamics. Therefore, the scalability of estimation algorithms is important to theirapplicability to robotics.2.3.3 Accuracy limitation of MM �ltersAs can be inferred from Algorithm 2, the accuracy of the MM state estimate isless than or equal to that of individual �lters. If the �lters incorrectly estimatethe likelihood of their output (pi,j), then the overall accuracy will be lower thanthat of the most accurate �lter, as large weights (Probi,j) would be assigned tolow-accuracy outputs.The risk of incorrectly estimating the likelihood is high for mobile robots thatinteract aggressively with the environment. These interactions result in dynamicsthat undergo sharp and recurrent changes which abruptly modify the accuracy ofthe di�erent models. In response, the weights assigned to �lter outputs shouldbe modi�ed rapidly and appropriately in order to maintain the accuracy of theconsolidated estimates. To evaluate the speed at which the weights can be modi�ed,it is necessary to examine the mechanism that computes them. Equation 2.3 showsthat the weights are a function of the likelihood pi,j of individual �lters and of theprevious weights Probj. As discussed in Section 2.2.2, pi,j can be slow to convergewhen using simple models, which slows the correct assignment of MM weights.



36Another source of latency in updating MMweights relates to incorporating previousweights in the computation of the current weights. This dependency introducesa lag between Probi,j and pi,j, so that when pi,j varies sharply in response to anabrupt change in the dynamics, Probi,j can only updated gradually to a new value,since it is weighted by its previous value.MM systems can also be unable to rapidly update the weights of individual �ltersif the sensor information made available to the �lters is slow at detecting changesin the dynamics. Such delays can be due to sensors that have low sensitivity to thedynamics, or to simple models that force �lters to discard high-sensitivity sensorinformation. The following sections detail the sources of these delays and theirimpact on estimation accuracy.2.3.3.1 Low-sensitivity sensorsAs discussed previously, constraints imposed on robot platforms often limit thenumber and type of available sensors. If onboard sensors generate a signal thatis not directly correlated to the dynamics, then they would have a low sensitivityto changes in the dynamics and would therefore be slow at detecting them. Ex-amples include position sensors such as cameras and laser range �nders and, to alesser extent, velocity sensors such as gyroscopes. To understand why such sensorsmay be slow at detecting changes in the dynamics, recall from Newton's secondlaw that interaction forces are proportional to body accelerations. It follows thatacceleration sensors would be most sensitive to the dynamics. However, position isthe double integral of acceleration, so large variations in acceleration induce smallvariations in position. Therefore, position sensors have a lower sensitivity; evenif a sensor measures the body's position along a dimension that is aligned withthe interaction force, it would provide attenuated information about the dynamics.This slows the MM system's convergence on the correct likelihood distribution, andthus leads to incorrect weight assignments to the �lter outputs and low estimationaccuracy. The same analysis applies to velocity sensors which are one integral away



37from acceleration.The following simple simulation highlights the drawback of low-sensitivity sensing.The setup consists of an elastic bouncing ball that alternates �ight and stancedynamics:
z̈ =







−g, ballistic projectile,
−Kz (z − z0) − g, loss-less mass-spring system,where the state z is height, g is the acceleration due to gravity and K and z0are the ball's e�ective spring constant and rest length, respectively. The taskis to estimate the ball's height and velocity using the �ight and stance modelsand a noisy height sensor such as a laser range �nder. Since the dynamics aredescribed with two models, a GPB2 algorithm is used for estimation. For lack ofbetter information, the probabilities of transitioning among the modes are set to beuniform, i.e. Ti,j = 1

2
,∀i, j ∈{F, S}, where F and S are the �ight and stance phases,respectively. Four �lters are updated for this two-mode system, one per modesequence (it, jt−1). Equation 2.1 outputs four states xi,j, which are consolidatedthrough (2.4) and (2.6) into x, the ball state estimate. Figure 2.3(a) shows that thissetup generates inaccurate velocity estimates. The reason for the lack of accuracyis that observations have a low sensitivity to changes in the dynamics, so the GPB2is slow at recognizing that the ball touched down or lifted o�. This is evidencedin sub�gure (b), where the likelihoods of the �ight and stance modes su�er froma delay compared to the true simulated system. As a result of these incorrectlikelihood estimates, inaccurate stance estimates are emphasized during �ight and�ight estimates during stance.This analysis suggests that higher-sensitivity sensors such as accelerometers wouldimprove the accuracy of the estimates. In practice, there is an accuracy trade-o� between the di�erent types of sensors. Position sensors have the advantage ofproviding absolute information about the body with respect to its environment,so they maintain their accuracy over time. This property is valuable for localiza-tion, which explains why position sensors are widely available on mobile platforms.However, position sensors' low sensitivity to dynamics induces inaccurate velocity
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(b) GPB2 outputs wrong estimates of mode prob-abilityFigure 2.3: State estimates obtained with a conventional GPB2 lead to RMS errorsof 6.34 cm and 15.5058 m/s for position and velocity estimates, respectively. Thelow sensitivity of the position sensor to changes in the dynamics does not allowthe GPB2 to compute the correct probabilities for the �ight and stance contexts.These plots indicate the instants when the ball touches down and lifts o� with a'+'. Sub�gure b shows that the probabilities of �ight and stance erroneously crosseach other far from the '+' points. Correctly estimated probabilities would crossclose to the actual point of touchdown and lifto�.



39and acceleration estimates, as illustrated in the previous simulation. In contrast,accelerometers are sensitive to changes in the dynamics, so they enable fast con-vergence to the correct �lter likelihoods. Yet, position estimates derived from ac-celerometer data su�er from error accumulation and drift over time. Therefore, thechallenge is to devise a framework to overcome the drawback of estimation basedon position and acceleration sensors, so that state estimation can be accurate evenif only one type of sensor is available onboard.2.3.3.2 Information-Loss from low-dimension modelsThe accuracy of MM estimation can also degrade if the �lters discard sensor datathat provides relevant information about the dynamics. As argued in Section 2.1.2,�lters based on low-dimensional models discard sensor measurements that are in-compatible with the model state. Thus, dynamic forces that modify the accuracyof the estimation models and are measured by onboard sensors go unnoticed if theyare not aligned with these models' dimensions. As a consequence, MM �lters areunable to rapidly adjust their likelihood distribution as they cannot incorporateinformation about their models' accuracy. This leads to potentially assigning largeweights to inaccurate individual estimates and producing inaccurate consolidatedestimates.Such situations commonly arise when, for simplicity, the robot's motion is repre-sented with decoupled models. The underlying assumption is that such a repre-sentation re�ects the true nature of the dynamics. In reality, dynamics are rarelydecoupled and forces acting along one dimension usually modify the state alongother dimensions, even if indirectly. These state modi�cations do not match thepredictions of the decoupled models and are treated as noise; the larger the modi-�cations, the higher the noise and the lower the models' accuracy. Filters based onthese models can only measure the indirect e�ects of the dynamics on the modelaccuracy, and are therefore slow at converging to correct likelihood estimates. Itfollows that MM �lters will be slow at assigning weights that re�ect the accuracy



40of the models. This analysis highlights the need for communicating sensor infor-mation to �lters even if it is incompatible with their model state. Doing so wouldimprove the overall e�ciency of information extraction as well as the accuracy ofthe consolidated state estimates.2.4 SummaryThis chapter analyzes practical conditions under which conventional estimationstrategies are likely to fail. The analysis addresses the accuracy limitations ofsimple motion models, which are often a low-order and low-dimensional descriptionof the true dynamics. Accuracy limitations of motion models cause performancedegradation for estimation �lters that use such models. In turn, the performancelimitation of �lters lead to a loss of accuracy of multiple model systems that usethese �lters. These considerations call for the development of an estimation strategythat addresses the limitations of motion models, individual �lters, and multiplemodel systems. Such a strategy is presented in detail in Chapter 3, and its resultsare demonstrated in Chapters 4 and 5.This chapter also notes that multiple model �ltering systems su�er from poor scal-ability characteristics. The estimation strategy presented in Chapter 3 addressesthis issue in an e�ort to make MM systems more tractable for robotic systems withmultiple modes of operation.On occasion, attempts to improve the computational tractability of algorithms suchas MM systems are countered with the argument that Moore's law about the rapidincrease in processor performance solves this problem independently. For roboticapplications, however, there is a strong motivation to minimize the computationalload of low level tasks such as estimation and control to free onboard resources forhigher level tasks such as planning. Robotic mobility has already seen a paradigmshift from sense-think-act to performing all three processes simultaneously. In-creasingly, robotic applications include even higher tasks such as planning for the



41deployment of scienti�c instruments [73], coordination with other robots [18], andreasoning about energy consumption [81]. The steady increase in task requirementand robot capability comes at the cost of greater demand for computing resources.Therefore, enabling estimation for advanced-mobility robots while reducing thecomputational overhead is justi�ed practically as well as philosophically.
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Chapter 3Technical Approach
As stated earlier, the dynamics of robot locomotion are di�cult to model accurately,which complicates the task of estimating the state of mobile robots. This problemcan be addressed by approximating the dynamics with a collection of models thatprovide a comprehensive description of the dynamics when considered as a set,and are simple to design when considered individually. The accuracy of individualmodels varies with the dynamic situation, as locomotion dynamics may �t onemodel's description at one time and another model's at some other time.Multiple-model (MM) �lters are typically used for estimating the state of suchsystems, but they su�er from accuracy and scalability limitations which can makethem impractical for mobile robot applications. MM systems activate their entireset of �lters to evaluate the accuracy of individual �lters, weight their outputaccording to their accuracy, and consolidate the weighted outputs into an overallstate estimate [11, 55]. The computational cost of this approach increases as thenumber of �lters grows, and can become prohibitive for mobile robots because oflimited computational budget. In addition, using simple models reduces the abilityof the MM system to correctly evaluate the �lters' accuracy at high bandwidth,which reduces the accuracy of the consolidated estimates when the dynamics changerapidly. These limitations are described in detail in Chapter 2.This thesis improves the accuracy and scalability of state estimation for hybrid



44systems by representing intermittent dynamics with a collection of motion modelsand combining discrete and continuous estimation techniques to e�ciently identifywhich model is appropriate for estimation. The approach introduces the notionof context and represents the dynamics with a hierarchy of contexts as follows;dynamical contexts represent the dynamics that are described by one model; andbehavioral contexts represent speci�c sequences and frequencies of transition amongdynamical contexts. Current dynamical and behavioral contexts are identi�edthrough the classi�cation of data generated by onboard sensors. The identi�ca-tion of the dynamical context determines which model accurately represents thedynamics. Therefore, by using classi�cation, this approach enables the identi�ca-tion of accurate models at a bandwidth comparable to that of the fastest onboardsensors. This information helps MM systems evaluate their �lters' accuracy rapidlyand correctly, thereby increasing the accuracy of the consolidated state estimates.On the other hand, the identi�cation of the behavioral context enables the deploy-ment of multiple small scale MM systems to replace the conventional monolithicsystems. This reduces the computational requirements of multiple model �ltersand substantially improves their scalability.This chapter describes the proposed approach in detail, including the de�nition ofdynamical and behavioral contexts; the identi�cation of contexts through classi�-cation; and the combined framework of context identi�cation and MM �ltering thatimproves the accuracy and scalability of MM �lters, and adapts them to mobilerobot applications.3.1 Dynamical ContextsThe concept of dynamical contexts is to associate models to the dynamics theyrepresent in order to facilitate the identi�cation of appropriate models. This isformalized by de�ning dynamical contexts as the dynamics that can be describedby a single model. For example, consider the toy problem of the bouncing ballfrom Chapter 2, where the ball falls and bounces repeatedly on the ground. The



45ball's dynamics can be represented by �ight and stance models, so the ball can beexpected to be in the �ight or stance contexts at any given time. Thus, the problemof determining which model is most accurate reduces to identifying the currentdynamical context, as this information simultaneously recognizes the dynamicsand the model that best represents them.This formulation of the problem emphasizes the importance of explicitly recogniz-ing the dynamics as a means to rapidly identifying appropriate �lters in a multiplemodel system and thus generating timely and accurate state estimates. Conven-tionally, multiple model estimators indirectly infer the accuracy of the �lters fromthe likelihood of their output. As shown in Chapter 2, this leads to delayed andinaccurate assessments of �lter accuracy, particularly when using simple modelsand when the dynamics vary abruptly. In contrast, inferring model accuracy di-rectly from observations of the dynamics can be fast and accurate. This is becausethe classi�cation tools used to identify the contexts can have a high convergencerate. On one hand, statistical classi�cation is independent of the models used bythe MM �lters, so they are not constrained by considerations of design tractabilityand can incorporate sensor information discarded by MM �lters. On the otherhand, the design �exibility of classi�cation techniques facilitates the extraction ofsensor information that the designer deems most relevant to the identi�cation ofthe context. This means that classi�cation tools can be adapted to mobile robotsto maximize the bandwidth and accuracy of context identi�cation.Related context-based approaches can be found in the visual classi�cation com-munity, where a priori knowledge of the surroundings (context) is exploited tofacilitate the recognition of objects in a scene [82]. Similarly, dynamical contextsencode a priori knowledge of the dynamics that is exploited to facilitate the identi�-cation of appropriate �lters. The proposed tool for encoding that prior knowledgeis classi�cation, which builds statistical models of onboard sensor measurementsand thereby enables rapid identi�cation of dynamical contexts, as described in thenext section.



463.1.1 Identi�cation of dynamical contextsThe approach to context identi�cation is based on the observation that since lo-comotion dynamics strongly a�ect the signal of onboard sensors, analyzing thatsignal would provide information about the dynamics themselves. From there, theapproach calls for constructing statistical models that map sensor measurements tothe dynamics that induced these measurements and hence to their correspondingmodel. Such statistical models consist of sets in the sensor space1, each formed byclustering measurements generated while the system operates in one of its dynam-ical contexts. For real-world systems that are more complex than the bouncingball, the clustering is performed by operating that system in a controlled environ-ment, where the dynamics are steady and can be appropriately represented by theircorresponding motion models. The measurements generated by onboard sensorsare then clustered into sets labeled after the di�erent dynamical contexts. Thisway, each set of measurements corresponds to a unique dynamical context whosedynamics are known to be accurately represented by an available model. With thissetup, dynamical contexts are identi�ed whenever measurements can be classi�edin one of the sets. Thus constructing the classes is done o�ine and may requiresome e�ort, but the classi�cation itself is computationally inexpensive and can beperformed in real time while the system operates in the �eld.This concept can be clari�ed with the help of the same bouncing ball problem,where it is assumed that a noisy sensor onboard the ball can measure its height atall times. During the stance phase of the bounce, the ball's elastic body compressesand the height sensor outputs values that are lower than the ball's rest height.During �ight, the sensor reports altitudes that are greater than the rest height.Thus, height measurements can be clustered into two groups, one with values lowerand the other with values greater than the ball's height at rest. With this setup, asingle measurement of the height enables the immediate identi�cation of the �ightand stance contexts through its classi�cation in one of the two sets, as shown in1A sensor space is the space of all possible measurements.
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Figure 3.1: Representation of the bouncing ball's dynamical contexts. When theheight measurements z indicate that the ball is higher than its rest height z0, theball is classi�ed in the �ight context. Conversely, height measurements that arelower than the rest length classify the ball in the stance contexts.Figure 3.1. In addition to the two contexts, the �gure illustrates an intermediaryunknown context, that expresses the inability to classify the ball with certaintyaround the rest height because of sensor noise. A practical illustration of thisapproach is provided in Chapter 4.Context identi�cation could be implemented using di�erent statistical classi�cationmethods from clustering. For instance, Lenser proposes a non-parametric time-series approach to recognize discrete elements of the robot's surroundings, suchas the type of terrain traversed, from onboard sensors [39, 40]. The techniqueconsists of learning statistical correlations between pairs of consecutive data pointsand a given environmental feature (e.g. type of terrain), and using such statisticalmodels to classify current pairs of data points [39]. This approach could be usedto model locomotion dynamics, but since these dynamics vary with time, it wouldbe di�cult to obtain training sets large enough to construct accurate statisticalmodels. In contrast, the approach proposed in this thesis enables the explicitencoding of designer knowledge of the dynamics into the classi�cation (such asrecognizing that measurements of elevated altitude are indicative of �ight), whichreduces the need for large training sets. In other words, this approach is simplerto implement while providing all necessary functionality for proving the concept ofcontext identi�cation. Research into adapting leading classi�cation techniques to



48dynamical systems such as mobile robots is left for future work.3.1.2 Impact on MM state estimationMM systems estimate the accuracy of each �lter from the likelihood of its output,and weigh all individual outputs according to their accuracy to generate consol-idated state estimates. As stated in Section 2.3.3, the accuracy of these consol-idated estimates decreases when the individual �lters' likelihoods are estimatedincorrectly. Fortunately, identifying the current dynamical context provides infor-mation about model accuracy independently from �lter likelihoods. This meansthat context identi�cation can help MM �lters assign appropriate weights to theindividual estimates, even if their likelihood estimates are incorrect.Assigning appropriate weights to individual �lters can be done by modifying theparameters of the MM algorithm online. For the GPB2 described in Algorithm 2on page 34, (2.5) shows that the weights Probi,j are a function of the transitionprobabilities Ti,j, the output likelihoods pi,j and the previous weights Probj . Ofthese terms, only Ti,j is a parameter set by the designer; it can therefore be modi�edto a�ect the desired changes in Probi,j. If the system operation is classi�ed as beingin context i, then model i and its corresponding �lter are known to be appropriateand the other �lters inappropriate, as di�erent models are assumed to describedistinct dynamics. Thus, assigning non-zero weights to the other �lters incorporatesknowingly inaccurate estimates to the consolidated output, which decreases itsaccuracy. This thesis avoids this problem by setting the transition probabilitiesfrom any �lter to �lter i equal to one, and to all other �lters equal to zero. Thisleads to the maximal weight of one being assigned to the output of �lter i, andexactly zero to all other �lters. Thus, by modifying Ti,j based on which dynamicalcontext is identi�ed, the GPB2 is essentially reduced to a single-�lter system, wherethe �lter corresponds to the current dynamical context.Before examining the technical details of this approach in Section 3.1.3, it helpsto see how it would apply to the bouncing ball problem. The task is to estimate



49the ball's height by using �ight and stance models, and noisy data provided bythe height sensor. This is a two-context system, so a GPB2 would spawn four�lters, along the lines of Figure 2.2, and weigh the output of these �lters. Ateach iteration, the weighted outputs can be consolidated into a best estimate ofthe state. If the height measurements are higher than the ball's rest height, theywould be classi�ed into the �ight context, and the context-based GPB2 transitionprobabilities modi�ed so that transitioning into the �ight �lter has a probabilityof one. This way, the overall state estimate is that of the �ight �lter, whosemodel correctly represents the dynamics of the ball while airborne. If the GPB2was left to its own device and computed non-zero weights to the outputs of theother �lters, then the contribution of these outputs to the consolidated estimatewould necessarily reduce its accuracy. The results of this approach are provided inChapter 4.It is worth noting at this point that since the context-based GPB2 relies on a single�lter when the context is identi�ed, all other �lters can be deactivated without lossof accuracy. Without context identi�cation, MM �lters need to run the entire bankof �lters in order to generate combined estimates. Here, when the dynamics change,the contexts switch accordingly, which triggers the activation of a new �lter anddeactivation of an old one. This reduces the computational overhead of multiplemodel �lters and enhances their scalability.Naturally, this approach would lead to erroneous results if the wrong dynamicalcontext is identi�ed. This risk is mitigated in three ways. First, during the con-struction of context-speci�c sets of measurements in sensor space, care should betaken to ensure that sets which correspond to di�erent contexts are distinct fromone another. To that e�ect, the designer would construct the sets from sensor datathat are as relevant to the dynamics as possible, so that measurements a�ectedby di�erent dynamics would naturally cluster in distinct sets. Having distinct setsreduces the risk of misclassifying measurements that are corrupted by sensor noise.Second, robustness to sensor noise is further enhanced by constructing the sets fromdata generated by multiple sensors, each based on di�erent physical principles (fol-



50lowing the guidelines of Scheding [66]). Such redundancy prevents accidental faultsin one sensor from leading to context misidenti�cation. Last, the risk of misidenti�-cation is further reduced by identifying the system's behavior and verifying that theidenti�ed dynamical context belongs to that behavior. This can be done throughthe identi�cation of the behavioral context, which is detailed in Section 3.2. Thisveri�cation step enables estimation systems to reject false positives generated bysensor data classi�cation.3.1.3 Technical ApproachContext information is incorporated into the GPB2 by changing the transitionprobabilities (Ti,j) in Algorithm 2 as a function of the mode. If mode i correspondsto the identi�ed context and mode j represents all other modes, then set Ti,j =

Ti,i = 1 and Tj,i = Tj,j = 0. This means that transitioning into the identi�ed modeand staying in it has a probability of one, and transitioning into a wrong mode andstaying in it has a probability of zero. As expected, this produces Probi = 1 and
Probj = 0.As a consequence of this strategy, the best state estimate generated by the GPB2is equal to the state estimate of the accurate individual �lter; i.e. z = zi = zi,i.This formalizes the observation that once the system is in the identi�ed mode, itis expected to remain in it until a change of context is detected. In other words,the only valid hypothesis is (it, it−1), and the output of the �lter correspondingto mode i constitutes the sole output of the GPB2. By ignoring the contributionof inaccurate mode states, the accuracy of the consolidated state is not decreasedunnecessarily. Signi�cantly, ignored �lters do not have to be activated as they nolonger impact state estimates. This can be done simply by setting z = zi = zi,i,thereby explicitly ignoring inaccurate �lters. Thus, when the dynamical contextis identi�ed, multiple model �lters are e�ectively reduced to a single-model �lter,where the identity of the model is speci�ed by the dynamical context.In situations where the dynamical context cannot be identi�ed, such as during



51transitions between dynamical contexts within a single behavioral context, thetransition probabilities are restored to their nominal value, all �lters are reactivated,and the GPB2 resumes normal operation.Algorithm 3 gives a step-by-step description of the procedure for the two-modeproblem, with F and S standing for �ight and stance modes, respectively. Line 2of the algorithm corresponds to situations where the dynamical context, and hencethe mode, is identi�ed. Transitions to that mode are set to one, and transitionsout of the mode to zero. The GPB2 output is now strictly the output zii of theindividual filteri (zi) corresponding to the identi�ed mode.Line 7 corresponds to the situation where the dynamical mode cannot be identi�ed.The individual �lter variables (states and covariances) are reset to the last estimatesto properly initialize the nominal operation of the GPB2. As for the transitionprobabilities, they are now a function of the state of the system, an example ofwhich is provided in Chapter 5. Setting transition probabilities as a function ofstate improves the accuracy of the GPB2, as it encodes information about thedynamics that the GPB2 algorithm would be unable to capture from its model set.Lines 17 through 25 are the statements that perform the selective activation of theappropriate �lters.3.1.4 Consequence of inability to identify dynamical contextsSo far, this approach ensures that, whenever the system's dynamical context isidenti�ed, the context-based MM estimator only trusts the model that correspondsto the context. What happens, then, if the classi�cation fails to identify anycontext? The answer depends on the cause of the failure, which can be one oftwo possibilities. The �rst is that the system is transitioning from one context toanother (e.g. touching down or lifting o�, for the jogging ball), and in the processexhibiting transient dynamics that are not appropriately represented by any of theavailable models. As the system transitions between contexts, one �lter graduallyloses accuracy while another gains accuracy. Therefore, a reasonably accurate state
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Algorithm 3 GPB2 Modi�cations1. for i ∈{F,S}, j = i { 17. for i ∈{F,S}, j = i{2. if (identi�ed mode = i) { 18. if(flagi){3. Ti,j = Ti,i = 1 19. update filteri (zi)4. Tj,i = Tj,j = 0 20. if(flagj){5. z = zi = zii 21. update filteri (zj)6. flagi = T, f lagj = F }} }} 22. if(flagj){7. if(no mode identi�ed){ 23. update filterj (zj)8. for i ∈{F,S}, j = i{ 24. if(flagi){9. if{flagi = F}{ 25. update filterj (zi)10. zi = zjj }11. Pi = Pjj }} }}12. flagF = flagS = T Execute Algorithm 213. if(ż < 0){i = S; j = F} Iterate14. else{i = F; j = S}15. Ti,j = 0.7; Tj,j = 0.316. Ti,i = 1; Tj,i = 0}



53estimate would be formed by consolidating estimates of these �lters weighted bytheir relative likelihood, which can be done with the GPB2. Thus, during contexttransitions, the strategy is to restore the transition probabilities to their a priorivalues, activate all �lters and allow the GPB2 to recover its full functionality.The second possibility is that the dynamics are not transitioning between two con-texts, but rather have changed entirely and are no longer described by the modelsat hand. An example would be a mobile robot that executes a speci�c gait andsuddenly collides with an obstacle. The large dynamics that result from the colli-sion are likely to cause the robot to exit all its dynamical contexts. Therefore, theestimation strategy here would be to avoid using any of the available models, sincerelying on knowingly inaccurate models can lead to the failure of state estimation.The challenge raised here is how to disambiguate between the two possibilities,namely whether the departure from dynamical contexts is merely due to a tran-sition among contexts or rather to a fundamental change of the dynamics. Thischallenge can be addressed by identifying the behavioral context, as discussed next.3.2 Behavioral ContextsBeyond detecting whether a system is in a particular dynamical context, it isimportant to understand whether the dynamics are transitioning the robot fromone context to another, in order to decide which MM system to use. This canbe done by constructing behavioral contexts to represent speci�c sequences andfrequencies of transition among speci�c dynamical contexts. Di�erent behavioralcontexts may represent di�erent dynamical contexts, or the same contexts butwith di�erent transition sequences or rates. Similarly to the dynamical contextcase, behavioral contexts can be identi�ed from classi�cation of sensor data. If asystem's behavioral context is identi�ed, then the dynamics are expected to inducetransitions among speci�c dynamical contexts, and a multiple model estimator canbe used to estimate the state during context transitions. Conversely, if neither thedynamical nor the behavioral context can be identi�ed, then the robot is operating



54in an unknown (and hence unmodeled) mode and estimation should not rely onany of the available models.To illustrate this concept, consider a hybrid system with two dynamical contexts,D1 and D2. If the system alternates these dynamical contexts at a speci�c rates,then a behavioral context B represents D1 and D2 and the rate of transition betweenthem. This way, whenever the context B is identi�ed, a multiple model system canaccurately rely on the combination of models for the D1 and D2 contexts, evenduring transitions when the dynamical context cannot be identi�ed. If the systemwere to be subjected to signi�cant disturbances, the behavioral context B wouldno longer be identi�ed, and the estimation system would appropriately avoid usingthe D1-D2 �lters. Thus, behavioral contexts enable communication of high-levelinformation to the estimation system. Without this tool, the D1-D2 �ltering systemwould be used all the time, even when the models do not represent the dynamics,with the consequence of generating inaccurate estimates.This approach applies principally to hybrid systems with cyclical dynamics. Therepetitive nature of the dynamics enables behavioral contexts to identify the speci�cdynamical contexts associated to each behavior. Cyclical dynamics also inducestructure in the sensor signal, and this structure can be exploited to identify thebehavioral context itself.More precisely, hybrid locomotion dynamics induce spatial and temporal structurein the signal generated by onboard sensors. In a sense, the structure of the signalcan be considered as a signature of the dynamics, with di�erent structures assumedto correspond to di�erent dynamic behaviors. This suggests that a reasonable ap-proach to identifying behavioral contexts is to recognize speci�c structures in thesignal and relate them to the dynamics that induced them and to their associatedbehavioral context. This approach is similar to the identi�cation of dynamicalcontexts in that in both cases, information about the dynamics is extracted fromsensor data. However, the approaches di�er in the type of information required.Dynamical contexts can be identi�ed through the classi�cation of instantaneous



55measurements; i.e. they do not require the accumulation of data over time. In con-trast, behavioral contexts represent a sequence of dynamical contexts and thereforerequire the observation of sensor data over time in order to detect these sequences.To better understand this concept, consider again the hybrid system with thedynamical contexts D1 and D2. Following the approach described earlier, bothcontexts can be identi�ed by classifying data generated by onboard sensors intosets of measurements that correspond to D1 and D2. Now in order to identify thebehavioral context B, the system should transition from D1 to D2 and back. Thus,context B would be identi�ed if the measurements follow a pattern that oscillatesbetween the D1 and D2 measurement sets. This pattern constitutes the spatialstructure of the signal.To increase the accuracy of the identi�cation, the temporal component can be takeninto consideration, by measuring the amount of time the system dwells in each of thedynamical contexts. The accuracy of the identi�cation can be increased by verifyingthat the dwelling time falls within a speci�c range determined in a laboratoryenvironment. Temporal analysis can lead to another level of precision; it coulddi�erentiate between behavioral contexts that share the same spatial structurebut can be disambiguated through their temporal structure. For instance, if thesystem of interest is a legged robot, the jogging and running contexts generatethe same spatial structure as both alternate �ight and stance contexts, but theydo so at di�erent rates,. This leads to distinct periods of oscillation that can bedetected through temporal analysis. Thus, the amount of information requiredfor identifying a behavioral context is larger than what is necessary for dynamicalcontexts, and the classi�cation technique is correspondingly more elaborate.The details of this technique are presented in the following three subsections, whichdescribe the conceptual and technical approaches and provide a brief overview ofrelated work.



563.2.1 Conceptual approachFor robotics systems, behavioral contexts correspond to locomotion dynamics thatinduce switching among multiple dynamical contexts. In other words, behavioralcontexts represent dynamics that are described by more than one model, withindividual models gaining and losing accuracy in a speci�c sequence and at speci�crates. This de�nition means that behavioral contexts should not be equated withthe behaviors themselves; rather, they identify the speci�c dynamics of a behaviorthat can be represented with the available models. The same behavior may exhibitother dynamics that are not modeled, and these dynamics would not be part ofthe behavioral context.To recognize the dynamics that are modeled and thereby identify a system's be-havioral context, this thesis combines probabilistic and deterministic discrete-stateestimation methods. The probabilistic component, based on hidden Markov mod-els, seeks to recognize spatial structure in a stream of sensor measurements; i.e. itextracts symbols from the data stream, some of which corresponding to dynamicalcontexts, and tracks these symbols over time to identify the sequence in whichthey occur. The deterministic component, based on timed automata, recognizesthe data stream's temporal structure by capturing the rate of transition among thesymbols. Thus, by identifying the sequence and rate of transition among symbols ina data stream, this approach determines the sequence and rate of transition amongdynamical contexts, which enables the identi�cation of the behavioral context.More precisely, the spatial structure of a stream of data points is de�ned as thesequence of transition among salient points, or symbols, in that stream, and thetemporal structure is de�ned as the rate of transition among those symbols. Theassumption here is that di�erent dynamics induce distinct spatial and/or temporalstructure in sensor data, so that recognizing the structure identi�es the dynam-ics. This discrete, sequential de�nition of structure (rather than, say, a spectralde�nition), enables the designer to choose symbols that correspond to dynamicalcontexts, which enables the simultaneous identi�cation of the behavioral and dy-



57namical contexts. Naturally, since this approach requires the processing of sensordata over time, it does not enable the identi�cation of dynamical contexts at abandwidth comparable to sensors update rate. However, processing more sensordata means that more information is used for the identi�cation, which increasesits robustness to sensor noise. Therefore, this method is a compromise betweenbandwidth and accuracy, and can be used in conjunction with straight-forwardclassi�cation to reduce the risk of false positives and negatives.The other advantage of de�ning structure as a sequence of symbols is that it sim-pli�es the modeling and identi�cation of the structure. For instance, the sequentialnature of the symbols can be captured with a Markov chain discrete-state modelthat represents an underlying process which outputs these symbols. Such modelsare simple means of representing speci�c sequences of symbols, and form the basisfor discrete-state estimation techniques to match modeled sequences with observedsequences. If the matching is positive, then the observed structure is recognizedand labeled after the model. With this setup, each behavior would be representedwith one discrete-state model, so that recognizing the structure in a data streamenables the identi�cation of the behavioral context.The discrete-state estimation technique chosen to identify the structure is the hid-den Markov model (HMM). This choice is motivated by the e�ectiveness of HMMsat estimating discrete states while maintaining a low computational overhead. Thisadvantage makes HMMs the estimation tool of choice for many applications, suchas text parsing and speech recognition. The particular implementation of HMMspresented here is designed to detect whether the observed symbols occur in thesequence predicted by the discrete-state models.However, the Markov assumption underlying the estimation algorithm preventsthe tracking of symbols over time, so the context-based framework complementsHMMs with timed automata to overcome this restriction. As their name suggests,timed automata capture the temporal component of a system, so the combinationof HMMs and timed automata enable the identi�cation of the spatial and temporal



58structure in a signal, and therefore of the behavioral context.The technical implementation is described next, starting with a discussion of relatedwork.3.2.2 A brief overview of related workAs noted above, the proposed approach to identifying spatial and temporal struc-ture of sensor data uses a combination of HMMs and timed automata. This sectiondescribes these techniques and draws parallels between the problem of identifyingbehavioral contexts and the problem of recognizing speech, since both problemsare addressed with similar approaches. It is worth noting that hidden Markovmodels are generative processes, as the models describe a process that generatesdiscrete observations which are matched to measured observations, in the same wayKalman �lters match predicted states to observed states. It follows that the spatialstructure of a signal is not recognized by identifying a speci�c sequence of symbolsper say, but by identifying a speci�c sequence of HMM states that would generatethe expected symbol sequence. This subtle but important distinction enables thedi�erentiation between two identical symbols that are generated by di�erent states;therefore, this property enables the identi�cation of dynamical contexts even whenclasses overlap.3.2.2.1 Hidden Markov modelsAn HMM is a probabilistic graphical model that undergoes transitions among its
N states and generates discrete observations. A graphical depiction of a genericHMM is provided in Figure 3.2. State estimation for an HMM is preformed bycomputing a probability distribution αk(i) over its states i, which expresses theprobability of the HMM process being in each of the states (with ∑N

i=1 αk(i) = 1)at step k. In broad terms, the probability distribution is computed by �rst settinga transition probability among di�erent states; second setting the probability of
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Figure 3.2: Hidden Markov models transition among their discrete states and gen-erate discrete observations.generating observation symbols when the system is in each state; and last match-ing the generated (predicted) symbols with the measured symbols to infer αk(i).More precisely, the transition probabilities are described by aij, expressing theprobability of transitioning from state i at step k − 1 to state j at step k. Theseprobabilities are set a priori by the designer and are the discrete-state equiva-lent of the prediction step in a Kalman �lter (the State Prediction equation inAlgorithm 1 on page 26). The observation probabilities are described by bj(ok),the probability of generating the observation symbol ok if the process is in state
j at step k. Observation probabilities are also set by the designer and are some-what similar to Kalman's observation matrix. Note that transition and observationprobabilities can be tuned manually, as in this thesis, or learned form labeled data[59]. In a way, the combination of transition and observation probabilities enablesthe HMM to predict the probability distribution over the states at every step andthe likelihood of generating each observation symbol. These predictions are thencompared to symbols extracted from sensor data and the result is used to updatethe distribution over the states, thus achieving a �ltering process akin to the up-date stage of the Kalman �lter. Much like continuous �lters and observers, thisprediction/observation/update sequence provides HMMs with robustness to sensornoise.The implementation of the approach described above takes the form of the forwardalgorithm. At �rst, the designer parametrizes an initial probability distributionover the HMM states πi = α1(i), where i is the state index, and speci�es the statetransition and the observation probabilities, aij and bj(ok), respectively. Then the
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Figure 3.3: Graphical representation of transitions among N HMM states.state probability distribution αk is estimated in a process called inference, whichconsist of the following recursive steps [59]:1. Initialization:
α1(i) = πibi(o1), (3.1)2. Induction:

αk+1(j) =

[

∑N
j=1

αk(i) · aij

]

bj (ok+1)

∑N
i=1

{[

∑N
j=1

αk(i) · aij

]

bj (ok+1)
} . (3.2)As expected, the probabilistic nature of HMMs provides robustness to sensor noise,as current probability distributions (Equation 3.2) mix observation probabilities

bj(ot) with model predictions ∑N
j=1 αk(i) · aij.Equation 3.2 also illustrates the Markov assumption of conditional independence,whereby current distributions depend only on the distribution at the previous stepand on the current observation, as illustrated in Figure 3.3. This leads to a lightcomputational cost of O

(

N2
), but prevents the explicit modeling of the system'sduration in a state or rate of transition among states.
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Figure 3.4: Semi-Markov processes explicitly model in-state dwelling time.Since the goal is to capture the temporal component of the structure in addition toits spatial component, it is worth examining extensions to the HMM that accom-modate time. A well known extension are semi-Markov processes (SMPs), whichcapture time by incorporating a duration model to the computation of transitionprobabilities (aij = f(duration)) [56]. Unfortunately, SMPs have a high computa-tional cost so they are rarely used for estimation [37], and attempts at lowering thecost come at the expense of signi�cantly increased model complexity as comparedto HMMs [10, 87]. Therefore, HMMs are used instead of SMPs, even though theyonly enable the extraction of the spatial structure of a signal.Since the spatial structure consists of a sequence of HMM state estimates, it shouldbe possible to analyze that sequence and infer the temporal component of thestructure. Such analysis can be performed with timed automata, presented next.3.2.2.2 Finite state automata and timed automataA �nite state automaton is a deterministic graphical model that undergoes input-triggered transitions among its states and generates discrete observations [35]. Thenon-probabilistic nature of FSA makes them brittle in the presence of input noise,and therefore are inappropriate tools for estimating the state of systems usingun�ltered sensor data. However, FSA enable low-cost state estimation if the inputis not corrupted by noise. In addition, they can easily incorporate mechanisms tomeasure the time separating consecutive inputs and in-state dwelling time. Thiscon�guration is referred to as timed automata.



62The task at hand is to analyze the sequence of HMM state estimates to recovertemporal information; these states can be considered as noise-free input to a timedautomaton, which can then extract the temporal structure of the original signal.Here, it is important to stress that timed automata and HMMs have di�erent mod-els and states. HMMs model a process that can generate symbols extracted froma stream of sensor data, whereas timed automata model the sequence and dwellingtime of the HMM output. This distinction will be made clear when the technicalapproach is described in Section 3.2.3 and even more so when the framework isimplemented in Chapter 4.Thus far, it seems reasonable to expect that this two-step estimation process wouldenable the identi�cation of the spatial and temporal components of a signal, andexperimental results demonstrate that this is indeed the case. The merits of thisapproach are underlined by the fact that similar two-step, HMM-based processesare used in the speech recognition community [37].3.2.2.3 Speech RecognitionMuch like the problem of context identi�cation, speech recognition seeks to identifythe source of a sound from the structure of the signal. A typical technique calledpostprocessor duration modeling treats the spectral and temporal modeling as twoseparate, loosely connected problems [29]. The duration in each state is modeledwith, say, a Gaussian distribution, and constrained by an upper bound. Spectralestimation is performed with HMMs and the duration is computed in a second stepfrom the spectral estimates. The probability distribution of these estimates is thenre-computed, this time taking into account the duration probability [37].In a similar way, the approach proposed in this thesis proceeds in two steps, infer-ring duration from spatial structure and imposing upper bounds on it, as will beshown in the next section. However, it does not explicitly model the duration tosimplify this initial implementation. Nevertheless, the timed automata approachis amenable to duration modeling, along the line advocated by the speech recog-



63nition community. Naturally, HMMs are also amenable to the learning techniquesused in speech training. Therefore, there seems to be potential for adapting speechtechnologies to the problem of context identi�cation.3.2.3 Technical approachThis section clari�es the approach to behavioral context identi�cation, introducedso far at a high level, by describing its implementation with the help of the concep-tual hybrid system introduced earlier. Here, the system is made somewhat morecomplex by assuming that it has three, not two, dynamical contexts, D1, D2 andD3. Suppose that the system's interactions with the environment result in the forcepro�le of Figure 3.5(a), which could be measured via onboard force sensors. Atthe beginning, startup transients dominate the dynamics; then steady-state oper-ation produces distinctive patterns in the dynamics; and the operation ends whendynamic disturbances break the steady-state pattern and the system comes to ahalt.An examination of the force pro�le suggests that the steady-state dynamics couldbe described with a collection of three simple sinusoidal models, one for the top,one for the middle, and one for the bottom regions of the dynamics. Assuming theexistence of such models, the dynamics can be described with the three dynamicalcontexts D1, D2 and D3, as in sub�gure (b). In addition, a behavioral context Bcan be de�ned to represent a sequence of transition among the three dynamicalcontexts that is speci�c to the stead-state region. Thus, as long as D1, D2 andD3 follow each other in the expected sequence, context B is identi�ed, and whendisturbances modify that sequence, the system is no longer in context B.The description of the identi�cation approach is carried step-by-step in the follow-ing subsections.
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(b) The behavioral context B correpsonds to a speci�c sequence of dy-namical contexts D1, D2 and D3.Figure 3.5: Force pro�le of a conceptual hybrid system.
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Figure 3.6: Continuous measurements of force are discretized into observation sym-bols O1, O2 and O3.3.2.3.1 Hidden Markov ModelsThe �rst step in constructing the framework is to discretize the continuous forcemeasurements into symbols that will appear recurrently when the system is incontext B. Figure 3.6 shows that such sensor symbols can be O1, O2 and O3,roughly corresponding to the top, middle and bottom regions of the force pro�le,respectively.The second step is to build a Markov chain model of a process that could gen-erate these sensor symbols. A �rst model may contain the states H, M and L,representing high, medium and low forces and generating the symbols O1, O2 andO3, respectively (see Figure 3.7(a)). However, a single M state does not allow thedi�erentiation between situations where the system transitions from high to lowand low to high forces.This limitation is addressed by replacing the single state M with two states M1and M2, where M1 corresponds to transitions from high to low forces, and M2corresponds to transitions from low to high (Figure 3.7(b)). With this setup, thesame symbol O2 is generated by two di�erent states M1 and M2. Disambiguatingthese two states is made possible by tracking the sequence of sensor symbols overtime. If O2 appears after O1, then the system is in M1, and if it appears afterO3, then it is in M2. This is an example of how processing information over time,



66as opposed to instantaneously (as with dynamical context identi�cation), helpsdistinguish between two HMM states. If the HMM states are chosen to correspondto dynamical contexts (i.e. H corresponds to D1, M1 and M2 to D2 and L to D3),then this system would identify these contexts even if their corresponding classesoverlap.The third step is to specify HMM parameters as per Section 3.2.2.1, with the tran-sition and observation probabilities aij and bj (o) designed as to predict observationsymbols in the expected sequence. For example, aM2|L = 1, and aM2|j = 0,∀j 6= L.This enables the HMM to run the forward algorithm (Equation 3.2), process thesymbols o extracted from data discretization and infer the probability distribution
α over the states.When the system is operating in steady state, the observed symbol sequence isexpected to match the sequence predicted by the model. Likewise, the sequence ofHMM states2 is expected to match the state transitions described by the model.When the dynamics vary from steady state, the sequence of symbols also variesfrom the predictions and leads to out-of-order state sequences. Therefore, verifyingthe order of the state sequence helps recognize the behavioral context.In order to enable the explicit detection of out-of-order transitions, the HMMmodel is augmented with an error state E, as in Figure 3.7(c). The error statehas low-probability, two-way transitions to all states and all observations havea uniform distribution over it. In other words, the error state is equally likelyto generate all sensor symbols. The observation probabilities are designed suchthat the probability of observing a symbol conditioned on a state that should notgenerate that symbol is lower than the symbol's probability conditioned on theerror state. This means that the likelihood of generating a speci�c symbol by theerror state is greater than the probability of generating that same symbol by a statethat should not generate it. For example, bE (O3) > bH (O3), where E and H are2In this thesis, the sequence of HMM states is de�ned as the sequence of most likely statesestimates by (3.2). At each step, the most likely state is argmax1<i<N (αi).
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(c)Figure 3.7: HMM models state transitions and output generation for a simplesystem.the error and high-force states, respectively. More generally, bE (ok+1) > bj (ok+1)if ot+1 is di�erent from the symbol generated by state j, where j is an index amongthe states.This property ensures that if the wrong sequence of sensor symbols are observed,then the HMM would transition to the error state. For example, assume thatthe model predicted that the system would transition to state j, but the observedsymbol cannot be generated by j. This is an indication that the state sequence isout of order, so the observation probabilities ensure that αE > αj. In other words,the HMM assigns the highest likelihood to the error state E when the sequence ofstates is out of order. Thus, whenever the system is in E, the system is not expectedto be in the behavioral context that corresponds to the HMM model (context B,in this case).3.2.3.2 Finite State AutomataDetecting a single out-of-order transition, such as the one described in the pre-vious section, is su�cient to recognize that the system is not operating in theexpected behavioral context. However, behavioral contexts cannot be positivelyidenti�ed from observing a single transition; instead, the identi�cation requires theobservation of a speci�c sequence of transitions among HMM states. Therefore,the estimation system needs to observe several �good� (i.e. in-order) consecutivetransitions to con�dently identify the behavioral context.



68Unfortunately, the HMM cannot track a sequence of transitions for longer thanone time step, because of the Markov assumption. This motivates the need for amechanism to track transitions over multiple steps and perform bookkeeping. Onesuch a mechanism is a �nite state automaton, a tool commonly used to estimatethe state of deterministic discrete systems. For the purpose of tracking the HMMstates over time, a timed automaton can treat the HMM states as inputs thattrigger transitions among FSA states. Figure 3.8 shows an example where the FSAstates are represented with circles, and the inputs are represented with rectangles.The FSA state structure is organized in p layers designed to recognize a correctsequence of inputs over p steps. Layers are de�ned as follows: the �rst layer containsthe starting state; the �nal layer contains all the state reached after p numbers ofcorrect transitions; and intermediate layers contain states reached after a number
n of correct transitions, with n < p.To see how this FSA can identify p successful transitions, assume that the initialinput event transitions the automaton from the starting state S to a target statein the �rst intermediate layer. Consecutive occurrences of the same input causeself transitions, but new inputs that are in order induce transitions from one in-termediate layer to the next. After p correct transitions, the automaton reachesthe �nal layer and outputs a success �ag identifying the behavioral context (`B'in this case). Once in the �nal layer, the system can only transition among statesthat are in the �nal layer, unless the inputs are out of order. In other words, newin-order inputs maintain the automaton in the �nal layer and a �ag is issued ateach state transition. At any time, if an out-of-order input occurs, the automatonis reset, and a new sequence of p correct transitions is needed to recognize the be-havioral context. In summary, success �ags indicate that the HMM outputs followthe expected sequence, thereby recognizing the spatial structure of the signal andidentifying the behavioral context.For this example, the numerical value of p = 3 is a compromise between e�ciencyand robustness, as increasing p reduces false positives but delays context identi�ca-tion. It is worth noting that no delay is involved in recognizing that the behavioral
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(a) HMM output states serve as FSA input
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(b) Finite State AutomatonFigure 3.8: HMM output such as H, M1, L, and M2 from Figure 3.7 serve asinput (rectangles) that trigger transitions between FSA states (circles), as shown insub�gure (a). The structure of the FSA is organized in p layers in order track inputsequences over p steps, as shown in sub�gure (b). The output �ag `B' indicatesthat context B is identi�ed. Reset transitions back to S are omitted for clarity.context cannot be identi�ed, an important consideration for avoiding the use ofinappropriate models.3.2.3.3 Timed AutomataThe FSA model designed to recognize the spatial structure of the signal can also beused to recognize the temporal structure. The temporal analysis mechanism turnsthe FSA into a timed automaton that can capture some temporal informationby way of measuring the delays separating consecutive inputs. These delays aremeasured by a clock reset each time the automaton enters a new state. Since HMMstates correspond to automaton inputs, the automaton simultaneously measures itsown and the HMM state duration.Temporal information can be used as a timeout that triggers a transition out of



70a state if the duration exceeds a prede�ned bound. It also enables time-sensitivetransitions, whereby the target state is selected as a function of both the inputand the duration in the previous state. This is useful, for example, to di�erentiatebetween two data sets that share the same spatial structure but have di�erenttemporal structures.3.2.3.4 DiscussionThe choice of these techniques is the result of a compromise between demonstratingthe applicability of signal processing techniques to dynamical systems and contain-ing the complexity of the initial implementation. For example, model learning andadaptation techniques are left for future work, as they are not essential to demon-strating the e�ectiveness of classi�cation at identifying context. Also, the HMMoutput could be estimated more accurately by using the Viterbi algorithm, but theonline version of the algorithm is slow to converge [49], so the forward algorithm isused instead.The duration bounds of the automaton states are manually computed from fre-quency of occurrence counts. Using bounds would seem to lead to brittleness, butselecting conservative values improves robustness to limited temporal variations,as evidenced by their successful use in speech recognition and in the experimentalresults presented in Chapter 4. Hard bounds are also desirable for the applica-tion at hand, as they provide appropriate sensitivity to large temporal variationsgenerated when the system leaves a particular behavioral context.It is worth recalling that identifying the behavioral context is not the same as recog-nizing the behavior itself, as behaviors generally exhibit a continuum of dynamics,some of which possibly not described by available models. Rather, context identi�-cation is a technique to determine that the current dynamics can be approximatedwith speci�c models.
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Figure 3.9: The identi�cation of a system's behavioral context enables the deploy-ment of multiple-model �lters only when appropriate, which in creases estimationaccuracy. Behavioral context identi�cation also increases estimation scalability byreplacing large-scale MM systems with a collection of small-scale systems.3.2.4 Impact on MM estimationWhereas dynamical contexts determine which individual model is accurate enoughfor state estimation, behavioral contexts identify which model set should be usedby multiple-model �lters. In the example above, an MM system based on the threemodels D1, D2 and D3 can be used as long as the system is known to be in contextB, i.e. in steady-state operation. At the beginning and at the end of the operation,where disturbances dominate the dynamics, the estimation system should not usethe three-model set, thereby avoiding knowingly inappropriate models and reducingthe risk of estimation divergence. This is explained graphically in Figure 3.9.



72A related advantage provided by the identi�cation of behavioral contexts is that itsigni�cantly improves the scalability of MM systems, as Figure 3.9 also illustrates.The fact that behavioral contexts correspond to speci�c dynamical contexts enablesthe deployment of a collection of limited-scale MM systems, each containing only�lters that are speci�c to one behavioral context. This is in contrast to conventionalmultiple model estimation that can only be implemented with a single, large-scaleMM system formed of all available �lters. In other words, if a system has sixdynamical contexts, but the current dynamics only induce transitions among twoof them, then only a single two-context GPB2 is activated. When the behavioralcontext changes, indicating that di�erent dynamics a�ect another set of dynamicalcontexts, then a new GPB2 speci�c to these new contexts is deployed, and the oldGPB2 is deactivated. If behavioral contexts were not used, then all �lters wouldhave to be activated whenever the system preforms a context transition.To ground this description in an example, suppose that a physical instantiation ofthe conceptual system described above is a legged robot capable of walking andjogging gaits. The robot would have a number of dynamical contexts; �ight andstance contexts for jogging; a walking context; and start-up and stopping contextsthat represent transient dynamics at the beginning and end of each gait. Conven-tional MM �lters would require the activation of a number of �lters proportionalto the total number of dynamical contexts, which is computationally expensive. Incontrast, as the robot executes, say, a jogging gait, behavioral context identi�cationwould direct the sequential activation of the start-up �lter, then of a �ight/stanceMM �lters, and �nally of the stopping �lter as the robot comes to a stop, and neveractivate the walking �lter. Since the activation is sequential, the computationalcost of state estimation does not necessarily increase as the number of contextsincreases, which enhances the scalability of MM �ltering schemes.The example of the walking and jogging robot is used in Chapters 4 and 5 toprovide further insight and demonstrate the validity of these approaches throughimplementation details and experimental results.



733.3 Design ConsiderationsContext-based estimation combines the conventionally separate �elds of �lter de-sign and pattern recognition, so constructing a context-based estimation systemrequires some knowledge of both �elds. However, a designer can leverage this the-sis and literature in each of the two �elds to design �lters and pattern recognitiontools and combine them for accurate estimation.Continuous �lters have long been integral to most communication and control ap-plications, so the designer can take advantage of a well documented body of work inbuilding continuous models of dynamical systems and in tuning the parameters of�lters and observers (see for example [52, 53, 4]). Pattern recognition too has beenused and documented over the years, and the designer can refer to machine learn-ing literature for insight into the selection of features and the training of classi�ers(see for example [17, 24, 19]).This thesis provides example implementations of pattern recognition and contin-uous �ltering in Chapters 4 and 5. These examples show that simple approachesto pattern recognition (using HMMs) and to �ltering (using KFs) lead to accu-rate estimates, which suggest that the designer does not need to acquire in-depthknowledge of each technique to generate satisfactory results. HMM-based patternrecognition can be further simpli�ed by adopting parameter learning methods suchas (e.g. Baum-Welch or Expectation Modi�cation [59]), where designer input wouldbe necessary to label training data, but not to specify HMM parameters. It is an-ticipated that learning would also improve the accuracy of the pattern recognition,making it a desirable future extension to the current implementation.In short, the designer skills needed to construct a context-based estimation systemare the same skills needed for conventional �ltering and pattern recognition. Thisthesis provides a framework to combine techniques from both �elds, with signi�cantimpact on accuracy and scalability but negligible impact on design complexity.



743.4 SummaryThis context-based estimation approach can be viewed as a departure from con-ventional hybrid estimation. The MM �ltering approach is based on estimatingthe continuous state of a hybrid system �rst and then deriving from it an esti-mate of the discrete state. This thesis seeks to directly and explicitly estimatethe discrete state and use these estimates to make better-informed decisions aboutcontinuous estimation. Since discrete-state estimation can be computationally in-expensive, this approach accommodates systems with a large number of discretestates, in contrast to conventional MM �lters. In other words, explicitly estimatingthe discrete state enables a two-step reduction of the computational cost of MM�ltering; �rst, behavioral contexts restrict the size of MM �lters to speci�c dynam-ical contexts a�ected by the current dynamics; second, dynamical contexts reducethe number of activate �lters in the already small MM system to just one.The impact of identifying contexts extends beyond state estimation. For roboticapplications, contexts provide information about the dynamics and can thereforebe used as feedback for robot controllers. Behavioral contexts, in particular, pro-vide information about the aggregate e�ect of the dynamics on the robot and cantherefore help controllers verify that their input does indeed produce the intendedbehavior. This feedback information is currently binary (a context is either identi-�ed or not), but the proposed identi�cation techniques can be extended to providea continuous con�dence measure in the identi�cation (similarly to Lenser's work[40]). Such extensions would be used to measure the `quality' of a behavior, byestimating its `distance' from the expected behavioral context. This would enablereactive control, whereby behavior controllers can continuously adjust their param-eters to improve the quality of the behavior. Such extensions are further discussedin Chapter 6.It is noteworthy at this point to compare the terminology of dynamical and behav-ioral contexts to the more conventional terms of modes and behaviors. The stateestimation community refers to hybrid systems as multimodal systems, with the



75idea that di�erent modes generate distinct dynamics. The robot-control commu-nity uses the term behavior to refer to the aggregate action of mode dynamics onthe robot body. This way, a legged robot's jogging behavior is composed of �ightand stance modes. This thesis adopts a di�erent terminology to explicitly tie thedynamics to their model, as a means of avoiding the use of inaccurate models. Thefollowing example demonstrates the subtle but real di�erence. When the leggedrobot is commanded to initiate a jogging gait, it can be said to be executing thejogging behavior. Therefore, one would expect �ight/stance �lters to accuratelyestimate its state. However, as with most real systems, the gait's start-up phaseis likely to be dominated by dynamic transients that could not be represented byeither �ight or stance models. This motivates the need for an information process-ing system such as the behavioral context framework to determine exactly whenavailable models can be used.
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Chapter 4Context Identi�cation
The identi�cation of a mobile robot's dynamical and behavioral contexts enablesthe selection of appropriate motion models and multiple model systems for accurateand scalable state estimation. This chapter implements the approach introducedin Chapter 3 in an experimental setting and provides results that demonstrate howdiscrete-state estimation techniques enable rapid and accurate context identi�ca-tion.Recall that dynamical contexts correspond to locomotion dynamics that are de-scribed by a single model, so identifying the current dynamical context speci�eswhich model accurately describes the dynamics. This enables MM systems to relyonly on individual �lters using accurate models, thus increasing the accuracy ofconsolidated state estimates. Dynamical contexts can be identi�ed by classifyingthe data generated by onboard sensors into di�erent classes, each correspondingto a speci�c dynamical context. This can be done as sensor information becomesavailable, so dynamical contexts can be identi�ed at a bandwidth similar to thatof onboard sensors.Behavioral contexts are an abstracted representation of robot behaviors, as theycorrespond to transitions among dynamical contexts induced by the dynamics ofdi�erent behaviors. Each behavioral context corresponds to a speci�c sequenceand rate of transition among a given set of dynamical contexts. This abstracted



78representation enables the deployment of multiple small-scale MM systems, whereeach MM system is speci�c to one behavior. The computational cost of runninga collection of such systems is lower than the cost of running a single large-scaleMM system that models all behaviors. Knowing the current behavioral contextallows the selective activation of the appropriate MM system, thus increasing thescalability of multiple model �ltering. To ensure rapid context identi�cation, thisthesis develops a discrete-state estimation approach to track transitions amongdynamical contexts and recognize behavioral contexts as soon as speci�c sequencesand rates of transition are observed.In contrast to dynamical contexts, the identi�cation of behavioral contexts requiresclassi�cation techniques that process information over time. As a consequence, thelion's share of this chapter is reserved to the implementation and results of thediscrete-state estimation approach to behavioral context identi�cation. The classi-�cation approach to dynamical context identi�cation is described more succinctly,although with su�cient details to form a precise understanding of the approach.An in-depth presentation of the results is left to Chapter 5, where the impact ofclassi�cation on state estimation performance can clearly demonstrate the bene�tsof the framework.The technical description of the context identi�cation approaches is grounded inthe real-world example of a hybrid system whose complex dynamics complicate thetask of estimating its state with conventional techniques. The system is a highlydynamic mobile robot, RHex [64], that operates in multiple behavioral and dynam-ical contexts. The challenge is to estimate RHex's pose (position and orientation)in six degrees of freedom1 using low-cost onboard sensors such as accelerometerswhile the robot executes di�erent behaviors. It is worth emphasizing that the taskconsists of estimating the robot's state, not in controlling its behavior.The following sections detail the experimental setup and describe the proposedtechniques for context identi�cation. Dynamical contexts are identi�ed through1Note that in some degrees of freedom RHex has a limited range of motion.



79a straight-forward classi�cation technique that operates at high-bandwidth. Be-havioral contexts are identi�ed through the deployment of hidden Markov mod-els (HMMs) and timed automata. Automata enable the tracking of HMM statesover time, which HMMs are unable to do, and HMMs �lter sensor noise, whichautomata are unable to do. This chapter demonstrates that the combination ofboth techniques enables the robust identi�cation of behavioral contexts, and thatthe classi�cation approach enables the identi�cation of dynamical contexts at highbandwidth.4.1 Simple Models for a Multiple-Behavior, Hybrid Dy-namics System: RHexRHex is a six legged robot (Figure 4.1) that can execute a collection of dynamicbehaviors, including walking, jogging, running, stair climbing, �ipping, jumpingand swimming. RHex's versatility stems from two key design characteristics: the�rst is that the robot con�guration actuates each of the six legs independently, thusenabling di�erent leg synchronization schemes that produce di�erent behaviors; thesecond is that the legs are designed to be compliant, which allows them to storeand restore energy in the form of elastic deformation, thus enabling energy-e�cientlocomotion. Compliant legs are particularly important for producing jogging andrunning behaviors which alternate �ight and stance phases akin to animal running.As the robot touches down after each �ight phase, the impact with the ground ise�ciently absorbed by the legs, and this energy can be restored at takeo� to helpproduce a new �ight phase.To form a qualitative understanding of the dynamics involved in such behaviors,the following sections study in detail the dynamics of the jogging and walking gaitsfor RHex. This description seeks to highlight the challenges of state estimation inthe presence of high-order and high-dimension dynamics, and to de�ne the goalsof context identi�cation for this example.
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Figure 4.1: RHex's con�guration features six C-shaped compliant legs that rotatearound the hip. Di�erent leg synchronization schemes produce di�erent behaviors,such as walking, jogging and stair climbing.4.1.1 Dynamical analysis of the jogging behaviorIn general terms, jogging behaviors consist of alternating �ight and stance phasesat a given rate. RHex produces this behavior by synchronizing its legs three bythree, producing an alternating tripod gait. Each tripod consists of the middleleg of one side of the robot and the front and rear legs of the other side. In thiscon�guration, the jogging gait is produced by circulating both tripods around thehips, such that when one is in the air, the other is touching the ground, except fora brief period when both tripods are in the air during the �ight phase. The rate ofrecirculation and the fraction of the cycle during which the tripods are in stanceover one stride (also known as the duty cycle) are �ne tuned to enable a sustainedregime of successive �ight and stance phases.The motion induced by the jogging behavior is complex. At �rst, it may seemthat the �ight and stance motions a�ect the robot only in the sagital plane (alongthe vertical, forward, and pitch axes), since all legs rotate in parallel planes. Inpractice, the con�guration of the legs in a tripod generates motions along the



81remaining three axes as well, thus inducing motion along all six dimensions of freespace (SE(3)). Recall that the tripod con�guration makes the robot touch theground with one leg on one side and two legs on the other sides. Since all legs havethe same spring constant, the robot has e�ectively a leg sti�ness on one side thatis double the sti�ness on the other side. With any vertical motion of the body,this sti�ness di�erential creates a net moment around the roll axis that leads to aroll motion. This moment also induces left-right motion along the lateral axis, asbody roll creates a horizontal component of the leg reaction forces. In addition,the tripod con�guration creates a force di�erential in the forward direction, asthe two legs on one side generate twice as much traction as the single leg on theother side. Since the legs have non-zero torsional compliance, this force di�erentialinduces rotation around the yaw axis. The direction of motion along the roll, yaw,and lateral axes depends on which tripod is in stance, so alternating the tripodschanges that direction back and forth and creates an oscillating motion.This brief overview shows that motions along some axes a�ect motions along otheraxes. This means that the motion dynamics are coupled, and that an accuratemotion model of the system's center of gravity would have to span all six dimen-sions. Such a high-dimensional model is di�cult to design, and e�orts to date,particularly in the biomechanics community, have made the simplifying assump-tion that sagital and lateral dynamics can be modeled separately. Such modelsare a lower-dimension representation of the dynamics, as sagital models typicallyrepresent motions along the forward, vertical and pitch axes, and lateral modelsalong the forward, lateral and yaw axes.In the sagital plane, research demonstrates that the motion of a jogging animal ap-proximates that of a spring-loaded inverted pendulum (SLIP) [68], which suggeststhat RHex's jogging motion could be modeled as a SLIP. In reality, this modeldoes not accurately represent RHex's motion because its leg motion pro�les, deter-mined through tuning, do not match SLIP predictions2. As a result, undocumented2Saranli shows that leg motion pro�les could be actively controlled in a way that producesSLIP motion [65], an approach called template anchoring. However, this approach requires in-



82empirical attempts at using the SLIP model to estimate RHex's state have been un-successful. In the horizontal plane, research studying six-legged sprawled animalsshows that their lateral motion can be represented with a lateral leg spring (LLS)model [67]. Unfortunately, it is unclear how RHex can be controlled to exhibit LLSdynamics, so this model cannot be used with available gaits.In the absence of models spanning multiple dimensions, the modeling e�ort couldbe further simpli�ed by assuming that the dynamics are decoupled, and construct-ing independent models along each dimension. This dimensionality reduction limitsthe overall model accuracy, as argued in Section 2.1.2. However, when consideredlocally, such models can accurately represent speci�c dynamics over a limited pe-riod of time. The challenge therefore is to detect when each model is appropriatefor state estimation, which is achieved through the identi�cation of the robot'sdynamical context.To see how low-dimensional models can represent high-dimensional dynamics, it isnecessary to examine the gait's dynamics along each dimension. For clarity, thispresentation focuses on the dynamics along the vertical (z) and lateral (x) axes, toshow how context identi�cation enables the use of simple models.4.1.1.1 Dynamics along the z-axisThe acceleration along the z-axis is measured by onboard accelerometers and plot-ted in Figure 4.2. This plot can be interpreted through analysis of the joggingdynamics. When the robot is in the �ight phase, it is governed by the dynamicsof a ballistic projectile, where the only force acting on the body is gravity. Thesedynamics are well understood and are represented with the straight-forward model
z̈ = −g, where z and g are the vertical state (height) and the gravity acceleration,respectively. The �ight dynamics are responsible for the negative accelerationsclose to −g (−9.8m/s2) in the plot. The dynamics of stance are more complicatedbecause they involve leg deformation. As can be seen in Figure 4.1, the legs arestrumenting the robot with pose and leg force sensors that are unavailable on RHex.
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Figure 4.2: Output of vertical accelerometer while RHex executes jogging behavior.shaped like a �C�, so the beam bending theory could be used to model their defor-mation in the sagital plane. Yet an even simpler model represents the three legs ofa tripod with a single linear spring, such that the robot is modeled as a mass-springsystem (see Figure 4.3), expressed as z̈ = −Kz (z − z0) /M − g, where Kz is thevirtual spring constant, z0 its rest length and M is the robot mass. The accuracyof both models is demonstrated in Chapter 5, where they are used to generateaccurate height estimates.In summary, the ballistic and spring-mass models describe the two alternatingcomponents of the jogging dynamics. To correctly estimate the height of the robot,an MM estimation system needs to determine precisely when each of the models isappropriate, in order to use the ballistic model when the robot is in �ight and themass-spring model when it is in stance. This highlights the importance of rapidlyidentifying the current dynamical context, as it enables MM systems to select thecorrect model at high bandwidth.The �ight/stance model pair accurately describes the behavior of the robot as longas it is e�ectively alternating �ight and stance phases. This is the case duringsteady-state operation, such as between the seconds 1 and 3 in Figure 4.2. How-ever, the jogging behavior, as any other behavior, also exhibits transient dynamics,particularly at the start-up and stopping of the motion, where the robot does notalternate �ight and stance phases. During these periods, such as before second
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Flight Phase
Stance Phase
Figure 4.3: RHex's vertical motion can be modeled as a virtual mass-spring system.During stance, the spring compresses and causes the mass to rebound. In �ight,the virtual spring detaches from the ground and the mass describes a ballistictrajectory.1 and after second 3, the ballistic and spring-mass system should not be used,and the corresponding MM system should be replaced with another system usingmore appropriate models. Therefore, the ability to detect whether the jogging MMsystem can be used is necessary to enable accurate estimation throughout the op-eration of the robot. This motivates the development of an information processingsystem that identi�es the robot's behavioral context, thereby determining whichMM system should be used.4.1.1.2 Dynamics along the x-axisRHex's motion along the x-axis is di�erent from the z-axis motion and should berepresented by di�erent motion models. The jogging dynamics along the x-axis area�ected by the alternating �ight and stance phases, but they are not subject togravity, as the gravity vector is orthogonal to the lateral axis. The details of themotion can be understood by examining the lateral acceleration pro�le depictedin Figure 4.4(a). During steady operation, the acceleration pro�le exhibits largepositive and negative amplitudes in succession, separated by periods of near-zeroacceleration (between the horizontal lines in the �gure). Onboard accelerometersregister near-zero acceleration while the robot is airborne, since no force acts on



85the robot along the x-axis during �ight, and the robot simply translates laterallyat constant velocity. The positive and negative amplitudes correspond to the leftand right tripods being in stance successively, and can be interpreted as follows.After a �ight phase, the robot touches the ground with a net lateral speed, whichbends the compliant legs laterally along a forward axis passing by the toes. Thisaction can be visualized as a mass (robot) leaning against the top of vertical beams(legs) and bending them, as depicted in Figure 4.5. After the initial de�ection, thelegs restore the robot body back to the centerline, just in time to undergo a new�ight phase. This back-and-forth motion explains the pattern of the accelerationmeasurements; the increase in amplitude is due to the initial de�ection of the legs,up to the extremal acceleration point after which the amplitude decreases as thelegs return to their original position.As with the vertical case, this swaying motion can be represented with a virtualmass-spring system. The parameters of the system can be designed to outputacceleration pro�les similar to the large-amplitude stance accelerations, as shownin Figure 4.4(b). Here, �ight dynamics are simply represented with a constantvelocity model, to be used between consecutive stances. Thus, the steady-statedynamics are represented by a combination of mass-spring and a constant velocitymodels:
ẍ =







0, constant velocity,
Kx (x − x0) /M, mass-spring system,where the state x is lateral position, and Kx and x0 are the spring constant andrest length of the virtual lateral spring, respectively. Since these models are to beused in successive order, the ability to identify the dynamical context in order todetermine when to use each model is paramount.Figure 4.4(b) also shows that start-up and stopping dynamics are dominated bytransients that are di�cult to model. This means that the model is a good approx-imation of the steady dynamics, but becomes inaccurate in the presence of startingand stopping dynamics. Therefore here too, knowing the robot's behavioral contextdetermines when the dynamics can be represented with the mass-spring/constant
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(a) The jogging gait induces positive and negative amplitudes duting leftand right stances, and periods of near-zero accelerations during �ight (regioncontained between horizontal lines).
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(b) Predicted acceleration matches observed acceleration during steady be-havior. The model is inaccurate during startup and stopping phases.Figure 4.4: Output of lateral accelerometer while RHex executes jogging behavior.The jogging gait induces positive and negative amplitudes during left and righttripod stances, and periods of near-zero accelerations during �ight.
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Figure 4.5: RHex's lateral motion can be modeled as a mass leaning against avertical elastic beam.velocity models and when these models should not be used for state estimation.Before leaving this discussion, it is worth noting that the �structure� of the jogginggait (i.e. recirculating tripods, alternating �ight and stance, etc.) is the same asthe structure of the running gait. The only di�erence is that the gait parametersare tuned for maximum locomotion e�ciency for jogging, and for maximum speedfor running, which leads to di�erent leg motion pro�les. It follows that the aboveanalysis of jogging dynamics is equally valid for running, and can be used to developsimilar low-dimensional models for running.4.1.2 Dynamical analysis of the walking behaviorWalking dynamics di�er from the dynamics of jogging in that successive tripodstances are not separated by a �ight phase. Instead, both tripods brie�y overlap instance, with one tripod lifting o� a moment after the other tripod touches down.The periodic leg recirculation generates oscillatory motion in the sagital plane,but motions in the lateral plane are less pronounced than with jogging. This isdue to a lower rate of leg recirculation that generates smaller forces, and to thefact that having all six legs overlap reduces force di�erentials, which limits lateralmotions. Therefore, the dynamical analysis will focus on the motion along thevertical dimension, as it is more a�ected by the locomotion forces than the otherdimensions.



88It is worth recalling that the purpose this analysis is not to control the robot in away that makes it exhibit dynamics similar to simple models. Instead, the problemis to �nd simple models that accurately describes the dynamics that result fromcontrol laws developed by independent tuning of gait parameters. The tuning seeksto optimize either energy e�ciency or speed of locomotion, but does not attemptto generate simple-to-represent dynamics.The vertical acceleration measured by the onboard accelerometer and displayedin Figure 4.6(a) exhibits a pattern of successive small and large amplitudes. Theimpulse at the beginning of one cycle of small and large oscillations is generated bya tripod contacting the ground at the end of recirculation, seen in one instance atpoint `a' in the plot. Between the moment of contact and when the other tripod liftso�, all six legs touch the ground so the robot can be considered as a mass-spring-damper system attached to the ground with six springs. In this con�guration, theimpulse generated by the contact translates into a vertical force that acts on themass, and the six springs dictate the small amplitude and period of the response.At point `b', the other tripod lifts o�, reducing the number of springs from six tothree. The result is a mass-spring-damper system with half the spring constant,which explains the larger amplitude of oscillation in the second half of the cycle.At point `c', the recirculating tripod makes contact with the ground and the cyclerepeats.As the dynamical description suggests, it is possible to represent the vertical walk-ing dynamics with two mass-spring-damper models used in successive order:
z̈ =







−Kz,2 (z − z0,2) /M − (D2/M)ż − g, two-tripod stance,
−Kz,1 (z − z0,1) /M − (D1/M)ż − g, one-tripod stance,where Kz,1 , D1, z0,1 and Kz,2 , D2, z0,2 are the virtual spring constant, dampingcoe�cients, and rest lengths for one tripod in stance and two tripods in stance,respectively. Generally, Kz,2 = Kz,1/2, D1 = D2/2.Knowing when to use each model is necessary for accurate state estimation, andthe next sections explore a methodology for identifying the dynamical context for



89that purpose. In addition, and similarly to jogging, the gait generates transientdynamics at the beginning and at the end of the behavior that are not modeledaccurately. Figure 4.6(b) shows that the predictions of these models compare favor-ably with steady state accelerations, but not during transition phases. Therefore,the walking models should only be used when the robot operates in steady state,which can be detected through the identi�cation of the behavioral context.4.2 Identi�cation of Dynamical ContextsThe above dynamical analysis of RHex's behaviors emphasizes the need to recognizedynamics that can be accurately represented with available models. This thesisdevelops a classi�cation approach to identify the robot's dynamical context.4.2.1 ApproachKnowledge of the dynamical context enables the identi�cation of the model thatbest represents current dynamics. In the case of RHex, knowing which modelaccurately represents current dynamics would allow an estimation system to choose,say, between the �ight and the stance models as the the robot alternates betweenthe two modes. This information is then used to modify the operation of a multiplemodel system (such as a GPB2 based on these two models) to only activate the�lter based on the appropriate model, thus reducing the system's computationalrequirements.Since the two phases alternate rapidly, it is necessary to identify the dynami-cal context equally rapidly. Recall from Chapter 3 that rapid identi�cation canbe achieved by deploying classi�ers designed to recognize dynamical contexts ata bandwidth similar to that of onboard sensors. The approach is based on theobservation that locomotion dynamics a�ect the output of onboard sensors, so rec-ognizing that output enables the identi�cation of the dynamics. This can be doneby constructing classes of sensor data generated when the robot operates in dif-
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(a) Vertical accleration of walking gait. The large and small amplitudescorrepsond to stances of three and six legs, respectively.
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(b) Model predictions approximate observed accelerations during steady op-eration.Figure 4.6: Output of vertical accelerometer while RHex executes walking behav-ior. Tripod touchdowns generate impulse forces that induce sustained oscillatorymotions.



91ferent dynamical contexts. Each class is formed of measurements taken while therobot exhibits speci�c dynamics, so if future measurements are classi�ed in oneof these classes, then the corresponding dynamics are identi�ed. The last piece ofthis setup is to associate a motion model to each class, such that the model is anappropriate representation of the dynamics corresponding to the class. This way,the classi�cation of sensor data simultaneously identi�es the dynamics and theircorresponding model; in other words, classi�cation identi�es the robot's dynamicalcontext3. Since classi�cation consists essentially of a straight-forward comparisonbetween current data and previously-constructed classes, the robot's dynamicalcontext can be identi�ed at the rate at which the data is made available by thesensors.The construction of the classes can be performed with probabilistic methods, asdiscussed in Section 3.1.1, but such methods are complex to implement and beyondthe scope of this thesis. Instead, the classes are constructed by manually clusteringlabeled data, and extensions to more elaborate methods are left for future work.To ground this approach in a concrete example, consider the problem of identifyingRHex's �ight and stance contexts from analysis of its vertical acceleration. The �rsttask is to label classes of accelerometer data points as �ight or stance dependingon whether the data point where generated while in the �ight or stance contexts.This can be done in a laboratory setting where the context can be identi�ed withspecialized sensors used to label classes of accelerometer data points. In this case,the specialized sensors consist of strain gauges attached to the legs to measuretheir de�ection; compressed legs indicate stance and extended legs indicate �ight.Figure 4.7(a) overlays the output of these strain gauges on the acceleration plot. Avisual inspection of the steady-state portion of the plot shows that as expected, andwith few exceptions, the �ight context is detected when the acceleration approachesgravity (−9.81m/s2), and the stance context is detected when the acceleration ispositive (due to ground reaction). This suggests that the two classes can be formed3As a reminder, the dynamics/model pair is referred to as the dynamical context.



92and labeled as follows (see Figure 4.7(b)):
• Flight context: z̈ < −6m/s2,
• Stance context: z̈ > 0,where the vertical acceleration z̈ is measured by onboard accelerometers.Thus, accelerometer output can be immediately classi�ed into one of the two con-texts, and consequently the MM system estimating RHex's height can selectivelyactivate the �ight or stance �lters. This is in contrast to conventional MM systemsthat run all �lters simultaneously and assign probabilistic weights to their out-put. In this example, accelerations between −6m/s2 and 0 indicate that the robotis transitioning between �ight and stance, so the context cannot be determinedwith certainty. In these situations, the MM system activates all �lters based onboth models and resumes conventional operation, as discussed in Section 3.1.2 anddemonstrated experimentally in the next chapter.The same analysis applied to the lateral acceleration (Figure 4.4 ) leads to thefollowing classes:
• Flight context: −1m/s2 < ẍ < 1m/s2

• Stance context: ẍ < −1.5m/s2 or ẍ > 1.5m/s2It is worth noting that the strain gauge setup is complex and onerous to install onrobots, and its use is generally restricted to the laboratory. Therefore, strain gaugescan be used to establish the classes, but not to identify the dynamical context whenthe robot is deployed in the �eld.4.2.2 LimitationsThese two examples illustrate the usefulness of a classi�cation approach basedon simple comparison between current data and previously-constructed classes.
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(a) Flight is represented with circles, stance with diamonds, and stars rep-resent situations where both tripods touch the ground, which happens whenthe motors stop.
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(b) Accelerations smaller than −6m/s2 correspond to the �ight context. Positiveaccelerations correspond to stance.Figure 4.7: The output of leg strain gauges(circles, diamonds and stars) is overlaidon the vertical oscillatory accelerometer data. The output of strain gauges is usedto de�ne classes that correspond to dynamical contexts.



94Unfortunately, the approach su�ers from two types of shortcomings. First, thesimplicity of the classes makes the classi�cation susceptible to sensor noise. Forinstance, when data points are close to the boundary of a class (say a lateralacceleration ẍ = 1.6m/s2, which is classi�ed in the stance context but is close tothe context's boundary ẍ = 1.5m/s2), small sensor disturbances can cause datapoints to exit that class and lead to a misclassi�cation. This problem is mitigatedby designing transition regions among all the classes, such as leaving a gap betweenthe �ight and stance contexts. These regions e�ectively act as bu�ers that limitthe risk of activating the wrong �lter. Data points incorrectly exit a context areclassi�ed in the transition region. This has the e�ect of activating all the �lters ofthe MM system, so the loss of accuracy is much smaller than if the MM systemtrusted a single, wrong �lter. Thus, the consequence of misclassifying data pointsis to revert back to the normal operation of multiple model �lters, which is asuboptimal but still acceptable solution over short periods of time. The bene�tof this approach is largest when the measurements are classi�ed unambiguouslywithin a context, such that limited noise would not a�ect the classi�cation.The second limitation is that this approach requires di�erent dynamics to be rep-resented by distinct classes. This cannot always be guaranteed, as some behav-iors produce di�erent dynamics that induce similar measurements. An exampleis RHex's walking gait, where a portion of the acceleration generated during thetwo-tripod stance is between −5 and +1m/s2, which is the same acceleration rangeof the one-tripod stance (see Figure 4.6). Therefore, clustering acceleration datapoints during the one-tripod stance leads to a class that can correspond to eitherthe one- or the two-tripod dynamics. This ambiguity means that such a classcannot be used to identify the dynamical context.Thus, the straight-forward classi�cation approach designed to enable high-bandwidthidenti�cation cannot be used in some situations. One approach to disambiguatingoverlapping classes is to perform the classi�cation task over a history of measure-ments rather than just classifying the current data points. This would require amodel that represents the sequence of occurrence of the contexts, which, when



95used in conjunction with a history of measurements, enables the identi�cation ofcorrect dynamical contexts. The technique used to address this problem also en-ables the identi�cation of behavioral context, which is formed from a sequence ofdynamical contexts. Therefore, the approach to identifying behavioral contextscan also be used to recognize dynamical contexts that could not be identi�ed withstraight-forward classi�cation.The details of the proposed technique for behavioral context identi�cation are pro-vided in Chapter 3, but the next section completes the explanation by implementingthe approach on RHex.4.3 Identi�cation of Behavioral ContextsThe technique presented in Section 3.2.3 is used here to identify RHex's behav-ioral contexts. The task is to determine when RHex operates in the jogging andwalking contexts from the analysis of its lateral and vertical accelerations. Thepresentation centers on estimating the jogging context from lateral accelerations,and provides implementation details and experimental results. As for the other be-havioral contexts, their identi�cation is performed with a similar implementation,so only results are reported.4.3.1 Discrete-state model for jogging behaviorConsider the lateral motion of RHex as it executes the jogging behavior, and recallthat sensor readings during the steady portion of the gait correspond to dynamicsthat are accurately represented by the mass-spring model of Section 4.1.1.2. Inorder to identify the behavioral context, the acceleration data is �rst discretized asper Figure 4.9(a). The observation symbols are positive (PA), negative (NA) andzero (ZA) accelerations, where PA corresponds to accelerations larger than 1m/s2,NA to accelerations smaller than −1m/s2, and ZA spans the range in between, asshown in the �gure.
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(a) Lateral acceleration while jogging.
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(c) Markov chain augmentedby error state E.Figure 4.8: RHex's lateral acceleration is discretized into observation symbols (sub-�gure (a)), and the Markov chains of sub�gures (b) and (c) model a process thatgenerates these symbols.A Markov chain that could model a process that generates these symbols is pre-sented in sub�gures (b) and (c). The model's states L and R stand for left tripodand right tripod touchdowns, LF corresponds to the �ight phase during transitionsfrom left to right tripods, and RF corresponds to �ight during transitions fromright to left. This seems to be a reasonable choice of states, since the left andright tripods are expected to induce positive and negative accelerations, and the�ight phase negligible acceleration. The distinction between left and right �ight isnecessary to anticipate the which tripod lands after each �ight phase, so that theappropriate continuous motion model can be used.In practice, the discretization proves too coarse, as it ignores the acceleration'speak magnitude; it is important to check that the acceleration reaches magnitudes
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Figure 4.9: Output of lateral accelerometer. The jogging gait induces positive andnegative amplitudes during left and right tripod stances, and periods of near-zeroaccelerations during �ight.that are consistent with the robot's steady-state dynamics, in order to avoid falsepositives. Therefore, the discretization is re�ned by adding the symbols PP andNP for positive and negative peaks, respectively, as shown in Figure 4.9.A Markov chain model of the process generating these symbols is presented inFigure 4.10. Since it is important to verify that jogging accelerations reach theexpected amplitude, the right and left tripods are represented by three states: the�rst state (R1 or L1) corresponds to the ascending acceleration, the second state(R2 or L2) corresponds to the peak acceleration, and the third state (R3 or L3)corresponds to descending acceleration. Thus, R1, R2 and R3 (or L1, L2 and L3)generate the symbols PA, PP and PA (or NA, NP and NA), respectively. As before,RF and LF stand for right and left �ight, respectively.This Markov chain can now be used as a hidden Markov model to compute theprobability distribution over the states and enable the identi�cation of the joggingcontext. If the sequence of observed symbols matches the sequence predicted by theMarkov model, then there is a high likelihood that the robot is executing joggingat steady state. Conversely, detecting out-of-order symbols indicates that RHex isno longer in the jogging context.
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Figure 4.10: Markov-chain model of the process generating jogging symbols. Theerror state is added to capture out-of-order state transitions.4.3.2 HMM ResultsIn order to detect out-of-order transitions, the jogging HMM is augmented withthe error state E, and its transition probabilities are determined as follows. Selftransitions aii to state i are computed by counting the number s of symbols thatoccur when the system is in each state. The expected number of observations ina state, conditioned on starting in that state, is s =

∑∞
s=1

s · p(s), where p is theprobability of undergoing s self-transitions to the same state. This equation canbe re-written as s = d(aii)
d−1(1 − aii) = 1

1−aii
[59], so aii = 1 − 1/s. For example,R2 generates on average 22 PP symbols, so aR2|R2 = 1 − 1/22 = 0.9432.The transition probability from one state to the next is set equal to the transitionprobability from the same state to E, to ensure that the HMM is not againstdetecting out-of-order transitions. The probabilities for E are set as aE|E = 0.999,and aE|i =

(

1 − aE|E

)

/N , where N = 8, the number of states excluding E, and
i ∈ N . The observation probabilities are set in Table 4.1 and re�ect the model ofFigure 4.10.The HMM is initialized in the error state with (3.1) and the probability distribution
α is computed recursively with (3.2).Figure 4.11(a) shows that as expected, the sequence of highest-likelihood estimatesfollow the prescribed order over the region of steady dynamics. Outside this range,the sequence is no longer expected to be in-order (Figure 4.11(b)). Figure 4.11(c)



99b LF L1 L2 L3 RF R1 R2 R3 EPP 0 0 1 0 0 0 0 0 1/5PA 0 1 0 1 0 0 0 0 1/5ZA 1 0 0 0 1 0 0 0 1/5NA 0 0 0 0 0 1 0 1 1/5NP 0 0 0 0 0 0 1 0 1/5Table 4.1: Observation probabilities for the jogging HMM. The observation prob-abilities for the state E are uniformly distributed over the observation symbols.plots the probability of not being in the error state (solid line), an indication thatthe spatial structure is recognized. The plot shows positive identi�cation overthe range of steady dynamics, but false positives are predominant throughout theexperiment.One reason for this false positive problem is the HMM's inability to verify correctsequences over several steps, as mentioned earlier. Another reason is the lack oftemporal analysis in the inference algorithm. This is illustrated at the start ofthe behavior, where the robot is standing still with zero acceleration. The HMMinterprets the resulting ZA symbols as indicative of �ight, so with the lack ofbetter information, the system thinks that either one of the �ight states is in e�ect(αRF = αLF = 0.5, Figure 4.11(b)).4.3.3 Timed Automata ResultsThe inability to track transitions over multiple steps and to measure the duration inan HMM state can be remedied through bookkeeping, by using a timed automatonthat tracks HMM estimates over time. The HMM output is treated as input to theautomaton as per Figure 4.12(b). The automaton's structure has two intermediatelayers, so a sequence of three ordered inputs is necessary to reach the �nal layer andoutput a �ag identifying the jogging context. For example, a sequence of inputsLF→L1→L2 induces transitions S→1→2→3, and output the jogging �ag.
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1 − Prob(E)

Context Prob.(c) The probability of not being in the error state is a poor indicator ofcontext (solid line). However, the combined output of HMM and timedautomaton leads to accurate results (dahsed line).Figure 4.11: Output of HMM and timed automaton for jogging.



101Duration timeouts are also added as in 4.12(c). When a timeout event takes place,the automaton is reset to S, and identi�cation is delayed until a new ordered se-quence is observed. The same happens when the input is the HMM error state E.All other out-of-order inputs reset the automaton to the appropriate state in the�rst layer (see shaded transitions in 4.12(b)).The output of the timed automaton is plotted in dashed lines in Figure 4.11(c).The jogging context is correctly identi�ed over the region of steady dynamics, andthe false positives are eliminated.4.3.4 Identi�cation of behavioral contexts along di�erent dimen-sionsThe purpose of this section is to reinforce the understanding of behavioral context.Recall that a behavioral context does not correspond to a behavior as such, butrather to the speci�c dynamics that can be represented by available models.This subtle but important distinction is clari�ed by comparing the lateral joggingcontext and the vertical jogging context. Both contexts are identi�ed with datagenerated in the same experiment, but the lateral context is identi�ed from lateralaccelerations, and the vertical context from vertical accelerations. The contextsneed not be identical, as the robot dynamics could �t the vertical model at a timewhere they do not �t the lateral model, and vice versa.This is indeed the situation with RHex. First, the behavioral context for verticaljogging is identi�ed by constructing an HMM-automaton estimator following thesteps outlined earlier. The context information is overlaid on the vertical accel-eration in Figure 4.13(a). Now the lateral context identi�ed earlier is overlaid onlateral acceleration in Figure 4.13(b), and as can be seen from the juxtaposition ofthe two sub�gures, the contexts do not coincide.This is explained as follows. As RHex initiates its jogging behavior, the verticalmotion rapidly reaches steady state, leading to an early identi�cation of the vertical
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103context. In contrast, the lateral motion takes longer to reach steady state, probablybecause unlike the vertical case, it is not the direct consequence of motor action,but rather the result of a force di�erential between the left and right side of thetripods. This force builds up over time, which explains the late identi�cation ofthe lateral context. Thus, the vertical models can be used soon after the start ofthe behavior, but the lateral models should wait longer before they can be trusted.This analysis underlines the distinction between a behavior and a behavioral con-text. It is possible to anticipate using this distinction to form a new quanti�ablede�nition of a behavior. For instance, a robot could be said to be jogging if andonly if all the contexts along di�erent dimensions are concurrently identi�ed. Whenonly a subset of contexts overlap, then there is a low con�dence that the joggingbehavior is being executed according to expectations. This development could leadto new types of adaptive behavioral control, but it is beyond the scope of thisthesis.4.3.5 Results for the walking behaviorThe acceleration pro�le of the walking behavior dictates a di�erent discretiza-tion than for jogging. The data is discretized along the horizontal lines of Fig-ure 4.14(a) to capture the salient points of in�ection (marked with circles). Afour-state Markov chain models the sequence of symbols that are induced by thesteady dynamics and an HMM estimates the sequence of most likely states. Atimed automaton shown in Figure 4.15 identi�es the behavioral context when asequence of four ordered inputs is observed. The HMM output is plotted in solidlines in Figure 4.14(b), where the number of false positives is large. Figure 4.14(b)shows that the output of the timed automaton correctly identi�es the walking con-text over the steady region (dashed line) and eliminates the HMM's false positives(solid line).
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Vertical Jogging Context
Vertical Acceleration(a) Vertical motion.
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Lateral Jogging Context
Lateral Acceleration(b) Lateral motion.Figure 4.13: The behavioral contexts for vertical and lateral jogging do not alwaysoverlap.



105
Steady Dynamics


(a) Salient features of the data are represented with circles. They correspondto the symbols generated by the walking Markov model.
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Context Prob.(b) Identi�cation of walking contextFigure 4.14: Output of HMM and timed automaton for walking.
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(a) Ordered inputs induce state transitions. Out-of-order inputs reset the automaton.Figure 4.15: Timed automaton for jogging. The graphical representation is abbre-viated for clarity.



1064.3.6 Simultaneous identi�cation of the walking and jogging con-textsThe goal of this experiment is to test the robustness of the approach when the sys-tem exhibits multiple behaviors. To this end, the vertical and lateral accelerationdata of both gaits are consolidated into a single data stream (Figures 4.16(a) and4.16(b)). The results show that the jogging context is successfully identi�ed fromthe lateral data (solid line in Figure 4.16(c)). The walking context is also identi-�ed successfully from the vertical data, but with a seemingly false positive aroundsecond 1. However, a close inspection of the vertical acceleration shows that jog-ging start-up transients exhibit the same structure as the walking dynamics, whichsuggests that the jogging gait executes a couple of walking steps before achiev-ing steady-state jogging. This result concurs with the observation of experiencedoperators of the robot performed independently of this research.4.4 SummaryThe estimation framework developed in this thesis is shown in experiment to en-able the identi�cation of a robot's dynamical and behavioral contexts. Dynamicalcontexts constructed from leg strain gauges can be identi�ed at high bandwidthwith straight-forward classi�cation. The identi�cation of behavioral contexts re-quires a more elaborate information processing strategy to analyze sensor data overtime. The strategy relies on the combined use of hidden Markov models and timedautomata to recognize patterns in sensor data that correspond to a behavioralcontext. These developments validate experimentally the framework described inChapter 3.The ability to identify behavioral and dynamical contexts can signi�cantly improvethe scalability and accuracy of multiple model �lters. This is demonstrated inChapter 5, where RHex is again used as a real-world example to demonstrate howthe results of this chapter improve the performance of state estimation.



107
Walking Behavior
Jogging Behavior


(a) Combined vertical accelerations
Walking Behavior
Jogging Behavior


(b) Combined lateral accelerations
0 1 2 3 4 5 6 7

0

0.2

0.4

0.6

0.8

1

Time (s)

Pr
ob

ab
ili

ty

 

 

Walking Context

Jogging Context(c) Simultaneous identi�cation of walking and jogging contextsFigure 4.16: Identifying jogging context in multiple-context data



108



109
Chapter 5Context-Based State Estimation
The purpose of this chapter is to demonstrate through experimental and simulationexamples that the context-based estimation framework improves the accuracy andscalability of multiple model (MM) estimation systems. The examples are chosen toillustrate concrete instances where conventional estimation techniques su�er fromthe problems described in Chapter 2. In light of these examples, proof-of-conceptimplementations of the context-based framework are presented in detail, so thatthe framework's mechanism and estimation results are understood in a practicalsetting.This chapter is the continuation of Chapter 4, as together they complete the im-plementation of the framework described in Chapter 3. Chapter 4 shows how asystem's context can be identi�ed from analysis of sensor data, and the currentchapter ties back context identi�cation to multiple model state estimation. Thesetwo parts of the same framework provide a solution to the estimation problemsde�ned in Chapter 2.As a refresher of the concepts developed in this thesis, recall that the notion of acontext is introduced with a double de�nition: a dynamical context is a discretestate that corresponds to locomotion dynamics represented with one motion model;and a behavioral context is a discrete state that corresponds to dynamics repre-sented by a collection of dynamical contexts that transition among one another.



110The purpose of identifying the dynamical context is to direct multiple model (MM)�lters to only trust accurate models and improve the accuracy of their state esti-mates. As for the behavioral context, its identi�cation enables the deployment ofmultiple small-scale MM systems instead of one large-scale system, which improvesthe scalability of multiple model �ltering. The current chapter puts this strategyto practice in simulation and in experiments conducted on RHex.The presentation starts with a discussion of simple models, their usefulness athelping �lters estimate the state of systems with complex dynamics, and the trade-o� between model accuracy and modeling e�ort. The discussion is grounded in areal-world example that helps understand when and how simple models can enableaccurate state estimation. Next, the presentation shows how context identi�cationcan improve the scalability of multiple model �ltering. A modi�ed MM algorithmis shown in simulation and in experiment to reduce computational requirementsby enabling the selective activation of individual �lters within the MM system.The presentation also exhibits an instance where low-sensitivity sensing leads tothe failure of state estimation; context identi�cation is shown to overcome thisproblem and enable accurate estimation. Last, an experiment conducted on awheeled robot illustrates how simple motion models discard sensor information,and shows that the context-based framework provides means for exploiting suchinformation to improve the output accuracy of individual estimation �lters.5.1 State Estimation Based on Simple Motion ModelsAt �rst thought, low-order and low dimensional models are inaccurate approxima-tions of high-order and high dimensional dynamics and therefore are not useful forstate estimation. Yet, abundant empirical evidence in the aircraft and robotics�elds suggests that simple models can be relied upon for accurate control and, asthis thesis asserts, for estimation.For the case of RHex, the robot's complex six-dimensional motion can demonstrablybe controlled with low-order, three-dimensional models using feedback [71]. In this



111example, RHex's lateral, forward and heading motions are modeled as a �rst orderunicycle when jogging, and as a second order unicycle when running. Controlpolicies use these models to regulate the robot's heading and successfully executeline following behaviors at both speeds. The likely reason behind this success isthat the low-order models appropriately describe the aggregate motion of the robot,i.e. the average e�ect of the legs' interactions with the ground on body velocity.As such, the models ignore the �ne-scale details of the dynamics, such as tractionand inertia of individual legs. Yet, modeling such dynamics is not necessary fornavigation tasks as long as the large-scale dynamics are correctly captured by themotion models.Simple models are also used for estimating the state of robots with complex dy-namics. For example, Durrant-Whyte [20] and Verma [83] use models that capturean abstracted representation of rover dynamics to perform successful localizationand fault detection. This section studies the usefulness of such simple models atestimating RHex's height during jogging and walking behaviors. The challengeconsists of deriving accurate height estimates over time from noisy accelerationmeasurement performed on board the platform.It is worth stressing that the �lters used in this section are not modi�ed by con-textual information. The purpose here is to quantify the accuracy of conventionalestimation tools (such as Kalman and multiple model �lters) when using simplemodels.5.1.1 Estimating RHex's height while joggingThe acceleration for the jogging behavior is shown in Figure 4.3 and reproducedhere for convenience in Figure 5.1. A naive approach to height estimation wouldbe to integrate the acceleration data twice to recover height. This causes theestimates to diverge rapidly because the onboard accelerometers have signi�cantnoise that leads to error accumulation in the double integral. The result can beseen in Figure 5.2, where the double integration estimate is compared to ground
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Figure 5.1: Output of vertical accelerometer while RHex executes jogging behavior.
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(a)Figure 5.2: Double integration of accelerometer data leads to diverging estimatesof heights.truth measurements of the robot height1. Ground truth measurements show thatRHex's height oscillates around the robot's rest height, but the integrator's esti-mates wrongly oscillate around a downward slope.An alternative approach is to make appropriate use of motion models to improvethe accuracy of height estimates. A close inspection of the dynamics in Figure 5.1helps understand the locomotion dynamics and design such models. At the begin-ning of the jogging behavior, the robot is subject to high-order start-up dynamics1The ground truth measurement system consists of high-speed cameras that register the posi-tion of LEDs placed on the robot body. The cameras cover a limited surface area, which explainsthe short experimental runs (about 4 seconds for jogging). Nevertheless, these results are usefulbecause the available space is large enough to allow the robot to achieve steady-state motionbefore exiting the cameras' �eld of view.



113that induce complex acceleration patterns observed in the �rst phase of the plot.These start-up transients are gradually replaced by the steady-state dynamics ofthe second phase, which in turn, are followed by stopping transients that resultfrom energy dissipation once RHex's motors stop. The start-up and stopping dy-namics result from complex interactions between the ground and the legs and aredi�cult to model accurately. In contrast, the steady dynamics are understood toresult from a repeating sequence of �ight and stance phases, which can be approx-imate by straight-forward models. These models are described in Section 4.1.1.1and are formulated as follows:
z̈ =







−g, �ight phase,
−Kz (z − z0) /M − g, stance phase,where z is the state (height), g is gravity, Kz is the virtual spring constant, z0 itsrest length and M is the robot mass.Given that the steady-state portion of the jogging dynamics can be described by twomodels, the height can be estimated using the GPB2 algorithm based on the twomodels. The GPB2 mechanism is described in Algorithm 2 on page 34, but it can bemore clearly understood with the graphical representation of Figure 5.3. Considerthe setup of the GPB2; since the system consists of two models correspondingto two possible modes of operation, each iteration of the GPB2 starts with thehypothesis of the robot being in the �ight or in the stance modes at the end ofthe previous iteration. These hypotheses are represented with the �rst column oftwo circles: F (�ight mode, white circle), and S (stance mode, black circle). Eachhypothesis has a probability Probi and a height estimate zi, with i ∈{F,S}. Inother words, zi represents the height of the robot if it was in mode i at the endof the previous iteration, and Probi represent the probability of the robot being inmode i at the end of the previous iteration, with ∑

i Probi = 1.From each of the two initial hypotheses, the robot can transition into one of thetwo modes, leading to a total of four hypotheses. The transition is governed bythe user-de�ned transition probabilities Ti,j, with i, j ∈{F,S}. The four hypothesesare represented by the middle column of four circles, where each circle represents



114the hypothesis of being in mode i at the current iteration t and having been inmode j at the previous iteration t − 1. As a shorthand notation, the hypothesisof having mode i at time t is referred to as it, and the transition hypothesis isreferred to as (it,jt−1). To each of the four hypotheses corresponds a Kalman�lter (Algorithm 1 on page 26) whose model (F and Bu) represents the dynamicsof the current mode, and whose prior (zu
m,k) is the output of the correspondinginitial mode. For example, the �rst circle (`Flight' at current iteration, `Flight' atprevious iteration, or (Ft,Ft−1)) has a corresponding �lter based on �ight dynamics(z̈ = −g), and its prior zF computed at the previous iteration. For compactness,the notation refers to filteri as the �lter based on model i, and to zi,j as theoutput of the �lter associated with the hypothesis (it,jt−1). With this notation,the output of the �rst �lter is zF,F = filterF (zF ). The third circle, while having thesame �ight dynamics, uses the prior zS per the hypothesis (Ft,St−1), and outputs

zF,S = filterF (zS).Each of the four Kalman �lters outputs individual estimates of height zi,j andlikelihoods pi,j (Algorithm 1). Next, a probability Probi,j for each hypothesisis computed by multiplying pi,j by Ti,j and Probj from the previous iteration(Algorithm 2). The hypothesis probability is then used to scale the individualestimates zi,i and consolidate them into the intermediary mode-speci�c estimates
zi. This step is commonly referred to as hypothesis collapsing, as it reduces thenumber of hypotheses back to the original number of two. Thus, the output of theindividual �lters based on the same model are consolidated together, and serve asthe initial estimates for the next iteration of the algorithm.As the GPB2 is running through the cycle of expanding and collapsing hypotheses,it is possible to extract a unique state estimate at any time. This is simply doneby consolidating the intermediate mode-speci�c estimates zi weighted by their hy-pothesis probability Probi into the system's best estimate z. In the case of RHex,
z is considered the best estimate available for the robot's height.This approach leads to satisfactory results, with height estimates closely matching
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Figure 5.3: A graphical representation of the Flight-Stance GPB2. The GPB2algorithm spawns four �lters whose output is consolidated into the best estimateof robot height.ground truth measurements as can be visually veri�ed in Figure 5.4. The meanand standard deviation of the root mean squared (RMS) di�erence between theestimated height and the ground truth measurement over 12 experiments is 1.85cmand 0.37cm, respectively. The mass-spring parameters of the stance model areset to the actual mass of the robot (8.5Kg) and the spring constant that yieldsacceptable state estimates is found to be 6800N.m, a value close to the physicalspring constant estimated at 6600N.m.It is worth highlighting that the hypothesis probabilities Probi,j are the weightswith which individual outputs are scaled before consolidation. As emphasized inthe previous chapters, it is necessary that the GPB2 algorithm rapidly converges tothe correct values of Probi,j to avoid assigning wrong weights to individual outputsand potentially causing the estimation to fail. Looking forward, Section 5.3 showsthat the GPB2 fails when the weights are computed incorrectly, and demonstrateshow the context-based estimation framework can overcome this problem.In the current example, the estimation is successful because the weight assignment



116
0.5 1 1.5 2

0.14

0.15

0.16

0.17

0.18 Ground Truth

Estimate

Time (s)

P
os

iti
on

 (
m

)

Figure 5.4: A GPB2 based on ballistic �ight and mass-spring stance models gen-erates accurate state estimates. Over 12 experiments, RMS errors have a mean
1.85cm and a variance of 0.37cm.is handled appropriately by the GPB2. This can be seen from the plot of Probi inFigure 5.5 that shows that the GPB2 correctly alternates �ight and stance modes(even if the probability estimates can on occasion be corrupted by sensor noise, asin the zoomed-in view). The GPB2 is able to correctly compute the hypothesesprobabilities because the �ight and stance phases are su�ciently long to allowindividual �lters to converge.5.1.2 Estimating RHex's height while walkingRHex's acceleration pro�le while walking is shown in Figure 4.6, and as discussedin Section 4.1.2, the walking dynamics can be modeled as two mass-spring-dampersystems:
z̈ =







−Kz,2 (z − z0,2) /M − (D2/M)ż − g, two-tripod stance,
−Kz,1 (z − z0,1) /M − (D1/M)ż − g, one-tripod stance,where Kz,1 , D1, z0,1 and Kz,2 , D2, z0,2 are the virtual spring constant, dampingcoe�cients, and rest lengths for one tripod in stance and two tripods in stance,respectively.Unlike the jogging behaviors where a GPB2 was necessary to handle the two-modelestimation, the walking behavior can use a single Kalman �lter (KF) whose modelis modi�ed by changing its parameters depending on the tripod.
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(b) Zoom-in on plot of ProbiFigure 5.5: Plots of Probi for RHex while jogging. The correct assignment ofprobabilities enables successful height estimation.
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IntegratedFigure 5.6: Height estimates of RHex while walking. Estimates produced by amodel-based KF converge, whereas estimates derived from integrating the acceler-ation data diverge.In contrast to the jogging behavior where the precise point of transitions between�ight and stance is di�cult to determine, transitions between one and two tripods inthe walking behavior can be detected directly (and precisely) from motor encoders.This is because the walking motion is quasi-static, so the actual dynamics followclosely the rotation of the legs. It follows that it is not necessary to use a GPB2 forwalking; a single KF can be used instead, provided that the two sets of parametersare swapped at each transition.This straight-forward implementation leads to satisfactory results, as shown inFigure 5.6. The height estimate generated by the �lter matches closely ground truthmeasurements, whereas estimates derived from direct integration of accelerationdata diverge.

These two examples demonstrate the usefulness of simple models for state esti-mation. However, when many such models are necessary to represent complexdynamics, state estimation can only be performed with large multiple-model �l-ters. The next section shows that context identi�cation improves the scalabilityof MM �lters, thus providing practical value to simple models even when used in



119large numbers.5.2 Context Identi�cation Improves Scalability of MMSystemsChapter 3 presents a double strategy for improving the scalability of MM systems.First, recognizing a robot's dynamical context enables MM �lters to identify theaccurate model and rely uniquely on information provided by the corresponding�lter. This allows the selective activation of individual �lters and results in a reduc-tion of the computational cost. Second, the identi�cation of the robot's behavioralcontext allows the deployment of multiple small-scale MM systems, instead of aconventional monolithic large-scale system. As a consequence, multiple-model �l-ters scale better with systems that exhibit a large number of behaviors (e.g. leggedrobots). This section gives practical examples of both context-based mechanisms,and provides some implementation details and experimental results.5.2.1 Dynamical context identi�cation reduces the number of ac-tive �ltersImproving the GPB2's accuracy and scalability can be achieved by modifying theMM algorithm to account for information about the dynamical context. Recall thatthe GPB2 algorithm's weight distribution can be understood as a measure of thealgorithm's relative con�dence in the output of each individual �lter; by extension,the weight distribution is the algorithm's estimate of the relative accuracy of eachmodel. Now if the dynamical context is identi�ed, then one model is unambiguouslyrecognized as appropriate for estimation, and the other models as inappropriate.The weight distribution that would re�ect this information should assign a value ofone to the appropriate �lter, and zero to all other �lters. More precisely, the weightvalue of one should be assigned to the �lter that corresponds to the hypothesisstating that the system is self-transitioning into the identi�ed mode. The GPB2



120algorithm should be modi�ed accordingly to avoid the risk of miscalculating theweights and thereby incorporating knowingly inaccurate individual estimates intothe consolidated state estimate.Section 3.1.3 on page 50 provides the modi�ed algorithm and describes it in de-tail. For the system at hand, the transition probabilities are set as a function ofthe state of the robot as follows. If RHex's velocity is negative, the descendingrobot is expected to touch down, so the transition probabilities are biased towardstransitioning into stance2. Conversely, positive velocities bias transitions to �ight.Setting transition probabilities as a function of state improves the accuracy of theGPB2, as it encodes information about the dynamics that the GPB2 algorithm isunable to capture from its model set.The identi�cation of the dynamical context can be performed with low-cost contactsensors placed at the end of the legs. In RHex's case, the robot is already equippedwith leg-strain gauges that measure leg deformation, so their output is discretizedinto binary contact/no contact information, and this is the only information usedto identify the context. For reference, Figure 5.13(a) shows the discretized outputof the strain-gauges overlaid on accelerometer data.When the strain gauges identify the robot as being in �ight or in stance, the mod-i�ed GPB2 only activates the �ight or the stance �lter. However, when RHex isabout to touch down or to lift o�, the strain gauges are unable to identify the mode,so all �lters are activated and the GPB2 resumes nominal operation. Since the orig-inal GPB2 algorithm is able to accurately estimate the height of RHex while joggingat steady state, the modi�ed algorithm does not noticeably increase its accuracy3.However, the modi�ed algorithm does improve the scalability, as evidenced by Fig-ure 5.7. The plot of mode probabilities shows that when the dynamical context isidenti�ed, only the accurate �lter is activated. Conversely, during transitions fromone dynamical context to another, the nominal GPB2 is operated with all �lters2The speci�c values of Ti,j = 0.7 and Tj,j = 0.3 are determined empirically.3The next section shows that when the robot operates outside the steady region, the modi�edalgorithm provides appreciable accuracy gains.
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Figure 5.7: Plots of Probi for RHex while jogging using the modi�ed GPB2 al-gorithm. When the dynamical context is identi�ed, only the accurate �lter isactivated, which reduces the computational cost.active. It is worth noting that in comparison to Figure 5.5(b), Figure 5.7 showsthat the probability estimates are no longer corrupted by accelerometer noise.An interesting exercise is to try to identify RHex's dynamical context withoutusing contact sensors or strain gauges. As described in Section 4.2, this can beachieved by classifying the accelerometer values of Figure 5.1 into the �ight andstance dynamical contexts as follows:
• Flight context: z̈ < −6m/s2

• Stance context: z̈ > 0m/s2

• Unidenti�ed context: 0 > z̈ > −6m/s2. Accelerometer output within thiscontext indicates that the robot is transitioning between �ight and stance.Context bounds are derived from empirical observation.State estimates obtained with this contextual classi�cation are virtually indistin-guishable from the previous results. The mean and standard deviation of the RMSerror over 12 experiments are 2.09cm and 0.39cm, respectively, which compare fa-vorably to the values obtained with the help of strain gauges. This experimentshows by example that the classi�cation approach proposed in Chapter 4 yieldssatisfactory estimation results.



1225.2.2 Behavioral context identi�cation allows reduced-scale MMsystemsAs de�ned earlier, behavioral contexts correspond to a set of speci�c dynamicalcontexts and to speci�c frequencies and order of transition among these dynamicalcontexts. It follows that identifying the current behavioral context also determinesthe set of dynamical contexts that transition among one another. This enables theconstruction of MM systems that consist only of the individual �lters correspondingto the identi�ed set of dynamical contexts. The resulting MM system is likely to beof modest size, and therefore of modest computational cost. Scalability is improvedby deploying multiple such low-cost MM systems, instead of a single large-scalesystem.This concept is illustrated with the example of identifying RHex's height while therobot jogs and walks. Experimental data does not exist for such a run, so the ac-celerometer output for the jogging and walking behaviors are combined into a single,continuous acceleration pro�le, where the �rst half corresponds to jogging and thesecond half to walking4 (this setup is �rst mentioned in Section 4.3.6). Since thisis a proof-of-concept exercise, suppose that control information is unavailable, sothe estimator has to rely on behavioral context identi�cation to recognize whetherthe robot is walking or jogging.If behavioral information is not available, this two-behavior experiment would re-quire a three-model conventional MM system; two models for jogging and one forwalking (refer to Section 5.1 for details about the models). However, informationabout the behavioral context is available, and the results of Chapter 4 can bedirectly used here; when the jogging context is identi�ed, then the �ight-stanceGPB2 of the jogging behavior is used; when walking is identi�ed, the single KF ofthe walking behavior is used.Figure 5.8(a) shows the behavioral context overlaid over the acceleration data. The4This setup does not reduce the validity of the experiment. The identi�cation of the behavioralcontext is performed exactly as it would be if the robot was actually executing both behaviors.
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Jogging Context
Walking Context(a) Context information overlayed over acceleration data
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(b) Context-based height estimatesFigure 5.8: The identi�cation of the dynamical context enables the selective de-ployment of a jogging GPB2 and of a walking KF. The resulting height estimatesover the combination of jogging and running behaviors have a similar accuracy aswhen the two behaviors are executed separately.�rst half of the acceleration is produced during jogging, and the HMM-automatonmechanism correctly identi�es the jogging context. Similarly, the walking contextis identi�ed over the second half of the plot.The result of this context-based state estimation are shown in Figure 5.8(b). Asexpected, the �rst half of the plot resembles Figure 5.4, and the second half re-sembles Figure 5.6. Thus, the accuracy of the estimates and the computationalcomplexity of the �ltering system are consistent with the single-behavior results,even though they are conducted on a multiple-behavior system. The maximumnumber of �lters used whenever the behavioral context is identi�ed is four, whichis not higher than when the robot executes jogging as a sole behavior.



124For reference, a conventional three-model GPB2 that does not use contextual in-formation is implemented and its results are reported in Figure 5.9. This MMsystem activates nine KF at all times, and outputs less accurate height estimatesthan when using contextual information (sub�gure (a)). The lower accuracy is dueto the fact that the jogging behavior's stance model and the walking behavior'smodel have overlapping dynamical contexts. In other words, the GPB2 is unableto correctly disambiguate its models because two of them are based on similarmass-spring systems whose acceleration predictions overlap intermittently. Sub�g-ure (b) shows that probabilities of the walk and stance models oscillate betweenzero and one throughout the run, indicating that erroneous individual estimatesare consolidated into the overall estimate, thus reducing its accuracy.
In summary, Sections 5.2.1 and 5.2.2 demonstrate by example that the identi�ca-tion of a system's dynamical and behavioral contexts improves the scalability ofmultiple model estimators.5.3 Context Identi�cation Improves Accuracy with Sim-ple ModelsUsing simple models to estimate the state of systems with complex and intermittentdynamics can yield accurate results provided the models are only used when theyare accurate This condition is ful�lled when estimating the height of RHex duringsteady state jogging, because the rate at which the dynamics change does not exceedthe convergence rate of individual �lters. As individual �lters converge, GPB2estimates of mode probabilities also converge, thus enabling accurate estimation.Unfortunately, these conditions do not hold over the entire experiment. Outsidethe region of steady-state operation, higher frequency dynamics reduce the time
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(b) Mode probabilitiesFigure 5.9: The three-model GPB2 activates nine �lters at all times and outputslower-accuracy estimates than obtained with information about the behavioral con-texts.



126that individual �lters have to converge. As the time shortens, individual �ltersdiverge, which causes the consolidated estimate to diverge as well. This is one ofthe MM estimation problems described by Chapter 2.This section analyzes in detail the shortcomings of the GPB2 presented in Sec-tion 5.1 when it is applied to the entire jogging experiment. Experimental resultsshow that contextual information improves the estimation performance by enablingthe rapid identi�cation of accurate models.5.3.1 Analysis of estimation failure over entire jogging runThe jogging GPB2 algorithm implemented with success in Section 5.1 divergeswhen the motors are commanded to stop, which subjects the robot to stoppingdynamics. The dynamics are reproduced in Figure 5.10(a), and it can be seen insub�gure (b) that the height estimation is accurate over the steady-state region,and rapidly diverges thereafter. To understand the mechanism of this failure, a lookat sub�gures (c) and (d) shows that the conventional GPB2 erroneously estimatesthat the �ight probability is high (in fact close to one) at the end of the motion.This means that the GPB2 is associating the largest weights to the output of the�lters based on the �ight model, which explains the estimates' downward slope.This behavior is counter intuitive as the stopping dynamics exhibit a rapidly disap-pearing �ight phase and would be far better described with the mass-spring modelof the stance phase. How did the GPB2 make the wrong probability assessment,particularly that the assessment is based on the relative comparison of each model'saccuracy? The most likely answer is found in Figure 5.11, which plots the accel-eration around the time the motors stop at second 3. The leg-strain gauges showthat the robot is in the tripod stance before the motors stop (diamonds), and insix-legged standing mode afterward (stars). The plot reveals that the acceleration'speriod of oscillation after stopping is shorter than the period before. This meansthat the GPB2 has less time to converge before the dynamics switch between standand �ight modes, and indeed this time proves too short for convergence.



127The problem of a short window for convergence is compounded to the inherentbrittleness of the stance model whose prediction accuracy is state-dependent. Statedependence means that if the previous estimates of the state are wrong, then thecurrent model predictions are also wrong. This is explained as follows. First, notethat the stance model z̈ = −Kz (z − z0) /M − g is responsible for restoring theheight back to its rest value z0 before the next �ight, so that height estimatesoscillate around z0 as they do in steady state. After the motors stop, the periodof oscillation decreases, which reduces the the time spent in stance before the next�ight phase takes place. With less time to complete the stance, the height doesnot quite reach z0 before �ight, and this problem occurs at each step leading to anaccumulation of height loss. This can be seen in Figure 5.10(c), where after second3 the GPB2 still alternates �ight and stance probabilities, but the duration of thestance probability is about twice as short as during steady state.At the same time, height estimates start to decrease, as seen in sub�gure (b).As the estimates decrease, the de�ection of the virtual spring (z − z0) increases,and the stance model outputs increasingly erroneous (and negative) accelerationpredictions, until those predictions become consistently lower (and hence less ac-curate) than �ight predictions of −g. At that point, the GPB2 assigns the highestprobability to the �ight mode (sub�gure (d)), and the estimation fails.This analysis suggests that the problem can be addressed by making the �ltersconverge faster, and by using a stand model that describes the stopping dynamicsmore accurately than the stance model.5.3.2 Adding a mass-spring-damper modelA �rst step towards implementing the solution consists of developing a stand modelto describe the stopping dynamics. As noted earlier, the amplitude of RHex's accel-eration decreases gradually after the motors stop, as a result of energy dissipationfrom the compliant legs. The period of oscillation of the acceleration also decreases,as a six-legged stance has twice the spring sti�ness than tripod stances. It follows
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(a) Acceleration plot reproduced for reference
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Stance Mode(c) GPB2 probabilities for the �ight and stance modes
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Flight Mode
Stance Mode(d) Zoom on probabilities shows that GPB2 assumes robot in�ight at end of motionFigure 5.10: Height estimation based on simple �ight and stance models are inac-curate outside the range of steady state operation.
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Figure 5.11: The period of the dynamics decreases after the legs stop rotating, ascan be seen in the zoomed-in view of the acceleration just as the jogging motionstops. The change in period is explained by the fact that stopping the motors makethe robot bounce on six legs as opposed to three legs during the alternating tripodmotion. The output of leg strain gauges (circles for �ight, diamonds for tripodstance and stars for six-legged stance) is overlaid on the accelerometer datathat RHex's stopping dynamics could be modeled as a dissipative mass-spring sys-tem, a model similar to stance but with damping and twice the spring constant.This leads to the following model set:
z̈ =



















−g, �ight phase,
−Kz (z − z0) /M − g, stance phase,

−2Kz (z − z0) /M − g − (D/M)ż, stand phase,where D is the viscous damping parameter.A conventional three-model, nine Kalman-�lter GPB2 system is built, and its stateestimates are plotted in Figure 5.12. The plots show that this GPB2 still diverges,despite using a more accurate stand model. E�orts to tune GPB2 parameterssuch as the transition probabilities Tij and model parameters such as D could notimprove the results reported. This is due to the fact that the period of oscillationis shorter than the time necessary for the individual �lters to converge. As before,and despite using the more accurate stand model, the accumulation of estimationerrors forces the conventional GPB2 to wrongly assign high probabilities to �ight.
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(a) Height estimates using di�erent models for stance and standmodes
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Flight Mode
Stance Mode
Stand Mode(c) Zoom on probabilities shows that GPB2 assumes robot in�ight at end of motionFigure 5.12: Adding a model for the standing motion does not allow the three-model GPB2 to converge.



1315.3.3 Identifying dynamical context enables fast convergenceThe problem of slow convergence with conventional MM systems can be resolvedby identifying the �ight-stance-stand contexts from the leg-strain gauges acting ascontact sensors (see Figure 5.13(a)). When the strain gauges identify the context,the three-model GPB2 is reduced to a one-model �lter (the �lter corresponding tothe identi�ed context) that outputs accurate estimates. Refer to Section 3.1.3 fordetails on the implementation of this algorithm. Thus, by incorporating contex-tual information, the mode probabilities are correctly and rapidly speci�ed, whichenables the successful estimation of the height throughout the experiment.The results are reported in Figure 5.13, where sub�gure (b) shows that the heightestimates follow an oscillatory dissipative motion ending at the robot's rest height of
z0. The ground truth measurement system's limited workspace does not allow thequantitative validation of the estimate's accuracy, but the fact that the estimateshave the same frequency as the measured acceleration and that they converge tothe rest height as expected is an indication of validity.Sub�gure (c) shows that towards the end of the motion the GPB2 correctly assignsthe highest weights to the stand mode, in contrast to the results obtained withoutcontext information.5.3.4 Identi�cation of behavioral context prevents divergenceIt would be a worthwhile exercise to perform the same estimation task but byextracting context information only from acceleration data, i.e. without using theinformation provided by the strain gauges. For this, assume that the robot canbe in one of two modes: either jogging or coming to rest. Furthermore, since thisexperiment is intended as a proof of concept, assume that information about themotors being turned o� is unavailable. In this setup, the estimation system can useinformation about the behavioral context to decide whether or not the two-model�ight-stance GPB2 can be used. In other words, the behavioral context would
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(a) Acceleration plot. Flight is represented with circles, stance with dia-monds, and stars represent situations where both tripods touch the ground,which happens when the motors stop.
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Estimated(b) Height estimate using information about dynamical context
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Flight Mode
Stance/Stand Modes(c) Probabilities for the �ight and stance/stand modesFigure 5.13: Strain gauges identify the dynamical context and enable fast conver-gence of height estimates.



133identify the steady state portions of the behavior where the two-model GPB2 canbe used with satisfactory accuracy.By choosing to ignore strain gauge information, the dynamical context cannot beaccurately identi�ed in the stand mode. However, information about the behavioralcontext is available and can identify whether the robot is in steady-state joggingor coming to rest. Thus, the estimation strategy is not to use a combination of�ight-stand models to represent the stopping dynamics, but instead to use a singlestand model as an approximation. This is an acceptable approximation becausethe dissipative dynamics rapidly eliminates the �ight phase, so the stand can beused alone with limited adverse impact on estimation accuracy.The results are shown in Figure 5.14. Sub�gure (a) overlays the jogging contextobtained from the HMM-automaton estimation of Chapter 4 over acceleration data.Sub�gure (b) shows that even though height estimates are not as accurate as whenusing the strain gauges, they still converge back to the rest height.The di�erence in accuracy is due to the fact that behavioral contexts provide higher-level information about the dynamics than dynamical contexts. Dynamical contextprovide lower-level, more detailed information about the dynamics, and this enableMM systems to generate accurate estimates, as in the previous example. Whenonly behavioral information is available, as in the current example, the accuracyof the state estimates (Figure 5.14(b)) is lower, but still substantially better thanwhen neither context is used.Last, knowing the behavioral context allows the deployment of the two-model in-stead of the three-model GPB2, thus reducing the number of �lters from nine tofour and improving the scalability of the estimation system.
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Jogging Context(a) Jogging context is overlayed on acceleration plot
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Estimated(b) Height estimate using information about behavioral context
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Flight Mode
Stance Mode(c) Probabilities for the �ight and stance/stand modesFigure 5.14: Jogging context obtained through the HMM-Automaton technique ofChapter 4 enables the selective activation of the jogging GPB2. When the robot isnot in the jogging context, a spring-damper model describes the robot's stoppingmotion.



1355.4 Dynamical Context Identi�cation Overcomes Limi-tations of Low-Sensitivity SensingThe previous section (5.3) studies the problem of loss of estimation accuracy whenindividual �lters do not have su�cient time to converge. This section illustrates an-other problem presented by Chapter 2, namely the loss of accuracy when availablesensors have a low sensitivity to changes in the dynamics.The problem is demonstrated in a simulated experiment of a bouncing ball (seeSection 2.3.3.1 on page 36 and Chapter 3 for an introduction). The setup consistsof a unit-mass bouncing ball that alternates �ight and stance dynamics as it falls,impacts the ground elastically and rebounds. The ball evolves as a mass-springsystem during stance, and as a ballistic projectile during �ight. Thus, the dynamicsare exactly formulated as follows:
z̈ =







−g, ballistic projectile during �ight,
−K (z − z0) − g, loss-less mass-spring system during stance,where the state z is height, g is the acceleration due to low-magnitude gravity and

K and z0 are the ball's e�ective spring constant and rest length, respectively. Thevalues of g, K, and z0 are 9.81
10

m/s2, 75N/m and 0.5m, respectively5.The task is to estimate the ball's height and vertical velocity using the �ight andstance models, and a virtual sensor that generates noisy height measurements. Tothat e�ect, a �rst experiment consists of constructing a conventional, two-modelGPB2 that does not use any contextual information. Even though the �ight andstance models describe the ball's motion exactly, their associated Kalman �ltershave non-zero but small process noise covariances Q, and a larger observationnoise covariance R, to simulate realistic conditions. The ball is assumed to beequally likely to transition from �ight (F) to stance (S) as from stance to �ight, so5The gravity vector has a lower magnitude than Earth's gravity to allow for a slow bounce,which is simpler to observe and clearer to present. If the simulation were conducted with theEarth's gravity, it would lead to the same qualitative results, but since the time between touch-down and lifto� is short, the results could not be presented with the same clarity.
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Ti,j = 1

2
,∀i, j ∈{F, S}.The simulation is initiated by dropping the ball from a height of ten meters andletting it bounce once (Figure 5.15). The results of this GPB2, reported in Fig-ure 5.16, show that velocity estimates diverge markedly from the true (simulated)velocity (sub�gure (b)), and height estimates exhibit small divergence near thepoint of impact (denoted by the �rst '+' in sub�gure (a)).The reason for the low accuracy is that �lters' observations consists of positionmeasurements which do not provide su�cient information to clearly discriminatebetween the �ight and the stance modes. As a result, the GPB2 wrongly assignsnon-zero weights to the stance �lters when the ball is in �ight, thus includinginaccurate estimates to the consolidated state.This can be seen clearly by analyzing one iteration of the GPB2. Consider the initialstate of the ball at the top left of the plot in Figure 5.15, at height z = 10 and ve-locity ż = 0. The �ight model predicts an acceleration of z̈S = −g = −0.981m/s2,and the stance model predicts a larger negative acceleration z̈F = z̈S − 75(9.5) =

−713.5m/s2. If the �lters were using acceleration measurements as observations,then this large discrepancy would immediately lead to a low likelihood for the stance�lters relative to the �ight �lters. Indeed, the RHex experiment in Section5.1 showsthat when using acceleration measurements, the GPB2 assigns correct mode proba-bilities and outputs accurate estimates. In contrast, the discrepancy between �ightand stance predictions of position is small. In fact, this gap is smaller than the ac-celeration gap by factor equal to the square of the sampling period T , as z ' z̈ ·T 2.The higher the bandwidth of the sensor the smaller the sampling time and thesmaller the gap; in this case, T = 0.01sec, so z ' z̈ · 10−4.Thus, by relying on position measurements, the innovation6 of the stance �lterswould still be larger than the innovation of the �ight �lters, but only by a smallmargin. This translates to non-zero relative likelihood for stance �lters, which leads6As a reminder, the innovation is the di�erence between model prediction and sensor observa-tion.
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Height
Touchdown
LiftoffFigure 5.15: The ball falls from a height of ten meters and bounces. The gravityvector has a low magnitude that slows the bounce for presentation clarity.the GPB2 to assigning non-zero probability for the stance mode. Figure 5.16(c)shows that the GPB2 incorrectly assigns non-zero stance probabilities when the ballis in �ight (before the �rst and after the second '+'). This logically decreases theaccuracy of the consolidated state because it incorporates stance estimates while in�ight. The delays introduced by the low-sensitivity sensing are also visible in theplot, as the GPB2 switches mode probabilities later than when the ball actuallyswitches dynamics.A remedy to this sensor-induced slow convergence is modify the GPB2 to incor-porate contextual information extracted from the sensor. Here, the dynamicalcontexts are naturally speci�ed as the �ight and stance contexts, and their identi�-cation is based on the straight-forward observation that when the measured heightis lower than the ball's rest height, then the ball is known to be in stance, andotherwise it is in �ight. To take into account sensor noise, a transition zone isadded in the immediate vicinity of z0, the touchdown and lifto� points: z = z0 ± δ,with δ � z0. In the transition region, the identity of the context cannot be accu-rately determined from position measurements. This setup is described pictoriallyin Figure 5.17 and summarized as follows:

• Flight context: z > z0 + δ

• Stance context: z < z0 − δ

• Unidenti�ed context: z0 − δ < z < z0 + δ
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(a) Height estimates. The time scale zooms onthe bounce for clarity.
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(c) GPB2 outputs wrong estimates of mode proba-bilityFigure 5.16: State estimates obtained with a conventional GPB2 lead to RMSerrors of 6.34cm and 15.5058m/s for position and velocity estimates, respectively.The low sensitivity of the position sensor to changes in the dynamics does not allowthe GPB2 to compute the correct probabilities for the �ight and stance contexts.These plots indicate the instants when the ball touches down and lifts o� witha `+'. Sub�gure (b) shows that the probabilities of �ight and stance erroneouslycross each other far from the `+' points. Correctly estimated probabilities wouldcross close to the actual point of touchdown and lifto�.
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Figure 5.17: Context-based estimation framework for a bouncing ball.The GPB2 is modi�ed to incorporate the dynamical context information followingthe description of Section 5.2 and the pseudo code of Algorithm 3. When the ballis recognized to be in �ight (z > z0 + δ) or in stance (z < z0 − δ), only the corre-sponding filterF (xF) or filterS (xS) is updated, as shown in Figure 5.17. Whenthe context is unidenti�ed (z0 − δ < z < z0 + δ), all four �lters are updated. Thetransition probabilities are adjusted so that when the ball is descending (ż < 0), theprobability of transitioning into stance is greater than the probability of staying in�ight (e.g. TS,F = 0.7; TF,F = 0.3). The inverse is true when the ball is ascending
(TF,S = 0.7; TS,S = 0.3).Figures 5.18(a) and (b) show that this strategy signi�cantly improves the accuracyof the estimated velocity. RMS errors are reduced from 6.34cm to 0.13cm and from
15.5m/s to 0.0119m/s for position and velocity, respectively. Thus, by ignoringthe output of inappropriate �lters, the consolidated estimate can maintain its ac-curacy as contexts alternate. The plot of sub�gure (a) displays the e�ect of usinga GPB2 during context transitions. Consider the top left portion of the plot; the�rst star indicates the moment when all four �lters of the GPB2 are activated as



140a result of the ball reaching the region of uncertainty; and the �rst circle indicatesthe moment where the GPB2 is deactivated as the stance context is successfullyidenti�ed. As long as the ball is in the transition region, the output of the four�lters are consolidated, and the estimate is somewhat less accurate than before theactivation of the GPB2 or after it is turned o�. This is to be expected, as theGPB2's sub-optimal weight distribution lowers the accuracy of the consolidatedstate. Sub�gure (c) shows that the GPB2 mode probabilities represent the simu-lated reality more closely, with estimated mode transitions taking place near thepoints where dynamics switch. The plot also shows the selective activation of ac-curate �lters during �ight and stance as well as the transition point from one modeto the other.5.5 Identi�cation of Dynamical Context Exploits Dis-carded Sensor InformationThe previous sections describe context-based techniques that overcome the accu-racy and scalability limitations of multiple model systems. This section does notprovide new insight about the techniques themselves; rather, it presents a simpleexperimental result that demonstrates how sensor information discarded by simplemotion models can be used to improve the output accuracy of estimation �lters.The experiment consists of identifying a mobile robot's dynamical context fromsensor information, and using the context's identity to regulate an estimation �lter'sprocess covariance. Results show that such regulation improves the output accuracyof the individual estimation �lter.A popular approach for mobile robot localization is the simultaneous localizationand mapping (SLAM) technique, which consists of estimating the robot's pose (lo-calization) and the location of feature landmarks in the environment (mapping)at the same time. In its simplest form, SLAM consists of a Kalman �lter wherethe �rst entries of the state contain the robot's own location variables (such as
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x, y, θ coordinates), and the last entries contain the coordinates of landmarks inthe environment. The KF is initialized with a starting pose of the robot and aninitial estimate (or even guess) of the landmarks' coordinates. As the robot tra-verses the environment, its motion model provides the �lter with predictions of therobot's own pose and of the observations, commonly de�ned as range and bearingmeasurements to the landmarks. Next, actual measurements of the landmarks areused to update the �lter, thus generating estimates of both the robot's pose andlandmarks location [72, 41, 13].SLAM experiments are almost always conducted on rovers traversing mostly �atterrain and consequently motion models are predominantly planar. Such modelswould describe the robot's motion in SE(2), namely the evolution of its x − yposition and θ orientation over time. The simplicity of these models makes themand the Kalman �lters tractable to design and run. However, such �lters do notmodel motions or events along non-planar dimensions, even though such events mayfundamentally change the robot's behavior and render the planar motion modelinaccurate. By ignoring these events, SLAM algorithms may inadvertently trustfaulty models and diverge.One example of such events is high-centering, a situation where the rover's under-carriage gets stuck on an obstacle, rendering the wheels tractionless. If such anevent goes unnoticed, then a SLAM algorithm would maintain an inappropriatelyhigh level of con�dence in an inappropriate motion model. Evidently, the rami�-cations of this problem extend to control, as illustrated by a real-world experimentwhere a rover did not recognize that it had become high-centered and the controllerkept spinning the wheels until a tire caught �re [22]. Deciding on appropriate re-covery actions is beyond the scope of this thesis, however the SLAM algorithm canbe modi�ed to maintain a degree of estimation accuracy. This can be done by �rstidentifying the occurrence of an event that decreases the motion model's accuracy,and second by increasing the covariance of the process noise in the KF so as toreduce the �lter's con�dence in that model's predictions.



143This strategy is implemented in experimentation on a laboratory mobile robot (seeFigure 5.19(a)). The setup consists of having the mobile robot navigate a corri-dor while performing SLAM. Sub�gure (b) shows a view from the onboard camera.The squares in the image are the landmarks whose coordinates are registered in thestate vector, and the white square in front of the robot is an obstacle that the robotdoes not recognize as such. When the robot hits the obstacle, it becomes high cen-tered and its wheels loose contact with the ground. However, the SLAM algorithmis based on a planar model and does not recognize the fact that the wheels, thoughspinning, no longer have traction. Thus, the KF maintains the same con�dence inthe motion model as when the robot was moving. This means that model predic-tions indicate that the robot is moving forward, and consequently the �lter assumesthat it is discovering new landmarks with time. This is a wrong assumption as thenew landmarks are in fact the same landmarks observed repeatedly from a �xedlocation. This is a phenomenon commonly referred to as landmark hallucination,and it leads to the divergence of the location estimation.The divergence is seen in Figure 5.20(a), where the last two landmarks are thoughtto be new, whereas they really are the same as the last landmarks seen. The plotshows that the �lter mistakenly estimates that the rover kept moving forward andeven made a turn, overshooting its real position by 58.5cm.To address this problem, the strategy outlined above is implemented. When therobot hits the obstacle, the impact could be detected either by a vertical accelerom-eter that registers a spike, or by a dedicated contact switch placed beneath theundercarriage that gets triggered upon impact. In either case, the output of thesensor can not readily be integrated into the robot's planar motion model, whichmotivates the development of an external mechanism that appropriately modi�esthe �lter parameters. In this experiment, the robot lacks such specialized sensing,so the trigger is initiated manually. Nevertheless, this experimental limitation doesnot undermine the validity of the algorithmic results.Upon impact, the magnitude of the process covariance Q is increased by three
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(b) Sample image from onboard panosphericcamera. Landmarks are denoted in red circles.Figure 5.19: Laboratory mobile robot conducts SLAM experiment and encountersobstacle (white square in sub�gure (b)), which makes the robot wheels loose trac-tion and reduces the accuracy of the robot's motion model. Images courtesy ofHyungpil Moon.
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145orders of magnitude, from 5times10−4 to 5times10−1. This modi�es the valuesof the gain K such that the updated output would emphasize more the sensormeasurements than the model predictions. In normal circumstances, such a setupwould make the estimation system excessively vulnerable to sensor noise. In thissituation, model noise increases dramatically with the loss of prediction accuracy,and sensor noise becomes the lesser evil. Furthermore, sensor noise is reducedbecause of repeated measurements of the same landmarks. The results, presentedin Figure 5.20(b), show that the position estimates are closer to the real value. Theovershoot of the real position is reduced to 7cm, an 88% performance increase.
The estimation strategy used in this experiment is a departure from the directionadopted thus far, in that context information is used to improve the accuracy of asingle �lter rather than a multiple-model system. As such, this strategy constitutesa preliminary development of context-based model adaptation, where a �lter pa-rameter (process covariance in this case) adopts discrete values depending on therobot's dynamical context.This approach could be further developed to enable, for example, continuous adap-tation. A �rst step in this direction is described in the Appendix, which proposes aregulation technique for one-dimensional systems. Chapter 6 o�ers other directionsfor constructing more elaborate adaptation techniques within the context-basedframework.5.6 SummaryThe examples in this chapter illustrate speci�c instances of failure of multiple modelstate estimation. They are provided to ground the problem description of Chapter 2in practical terms, and to demonstrate the value of the context-based estimation



146strategies laid out in Chapter 3.These strategies are shown by example to improve the scalability of multiple-model�lters by reducing the number of active �lters within one MM system, and byallowing the deployment of multiple small-scale MM systems.State estimation accuracy is also shown to improve with the use of contextualinformation. The ability to recognize the robot's dynamical context allows an MMsystem to rapidly converge on the correct weights with which to scale the output ofindividual �lters. This permits accurate height estimation for RHex while jogging,even when the dynamics alternate more rapidly than the convergence rate of theGPB2's individual �lters.Beyond the answers provided by this chapter to some of the problems of multiple-model estimation, open questions remain as to extensions of the approach thatmay allow it to address a broader range of problems. An in-depth discussion of themerits and limitations of the approach and its potential for future developments ispresented in the concluding Chapter 6.
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Chapter 6Conclusion
The context-based estimation framework enables accurate and scalable state esti-mation for systems with hybrid dynamics. This thesis develops a novel approachof combining discrete and continuous estimation techniques to generate accurateestimates for systems with intermittent dynamics, in situations where conventionalcontinuous-only approaches fail. The thesis also introduces the concept of ex-plicitely tying motion models to the dynamics they represent, formalizes the con-cept as a hierarchy of dynamical and behavioral contexts, and demonstrates thatthis formalism achieves signi�cant accuracy and scalability gains for multiple-model�ltering systems.Precise de�nitions of the dynamical and behavioral contexts are provided in Chap-ter 3, and the methods by which they are identi�ed are presented in Chapter 4.Chapter 5 shows how identifying a robot's dynamical and behavioral contexts canimprove the scalability and the accuracy of multiple-model estimation systems, andprovides preliminary results of extensions to the framework that enable single-�lteradaptation.As the presentation comes to an end, it is worth revisiting the original objectivesof the work and examining the research results to evaluate the extent to whichit meets these objectives. The research is analyzed on the philosophical level toassess the value of the conceptual approach; on the methodology level to study



148the degree to which the framework can be generalized; and on the implementationlevel to understand the framework's practical constraints.This analysis naturally leads to open questions about ways to expand and improveto the context-based framework, so this chapter also highlights promising direc-tions for future work. The chapter concludes with a brief description of potentialapplications in the �eld of mobile robotics.6.1 Research ObjectivesThe original motivation behind this research came from the di�culty of estimat-ing the state of RHex. The robot's complex and intermittent dynamics meantthat accurate estimation could only be achieved by either developing accurate butcomplex motion models, or by instrumenting the robot with specialized sensors.Complex models developed in independent work proved unusable (see Section 4.1.1for details), and specialized sensors in the form of leg-strain gauges proved complexto install and required careful calibration [44, 43]. This motivated the developmentof a simpler-to-implement estimation framework that relies on models and sensorsof moderate complexity and still generates accurate estimates.This framework is based on the realization that complete and complex motion mod-els can be replaced with a collection of simple models, each with a limited domainof accuracy. Such a strategy can be implemented with available multiple-model es-timation systems, which are also well adapted to robots with hybrid dynamics suchas RHex. Unfortunately, multiple model systems su�er from scalability limitationsand their accuracy generally decreases with the complexity of the dynamics.Therefore, the objective of this thesis was to develop a state estimation frameworkthat improves the accuracy and scalability of multiple model systems, with theintent to generate accurate estimates with simple models and low-cost sensors.



1496.2 Discussion of Philosophical ApproachThe adopted solution is to simultaneously estimate discrete and continuous states,whereby discrete states (contexts) are extracted from direct analysis of sensor data,and continuous states are estimated by MM systems. As demonstrated by theexamples of Chapter 5, information about the contexts helps MM systems identifyaccurate models and selectively activate individual �lters, thus improving boththeir accuracy and scalability.Philosophically, this approach is well suited to hybrid systems whose dynamicsmake discrete and sudden changes. Discrete-state estimation can be designed toe�ciently and reliably detect such discrete changes, and communicate this informa-tion to MM systems. The approach also uses discrete states to represents di�erentdynamics that may not be separated by discrete transitions, but are distinct enoughto be described by di�erent models. Therefore, the approach is also suited to non-hybrid systems whose dynamics are complex enough that a collection of models isneeded to represent them.Naturally, the performance of discrete state estimation depends on the qualityof available sensors and estimator design, but the general simplicity of discreteestimators provides for design �exibility. This �exibility allows designers to encodeknowledge and intuition into the construction of the estimators, thereby increasingthe likelihood of achieving e�ciency and reliability. For example, knowing thataccelerations close to−9.81m/s2 are representative of �ight can easily be formalizedin the form of a �ight dynamical context; likewise, knowing that a ball at highaltitude cannot be in stance allows the creation of simple dynamical contexts.The explicit estimation of discrete states is a departure from the conventional useof MM systems that infer the discrete state from the relative accuracy of the contin-uous �lters. The reasoning developed throughout this thesis and the experimentaland simulation results indicate that this approach indeed provides gains of accuracyand scalability at low additional cost.



150Discrete-state estimation is also a low-cost tool to handle infrequent special casesthat invariably arise in �elded systems. Such cases would be onerous to handlethrough continuous modeling, but can be simply accounted for by discrete models.For example, consider when a rover collides with an obstacle, hopefully an infre-quent event that can be treated as a special case; sensor-based discrete estimationcan easily detect the large dynamics produced by the collision, perhaps by ob-serving accelerations that increase beyond a predetermined threshold. In contrast,continuous models would have to describe the collision dynamics to detect them,which is clearly a much harder task.This analysis suggests that expanding some e�ort to estimate a system's discretestate reduces the overall e�ort of estimating its continuous state. Therefore, de-veloping discrete estimators for tasks as a means of improving the performance ofcontinuous estimators is likely to be a worthwhile strategy for most �eld systems.Estimating a system's discrete state can also provide valuable information aboutthe dynamics that continuous estimators are not well suited to capture. Suchinformation can take the form of an abstracted description of the dynamics (is therobot running or jogging?) or a general quality assessment of a system's operation(unexpected engine noise indicates a failure). This information would not onlyhelp robots monitor their health and performance, but also enable faster and morereactive motion control, as described in Section 6.5.6.3 Discussion of Estimation MethodologyUsing hidden Markov models (HMMs) and timed automata for discrete-state esti-mation combines the advantages of both techniques; HMMs provide robustness tosensor noise and timed automata capture in-state dwelling time. Recall from Chap-ter 4 that the HMM estimation approach is a discrete-state analog to the Kalman�lter (KF), and as such sensor observations are weighted against (discrete) modelpredictions, which limits the impact of noise. However, the analogy to KFs also



151means that HMMs are recursive processes that cannot measure in-state dwellingtime .Timed automata are able to capture in-state dwelling time because, unlike HMMs,they are not restricted by the Markov assumption of independence among consec-utive state estimates. However, automata describe deterministic processes, whichmakes them vulnerable to input (sensor) noise. The advantages of both techniquesare combined through their sequential use, with HMMs �ltering sensor noise �rstand automata computing dwelling time second by relying on robust input. Experi-mental results indicate that this process extracts necessary information from sensordata to enable successful context identi�cation. The validity of this approach isfurther underlined by similar and parallel developments in the speech recognitioncommunity.Describing the evolution of discrete states with Markov processes also opens thepossibility of leveraging a large body of work in discrete estimation to improve con-text identi�cation. Examples include, but are not limited to, automatic learning ofHMM parameters from labeled data or representing the discrete processes by moresophisticated estimation tools such as Markov decision processes. Looking forward,Section 6.5 proposes expansions of the present work through the deployment of suchestimation strategies.The choice of Kalman �lters for continuous estimation is motivated by the ubiquityof the �lter in the estimation community. Indeed, the context-based estimationframework builds on extensive research on multiple-model estimation techniquesbased on the Kalman �lter, and in return, provides tools that the communitycould use to improve the performance of such MM systems.Di�erent continuous estimation approaches could have been used to implement theconcepts developed in this thesis. A notable example is the particle �lters (PF)framework, which di�ers from KFs by the type of function approximation it uses.The philosophical approach of combining discrete and continuous estimation ap-plies equally well to KFs and PFs, so the contexts would be identi�ed as described



152by Chapter 4 regardless of the method used. However, the framework's implemen-tation for PFs would di�er, so new techniques would be necessary to integrate thecontextual information to particle �lters. Such development is beyond the scope ofthe current investigation.6.4 Discussion of Framework ImplementationThe implementation details of the context-based estimation framework merits aclose look to understand its practical advantages and limitations. For the demon-strations of Chapter 4, the HMM parameters1 were tuned manually in an e�ort tocontain design complexity. The disadvantage of this approach is that the HMMproduces quasi-binary probability distributions over the states (αk(j)); i.e. in mostcases, any given HMM state has either a value close to one or close to zero. Thislimits the framework's ability to express a continuous measure of con�dence in thecontexts' identity. Had such continuous metrics been available, they would furtherimprove the accuracy of MM state estimation by enabling the evaluation of �dis-tances� among contexts, and perhaps the prediction a robot's entry to or exit froma context. The current inability to compute continuous con�dence measures isdue to suboptimal parameters values set by hand; this limitation can be overcomethrough parameter learning, as proposed in Section 6.5.Another implication of the framework implementation is the potential brittlenessof the automata, due to its sensitivity to sensor noise. However, as noted in Sec-tion 6.3, the risk of noise-induced failure is greatly reduced by employing an HMM�rst to �lter sensor noise (thanks to its probabilistic representation), instead ofusing sensor data directly with a deterministic model. In addition, a potential fail-ure of the discrete estimation system does not necessarily lead to the failure of thecontinuous state estimation. In the (hopefully rare) cases where sensor noise leadsto inaccurate automata estimates, the immediate e�ect is to acknowledge that the1These parameters are the transition and observation probabilities, aij and bj(ok). See Sec-tion 3.2.2.1 on page 58 for details.



153context cannot be identi�ed. As a consequence, the context-based MM systemis forced to resume nominal operation by activating all available �lters, until thediscrete estimator succeeds in identifying the context again. During this time, theestimation performance is reduced to that of conventional �ltering, with no ad-ditional harm caused by automata failure. In other words, the success of contextidenti�cation improves the accuracy of conventional estimation, but its failure doesnot reduce it.An important practical dimension of the framework is the methodology to be fol-lowed for knowing when to implement the context-based estimation strategy. Thisquestion has been addressed partially even if implicitly throughout the document,particularly in light of the examples of Chapter 5. However, a complete and generalanswer, if it exists, is beyond the scope of this thesis. Nevertheless, a common-senseanalysis of state estimation performance tradeo�s provides some guidelines.Putting the goal of high accuracy aside, the context-based framework almost invari-ably improves the scalability of multiple model �lters. Therefore, the context-basedestimation framework should be deployed if available computational resources aresigni�cantly taxed by conventional estimation systems.In addition, estimation accuracy is rarely consistently acceptable; estimators gener-ally perform the main estimation task well, but do not handle secondary tasks sat-isfactorily. An example is the estimation of RHex's height, where successful resultsare obtained with a conventional GPB2 during steady-state operations (primarytask), but not during transient operation (secondary task). For these systems, thedeployment of the context-based framework provides improvements in accuracythat are likely to justify the associated design overhead.At times, and in realistic conditions, conventional state estimation systems couldalso fail completely. For example, collision or accidents can render all available con-tinuous estimators inaccurate, as it is virtually impossible to model such dramaticevents. The implementation of the context-based framework can be explicitly de-signed to account for such situations by detecting abnormal situations when the



154contexts can no longer be identi�ed. In this case, the contexts would be constructedto capture values of sensor data in normal situations. When these values are ex-ceeded, the robot departs from the `normal' contexts and the system recognizes afault or exception and acts accordingly.This discussion suggests that the context-based framework should be used in mostestimation problems. However, as a design argument, one might ask if it possibleto predict when the conventional estimation methods will underperform. It wouldbe di�cult to answer this question other than on a case-by-case basis, but somerules of thumb about �lter convergence can help frame the answer. For example,conventional wisdom within the estimation community states that for �lters toconverge, the sensor bandwidth has to be an order of magnitude larger than thesystem's mechanical frequency. Thus, if available sensors prove too slow for thesystem at hand, then the speed gains provided by context identi�cation wouldprove crucial to the success of the estimation task.Chapter 2 presents other means of predicting estimation failure. If the availablesensors have a low sensitivity to changes in the dynamics (such as position sensors),then regardless of their bandwidth, they would not help state estimators convergerapidly.
The philosophical approach of combining discrete and continuous estimation tech-niques as a means to improve state estimation is demonstrably valid and, to theextent that bibliographical research indicates, has not been proposed elsewhere.On the other hand, the implementation of the new estimation framework is lim-ited to proof-of-concept levels. Nevertheless, the research provides a foundation onwhich further developments can build to maximize the framework's e�ectiveness,as discussed in the next section.



1556.5 Future WorkThe context-based state estimation framework can be used as a starting point forenhancements that improve the accuracy of state estimates and extract additionalinformation from available sensors. Enhancement ideas apply primarily to thediscrete part of the framework, but ultimately a�ect the continuous part as well,as the degree of integration between both parts increases.6.5.1 Learning HMM parametersAs noted in Section 6.4, a major improvement to the current framework wouldbe the ability to compute more accurate values for the HMM parameters thanachieved manually. This problem is well known in the discrete-state estimationcommunity, and a conventional solution is to learn the parameters from labeleddata sets. The approach assumes that the HMM states are known a priori, andrequires the labeling of sensor data, where the labels are the HMM states. Forexample, labeling RHex's lateral acceleration would be similar to Figure 4.9 onpage 97. What is not known a priori, however, is the structure of the discreteprocess, i.e. the transition probabilities among the HMM states and the observationprobabilities. Thus, RHex's model before learning would not resemble the Markovchain depicted in Figure 4.10, but rather would have arrows linking each state toall other states, with uniform transition probabilities aij.With this setup, the transition and observation probabilities aij and bj(ok) can belearned using algorithms such as the Baum-Welch or the Expectation Modi�cationmethods [59]. These are optimization algorithms that re�ne parameter estimatesthrough the iterative application of cost-minimization functions. The result istypically a set of parameter values that minimizes discrepancies between HMMpredictions and observation. Conversations with knowledgeable faculty members atCarnegie Mellon University suggest that the parameters obtained through learningwould enable the probability distribution αk(j) to vary continuously rather thanmostly discretely, as it does now.



156The learning approach could be expanded and include the discovery of the discretestates themselves [76, 70]. Some HMMs have been successfully designed with thisstrategy, but it is unclear if systems such as RHex would allow for the automaticgeneration of accurate HMMs. Nevertheless, this approach is worth investigating,as it could signi�cantly increase the generality of the context-based framework.6.5.2 Using Markov decision processesThe accuracy of the discrete state estimation can be improved by representing somediscrete processes as Markov decision processes (MDPs). MDPs incorporate inputinformation into the computation of the probability distribution, so inputs such ascontrol commands could be used to re�ne the discrete estimates.Consider a system that executes di�erent behaviors, such as RHex. The behaviorscan be modeled as states in an MDP, where each state represents one behavior, andwhere the input is the control command sent to the robot (jog, walk, etc.). TheMDP's observations are the probability distributions of the same HMM-automatonframework as before. With this setup, when a robot is commanded to jog, the MDPwould bias its own distribution towards the jogging state, and information providedby the HMM-automata estimator would reinforce that distribution if the joggingcontext is identi�ed, or would weaken it otherwise. By incorporating additionalinformation about the behavior, this strategy is likely to improve the accuracy ofidentifying the behavioral context.In practice, the MDP states can rarely be observed directly, so this problem is inreality a partially observable MDP (POMDP). Unfortunately, POMDPs are knownto have tractability limitations, so further investigation is required to evaluate theapplicability of this approach. See Figure 6.1 for a summary of the strategy and adiagram of the complete system.
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Figure 6.1: POMDP incorporates known control input to re�ne identi�cation ofbehavioral controller.6.5.3 Interpreting HMM distribution as distance metricAs noted earlier, using HMMs that produce continuous distributions αk(j) providesimportant advantages to state estimation. The distributions can be interpreted asa measure of the HMM's con�dence in each state, so in essence, continuous valuesof αk(j) provide a measure of con�dence in the contexts themselves. The longerobservations match model predictions, the higher the con�dence in the probabilitydistribution, and therefore the higher the con�dence in the identity of the context.Such con�dence measures are useful when interpreted as a distance metric in thespace of contexts. Consider the task of identifying the behavioral context of arobot executing a speci�c behavior, such as jogging for RHex. When the robot issubjected to transient dynamics, no context is identi�ed. However, as the robottransitions into the the steady state region, the con�dence measure of a well-tunedHMM would progressively increase, indicating that the robot is approaching thebehavior's context. The con�dence would reach its maximal value once the context



158is positively identi�ed, the way it is performed in Chapter 4. Thus, con�dencebecomes a distance metric that measures �how far� a robot's operation is from aspeci�c context.This distance information can be used to further improve the scalability of multiple-model �lters. So far, the context-based framework either activates a single �lterwithin a multiple-model system, or activates the entire set of �lters, dependingon whether the dynamical context can be identi�ed. This approach can be mademore e�cient by dynamically varying the number of activated �lters. For that, theestimation framework uses the distance metric to estimate the system's proximityto all dynamical contexts, and activates a subset of �lters that correspond to theclosest contexts. As before, only a single �lter is activated if the dynamical contextis identi�ed unambiguously, but if no identi�cation is possible, additional �lterscan be activated progressively as the system moves farther from the context. Byavoiding the automatic activation of the entire �lter set, this approach furtherreduces the computational cost of the context-based framework.The distance information could also be interpreted as a quality measure of thebehavior, as deviations from the context suggest that the behavior is not beingexecuted as anticipated. The continuous property of such a quality metric can beused to close the loop on the behavioral controller, where the controller adjusts itsparameters in ways that reduce distance to a target context, and therefore increasesthe gait's quality.The quality metric could also be used for �lter adaptation. For systems wherethe behavioral context corresponds to a single Kalman �lter, as in the case ofRHex's walking gait, the parameters of the �lter could be regulated continuously(see the Appendix for an implementation of a similar strategy for one-dimensionalproblems). The farther the robot from the behavior's context, the less accuratethe motion model and the greater the process noise covariance. In contrast to theadaptation strategy of the falling ball simulation, the covariance regulation here isa function of sensor information and not of �lter parameters. This is an open-loop



159strategy which should be able to accommodate higher-dimensional systems thanthe closed loop approach in the Appendix. It could also be used in conjunctionwith the closed-loop technique to improve adaptation accuracy.6.5.4 Incorporating in-state dwelling time into distance metricThe distance metric can be further improved by incorporating the in-state dwellingtime to the metric. When the robot operates in steady-state mode, the dwellingtime captured by the automata for each state is close to a nominal value. Dis-turbances change the dwelling time, so detecting that change is evidence of thedisturbance.In order to incorporate this information, the representation of the dwelling timeshould be compatible with the HMM probability distribution. Therefore, dwellingtime information can be expressed in probabilistic terms, a method commonlyused in speech recognition [37]. This is done by representing time as a positivedistribution that takes the highest value (one) at the nominal dwelling time. Asthe robot dwells less or more time than nominal, the probability decreases until acut-o� point where it becomes zero.6.5.5 Expanding HMM structureSo far, the approach to context-based estimation has advocated the design of oneHMM per behavioral context. The context of multiple-behavior systems would beidenti�ed using multiple disconnected HMMs, which provides for small-scale HMMsthat are simple to design and inexpensive to run.A departure from this strategy would be to represent multiple behaviors with asingle, fully connected HMM, and the added complexity is likely to be o�set byimprovements in accuracy. The idea is that a fully connected HMM would producemore accurate probability distributions because it would allow the probabilitiesto shift among states that belong to di�erent behaviors. One way to analyze the



160di�erence between connected and disconnected HMMs is to note that it is mathe-matically possible for disconnected HMMs to have simultaneously high con�dencein each of the behavioral processes they represent. This is clearly a wrong result,since systems are assumed to execute one behavior at a time. On the other hand,the probabilities of a connected HMM have to sum up to one, so at most one ofthe processes can be accurate. It is worth mentioning that speech recognition re-search also advocates the construction of a connected network of HMMs, possiblyorganized in a hierarchical structure.Practically, the construction of such a connected HMM would start with the de-velopment of individual discrete models as before, one model per behavior. Thenext step is to connect the di�erent HMMs together, with arrows connecting eachstate to all the other states, whether they belong to the same or to di�erent be-havior models. The error states of the individual models are replaced with a singleerror state for the new connected model. The larger connected model may be toocomplex to tune by hand, but the tuning can be performed with the same learningtechniques mentioned earlier, such as the Baum-Welch method. This way, if therobot is not executing any of the modeled behaviors, the HMM would assign thehighest probability to the error state and no context would be identi�ed. Con-versely, when the robot executes a modeled behavior, the connected HMM is likelyto identify the behavioral context more accurately than before.In addition to the likely gains in accuracy, this setup provides the advantage ofa more expressive distance metric. As before, the probability distribution αk(j)is interpreted as a distance metric, but now the metric provides relative distanceinformation from one context to another. When the robot is transitioning amongbehavioral contexts, or when it momentarily exits a context, the distribution overthe states belonging to di�erent behaviors would re�ect the robot's proximity toeach behavioral context. As a result, the out-of-context behavior can be quanti�edas a weighted sum of several modeled behaviors. This would be a new abstractedrepresentation of a robot's complex motions, and it is anticipated that such devel-opments would enable new strategies for reactive control, an example of which is



161provided in Section 6.6.Naturally, the added HMM complexity increases the computational cost of discreteestimation and reduces the overall scalability of context-based estimation. Thispresents the designer with a cost/performance tradeo�, as HMM complexity canbe increased as long as the runtime computational overhead is o�set by performancegains. Such design decisions factor available computational resources and accuracyrequirements of the task at hand, so they are made on a case-by-case basis.More generally, it is worth noting that the incremental computational cost of anHMM is lower than that of a multiple-model �lter; the cost of running an HMMis that of multiplying matrices together, which increases with the square of thenumber of discrete states (Equation 3.2); whereas the cost of running an MMsystem is that of inverting matrices, which increases with the cube of the numberof continuous states (Algorithm 1) and with the square of the number of modes(Algorithm 2). Therefore, for a given computational budget, a designer is morelikely to improve estimation accuracy by increasing the complexity of discrete-stateestimators rather than that of MM systems.6.5.6 Integrating Kalman �lters and HMMsLooking further in the future, one can envision a new type of multiple-model �l-tering system, where the individual continuous �lters are structurally linked todiscrete estimators. A possible architecture would start with HMMs similarly tothe examples in this thesis, but the discrete states' observations would include thecontinuous �lters' likelihood in addition to sensor information. Thus, the HMMswould compute the probability distribution based not only on sensor data but alsoon the performance of the continuous �lters. This probability distribution wouldthen be used to replace the current GPB2 functionality. The output of each �lterwould be weighted by the probability of the state representing its dynamical con-text, and the weighted outputs would be consolidated as with the GPB2. This way,the weight estimates include both KF likelihoods and sensor information, which
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Figure 6.2: Linking discrete-state HMMs and continuous-state MM systems couldimprove the e�ciency of information utilization and further improve estimationaccuracy.should improve the weight's accuracy and therefore the accuracy of the consolidatedestimates.By using �lter likelihoods to �rst compute the discrete probability distribution,then using that probability to scale individual �lter outputs, the system closesan estimation loop, as shown in Figure 6.2. This is a di�erent loop than theone developed in Section 5.5 (and also in the Appendix), because the proposedsystem does not adapt the parameters of individual �lters, only mixes their out-put. It could be worth investigating the possibility of merging the two approaches,whereby multiple-model estimation includes the adaptation of individual �lters,but the implications of such an approach on accuracy are conceptually di�cult toanticipate.6.6 ApplicationsContext-based state estimation applies to a variety of estimation and control tasks,from enabling accurate estimation when conventional methods fail to providingtimely information that makes reactive control possible. This diversity of applica-



163tions complicates the development of metrics to quantify the framework's accuracygains, as they vary from one system to another. Throughout the thesis, accuracymeasurements were provided where possible for the di�erent systems considered.More generally, the performance of context based estimation has to meet the task'srequirements, and the framework's implementation would be designed accordingly.For example, reactive control requires timely information, and therefore justi�esthe deployment of classi�cation tools to rapidly identify the dynamical context.Slower vehicles impose less stringent time requirements, so it could su�ce to designmore conservative but also more accurate discrete estimators such as the HMM-automaton technique to identify the behavioral context.For the RHex platform, the bandwidth of the estimation is about an order ofmagnitude higher than the robot's mechanical frequency, so the results of context-based estimation can be used to implement reactive control. An example of suchcontrol could involve the regulation of the gait's parameters as a function of state[84].Perhaps a more interesting application of the framework in the case of RHex isthe ability to measure the `quality' of the behavior being executed, as outlined inSection 6.5. As the robot traverses broken terrain, it may have to change gaitsdepending on variations in terrain di�culty. On �at, unencumbered terrain, therobot could jog or run while maintain a stable gait. However, the terrain di�cultycan increase and lead to gait instability, in which case the robot should slow downand adopt a more conservative gait such as walking. These gait changes could beperformed automatically by measuring the quality of the current gait and makingcontrol decisions accordingly. When a gait's quality degrades, the robot switchesto a more stable gait, thus closing the loop on a behavioral controller.The ability to measure gait quality can also help in the generation of gaits. Re-search conducted on Sprawl [34], another hexapod robot, seeks to tune the legmotion parameters to increase gait stability. To date, stability has been di�cult toquantify and is currently evaluated through human judgment. Interpreting HMM



164probability distributions as a quality metric helps remedy this problem, as the de-signer could specify a target behavioral context, and tune gait parameters accordingto a distance-to-context cost function.
To conclude, the estimation approach developed in this thesis improves the accu-racy of current state estimators and could enable novel control applications. Thiswork is a �rst step in a promising investigation of estimation strategies for sys-tems with complex dynamics. Frameworks that combine discrete and continuousestimation are likely to become of greater necessity as robotic systems gain inperformance and complexity. Exploring the interaction between the discrete andcontinuous parts has the potential of leading to new and compelling results for theestimation and control of future robotic systems.
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Context-Based Filter Adaptation
This appendix presents a preliminary development of a �lter adaptation strategythat builds on the context-based estimation approach. The strategy uses contextinformation to regulate the parameters of a single �lter in a way that improves itsestimation accuracy.The strategy is implemented in an example that consists of the falling ball simula-tion, where the task is to regulate the parameters of the �ight �lter to maintain alevel of estimation accuracy even when the ball is no longer in �ight.The approach expands the de�nition of contexts beyond the description of Chap-ter 3 to include �lter parameters. So far, dynamical contexts have been identi�edfrom the classi�cation of sensor data; now, they can also be identi�ed from theclassi�cation of �lter parameters. For example, a dynamical context can be repre-sented by a range of values of the �lter's innovation. When a system's dynamicsare accurately represented by the �lter's motion model, the innovation is expectedto have low values. This allows the identi�cation of the corresponding contextwhenever innovation values are below a speci�c threshold.This is a continuous regulation strategy, although it is restricted to one-dimensionalsystems. Presenting it here serves two purposes; the �rst is to demonstrate insimulation that the strategy improves the accuracy of individual �lters; and thesecond is to provide insight about the estimation mechanisms of Kalman �lters.



168Adaptation of process noise covarianceThe approach is presented in the context of the bouncing ball problem, where thetask is again to estimate the ball's height, but this time using only a single �lter.The challenge is to modify the �lter's parameters as the the motion model gainsand loses accuracy to generate accurate height estimates.The technique for continuous parameter adaptation is presented in a step-by-stepdescription of the approach to estimate the ball's height while in free fall. Theball is dropped from high altitude, and its fall is slowed down by air friction, so itsequation of motion (plant model) is
z(t) =

(
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V 2
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g
+ VT twhere VT is the ball's terminal velocity, g is gravity and t is time. Assume that theonly available model describes constant-acceleration, friction-free dynamics, z̈ =

−g. Then the corresponding �lter's process and observation equations (estimatormodel) would be
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+ ω (observation model)where τ is the discrete sampling period, x and v are position and velocity of theball, g is gravity, and ν and ω are process and measurement noise of variances Qand R respectively.At drop-o�, the free fall motion model is accurate, as the ball has not yet builtup speed and air friction is negligible. Soon thereafter, the velocity increases, andthe growing air friction reduces the ball's acceleration and makes the constant-



169
0 5 10 15 20

0

0.05

0.1

0.15

0.2

Time (s)

 

 

Innovation (m)
Innovation Derivative (m, x10)
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r2 = 2rṙFigure 6.3: Innovation characteristics of an increasingly inaccurate motion modelacceleration model progressively less accurate. As a result, the model's predictionsalso lose accuracy, causing the estimation �lter's innovation to grow, as shown inthe solid-line plot of Figure 6.3(a).If the covariance Q of the process noise remains unchanged, then the �lter's con-�dence in the model would not decrease with loss of accuracy. Thus, the weightsthat the nominal gain K assigns to model predictions would become increasinglyincorrect leading to a decrease in the estimates' accuracy. Conversely, if the pro-cess covariance increases as the model loses accuracy, then K would progressivelyde-emphasize predictions. Increasing the value of the process covariance indicatesthat the model contains more noise, which is the Kalman framework's expressionof lower accuracy.The challenge is to devise a technique for increasing Q proportionally to the lossof accuracy, where proportionality depends on the choice of accuracy metric. Thatchoice is made from analysis of the relation between innovation and model accuracy.Figure 6.3(a) shows that the value of the innovation increases monotonically withthe decrease of accuracy. Interestingly, a plot of the accuracy's derivative (in dashedlines) shows a high slope at �rst, but the slope tapers o�. This behavior is due tothe fact that the rate of loss of accuracy is large at �rst when the friction buildupis rapid, but the rate is lower as the ball approaches its terminal velocity. Thissuggests that a potential candidate for an accuracy metric is the product of theinnovation and its derivative, indicating whether the model is losing accuracy and



170by how much.Formally, the metric is ε = d
dt

r2 = 2rṙ, plotted in Figure 6.3(b). This choice re�ectsthe assumption that a previously stable innovation that grows indicates a loss ofaccuracy in the motion model (sensor faults are not modeled). It is also based onthe assumption that relatively large innovations correspond to motion models withpoor predictive value. The dynamical context corresponding to the free fall modelwould consist of values of ε falling below a threshold εt. The threshold is manuallychosen here for simplicity, but in more realistic situations it would correspond tothe maximal value of ε observed when the model is accurate.This way, the constant-velocity context is identi�ed when ε < εt. To handle caseswhen ε > εt, a relationship between ε and the model accuracy represented by itscovariance Q can be derived as follows. Consider the operation of the covariancesin a Kalman �lter over two consecutive sampling periods k and k + 1:
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(6.3)where the superscripts p and u stand for predicted and updated, respectively.Starting with xp
k and P u

k−1
, it is possible to propagate Qk from (6.1) through thesequence of equations leading to (6.3). It follows that rk+1 and thus ε = 2rṙ =
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(where T stands for sample period) can be rewritten in terms of xp

k,



171
P u

k−1
, yk, yk+1, R and Qk.Since the innovation in this problem is one dimensional, Qk can be expressed interms of ε, xp

k, P u
k−1

, yk, yk+1. This establishes the relation f between the model'saccuracy represented by Qk and the context predicate ε: Qk = f(ε, xp
k, P

u
k−1

, yk, yk+1).The expression f is too long to be reproduced here, but, generating it is a straightforward process of term substitution starting from (6.3) and ending in (6.1). Thecaveat is that this algebraic relation requires the prediction of future measurement
yk+1. For simplicity, this simulation projects the actual motion model one stepinto the future. In more realistic settings, it would be possible to build a statisti-cal model of the sensors that estimates yk+1 by extrapolating yk. It is expected,though not proved, that the inaccuracy of this one-step projection will have littlee�ect on the regulation of ε, since any error will be corrected at the next sampleiteration.This method is applied to the free-fall model, where the one-dimensional Q isregulated so that the value of ε does not exceed the threshold εt. As the model'saccuracy deteriorates, ε increases beyond εt. Q is then increased to reduce ε backto εt. Figure 6.4 plots the di�erent parameters of the modi�ed �lter in dashed lines.Sub�gure (d) shows that ε is maintained at the threshold by modifying Q (thesemodi�cations are shown in sub�gure (b)) according the algebraic relationship f .As a result, the �lter reduces the weight of model predictions, which leads to a stateupdate that matches the measurements more closely. This decreases the rate of theinnovation in sub�gure (c) and reduces the growth of the innovation in sub�gure(a). Thus, the degradation of the motion model's accuracy is captured by the �lterand re�ected in the state update.The values of �lter parameters throughout a regulated stance are shown in Fig-ure 6.5. At touch-down (marked by the �rst `+' at the beginning of the plot),the ball starts its stance phase and evolves according to dynamics that are signif-icantly di�erent from �ight. The accuracy of the �ight model starts to decreaseand ε increases. When ε reaches εt, the regulation starts (marked by the �rst `*')
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(b) Gain vs. timeFigure 6.5: Nominal Operationand the covariance of the process noise is increased to maintain ε = εt. When theball bounces back and resumes free �ight (second `+'), the free fall model becomesaccurate again and the regulation stops (second `*'). This causes ε to becomenegative, indicating that the innovation is decreasing, as can be expected when amodel's accuracy improves.At this point, it is worthwhile to brie�y compare the proposed adaptation techniqueto related work. Maybeck [53, ch.10] uses a maximum likelihood approach to adap-tively modify the parameters of a �lter, and proposes a technique to estimate thecovariance of the process noise Q. The technique models the estimated parameteras having a constant value over the last N samples, and assumes that the parametervaries slowly compared to the estimated state. Maybeck derives likelihood func-tions that measure the consistency of each sample with the constant-value model,and computes the current estimate by �nding the parameter value that maximizesthe likelihood function. Unfortunately, this technique is signi�cantly more complexthat the approach developed here, and Maybeck's e�orts at simplifying it to enableonline adaptation trade accuracy for tractability.The approach developed in this thesis is similar to Bar-Shalom and Fortmann'swork on �White Noise Model with Adjustable Level� [4]. They measure �lter per-formance by comparing the innovation weighted by its covariance ε = rT S−1r toa user de�ned threshold εt. If ε > εt, then Q is scaled up until ε is reduced to εt.When applied to the problem of the falling ball, this approach proved impractical



174because the sensitivity of S to changes in Q was very low. Indeed, reducing ε bya small amount to maintain its value equal to εt requires large changes in Q, anda large Q severely modi�es the operation of the �lter, producing in particular verylow innovations that prevent smooth �lter adjustments.Analysis of the adaptation techniqueThis section examines the details of the adaptation strategy by lowering the value of
εt until the covariance regulation fails. Analysis of failures provides an opportunityto gain insight about the mechanisms used by Kalman �lters to update the state.If the simulation is run with a threshold an order of magnitude smaller than inthe previous simulation, then �lter estimates converge at �rst but later exhibitthe oscillatory behavior of Figure 6.6(a). This behavior is explained as follows.Given that the stance dynamics are di�erent from those of �ight, as the free �ightmodel loses accuracy, the �lter increasingly shifts emphasis to the observationsby pushing the gain K closer to one. However, the free fall model becomes soinaccurate during stance that although K → 1, ε can no longer be maintained atthe threshold εt. This leads to a failure of regulation and the algorithm brie�yrestores Q to its original value Qinitial, as depicted by the lower peaks in sub�gure(b). Lower values of Q cause the rapid divergence of the state. The regulationpromptly resumes thereafter, again pushing the gain up toward one, and the up-and-down pattern repeats.Thus, as K approaches unity, the model's accuracy becomes insu�cient to maintain
ε at the threshold εt for any admissible (i.e. non-negative) value of the processcovariance. Therefore, the solution is to recognize that the strategy of capping
ε no longer applies, so the regulation should be paused. This would set K tothe highest value generating an admissible process noise covariance and ε would beallowed to increase beyond εt. The regulation is resumed when the model's accuracyincreases enough to allow lower gains to lead again to admissible covariance values.The result solves the problem, as shown in Figure 6.7.
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(b) Gain vs. timeFigure 6.6: The adaptation strategy attempts to assign values to Q that are higherthan the maximum possible value. This leads to the temporary failure of regulation,causing the Kalman gain oscillates between its initial value (Kinitial) and the valueobtained just before regulation fails.
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ε is regulated back to εt for a brief moment (sixth `o'). This is counter-productive,as the regulation should not increase the value of ε when ε < εt.The source of this problem can be identi�ed by analyzing the regulation mechanismin detail. When the model's accuracy increases but still leads to values of ε greaterthan εt, the regulation decreases the process noise covariance in order to hold
ε = εt. To see this, Figure 6.9(a) illustrates the operation of a �lter with full stateaccess2 over two iterations of the algorithm. P represents the predicted state, othe observation, and u the state update. The innovation r is represented as thedistance between P and o. At iteration i, an inaccurate prediction P leads to ahigh gain K that pushes the update close to the observation. At iteration i+1, an2Full state access means that the state can be directly measured. Translated in Kalman �lterterms (Algorithm 1), the observation matrix is unity (H = I).
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(b) Gain vs. timeFigure 6.10: Parameters of a successful adaptation strategyThe solution is to adopt a strategy whereby regulation is stopped rather thanpaused when ε generates inadmissible Q and K even though ε < εt. This solvesthe problem, as shown in Figure 6.10.
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