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Abstract

Robust state estimation is a k ey enabling tec hnology for reactiv e con trol of h ybrid

systems, suc h as high p erformance mobile rob ots. A dv anced mobile rob ots often

exhibit in termitten t in teractions with their en vironmen t, resulting in high-order,

high-dimensional dynamics that undergo high-frequency discrete c hanges. Esti-

mating the state of suc h systems is complicated b y the di�cult y of mo deling these

rapidly ev olving h ybrid dynamics. This thesis mak es state estimation more e�ectiv e

b y recognizing that the h ybrid dynamics can b e appro ximated b y a collection of

simple mo dels and iden tifying situations when sp eci�c mo dels are applicable. Con-

v en tionally , state estimation for suc h systems is p erformed with m ultiple-mo del

�lters, but these �ltering systems do not scale w ell as the n um b er of mo dels gro ws,

and p erform p o orly in the face of high-frequency discrete dynamics. T o o v ercome

these limitations, this thesis dev elops an estimation framew ork that lev erages a v ail-

able sensor information to impro v e the accuracy and scalabilit y of m ultiple-mo del

systems. The framew ork represen ts the dynamics with a hierarc h y of con texts, and

uses discrete-state estimation tec hniques to robustly iden tify the curren t con text.

The con textual information is then incorp orated in to m ultiple mo del �lters to im-

pro v e their accuracy and scalabilit y . This thesis sho ws b oth exp erimen tally and

through sim ulation that in tegrating discrete and con tin uous estimation tec hniques

enables accurate and scalable estimation for h ybrid systems suc h as mobile rob ots

with rapidly switc hing in termitten t dynamics.



4



5

Chapter 1

In tro duction

State estimation enables mobile rob ots to gain a w areness of their situation within

the en vironmen t and close the lo op on motion con trollers to correctly execute

na vigation plans. With scien ti�c and tec hnological adv ances, rob ot in teractions

with the en vironmen t result in increasingly complex dynamics that require high-

bandwidth con trol. F or suc h systems, estimation sp eed and robustness b ecome

paramoun t, as the successful execution of con trol strategies dep ends on the a v ail-

abilit y of accurate and timely information ab out the state. This thesis dev elops a

framew ork for estimating the state of rob ots with complex dynamics b y impro ving

the p erformance of con v en tional estimation tec hniques and adapting them to the

constrain ts of mobile rob ot estimation.

The presen tation of this framew ork and its results are the principal sub ject of this

thesis. T o b etter frame the t yp e of problem addressed, it helps to �rst p osition the

problem in the larger �eld of state estimation, particularly as it applies to rob otics.

State estimation has long b een in tegral to signal pro cessing, with notable con tribu-

tions b y Wiener, Kalman and Luen b erger pro viding �lters and observ ers to extract

the signal from a data stream [86, 31, 32, 50 , 51 ]. The common c haracteristic of

these estimation to ols is that they rely on mo dels of the pro cess generating the

signal to �lter the noise em b edded in the data and reco v er the original signal.

In rob otics, the same estimation principles are applied to lo calization and map-
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ping, sensor fusion, and feedbac k con trol, among other applications. Instead of

using mo dels of the signal, �lters and observ ers use motion mo dels of the rob ot to

in terpret sensor data and reco v er the rob ot's state.

The description of some represen tativ e applications helps clarify p oin ts of di�erence

b et w een the problem addressed in this thesis and related researc h. F or instance,

the task of lo calization and mapping cen ters on the correct trac king of en vironmen t

landmarks in the face of uncertain t y in rob ot motion and sensor measuremen ts (e.g.

[41 , 45, 33, 15]). Little atten tion is paid to situations where the motion dynamics

are complex and di�cult to mo del accurately . In con trast, this thesis fo cuses on

estimating the state of the rob ot itself rather than that of landmarks, and explicitly

addresses systems with complex dynamics whose state is di�cult to estimate with

con v en tional tec hniques.

Another application is sensor fusion, where the task is to in tegrate sensor informa-

tion generated b y di�eren t t yp es of sensors and at di�eren t rates (e.g. [63 , 77, 48 ]).

The emphasis of sensor fusion researc h is on correctly incorp orating di�eren t ob-

serv ations in to an estimation �lter to impro v e the accuracy of the state estimates.

Similarly , this thesis seeks to mak e e�cien t use of a v ailable information to gener-

ate accurate state estimates. The di�erence is that the emphasis is not on fusing

sensor data, but rather on dev eloping a general framew ork to e�cien tly use the

information, particularly in situations where some sensor data cannot b e directly

incorp orated in to the estimation �lter.

In summary , the estimation problem addressed in this thesis consists of generating

accurate state estimates for mobile rob ots with complex dynamics, through the

e�cien t use of information a v ailable to the system. This problem de�nition is

shared with other researc h pro jects, suc h as the design of an observ er system to

trac k a b ouncing ball [62] or an observ er to estimate the state of rob ots with

non-holonomic constrain ts [26 ]. Suc h researc h t ypically in v olv e the dev elopmen t

of sp ecialized estimation to ols that handle a sp eci�c problem v ery w ell. This is a

departure from the approac h adopted in this thesis, whic h adv o cates an estimation
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framew ork designed to impro v e the p erformance of con v en tional estimation to ols

that are widely used in most estimation �elds. Th us, this researc h is not sp eci�c

to a particular system, but is in tended to pro vide a new estimation approac h that

can b e applied to a v ariet y of systems.

It is also imp ortan t to place this w ork in the con text of the h ybrid con trol re-

searc h �eld, whic h addresses similar classes of systems with in termitten t dynamics

[36, 1]. The h ybrid con trol comm unit y approac hes suc h systems in t w o w a ys [36 ];

the �rst is to devise con trol p olicies that ensure con v ergence and stable op era-

tion despite switc hing dynamics, suc h as deplo ying m ultiple Ly apuno v functions

to a v oid c hattering when dynamical mo des switc h [7 ]; the second is to mo del the

discrete/con tin uous dynamics in a uni�ed framew ork, an approac h that often seeks

to solv e computer science problems suc h as mo del c hec king and v eri�cation [14 , 75 ].

The researc h most closely related to this thesis is the dev elopmen t of uni�ed mo d-

eling framew orks that explicitly express a system's h ybrid prop erties. F or example,

Lemmon [38 ] dev elops a sup ervisory h ybrid system consisting of a h ybrid automa-

ton whose discrete states represen t an abstraction of con tin uous dynamics, and

where transitions among the discrete states are triggered b y the con tin uous state.

It w ould seem that this mo deling approac h could b e used to represen t in termitten t

dynamics of mobile rob ots, but h ybrid automata t ypically only handle simpli�ed

con tin uous dynamics (suc h as an in tegrator that trac ks time [36]), and are brittle

in the presence of noise. Therefore, alternativ e tec hniques are needed to accoun t

for complex dynamics and imp erfect sensors, a problem addressed in this thesis.

This brief analysis sho ws that ev en though the systems of in terest to this researc h

are mobile rob ots with in termitten t dynamics, the estimation framew ork applies

to h ybrid systems in general. T ogether with m ultiple-mo del �ltering, the con text-

based estimation approac h complemen ts the existing b o dy of researc h in con trol

and mo deling for h ybrid systems.

The assumptions underlying the estimation framew ork are as follo ws. The sys-

tems of in terest are rigid b o dies, p ossibly equipp ed with inertia-less app endages.
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The rob ots are exp ected to ha v e in termitten t in teractions with the en vironmen t,

and these in teractions result in high-order h ybrid dynamics along man y degrees of

freedom. Throughout the do cumen t, the term `complex' dynamics refers to high-

order, high-dimension and in termitten t dynamics. The exp erimen ts are designed

to v alidate the con text-based estimation framew ork, and do not accoun t for sensor

failure.

The follo wing sections describ e the philosophical approac h to state estimation ad-

v o cated b y this researc h and presen t an outline of the thesis.

1.1 Philosophical Approac h to State Estimation

A �rst step in addressing the problem of state estimation for systems with complex

dynamics is to recognize that the dynamics can b e appro ximated b y a collection of

simple mo dels, pro vided these mo dels are used only when they are accurate. This

approac h reduces the need for complete motion mo dels that capture the high-order

comp onen ts of the dynamics o v er six dimensions, and that ma y b e in tractable to

design.

This m ultiple-mo del represen tation is appropriate for h ybrid systems whose dy-

namics undergo discrete c hanges, as di�eren t dynamics can naturally b e describ ed

with di�eren t mo dels. The represen tation is also appropriate for non-h ybrid but

complex systems, in situations where di�eren t comp onen ts of the dynamics can b e

appro ximated b y simple mo dels, ev en if the comp onen ts do not switc h discretely

among eac h other.

Con v en tionally , state estimation for suc h systems is p erformed with m ultiple-mo del

(MM) �ltering systems, but these systems do not scale w ell as the n um b er of

mo dels gro ws. An MM system asso ciates m ultiple Kalman �lters to eac h dynamical

con text and runs all �lters sim ultaneously . It a v erages the individual �lters' output

w eigh ted b y their relativ e lik eliho o d and generates a consolidated state estimate.

This approac h requires the activ ation of the en tire set of �lters, whic h can b ecome
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computationally in tractable.

Multiple mo del systems can also output lo w-accuracy state estimates when the

dynamics undergo sharp and recurren t transitions. T o main tain the accuracy of

the consolidated state estimate, individual �lters should rapidly con v erge to correct

lik eliho o d v alues after a sharp transition. Ho w ev er, the computation of �lter lik e-

liho o ds can b e incorrect if individual �lters do not ha v e enough time to con v erge

b efore the dynamics c hange again. Lik eliho o d estimates can also b e inaccurate if

the �lters' observ ations ha v e a lo w sensitivit y to c hanges in the dynamics, as they

w ould further dela y �lter con v ergence.

This thesis impro v es the scalabilit y and p erformance limitations of MM systems b y

lev eraging sensor information to reduce the systems' computational complexit y and

impro v e their output accuracy . T o this end, the notion of con text is de�ned and

the dynamics are represen ted with a hierarc h y of con texts as follo ws: dynamical

con texts represen t the dynamics that can b e describ ed b y one mo del, and b eha vioral

con texts represen t sp eci�c sequences and frequencies of transition among dynamical

con texts. In other w ords, con texts are discrete states that asso ciate dynamics to the

mo dels that describ e them. The approac h seeks to exploit the con text's hierarc hical

represen tation to e�cien tly and correctly determine whic h mo del is accurate.

Since con texts corresp ond to dynamics and the mo dels that describ e them, deter-

mining whic h mo del is accurate reduces to iden tifying the rob ot's curren t con text.

This can b e done e�cien tly b y using con v en tional discrete-state estimation tec h-

niques suc h as classi�cation to determine the iden tit y of the con text at a bandwidth

close to the up date rate of on b oard sensors. Kno wing the curren t con text deter-

mines whic h mo del is accurate enough to b e used b y MM �lters when estimating

the rob ot's state.

This approac h can b e b etter understo o d with the help of an example. Consider a

legged rob ot that executes a jogging gait and alternates �igh t and stance con texts.

The �igh t dynamical con text is iden ti�ed when the legs are extended (no con tact

with the ground) and when the b o dy acceleration is close to gra vit y . Similarly ,
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Figure 1.1: A jogging hexap o d rob ot alternates �igh t and stance dynamical con-

texts. The con texts are iden ti�ed b y classi�cation of leg compression and b o dy

acceleration measuremen ts.

the stance con text is iden ti�ed when the legs are compressed and the acceleration

measuremen ts are p ositiv e (see Figure 1.1). Th us, the iden tit y of the rob ot's dy-

namical con text can b e determined b y classifying measuremen ts of leg compression

and b o dy acceleration in to the �igh t or dynamical con texts, at the rate at whic h

measuremen ts are made a v ailable to the system.

The jogging rob ot's b eha vioral con text is de�ned b y the frequency of transition b e-

t w een its �igh t and stance con texts. By alternating con texts at a sp eci�c frequency ,

the jogging dynamics causes acceleration measuremen ts to follo w sp eci�c patterns

that can b e e�cien tly detected b y discrete-state estimation to ols. The to ol adopted

is the com bined use of hidden Mark o v mo dels to recognize the spatial structure of

a pattern and of timed automata its recognize temp oral structure. Therefore, the

jogging b eha vior is iden ti�ed when the discrete-state estimators recognize acceler-

ation patterns that corresp ond to jogging, as illustrated in Figure 1.2.

The abilit y to e�cien tly iden tify the dynamical and b eha vioral con texts impro v es

the scalabilit y and accuracy of con v en tional state estimation. The scalabilit y of

MM systems is signi�can tly enhanced b y �rst iden tifying the abstract con text and

then only activ ating the subset of �lters that corresp ond to that con text. This
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Figure 1.2: The rob ot's jogging b eha vioral con text is iden ti�ed b y recognizing

patterns in acceleration data that are sp eci�c to the jogging b eha vior.

reduces that computational complexit y of the MM system, as it no longer needs to

a v erage the output of all �lters in order to pro duce accurate estimates.

This approac h also impro v es the output accuracy of m ultiple-mo del systems when

sharp and recurren t con text transitions tak e place. Sharp c hanges in the dynamics

lead to distinct dynamical con texts that can b e classi�ed rapidly and unam bigu-

ously . This information directs MM systems to assign correct w eigh ts to individual

�lters, ev en if the �lters' o wn lik eliho o d estimates are incorrect. As a result, the

con tribution of accurate �lters is emphasized and the con tribution of inaccurate �l-

ters de-emphasized, whic h impro v es the timeliness and accuracy of the consolidated

state estimates.

Con text-based estimation applies to h ybrid systems sub ject to recurren t and rapidly

switc hing dynamics. Figure 1.3 depicts a family of existing mobile rob ots that share

these dynamic c haracteristics and therefore b ene�t from the approac h. The �gure

also pro vides a graphical summary of the approac h. Con v en tional state estimation

for an y suc h mobile rob ot requires the deplo ymen t of a large-scale m ultiple-mo del

�ltering system with signi�can t computational o v erhead; the con text-based frame-

w ork reduces computational cost b y deplo ying m ultiple small-scale MM systems,

and further reduces computational cost and increases accuracy b y determining

whic h MM system and whic h individual �lter are appropriate and an y p oin t in

time. As depicted in the �gure, b eha vioral con text iden ti�cation determines whic h

small-scale MM system is appropriate, and dynamical con text iden ti�cation deter-

mines whic h �lter within the small-scale MM system is appropriate.
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Figure 1.3: Con text-based estimation applies to systems suc h as mobile rob ots that

ha v e recurren t and rapidly switc hing dynamics. Examples of recurren t dynamics

are h yp er-redundan t rob ots, also kno wn as snak e rob ots [25, 12 , 69 ]. Examples

of rapidly switc hing dynamics span a sp ectrum of legged rob ots, suc h as Spra wl

[34 ], a small-scale rob ot for horizon tal running; RHex [65 ], a medium-scale rob ot

for horizon tal lo comotion; Big Dog, a large scale rob ot also for horizon tal lo co-

motion; and RiSE [2 ], a medium-scale rob ot for v ertical lo comotion. F or all these

systems, iden tifying the b eha vioral con text sp eci�es whic h small-scale MM system

to activ ate, and iden tifying the dynamical con text determines whic h �lter within

the small-scale MM to activ ate.
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It is w orth noting that the com bination of discrete and con tin uous estimation in-

creases the e�ciency of information utilization, as con text iden ti�cation can capture

sensor information discarded b y simple mo dels and use that information to impro v e

the p erformance of con tin uous �lters. A dditionally , the con text iden ti�cation ap-

proac h pro vides the adv an tage of formalizing abstract mo dels of the dynamics (suc h

as represen ting jogging dynamics with a b eha vioral con text), whic h is necessary to

close the rob ot's b eha vioral con trol lo op and impro v e its lo comotion abilit y .

This thesis sho ws that separating the recognition of con text from classical state

estimation constitutes a rather in tuitiv e framew ork for e�cien tly and accurately

estimating the state of systems with complex dynamics.

1.2 Thesis Statemen t

State estimation for mobile rob ots with complex dynamics can b e made more ef-

�cien t and accurate b y represen ting the dynamics with a hierarc h y of con texts

and com bining discrete and con tin uous state estimation tec hniques. High-order,

high-dimensional and in termitten t lo comotion dynamics are appro ximated b y a

collection of simple mo dels and represen ted b y a hierarc h y of dynamical and b e-

ha vioral con texts to ensure that mo dels are only used when accurate. Discrete

state estimation enables the e�cien t iden ti�cation of the con texts, and the con text

information impro v es the accuracy and scalabilit y of m ultiple-mo del con tin uous

state estimation �lters.

1.3 Con tributions

This thesis mak es t w o main con tributions to state estimation. First, it in tro duces

the notion of dynamical and b eha vioral con texts to explicitly asso ciate lo comotion

dynamics to the motion mo dels that describ e them. This notion c hanges the w a y

motion mo dels are selected for state estimation; b efore, state estimation used mo-

tion mo dels that corresp ond to the curren t c ontr ol p olicy ; no w, selected mo dels
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ha v e to corresp ond to the curren t lo c omotion dynamics . The new selection criteria

is more accurate and can b e exploited to impro v e the accuracy of state estimation.

The second con tribution is the con text-based estimation framew ork that lev er-

ages con textual information to impro v e the accuracy and scalabilit y of m ultiple

mo del �lters. This framew ork consists of discrete state estimation tec hniques for

iden tifying a rob ot's con text, and of con tin uous estimation tec hniques that allo w

scalable and accurate estimation for systems with h ybrid dynamics. More precisely ,

the framew ork uses classi�cation, hidden Mark o v mo dels and timed automata to

iden tify dynamical and b eha vioral con texts, and a mo di�ed generalized pseudo-

Ba y esian 2 algorithm to generate estimates of the con tin uous state.

1.4 Thesis outline

The thesis starts with a detailed analysis of the state estimation problem as it

applies to systems with complex dynamics (Chapter 2). A close examination of

estimation mec hanisms for h ybrid systems rev eals the circumstances under whic h

the p erformance of mo dels and mo del-based �lters degrades. In particular, the

analysis sho ws that m ultiple-mo del �lters scale p o orly as the n um b er of mo dels

increases, and generate lo w accuracy state estimates when lo comotion dynamics

are of high order and c hange abruptly .

T o o v ercome these limitations, Chapter 3 presen ts a new estimation approac h that

relies on a con textual represen tation of the dynamics to impro v e estimation p erfor-

mance. The c hapter giv es precise de�nitions of dynamical and b eha vioral con texts,

describ es means of iden tifying them with discrete-state estimation to ols, and sho ws

ho w con text information impro v es the accuracy and scalabilit y of con v en tional �l-

ters.

This framew ork is put to practice in exp erimen t and sim ulation. First, the presen-

tation examines the prop osed discrete-state estimation metho ds for con text iden ti-

�cation; classi�cation is used to iden tify dynamical con texts, and a com bination of
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hidden Mark o v mo dels and timed automata is used for iden tifying b eha vioral con-

texts (Chapter 4). The tec hniques and their implemen tation are describ ed in detail

and their p erformance demonstrated exp erimen tally on a hexap o d rob ot. Second,

con text iden ti�cation is sho wn to impro v e the accuracy and scalabilit y of m ultiple

mo del �lters (Chapter 5). The thesis presen ts algorithms that incorp orate con text

information in to MM systems, and demonstrates the approac h's e�ectiv eness ex-

p erimen tally: the iden ti�cation of the dynamical con text is sho wn to signi�can tly

impro v e the accuracy of m ultiple mo del �lters b y rapidly determining whic h mo d-

els are accurate; and the iden ti�cation of b eha vioral con texts is sho wn to impro v e

the scalabilit y of MM systems, b y enabling the deplo ymen t of m ultiple small-scale

MM systems instead of a single large-scale system. An extension of the frame-

w ork is also presen ted, whereb y the iden tit y of a rob ot's con text is used to regulate

the parameters of individual estimation �lters and impro v e their output accuracy .

A dditional dev elopmen t of algorithms for simple con text-based �lter adaptation is

pro vided in the App endix.

The thesis concludes in Chapter 6 with a discussion of the researc h's results, p o-

ten tial applications, and extensions to the curren t framew ork that w ould further

increase estimation accuracy .
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Chapter 2

Problem Description

Estimating the state of ph ysical systems is a longstanding necessit y for aircraft

fault detection and target trac king [9 , 55, 61 , 6], and for automotiv e con trol and

diagnostics [80 , 28, 16], to name a few applications. These industries in v est large ef-

forts dev eloping complex mo dels and deplo ying on b oard sensors to obtain accurate

state estimates from mo del-based estimation �lters. Robust state estimation is also

necessary for mobile rob ot con trol, particularly as increasingly dynamic rob ot mo-

tions require high-bandwidth feedbac k con trol. Unfortunately , the to ols dev elop ed

for aircraft and automotiv e estimation cannot b e directly used in rob otics for t w o

main reasons. First, mobile rob ots are exp ected to in teract with more c hallenging

en vironmen ts than cars, whose computer-con trolled subsystems are generally de-

signed to op erate on �at roads. In con trast, rob ot-en vironmen t in teractions often

result in high-order, time v arying dynamics that are di�cult to mo del accurately .

The second reason is that cost, p o w er and size constrain ts of most mobile rob ots

prohibit the use of sp ecialized sensing and p o w erful computing as practiced in the

aircraft industry .

These considerations motiv ate the dev elopmen t of an estimation approac h that

enhances the abilit y of existing tec hniques to use simple motion mo dels and lo w-

cost sensors and accurately estimate the state of mobile rob ots. The approac h

consists in part of appro ximating the high-order h ybrid dynamics of mobile rob ots
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with a collection of lo w er-order mo dels to mak e the design of motion mo dels more

tractable. The accuracy of individual mo dels is exp ected to v ary with time, as the

dynamics ma y �t the description of one mo del at one time and of another mo del

at another time.

The t ypical estimation to ols designed to tak e adv an tage of suc h a mo del setup are

the m ultiple mo del (MM) �lters [55, 53 , 88, 23]. They w ere initially dev elop ed

for aircraft fault detection, where a small n um b er of mo dels is used to describ e

p ossible faults and detect their o ccurrence. Applied to mobile rob ots, MM �lters

are limited b y p o or scalabilit y c haracteristics. The �ltering approac h asso ciates

m ultiple Kalman �lters to eac h mo del and runs all �lters sim ultaneously . It a v er-

ages the individual �lters' output w eigh ted b y their relativ e lik eliho o d to generate

a consolidated state estimate. This approac h requires the activ ation of the en-

tire set of �lters, whic h can b ecome computationally in tractable for rob ots that

require a large n um b er of mo dels to accurately describ e their di�eren t lo comotion

capabilities.

Multiple mo del �lters can also pro duce inaccurate state estimates when sudden

c hanges in the dynamics lead to sharp and recurren t v ariations in mo del accu-

racy . T o main tain the accuracy of the consolidated state estimate, individual �lters

should rapidly con v erge to the correct lik eliho o d after a sharp c hange of dynamics.

Ho w ev er, three factors reduce the con v ergence rate of lik eliho o d estimates, the �rst

and second relating to the �ltering mec hanism itself and the third relating to the

t yp e of sensors a v ailable to the system.

First, the �lter's abilit y to rapidly con v erge to the correct lik eliho o d dep ends on

the �lter's con�dence in its motion mo del's accuracy relativ e to the accuracy of the

sensor measuremen ts. In situations of lo w con�dence in the motion mo del, individ-

ual �lters assign relativ ely more w eigh t to observ ations than to mo del predictions

when up dating the state. As a result, mo del predictions are close to observ ations,

�lter inno v ations

1

are small, and output lik eliho o ds, whic h are a function of inno-

1

Inno v ations are de�ned as the di�erence b et w een mo del prediction and sensor observ ation.
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v ations, ha v e a lo w sensitivit y to v ariations in the observ ations. In other w ords,

the lo w er the con�dence the �lter has in its motion mo del, the lesser the �lter's

abilit y to rapidly c hange its lik eliho o d when the dynamics c hange abruptly , ev en if

these c hanges are observ ed b y on b oard sensors. This limitation is lik ely to o ccur

when using simple mo dels, as �lters often ha v e relativ ely con�dence in suc h mo dels'

predictions.

The second factor for slo w lik eliho o d con v ergence has to do with the m ultiple

mo del system's mec hanism for assigning w eigh ts to individual �lters. The w eigh ts

are a function of the curren t individual lik eliho o d and of the w eigh ts computed

at the previous estimation step. By t ying curren t lik eliho o ds to previous w eigh ts,

this algorithm in tro duces some dela y in redistributing the w eigh ts after an abrupt

c hange in the dynamics.

Third, the con v ergence of lik eliho o d estimates can b e slo w if the �lters' observ ations

are slo w at detecting v ariations in the dynamics. F or example, consider the task

of estimating a b o dy's p osition o v er time b y using a �lter that relies on p osition

measuremen ts. If the dynamics go v erning the b o dy's motion c hange abruptly , they

w ould induce immediate c hange in the b o dy's acceleration, but only induce small

c hange in its instan taneous p osition whic h could b e hard to measure. This means

that the p osition sensor has a lo w sensitivit y to the dynamics, th us limiting the

�lter's abilit y to rapidly con v erge to the correct lik eliho o d and detect when its

mo del lo oses accuracy .

Slo w con v ergence can lead to the failure of m ultiple mo del state estimation if the

abrupt c hanges in the dynamics tak e place at a frequency higher than the con v er-

gence rate of individual �lters. Suc h conditions driv e the MM system to assign

incorrect w eigh ts to individual �lters, thereb y causing the div ergence of the con-

solidated state estimate.

This c hapter describ es the underlying causes of the scalabilit y and accuracy limi-

tations of MM �lters in a b ottom-up approac h. Since MM �lters are comp osed of

individual �lters based on motion mo dels, it is safe to assume that the prop erties
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of the motion mo dels a�ect the p erformance of individual �lters whic h, in turn,

a�ect the p erformance of m ultiple mo del �lters. Therefore, the follo wing sections

�rst analyze the impact of a mo del's design c hoices on that mo del's expressiv eness

and accuracy; second, a review of Kalman �lters highligh ts their p erformance limi-

tations when using simple mo dels; and third, a description of m ultiple mo del �lters

sho ws their inheren t scalabilit y limitations as w ell as their accuracy limitations

when individual �lters su�er from p erformance problems.

2.1 A ccuracy of Motion Mo del

Estimation �lters use a com bination of motion and sensor mo dels to generate state

estimates that are robust to noise [86, 31 , 50 ]. Motion mo dels describ e the ev olution

of a system o v er time b y capturing a represen tation of its dynamics. Observ ation

mo dels map sensor data in to measuremen ts of the state b eing estimated b y the

�lters. The follo wing brief description of the �ltering mec hanism explains ho w

b oth t yp es of mo dels are used to generate state estimates.

A t eac h sampling step, a �lter compares a motion mo del's prediction of the state

to observ ations of that state. The idea b ehind comparing predictions to observ a-

tions is that the greater the agreemen t b et w een the t w o v alues, the greater the

con�dence in the state estimate. In practice, mo del inaccuracies and sensor noise

cause discrepancies b et w een the t w o v alues, so the �lter computes a b est estimate

of the state as the w eigh ted sum of predictions and observ ations. Here, the w eigh ts

are prop ortional to the relativ e accuracies of the mo del and of the sensors. Th us,

in the presence of signi�can t sensor noise, the �lter assigns higher w eigh ts to the

predictions, whic h limits the in�uence of inaccurate measuremen ts on the state

estimates.

Since state estimates com bine predictions and observ ations, their accuracy dep ends

in part on the motion mo del's accuracy . Therefore, careful examination of the

assumptions and trade-o�s underlying the mo del design is necessary to determine
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if and when predictions are accurate. In this resp ect, an imp ortan t measure of

accuracy is the motion mo del's expressiv eness, i.e., the exten t to whic h the mo del

captures the dynamics of the rob ot. F ully expressiv e motion mo dels represen t the

en tire dynamics and generate accurate predictions. Realistically , the represen tation

of complex dynamics is lik ely to mak e simplifying assumptions that reduce the

mo del's expressiv eness and therefore limit its accuracy . Mo del expressiv eness also

dictates the exten t to whic h information can b e extracted from sensors to form the

observ ations that are com bined to predictions. Lo w-expressiv eness mo dels often

cause �lters to discard some sensor measuremen ts that cannot b e com bined to

predictions, whic h reduces the estimation accuracy .

T o help understand whic h situations can lead to lo w mo del expressiv eness, it is

useful to �rst in tro duce some de�nitions. Rob ot dynamics go v ern the ev olution of

the complete state of the rob ot, called r ob ot state. A ccurate motion mo dels seek

to capture as complete a represen tation of these dynamics as p ossible. Ho w ev er,

practical considerations often lead to limiting the represen tation to the dynamics

that go v ern only a subset of the rob ot state, called mo del state . The space of rob ot

states is t ypically m ulti-dimensional, so the mo del state is a r e duc e d-dimensional

represen tation of the rob ot state, and the motion mo del describ es dynamics along

some of the state dimensions and ignores the other dimensions. F or example, a

rob ot's motion on �at ground can b e appro ximated with a planar mo del in SE(2) 2

(translation and rotation in the plane), discarding dynamics along the remaining

three dimensions ev en though they ma y b e signi�can t. F or instance, a rob ot colli-

sion with an obstacle w ould generate signi�can t v ertical motions that mo dify the

rob ot's p osition in the plane, but a purely planar mo del w ould b e unable capture

suc h a ev en t. This dimension reduction simpli�es the design of the mo del but re-

duces its expressiv eness, as dynamics along unmo deled dimensions are treated as

noise.

Mo del expressiv eness can b e further reduced when the rob ot dynamics are com-

2 SE(2) is the sp ecial Euclidean group homeomorphic to R2 � S1
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plex. In this case, the represen ted dynamics can b e of lo w er-order than the actual

dynamics, discarding higher-order comp onen ts that ma y b e to o di�cult to mo del.

A common example is mo deling animal running as a spring loaded in v erted p en-

dulum (SLIP) [68 ], whic h is a largely accurate description of a running b o dy's

motion. Ho w ev er, the SLIP mo del do es not capture the dynamics of the inelastic

collisions of the fo ot with the ground, so these dynamics are treated as noise. Th us,

or der r e duction is often a necessary design c hoice to mak e the mo deling of complex

dynamics tractable, but it clearly limits the mo del's expressiv eness.

The follo wing subsections describ e the e�ect of lo w expressiv eness on mo del accu-

racy and, b y extension, on estimation p erformance.

2.1.1 A ccuracy loss through order reduction

Reduced-order mo dels t ypically capture an aggregate represen tation of the dynam-

ics, i.e. they describ e the lo w-frequency comp onen ts of the dynamics and ignore

higher frequency comp onen ts. This means that lo w-order mo dels are useful at

describing the ev olution of a system o v er an aggregate amoun t of time, but are

inaccurate o v er short p erio ds. As suc h, these mo dels describ e the a v erage e�ect

of the dynamics on the system, and are useful b ecause they enable the �lters to

accurately estimate the state o v er time. Ho w ev er, if the �lters up date their state at

high frequency , then the �lters ha v e to assign a lo w con�dence v alue to the mo del's

predictions relativ e to the sensors' observ ations. As discussed in Section 2.2.2, this

setup reduces a �lter's abilit y to rapidly adjust its lik eliho o d estimates in resp onse

to abrupt v ariations in the dynamics, whic h reduces the accuracy of m ultiple mo del

estimation.

Despite the limitations of reduced-order mo dels, they remain a tractable to ol useful

for estimating the state of systems with complex dynamics. This thesis addresses a

class of systems whose state can b e estimated with suc h mo dels, b ecause their high-

order dynamics cannot b e easily mo deled with a single, complete mo del. Rather,

the dynamics are appro ximated with a collection of lo w er-order mo dels, whic h,
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when considered as a set, pro vide a comprehensiv e description of the the dynamics.

Being of lo w-order, these mo dels are only accurate in the presence of the dynamics

whic h they are designed to describ e, and lose accuracy when unmo deled dynamics

dominate the motion. Therefore, the c hallenge is to build an estimation system that

is able to incorp orate a large n um b er of mo dels but rely only on the appropriate

ones at the righ t time.

2.1.2 Information loss through dimension reduction

Reduced-dimension mo dels limit the abilit y of state estimation �lters to tak e full

adv an tage of a v ailable sensor information. Sensors t ypically measure elemen ts of

the rob ot state, but some of these elemen ts ma y not b e part of the lo w er-dimension

mo del state. Measuremen ts of state elemen ts that are common to the rob ot and

to the motion mo del are said to b e c omp atible with the mo del state. As the

sensor mo del maps a v ailable measuremen ts in to measuremen ts of the mo del state,

measuremen ts that are incompatible with the mo del state are discarded. In general,

the greater the dimension reduction, the greater the lik eliho o d of some sensor

information b eing discarded. As an example, consider a rob ot equipp ed with an

on b oard six degree-of-freedom (DOF) inertial measuremen t unit (IMU), comprising

three-axis accelerometers and three-axis gyroscop es. If the motion of the rob ot is

represen ted with a collection of decoupled mo dels, sa y one mo del p er degree of

freedom, then individual mo dels w ould only b e compatible with measuremen ts

along their o wn corresp onding dimension, and measuremen ts along the other �v e

dimensions w ould b e discarded.

Discarded measuremen ts could con tain information ab out a mo del's accuracy . The

loss of this information hinders the abilit y of the estimation system to decide

whether to rely on that mo del or discard its predictions, whic h could lead to the

failure of state estimation. Consider the rob ot equipp ed with the 6-DOF IMU

men tioned ab o v e, and assume that it lo comotes on �at ground. A simple motion

mo del (e.g. unicycle mo del) can describ e the rob ot's translation and rotation in
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the plane with su�cien t accuracy to predict the rob ot's planar state. Ho w ev er,

only three dimensions of the IMU output are compatible with the mo del, namely

the acceleration along the x and y co ordinates, and the rate of rotation around the

y a w axis (see T able 2.1 for a summary of the dimensions of the di�eren t spaces).

Measuremen ts along the other three dimensions, acceleration along z and rate of

rotation around the roll and pitc h axes, are discarded. Therefore, a state estima-

tor w ould b e unable to use this additional information to compute estimates or to

ev aluate the mo del's accuracy . T o see the impact of this limitation, imagine that

the rob ot suddenly �ips on its bac k with its wheels still touc hing the ground. The

unicycle-based �lter b eing �blind� to gyroscop e roll information, do esn't accom-

mo date the new rob ot con�guration. The mo del assumes that con trol input still

driv es the rob ot forw ard, whereas the upside-do wn rob ot is mo ving bac kw ard. The

erroneous predictions so on cause the div ergence of the �lter. If the system w ere

able to rationalize the gyroscop e roll information, it w ould infer that the mo del

assumptions ha v e b een violated and that the mo del predictions ha v e lost accuracy .

In this case, a di�eren t mo del could b e used, or in its absence, the �lter w ould

signi�can tly de-emphasize the con tribution of mo del predictions to state up dates

to reduce the risk of div ergence.

Dim. Dim.

Rob ot State Space 6 Mo del State Space 3

A v ailable Measuremen ts 5 Compatible Measuremen ts 3

T able 2.1: Dimensions of rob ot state, mo del state, measuremen t v ector and com-

patible measuremen t v ector.

Discarding sensor measuremen ts reduces the system's e�ciency at information ex-

traction. In general, the more information is made a v ailable to the estimation

system, the faster the estimation con v erges. Therefore, the adv an tages of reduced-

dimensional mo dels in terms of simplicit y and tractabilit y are o�set b y lo w er es-

timation p erformance. This motiv ates building an information pro cessing system
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that sim ultaneously uses simple mo dels and seeks to impro v e the e�ciency of in-

formation utilization.

In practical terms, this thesis considers that a ma jor reason for lo w estimation

p erformance is the �lter's reduced abilit y to assess the accuracy of its mo del.

Therefore, the information pro cessing system it adv o cates seeks to use informa-

tion discarded b y reduced-order mo dels to assess the accuracy of the en tire mo del

set and direct �lters to only use appropriate mo dels.

2.2 A ccuracy of Single-Mo del Filters

The accuracy limitations of the motion mo dels naturally induce p erformance limi-

tations for the �lters that use them. As already men tioned, state estimation �lters

(e.g. Wiener �lters, Kalman �lters, Luen b erger observ ers) com bine mo del pre-

dictions and sensor observ ations to generate state estimates [86, 31, 50 , 51 ]. All

t yp es of �lters mak e assumptions ab out the relativ e accuracies of mo del predic-

tions and sensor observ ations. The follo wing sections discuss the v alidit y of these

assumptions in realistic situations and the impact of violating them on the esti-

mation p erformance. In addition, adaptation tec hniques are brie�y review ed to

assess their abilit y to mitigate the loss of estimation p erformance. The discussion

is grounded in the Kalman �lter framew ork, a framew ork extensiv ely used b y the

estimation comm unit y .

2.2.1 A brief description of the Kalman �lters

Kalman �lters enable the optimal estimation of the state of a system sub ject to

noise under sp eci�c linearit y and statistical assumptions. Optimalit y is guaran teed

if the dynamical system is linear, and if the pro cess and sensor noise ha v e a kno wn,

white Gaussian distribution. Pro cess and sensor noise expresses uncertain t y in

the mo del and in the sensor, resp ectiv ely . F or reference, a generic discrete linear

system expressed in the Kalman framew ork is repro duced in Algorithm 1, with the
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Algorithm 1 Kalman Filter

xk+1 = Fxk + Bu + � System Dynamics

y = Hx k+1 + ! Sensor Measuremen t

xp
m;k +1 = Fxu

m;k + Bu State Prediction

Pp
k+1 = FP u

k F T + Q Co v ariance Propagation

r = y � Hx p
k+1 Inno v ation

S = HP p
k+1 H T + R Inno v ation Co v ariance

K = Pp
k+1 H T S� 1

F eedbac k Gain

xu
m;k +1 = xp

m;k +1 + Kr State Up date

Pu
k+1 = Pp

k+1 � KSK T
Co v ariance Up date

pk+1 = 1p
2� kSk

exp
�
� 1

2rS � 1r T
�

Inno v ation Lik eliho o d

follo wing con v en tion used throughout the do cumen t: x stands for the system state;

F for transition matrix; Bu for input; y for observ ation; H for observ ation matrix;

xm for estimated state; P for state co v ariance; k for sampling time; the indexes p

and u for predicted and up dated v alues, resp ectiv ely; and �nally � and ! stand for

mo del and measuremen t noise with co v ariances Q and R , resp ectiv ely .

2.2.2 Loss of estimation accuracy when using simple mo dels

Giv en the impact of the inno v ation lik eliho o d p on the p erformance of m ultiple

mo del �lters, a close lo ok at the lik eliho o d's computation is w arran ted. The in-

no v ation lik eliho o d equation sho ws that p is a function of the inno v ation r and

its co v ariance S . The inno v ation is de�ned as the distance b et w een the observ ed

and the predicted state; the more accurate the mo del prediction, the shorter the

distance b et w een predictions and observ ations.

Incorp orating the inno v ation in to the computation of the lik eliho o d serv es the

logical argumen t that the �lter's output should b e trusted if its predictions and
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Figure 2.1: The lik eliho o d is a a function of the inno v ation (r) w eigh ted b y the

inno v ation co v ariance (S). Figure (a) sho ws a system where S1 is lo w, resulting in

a narro w b ell curv e. V ariations in r1 results in large v ariations of the lik eliho o d

p1 . In con trast, Figure (b) sho ws a �at b ell curv e system represen ting a large S2 .

The shap e of the curv e explains that v ariations in r2 lead to small v ariations of p2 ,

meaning that the lik eliho o d has a lo w sensitivit y to v ariations in the inno v ation.

observ ations agree. In addition, the lik eliho o d incorp orates inno v ation co v ariance

S whic h expresses the �lter's con�dence in the inno v ation �gure itself. A high

con�dence in the inno v ation is expressed with a small S , whic h translates in to a

`b ell-curv e' distribution of p as a function of r (see Figure 2.1(a)). This distri-

bution means that c hanges in the v alue of the inno v ation r induce pronounced

c hanges in the lik eliho o d p. In other w ords, the lik eliho o d has a high sensitivit y

to the inno v ation. Con v ersely , a lo w con�dence in the inno v ation translate in to a

`�at' distribution of p, and the lik eliho o d has a lo w sensitivit y to the inno v ation

(sub�gure (b)).

Th us, if a �lter is con�den t that its motion mo del and sensors are accurate, then it

will con�den tly in terpret a large inno v ation as an indication that the �lter's output

cannot b e trusted. Con v ersely , if the �lter is not con�den t in the mo del's or the

sensors' accuracy , then v ariations in the inno v ation can b e due to either pro cess or

sensor noise, and the lik eliho o d b ecomes a more uniform and lo w-v alued function

of the inno v ation.
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It follo ws from this analysis that when �lters ha v e a lo w con�dence in their mo dels,

their lik eliho o d has a lo w sensitivit y to c hanges in the inno v ation. This means that

if the individual �lters of an MM system ha v e a lo w con�dence in their motion

mo dels, then they will b e slo w at computing lik eliho o d estimates that correctly

re�ect the relativ e accuracy of eac h �lter. This reduces the m ultiple �lter's abilit y

to rapidly adjust the w eigh ts asso ciated with the individual outputs after an abrupt

v ariation in the dynamics, leading to a loss of estimation accuracy .

2.2.3 Loss of estimation accuracy when violating �lter assump-

tions

Apart from the lik eliho o d's impact on m ultiple mo del �lters, practical considera-

tions limit the accuracy of individual Kalman �lters b y violating the assumptions

under whic h optimalit y is guaran teed. F or instance, few systems are actually lin-

ear, so their motion and sensor mo dels ha v e to b e linearized in order to b e used in

a Kalman �lter. This leads to the extended Kalman �lter [27, 46], whic h replaces

the pro cess and sensor mo dels F and H with their �rst-order T a ylor series expan-

sion @F=@xand @H=@x, resp ectiv ely . An alternativ e tec hnique is the unscen ted

Kalman �lter [30], whic h accommo dates a more accurate second-order linearization

of the mo del. Still, b oth metho ds use reduced-order represen tations of the dynam-

ics that treat higher-order comp onen ts as pro cess noise. Since these higher-order

comp onen ts are unlik ely to ha v e a Gaussian distribution, b oth the linearit y and the

statistical assumptions for optimalit y are violated. As a result, the p erformance

of the Kalman �lter is di�cult to quan tify and can b e far from optimal. This is

particularly true for the class of systems of in terest to this thesis, where the dy-

namics are of high-order and therefore far from linearit y . Nev ertheless, this thesis

purp orts that suc h dynamics can b e appro ximated b y a collection of linear mo dels

with reasonable accuracy , so the Kalman �lter remain an attractiv e framew ork for

m ultiple mo del state estimation.

Another problem common to all t yp es of �lters is their inabilit y to adapt the
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feedbac k gain K to v ariations of the mo del's accuracy . When rob ots op erate in the

�eld, unan ticipated transien t dynamics often con tradict the predictions of motion

mo dels, whic h decreases the mo dels' accuracy . In suc h situations, the feedbac k gain

should increase in order to increase the w eigh t of observ ations, decrease the w eigh t

of predictions, and reduce the risk of �lter div ergence. Unfortunately , estimation

�lters do not ha v e a gain-regulation mec hanism. A t �rst glance, the Kalman �lter

algorithm ma y seem to regulate the gain, but a close insp ection of Algorithm 1

sho ws that the feedbac k gain do es not dep end on the inno v ation, whic h is the

�lter's measure of mo del accuracy , and therefore do es not adapt to v ariations in

the op erating conditions.

A p ossible remedy to this problem is �lter adaptation, discussed next.

2.2.4 Impro ving estimation accuracy through �lter adaptation

A daptation consists of impro ving the accuracy of a system's parameters b y in-

corp orating new information as it b ecomes a v ailable. A daptation could pro vide a

solution to the problem of v ariable mo del accuracy , b y either learning the mo del's

parameters online to main tain its accuracy , or b y mo difying the feedbac k gain to

de-emphasize the mo del's con tribution when it b ecomes inaccurate. The follo w-

ing surv ey of a v ailable adaptation tec hniques sho ws that they are impractical for

the class of systems addressed here, b ecause of considerations of implemen tation

complexit y and slo w con v ergence.

Learning the parameters of a mo del is called system iden ti�cation [47 , 74 ], whereb y

the mo del's structure is kno wn a priori , but its parameters are iden ti�ed through

exp erimen tation (e.g. [58 , 85 ]). This is done b y collecting sensor measuremen ts and

running optimization routines on the mo del's parameters to minimize discrepan-

cies b et w een measuremen ts and mo del predictions. Unfortunately , this tec hnique

cannot b e used to adapt the parameters online, b ecause it requires the decoupling

of the estimation and learning tasks, so that the mo del is iden ti�ed �rst and then

used for estimation [57].
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A v ailable extensions to system iden ti�cation seek to sim ultaneously estimate the

state and iden tify mo del parameters, but they are generally di�cult to design and

are only stable under restrictiv e assumptions [57 , c h.4][78 , c h.6]. Notable applica-

tions are the estimation of slo w-mo ving system biases through state augmen tation.

The parameters b eing estimated are incorp orated in to the mo del, where they are

usually represen ted with a stationary mo del corrupted b y zero-mean noise [3 ]. An

example is Strelo w and Singh's w ork [77 ] to comp ensate for IMU bias. They in-

corp orate the bias in to the motion mo del, estimate its v alue at ev ery �lter up date,

and use the estimate to correct the biased measuremen ts.

A related tec hnique is adaptiv e con trol, where the system's input is designed to

driv e the mo del's parameters to w ards their true v alue [60 , 8 , 5]. Both adaptiv e

con trol and sim ultaneous estimation and mo del adaptation o�er asymptotic sta-

bilit y , but are not guaran teed to con v erge rapidly . This limits their applicabilit y

to dynamic rob ots, as their con v ergence ma y b e slo w er than the rate of c hange

of the dynamics. Another disadv an tage is that sp eci�c adaptiv e systems ha v e to

b e dev elop ed for eac h mo del, so they do not scale w ell as the n um b er of mo dels

increases.

An alternativ e approac h to mo del adaptation is to adapt the parameters of the �l-

ter to v ariations in mo del accuracy . F or Kalman �lters, Ma yb ec k [53] augmen ts the

state of the mo del with the pro cess and sensor noise co v ariances and pro vides an

algorithm to con tin uously adapt their v alue. The dra wbac k of this approac h is its

signi�can t implemen tation complexit y that requires man y restrictiv e assumptions

to ensure stabilit y . A more tractable tec hnique prop osed b y Escamilla-Em brosio

and Mort [21 ] adapts the v alue of sensor co v ariance using fuzzy-logic iteration.

They �rst compare the co v ariance S of the �lter's inno v ation to the statistical

co v ariance computed from a history of inno v ation v alues. Then they minimize dis-

crepancies b et w een the t w o v alues b y mo difying R using fuzzy logic, e�ectiv ely

tuning the �lter's con�dence in the sensor. Along similar lines but with a di�eren t

implemen tation, this thesis prop oses in the App endix a tec hnique to con tin uously

regulate the pro cess co v ariance of one-dimensional systems with minimal compu-
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tational o v erhead.

A simpler approac h to con tin uous co v ariance adaptation is to v ary the co v ariances

discretely , in incremen tal steps. F or example, Bourassa and Kamoun [6 ] use t w o

�lters to trac k a maneuv ering plane with a radar. Both �lters use the same mo del

assuming the plane �ies in a straigh t line but ha v e di�eren t pro cess co v ariances.

The �lter with the lo w er co v ariance is used when the mo del can accurately describ e

aircraft in steady �igh t, and the �lter with the higher co v ariance is used to trac k

aircraft executing maneuv ers, whic h mak es the mo del inaccurate. In the same

spirit, the �rst implemen tation of the regulation framew ork prop osed in this thesis

e�ects discrete c hange to the pro cess co v ariance when a decrease in mo del accuracy

is detected from the analysis of sensor data. The framew ork also enables con tin uous

co v ariance regulation, but this dev elopmen t is b ey ond the curren t scop e.

In summary , adaptiv e tec hniques are p o w erful to ols for adapting slo wly v arying

parameters. In con trast, this thesis seeks to dev elop an estimation framew ork that

is explicitly designed to accommo date rapid v ariations in op erating conditions.

2.3 Limitation of Multiple-Mo del Filters

The analysis so far has fo cused on the accuracy limitation of motion mo dels and

ho w these limitations reduce the p erformance of individual �lters. This section

extends this analysis to m ultiple mo del �lters, whose p erformance dep ends directly

on the p erformance of individual �lters and the mo dels they use. The discussion of

MM �lters' p erformance starts with a description of leading MM algorithms that

demonstrates their scalabilit y limitations, and ends with a discussion of accuracy

problems sp eci�c to MM algorithms and those whic h are inherited from �lter and

mo del limitations.

Multiple-mo del �ltering tec hniques w ere initially dev elop ed for aircraft fault detec-

tion and radar target trac king (e.g. [55, 4, 88 , 54 , 23 ]). These applications in v olv e

systems that op erate in di�eren t mo des, suc h as �ying with v arious system faults
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or executing distinct maneuv ers, so di�eren t mo dels are designed to represen t the

dynamics of the di�eren t mo des. The assumption is that exactly one of these mo d-

els will corresp ond to the curren t mo de of op eration, so MM �lters iden tify the

most accurate mo del at ev ery sampling step and use it to output accurate state

estimates.

Some researc h in the rob otics comm unit y is adopting MM approac hes for fault de-

tection in mobile rob ots (e.g. [83 , 79]). Ho w ev er, little atten tion has b een paid to

the sp eci�cs of estimating the state of rob ots with complex dynamics. Multiple-

mo del �lters could b e used to accurately estimate the state of suc h rob ots, pro vided

that their scalabilit y and p erformance limitations are adequately addressed. The

follo wing sections detail the m ultiple mo del �ltering pro cess and discusses its lim-

itations when applied to mobile rob ots.

2.3.1 A brief in tro duction to m ultiple mo del algorithms

Estimating the state of systems with m ultiple mo des of op eration t ypically in v olv es

asso ciating h yp otheses to mo de transitions and ev aluating the most lik ely h yp othe-

sis at ev ery sampling step. Eac h h yp othesis consists of a transition from a particular

mo de at the previous sampling step to a particular mo de at the curren t step. A

�lter based on the mo del of the curren t mo de is asso ciated to eac h h yp othesis, and

its prior is the previous output of the �lter based on the mo del of the preceding

mo de. The relativ e lik eliho o ds of all �lter outputs are computed at eac h sampling

step, and the highest-lik eliho o d output is adopted as the system's state estimate.

F or fault detection, the h yp othesis corresp onding to the highest-lik eliho o d �lter is

b eliev ed to b e correct, th us iden tifying the curren t mo de and fault.

Clearly , the disadv an tage of this approac h is that the n um b er of h yp otheses in-

creases exp onen tially with the n um b er of steps. F or example, consider a simple

t w o-mo de system. Bet w een t w o consecutiv e steps, eac h mo de can mak e t w o p os-

sible transitions to new mo des, so the n um b er of h yp otheses after N steps is 2N
.

The computational cost of running that n um b er of �lters rapidly b ecomes pro-
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Figure 2.2: A t w o-mo de GPB2 spa wns N 2 = 4 �lters, one for eac h mo de sequence.

Their output is consolidated to form the state estimate.

hibitiv e, so this problem has motiv ated extensiv e researc h in to means of reducing

the n um b er of h yp otheses. The most accurate of these tec hniques is the generalized

pseudo-Ba y esian 2 (GPB2) algorithm [11 , 52, 42 ] expressed in the Kalman �lter

framew ork, whic h collapses the h yp otheses at eac h sampling step in to a set whose

cardinalit y is equal to the n um b er of mo des. This w a y , the n um b er of h yp othe-

ses is main tained constan t from one sample step to the next, whic h impro v es the

estimation tractabilit y .

The GPB2 cycle is sho wn sc hematically in Figure 2.2 for a t w o-mo de system o v er

one sampling step. The initial t w o h yp otheses (Mo de 1 and Mo de 2) spa wn four

h yp otheses as exp ected, but those are collapsed bac k to t w o b efore the next cycle

starts. The collapse is made p ossible b y the consolidation of the outputs of all �lters

based on the same mo del. The individual outputs of those �lters (e.g. X 1;1 and

X 1;2 ) are w eigh ted b y their relativ e lik eliho o ds ( Prob1;1 and Prob1;2 ) and summed

to form the mo de-sp eci�c estimate ( X 1 ). A t ev ery iteration, a b est estimate ( X )

can b e extracted b y consolidating the mo de-sp eci�c estimates.

Another in terpretation of this approac h is that the estimates of the individual

�lters are w eigh ted according to their relativ e lik eliho o d, and all w eigh ted outputs

are then consolidated in to the system's state estimate. This w a y , the greater the
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Algorithm 2 Steps of a GPB2 up date [11 ]

[x i;j ; Pi;j ] = f ilter i (x j ) (2.1)

pi;j =
1

p
2�S i;j
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�
1
2
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�
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�
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lik eliho o d a �lter's output, the greater its con tribution to the o v erall estimate. If

the �lters are able to accurately estimate their lik eliho o d, then the GPB2 w ould

deliv er estimates as accurately and rapidly as the most accurate individual �lter.

Describ ed more formally , eac h GPB2 iteration starts with the assumption that an y

mo de could ha v e b een in e�ect at time t � 1, and an y mo de could b e in e�ect at

time t . F or a system with N mo des, a bank of N 2
�lters is up dated and the output

of all �lters is consolidated. Algorithm 2 details the steps in v olv ed in a cycle. Here,

f ilter i is based on the mo del of mo de i ; i t represen ts the h yp othesis that mo de i

is in e�ect at time t ; x i;j is the state estimated b y f ilter i and whose prior is the

output of f ilter j ; r is the residual (inno v ation); and S and P are the inno v ation

and pro cess co v ariances, resp ectiv ely .
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2.3.2 Scalabilit y limitation of MM �lters

Ev en though the dev elopmen t of algorithms suc h as the GPB2 has giv en m ultiple

mo del �ltering practical v alue, all suc h algorithms still require the sim ultaneous

activ ation of the en tire set of �lters in order to compare and consolidate their

output. This limits the applicabilit y of these algorithms to systems with a small

n um b er of mo dels, as the computational cost of individual Kalman �lters is often

signi�can t. In con trast to con v en tional systems using MM �lters, rob otic platforms

are generally constrained b y size, energy and computational p o w er. In addition,

adv ances in science and tec hnology are enhancing the capabilit y of mobile rob ots,

and they can require large n um b ers of mo dels to capture increasingly complex

dynamics. Therefore, the scalabilit y of estimation algorithms is imp ortan t to their

applicabilit y to rob otics.

2.3.3 A ccuracy limitation of MM �lters

As can b e inferred from Algorithm 2, the accuracy of the MM state estimate is

less than or equal to that of individual �lters. If the �lters incorrectly estimate

the lik eliho o d of their output ( pi;j ), then the o v erall accuracy will b e lo w er than

that of the most accurate �lter, as large w eigh ts ( Probi;j ) w ould b e assigned to

lo w-accuracy outputs.

The risk of incorrectly estimating the lik eliho o d is high for mobile rob ots that

in teract aggressiv ely with the en vironmen t. These in teractions result in dynamics

that undergo sharp and recurren t c hanges whic h abruptly mo dify the accuracy of

the di�eren t mo dels. In resp onse, the w eigh ts assigned to �lter outputs should

b e mo di�ed rapidly and appropriately in order to main tain the accuracy of the

consolidated estimates. T o ev aluate the sp eed at whic h the w eigh ts can b e mo di�ed,

it is necessary to examine the mec hanism that computes them. Equation 2.3 sho ws

that the w eigh ts are a function of the lik eliho o d pi;j of individual �lters and of the

previous w eigh ts Probj . As discussed in Section 2.2.2, pi;j can b e slo w to con v erge

when using simple mo dels, whic h slo ws the correct assignmen t of MM w eigh ts.
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Another source of latency in up dating MM w eigh ts relates to incorp orating previous

w eigh ts in the computation of the curren t w eigh ts. This dep endency in tro duces

a lag b et w een Probi;j and pi;j , so that when pi;j v aries sharply in resp onse to an

abrupt c hange in the dynamics, Probi;j can only up dated gradually to a new v alue,

since it is w eigh ted b y its previous v alue.

MM systems can also b e unable to rapidly up date the w eigh ts of individual �lters

if the sensor information made a v ailable to the �lters is slo w at detecting c hanges

in the dynamics. Suc h dela ys can b e due to sensors that ha v e lo w sensitivit y to the

dynamics, or to simple mo dels that force �lters to discard high-sensitivit y sensor

information. The follo wing sections detail the sources of these dela ys and their

impact on estimation accuracy .

2.3.3.1 Lo w-sensitivit y sensors

As discussed previously , constrain ts imp osed on rob ot platforms often limit the

n um b er and t yp e of a v ailable sensors. If on b oard sensors generate a signal that

is not directly correlated to the dynamics, then they w ould ha v e a lo w sensitivit y

to c hanges in the dynamics and w ould therefore b e slo w at detecting them. Ex-

amples include p osition sensors suc h as cameras and laser range �nders and, to a

lesser exten t, v elo cit y sensors suc h as gyroscop es. T o understand wh y suc h sensors

ma y b e slo w at detecting c hanges in the dynamics, recall from Newton's second

la w that in teraction forces are prop ortional to b o dy accelerations. It follo ws that

acceleration sensors w ould b e most sensitiv e to the dynamics. Ho w ev er, p osition is

the double in tegral of acceleration, so large v ariations in acceleration induce small

v ariations in p osition. Therefore, p osition sensors ha v e a lo w er sensitivit y; ev en

if a sensor measures the b o dy's p osition along a dimension that is aligned with

the in teraction force, it w ould pro vide atten uated information ab out the dynamics.

This slo ws the MM system's con v ergence on the correct lik eliho o d distribution, and

th us leads to incorrect w eigh t assignmen ts to the �lter outputs and lo w estimation

accuracy . The same analysis applies to v elo cit y sensors whic h are one in tegral a w a y
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from acceleration.

The follo wing simple sim ulation highligh ts the dra wbac k of lo w-sensitivit y sensing.

The setup consists of an elastic b ouncing ball that alternates �igh t and stance

dynamics:

•z =

8
<

:

� g; ballistic pro jectile,

� K z (z � z0) � g; loss-less mass-spring system,

where the state z is heigh t, g is the acceleration due to gra vit y and K and z0

are the ball's e�ectiv e spring constan t and rest length, resp ectiv ely . The task

is to estimate the ball's heigh t and v elo cit y using the �igh t and stance mo dels

and a noisy heigh t sensor suc h as a laser range �nder. Since the dynamics are

describ ed with t w o mo dels, a GPB2 algorithm is used for estimation. F or lac k of

b etter information, the probabilities of transitioning among the mo des are set to b e

uniform, i.e. Ti;j = 1
2 ; 8i; j 2 {F, S}, where F and S are the �igh t and stance phases,

resp ectiv ely . F our �lters are up dated for this t w o-mo de system, one p er mo de

sequence (i t ; j t � 1) . Equation 2.1 outputs four states x i;j , whic h are consolidated

through (2.4) and (2.6) in to x , the ball state estimate. Figure 2.3(a) sho ws that this

setup generates inaccurate v elo cit y estimates. The reason for the lac k of accuracy

is that observ ations ha v e a lo w sensitivit y to c hanges in the dynamics, so the GPB2

is slo w at recognizing that the ball touc hed do wn or lifted o�. This is evidenced

in sub�gure (b), where the lik eliho o ds of the �igh t and stance mo des su�er from

a dela y compared to the true sim ulated system. As a result of these incorrect

lik eliho o d estimates, inaccurate stance estimates are emphasized during �igh t and

�igh t estimates during stance.

This analysis suggests that higher-sensitivit y sensors suc h as accelerometers w ould

impro v e the accuracy of the estimates. In practice, there is an accuracy trade-

o� b et w een the di�eren t t yp es of sensors. P osition sensors ha v e the adv an tage of

pro viding absolute information ab out the b o dy with resp ect to its en vironmen t,

so they main tain their accuracy o v er time. This prop ert y is v aluable for lo caliza-

tion, whic h explains wh y p osition sensors are widely a v ailable on mobile platforms.

Ho w ev er, p osition sensors' lo w sensitivit y to dynamics induces inaccurate v elo cit y
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Figure 2.3: State estimates obtained with a con v en tional GPB2 lead to RMS errors

of 6.34 cm and 15.5058 m/s for p osition and v elo cit y estimates, resp ectiv ely . The

lo w sensitivit y of the p osition sensor to c hanges in the dynamics do es not allo w

the GPB2 to compute the correct probabilities for the �igh t and stance con texts.

These plots indicate the instan ts when the ball touc hes do wn and lifts o� with a

'+'. Sub�gure b sho ws that the probabilities of �igh t and stance erroneously cross

eac h other far from the '+' p oin ts. Correctly estimated probabilities w ould cross

close to the actual p oin t of touc hdo wn and lifto�.
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and acceleration estimates, as illustrated in the previous sim ulation. In con trast,

accelerometers are sensitiv e to c hanges in the dynamics, so they enable fast con-

v ergence to the correct �lter lik eliho o ds. Y et, p osition estimates deriv ed from ac-

celerometer data su�er from error accum ulation and drift o v er time. Therefore, the

c hallenge is to devise a framew ork to o v ercome the dra wbac k of estimation based

on p osition and acceleration sensors, so that state estimation can b e accurate ev en

if only one t yp e of sensor is a v ailable on b oard.

2.3.3.2 Information-Loss from lo w-dimension mo dels

The accuracy of MM estimation can also degrade if the �lters discard sensor data

that pro vides relev an t information ab out the dynamics. As argued in Section 2.1.2,

�lters based on lo w-dimensional mo dels discard sensor measuremen ts that are in-

compatible with the mo del state. Th us, dynamic forces that mo dify the accuracy

of the estimation mo dels and are measured b y on b oard sensors go unnoticed if they

are not aligned with these mo dels' dimensions. As a consequence, MM �lters are

unable to rapidly adjust their lik eliho o d distribution as they cannot incorp orate

information ab out their mo dels' accuracy . This leads to p oten tially assigning large

w eigh ts to inaccurate individual estimates and pro ducing inaccurate consolidated

estimates.

Suc h situations commonly arise when, for simplicit y , the rob ot's motion is repre-

sen ted with decoupled mo dels. The underlying assumption is that suc h a repre-

sen tation re�ects the true nature of the dynamics. In realit y , dynamics are rarely

decoupled and forces acting along one dimension usually mo dify the state along

other dimensions, ev en if indirectly . These state mo di�cations do not matc h the

predictions of the decoupled mo dels and are treated as noise; the larger the mo di-

�cations, the higher the noise and the lo w er the mo dels' accuracy . Filters based on

these mo dels can only measure the indirect e�ects of the dynamics on the mo del

accuracy , and are therefore slo w at con v erging to correct lik eliho o d estimates. It

follo ws that MM �lters will b e slo w at assigning w eigh ts that re�ect the accuracy
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of the mo dels. This analysis highligh ts the need for comm unicating sensor infor-

mation to �lters ev en if it is incompatible with their mo del state. Doing so w ould

impro v e the o v erall e�ciency of information extraction as w ell as the accuracy of

the consolidated state estimates.

2.4 Summary

This c hapter analyzes practical conditions under whic h con v en tional estimation

strategies are lik ely to fail. The analysis addresses the accuracy limitations of

simple motion mo dels, whic h are often a lo w-order and lo w-dimensional description

of the true dynamics. A ccuracy limitations of motion mo dels cause p erformance

degradation for estimation �lters that use suc h mo dels. In turn, the p erformance

limitation of �lters lead to a loss of accuracy of m ultiple mo del systems that use

these �lters. These considerations call for the dev elopmen t of an estimation strategy

that addresses the limitations of motion mo dels, individual �lters, and m ultiple

mo del systems. Suc h a strategy is presen ted in detail in Chapter 3, and its results

are demonstrated in Chapters 4 and 5.

This c hapter also notes that m ultiple mo del �ltering systems su�er from p o or scal-

abilit y c haracteristics. The estimation strategy presen ted in Chapter 3 addresses

this issue in an e�ort to mak e MM systems more tractable for rob otic systems with

m ultiple mo des of op eration.

On o ccasion, attempts to impro v e the computational tractabilit y of algorithms suc h

as MM systems are coun tered with the argumen t that Mo ore's la w ab out the rapid

increase in pro cessor p erformance solv es this problem indep enden tly . F or rob otic

applications, ho w ev er, there is a strong motiv ation to minimize the computational

load of lo w lev el tasks suc h as estimation and con trol to free on b oard resources for

higher lev el tasks suc h as planning. Rob otic mobilit y has already seen a paradigm

shift from sense-think-act to p erforming all three pro cesses sim ultaneously . In-

creasingly , rob otic applications include ev en higher tasks suc h as planning for the
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deplo ymen t of scien ti�c instrumen ts [73 ], co ordination with other rob ots [18], and

reasoning ab out energy consumption [81]. The steady increase in task requiremen t

and rob ot capabilit y comes at the cost of greater demand for computing resources.

Therefore, enabling estimation for adv anced-mobilit y rob ots while reducing the

computational o v erhead is justi�ed practically as w ell as philosophically .
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Chapter 3

T ec hnical Approac h

As stated earlier, the dynamics of rob ot lo comotion are di�cult to mo del accurately ,

whic h complicates the task of estimating the state of mobile rob ots. This problem

can b e addressed b y appro ximating the dynamics with a collection of mo dels that

pro vide a comprehensiv e description of the dynamics when considered as a set,

and are simple to design when considered individually . The accuracy of individual

mo dels v aries with the dynamic situation, as lo comotion dynamics ma y �t one

mo del's description at one time and another mo del's at some other time.

Multiple-mo del (MM) �lters are t ypically used for estimating the state of suc h

systems, but they su�er from accuracy and scalabilit y limitations whic h can mak e

them impractical for mobile rob ot applications. MM systems activ ate their en tire

set of �lters to ev aluate the accuracy of individual �lters, w eigh t their output

according to their accuracy , and consolidate the w eigh ted outputs in to an o v erall

state estimate [11, 55 ]. The computational cost of this approac h increases as the

n um b er of �lters gro ws, and can b ecome prohibitiv e for mobile rob ots b ecause of

limited computational budget. In addition, using simple mo dels reduces the abilit y

of the MM system to correctly ev aluate the �lters' accuracy at high bandwidth,

whic h reduces the accuracy of the consolidated estimates when the dynamics c hange

rapidly . These limitations are describ ed in detail in Chapter 2.

This thesis impro v es the accuracy and scalabilit y of state estimation for h ybrid
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systems b y represen ting in termitten t dynamics with a collection of motion mo dels

and com bining discrete and con tin uous estimation tec hniques to e�cien tly iden tify

whic h mo del is appropriate for estimation. The approac h in tro duces the notion

of c ontext and represen ts the dynamics with a hierarc h y of con texts as follo ws;

dynamic al con texts represen t the dynamics that are describ ed b y one mo del; and

b ehavior al con texts represen t sp eci�c sequences and frequencies of transition among

dynamical con texts. Curren t dynamical and b eha vioral con texts are iden ti�ed

through the classi�cation of data generated b y on b oard sensors. The iden ti�ca-

tion of the dynamical con text determines whic h mo del accurately represen ts the

dynamics. Therefore, b y using classi�cation, this approac h enables the iden ti�ca-

tion of accurate mo dels at a bandwidth comparable to that of the fastest on b oard

sensors. This information helps MM systems ev aluate their �lters' accuracy rapidly

and correctly , thereb y increasing the accuracy of the consolidated state estimates.

On the other hand, the iden ti�cation of the b eha vioral con text enables the deplo y-

men t of m ultiple small scale MM systems to replace the con v en tional monolithic

systems. This reduces the computational requiremen ts of m ultiple mo del �lters

and substan tially impro v es their scalabilit y .

This c hapter describ es the prop osed approac h in detail, including the de�nition of

dynamical and b eha vioral con texts; the iden ti�cation of con texts through classi�-

cation; and the com bined framew ork of con text iden ti�cation and MM �ltering that

impro v es the accuracy and scalabilit y of MM �lters, and adapts them to mobile

rob ot applications.

3.1 Dynamical Con texts

The concept of dynamical con texts is to asso ciate mo dels to the dynamics they

represen t in order to facilitate the iden ti�cation of appropriate mo dels. This is

formalized b y de�ning dynamic al c ontexts as the dynamics that can b e describ ed

b y a single mo del. F or example, consider the to y problem of the b ouncing ball

from Chapter 2, where the ball falls and b ounces rep eatedly on the ground. The
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ball's dynamics can b e represen ted b y �igh t and stance mo dels, so the ball can b e

exp ected to b e in the �igh t or stance con texts at an y giv en time. Th us, the problem

of determining whic h mo del is most accurate reduces to iden tifying the curren t

dynamical con text, as this information sim ultaneously recognizes the dynamics

and the mo del that b est represen ts them.

This form ulation of the problem emphasizes the imp ortance of explicitly recogniz-

ing the dynamics as a means to rapidly iden tifying appropriate �lters in a m ultiple

mo del system and th us generating timely and accurate state estimates. Con v en-

tionally , m ultiple mo del estimators indirectly infer the accuracy of the �lters from

the lik eliho o d of their output. As sho wn in Chapter 2, this leads to dela y ed and

inaccurate assessmen ts of �lter accuracy , particularly when using simple mo dels

and when the dynamics v ary abruptly . In con trast, inferring mo del accuracy di-

rectly from observ ations of the dynamics can b e fast and accurate. This is b ecause

the classi�cation to ols used to iden tify the con texts can ha v e a high con v ergence

rate. On one hand, statistical classi�cation is indep enden t of the mo dels used b y

the MM �lters, so they are not constrained b y considerations of design tractabilit y

and can incorp orate sensor information discarded b y MM �lters. On the other

hand, the design �exibilit y of classi�cation tec hniques facilitates the extraction of

sensor information that the designer deems most relev an t to the iden ti�cation of

the con text. This means that classi�cation to ols can b e adapted to mobile rob ots

to maximize the bandwidth and accuracy of con text iden ti�cation.

Related con text-based approac hes can b e found in the visual classi�cation com-

m unit y , where a priori kno wledge of the surroundings (con text) is exploited to

facilitate the recognition of ob jects in a scene [82 ]. Similarly , dynamical con texts

enco de a priori kno wledge of the dynamics that is exploited to facilitate the iden ti�-

cation of appropriate �lters. The prop osed to ol for enco ding that prior kno wledge

is classi�cation, whic h builds statistical mo dels of on b oard sensor measuremen ts

and thereb y enables rapid iden ti�cation of dynamical con texts, as describ ed in the

next section.
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3.1.1 Iden ti�cation of dynamical con texts

The approac h to con text iden ti�cation is based on the observ ation that since lo-

comotion dynamics strongly a�ect the signal of on b oard sensors, analyzing that

signal w ould pro vide information ab out the dynamics themselv es. F rom there, the

approac h calls for constructing statistical mo dels that map sensor measuremen ts to

the dynamics that induced these measuremen ts and hence to their corresp onding

mo del. Suc h statistical mo dels consist of sets in the sensor space

1

, eac h formed b y

clustering measuremen ts generated while the system op erates in one of its dynam-

ical con texts. F or real-w orld systems that are more complex than the b ouncing

ball, the clustering is p erformed b y op erating that system in a con trolled en viron-

men t, where the dynamics are steady and can b e appropriately represen ted b y their

corresp onding motion mo dels. The measuremen ts generated b y on b oard sensors

are then clustered in to sets lab eled after the di�eren t dynamical con texts. This

w a y , eac h set of measuremen ts corresp onds to a unique dynamical con text whose

dynamics are kno wn to b e accurately represen ted b y an a v ailable mo del. With this

setup, dynamical con texts are iden ti�ed whenev er measuremen ts can b e classi�ed

in one of the sets. Th us constructing the classes is done o�ine and ma y require

some e�ort, but the classi�cation itself is computationally inexp ensiv e and can b e

p erformed in real time while the system op erates in the �eld.

This concept can b e clari�ed with the help of the same b ouncing ball problem,

where it is assumed that a noisy sensor on b oard the ball can measure its heigh t at

all times. During the stance phase of the b ounce, the ball's elastic b o dy compresses

and the heigh t sensor outputs v alues that are lo w er than the ball's rest heigh t.

During �igh t, the sensor rep orts altitudes that are greater than the rest heigh t.

Th us, heigh t measuremen ts can b e clustered in to t w o groups, one with v alues lo w er

and the other with v alues greater than the ball's heigh t at rest. With this setup, a

single measuremen t of the heigh t enables the immediate iden ti�cation of the �igh t

and stance con texts through its classi�cation in one of the t w o sets, as sho wn in

1

A sensor space is the space of all p ossible measuremen ts.
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Figure 3.1: Represen tation of the b ouncing ball's dynamical con texts. When the

heigh t measuremen ts z indicate that the ball is higher than its rest heigh t z0 , the

ball is classi�ed in the �igh t con text. Con v ersely , heigh t measuremen ts that are

lo w er than the rest length classify the ball in the stance con texts.

Figure 3.1. In addition to the t w o con texts, the �gure illustrates an in termediary

unkno wn con text, that expresses the inabilit y to classify the ball with certain t y

around the rest heigh t b ecause of sensor noise. A practical illustration of this

approac h is pro vided in Chapter 4.

Con text iden ti�cation could b e implemen ted using di�eren t statistical classi�cation

metho ds from clustering. F or instance, Lenser prop oses a non-parametric time-

series approac h to recognize discrete elemen ts of the rob ot's surroundings, suc h

as the t yp e of terrain tra v ersed, from on b oard sensors [39 , 40 ]. The tec hnique

consists of learning statistical correlations b et w een pairs of consecutiv e data p oin ts

and a giv en en vironmen tal feature (e.g. t yp e of terrain), and using suc h statistical

mo dels to classify curren t pairs of data p oin ts [39 ]. This approac h could b e used

to mo del lo comotion dynamics, but since these dynamics v ary with time, it w ould

b e di�cult to obtain training sets large enough to construct accurate statistical

mo dels. In con trast, the approac h prop osed in this thesis enables the explicit

enco ding of designer kno wledge of the dynamics in to the classi�cation (suc h as

recognizing that measuremen ts of elev ated altitude are indicativ e of �igh t), whic h

reduces the need for large training sets. In other w ords, this approac h is simpler

to implemen t while pro viding all necessary functionalit y for pro ving the concept of

con text iden ti�cation. Researc h in to adapting leading classi�cation tec hniques to
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dynamical systems suc h as mobile rob ots is left for future w ork.

3.1.2 Impact on MM state estimation

MM systems estimate the accuracy of eac h �lter from the lik eliho o d of its output,

and w eigh all individual outputs according to their accuracy to generate consol-

idated state estimates. As stated in Section 2.3.3, the accuracy of these consol-

idated estimates decreases when the individual �lters' lik eliho o ds are estimated

incorrectly . F ortunately , iden tifying the curren t dynamical con text pro vides infor-

mation ab out mo del accuracy indep enden tly from �lter lik eliho o ds. This means

that con text iden ti�cation can help MM �lters assign appropriate w eigh ts to the

individual estimates, ev en if their lik eliho o d estimates are incorrect.

Assigning appropriate w eigh ts to individual �lters can b e done b y mo difying the

parameters of the MM algorithm online. F or the GPB2 describ ed in Algorithm 2

on page 34, (2.5) sho ws that the w eigh ts Probi;j are a function of the transition

probabilities Ti;j , the output lik eliho o ds pi;j and the previous w eigh ts Probj . Of

these terms, only Ti;j is a parameter set b y the designer; it can therefore b e mo di�ed

to a�ect the desired c hanges in Probi;j . If the system op eration is classi�ed as b eing

in con text i , then mo del i and its corresp onding �lter are kno wn to b e appropriate

and the other �lters inappropriate, as di�eren t mo dels are assumed to describ e

distinct dynamics. Th us, assigning non-zero w eigh ts to the other �lters incorp orates

kno wingly inaccurate estimates to the consolidated output, whic h decreases its

accuracy . This thesis a v oids this problem b y setting the transition probabilities

from an y �lter to �lter i equal to one, and to all other �lters equal to zero. This

leads to the maximal w eigh t of one b eing assigned to the output of �lter i , and

exactly zero to all other �lters. Th us, b y mo difying Ti;j based on whic h dynamical

con text is iden ti�ed, the GPB2 is essen tially reduced to a single-�lter system, where

the �lter corresp onds to the curren t dynamical con text.

Before examining the tec hnical details of this approac h in Section 3.1.3, it helps

to see ho w it w ould apply to the b ouncing ball problem. The task is to estimate
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the ball's heigh t b y using �igh t and stance mo dels, and noisy data pro vided b y

the heigh t sensor. This is a t w o-con text system, so a GPB2 w ould spa wn four

�lters, along the lines of Figure 2.2, and w eigh the output of these �lters. A t

eac h iteration, the w eigh ted outputs can b e consolidated in to a b est estimate of

the state. If the heigh t measuremen ts are higher than the ball's rest heigh t, they

w ould b e classi�ed in to the �igh t con text, and the con text-based GPB2 transition

probabilities mo di�ed so that transitioning in to the �igh t �lter has a probabilit y

of one. This w a y , the o v erall state estimate is that of the �igh t �lter, whose

mo del correctly represen ts the dynamics of the ball while airb orne. If the GPB2

w as left to its o wn device and computed non-zero w eigh ts to the outputs of the

other �lters, then the con tribution of these outputs to the consolidated estimate

w ould necessarily reduce its accuracy . The results of this approac h are pro vided in

Chapter 4.

It is w orth noting at this p oin t that since the con text-based GPB2 relies on a single

�lter when the con text is iden ti�ed, all other �lters can b e deactiv ated without loss

of accuracy . Without con text iden ti�cation, MM �lters need to run the en tire bank

of �lters in order to generate com bined estimates. Here, when the dynamics c hange,

the con texts switc h accordingly , whic h triggers the activ ation of a new �lter and

deactiv ation of an old one. This reduces the computational o v erhead of m ultiple

mo del �lters and enhances their scalabilit y .

Naturally , this approac h w ould lead to erroneous results if the wrong dynamical

con text is iden ti�ed. This risk is mitigated in three w a ys. First, during the con-

struction of con text-sp eci�c sets of measuremen ts in sensor space, care should b e

tak en to ensure that sets whic h corresp ond to di�eren t con texts are distinct from

one another. T o that e�ect, the designer w ould construct the sets from sensor data

that are as relev an t to the dynamics as p ossible, so that measuremen ts a�ected

b y di�eren t dynamics w ould naturally cluster in distinct sets. Ha ving distinct sets

reduces the risk of misclassifying measuremen ts that are corrupted b y sensor noise.

Second, robustness to sensor noise is further enhanced b y constructing the sets from

data generated b y m ultiple sensors, eac h based on di�eren t ph ysical principles (fol-



50

lo wing the guidelines of Sc heding [66]). Suc h redundancy prev en ts acciden tal faults

in one sensor from leading to con text misiden ti�cation. Last, the risk of misiden ti�-

cation is further reduced b y iden tifying the system's b eha vior and v erifying that the

iden ti�ed dynamical con text b elongs to that b eha vior. This can b e done through

the iden ti�cation of the b eha vioral con text, whic h is detailed in Section 3.2. This

v eri�cation step enables estimation systems to reject false p ositiv es generated b y

sensor data classi�cation.

3.1.3 T ec hnical Approac h

Con text information is incorp orated in to the GPB2 b y c hanging the transition

probabilities ( Ti;j ) in Algorithm 2 as a function of the mo de. If mo de i corresp onds

to the iden ti�ed con text and mo de j represen ts all other mo des, then set Ti;j =

Ti;i = 1 and Tj;i = Tj;j = 0 . This means that transitioning in to the iden ti�ed mo de

and sta ying in it has a probabilit y of one, and transitioning in to a wrong mo de and

sta ying in it has a probabilit y of zero. As exp ected, this pro duces Probi = 1 and

Probj = 0 .

As a consequence of this strategy , the b est state estimate generated b y the GPB2

is equal to the state estimate of the accurate individual �lter; i.e. z = zi = zi;i .

This formalizes the observ ation that once the system is in the iden ti�ed mo de, it

is exp ected to remain in it un til a c hange of con text is detected. In other w ords,

the only v alid h yp othesis is (i t ; i t � 1) , and the output of the �lter corresp onding

to mo de i constitutes the sole output of the GPB2. By ignoring the con tribution

of inaccurate mo de states, the accuracy of the consolidated state is not decreased

unnecessarily . Signi�can tly , ignored �lters do not ha v e to b e activ ated as they no

longer impact state estimates. This can b e done simply b y setting z = zi = zi;i ,

thereb y explicitly ignoring inaccurate �lters. Th us, when the dynamical con text

is iden ti�ed, m ultiple mo del �lters are e�ectiv ely reduced to a single-mo del �lter,

where the iden tit y of the mo del is sp eci�ed b y the dynamical con text.

In situations where the dynamical con text cannot b e iden ti�ed, suc h as during



51

transitions b et w een dynamical con texts within a single b eha vioral con text, the

transition probabilities are restored to their nominal v alue, all �lters are reactiv ated,

and the GPB2 resumes normal op eration.

Algorithm 3 giv es a step-b y-step description of the pro cedure for the t w o-mo de

problem, with F and S standing for �igh t and stance mo des, resp ectiv ely . Line 2

of the algorithm corresp onds to situations where the dynamical con text, and hence

the mo de, is iden ti�ed. T ransitions to that mo de are set to one, and transitions

out of the mo de to zero. The GPB2 output is no w strictly the output zii of the

individual f ilter i (zi ) corresp onding to the iden ti�ed mo de.

Line 7 corresp onds to the situation where the dynamical mo de cannot b e iden ti�ed.

The individual �lter v ariables (states and co v ariances) are reset to the last estimates

to prop erly initialize the nominal op eration of the GPB2. As for the transition

probabilities, they are no w a function of the state of the system, an example of

whic h is pro vided in Chapter 5. Setting transition probabilities as a function of

state impro v es the accuracy of the GPB2, as it enco des information ab out the

dynamics that the GPB2 algorithm w ould b e unable to capture from its mo del set.

Lines 17 through 25 are the statemen ts that p erform the selectiv e activ ation of the

appropriate �lters.

3.1.4 Consequence of inabilit y to iden tify dynamical con texts

So far, this approac h ensures that, whenev er the system's dynamical con text is

iden ti�ed, the con text-based MM estimator only trusts the mo del that corresp onds

to the con text. What happ ens, then, if the classi�cation fails to iden tify an y

con text? The answ er dep ends on the cause of the failure, whic h can b e one of

t w o p ossibilities. The �rst is that the system is transitioning from one con text to

another (e.g. touc hing do wn or lifting o�, for the jogging ball), and in the pro cess

exhibiting transien t dynamics that are not appropriately represen ted b y an y of the

a v ailable mo dels. As the system transitions b et w een con texts, one �lter gradually

loses accuracy while another gains accuracy . Therefore, a reasonably accurate state
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Algorithm 3 GPB2 Mo di�cations

1. for i 2 {F,S}, j = i { 17. for i 2 {F,S}, j = i {

2. if (iden ti�ed mo de = i ) { 18. if ( f lag i ) {

3. Ti;j = Ti;i = 1 19. up date f ilter i (zi )

4. Tj;i = Tj;j = 0 20. if ( f lag j ) {

5. z = zi = zii 21. up date f ilter i (zj )

6. f lag i = T; f lag j = F }

} }

} 22. if ( f lag j ) {

7. if (no mo de iden ti�ed) { 23. up date f ilter j (zj )

8. for i 2 {F,S}, j = i { 24. if ( f lag i ) {

9. if { f lag i = F g{ 25. up date f ilter j (zi )

10. zi = zj j }

11. Pi = Pj j }

} }

}

12. f lag F = f lag S = T Execute Algorithm 2

13. if ( _z < 0) { i = S; j = F } Iterate

14. else{ i = F; j = S }

15. Ti;j = 0 :7; Tj;j = 0 :3

16. Ti;i = 1; Tj;i = 0

}
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estimate w ould b e formed b y consolidating estimates of these �lters w eigh ted b y

their relativ e lik eliho o d, whic h can b e done with the GPB2. Th us, during con text

transitions, the strategy is to restore the transition probabilities to their a priori

v alues, activ ate all �lters and allo w the GPB2 to reco v er its full functionalit y .

The second p ossibilit y is that the dynamics are not transitioning b et w een t w o con-

texts, but rather ha v e c hanged en tirely and are no longer describ ed b y the mo dels

at hand. An example w ould b e a mobile rob ot that executes a sp eci�c gait and

suddenly collides with an obstacle. The large dynamics that result from the colli-

sion are lik ely to cause the rob ot to exit all its dynamical con texts. Therefore, the

estimation strategy here w ould b e to a v oid using an y of the a v ailable mo dels, since

relying on kno wingly inaccurate mo dels can lead to the failure of state estimation.

The c hallenge raised here is ho w to disam biguate b et w een the t w o p ossibilities,

namely whether the departure from dynamical con texts is merely due to a tran-

sition among con texts or rather to a fundamen tal c hange of the dynamics. This

c hallenge can b e addressed b y iden tifying the b eha vioral con text, as discussed next.

3.2 Beha vioral Con texts

Bey ond detecting whether a system is in a particular dynamical con text, it is

imp ortan t to understand whether the dynamics are transitioning the rob ot from

one con text to another, in order to decide whic h MM system to use. This can

b e done b y constructing b ehavior al c ontexts to represen t sp eci�c sequences and

frequencies of transition among sp eci�c dynamical con texts. Di�eren t b eha vioral

con texts ma y represen t di�eren t dynamical con texts, or the same con texts but

with di�eren t transition sequences or rates. Similarly to the dynamical con text

case, b eha vioral con texts can b e iden ti�ed from classi�cation of sensor data. If a

system's b eha vioral con text is iden ti�ed, then the dynamics are exp ected to induce

transitions among sp eci�c dynamical con texts, and a m ultiple mo del estimator can

b e used to estimate the state during con text transitions. Con v ersely , if neither the

dynamical nor the b eha vioral con text can b e iden ti�ed, then the rob ot is op erating
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in an unkno wn (and hence unmo deled) mo de and estimation should not rely on

an y of the a v ailable mo dels.

T o illustrate this concept, consider a h ybrid system with t w o dynamical con texts,

D1 and D2. If the system alternates these dynamical con texts at a sp eci�c rates,

then a b eha vioral con text B represen ts D1 and D2 and the rate of transition b et w een

them. This w a y , whenev er the con text B is iden ti�ed, a m ultiple mo del system can

accurately rely on the com bination of mo dels for the D1 and D2 con texts, ev en

during transitions when the dynamical con text cannot b e iden ti�ed. If the system

w ere to b e sub jected to signi�can t disturbances, the b eha vioral con text B w ould

no longer b e iden ti�ed, and the estimation system w ould appropriately a v oid using

the D1-D2 �lters. Th us, b eha vioral con texts enable comm unication of high-lev el

information to the estimation system. Without this to ol, the D1-D2 �ltering system

w ould b e used all the time, ev en when the mo dels do not represen t the dynamics,

with the consequence of generating inaccurate estimates.

This approac h applies principally to h ybrid systems with cyclical dynamics. The

rep etitiv e nature of the dynamics enables b eha vioral con texts to iden tify the sp eci�c

dynamical con texts asso ciated to eac h b eha vior. Cyclical dynamics also induce

structure in the sensor signal, and this structure can b e exploited to iden tify the

b eha vioral con text itself.

More precisely , h ybrid lo comotion dynamics induce spatial and temp oral structure

in the signal generated b y on b oard sensors. In a sense, the structure of the signal

can b e considered as a signature of the dynamics, with di�eren t structures assumed

to corresp ond to di�eren t dynamic b eha viors. This suggests that a reasonable ap-

proac h to iden tifying b eha vioral con texts is to recognize sp eci�c structures in the

signal and relate them to the dynamics that induced them and to their asso ciated

b eha vioral con text. This approac h is similar to the iden ti�cation of dynamical

con texts in that in b oth cases, information ab out the dynamics is extracted from

sensor data. Ho w ev er, the approac hes di�er in the t yp e of information required.

Dynamical con texts can b e iden ti�ed through the classi�cation of instan taneous
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measuremen ts; i.e. they do not require the accum ulation of data o v er time. In con-

trast, b eha vioral con texts represen t a sequence of dynamical con texts and therefore

require the observ ation of sensor data o v er time in order to detect these sequences.

T o b etter understand this concept, consider again the h ybrid system with the

dynamical con texts D1 and D2. F ollo wing the approac h describ ed earlier, b oth

con texts can b e iden ti�ed b y classifying data generated b y on b oard sensors in to

sets of measuremen ts that corresp ond to D1 and D2. No w in order to iden tify the

b eha vioral con text B, the system should transition from D1 to D2 and bac k. Th us,

con text B w ould b e iden ti�ed if the measuremen ts follo w a pattern that oscillates

b et w een the D1 and D2 measuremen t sets. This pattern constitutes the spatial

structure of the signal.

T o increase the accuracy of the iden ti�cation, the temp oral comp onen t can b e tak en

in to consideration, b y measuring the amoun t of time the system dw ells in eac h of the

dynamical con texts. The accuracy of the iden ti�cation can b e increased b y v erifying

that the dw elling time falls within a sp eci�c range determined in a lab oratory

en vironmen t. T emp oral analysis can lead to another lev el of precision; it could

di�eren tiate b et w een b eha vioral con texts that share the same spatial structure

but can b e disam biguated through their temp oral structure. F or instance, if the

system of in terest is a legged rob ot, the jogging and running con texts generate

the same spatial structure as b oth alternate �igh t and stance con texts, but they

do so at di�eren t rates,. This leads to distinct p erio ds of oscillation that can b e

detected through temp oral analysis. Th us, the amoun t of information required

for iden tifying a b eha vioral con text is larger than what is necessary for dynamical

con texts, and the classi�cation tec hnique is corresp ondingly more elab orate.

The details of this tec hnique are presen ted in the follo wing three subsections, whic h

describ e the conceptual and tec hnical approac hes and pro vide a brief o v erview of

related w ork.
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3.2.1 Conceptual approac h

F or rob otics systems, b eha vioral con texts corresp ond to lo comotion dynamics that

induce switc hing among m ultiple dynamical con texts. In other w ords, b eha vioral

con texts represen t dynamics that are describ ed b y more than one mo del, with

individual mo dels gaining and losing accuracy in a sp eci�c sequence and at sp eci�c

rates. This de�nition means that b eha vioral con texts should not b e equated with

the b eha viors themselv es; rather, they iden tify the sp eci�c dynamics of a b eha vior

that can b e represen ted with the a v ailable mo dels. The same b eha vior ma y exhibit

other dynamics that are not mo deled, and these dynamics w ould not b e part of

the b eha vioral con text.

T o recognize the dynamics that are mo deled and thereb y iden tify a system's b e-

ha vioral con text, this thesis com bines probabilistic and deterministic discrete-state

estimation metho ds. The probabilistic comp onen t, based on hidden Mark o v mo d-

els, seeks to recognize sp atial structure in a stream of sensor measuremen ts; i.e. it

extracts sym b ols from the data stream, some of whic h corresp onding to dynamical

con texts, and trac ks these sym b ols o v er time to iden tify the sequence in whic h

they o ccur. The deterministic comp onen t, based on timed automata, recognizes

the data stream's temp or al structure b y capturing the rate of transition among the

sym b ols. Th us, b y iden tifying the sequence and rate of transition among sym b ols in

a data stream, this approac h determines the sequence and rate of transition among

dynamical con texts, whic h enables the iden ti�cation of the b eha vioral con text.

More precisely , the sp atial structure of a stream of data p oin ts is de�ned as the

sequence of transition among salien t p oin ts, or sym b ols, in that stream, and the

temp or al structure is de�ned as the rate of transition among those sym b ols. The

assumption here is that di�eren t dynamics induce distinct spatial and/or temp oral

structure in sensor data, so that recognizing the structure iden ti�es the dynam-

ics. This discrete, sequen tial de�nition of structure (rather than, sa y , a sp ectral

de�nition), enables the designer to c ho ose sym b ols that corresp ond to dynamical

con texts, whic h enables the sim ultaneous iden ti�cation of the b eha vioral and dy-
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namical con texts. Naturally , since this approac h requires the pro cessing of sensor

data o v er time, it do es not enable the iden ti�cation of dynamical con texts at a

bandwidth comparable to sensors up date rate. Ho w ev er, pro cessing more sensor

data means that more information is used for the iden ti�cation, whic h increases

its robustness to sensor noise. Therefore, this metho d is a compromise b et w een

bandwidth and accuracy , and can b e used in conjunction with straigh t-forw ard

classi�cation to reduce the risk of false p ositiv es and negativ es.

The other adv an tage of de�ning structure as a sequence of sym b ols is that it sim-

pli�es the mo deling and iden ti�cation of the structure. F or instance, the sequen tial

nature of the sym b ols can b e captured with a Mark o v c hain discrete-state mo del

that represen ts an underlying pro cess whic h outputs these sym b ols. Suc h mo dels

are simple means of represen ting sp eci�c sequences of sym b ols, and form the basis

for discrete-state estimation tec hniques to matc h mo deled sequences with observ ed

sequences. If the matc hing is p ositiv e, then the observ ed structure is recognized

and lab eled after the mo del. With this setup, eac h b eha vior w ould b e represen ted

with one discrete-state mo del, so that recognizing the structure in a data stream

enables the iden ti�cation of the b eha vioral con text.

The discrete-state estimation tec hnique c hosen to iden tify the structure is the hid-

den Mark o v mo del (HMM). This c hoice is motiv ated b y the e�ectiv eness of HMMs

at estimating discrete states while main taining a lo w computational o v erhead. This

adv an tage mak es HMMs the estimation to ol of c hoice for man y applications, suc h

as text parsing and sp eec h recognition. The particular implemen tation of HMMs

presen ted here is designed to detect whether the observ ed sym b ols o ccur in the

sequence predicted b y the discrete-state mo dels.

Ho w ev er, the Mark o v assumption underlying the estimation algorithm prev en ts

the trac king of sym b ols o v er time, so the con text-based framew ork complemen ts

HMMs with timed automata to o v ercome this restriction. As their name suggests,

timed automata capture the temp oral comp onen t of a system, so the com bination

of HMMs and timed automata enable the iden ti�cation of the spatial and temp oral
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structure in a signal, and therefore of the b eha vioral con text.

The tec hnical implemen tation is describ ed next, starting with a discussion of related

w ork.

3.2.2 A brief o v erview of related w ork

As noted ab o v e, the prop osed approac h to iden tifying spatial and temp oral struc-

ture of sensor data uses a com bination of HMMs and timed automata. This section

describ es these tec hniques and dra ws parallels b et w een the problem of iden tifying

b eha vioral con texts and the problem of recognizing sp eec h, since b oth problems

are addressed with similar approac hes. It is w orth noting that hidden Mark o v

mo dels are generativ e pro cesses, as the mo dels describ e a pro cess that generates

discrete observ ations whic h are matc hed to measured observ ations, in the same w a y

Kalman �lters matc h predicted states to observ ed states. It follo ws that the spatial

structure of a signal is not recognized b y iden tifying a sp eci�c sequence of sym b ols

p er sa y , but b y iden tifying a sp eci�c sequence of HMM states that w ould generate

the exp ected sym b ol sequence. This subtle but imp ortan t distinction enables the

di�eren tiation b et w een t w o iden tical sym b ols that are generated b y di�eren t states;

therefore, this prop ert y enables the iden ti�cation of dynamical con texts ev en when

classes o v erlap.

3.2.2.1 Hidden Mark o v mo dels

An HMM is a probabilistic graphical mo del that undergo es transitions among its

N states and generates discrete observ ations. A graphical depiction of a generic

HMM is pro vided in Figure 3.2. State estimation for an HMM is preformed b y

computing a probabilit y distribution � k (i ) o v er its states i , whic h expresses the

probabilit y of the HMM pro cess b eing in eac h of the states (with

P N
i =1 � k (i ) = 1 )

at step k . In broad terms, the probabilit y distribution is computed b y �rst setting

a transition probabilit y among di�eren t states; second setting the probabilit y of
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Figure 3.2: Hidden Mark o v mo dels transition among their discrete states and gen-

erate discrete observ ations.

generating observ ation sym b ols when the system is in eac h state; and last matc h-

ing the generated (predicted) sym b ols with the measured sym b ols to infer � k (i ) .

More precisely , the transition probabilities are describ ed b y aij , expressing the

probabilit y of transitioning from state i at step k � 1 to state j at step k . These

probabilities are set a priori b y the designer and are the discrete-state equiv a-

len t of the prediction step in a Kalman �lter (the State Prediction equation in

Algorithm 1 on page 26). The observ ation probabilities are describ ed b y bj (ok ) ,

the probabilit y of generating the observ ation sym b ol ok if the pro cess is in state

j at step k . Observ ation probabilities are also set b y the designer and are some-

what similar to Kalman's observ ation matrix. Note that transition and observ ation

probabilities can b e tuned man ually , as in this thesis, or learned form lab eled data

[59]. In a w a y , the com bination of transition and observ ation probabilities enables

the HMM to predict the probabilit y distribution o v er the states at ev ery step and

the lik eliho o d of generating eac h observ ation sym b ol. These predictions are then

compared to sym b ols extracted from sensor data and the result is used to up date

the distribution o v er the states, th us ac hieving a �ltering pro cess akin to the up-

date stage of the Kalman �lter. Muc h lik e con tin uous �lters and observ ers, this

prediction/observ ation/up date sequence pro vides HMMs with robustness to sensor

noise.

The implemen tation of the approac h describ ed ab o v e tak es the form of the forwar d

algorithm. A t �rst, the designer parametrizes an initial probabilit y distribution

o v er the HMM states � i = � 1(i ) , where i is the state index, and sp eci�es the state

transition and the observ ation probabilities, aij and bj (ok ) , resp ectiv ely . Then the
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Figure 3.3: Graphical represen tation of transitions among N HMM states.

state probabilit y distribution � k is estimated in a pro cess called inference, whic h

consist of the follo wing recursiv e steps [59 ]:

1. Initialization:

� 1(i ) = � i bi (o1); (3.1)

2. Induction:

� k+1 (j ) =

hP N
j =1 � k(i ) � aij

i
bj (ok+1 )

P N
i =1

nhP N
j =1 � k (i ) � aij

i
bj (ok+1 )

o : (3.2)

As exp ected, the probabilistic nature of HMMs pro vides robustness to sensor noise,

as curren t probabilit y distributions (Equation 3.2) mix observ ation probabilities

bj (ot ) with mo del predictions

P N
j =1 � k (i ) � aij .

Equation 3.2 also illustrates the Mark o v assumption of conditional indep endence,

whereb y curren t distributions dep end only on the distribution at the previous step

and on the curren t observ ation, as illustrated in Figure 3.3. This leads to a ligh t

computational cost of O
�
N 2

�
, but prev en ts the explicit mo deling of the system's

duration in a state or rate of transition among states.
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Figure 3.4: Semi-Mark o v pro cesses explicitly mo del in-state dw elling time.

Since the goal is to capture the temp oral comp onen t of the structure in addition to

its spatial comp onen t, it is w orth examining extensions to the HMM that accom-

mo date time. A w ell kno wn extension are semi-Mark o v pro cesses (SMPs), whic h

capture time b y incorp orating a duration mo del to the computation of transition

probabilities ( aij = f (duration ) ) [56 ]. Unfortunately , SMPs ha v e a high computa-

tional cost so they are rarely used for estimation [37 ], and attempts at lo w ering the

cost come at the exp ense of signi�can tly increased mo del complexit y as compared

to HMMs [10, 87]. Therefore, HMMs are used instead of SMPs, ev en though they

only enable the extraction of the spatial structure of a signal.

Since the spatial structure consists of a sequence of HMM state estimates, it should

b e p ossible to analyze that sequence and infer the temp oral comp onen t of the

structure. Suc h analysis can b e p erformed with timed automata, presen ted next.

3.2.2.2 Finite state automata and timed automata

A �nite state automaton is a deterministic graphical mo del that undergo es input-

triggered transitions among its states and generates discrete observ ations [35]. The

non-probabilistic nature of FSA mak es them brittle in the presence of input noise,

and therefore are inappropriate to ols for estimating the state of systems using

un�ltered sensor data. Ho w ev er, FSA enable lo w-cost state estimation if the input

is not corrupted b y noise. In addition, they can easily incorp orate mec hanisms to

measure the time separating consecutiv e inputs and in-state dw elling time. This

con�guration is referred to as timed automata.
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The task at hand is to analyze the sequence of HMM state estimates to reco v er

temp oral information; these states can b e considered as noise-free input to a timed

automaton, whic h can then extract the temp oral structure of the original signal.

Here, it is imp ortan t to stress that timed automata and HMMs ha v e di�eren t mo d-

els and states. HMMs mo del a pro cess that can generate sym b ols extracted from

a stream of sensor data, whereas timed automata mo del the sequence and dw elling

time of the HMM output. This distinction will b e made clear when the tec hnical

approac h is describ ed in Section 3.2.3 and ev en more so when the framew ork is

implemen ted in Chapter 4.

Th us far, it seems reasonable to exp ect that this t w o-step estimation pro cess w ould

enable the iden ti�cation of the spatial and temp oral comp onen ts of a signal, and

exp erimen tal results demonstrate that this is indeed the case. The merits of this

approac h are underlined b y the fact that similar t w o-step, HMM-based pro cesses

are used in the sp eec h recognition comm unit y [37].

3.2.2.3 Sp eec h Recognition

Muc h lik e the problem of con text iden ti�cation, sp eec h recognition seeks to iden tify

the source of a sound from the structure of the signal. A t ypical tec hnique called

p ostpro cessor duration mo deling treats the sp ectral and temp oral mo deling as t w o

separate, lo osely connected problems [29 ]. The duration in eac h state is mo deled

with, sa y , a Gaussian distribution, and constrained b y an upp er b ound. Sp ectral

estimation is p erformed with HMMs and the duration is computed in a second step

from the sp ectral estimates. The probabilit y distribution of these estimates is then

re-computed, this time taking in to accoun t the duration probabilit y [37 ].

In a similar w a y , the approac h prop osed in this thesis pro ceeds in t w o steps, infer-

ring duration from spatial structure and imp osing upp er b ounds on it, as will b e

sho wn in the next section. Ho w ev er, it do es not explicitly mo del the duration to

simplify this initial implemen tation. Nev ertheless, the timed automata approac h

is amenable to duration mo deling, along the line adv o cated b y the sp eec h recog-
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nition comm unit y . Naturally , HMMs are also amenable to the learning tec hniques

used in sp eec h training. Therefore, there seems to b e p oten tial for adapting sp eec h

tec hnologies to the problem of con text iden ti�cation.

3.2.3 T ec hnical approac h

This section clari�es the approac h to b eha vioral con text iden ti�cation, in tro duced

so far at a high lev el, b y describing its implemen tation with the help of the concep-

tual h ybrid system in tro duced earlier. Here, the system is made somewhat more

complex b y assuming that it has three, not t w o, dynamical con texts, D1, D2 and

D3. Supp ose that the system's in teractions with the en vironmen t result in the force

pro�le of Figure 3.5(a), whic h could b e measured via on b oard force sensors. A t

the b eginning, startup transien ts dominate the dynamics; then steady-state op er-

ation pro duces distinctiv e patterns in the dynamics; and the op eration ends when

dynamic disturbances break the steady-state pattern and the system comes to a

halt.

An examination of the force pro�le suggests that the steady-state dynamics could

b e describ ed with a collection of three simple sin usoidal mo dels, one for the top,

one for the middle, and one for the b ottom regions of the dynamics. Assuming the

existence of suc h mo dels, the dynamics can b e describ ed with the three dynamical

con texts D1, D2 and D3, as in sub�gure (b). In addition, a b eha vioral con text B

can b e de�ned to represen t a sequence of transition among the three dynamical

con texts that is sp eci�c to the stead-state region. Th us, as long as D1, D2 and

D3 follo w eac h other in the exp ected sequence, con text B is iden ti�ed, and when

disturbances mo dify that sequence, the system is no longer in con text B.

The description of the iden ti�cation approac h is carried step-b y-step in the follo w-

ing subsections.
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(b) The b eha vioral con text B correpsonds to a sp eci�c sequence of dy-

namical con texts D1, D2 and D3.

Figure 3.5: F orce pro�le of a conceptual h ybrid system.
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Figure 3.6: Con tin uous measuremen ts of force are discretized in to observ ation sym-

b ols O1, O2 and O3.

3.2.3.1 Hidden Mark o v Mo dels

The �rst step in constructing the framew ork is to discretize the con tin uous force

measuremen ts in to sym b ols that will app ear recurren tly when the system is in

con text B. Figure 3.6 sho ws that suc h sensor sym b ols can b e O1, O2 and O3,

roughly corresp onding to the top, middle and b ottom regions of the force pro�le,

resp ectiv ely .

The second step is to build a Mark o v c hain mo del of a pro cess that could gen-

erate these sensor sym b ols. A �rst mo del ma y con tain the states H, M and L,

represen ting high, medium and lo w forces and generating the sym b ols O1, O2 and

O3, resp ectiv ely (see Figure 3.7(a)). Ho w ev er, a single M state do es not allo w the

di�eren tiation b et w een situations where the system transitions from high to lo w

and lo w to high forces.

This limitation is addressed b y replacing the single state M with t w o states M1

and M2, where M1 corresp onds to transitions from high to lo w forces, and M2

corresp onds to transitions from lo w to high (Figure 3.7(b)). With this setup, the

same sym b ol O2 is generated b y t w o di�eren t states M1 and M2. Disam biguating

these t w o states is made p ossible b y trac king the sequence of sensor sym b ols o v er

time. If O2 app ears after O1, then the system is in M1, and if it app ears after

O3, then it is in M2. This is an example of ho w pro cessing information o v er time,
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as opp osed to instan taneously (as with dynamical con text iden ti�cation), helps

distinguish b et w een t w o HMM states. If the HMM states are c hosen to corresp ond

to dynamical con texts (i.e. H corresp onds to D1, M1 and M2 to D2 and L to D3),

then this system w ould iden tify these con texts ev en if their corresp onding classes

o v erlap.

The third step is to sp ecify HMM parameters as p er Section 3.2.2.1, with the tran-

sition and observ ation probabilities aij and bj (o) designed as to predict observ ation

sym b ols in the exp ected sequence. F or example, aM 2jL = 1 , and aM 2jj = 0 ; 8j 6= L .

This enables the HMM to run the forw ard algorithm (Equation 3.2), pro cess the

sym b ols o extracted from data discretization and infer the probabilit y distribution

� o v er the states.

When the system is op erating in steady state, the observ ed sym b ol sequence is

exp ected to matc h the sequence predicted b y the mo del. Lik ewise, the sequence of

HMM states

2

is exp ected to matc h the state transitions describ ed b y the mo del.

When the dynamics v ary from steady state, the sequence of sym b ols also v aries

from the predictions and leads to out-of-order state sequences. Therefore, v erifying

the order of the state sequence helps recognize the b eha vioral con text.

In order to enable the explicit detection of out-of-order transitions, the HMM

mo del is augmen ted with an error state E, as in Figure 3.7(c). The error state

has lo w-probabilit y , t w o-w a y transitions to all states and all observ ations ha v e

a uniform distribution o v er it. In other w ords, the error state is equally lik ely

to generate all sensor sym b ols. The observ ation probabilities are designed suc h

that the probabilit y of observing a sym b ol conditioned on a state that should not

generate that sym b ol is lo w er than the sym b ol's probabilit y conditioned on the

error state. This means that the lik eliho o d of generating a sp eci�c sym b ol b y the

error state is greater than the probabilit y of generating that same sym b ol b y a state

that should not generate it. F or example, bE (O3) > bH (O3) , where E and H are

2

In this thesis, the sequence of HMM states is de�ned as the sequence of most lik ely states

estimates b y (3.2). A t eac h step, the most lik ely state is argmax 1<i<N (� i ) .
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Figure 3.7: HMM mo dels state transitions and output generation for a simple

system.

the error and high-force states, resp ectiv ely . More generally , bE (ok+1 ) > b j (ok+1 )

if ot+1 is di�eren t from the sym b ol generated b y state j , where j is an index among

the states.

This prop ert y ensures that if the wrong sequence of sensor sym b ols are observ ed,

then the HMM w ould transition to the error state. F or example, assume that

the mo del predicted that the system w ould transition to state j; but the observ ed

sym b ol cannot b e generated b y j . This is an indication that the state sequence is

out of order, so the observ ation probabilities ensure that � E > � j . In other w ords,

the HMM assigns the highest lik eliho o d to the error state E when the sequence of

states is out of order. Th us, whenev er the system is in E, the system is not exp ected

to b e in the b eha vioral con text that corresp onds to the HMM mo del (con text B,

in this case).

3.2.3.2 Finite State Automata

Detecting a single out-of-order transition, suc h as the one describ ed in the pre-

vious section, is su�cien t to recognize that the system is not op erating in the

exp ected b eha vioral con text. Ho w ev er, b eha vioral con texts cannot b e p ositiv ely

iden ti�ed from observing a single transition; instead, the iden ti�cation requires the

observ ation of a sp eci�c sequence of transitions among HMM states. Therefore,

the estimation system needs to observ e sev eral �go o d� (i.e. in-order) consecutiv e

transitions to con�den tly iden tify the b eha vioral con text.
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Unfortunately , the HMM cannot trac k a sequence of transitions for longer than

one time step, b ecause of the Mark o v assumption. This motiv ates the need for a

mec hanism to trac k transitions o v er m ultiple steps and p erform b o okk eeping. One

suc h a mec hanism is a �nite state automaton, a to ol commonly used to estimate

the state of deterministic discrete systems. F or the purp ose of trac king the HMM

states o v er time, a timed automaton can treat the HMM states as inputs that

trigger transitions among FSA states. Figure 3.8 sho ws an example where the FSA

states are represen ted with circles, and the inputs are represen ted with rectangles.

The FSA state structure is organized in p la y ers designed to recognize a correct

sequence of inputs o v er p steps. La y ers are de�ned as follo ws: the �rst la y er con tains

the starting state; the �nal la y er con tains all the state reac hed after p n um b ers of

correct transitions; and in termediate la y ers con tain states reac hed after a n um b er

n of correct transitions, with n < p .

T o see ho w this FSA can iden tify p successful transitions, assume that the initial

input ev en t transitions the automaton from the starting state S to a target state

in the �rst in termediate la y er. Consecutiv e o ccurrences of the same input cause

self transitions, but new inputs that are in order induce transitions from one in-

termediate la y er to the next. After p correct transitions, the automaton reac hes

the �nal la y er and outputs a success �ag iden tifying the b eha vioral con text (`B'

in this case). Once in the �nal la y er, the system can only transition among states

that are in the �nal la y er, unless the inputs are out of order. In other w ords, new

in-order inputs main tain the automaton in the �nal la y er and a �ag is issued at

eac h state transition. A t an y time, if an out-of-order input o ccurs, the automaton

is reset, and a new sequence of p correct transitions is needed to recognize the b e-

ha vioral con text. In summary , success �ags indicate that the HMM outputs follo w

the exp ected sequence, thereb y recognizing the spatial structure of the signal and

iden tifying the b eha vioral con text.

F or this example, the n umerical v alue of p = 3 is a compromise b et w een e�ciency

and robustness, as increasing p reduces false p ositiv es but dela ys con text iden ti�ca-

tion. It is w orth noting that no dela y is in v olv ed in recognizing that the b eha vioral
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(b) Finite State Automaton

Figure 3.8: HMM output suc h as H, M1, L, and M2 from Figure 3.7 serv e as

input (rectangles) that trigger transitions b et w een FSA states (circles), as sho wn in

sub�gure (a). The structure of the FSA is organized in p la y ers in order trac k input

sequences o v er p steps, as sho wn in sub�gure (b). The output �ag `B' indicates

that con text B is iden ti�ed. Reset transitions bac k to S are omitted for clarit y .

con text cannot b e iden ti�ed, an imp ortan t consideration for a v oiding the use of

inappropriate mo dels.

3.2.3.3 Timed Automata

The FSA mo del designed to recognize the spatial structure of the signal can also b e

used to recognize the temp oral structure. The temp oral analysis mec hanism turns

the FSA in to a timed automaton that can capture some temp oral information

b y w a y of measuring the dela ys separating consecutiv e inputs. These dela ys are

measured b y a clo c k reset eac h time the automaton en ters a new state. Since HMM

states corresp ond to automaton inputs, the automaton sim ultaneously measures its

o wn and the HMM state duration.

T emp oral information can b e used as a timeout that triggers a transition out of
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a state if the duration exceeds a prede�ned b ound. It also enables time-sensitiv e

transitions, whereb y the target state is selected as a function of b oth the input

and the duration in the previous state. This is useful, for example, to di�eren tiate

b et w een t w o data sets that share the same spatial structure but ha v e di�eren t

temp oral structures.

3.2.3.4 Discussion

The c hoice of these tec hniques is the result of a compromise b et w een demonstrating

the applicabilit y of signal pro cessing tec hniques to dynamical systems and con tain-

ing the complexit y of the initial implemen tation. F or example, mo del learning and

adaptation tec hniques are left for future w ork, as they are not essen tial to demon-

strating the e�ectiv eness of classi�cation at iden tifying con text. Also, the HMM

output could b e estimated more accurately b y using the Viterbi algorithm, but the

online v ersion of the algorithm is slo w to con v erge [49 ], so the forw ard algorithm is

used instead.

The duration b ounds of the automaton states are man ually computed from fre-

quency of o ccurrence coun ts. Using b ounds w ould seem to lead to brittleness, but

selecting conserv ativ e v alues impro v es robustness to limited temp oral v ariations,

as evidenced b y their successful use in sp eec h recognition and in the exp erimen tal

results presen ted in Chapter 4. Hard b ounds are also desirable for the applica-

tion at hand, as they pro vide appropriate sensitivit y to large temp oral v ariations

generated when the system lea v es a particular b eha vioral con text.

It is w orth recalling that iden tifying the b eha vioral con text is not the same as recog-

nizing the b eha vior itself, as b eha viors generally exhibit a con tin uum of dynamics,

some of whic h p ossibly not describ ed b y a v ailable mo dels. Rather, con text iden ti�-

cation is a tec hnique to determine that the curren t dynamics can b e appro ximated

with sp eci�c mo dels.
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Figure 3.9: The iden ti�cation of a system's b eha vioral con text enables the deplo y-

men t of m ultiple-mo del �lters only when appropriate, whic h in creases estimation

accuracy . Beha vioral con text iden ti�cation also increases estimation scalabilit y b y

replacing large-scale MM systems with a collection of small-scale systems.

3.2.4 Impact on MM estimation

Whereas dynamical con texts determine whic h individual mo del is accurate enough

for state estimation, b eha vioral con texts iden tify whic h mo del set should b e used

b y m ultiple-mo del �lters. In the example ab o v e, an MM system based on the three

mo dels D1, D2 and D3 can b e used as long as the system is kno wn to b e in con text

B, i.e. in steady-state op eration. A t the b eginning and at the end of the op eration,

where disturbances dominate the dynamics, the estimation system should not use

the three-mo del set, thereb y a v oiding kno wingly inappropriate mo dels and reducing

the risk of estimation div ergence. This is explained graphically in Figure 3.9.
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A related adv an tage pro vided b y the iden ti�cation of b eha vioral con texts is that it

signi�can tly impro v es the scalabilit y of MM systems, as Figure 3.9 also illustrates.

The fact that b eha vioral con texts corresp ond to sp eci�c dynamical con texts enables

the deplo ymen t of a collection of limited-scale MM systems, eac h con taining only

�lters that are sp eci�c to one b eha vioral con text. This is in con trast to con v en tional

m ultiple mo del estimation that can only b e implemen ted with a single, large-scale

MM system formed of all a v ailable �lters. In other w ords, if a system has six

dynamical con texts, but the curren t dynamics only induce transitions among t w o

of them, then only a single t w o-con text GPB2 is activ ated. When the b eha vioral

con text c hanges, indicating that di�eren t dynamics a�ect another set of dynamical

con texts, then a new GPB2 sp eci�c to these new con texts is deplo y ed, and the old

GPB2 is deactiv ated. If b eha vioral con texts w ere not used, then all �lters w ould

ha v e to b e activ ated whenev er the system preforms a con text transition.

T o ground this description in an example, supp ose that a ph ysical instan tiation of

the conceptual system describ ed ab o v e is a legged rob ot capable of w alking and

jogging gaits. The rob ot w ould ha v e a n um b er of dynamical con texts; �igh t and

stance con texts for jogging; a w alking con text; and start-up and stopping con texts

that represen t transien t dynamics at the b eginning and end of eac h gait. Con v en-

tional MM �lters w ould require the activ ation of a n um b er of �lters prop ortional

to the total n um b er of dynamical con texts, whic h is computationally exp ensiv e. In

con trast, as the rob ot executes, sa y , a jogging gait, b eha vioral con text iden ti�cation

w ould direct the sequen tial activ ation of the start-up �lter, then of a �igh t/stance

MM �lters, and �nally of the stopping �lter as the rob ot comes to a stop, and nev er

activ ate the w alking �lter. Since the activ ation is sequen tial, the computational

cost of state estimation do es not necessarily increase as the n um b er of con texts

increases, whic h enhances the scalabilit y of MM �ltering sc hemes.

The example of the w alking and jogging rob ot is used in Chapters 4 and 5 to

pro vide further insigh t and demonstrate the v alidit y of these approac hes through

implemen tation details and exp erimen tal results.
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3.3 Design Considerations

Con text-based estimation com bines the con v en tionally separate �elds of �lter de-

sign and pattern recognition, so constructing a con text-based estimation system

requires some kno wledge of b oth �elds. Ho w ev er, a designer can lev erage this the-

sis and literature in eac h of the t w o �elds to design �lters and pattern recognition

to ols and com bine them for accurate estimation.

Con tin uous �lters ha v e long b een in tegral to most comm unication and con trol ap-

plications, so the designer can tak e adv an tage of a w ell do cumen ted b o dy of w ork in

building con tin uous mo dels of dynamical systems and in tuning the parameters of

�lters and observ ers (see for example [52, 53, 4 ]). P attern recognition to o has b een

used and do cumen ted o v er the y ears, and the designer can refer to mac hine learn-

ing literature for insigh t in to the selection of features and the training of classi�ers

(see for example [17 , 24, 19]).

This thesis pro vides example implemen tations of pattern recognition and con tin-

uous �ltering in Chapters 4 and 5. These examples sho w that simple approac hes

to pattern recognition (using HMMs) and to �ltering (using KF s) lead to accu-

rate estimates, whic h suggest that the designer do es not need to acquire in-depth

kno wledge of eac h tec hnique to generate satisfactory results. HMM-based pattern

recognition can b e further simpli�ed b y adopting parameter learning metho ds suc h

as (e.g. Baum-W elc h or Exp ectation Mo di�cation [59 ]), where designer input w ould

b e necessary to lab el training data, but not to sp ecify HMM parameters. It is an-

ticipated that learning w ould also impro v e the accuracy of the pattern recognition,

making it a desirable future extension to the curren t implemen tation.

In short, the designer skills needed to construct a con text-based estimation system

are the same skills needed for con v en tional �ltering and pattern recognition. This

thesis pro vides a framew ork to com bine tec hniques from b oth �elds, with signi�can t

impact on accuracy and scalabilit y but negligible impact on design complexit y .
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3.4 Summary

This con text-based estimation approac h can b e view ed as a departure from con-

v en tional h ybrid estimation. The MM �ltering approac h is based on estimating

the con tin uous state of a h ybrid system �rst and then deriving from it an esti-

mate of the discrete state. This thesis seeks to directly and explicitly estimate

the discrete state and use these estimates to mak e b etter-informed decisions ab out

con tin uous estimation. Since discrete-state estimation can b e computationally in-

exp ensiv e, this approac h accommo dates systems with a large n um b er of discrete

states, in con trast to con v en tional MM �lters. In other w ords, explicitly estimating

the discrete state enables a t w o-step reduction of the computational cost of MM

�ltering; �rst, b eha vioral con texts restrict the size of MM �lters to sp eci�c dynam-

ical con texts a�ected b y the curren t dynamics; second, dynamical con texts reduce

the n um b er of activ ate �lters in the already small MM system to just one.

The impact of iden tifying con texts extends b ey ond state estimation. F or rob otic

applications, con texts pro vide information ab out the dynamics and can therefore

b e used as feedbac k for rob ot con trollers. Beha vioral con texts, in particular, pro-

vide information ab out the aggregate e�ect of the dynamics on the rob ot and can

therefore help con trollers v erify that their input do es indeed pro duce the in tended

b eha vior. This feedbac k information is curren tly binary (a con text is either iden ti-

�ed or not), but the prop osed iden ti�cation tec hniques can b e extended to pro vide

a con tin uous con�dence measure in the iden ti�cation (similarly to Lenser's w ork

[40 ]). Suc h extensions w ould b e used to measure the `qualit y' of a b eha vior, b y

estimating its `distance' from the exp ected b eha vioral con text. This w ould enable

reactiv e con trol, whereb y b eha vior con trollers can con tin uously adjust their param-

eters to impro v e the qualit y of the b eha vior. Suc h extensions are further discussed

in Chapter 6.

It is notew orth y at this p oin t to compare the terminology of dynamical and b eha v-

ioral con texts to the more con v en tional terms of mo des and b eha viors. The state

estimation comm unit y refers to h ybrid systems as m ultimo dal systems, with the



75

idea that di�eren t mo des generate distinct dynamics. The rob ot-con trol comm u-

nit y uses the term b eha vior to refer to the aggregate action of mo de dynamics on

the rob ot b o dy . This w a y , a legged rob ot's jogging b eha vior is comp osed of �igh t

and stance mo des. This thesis adopts a di�eren t terminology to explicitly tie the

dynamics to their mo del, as a means of a v oiding the use of inaccurate mo dels. The

follo wing example demonstrates the subtle but real di�erence. When the legged

rob ot is commanded to initiate a jogging gait, it can b e said to b e executing the

jogging b eha vior. Therefore, one w ould exp ect �igh t/stance �lters to accurately

estimate its state. Ho w ev er, as with most real systems, the gait's start-up phase

is lik ely to b e dominated b y dynamic transien ts that could not b e represen ted b y

either �igh t or stance mo dels. This motiv ates the need for an information pro cess-

ing system suc h as the b eha vioral con text framew ork to determine exactly when

a v ailable mo dels can b e used.
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Chapter 4

Con text Iden ti�cation

The iden ti�cation of a mobile rob ot's dynamical and b eha vioral con texts enables

the selection of appropriate motion mo dels and m ultiple mo del systems for accurate

and scalable state estimation. This c hapter implemen ts the approac h in tro duced

in Chapter 3 in an exp erimen tal setting and pro vides results that demonstrate ho w

discrete-state estimation tec hniques enable rapid and accurate con text iden ti�ca-

tion.

Recall that dynamical con texts corresp ond to lo comotion dynamics that are de-

scrib ed b y a single mo del, so iden tifying the curren t dynamical con text sp eci�es

whic h mo del accurately describ es the dynamics. This enables MM systems to rely

only on individual �lters using accurate mo dels, th us increasing the accuracy of

consolidated state estimates. Dynamical con texts can b e iden ti�ed b y classifying

the data generated b y on b oard sensors in to di�eren t classes, eac h corresp onding

to a sp eci�c dynamical con text. This can b e done as sensor information b ecomes

a v ailable, so dynamical con texts can b e iden ti�ed at a bandwidth similar to that

of on b oard sensors.

Beha vioral con texts are an abstracted represen tation of rob ot b eha viors, as they

corresp ond to transitions among dynamical con texts induced b y the dynamics of

di�eren t b eha viors. Eac h b eha vioral con text corresp onds to a sp eci�c sequence

and rate of transition among a giv en set of dynamical con texts. This abstracted
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represen tation enables the deplo ymen t of m ultiple small-scale MM systems, where

eac h MM system is sp eci�c to one b eha vior. The computational cost of running

a collection of suc h systems is lo w er than the cost of running a single large-scale

MM system that mo dels all b eha viors. Kno wing the curren t b eha vioral con text

allo ws the selectiv e activ ation of the appropriate MM system, th us increasing the

scalabilit y of m ultiple mo del �ltering. T o ensure rapid con text iden ti�cation, this

thesis dev elops a discrete-state estimation approac h to trac k transitions among

dynamical con texts and recognize b eha vioral con texts as so on as sp eci�c sequences

and rates of transition are observ ed.

In con trast to dynamical con texts, the iden ti�cation of b eha vioral con texts requires

classi�cation tec hniques that pro cess information o v er time. As a consequence, the

lion's share of this c hapter is reserv ed to the implemen tation and results of the

discrete-state estimation approac h to b eha vioral con text iden ti�cation. The classi-

�cation approac h to dynamical con text iden ti�cation is describ ed more succinctly ,

although with su�cien t details to form a precise understanding of the approac h.

An in-depth presen tation of the results is left to Chapter 5, where the impact of

classi�cation on state estimation p erformance can clearly demonstrate the b ene�ts

of the framew ork.

The tec hnical description of the con text iden ti�cation approac hes is grounded in

the real-w orld example of a h ybrid system whose complex dynamics complicate the

task of estimating its state with con v en tional tec hniques. The system is a highly

dynamic mobile rob ot, RHex [64 ], that op erates in m ultiple b eha vioral and dynam-

ical con texts. The c hallenge is to estimate RHex's p ose (p osition and orien tation)

in six degrees of freedom

1

using lo w-cost on b oard sensors suc h as accelerometers

while the rob ot executes di�eren t b eha viors. It is w orth emphasizing that the task

consists of estimating the rob ot's state, not in con trolling its b eha vior.

The follo wing sections detail the exp erimen tal setup and describ e the prop osed

tec hniques for con text iden ti�cation. Dynamical con texts are iden ti�ed through

1

Note that in some degrees of freedom RHex has a limited range of motion.
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a straigh t-forw ard classi�cation tec hnique that op erates at high-bandwidth. Be-

ha vioral con texts are iden ti�ed through the deplo ymen t of hidden Mark o v mo d-

els (HMMs) and timed automata. Automata enable the trac king of HMM states

o v er time, whic h HMMs are unable to do, and HMMs �lter sensor noise, whic h

automata are unable to do. This c hapter demonstrates that the com bination of

b oth tec hniques enables the robust iden ti�cation of b eha vioral con texts, and that

the classi�cation approac h enables the iden ti�cation of dynamical con texts at high

bandwidth.

4.1 Simple Mo dels for a Multiple-Beha vior, Hybrid Dy-

namics System: RHex

RHex is a six legged rob ot (Figure 4.1) that can execute a collection of dynamic

b eha viors, including w alking, jogging, running, stair clim bing, �ipping, jumping

and swimming. RHex's v ersatilit y stems from t w o k ey design c haracteristics: the

�rst is that the rob ot con�guration actuates eac h of the six legs indep enden tly , th us

enabling di�eren t leg sync hronization sc hemes that pro duce di�eren t b eha viors; the

second is that the legs are designed to b e complian t, whic h allo ws them to store

and restore energy in the form of elastic deformation, th us enabling energy-e�cien t

lo comotion. Complian t legs are particularly imp ortan t for pro ducing jogging and

running b eha viors whic h alternate �igh t and stance phases akin to animal running.

As the rob ot touc hes do wn after eac h �igh t phase, the impact with the ground is

e�cien tly absorb ed b y the legs, and this energy can b e restored at tak eo� to help

pro duce a new �igh t phase.

T o form a qualitativ e understanding of the dynamics in v olv ed in suc h b eha viors,

the follo wing sections study in detail the dynamics of the jogging and w alking gaits

for RHex. This description seeks to highligh t the c hallenges of state estimation in

the presence of high-order and high-dimension dynamics, and to de�ne the goals

of con text iden ti�cation for this example.
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Figure 4.1: RHex's con�guration features six C-shap ed complian t legs that rotate

around the hip. Di�eren t leg sync hronization sc hemes pro duce di�eren t b eha viors,

suc h as w alking, jogging and stair clim bing.

4.1.1 Dynamical analysis of the jogging b eha vior

In general terms, jogging b eha viors consist of alternating �igh t and stance phases

at a giv en rate. RHex pro duces this b eha vior b y sync hronizing its legs three b y

three, pro ducing an alternating trip o d gait. Eac h trip o d consists of the middle

leg of one side of the rob ot and the fron t and rear legs of the other side. In this

con�guration, the jogging gait is pro duced b y circulating b oth trip o ds around the

hips, suc h that when one is in the air, the other is touc hing the ground, except for

a brief p erio d when b oth trip o ds are in the air during the �igh t phase. The rate of

recirculation and the fraction of the cycle during whic h the trip o ds are in stance

o v er one stride (also kno wn as the dut y cycle) are �ne tuned to enable a sustained

regime of successiv e �igh t and stance phases.

The motion induced b y the jogging b eha vior is complex. A t �rst, it ma y seem

that the �igh t and stance motions a�ect the rob ot only in the sagital plane (along

the v ertical, forw ard, and pitc h axes), since all legs rotate in parallel planes. In

practice, the con�guration of the legs in a trip o d generates motions along the
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remaining three axes as w ell, th us inducing motion along all six dimensions of free

space ( SE(3) ). Recall that the trip o d con�guration mak es the rob ot touc h the

ground with one leg on one side and t w o legs on the other sides. Since all legs ha v e

the same spring constan t, the rob ot has e�ectiv ely a leg sti�ness on one side that

is double the sti�ness on the other side. With an y v ertical motion of the b o dy ,

this sti�ness di�eren tial creates a net momen t around the roll axis that leads to a

roll motion. This momen t also induces left-righ t motion along the lateral axis, as

b o dy roll creates a horizon tal comp onen t of the leg reaction forces. In addition,

the trip o d con�guration creates a force di�eren tial in the forw ard direction, as

the t w o legs on one side generate t wice as m uc h traction as the single leg on the

other side. Since the legs ha v e non-zero torsional compliance, this force di�eren tial

induces rotation around the y a w axis. The direction of motion along the roll, y a w,

and lateral axes dep ends on whic h trip o d is in stance, so alternating the trip o ds

c hanges that direction bac k and forth and creates an oscillating motion.

This brief o v erview sho ws that motions along some axes a�ect motions along other

axes. This means that the motion dynamics are coupled, and that an accurate

motion mo del of the system's cen ter of gra vit y w ould ha v e to span all six dimen-

sions. Suc h a high-dimensional mo del is di�cult to design, and e�orts to date,

particularly in the biomec hanics comm unit y , ha v e made the simplifying assump-

tion that sagital and lateral dynamics can b e mo deled separately . Suc h mo dels

are a lo w er-dimension represen tation of the dynamics, as sagital mo dels t ypically

represen t motions along the forw ard, v ertical and pitc h axes, and lateral mo dels

along the forw ard, lateral and y a w axes.

In the sagital plane, researc h demonstrates that the motion of a jogging animal ap-

pro ximates that of a spring-loaded in v erted p endulum (SLIP) [68], whic h suggests

that RHex's jogging motion could b e mo deled as a SLIP . In realit y , this mo del

do es not accurately represen t RHex's motion b ecause its leg motion pro�les, deter-

mined through tuning, do not matc h SLIP predictions

2

. As a result, undo cumen ted

2

Saranli sho ws that leg motion pro�les could b e activ ely con trolled in a w a y that pro duces

SLIP motion [65 ], an approac h called template anc horing. Ho w ev er, this approac h requires in-
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empirical attempts at using the SLIP mo del to estimate RHex's state ha v e b een un-

successful. In the horizon tal plane, researc h studying six-legged spra wled animals

sho ws that their lateral motion can b e represen ted with a lateral leg spring (LLS)

mo del [67]. Unfortunately , it is unclear ho w RHex can b e con trolled to exhibit LLS

dynamics, so this mo del cannot b e used with a v ailable gaits.

In the absence of mo dels spanning m ultiple dimensions, the mo deling e�ort could

b e further simpli�ed b y assuming that the dynamics are decoupled, and construct-

ing indep enden t mo dels along eac h dimension. This dimensionalit y reduction limits

the o v erall mo del accuracy , as argued in Section 2.1.2. Ho w ev er, when considered

lo cally , suc h mo dels can accurately represen t sp eci�c dynamics o v er a limited p e-

rio d of time. The c hallenge therefore is to detect when eac h mo del is appropriate

for state estimation, whic h is ac hiev ed through the iden ti�cation of the rob ot's

dynamical con text.

T o see ho w lo w-dimensional mo dels can represen t high-dimensional dynamics, it is

necessary to examine the gait's dynamics along eac h dimension. F or clarit y , this

presen tation fo cuses on the dynamics along the v ertical ( z ) and lateral ( x ) axes, to

sho w ho w con text iden ti�cation enables the use of simple mo dels.

4.1.1.1 Dynamics along the z -axis

The acceleration along the z -axis is measured b y on b oard accelerometers and plot-

ted in Figure 4.2. This plot can b e in terpreted through analysis of the jogging

dynamics. When the rob ot is in the �igh t phase, it is go v erned b y the dynamics

of a ballistic pro jectile, where the only force acting on the b o dy is gra vit y . These

dynamics are w ell understo o d and are represen ted with the straigh t-forw ard mo del

•z = � g, where z and g are the v ertical state (heigh t) and the gra vit y acceleration,

resp ectiv ely . The �igh t dynamics are resp onsible for the negativ e accelerations

close to � g ( � 9:8m=s2
) in the plot. The dynamics of stance are more complicated

b ecause they in v olv e leg deformation. As can b e seen in Figure 4.1, the legs are

strumen ting the rob ot with p ose and leg force sensors that are una v ailable on RHex.
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Steady Dynamics
Startup
 Stopping


Figure 4.2: Output of v ertical accelerometer while RHex executes jogging b eha vior .

shap ed lik e a �C�, so the b eam b ending theory could b e used to mo del their defor-

mation in the sagital plane. Y et an ev en simpler mo del represen ts the three legs of

a trip o d with a single linear spring, suc h that the rob ot is mo deled as a mass-spring

system (see Figure 4.3), expressed as •z = � K z (z � z0) =M � g, where K z is the

virtual spring constan t, z0 its rest length and M is the rob ot mass. The accuracy

of b oth mo dels is demonstrated in Chapter 5, where they are used to generate

accurate heigh t estimates.

In summary , the ballistic and spring-mass mo dels describ e the t w o alternating

comp onen ts of the jogging dynamics. T o correctly estimate the heigh t of the rob ot,

an MM estimation system needs to determine precisely when eac h of the mo dels is

appropriate, in order to use the ballistic mo del when the rob ot is in �igh t and the

mass-spring mo del when it is in stance. This highligh ts the imp ortance of rapidly

iden tifying the curren t dynamical con text, as it enables MM systems to select the

correct mo del at high bandwidth.

The �igh t/stance mo del pair accurately describ es the b eha vior of the rob ot as long

as it is e�ectiv ely alternating �igh t and stance phases. This is the case during

steady-state op eration, suc h as b et w een the seconds 1 and 3 in Figure 4.2. Ho w-

ev er, the jogging b eha vior, as an y other b eha vior, also exhibits transien t dynamics,

particularly at the start-up and stopping of the motion, where the rob ot do es not

alternate �igh t and stance phases. During these p erio ds, suc h as b efore second
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Figure 4.3: RHex's v ertical motion can b e mo deled as a virtual mass-spring system.

During stance, the spring compresses and causes the mass to reb ound. In �igh t,

the virtual spring detac hes from the ground and the mass describ es a ballistic

tra jectory .

1 and after second 3, the ballistic and spring-mass system should not b e used,

and the corresp onding MM system should b e replaced with another system using

more appropriate mo dels. Therefore, the abilit y to detect whether the jogging MM

system can b e used is necessary to enable accurate estimation throughout the op-

eration of the rob ot. This motiv ates the dev elopmen t of an information pro cessing

system that iden ti�es the rob ot's b eha vioral con text, thereb y determining whic h

MM system should b e used.

4.1.1.2 Dynamics along the x -axis

RHex's motion along the x -axis is di�eren t from the z-axis motion and should b e

represen ted b y di�eren t motion mo dels. The jogging dynamics along the x -axis are

a�ected b y the alternating �igh t and stance phases, but they are not sub ject to

gra vit y , as the gra vit y v ector is orthogonal to the lateral axis. The details of the

motion can b e understo o d b y examining the lateral acceleration pro�le depicted

in Figure 4.4(a). During steady op eration, the acceleration pro�le exhibits large

p ositiv e and negativ e amplitudes in succession, separated b y p erio ds of near-zero

acceleration (b et w een the horizon tal lines in the �gure). On b oard accelerometers

register near-zero acceleration while the rob ot is airb orne, since no force acts on
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the rob ot along the x-axis during �igh t, and the rob ot simply translates laterally

at constan t v elo cit y . The p ositiv e and negativ e amplitudes corresp ond to the left

and righ t trip o ds b eing in stance successiv ely , and can b e in terpreted as follo ws.

After a �igh t phase, the rob ot touc hes the ground with a net lateral sp eed, whic h

b ends the complian t legs laterally along a forw ard axis passing b y the to es. This

action can b e visualized as a mass (rob ot) leaning against the top of v ertical b eams

(legs) and b ending them, as depicted in Figure 4.5. After the initial de�ection, the

legs restore the rob ot b o dy bac k to the cen terline, just in time to undergo a new

�igh t phase. This bac k-and-forth motion explains the pattern of the acceleration

measuremen ts; the increase in amplitude is due to the initial de�ection of the legs,

up to the extremal acceleration p oin t after whic h the amplitude decreases as the

legs return to their original p osition.

As with the v ertical case, this sw a ying motion can b e represen ted with a virtual

mass-spring system. The parameters of the system can b e designed to output

acceleration pro�les similar to the large-amplitude stance accelerations, as sho wn

in Figure 4.4(b). Here, �igh t dynamics are simply represen ted with a constan t

v elo cit y mo del, to b e used b et w een consecutiv e stances. Th us, the steady-state

dynamics are represen ted b y a com bination of mass-spring and a constan t v elo cit y

mo dels:

•x =

8
<

:

0; constan t v elo cit y ,

K x (x � x0) =M; mass-spring system ;

where the state x is lateral p osition, and K x and x0 are the spring constan t and

rest length of the virtual lateral spring, resp ectiv ely . Since these mo dels are to b e

used in successiv e order, the abilit y to iden tify the dynamical con text in order to

determine when to use eac h mo del is paramoun t.

Figure 4.4(b) also sho ws that start-up and stopping dynamics are dominated b y

transien ts that are di�cult to mo del. This means that the mo del is a go o d appro x-

imation of the steady dynamics, but b ecomes inaccurate in the presence of starting

and stopping dynamics. Therefore here to o, kno wing the rob ot's b eha vioral con text

determines when the dynamics can b e represen ted with the mass-spring/constan t
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(a) The jogging gait induces p ositiv e and negativ e amplitudes duting left

and righ t stances, and p erio ds of near-zero accelerations during �igh t (region

con tained b et w een horizon tal lines).

Steady
Startup Dynamics
 Stopping Dynamics


(b) Predicted acceleration matc hes observ ed acceleration during steady b e-

ha vior. The mo del is inaccurate during startup and stopping phases.

Figure 4.4: Output of lateral accelerometer while RHex executes jogging b eha vior.

The jogging gait induces p ositiv e and negativ e amplitudes during left and righ t

trip o d stances, and p erio ds of near-zero accelerations during �igh t.
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Figure 4.5: RHex's lateral motion can b e mo deled as a mass leaning against a

v ertical elastic b eam.

v elo cit y mo dels and when these mo dels should not b e used for state estimation.

Before lea ving this discussion, it is w orth noting that the �structure� of the jogging

gait (i.e. recirculating trip o ds, alternating �igh t and stance, etc.) is the same as

the structure of the running gait. The only di�erence is that the gait parameters

are tuned for maxim um lo comotion e�ciency for jogging, and for maxim um sp eed

for running, whic h leads to di�eren t leg motion pro�les. It follo ws that the ab o v e

analysis of jogging dynamics is equally v alid for running, and can b e used to dev elop

similar lo w-dimensional mo dels for running.

4.1.2 Dynamical analysis of the w alking b eha vior

W alking dynamics di�er from the dynamics of jogging in that successiv e trip o d

stances are not separated b y a �igh t phase. Instead, b oth trip o ds brie�y o v erlap in

stance, with one trip o d lifting o� a momen t after the other trip o d touc hes do wn.

The p erio dic leg recirculation generates oscillatory motion in the sagital plane,

but motions in the lateral plane are less pronounced than with jogging. This is

due to a lo w er rate of leg recirculation that generates smaller forces, and to the

fact that ha ving all six legs o v erlap reduces force di�eren tials, whic h limits lateral

motions. Therefore, the dynamical analysis will fo cus on the motion along the

v ertical dimension, as it is more a�ected b y the lo comotion forces than the other

dimensions.
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It is w orth recalling that the purp ose this analysis is not to con trol the rob ot in a

w a y that mak es it exhibit dynamics similar to simple mo dels. Instead, the problem

is to �nd simple mo dels that accurately describ es the dynamics that result from

con trol la ws dev elop ed b y indep enden t tuning of gait parameters. The tuning seeks

to optimize either energy e�ciency or sp eed of lo comotion, but do es not attempt

to generate simple-to-represen t dynamics.

The v ertical acceleration measured b y the on b oard accelerometer and displa y ed

in Figure 4.6(a) exhibits a pattern of successiv e small and large amplitudes. The

impulse at the b eginning of one cycle of small and large oscillations is generated b y

a trip o d con tacting the ground at the end of recirculation, seen in one instance at

p oin t `a' in the plot. Bet w een the momen t of con tact and when the other trip o d lifts

o�, all six legs touc h the ground so the rob ot can b e considered as a mass-spring-

damp er system attac hed to the ground with six springs. In this con�guration, the

impulse generated b y the con tact translates in to a v ertical force that acts on the

mass, and the six springs dictate the small amplitude and p erio d of the resp onse.

A t p oin t `b', the other trip o d lifts o�, reducing the n um b er of springs from six to

three. The result is a mass-spring-damp er system with half the spring constan t,

whic h explains the larger amplitude of oscillation in the second half of the cycle.

A t p oin t `c', the recirculating trip o d mak es con tact with the ground and the cycle

rep eats.

As the dynamical description suggests, it is p ossible to represen t the v ertical w alk-

ing dynamics with t w o mass-spring-damp er mo dels used in successiv e order:

•z =

8
<

:

� K z;2 (z � z0;2) =M � (D2=M ) _z � g; t w o-trip o d stance,

� K z;1 (z � z0;1) =M � (D1=M ) _z � g; one-trip o d stance,

where K z;1 , D1 , z0;1 and K z;2 , D2 , z0;2 are the virtual spring constan t, damping

co e�cien ts, and rest lengths for one trip o d in stance and t w o trip o ds in stance,

resp ectiv ely . Generally , K z;2 = K z;1=2, D1 = D2=2.

Kno wing when to use eac h mo del is necessary for accurate state estimation, and

the next sections explore a metho dology for iden tifying the dynamical con text for
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that purp ose. In addition, and similarly to jogging, the gait generates transien t

dynamics at the b eginning and at the end of the b eha vior that are not mo deled

accurately . Figure 4.6(b) sho ws that the predictions of these mo dels compare fa v or-

ably with steady state accelerations, but not during transition phases. Therefore,

the w alking mo dels should only b e used when the rob ot op erates in steady state,

whic h can b e detected through the iden ti�cation of the b eha vioral con text.

4.2 Iden ti�cation of Dynamical Con texts

The ab o v e dynamical analysis of RHex's b eha viors emphasizes the need to recognize

dynamics that can b e accurately represen ted with a v ailable mo dels. This thesis

dev elops a classi�cation approac h to iden tify the rob ot's dynamical con text.

4.2.1 Approac h

Kno wledge of the dynamical con text enables the iden ti�cation of the mo del that

b est represen ts curren t dynamics. In the case of RHex, kno wing whic h mo del

accurately represen ts curren t dynamics w ould allo w an estimation system to c ho ose,

sa y , b et w een the �igh t and the stance mo dels as the the rob ot alternates b et w een

the t w o mo des. This information is then used to mo dify the op eration of a m ultiple

mo del system (suc h as a GPB2 based on these t w o mo dels) to only activ ate the

�lter based on the appropriate mo del, th us reducing the system's computational

requiremen ts.

Since the t w o phases alternate rapidly , it is necessary to iden tify the dynami-

cal con text equally rapidly . Recall from Chapter 3 that rapid iden ti�cation can

b e ac hiev ed b y deplo ying classi�ers designed to recognize dynamical con texts at

a bandwidth similar to that of on b oard sensors. The approac h is based on the

observ ation that lo comotion dynamics a�ect the output of on b oard sensors, so rec-

ognizing that output enables the iden ti�cation of the dynamics. This can b e done

b y constructing classes of sensor data generated when the rob ot op erates in dif-
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(a) V ertical accleration of w alking gait. The large and small amplitudes

correpsond to stances of three and six legs, resp ectiv ely .
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(b) Mo del predictions appro ximate observ ed accelerations during steady op-

eration.

Figure 4.6: Output of v ertical accelerometer while RHex executes w alking b eha v-

ior. T rip o d touc hdo wns generate impulse forces that induce sustained oscillatory

motions.
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feren t dynamical con texts. Eac h class is formed of measuremen ts tak en while the

rob ot exhibits sp eci�c dynamics, so if future measuremen ts are classi�ed in one

of these classes, then the corresp onding dynamics are iden ti�ed. The last piece of

this setup is to asso ciate a motion mo del to eac h class, suc h that the mo del is an

appropriate represen tation of the dynamics corresp onding to the class. This w a y ,

the classi�cation of sensor data sim ultaneously iden ti�es the dynamics and their

corresp onding mo del; in other w ords, classi�cation iden ti�es the rob ot's dynamical

con text

3

. Since classi�cation consists essen tially of a straigh t-forw ard comparison

b et w een curren t data and previously-constructed classes, the rob ot's dynamical

con text can b e iden ti�ed at the rate at whic h the data is made a v ailable b y the

sensors.

The construction of the classes can b e p erformed with probabilistic metho ds, as

discussed in Section 3.1.1, but suc h metho ds are complex to implemen t and b ey ond

the scop e of this thesis. Instead, the classes are constructed b y man ually clustering

lab eled data, and extensions to more elab orate metho ds are left for future w ork.

T o ground this approac h in a concrete example, consider the problem of iden tifying

RHex's �igh t and stance con texts from analysis of its v ertical acceleration. The �rst

task is to lab el classes of accelerometer data p oin ts as �igh t or stance dep ending

on whether the data p oin t where generated while in the �igh t or stance con texts.

This can b e done in a lab oratory setting where the con text can b e iden ti�ed with

sp ecialized sensors used to lab el classes of accelerometer data p oin ts. In this case,

the sp ecialized sensors consist of strain gauges attac hed to the legs to measure

their de�ection; compressed legs indicate stance and extended legs indicate �igh t.

Figure 4.7(a) o v erla ys the output of these strain gauges on the acceleration plot. A

visual insp ection of the steady-state p ortion of the plot sho ws that as exp ected, and

with few exceptions, the �igh t con text is detected when the acceleration approac hes

gra vit y ( � 9:81m=s2
), and the stance con text is detected when the acceleration is

p ositiv e (due to ground reaction). This suggests that the t w o classes can b e formed

3

As a reminder, the dynamics/mo del pair is referred to as the dynamical con text.
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and lab eled as follo ws (see Figure 4.7(b)):

� Fligh t con text: •z < � 6m=s2
,

� Stance con text: •z > 0,

where the v ertical acceleration •z is measured b y on b oard accelerometers.

Th us, accelerometer output can b e immediately classi�ed in to one of the t w o con-

texts, and consequen tly the MM system estimating RHex's heigh t can selectiv ely

activ ate the �igh t or stance �lters. This is in con trast to con v en tional MM systems

that run all �lters sim ultaneously and assign probabilistic w eigh ts to their out-

put. In this example, accelerations b et w een � 6m=s2
and 0 indicate that the rob ot

is transitioning b et w een �igh t and stance, so the con text cannot b e determined

with certain t y . In these situations, the MM system activ ates all �lters based on

b oth mo dels and resumes con v en tional op eration, as discussed in Section 3.1.2 and

demonstrated exp erimen tally in the next c hapter.

The same analysis applied to the lateral acceleration (Figure 4.4 ) leads to the

follo wing classes:

� Fligh t con text: � 1m=s2 < •x < 1m=s2

� Stance con text: •x < � 1:5m=s2
or •x > 1:5m=s2

It is w orth noting that the strain gauge setup is complex and onerous to install on

rob ots, and its use is generally restricted to the lab oratory . Therefore, strain gauges

can b e used to establish the classes, but not to iden tify the dynamical con text when

the rob ot is deplo y ed in the �eld.

4.2.2 Limitations

These t w o examples illustrate the usefulness of a classi�cation approac h based

on simple comparison b et w een curren t data and previously-constructed classes.
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(a) Fligh t is represen ted with circles, stance with diamonds, and stars rep-

resen t situations where b oth trip o ds touc h the ground, whic h happ ens when

the motors stop.
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(b) A ccelerations smaller than � 6m=s2
corresp ond to the �igh t con text. P ositiv e

accelerations corresp ond to stance.

Figure 4.7: The output of leg strain gauges(circles, diamonds and stars) is o v erlaid

on the v ertical oscillatory accelerometer data. The output of strain gauges is used

to de�ne classes that corresp ond to dynamical con texts.
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Unfortunately , the approac h su�ers from t w o t yp es of shortcomings. First, the

simplicit y of the classes mak es the classi�cation susceptible to sensor noise. F or

instance, when data p oin ts are close to the b oundary of a class (sa y a lateral

acceleration •x = 1 :6m=s2
, whic h is classi�ed in the stance con text but is close to

the con text's b oundary •x = 1 :5m=s2
), small sensor disturbances can cause data

p oin ts to exit that class and lead to a misclassi�cation. This problem is mitigated

b y designing transition regions among all the classes, suc h as lea ving a gap b et w een

the �igh t and stance con texts. These regions e�ectiv ely act as bu�ers that limit

the risk of activ ating the wrong �lter. Data p oin ts incorrectly exit a con text are

classi�ed in the transition region. This has the e�ect of activ ating all the �lters of

the MM system, so the loss of accuracy is m uc h smaller than if the MM system

trusted a single, wrong �lter. Th us, the consequence of misclassifying data p oin ts

is to rev ert bac k to the normal op eration of m ultiple mo del �lters, whic h is a

sub optimal but still acceptable solution o v er short p erio ds of time. The b ene�t

of this approac h is largest when the measuremen ts are classi�ed unam biguously

within a con text, suc h that limited noise w ould not a�ect the classi�cation.

The second limitation is that this approac h requires di�eren t dynamics to b e rep-

resen ted b y distinct classes. This cannot alw a ys b e guaran teed, as some b eha v-

iors pro duce di�eren t dynamics that induce similar measuremen ts. An example

is RHex's w alking gait, where a p ortion of the acceleration generated during the

t w o-trip o d stance is b et w een � 5 and +1m=s2
, whic h is the same acceleration range

of the one-trip o d stance (see Figure 4.6). Therefore, clustering acceleration data

p oin ts during the one-trip o d stance leads to a class that can corresp ond to either

the one- or the t w o-trip o d dynamics. This am biguit y means that suc h a class

cannot b e used to iden tify the dynamical con text.

Th us, the straigh t-forw ard classi�cation approac h designed to enable high-bandwidth

iden ti�cation cannot b e used in some situations. One approac h to disam biguating

o v erlapping classes is to p erform the classi�cation task o v er a history of measure-

men ts rather than just classifying the curren t data p oin ts. This w ould require a

mo del that represen ts the sequence of o ccurrence of the con texts, whic h, when
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used in conjunction with a history of measuremen ts, enables the iden ti�cation of

correct dynamical con texts. The tec hnique used to address this problem also en-

ables the iden ti�cation of b eha vioral con text, whic h is formed from a sequence of

dynamical con texts. Therefore, the approac h to iden tifying b eha vioral con texts

can also b e used to recognize dynamical con texts that could not b e iden ti�ed with

straigh t-forw ard classi�cation.

The details of the prop osed tec hnique for b eha vioral con text iden ti�cation are pro-

vided in Chapter 3, but the next section completes the explanation b y implemen ting

the approac h on RHex.

4.3 Iden ti�cation of Beha vioral Con texts

The tec hnique presen ted in Section 3.2.3 is used here to iden tify RHex's b eha v-

ioral con texts. The task is to determine when RHex op erates in the jogging and

w alking con texts from the analysis of its lateral and v ertical accelerations. The

presen tation cen ters on estimating the jogging con text from lateral accelerations,

and pro vides implemen tation details and exp erimen tal results. As for the other b e-

ha vioral con texts, their iden ti�cation is p erformed with a similar implemen tation,

so only results are rep orted.

4.3.1 Discrete-state mo del for jogging b eha vior

Consider the lateral motion of RHex as it executes the jogging b eha vior, and recall

that sensor readings during the steady p ortion of the gait corresp ond to dynamics

that are accurately represen ted b y the mass-spring mo del of Section 4.1.1.2. In

order to iden tify the b eha vioral con text, the acceleration data is �rst discretized as

p er Figure 4.9(a). The observ ation sym b ols are p ositiv e (P A), negativ e (NA) and

zero (ZA) accelerations, where P A corresp onds to accelerations larger than 1m=s2
,

NA to accelerations smaller than � 1m=s2
, and ZA spans the range in b et w een, as

sho wn in the �gure.
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(a) Lateral acceleration while jogging.
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(b) Mark o v c hain generates ob-

serv ation sym b ols.

L
 R
LF
 RF


E


(c) Mark o v c hain augmen ted

b y error state E.

Figure 4.8: RHex's lateral acceleration is discretized in to observ ation sym b ols (sub-

�gure (a)), and the Mark o v c hains of sub�gures (b) and (c) mo del a pro cess that

generates these sym b ols.

A Mark o v c hain that could mo del a pro cess that generates these sym b ols is pre-

sen ted in sub�gures (b) and (c). The mo del's states L and R stand for left trip o d

and righ t trip o d touc hdo wns, LF corresp onds to the �igh t phase during transitions

from left to righ t trip o ds, and RF corresp onds to �igh t during transitions from

righ t to left. This seems to b e a reasonable c hoice of states, since the left and

righ t trip o ds are exp ected to induce p ositiv e and negativ e accelerations, and the

�igh t phase negligible acceleration. The distinction b et w een left and righ t �igh t is

necessary to an ticipate the whic h trip o d lands after eac h �igh t phase, so that the

appropriate con tin uous motion mo del can b e used.

In practice, the discretization pro v es to o coarse, as it ignores the acceleration's

p eak magnitude; it is imp ortan t to c hec k that the acceleration reac hes magnitudes
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 Stopping Dynamics
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ZA
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PA
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Figure 4.9: Output of lateral accelerometer. The jogging gait induces p ositiv e and

negativ e amplitudes during left and righ t trip o d stances, and p erio ds of near-zero

accelerations during �igh t.

that are consisten t with the rob ot's steady-state dynamics, in order to a v oid false

p ositiv es. Therefore, the discretization is re�ned b y adding the sym b ols PP and

NP for p ositiv e and negativ e p eaks, resp ectiv ely , as sho wn in Figure 4.9.

A Mark o v c hain mo del of the pro cess generating these sym b ols is presen ted in

Figure 4.10. Since it is imp ortan t to v erify that jogging accelerations reac h the

exp ected amplitude, the righ t and left trip o ds are represen ted b y three states: the

�rst state (R1 or L1) corresp onds to the ascending acceleration, the second state

(R2 or L2) corresp onds to the p eak acceleration, and the third state (R3 or L3)

corresp onds to descending acceleration. Th us, R1, R2 and R3 (or L1, L2 and L3)

generate the sym b ols P A, PP and P A (or NA, NP and NA), resp ectiv ely . As b efore,

RF and LF stand for righ t and left �igh t, resp ectiv ely .

This Mark o v c hain can no w b e used as a hidden Mark o v mo del to compute the

probabilit y distribution o v er the states and enable the iden ti�cation of the jogging

con text. If the sequence of observ ed sym b ols matc hes the sequence predicted b y the

Mark o v mo del, then there is a high lik eliho o d that the rob ot is executing jogging

at steady state. Con v ersely , detecting out-of-order sym b ols indicates that RHex is

no longer in the jogging con text.
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Figure 4.10: Mark o v-c hain mo del of the pro cess generating jogging sym b ols. The

error state is added to capture out-of-order state transitions.

4.3.2 HMM Results

In order to detect out-of-order transitions, the jogging HMM is augmen ted with

the error state E, and its transition probabilities are determined as follo ws. Self

transitions aii to state i are computed b y coun ting the n um b er s of sym b ols that

o ccur when the system is in eac h state. The exp ected n um b er of observ ations in

a state, conditioned on starting in that state, is s =
P 1

s=1 s � p(s) , where p is the

probabilit y of undergoing s self-transitions to the same state. This equation can

b e re-written as s = d(aii )d� 1(1 � aii ) = 1
1� aii

[59], so aii = 1 � 1=s. F or example,

R2 generates on a v erage 22 PP sym b ols, so aR2jR2 = 1 � 1=22 = 0:9432.

The transition probabilit y from one state to the next is set equal to the transition

probabilit y from the same state to E, to ensure that the HMM is not against

detecting out-of-order transitions. The probabilities for E are set as aE jE = 0 :999,

and aE ji =
�
1 � aE jE

�
=N , where N = 8 , the n um b er of states excluding E, and

i 2 N . The observ ation probabilities are set in T able 4.1 and re�ect the mo del of

Figure 4.10.

The HMM is initialized in the error state with (3.1) and the probabilit y distribution

� is computed recursiv ely with (3.2).

Figure 4.11(a) sho ws that as exp ected, the sequence of highest-lik eliho o d estimates

follo w the prescrib ed order o v er the region of steady dynamics. Outside this range,

the sequence is no longer exp ected to b e in-order (Figure 4.11(b)). Figure 4.11(c)
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b LF L1 L2 L3 RF R1 R2 R3 E

PP 0 0 1 0 0 0 0 0 1/5

P A 0 1 0 1 0 0 0 0 1/5

ZA 1 0 0 0 1 0 0 0 1/5

NA 0 0 0 0 0 1 0 1 1/5

NP 0 0 0 0 0 0 1 0 1/5

T able 4.1: Observ ation probabilities for the jogging HMM. The observ ation prob-

abilities for the state E are uniformly distributed o v er the observ ation sym b ols.

plots the probabilit y of not b eing in the error state (solid line), an indication that

the spatial structure is recognized. The plot sho ws p ositiv e iden ti�cation o v er

the range of steady dynamics, but false p ositiv es are predominan t throughout the

exp erimen t.

One reason for this false p ositiv e problem is the HMM's inabilit y to v erify correct

sequences o v er sev eral steps, as men tioned earlier. Another reason is the lac k of

temp oral analysis in the inference algorithm. This is illustrated at the start of

the b eha vior, where the rob ot is standing still with zero acceleration. The HMM

in terprets the resulting ZA sym b ols as indicativ e of �igh t, so with the lac k of

b etter information, the system thinks that either one of the �igh t states is in e�ect

( � RF = � LF = 0 :5, Figure 4.11(b)).

4.3.3 Timed Automata Results

The inabilit y to trac k transitions o v er m ultiple steps and to measure the duration in

an HMM state can b e remedied through b o okk eeping, b y using a timed automaton

that trac ks HMM estimates o v er time. The HMM output is treated as input to the

automaton as p er Figure 4.12(b). The automaton's structure has t w o in termediate

la y ers, so a sequence of three ordered inputs is necessary to reac h the �nal la y er and

output a �ag iden tifying the jogging con text. F or example, a sequence of inputs

LF ! L1 ! L2 induces transitions S ! 1 ! 2 ! 3, and output the jogging �ag.
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(c) The probabilit y of not b eing in the error state is a p o or indicator of

con text (solid line). Ho w ev er, the com bined output of HMM and timed

automaton leads to accurate results (dahsed line).

Figure 4.11: Output of HMM and timed automaton for jogging.
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Duration timeouts are also added as in 4.12(c). When a timeout ev en t tak es place,

the automaton is reset to S, and iden ti�cation is dela y ed un til a new ordered se-

quence is observ ed. The same happ ens when the input is the HMM error state E.

All other out-of-order inputs reset the automaton to the appropriate state in the

�rst la y er (see shaded transitions in 4.12(b)).

The output of the timed automaton is plotted in dashed lines in Figure 4.11(c).

The jogging con text is correctly iden ti�ed o v er the region of steady dynamics, and

the false p ositiv es are eliminated.

4.3.4 Iden ti�cation of b eha vioral con texts along di�eren t dimen-

sions

The purp ose of this section is to reinforce the understanding of b eha vioral con text.

Recall that a b eha vioral con text do es not corresp ond to a b eha vior as suc h, but

rather to the sp eci�c dynamics that can b e represen ted b y a v ailable mo dels.

This subtle but imp ortan t distinction is clari�ed b y comparing the lateral jogging

con text and the v ertical jogging con text. Both con texts are iden ti�ed with data

generated in the same exp erimen t, but the lateral con text is iden ti�ed from lateral

accelerations, and the v ertical con text from v ertical accelerations. The con texts

need not b e iden tical, as the rob ot dynamics could �t the v ertical mo del at a time

where they do not �t the lateral mo del, and vice v ersa.

This is indeed the situation with RHex. First, the b eha vioral con text for v ertical

jogging is iden ti�ed b y constructing an HMM-automaton estimator follo wing the

steps outlined earlier. The con text information is o v erlaid on the v ertical accel-

eration in Figure 4.13(a). No w the lateral con text iden ti�ed earlier is o v erlaid on

lateral acceleration in Figure 4.13(b), and as can b e seen from the juxtap osition of

the t w o sub�gures, the con texts do not coincide.

This is explained as follo ws. As RHex initiates its jogging b eha vior, the v ertical

motion rapidly reac hes steady state, leading to an early iden ti�cation of the v ertical
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(a) The jogging HMM is prepro duced here for con v enience.
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con text. In con trast, the lateral motion tak es longer to reac h steady state, probably

b ecause unlik e the v ertical case, it is not the direct consequence of motor action,

but rather the result of a force di�eren tial b et w een the left and righ t side of the

trip o ds. This force builds up o v er time, whic h explains the late iden ti�cation of

the lateral con text. Th us, the v ertical mo dels can b e used so on after the start of

the b eha vior, but the lateral mo dels should w ait longer b efore they can b e trusted.

This analysis underlines the distinction b et w een a b eha vior and a b eha vioral con-

text. It is p ossible to an ticipate using this distinction to form a new quan ti�able

de�nition of a b eha vior. F or instance, a rob ot could b e said to b e jogging if and

only if all the con texts along di�eren t dimensions are concurren tly iden ti�ed. When

only a subset of con texts o v erlap, then there is a lo w con�dence that the jogging

b eha vior is b eing executed according to exp ectations. This dev elopmen t could lead

to new t yp es of adaptiv e b eha vioral con trol, but it is b ey ond the scop e of this

thesis.

4.3.5 Results for the w alking b eha vior

The acceleration pro�le of the w alking b eha vior dictates a di�eren t discretiza-

tion than for jogging. The data is discretized along the horizon tal lines of Fig-

ure 4.14(a) to capture the salien t p oin ts of in�ection (mark ed with circles). A

four-state Mark o v c hain mo dels the sequence of sym b ols that are induced b y the

steady dynamics and an HMM estimates the sequence of most lik ely states. A

timed automaton sho wn in Figure 4.15 iden ti�es the b eha vioral con text when a

sequence of four ordered inputs is observ ed. The HMM output is plotted in solid

lines in Figure 4.14(b), where the n um b er of false p ositiv es is large. Figure 4.14(b)

sho ws that the output of the timed automaton correctly iden ti�es the w alking con-

text o v er the steady region (dashed line) and eliminates the HMM's false p ositiv es

(solid line).
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Figure 4.13: The b eha vioral con texts for v ertical and lateral jogging do not alw a ys

o v erlap.
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Steady Dynamics


(a) Salien t features of the data are represen ted with circles. They corresp ond

to the sym b ols generated b y the w alking Mark o v mo del.
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(b) Iden ti�cation of w alking con text

Figure 4.14: Output of HMM and timed automaton for w alking.
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Figure 4.15: Timed automaton for jogging. The graphical represen tation is abbre-
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4.3.6 Sim ultaneous iden ti�cation of the w alking and jogging con-

texts

The goal of this exp erimen t is to test the robustness of the approac h when the sys-

tem exhibits m ultiple b eha viors. T o this end, the v ertical and lateral acceleration

data of b oth gaits are consolidated in to a single data stream (Figures 4.16(a) and

4.16(b)). The results sho w that the jogging con text is successfully iden ti�ed from

the lateral data (solid line in Figure 4.16(c)). The w alking con text is also iden ti-

�ed successfully from the v ertical data, but with a seemingly false p ositiv e around

second 1. Ho w ev er, a close insp ection of the v ertical acceleration sho ws that jog-

ging start-up transien ts exhibit the same structure as the w alking dynamics, whic h

suggests that the jogging gait executes a couple of w alking steps b efore ac hiev-

ing steady-state jogging. This result concurs with the observ ation of exp erienced

op erators of the rob ot p erformed indep enden tly of this researc h.

4.4 Summary

The estimation framew ork dev elop ed in this thesis is sho wn in exp erimen t to en-

able the iden ti�cation of a rob ot's dynamical and b eha vioral con texts. Dynamical

con texts constructed from leg strain gauges can b e iden ti�ed at high bandwidth

with straigh t-forw ard classi�cation. The iden ti�cation of b eha vioral con texts re-

quires a more elab orate information pro cessing strategy to analyze sensor data o v er

time. The strategy relies on the com bined use of hidden Mark o v mo dels and timed

automata to recognize patterns in sensor data that corresp ond to a b eha vioral

con text. These dev elopmen ts v alidate exp erimen tally the framew ork describ ed in

Chapter 3.

The abilit y to iden tify b eha vioral and dynamical con texts can signi�can tly impro v e

the scalabilit y and accuracy of m ultiple mo del �lters. This is demonstrated in

Chapter 5, where RHex is again used as a real-w orld example to demonstrate ho w

the results of this c hapter impro v e the p erformance of state estimation.
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Figure 4.16: Iden tifying jogging con text in m ultiple-con text data
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Chapter 5

Con text-Based State Estimation

The purp ose of this c hapter is to demonstrate through exp erimen tal and sim ulation

examples that the con text-based estimation framew ork impro v es the accuracy and

scalabilit y of m ultiple mo del (MM) estimation systems. The examples are c hosen to

illustrate concrete instances where con v en tional estimation tec hniques su�er from

the problems describ ed in Chapter 2. In ligh t of these examples, pro of-of-concept

implemen tations of the con text-based framew ork are presen ted in detail, so that

the framew ork's mec hanism and estimation results are understo o d in a practical

setting.

This c hapter is the con tin uation of Chapter 4, as together they complete the im-

plemen tation of the framew ork describ ed in Chapter 3. Chapter 4 sho ws ho w a

system's con text can b e iden ti�ed from analysis of sensor data, and the curren t

c hapter ties bac k con text iden ti�cation to m ultiple mo del state estimation. These

t w o parts of the same framew ork pro vide a solution to the estimation problems

de�ned in Chapter 2.

As a refresher of the concepts dev elop ed in this thesis, recall that the notion of a

con text is in tro duced with a double de�nition: a dynamical con text is a discrete

state that corresp onds to lo comotion dynamics represen ted with one motion mo del;

and a b eha vioral con text is a discrete state that corresp onds to dynamics repre-

sen ted b y a collection of dynamical con texts that transition among one another.
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The purp ose of iden tifying the dynamical con text is to direct m ultiple mo del (MM)

�lters to only trust accurate mo dels and impro v e the accuracy of their state esti-

mates. As for the b eha vioral con text, its iden ti�cation enables the deplo ymen t of

m ultiple small-scale MM systems instead of one large-scale system, whic h impro v es

the scalabilit y of m ultiple mo del �ltering. The curren t c hapter puts this strategy

to practice in sim ulation and in exp erimen ts conducted on RHex.

The presen tation starts with a discussion of simple mo dels, their usefulness at

helping �lters estimate the state of systems with complex dynamics, and the trade-

o� b et w een mo del accuracy and mo deling e�ort. The discussion is grounded in a

real-w orld example that helps understand when and ho w simple mo dels can enable

accurate state estimation. Next, the presen tation sho ws ho w con text iden ti�cation

can impro v e the scalabilit y of m ultiple mo del �ltering. A mo di�ed MM algorithm

is sho wn in sim ulation and in exp erimen t to reduce computational requiremen ts

b y enabling the selectiv e activ ation of individual �lters within the MM system.

The presen tation also exhibits an instance where lo w-sensitivit y sensing leads to

the failure of state estimation; con text iden ti�cation is sho wn to o v ercome this

problem and enable accurate estimation. Last, an exp erimen t conducted on a

wheeled rob ot illustrates ho w simple motion mo dels discard sensor information,

and sho ws that the con text-based framew ork pro vides means for exploiting suc h

information to impro v e the output accuracy of individual estimation �lters.

5.1 State Estimation Based on Simple Motion Mo dels

A t �rst though t, lo w-order and lo w dimensional mo dels are inaccurate appro xima-

tions of high-order and high dimensional dynamics and therefore are not useful for

state estimation. Y et, abundan t empirical evidence in the aircraft and rob otics

�elds suggests that simple mo dels can b e relied up on for accurate con trol and, as

this thesis asserts, for estimation.

F or the case of RHex, the rob ot's complex six-dimensional motion can demonstrably

b e c ontr ol le d with lo w-order, three-dimensional mo dels using feedbac k [71]. In this
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example, RHex's lateral, forw ard and heading motions are mo deled as a �rst order

unicycle when jogging, and as a second order unicycle when running. Con trol

p olicies use these mo dels to regulate the rob ot's heading and successfully execute

line follo wing b eha viors at b oth sp eeds. The lik ely reason b ehind this success is

that the lo w-order mo dels appropriately describ e the aggregate motion of the rob ot,

i.e. the a v erage e�ect of the legs' in teractions with the ground on b o dy v elo cit y .

As suc h, the mo dels ignore the �ne-scale details of the dynamics, suc h as traction

and inertia of individual legs. Y et, mo deling suc h dynamics is not necessary for

na vigation tasks as long as the large-scale dynamics are correctly captured b y the

motion mo dels.

Simple mo dels are also used for estimating the state of rob ots with complex dy-

namics. F or example, Durran t-Wh yte [20 ] and V erma [83 ] use mo dels that capture

an abstracted represen tation of ro v er dynamics to p erform successful lo calization

and fault detection. This section studies the usefulness of suc h simple mo dels at

estimating RHex's heigh t during jogging and w alking b eha viors. The c hallenge

consists of deriving accurate heigh t estimates o v er time from noisy acceleration

measuremen t p erformed on b oard the platform.

It is w orth stressing that the �lters used in this section are not mo di�ed b y con-

textual information. The purp ose here is to quan tify the accuracy of con v en tional

estimation to ols (suc h as Kalman and m ultiple mo del �lters) when using simple

mo dels.

5.1.1 Estimating RHex's heigh t while jogging

The acceleration for the jogging b eha vior is sho wn in Figure 4.3 and repro duced

here for con v enience in Figure 5.1. A naiv e approac h to heigh t estimation w ould

b e to in tegrate the acceleration data t wice to reco v er heigh t. This causes the

estimates to div erge rapidly b ecause the on b oard accelerometers ha v e signi�can t

noise that leads to error accum ulation in the double in tegral. The result can b e

seen in Figure 5.2, where the double in tegration estimate is compared to ground
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Figure 5.1: Output of v ertical accelerometer while RHex executes jogging b eha vior .
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Figure 5.2: Double in tegration of accelerometer data leads to div erging estimates

of heigh ts.

truth measuremen ts of the rob ot heigh t

1

. Ground truth measuremen ts sho w that

RHex's heigh t oscillates around the rob ot's rest heigh t, but the in tegrator's esti-

mates wrongly oscillate around a do wn w ard slop e.

An alternativ e approac h is to mak e appropriate use of motion mo dels to impro v e

the accuracy of heigh t estimates. A close insp ection of the dynamics in Figure 5.1

helps understand the lo comotion dynamics and design suc h mo dels. A t the b egin-

ning of the jogging b eha vior, the rob ot is sub ject to high-order start-up dynamics

1

The ground truth measuremen t system consists of high-sp eed cameras that register the p osi-

tion of LEDs placed on the rob ot b o dy . The cameras co v er a limited surface area, whic h explains

the short exp erimen tal runs (ab out 4 seconds for jogging). Nev ertheless, these results are useful

b ecause the a v ailable space is large enough to allo w the rob ot to ac hiev e steady-state motion

b efore exiting the cameras' �eld of view.
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that induce complex acceleration patterns observ ed in the �rst phase of the plot.

These start-up transien ts are gradually replaced b y the steady-state dynamics of

the second phase, whic h in turn, are follo w ed b y stopping transien ts that result

from energy dissipation once RHex's motors stop. The start-up and stopping dy-

namics result from complex in teractions b et w een the ground and the legs and are

di�cult to mo del accurately . In con trast, the steady dynamics are understo o d to

result from a rep eating sequence of �igh t and stance phases, whic h can b e appro x-

imate b y straigh t-forw ard mo dels. These mo dels are describ ed in Section 4.1.1.1

and are form ulated as follo ws:

•z =

8
<

:

� g; �igh t phase,

� K z (z � z0) =M � g; stance phase,

where z is the state (heigh t), g is gra vit y , K z is the virtual spring constan t, z0 its

rest length and M is the rob ot mass.

Giv en that the steady-state p ortion of the jogging dynamics can b e describ ed b y t w o

mo dels, the heigh t can b e estimated using the GPB2 algorithm based on the t w o

mo dels. The GPB2 mec hanism is describ ed in Algorithm 2 on page 34, but it can b e

more clearly understo o d with the graphical represen tation of Figure 5.3. Consider

the setup of the GPB2; since the system consists of t w o mo dels corresp onding

to t w o p ossible mo des of op eration, eac h iteration of the GPB2 starts with the

h yp othesis of the rob ot b eing in the �igh t or in the stance mo des at the end of

the previous iteration. These h yp otheses are represen ted with the �rst column of

t w o circles: F (�igh t mo de, white circle), and S (stance mo de, blac k circle). Eac h

h yp othesis has a probabilit y Probi and a heigh t estimate zi , with i 2 {F,S}. In

other w ords, zi represen ts the heigh t of the rob ot if it w as in mo de i at the end

of the previous iteration, and Probi represen t the probabilit y of the rob ot b eing in

mo de i at the end of the previous iteration, with

P
i Probi = 1 .

F rom eac h of the t w o initial h yp otheses, the rob ot can transition in to one of the

t w o mo des, leading to a total of four h yp otheses. The transition is go v erned b y

the user-de�ned transition probabilities Ti;j , with i; j 2 {F,S}. The four h yp otheses

are represen ted b y the middle column of four circles, where eac h circle represen ts
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the h yp othesis of b eing in mo de i at the curren t iteration t and ha ving b een in

mo de j at the previous iteration t � 1. As a shorthand notation, the h yp othesis

of ha ving mo de i at time t is referred to as i t , and the transition h yp othesis is

referred to as ( i t , j t � 1 ). T o eac h of the four h yp otheses corresp onds a Kalman

�lter (Algorithm 1 on page 26) whose mo del ( F and Bu ) represen ts the dynamics

of the curren t mo de, and whose prior ( zu
m;k ) is the output of the corresp onding

initial mo de. F or example, the �rst circle (`Fligh t' at curren t iteration, `Fligh t' at

previous iteration, or ( Ft , Ft � 1 )) has a corresp onding �lter based on �igh t dynamics

( •z = � g), and its prior zF computed at the previous iteration. F or compactness,

the notation refers to f ilter i as the �lter based on mo del i , and to zi;j as the

output of the �lter asso ciated with the h yp othesis ( i t , j t � 1 ). With this notation,

the output of the �rst �lter is zF;F = f ilter F (zF ) . The third circle, while ha ving the

same �igh t dynamics, uses the prior zS p er the h yp othesis ( Ft , St � 1 ), and outputs

zF;S = f ilter F (zS) .

Eac h of the four Kalman �lters outputs individual estimates of heigh t zi;j and

lik eliho o ds pi;j (Algorithm 1). Next, a probabilit y Probi;j for eac h h yp othesis

is computed b y m ultiplying pi;j b y Ti;j and Probj from the previous iteration

(Algorithm 2). The h yp othesis probabilit y is then used to scale the individual

estimates zi;i and consolidate them in to the in termediary mo de-sp eci�c estimates

zi . This step is commonly referred to as h yp othesis collapsing, as it reduces the

n um b er of h yp otheses bac k to the original n um b er of t w o. Th us, the output of the

individual �lters based on the same mo del are consolidated together, and serv e as

the initial estimates for the next iteration of the algorithm.

As the GPB2 is running through the cycle of expanding and collapsing h yp otheses,

it is p ossible to extract a unique state estimate at an y time. This is simply done

b y consolidating the in termediate mo de-sp eci�c estimates zi w eigh ted b y their h y-

p othesis probabilit y Probi in to the system's b est estimate z . In the case of RHex,

z is considered the b est estimate a v ailable for the rob ot's heigh t.

This approac h leads to satisfactory results, with heigh t estimates closely matc hing
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Figure 5.3: A graphical represen tation of the Fligh t-Stance GPB2. The GPB2

algorithm spa wns four �lters whose output is consolidated in to the b est estimate

of rob ot heigh t.

ground truth measuremen ts as can b e visually v eri�ed in Figure 5.4. The mean

and standard deviation of the ro ot mean squared (RMS) di�erence b et w een the

estimated heigh t and the ground truth measuremen t o v er 12 exp erimen ts is 1:85cm

and 0:37cm, resp ectiv ely . The mass-spring parameters of the stance mo del are

set to the actual mass of the rob ot ( 8:5Kg ) and the spring constan t that yields

acceptable state estimates is found to b e 6800N:m , a v alue close to the ph ysical

spring constan t estimated at 6600N:m .

It is w orth highligh ting that the h yp othesis probabilities Probi;j are the w eigh ts

with whic h individual outputs are scaled b efore consolidation. As emphasized in

the previous c hapters, it is necessary that the GPB2 algorithm rapidly con v erges to

the correct v alues of Probi;j to a v oid assigning wrong w eigh ts to individual outputs

and p oten tially causing the estimation to fail. Lo oking forw ard, Section 5.3 sho ws

that the GPB2 fails when the w eigh ts are computed incorrectly , and demonstrates

ho w the con text-based estimation framew ork can o v ercome this problem.

In the curren t example, the estimation is successful b ecause the w eigh t assignmen t
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Figure 5.4: A GPB2 based on ballistic �igh t and mass-spring stance mo dels gen-

erates accurate state estimates. Ov er 12 exp erimen ts, RMS errors ha v e a mean

1:85cm and a v ariance of 0:37cm.

is handled appropriately b y the GPB2. This can b e seen from the plot of Probi in

Figure 5.5 that sho ws that the GPB2 correctly alternates �igh t and stance mo des

(ev en if the probabilit y estimates can on o ccasion b e corrupted b y sensor noise, as

in the zo omed-in view). The GPB2 is able to correctly compute the h yp otheses

probabilities b ecause the �igh t and stance phases are su�cien tly long to allo w

individual �lters to con v erge.

5.1.2 Estimating RHex's heigh t while w alking

RHex's acceleration pro�le while w alking is sho wn in Figure 4.6, and as discussed

in Section 4.1.2, the w alking dynamics can b e mo deled as t w o mass-spring-damp er

systems:

•z =

8
<

:

� K z;2 (z � z0;2) =M � (D2=M ) _z � g; t w o-trip o d stance,

� K z;1 (z � z0;1) =M � (D1=M ) _z � g; one-trip o d stance,

where K z;1 , D1 , z0;1 and K z;2 , D2 , z0;2 are the virtual spring constan t, damping

co e�cien ts, and rest lengths for one trip o d in stance and t w o trip o ds in stance,

resp ectiv ely .

Unlik e the jogging b eha viors where a GPB2 w as necessary to handle the t w o-mo del

estimation, the w alking b eha vior can use a single Kalman �lter (KF) whose mo del

is mo di�ed b y c hanging its parameters dep ending on the trip o d.
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probabilities enables successful heigh t estimation.
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Figure 5.6: Heigh t estimates of RHex while w alking. Estimates pro duced b y a

mo del-based KF con v erge, whereas estimates deriv ed from in tegrating the acceler-

ation data div erge.

In con trast to the jogging b eha vior where the precise p oin t of transitions b et w een

�igh t and stance is di�cult to determine, transitions b et w een one and t w o trip o ds in

the w alking b eha vior can b e detected directly (and precisely) from motor enco ders.

This is b ecause the w alking motion is quasi-static, so the actual dynamics follo w

closely the rotation of the legs. It follo ws that it is not necessary to use a GPB2 for

w alking; a single KF can b e used instead, pro vided that the t w o sets of parameters

are sw app ed at eac h transition.

This straigh t-forw ard implemen tation leads to satisfactory results, as sho wn in

Figure 5.6. The heigh t estimate generated b y the �lter matc hes closely ground truth

measuremen ts, whereas estimates deriv ed from direct in tegration of acceleration

data div erge.

These t w o examples demonstrate the usefulness of simple mo dels for state esti-

mation. Ho w ev er, when man y suc h mo dels are necessary to represen t complex

dynamics, state estimation can only b e p erformed with large m ultiple-mo del �l-

ters. The next section sho ws that con text iden ti�cation impro v es the scalabilit y

of MM �lters, th us pro viding practical v alue to simple mo dels ev en when used in
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large n um b ers.

5.2 Con text Iden ti�cation Impro v es Scalabilit y of MM

Systems

Chapter 3 presen ts a double strategy for impro ving the scalabilit y of MM systems.

First, recognizing a rob ot's dynamical con text enables MM �lters to iden tify the

accurate mo del and rely uniquely on information pro vided b y the corresp onding

�lter. This allo ws the selectiv e activ ation of individual �lters and results in a reduc-

tion of the computational cost. Second, the iden ti�cation of the rob ot's b eha vioral

con text allo ws the deplo ymen t of m ultiple small-scale MM systems, instead of a

con v en tional monolithic large-scale system. As a consequence, m ultiple-mo del �l-

ters scale b etter with systems that exhibit a large n um b er of b eha viors (e.g. legged

rob ots). This section giv es practical examples of b oth con text-based mec hanisms,

and pro vides some implemen tation details and exp erimen tal results.

5.2.1 Dynamical con text iden ti�cation reduces the n um b er of ac-

tiv e �lters

Impro ving the GPB2's accuracy and scalabilit y can b e ac hiev ed b y mo difying the

MM algorithm to accoun t for information ab out the dynamical con text. Recall that

the GPB2 algorithm's w eigh t distribution can b e understo o d as a measure of the

algorithm's relativ e con�dence in the output of eac h individual �lter; b y extension,

the w eigh t distribution is the algorithm's estimate of the relativ e accuracy of eac h

mo del. No w if the dynamical con text is iden ti�ed, then one mo del is unam biguously

recognized as appropriate for estimation, and the other mo dels as inappropriate.

The w eigh t distribution that w ould re�ect this information should assign a v alue of

one to the appropriate �lter, and zero to all other �lters. More precisely , the w eigh t

v alue of one should b e assigned to the �lter that corresp onds to the h yp othesis

stating that the system is self-transitioning in to the iden ti�ed mo de. The GPB2
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algorithm should b e mo di�ed accordingly to a v oid the risk of miscalculating the

w eigh ts and thereb y incorp orating kno wingly inaccurate individual estimates in to

the consolidated state estimate.

Section 3.1.3 on page 50 pro vides the mo di�ed algorithm and describ es it in de-

tail. F or the system at hand, the transition probabilities are set as a function of

the state of the rob ot as follo ws. If RHex's v elo cit y is negativ e, the descending

rob ot is exp ected to touc h do wn, so the transition probabilities are biased to w ards

transitioning in to stance

2

. Con v ersely , p ositiv e v elo cities bias transitions to �igh t.

Setting transition probabilities as a function of state impro v es the accuracy of the

GPB2, as it enco des information ab out the dynamics that the GPB2 algorithm is

unable to capture from its mo del set.

The iden ti�cation of the dynamical con text can b e p erformed with lo w-cost con tact

sensors placed at the end of the legs. In RHex's case, the rob ot is already equipp ed

with leg-strain gauges that measure leg deformation, so their output is discretized

in to binary con tact/no con tact information, and this is the only information used

to iden tify the con text. F or reference, Figure 5.13(a) sho ws the discretized output

of the strain-gauges o v erlaid on accelerometer data.

When the strain gauges iden tify the rob ot as b eing in �igh t or in stance, the mo d-

i�ed GPB2 only activ ates the �igh t or the stance �lter. Ho w ev er, when RHex is

ab out to touc h do wn or to lift o�, the strain gauges are unable to iden tify the mo de,

so all �lters are activ ated and the GPB2 resumes nominal op eration. Since the orig-

inal GPB2 algorithm is able to accurately estimate the heigh t of RHex while jogging

at steady state, the mo di�ed algorithm do es not noticeably increase its accuracy

3

.

Ho w ev er, the mo di�ed algorithm do es impro v e the scalabilit y , as evidenced b y Fig-

ure 5.7. The plot of mo de probabilities sho ws that when the dynamical con text is

iden ti�ed, only the accurate �lter is activ ated. Con v ersely , during transitions from

one dynamical con text to another, the nominal GPB2 is op erated with all �lters

2

The sp eci�c v alues of Ti;j = 0 :7 and Tj;j = 0 :3 are determined empirically .

3

The next section sho ws that when the rob ot op erates outside the steady region, the mo di�ed

algorithm pro vides appreciable accuracy gains.



121

1.45 1.5 1.55 1.6 1.65
0

0.2

0.4

0.6

0.8

1
Stance Phase Flight Phase

Switch
Modes

Time (s)

P
ro

ba
bi

lit
y

 

 

Start St

Stop FF

Start FF

Stop St

Figure 5.7: Plots of Probi for RHex while jogging using the mo di�ed GPB2 al-

gorithm. When the dynamical con text is iden ti�ed, only the accurate �lter is

activ ated, whic h reduces the computational cost.

activ e. It is w orth noting that in comparison to Figure 5.5(b), Figure 5.7 sho ws

that the probabilit y estimates are no longer corrupted b y accelerometer noise.

An in teresting exercise is to try to iden tify RHex's dynamical con text without

using con tact sensors or strain gauges. As describ ed in Section 4.2, this can b e

ac hiev ed b y classifying the accelerometer v alues of Figure 5.1 in to the �igh t and

stance dynamical con texts as follo ws:

� Fligh t con text: •z < � 6m=s2

� Stance con text: •z > 0m=s2

� Uniden ti�ed con text: 0 > •z > � 6m=s2
. A ccelerometer output within this

con text indicates that the rob ot is transitioning b et w een �igh t and stance.

Con text b ounds are deriv ed from empirical observ ation.

State estimates obtained with this con textual classi�cation are virtually indistin-

guishable from the previous results. The mean and standard deviation of the RMS

error o v er 12 exp erimen ts are 2:09cm and 0:39cm, resp ectiv ely , whic h compare fa-

v orably to the v alues obtained with the help of strain gauges. This exp erimen t

sho ws b y example that the classi�cation approac h prop osed in Chapter 4 yields

satisfactory estimation results.
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5.2.2 Beha vioral con text iden ti�cation allo ws reduced-scale MM

systems

As de�ned earlier, b eha vioral con texts corresp ond to a set of sp eci�c dynamical

con texts and to sp eci�c frequencies and order of transition among these dynamical

con texts. It follo ws that iden tifying the curren t b eha vioral con text also determines

the set of dynamical con texts that transition among one another. This enables the

construction of MM systems that consist only of the individual �lters corresp onding

to the iden ti�ed set of dynamical con texts. The resulting MM system is lik ely to b e

of mo dest size, and therefore of mo dest computational cost. Scalabilit y is impro v ed

b y deplo ying m ultiple suc h lo w-cost MM systems, instead of a single large-scale

system.

This concept is illustrated with the example of iden tifying RHex's heigh t while the

rob ot jogs and w alks. Exp erimen tal data do es not exist for suc h a run, so the ac-

celerometer output for the jogging and w alking b eha viors are com bined in to a single,

con tin uous acceleration pro�le, where the �rst half corresp onds to jogging and the

second half to w alking

4

(this setup is �rst men tioned in Section 4.3.6). Since this

is a pro of-of-concept exercise, supp ose that con trol information is una v ailable, so

the estimator has to rely on b eha vioral con text iden ti�cation to recognize whether

the rob ot is w alking or jogging.

If b eha vioral information is not a v ailable, this t w o-b eha vior exp erimen t w ould re-

quire a three-mo del con v en tional MM system; t w o mo dels for jogging and one for

w alking (refer to Section 5.1 for details ab out the mo dels). Ho w ev er, information

ab out the b eha vioral con text is a v ailable, and the results of Chapter 4 can b e

directly used here; when the jogging con text is iden ti�ed, then the �igh t-stance

GPB2 of the jogging b eha vior is used; when w alking is iden ti�ed, the single KF of

the w alking b eha vior is used.

Figure 5.8(a) sho ws the b eha vioral con text o v erlaid o v er the acceleration data. The

4

This setup do es not reduce the v alidit y of the exp erimen t. The iden ti�cation of the b eha vioral

con text is p erformed exactly as it w ould b e if the rob ot w as actually executing b oth b eha viors.
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Figure 5.8: The iden ti�cation of the dynamical con text enables the selectiv e de-

plo ymen t of a jogging GPB2 and of a w alking KF. The resulting heigh t estimates

o v er the com bination of jogging and running b eha viors ha v e a similar accuracy as

when the t w o b eha viors are executed separately .

�rst half of the acceleration is pro duced during jogging, and the HMM-automaton

mec hanism correctly iden ti�es the jogging con text. Similarly , the w alking con text

is iden ti�ed o v er the second half of the plot.

The result of this con text-based state estimation are sho wn in Figure 5.8(b). As

exp ected, the �rst half of the plot resem bles Figure 5.4, and the second half re-

sem bles Figure 5.6. Th us, the accuracy of the estimates and the computational

complexit y of the �ltering system are consisten t with the single-b eha vior results,

ev en though they are conducted on a m ultiple-b eha vior system. The maxim um

n um b er of �lters used whenev er the b eha vioral con text is iden ti�ed is four, whic h

is not higher than when the rob ot executes jogging as a sole b eha vior.
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F or reference, a con v en tional three-mo del GPB2 that do es not use con textual in-

formation is implemen ted and its results are rep orted in Figure 5.9. This MM

system activ ates nine KF at all times, and outputs less accurate heigh t estimates

than when using con textual information (sub�gure (a)). The lo w er accuracy is due

to the fact that the jogging b eha vior's stance mo del and the w alking b eha vior's

mo del ha v e o v erlapping dynamical con texts. In other w ords, the GPB2 is unable

to correctly disam biguate its mo dels b ecause t w o of them are based on similar

mass-spring systems whose acceleration predictions o v erlap in termitten tly . Sub�g-

ure (b) sho ws that probabilities of the w alk and stance mo dels oscillate b et w een

zero and one throughout the run, indicating that erroneous individual estimates

are consolidated in to the o v erall estimate, th us reducing its accuracy .

In summary , Sections 5.2.1 and 5.2.2 demonstrate b y example that the iden ti�ca-

tion of a system's dynamical and b eha vioral con texts impro v es the scalabilit y of

m ultiple mo del estimators.

5.3 Con text Iden ti�cation Impro v es A ccuracy with Sim-

ple Mo dels

Using simple mo dels to estimate the state of systems with complex and in termitten t

dynamics can yield accurate results pro vided the mo dels are only used when they

are accurate This condition is ful�lled when estimating the heigh t of RHex during

steady state jogging, b ecause the rate at whic h the dynamics c hange do es not exceed

the con v ergence rate of individual �lters. As individual �lters con v erge, GPB2

estimates of mo de probabilities also con v erge, th us enabling accurate estimation.

Unfortunately , these conditions do not hold o v er the en tire exp erimen t. Outside

the region of steady-state op eration, higher frequency dynamics reduce the time
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Figure 5.9: The three-mo del GPB2 activ ates nine �lters at all times and outputs

lo w er-accuracy estimates than obtained with information ab out the b eha vioral con-

texts.
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that individual �lters ha v e to con v erge. As the time shortens, individual �lters

div erge, whic h causes the consolidated estimate to div erge as w ell. This is one of

the MM estimation problems describ ed b y Chapter 2.

This section analyzes in detail the shortcomings of the GPB2 presen ted in Sec-

tion 5.1 when it is applied to the en tire jogging exp erimen t. Exp erimen tal results

sho w that con textual information impro v es the estimation p erformance b y enabling

the rapid iden ti�cation of accurate mo dels.

5.3.1 Analysis of estimation failure o v er en tire jogging run

The jogging GPB2 algorithm implemen ted with success in Section 5.1 div erges

when the motors are commanded to stop, whic h sub jects the rob ot to stopping

dynamics. The dynamics are repro duced in Figure 5.10(a), and it can b e seen in

sub�gure (b) that the heigh t estimation is accurate o v er the steady-state region,

and rapidly div erges thereafter. T o understand the mec hanism of this failure, a lo ok

at sub�gures (c) and (d) sho ws that the con v en tional GPB2 erroneously estimates

that the �igh t probabilit y is high (in fact close to one) at the end of the motion.

This means that the GPB2 is asso ciating the largest w eigh ts to the output of the

�lters based on the �igh t mo del, whic h explains the estimates' do wn w ard slop e.

This b eha vior is coun ter in tuitiv e as the stopping dynamics exhibit a rapidly disap-

p earing �igh t phase and w ould b e far b etter describ ed with the mass-spring mo del

of the stance phase. Ho w did the GPB2 mak e the wrong probabilit y assessmen t,

particularly that the assessmen t is based on the relativ e comparison of eac h mo del's

accuracy? The most lik ely answ er is found in Figure 5.11, whic h plots the accel-

eration around the time the motors stop at second 3. The leg-strain gauges sho w

that the rob ot is in the trip o d stance b efore the motors stop (diamonds), and in

six-legged standing mo de afterw ard (stars). The plot rev eals that the acceleration's

p erio d of oscillation after stopping is shorter than the p erio d b efore. This means

that the GPB2 has less time to con v erge b efore the dynamics switc h b et w een stand

and �igh t mo des, and indeed this time pro v es to o short for con v ergence.
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The problem of a short windo w for con v ergence is comp ounded to the inheren t

brittleness of the stance mo del whose prediction accuracy is state-dep enden t. State

dep endence means that if the previous estimates of the state are wrong, then the

curren t mo del predictions are also wrong. This is explained as follo ws. First, note

that the stance mo del •z = � K z (z � z0) =M � g is resp onsible for restoring the

heigh t bac k to its rest v alue z0 b efore the next �igh t, so that heigh t estimates

oscillate around z0 as they do in steady state. After the motors stop, the p erio d

of oscillation decreases, whic h reduces the the time sp en t in stance b efore the next

�igh t phase tak es place. With less time to complete the stance, the heigh t do es

not quite reac h z0 b efore �igh t, and this problem o ccurs at eac h step leading to an

accum ulation of heigh t loss. This can b e seen in Figure 5.10(c), where after second

3 the GPB2 still alternates �igh t and stance probabilities, but the duration of the

stance probabilit y is ab out t wice as short as during steady state.

A t the same time, heigh t estimates start to decrease, as seen in sub�gure (b).

As the estimates decrease, the de�ection of the virtual spring ( z � z0 ) increases,

and the stance mo del outputs increasingly erroneous (and negativ e) acceleration

predictions, un til those predictions b ecome consisten tly lo w er (and hence less ac-

curate) than �igh t predictions of � g. A t that p oin t, the GPB2 assigns the highest

probabilit y to the �igh t mo de (sub�gure (d)), and the estimation fails.

This analysis suggests that the problem can b e addressed b y making the �lters

con v erge faster, and b y using a stand mo del that describ es the stopping dynamics

more accurately than the stance mo del.

5.3.2 A dding a mass-spring-damp er mo del

A �rst step to w ards implemen ting the solution consists of dev eloping a stand mo del

to describ e the stopping dynamics. As noted earlier, the amplitude of RHex's accel-

eration decreases gradually after the motors stop, as a result of energy dissipation

from the complian t legs. The p erio d of oscillation of the acceleration also decreases,

as a six-legged stance has t wice the spring sti�ness than trip o d stances. It follo ws
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Steady Dynamics
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(a) A cceleration plot repro duced for reference
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�igh t at end of motion

Figure 5.10: Heigh t estimation based on simple �igh t and stance mo dels are inac-

curate outside the range of steady state op eration.
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Figure 5.11: The p erio d of the dynamics decreases after the legs stop rotating, as

can b e seen in the zo omed-in view of the acceleration just as the jogging motion

stops. The c hange in p erio d is explained b y the fact that stopping the motors mak e

the rob ot b ounce on six legs as opp osed to three legs during the alternating trip o d

motion. The output of leg strain gauges (circles for �igh t, diamonds for trip o d

stance and stars for six-legged stance) is o v erlaid on the accelerometer data

that RHex's stopping dynamics could b e mo deled as a dissipativ e mass-spring sys-

tem, a mo del similar to stance but with damping and t wice the spring constan t.

This leads to the follo wing mo del set:

•z =

8
>>><

>>>:

� g; �igh t phase,

� K z (z � z0) =M � g; stance phase,

� 2K z (z � z0) =M � g � (D=M ) _z; stand phase,

where D is the viscous damping parameter.

A con v en tional three-mo del, nine Kalman-�lter GPB2 system is built, and its state

estimates are plotted in Figure 5.12. The plots sho w that this GPB2 still div erges,

despite using a more accurate stand mo del. E�orts to tune GPB2 parameters

suc h as the transition probabilities Tij and mo del parameters suc h as D could not

impro v e the results rep orted. This is due to the fact that the p erio d of oscillation

is shorter than the time necessary for the individual �lters to con v erge. As b efore,

and despite using the more accurate stand mo del, the accum ulation of estimation

errors forces the con v en tional GPB2 to wrongly assign high probabilities to �igh t.
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Figure 5.12: A dding a mo del for the standing motion do es not allo w the three-

mo del GPB2 to con v erge.
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5.3.3 Iden tifying dynamical con text enables fast con v ergence

The problem of slo w con v ergence with con v en tional MM systems can b e resolv ed

b y iden tifying the �igh t-stance-stand con texts from the leg-strain gauges acting as

con tact sensors (see Figure 5.13(a)). When the strain gauges iden tify the con text,

the three-mo del GPB2 is reduced to a one-mo del �lter (the �lter corresp onding to

the iden ti�ed con text) that outputs accurate estimates. Refer to Section 3.1.3 for

details on the implemen tation of this algorithm. Th us, b y incorp orating con tex-

tual information, the mo de probabilities are correctly and rapidly sp eci�ed, whic h

enables the successful estimation of the heigh t throughout the exp erimen t.

The results are rep orted in Figure 5.13, where sub�gure (b) sho ws that the heigh t

estimates follo w an oscillatory dissipativ e motion ending at the rob ot's rest heigh t of

z0 . The ground truth measuremen t system's limited w orkspace do es not allo w the

quan titativ e v alidation of the estimate's accuracy , but the fact that the estimates

ha v e the same frequency as the measured acceleration and that they con v erge to

the rest heigh t as exp ected is an indication of v alidit y .

Sub�gure (c) sho ws that to w ards the end of the motion the GPB2 correctly assigns

the highest w eigh ts to the stand mo de, in con trast to the results obtained without

con text information.

5.3.4 Iden ti�cation of b eha vioral con text prev en ts div ergence

It w ould b e a w orth while exercise to p erform the same estimation task but b y

extracting con text information only from acceleration data, i.e. without using the

information pro vided b y the strain gauges. F or this, assume that the rob ot can

b e in one of t w o mo des: either jogging or coming to rest. F urthermore, since this

exp erimen t is in tended as a pro of of concept, assume that information ab out the

motors b eing turned o� is una v ailable. In this setup, the estimation system can use

information ab out the b eha vioral con text to decide whether or not the t w o-mo del

�igh t-stance GPB2 can b e used. In other w ords, the b eha vioral con text w ould
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(a) A cceleration plot. Fligh t is represen ted with circles, stance with dia-

monds, and stars represen t situations where b oth trip o ds touc h the ground,

whic h happ ens when the motors stop.
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Figure 5.13: Strain gauges iden tify the dynamical con text and enable fast con v er-

gence of heigh t estimates.
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iden tify the steady state p ortions of the b eha vior where the t w o-mo del GPB2 can

b e used with satisfactory accuracy .

By c ho osing to ignore strain gauge information, the dynamical con text cannot b e

accurately iden ti�ed in the stand mo de. Ho w ev er, information ab out the b eha vioral

con text is a v ailable and can iden tify whether the rob ot is in steady-state jogging

or coming to rest. Th us, the estimation strategy is not to use a com bination of

�igh t-stand mo dels to represen t the stopping dynamics, but instead to use a single

stand mo del as an appro ximation. This is an acceptable appro ximation b ecause

the dissipativ e dynamics rapidly eliminates the �igh t phase, so the stand can b e

used alone with limited adv erse impact on estimation accuracy .

The results are sho wn in Figure 5.14. Sub�gure (a) o v erla ys the jogging con text

obtained from the HMM-automaton estimation of Chapter 4 o v er acceleration data.

Sub�gure (b) sho ws that ev en though heigh t estimates are not as accurate as when

using the strain gauges, they still con v erge bac k to the rest heigh t.

The di�erence in accuracy is due to the fact that b eha vioral con texts pro vide higher-

lev el information ab out the dynamics than dynamical con texts. Dynamical con text

pro vide lo w er-lev el, more detailed information ab out the dynamics, and this enable

MM systems to generate accurate estimates, as in the previous example. When

only b eha vioral information is a v ailable, as in the curren t example, the accuracy

of the state estimates (Figure 5.14(b)) is lo w er, but still substan tially b etter than

when neither con text is used.

Last, kno wing the b eha vioral con text allo ws the deplo ymen t of the t w o-mo del in-

stead of the three-mo del GPB2, th us reducing the n um b er of �lters from nine to

four and impro ving the scalabilit y of the estimation system.
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(a) Jogging con text is o v erla y ed on acceleration plot
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Figure 5.14: Jogging con text obtained through the HMM-Automaton tec hnique of

Chapter 4 enables the selectiv e activ ation of the jogging GPB2. When the rob ot is

not in the jogging con text, a spring-damp er mo del describ es the rob ot's stopping

motion.
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5.4 Dynamical Con text Iden ti�cation Ov ercomes Limi-

tations of Lo w-Sensitivit y Sensing

The previous section (5.3) studies the problem of loss of estimation accuracy when

individual �lters do not ha v e su�cien t time to con v erge. This section illustrates an-

other problem presen ted b y Chapter 2, namely the loss of accuracy when a v ailable

sensors ha v e a lo w sensitivit y to c hanges in the dynamics.

The problem is demonstrated in a sim ulated exp erimen t of a b ouncing ball (see

Section 2.3.3.1 on page 36 and Chapter 3 for an in tro duction). The setup consists

of a unit-mass b ouncing ball that alternates �igh t and stance dynamics as it falls,

impacts the ground elastically and reb ounds. The ball ev olv es as a mass-spring

system during stance, and as a ballistic pro jectile during �igh t. Th us, the dynamics

are exactly form ulated as follo ws:

•z =

8
<

:

� g; ballistic pro jectile during �igh t ;

� K (z � z0) � g; loss-less mass-spring system during stance,

where the state z is heigh t, g is the acceleration due to lo w-magnitude gra vit y and

K and z0 are the ball's e�ectiv e spring constan t and rest length, resp ectiv ely . The

v alues of g, K , and z0 are

9:81
10 m=s2

, 75N=m and 0:5m , resp ectiv ely

5

.

The task is to estimate the ball's heigh t and v ertical v elo cit y using the �igh t and

stance mo dels, and a virtual sensor that generates noisy heigh t measuremen ts. T o

that e�ect, a �rst exp erimen t consists of constructing a con v en tional, t w o-mo del

GPB2 that do es not use an y con textual information. Ev en though the �igh t and

stance mo dels describ e the ball's motion exactly , their asso ciated Kalman �lters

ha v e non-zero but small pro cess noise co v ariances Q , and a larger observ ation

noise co v ariance R , to sim ulate realistic conditions. The ball is assumed to b e

equally lik ely to transition from �igh t (F) to stance (S) as from stance to �igh t, so

5

The gra vit y v ector has a lo w er magnitude than Earth's gra vit y to allo w for a slo w b ounce,

whic h is simpler to observ e and clearer to presen t. If the sim ulation w ere conducted with the

Earth's gra vit y , it w ould lead to the same qualitativ e results, but since the time b et w een touc h-

do wn and lifto� is short, the results could not b e presen ted with the same clarit y .
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Ti;j = 1
2 ; 8i; j 2 {F, S}.

The sim ulation is initiated b y dropping the ball from a heigh t of ten meters and

letting it b ounce once (Figure 5.15). The results of this GPB2, rep orted in Fig-

ure 5.16, sho w that v elo cit y estimates div erge mark edly from the true (sim ulated)

v elo cit y (sub�gure (b)), and heigh t estimates exhibit small div ergence near the

p oin t of impact (denoted b y the �rst '+' in sub�gure (a)).

The reason for the lo w accuracy is that �lters' observ ations consists of p osition

measuremen ts whic h do not pro vide su�cien t information to clearly discriminate

b et w een the �igh t and the stance mo des. As a result, the GPB2 wrongly assigns

non-zero w eigh ts to the stance �lters when the ball is in �igh t, th us including

inaccurate estimates to the consolidated state.

This can b e seen clearly b y analyzing one iteration of the GPB2. Consider the initial

state of the ball at the top left of the plot in Figure 5.15, at heigh t z = 10 and v e-

lo cit y _z = 0 . The �igh t mo del predicts an acceleration of •zS = � g = � 0:981m=s2
,

and the stance mo del predicts a larger negativ e acceleration •zF = •zS � 75(9:5) =

� 713:5m=s2
. If the �lters w ere using acceleration measuremen ts as observ ations,

then this large discrepancy w ould immediately lead to a lo w lik eliho o d for the stance

�lters relativ e to the �igh t �lters. Indeed, the RHex exp erimen t in Section5.1 sho ws

that when using acceleration measuremen ts, the GPB2 assigns correct mo de proba-

bilities and outputs accurate estimates. In con trast, the discrepancy b et w een �igh t

and stance predictions of p osition is small. In fact, this gap is smaller than the ac-

celeration gap b y factor equal to the square of the sampling p erio d T , as z ' •z � T2
.

The higher the bandwidth of the sensor the smaller the sampling time and the

smaller the gap; in this case, T = 0 :01sec, so z ' •z � 10� 4
.

Th us, b y relying on p osition measuremen ts, the inno v ation

6

of the stance �lters

w ould still b e larger than the inno v ation of the �igh t �lters, but only b y a small

margin. This translates to non-zero relativ e lik eliho o d for stance �lters, whic h leads

6

As a reminder, the inno v ation is the di�erence b et w een mo del prediction and sensor observ a-

tion.
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Figure 5.15: The ball falls from a heigh t of ten meters and b ounces. The gra vit y

v ector has a lo w magnitude that slo ws the b ounce for presen tation clarit y .

the GPB2 to assigning non-zero probabilit y for the stance mo de. Figure 5.16(c)

sho ws that the GPB2 incorrectly assigns non-zero stance probabilities when the ball

is in �igh t (b efore the �rst and after the second '+'). This logically decreases the

accuracy of the consolidated state b ecause it incorp orates stance estimates while in

�igh t. The dela ys in tro duced b y the lo w-sensitivit y sensing are also visible in the

plot, as the GPB2 switc hes mo de probabilities later than when the ball actually

switc hes dynamics.

A remedy to this sensor-induced slo w con v ergence is mo dify the GPB2 to incor-

p orate con textual information extracted from the sensor. Here, the dynamical

con texts are naturally sp eci�ed as the �igh t and stance con texts, and their iden ti�-

cation is based on the straigh t-forw ard observ ation that when the measured heigh t

is lo w er than the ball's rest heigh t, then the ball is kno wn to b e in stance, and

otherwise it is in �igh t. T o tak e in to accoun t sensor noise, a transition zone is

added in the immediate vicinit y of z0 , the touc hdo wn and lifto� p oin ts: z = z0 � � ,

with � � z0 . In the transition region, the iden tit y of the con text cannot b e accu-

rately determined from p osition measuremen ts. This setup is describ ed pictorially

in Figure 5.17 and summarized as follo ws:

� Fligh t con text: z > z 0 + �

� Stance con text: z < z 0 � �

� Uniden ti�ed con text: z0 � � < z < z 0 + �
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Figure 5.16: State estimates obtained with a con v en tional GPB2 lead to RMS

errors of 6:34cm and 15:5058m=s for p osition and v elo cit y estimates, resp ectiv ely .

The lo w sensitivit y of the p osition sensor to c hanges in the dynamics do es not allo w

the GPB2 to compute the correct probabilities for the �igh t and stance con texts.

These plots indicate the instan ts when the ball touc hes do wn and lifts o� with

a `+'. Sub�gure (b) sho ws that the probabilities of �igh t and stance erroneously

cross eac h other far from the `+' p oin ts. Correctly estimated probabilities w ould

cross close to the actual p oin t of touc hdo wn and lifto�.
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Figure 5.17: Con text-based estimation framew ork for a b ouncing ball.

The GPB2 is mo di�ed to incorp orate the dynamical con text information follo wing

the description of Section 5.2 and the pseudo co de of Algorithm 3. When the ball

is recognized to b e in �igh t ( z > z 0 + � ) or in stance ( z < z 0 � � ), only the corre-

sp onding f ilter F (xF ) or f ilter S (xS) is up dated, as sho wn in Figure 5.17. When

the con text is uniden ti�ed ( z0 � � < z < z 0 + � ), all four �lters are up dated. The

transition probabilities are adjusted so that when the ball is descending ( _z < 0) , the

probabilit y of transitioning in to stance is greater than the probabilit y of sta ying in

�igh t ( e.g. TS;F = 0 :7; TF;F = 0 :3) . The in v erse is true when the ball is ascending

(TF;S = 0 :7; TS;S = 0 :3) .

Figures 5.18(a) and (b) sho w that this strategy signi�can tly impro v es the accuracy

of the estimated v elo cit y . RMS errors are reduced from 6:34cm to 0:13cm and from

15:5m=s to 0:0119m=s for p osition and v elo cit y , resp ectiv ely . Th us, b y ignoring

the output of inappropriate �lters, the consolidated estimate can main tain its ac-

curacy as con texts alternate. The plot of sub�gure (a) displa ys the e�ect of using

a GPB2 during con text transitions. Consider the top left p ortion of the plot; the

�rst star indicates the momen t when all four �lters of the GPB2 are activ ated as
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a result of the ball reac hing the region of uncertain t y; and the �rst circle indicates

the momen t where the GPB2 is deactiv ated as the stance con text is successfully

iden ti�ed. As long as the ball is in the transition region, the output of the four

�lters are consolidated, and the estimate is somewhat less accurate than b efore the

activ ation of the GPB2 or after it is turned o�. This is to b e exp ected, as the

GPB2's sub-optimal w eigh t distribution lo w ers the accuracy of the consolidated

state. Sub�gure (c) sho ws that the GPB2 mo de probabilities represen t the sim u-

lated realit y more closely , with estimated mo de transitions taking place near the

p oin ts where dynamics switc h. The plot also sho ws the selectiv e activ ation of ac-

curate �lters during �igh t and stance as w ell as the transition p oin t from one mo de

to the other.

5.5 Iden ti�cation of Dynamical Con text Exploits Dis-

carded Sensor Information

The previous sections describ e con text-based tec hniques that o v ercome the accu-

racy and scalabilit y limitations of m ultiple mo del systems. This section do es not

pro vide new insigh t ab out the tec hniques themselv es; rather, it presen ts a simple

exp erimen tal result that demonstrates ho w sensor information discarded b y simple

motion mo dels can b e used to impro v e the output accuracy of estimation �lters.

The exp erimen t consists of iden tifying a mobile rob ot's dynamical con text from

sensor information, and using the con text's iden tit y to regulate an estimation �lter's

pro cess co v ariance. Results sho w that suc h regulation impro v es the output accuracy

of the individual estimation �lter.

A p opular approac h for mobile rob ot lo calization is the sim ultaneous lo calization

and mapping (SLAM) tec hnique, whic h consists of estimating the rob ot's p ose (lo-

calization) and the lo cation of feature landmarks in the en vironmen t (mapping)

at the same time. In its simplest form, SLAM consists of a Kalman �lter where

the �rst en tries of the state con tain the rob ot's o wn lo cation v ariables (suc h as
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Figure 5.18: The GPB2 p erformance increases when kno wingly inaccurate esti-

mates are discarded. RMS errors for p osition and v elo cit y estimates are do wn to

0:13cm and 0:0119m=s, resp ectiv ely .
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x , y , � co ordinates), and the last en tries con tain the co ordinates of landmarks in

the en vironmen t. The KF is initialized with a starting p ose of the rob ot and an

initial estimate (or ev en guess) of the landmarks' co ordinates. As the rob ot tra-

v erses the en vironmen t, its motion mo del pro vides the �lter with predictions of the

rob ot's o wn p ose and of the observ ations, commonly de�ned as range and b earing

measuremen ts to the landmarks. Next, actual measuremen ts of the landmarks are

used to up date the �lter, th us generating estimates of b oth the rob ot's p ose and

landmarks lo cation [72 , 41, 13 ].

SLAM exp erimen ts are almost alw a ys conducted on ro v ers tra v ersing mostly �at

terrain and consequen tly motion mo dels are predominan tly planar. Suc h mo dels

w ould describ e the rob ot's motion in SE(2) , namely the ev olution of its x � y

p osition and � orien tation o v er time. The simplicit y of these mo dels mak es them

and the Kalman �lters tractable to design and run. Ho w ev er, suc h �lters do not

mo del motions or ev en ts along non-planar dimensions, ev en though suc h ev en ts ma y

fundamen tally c hange the rob ot's b eha vior and render the planar motion mo del

inaccurate. By ignoring these ev en ts, SLAM algorithms ma y inadv erten tly trust

fault y mo dels and div erge.

One example of suc h ev en ts is high-cen tering, a situation where the ro v er's under-

carriage gets stuc k on an obstacle, rendering the wheels tractionless. If suc h an

ev en t go es unnoticed, then a SLAM algorithm w ould main tain an inappropriately

high lev el of con�dence in an inappropriate motion mo del. Eviden tly , the rami�-

cations of this problem extend to con trol, as illustrated b y a real-w orld exp erimen t

where a ro v er did not recognize that it had b ecome high-cen tered and the con troller

k ept spinning the wheels un til a tire caugh t �re [22 ]. Deciding on appropriate re-

co v ery actions is b ey ond the scop e of this thesis, ho w ev er the SLAM algorithm can

b e mo di�ed to main tain a degree of estimation accuracy . This can b e done b y �rst

iden tifying the o ccurrence of an ev en t that decreases the motion mo del's accuracy ,

and second b y increasing the co v ariance of the pro cess noise in the KF so as to

reduce the �lter's con�dence in that mo del's predictions.
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This strategy is implemen ted in exp erimen tation on a lab oratory mobile rob ot (see

Figure 5.19(a)). The setup consists of ha ving the mobile rob ot na vigate a corri-

dor while p erforming SLAM. Sub�gure (b) sho ws a view from the on b oard camera.

The squares in the image are the landmarks whose co ordinates are registered in the

state v ector, and the white square in fron t of the rob ot is an obstacle that the rob ot

do es not recognize as suc h. When the rob ot hits the obstacle, it b ecomes high cen-

tered and its wheels lo ose con tact with the ground. Ho w ev er, the SLAM algorithm

is based on a planar mo del and do es not recognize the fact that the wheels, though

spinning, no longer ha v e traction. Th us, the KF main tains the same con�dence in

the motion mo del as when the rob ot w as mo ving. This means that mo del predic-

tions indicate that the rob ot is mo ving forw ard, and consequen tly the �lter assumes

that it is disco v ering new landmarks with time. This is a wrong assumption as the

new landmarks are in fact the same landmarks observ ed rep eatedly from a �xed

lo cation. This is a phenomenon commonly referred to as landmark hallucination,

and it leads to the div ergence of the lo cation estimation.

The div ergence is seen in Figure 5.20(a), where the last t w o landmarks are though t

to b e new, whereas they really are the same as the last landmarks seen. The plot

sho ws that the �lter mistak enly estimates that the ro v er k ept mo ving forw ard and

ev en made a turn, o v ersho oting its real p osition b y 58:5cm.

T o address this problem, the strategy outlined ab o v e is implemen ted. When the

rob ot hits the obstacle, the impact could b e detected either b y a v ertical accelerom-

eter that registers a spik e, or b y a dedicated con tact switc h placed b eneath the

undercarriage that gets triggered up on impact. In either case, the output of the

sensor can not readily b e in tegrated in to the rob ot's planar motion mo del, whic h

motiv ates the dev elopmen t of an external mec hanism that appropriately mo di�es

the �lter parameters. In this exp erimen t, the rob ot lac ks suc h sp ecialized sensing,

so the trigger is initiated man ually . Nev ertheless, this exp erimen tal limitation do es

not undermine the v alidit y of the algorithmic results.

Up on impact, the magnitude of the pro cess co v ariance Q is increased b y three
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Figure 5.19: Lab oratory mobile rob ot conducts SLAM exp erimen t and encoun ters

obstacle (white square in sub�gure (b)), whic h mak es the rob ot wheels lo ose trac-

tion and reduces the accuracy of the rob ot's motion mo del. Images courtesy of

Hyungpil Mo on.
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Figure 5.20: In this exp erimen t, regulating the co v ariance of the pro cess noise to

accoun t for the loss of motion mo del accuracy impro v es the p erformance of the

SLAM p osition estimates b y 88%.
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orders of magnitude, from 5times10� 4
to 5times10� 1

. This mo di�es the v alues

of the gain K suc h that the up dated output w ould emphasize more the sensor

measuremen ts than the mo del predictions. In normal circumstances, suc h a setup

w ould mak e the estimation system excessiv ely vulnerable to sensor noise. In this

situation, mo del noise increases dramatically with the loss of prediction accuracy ,

and sensor noise b ecomes the lesser evil. F urthermore, sensor noise is reduced

b ecause of rep eated measuremen ts of the same landmarks. The results, presen ted

in Figure 5.20(b), sho w that the p osition estimates are closer to the real v alue. The

o v ersho ot of the real p osition is reduced to 7cm, an 88% p erformance increase.

The estimation strategy used in this exp erimen t is a departure from the direction

adopted th us far, in that con text information is used to impro v e the accuracy of a

single �lter rather than a m ultiple-mo del system. As suc h, this strategy constitutes

a preliminary dev elopmen t of con text-based mo del adaptation, where a �lter pa-

rameter (pro cess co v ariance in this case) adopts discrete v alues dep ending on the

rob ot's dynamical con text.

This approac h could b e further dev elop ed to enable, for example, con tin uous adap-

tation. A �rst step in this direction is describ ed in the App endix, whic h prop oses a

regulation tec hnique for one-dimensional systems. Chapter 6 o�ers other directions

for constructing more elab orate adaptation tec hniques within the con text-based

framew ork.

5.6 Summary

The examples in this c hapter illustrate sp eci�c instances of failure of m ultiple mo del

state estimation. They are pro vided to ground the problem description of Chapter 2

in practical terms, and to demonstrate the v alue of the con text-based estimation
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strategies laid out in Chapter 3.

These strategies are sho wn b y example to impro v e the scalabilit y of m ultiple-mo del

�lters b y reducing the n um b er of activ e �lters within one MM system, and b y

allo wing the deplo ymen t of m ultiple small-scale MM systems.

State estimation accuracy is also sho wn to impro v e with the use of con textual

information. The abilit y to recognize the rob ot's dynamical con text allo ws an MM

system to rapidly con v erge on the correct w eigh ts with whic h to scale the output of

individual �lters. This p ermits accurate heigh t estimation for RHex while jogging,

ev en when the dynamics alternate more rapidly than the con v ergence rate of the

GPB2's individual �lters.

Bey ond the answ ers pro vided b y this c hapter to some of the problems of m ultiple-

mo del estimation, op en questions remain as to extensions of the approac h that

ma y allo w it to address a broader range of problems. An in-depth discussion of the

merits and limitations of the approac h and its p oten tial for future dev elopmen ts is

presen ted in the concluding Chapter 6.
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Chapter 6

Conclusion

The con text-based estimation framew ork enables accurate and scalable state esti-

mation for systems with h ybrid dynamics. This thesis dev elops a no v el approac h

of com bining discrete and con tin uous estimation tec hniques to generate accurate

estimates for systems with in termitten t dynamics, in situations where con v en tional

con tin uous-only approac hes fail. The thesis also in tro duces the concept of ex-

plicitely t ying motion mo dels to the dynamics they represen t, formalizes the con-

cept as a hierarc h y of dynamical and b eha vioral con texts, and demonstrates that

this formalism ac hiev es signi�can t accuracy and scalabilit y gains for m ultiple-mo del

�ltering systems.

Precise de�nitions of the dynamical and b eha vioral con texts are pro vided in Chap-

ter 3, and the metho ds b y whic h they are iden ti�ed are presen ted in Chapter 4.

Chapter 5 sho ws ho w iden tifying a rob ot's dynamical and b eha vioral con texts can

impro v e the scalabilit y and the accuracy of m ultiple-mo del estimation systems, and

pro vides preliminary results of extensions to the framew ork that enable single-�lter

adaptation.

As the presen tation comes to an end, it is w orth revisiting the original ob jectiv es

of the w ork and examining the researc h results to ev aluate the exten t to whic h

it meets these ob jectiv es. The researc h is analyzed on the philosophical lev el to

assess the v alue of the conceptual approac h; on the metho dology lev el to study
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the degree to whic h the framew ork can b e generalized; and on the implemen tation

lev el to understand the framew ork's practical constrain ts.

This analysis naturally leads to op en questions ab out w a ys to expand and impro v e

to the con text-based framew ork, so this c hapter also highligh ts promising direc-

tions for future w ork. The c hapter concludes with a brief description of p oten tial

applications in the �eld of mobile rob otics.

6.1 Researc h Ob jectiv es

The original motiv ation b ehind this researc h came from the di�cult y of estimat-

ing the state of RHex. The rob ot's complex and in termitten t dynamics mean t

that accurate estimation could only b e ac hiev ed b y either dev eloping accurate but

complex motion mo dels, or b y instrumen ting the rob ot with sp ecialized sensors.

Complex mo dels dev elop ed in indep enden t w ork pro v ed un usable (see Section 4.1.1

for details), and sp ecialized sensors in the form of leg-strain gauges pro v ed complex

to install and required careful calibration [44, 43 ]. This motiv ated the dev elopmen t

of a simpler-to-implemen t estimation framew ork that relies on mo dels and sensors

of mo derate complexit y and still generates accurate estimates.

This framew ork is based on the realization that complete and complex motion mo d-

els can b e replaced with a collection of simple mo dels, eac h with a limited domain

of accuracy . Suc h a strategy can b e implemen ted with a v ailable m ultiple-mo del es-

timation systems, whic h are also w ell adapted to rob ots with h ybrid dynamics suc h

as RHex. Unfortunately , m ultiple mo del systems su�er from scalabilit y limitations

and their accuracy generally decreases with the complexit y of the dynamics.

Therefore, the ob jectiv e of this thesis w as to dev elop a state estimation framew ork

that impro v es the accuracy and scalabilit y of m ultiple mo del systems, with the

in ten t to generate accurate estimates with simple mo dels and lo w-cost sensors.
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6.2 Discussion of Philosophical Approac h

The adopted solution is to sim ultaneously estimate discrete and con tin uous states,

whereb y discrete states (con texts) are extracted from direct analysis of sensor data,

and con tin uous states are estimated b y MM systems. As demonstrated b y the

examples of Chapter 5, information ab out the con texts helps MM systems iden tify

accurate mo dels and selectiv ely activ ate individual �lters, th us impro ving b oth

their accuracy and scalabilit y .

Philosophically , this approac h is w ell suited to h ybrid systems whose dynamics

mak e discrete and sudden c hanges. Discrete-state estimation can b e designed to

e�cien tly and reliably detect suc h discrete c hanges, and comm unicate this informa-

tion to MM systems. The approac h also uses discrete states to represen ts di�eren t

dynamics that ma y not b e separated b y discrete transitions, but are distinct enough

to b e describ ed b y di�eren t mo dels. Therefore, the approac h is also suited to non-

h ybrid systems whose dynamics are complex enough that a collection of mo dels is

needed to represen t them.

Naturally , the p erformance of discrete state estimation dep ends on the qualit y

of a v ailable sensors and estimator design, but the general simplicit y of discrete

estimators pro vides for design �exibilit y . This �exibilit y allo ws designers to enco de

kno wledge and in tuition in to the construction of the estimators, thereb y increasing

the lik eliho o d of ac hieving e�ciency and reliabilit y . F or example, kno wing that

accelerations close to � 9:81m=s2
are represen tativ e of �igh t can easily b e formalized

in the form of a �igh t dynamical con text; lik ewise, kno wing that a ball at high

altitude cannot b e in stance allo ws the creation of simple dynamical con texts.

The explicit estimation of discrete states is a departure from the con v en tional use

of MM systems that infer the discrete state from the relativ e accuracy of the con tin-

uous �lters. The reasoning dev elop ed throughout this thesis and the exp erimen tal

and sim ulation results indicate that this approac h indeed pro vides gains of accuracy

and scalabilit y at lo w additional cost.
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Discrete-state estimation is also a lo w-cost to ol to handle infrequen t sp ecial cases

that in v ariably arise in �elded systems. Suc h cases w ould b e onerous to handle

through con tin uous mo deling, but can b e simply accoun ted for b y discrete mo dels.

F or example, consider when a ro v er collides with an obstacle, hop efully an infre-

quen t ev en t that can b e treated as a sp ecial case; sensor-based discrete estimation

can easily detect the large dynamics pro duced b y the collision, p erhaps b y ob-

serving accelerations that increase b ey ond a predetermined threshold. In con trast,

con tin uous mo dels w ould ha v e to describ e the collision dynamics to detect them,

whic h is clearly a m uc h harder task.

This analysis suggests that expanding some e�ort to estimate a system's discrete

state reduces the o v erall e�ort of estimating its con tin uous state. Therefore, de-

v eloping discrete estimators for tasks as a means of impro ving the p erformance of

con tin uous estimators is lik ely to b e a w orth while strategy for most �eld systems.

Estimating a system's discrete state can also pro vide v aluable information ab out

the dynamics that con tin uous estimators are not w ell suited to capture. Suc h

information can tak e the form of an abstracted description of the dynamics (is the

rob ot running or jogging?) or a general qualit y assessmen t of a system's op eration

(unexp ected engine noise indicates a failure). This information w ould not only

help rob ots monitor their health and p erformance, but also enable faster and more

reactiv e motion con trol, as describ ed in Section 6.5.

6.3 Discussion of Estimation Metho dology

Using hidden Mark o v mo dels (HMMs) and timed automata for discrete-state esti-

mation com bines the adv an tages of b oth tec hniques; HMMs pro vide robustness to

sensor noise and timed automata capture in-state dw elling time. Recall from Chap-

ter 4 that the HMM estimation approac h is a discrete-state analog to the Kalman

�lter (KF), and as suc h sensor observ ations are w eigh ted against (discrete) mo del

predictions, whic h limits the impact of noise. Ho w ev er, the analogy to KF s also
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means that HMMs are recursiv e pro cesses that cannot measure in-state dw elling

time .

Timed automata are able to capture in-state dw elling time b ecause, unlik e HMMs,

they are not restricted b y the Mark o v assumption of indep endence among consec-

utiv e state estimates. Ho w ev er, automata describ e deterministic pro cesses, whic h

mak es them vulnerable to input (sensor) noise. The adv an tages of b oth tec hniques

are com bined through their sequen tial use, with HMMs �ltering sensor noise �rst

and automata computing dw elling time second b y relying on robust input. Exp eri-

men tal results indicate that this pro cess extracts necessary information from sensor

data to enable successful con text iden ti�cation. The v alidit y of this approac h is

further underlined b y similar and parallel dev elopmen ts in the sp eec h recognition

comm unit y .

Describing the ev olution of discrete states with Mark o v pro cesses also op ens the

p ossibilit y of lev eraging a large b o dy of w ork in discrete estimation to impro v e con-

text iden ti�cation. Examples include, but are not limited to, automatic learning of

HMM parameters from lab eled data or represen ting the discrete pro cesses b y more

sophisticated estimation to ols suc h as Mark o v decision pro cesses. Lo oking forw ard,

Section 6.5 prop oses expansions of the presen t w ork through the deplo ymen t of suc h

estimation strategies.

The c hoice of Kalman �lters for con tin uous estimation is motiv ated b y the ubiquit y

of the �lter in the estimation comm unit y . Indeed, the con text-based estimation

framew ork builds on extensiv e researc h on m ultiple-mo del estimation tec hniques

based on the Kalman �lter, and in return, pro vides to ols that the comm unit y

could use to impro v e the p erformance of suc h MM systems.

Di�eren t con tin uous estimation approac hes could ha v e b een used to implemen t the

concepts dev elop ed in this thesis. A notable example is the particle �lters (PF)

framew ork, whic h di�ers from KF s b y the t yp e of function appro ximation it uses.

The philosophical approac h of com bining discrete and con tin uous estimation ap-

plies equally w ell to KF s and PF s, so the con texts w ould b e iden ti�ed as describ ed
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b y Chapter 4 regardless of the metho d used. Ho w ev er, the framew ork's implemen-

tation for PF s w ould di�er, so new tec hniques w ould b e necessary to in tegrate the

con textual information to particle �lters. Suc h dev elopmen t is b ey ond the scop e of

the curren t in v estigation.

6.4 Discussion of F ramew ork Implemen tation

The implemen tation details of the con text-based estimation framew ork merits a

close lo ok to understand its practical adv an tages and limitations. F or the demon-

strations of Chapter 4, the HMM parameters

1

w ere tuned man ually in an e�ort to

con tain design complexit y . The disadv an tage of this approac h is that the HMM

pro duces quasi-binary probabilit y distributions o v er the states ( � k (j ) ); i.e. in most

cases, an y giv en HMM state has either a v alue close to one or close to zero. This

limits the framew ork's abilit y to express a con tin uous measure of con�dence in the

con texts' iden tit y . Had suc h con tin uous metrics b een a v ailable, they w ould further

impro v e the accuracy of MM state estimation b y enabling the ev aluation of �dis-

tances� among con texts, and p erhaps the prediction a rob ot's en try to or exit from

a con text. The curren t inabilit y to compute con tin uous con�dence measures is

due to sub optimal parameters v alues set b y hand; this limitation can b e o v ercome

through parameter learning, as prop osed in Section 6.5.

Another implication of the framew ork implemen tation is the p oten tial brittleness

of the automata, due to its sensitivit y to sensor noise. Ho w ev er, as noted in Sec-

tion 6.3, the risk of noise-induced failure is greatly reduced b y emplo ying an HMM

�rst to �lter sensor noise (thanks to its probabilistic represen tation), instead of

using sensor data directly with a deterministic mo del. In addition, a p oten tial fail-

ure of the discrete estimation system do es not necessarily lead to the failure of the

con tin uous state estimation. In the (hop efully rare) cases where sensor noise leads

to inaccurate automata estimates, the immediate e�ect is to ac kno wledge that the

1

These parameters are the transition and observ ation probabilities, aij and bj (ok ) . See Sec-

tion 3.2.2.1 on page 58 for details.



153

con text cannot b e iden ti�ed. As a consequence, the con text-based MM system

is forced to resume nominal op eration b y activ ating all a v ailable �lters, un til the

discrete estimator succeeds in iden tifying the con text again. During this time, the

estimation p erformance is reduced to that of con v en tional �ltering, with no ad-

ditional harm caused b y automata failure. In other w ords, the success of con text

iden ti�cation impro v es the accuracy of con v en tional estimation, but its failure do es

not reduce it.

An imp ortan t practical dimension of the framew ork is the metho dology to b e fol-

lo w ed for kno wing when to implemen t the con text-based estimation strategy . This

question has b een addressed partially ev en if implicitly throughout the do cumen t,

particularly in ligh t of the examples of Chapter 5. Ho w ev er, a complete and general

answ er, if it exists, is b ey ond the scop e of this thesis. Nev ertheless, a common-sense

analysis of state estimation p erformance tradeo�s pro vides some guidelines.

Putting the goal of high accuracy aside, the con text-based framew ork almost in v ari-

ably impro v es the scalabilit y of m ultiple mo del �lters. Therefore, the con text-based

estimation framew ork should b e deplo y ed if a v ailable computational resources are

signi�can tly taxed b y con v en tional estimation systems.

In addition, estimation accuracy is rarely consisten tly acceptable; estimators gener-

ally p erform the main estimation task w ell, but do not handle secondary tasks sat-

isfactorily . An example is the estimation of RHex's heigh t, where successful results

are obtained with a con v en tional GPB2 during steady-state op erations (primary

task), but not during transien t op eration (secondary task). F or these systems, the

deplo ymen t of the con text-based framew ork pro vides impro v emen ts in accuracy

that are lik ely to justify the asso ciated design o v erhead.

A t times, and in realistic conditions, con v en tional state estimation systems could

also fail completely . F or example, collision or acciden ts can render all a v ailable con-

tin uous estimators inaccurate, as it is virtually imp ossible to mo del suc h dramatic

ev en ts. The implemen tation of the con text-based framew ork can b e explicitly de-

signed to accoun t for suc h situations b y detecting abnormal situations when the
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con texts can no longer b e iden ti�ed. In this case, the con texts w ould b e constructed

to capture v alues of sensor data in normal situations. When these v alues are ex-

ceeded, the rob ot departs from the `normal' con texts and the system recognizes a

fault or exception and acts accordingly .

This discussion suggests that the con text-based framew ork should b e used in most

estimation problems. Ho w ev er, as a design argumen t, one migh t ask if it p ossible

to predict when the con v en tional estimation metho ds will underp erform. It w ould

b e di�cult to answ er this question other than on a case-b y-case basis, but some

rules of th um b ab out �lter con v ergence can help frame the answ er. F or example,

con v en tional wisdom within the estimation comm unit y states that for �lters to

con v erge, the sensor bandwidth has to b e an order of magnitude larger than the

system's mec hanical frequency . Th us, if a v ailable sensors pro v e to o slo w for the

system at hand, then the sp eed gains pro vided b y con text iden ti�cation w ould

pro v e crucial to the success of the estimation task.

Chapter 2 presen ts other means of predicting estimation failure. If the a v ailable

sensors ha v e a lo w sensitivit y to c hanges in the dynamics (suc h as p osition sensors),

then regardless of their bandwidth, they w ould not help state estimators con v erge

rapidly .

The philosophical approac h of com bining discrete and con tin uous estimation tec h-

niques as a means to impro v e state estimation is demonstrably v alid and, to the

exten t that bibliographical researc h indicates, has not b een prop osed elsewhere.

On the other hand, the implemen tation of the new estimation framew ork is lim-

ited to pro of-of-concept lev els. Nev ertheless, the researc h pro vides a foundation on

whic h further dev elopmen ts can build to maximize the framew ork's e�ectiv eness,

as discussed in the next section.
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6.5 F uture W ork

The con text-based state estimation framew ork can b e used as a starting p oin t for

enhancemen ts that impro v e the accuracy of state estimates and extract additional

information from a v ailable sensors. Enhancemen t ideas apply primarily to the

discrete part of the framew ork, but ultimately a�ect the con tin uous part as w ell,

as the degree of in tegration b et w een b oth parts increases.

6.5.1 Learning HMM parameters

As noted in Section 6.4, a ma jor impro v emen t to the curren t framew ork w ould

b e the abilit y to compute more accurate v alues for the HMM parameters than

ac hiev ed man ually . This problem is w ell kno wn in the discrete-state estimation

comm unit y , and a con v en tional solution is to learn the parameters from lab eled

data sets. The approac h assumes that the HMM states are kno wn a priori , and

requires the lab eling of sensor data, where the lab els are the HMM states. F or

example, lab eling RHex's lateral acceleration w ould b e similar to Figure 4.9 on

page 97. What is not kno wn a priori , ho w ev er, is the structure of the discrete

pro cess, i.e. the transition probabilities among the HMM states and the observ ation

probabilities. Th us, RHex's mo del b efore learning w ould not resem ble the Mark o v

c hain depicted in Figure 4.10, but rather w ould ha v e arro ws linking eac h state to

all other states, with uniform transition probabilities aij .

With this setup, the transition and observ ation probabilities aij and bj (ok ) can b e

learned using algorithms suc h as the Baum-W elc h or the Exp ectation Mo di�cation

metho ds [59 ]. These are optimization algorithms that re�ne parameter estimates

through the iterativ e application of cost-minimization functions. The result is

t ypically a set of parameter v alues that minimizes discrepancies b et w een HMM

predictions and observ ation. Con v ersations with kno wledgeable facult y mem b ers at

Carnegie Mellon Univ ersit y suggest that the parameters obtained through learning

w ould enable the probabilit y distribution � k (j ) to v ary con tin uously rather than

mostly discretely , as it do es no w.
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The learning approac h could b e expanded and include the disco v ery of the discrete

states themselv es [76 , 70]. Some HMMs ha v e b een successfully designed with this

strategy , but it is unclear if systems suc h as RHex w ould allo w for the automatic

generation of accurate HMMs. Nev ertheless, this approac h is w orth in v estigating,

as it could signi�can tly increase the generalit y of the con text-based framew ork.

6.5.2 Using Mark o v decision pro cesses

The accuracy of the discrete state estimation can b e impro v ed b y represen ting some

discrete pro cesses as Mark o v decision pro cesses (MDPs). MDPs incorp orate input

information in to the computation of the probabilit y distribution, so inputs suc h as

con trol commands could b e used to re�ne the discrete estimates.

Consider a system that executes di�eren t b eha viors, suc h as RHex. The b eha viors

can b e mo deled as states in an MDP , where eac h state represen ts one b eha vior, and

where the input is the con trol command sen t to the rob ot (jog, w alk, etc.). The

MDP's observ ations are the probabilit y distributions of the same HMM-automaton

framew ork as b efore. With this setup, when a rob ot is commanded to jog, the MDP

w ould bias its o wn distribution to w ards the jogging state, and information pro vided

b y the HMM-automata estimator w ould reinforce that distribution if the jogging

con text is iden ti�ed, or w ould w eak en it otherwise. By incorp orating additional

information ab out the b eha vior, this strategy is lik ely to impro v e the accuracy of

iden tifying the b eha vioral con text.

In practice, the MDP states can rarely b e observ ed directly , so this problem is in

realit y a partially observ able MDP (POMDP). Unfortunately , POMDPs are kno wn

to ha v e tractabilit y limitations, so further in v estigation is required to ev aluate the

applicabilit y of this approac h. See Figure 6.1 for a summary of the strategy and a

diagram of the complete system.
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Figure 6.1: POMDP incorp orates kno wn con trol input to re�ne iden ti�cation of

b eha vioral con troller.

6.5.3 In terpreting HMM distribution as distance metric

As noted earlier, using HMMs that pro duce con tin uous distributions � k (j ) pro vides

imp ortan t adv an tages to state estimation. The distributions can b e in terpreted as

a measure of the HMM's con�dence in eac h state, so in essence, con tin uous v alues

of � k (j ) pro vide a measure of con�dence in the con texts themselv es. The longer

observ ations matc h mo del predictions, the higher the con�dence in the probabilit y

distribution, and therefore the higher the con�dence in the iden tit y of the con text.

Suc h con�dence measures are useful when in terpreted as a distance metric in the

space of con texts. Consider the task of iden tifying the b eha vioral con text of a

rob ot executing a sp eci�c b eha vior, suc h as jogging for RHex. When the rob ot is

sub jected to transien t dynamics, no con text is iden ti�ed. Ho w ev er, as the rob ot

transitions in to the the steady state region, the con�dence measure of a w ell-tuned

HMM w ould progressiv ely increase, indicating that the rob ot is approac hing the

b eha vior's con text. The con�dence w ould reac h its maximal v alue once the con text
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is p ositiv ely iden ti�ed, the w a y it is p erformed in Chapter 4. Th us, con�dence

b ecomes a distance metric that measures �ho w far� a rob ot's op eration is from a

sp eci�c con text.

This distance information can b e used to further impro v e the scalabilit y of m ultiple-

mo del �lters. So far, the con text-based framew ork either activ ates a single �lter

within a m ultiple-mo del system, or activ ates the en tire set of �lters, dep ending

on whether the dynamical con text can b e iden ti�ed. This approac h can b e made

more e�cien t b y dynamically v arying the n um b er of activ ated �lters. F or that, the

estimation framew ork uses the distance metric to estimate the system's pro ximit y

to all dynamical con texts, and activ ates a subset of �lters that corresp ond to the

closest con texts. As b efore, only a single �lter is activ ated if the dynamical con text

is iden ti�ed unam biguously , but if no iden ti�cation is p ossible, additional �lters

can b e activ ated progressiv ely as the system mo v es farther from the con text. By

a v oiding the automatic activ ation of the en tire �lter set, this approac h further

reduces the computational cost of the con text-based framew ork.

The distance information could also b e in terpreted as a qualit y measure of the

b eha vior, as deviations from the con text suggest that the b eha vior is not b eing

executed as an ticipated. The con tin uous prop ert y of suc h a qualit y metric can b e

used to close the lo op on the b eha vioral con troller, where the con troller adjusts its

parameters in w a ys that reduce distance to a target con text, and therefore increases

the gait's qualit y .

The qualit y metric could also b e used for �lter adaptation. F or systems where

the b eha vioral con text corresp onds to a single Kalman �lter, as in the case of

RHex's w alking gait, the parameters of the �lter could b e regulated con tin uously

(see the App endix for an implemen tation of a similar strategy for one-dimensional

problems). The farther the rob ot from the b eha vior's con text, the less accurate

the motion mo del and the greater the pro cess noise co v ariance. In con trast to the

adaptation strategy of the falling ball sim ulation, the co v ariance regulation here is

a function of sensor information and not of �lter parameters. This is an op en-lo op
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strategy whic h should b e able to accommo date higher-dimensional systems than

the closed lo op approac h in the App endix. It could also b e used in conjunction

with the closed-lo op tec hnique to impro v e adaptation accuracy .

6.5.4 Incorp orating in-state dw elling time in to distance metric

The distance metric can b e further impro v ed b y incorp orating the in-state dw elling

time to the metric. When the rob ot op erates in steady-state mo de, the dw elling

time captured b y the automata for eac h state is close to a nominal v alue. Dis-

turbances c hange the dw elling time, so detecting that c hange is evidence of the

disturbance.

In order to incorp orate this information, the represen tation of the dw elling time

should b e compatible with the HMM probabilit y distribution. Therefore, dw elling

time information can b e expressed in probabilistic terms, a metho d commonly

used in sp eec h recognition [37 ]. This is done b y represen ting time as a p ositiv e

distribution that tak es the highest v alue (one) at the nominal dw elling time. As

the rob ot dw ells less or more time than nominal, the probabilit y decreases un til a

cut-o� p oin t where it b ecomes zero.

6.5.5 Expanding HMM structure

So far, the approac h to con text-based estimation has adv o cated the design of one

HMM p er b eha vioral con text. The con text of m ultiple-b eha vior systems w ould b e

iden ti�ed using m ultiple disc onne cte d HMMs, whic h pro vides for small-scale HMMs

that are simple to design and inexp ensiv e to run.

A departure from this strategy w ould b e to represen t m ultiple b eha viors with a

single, fully c onne cte d HMM, and the added complexit y is lik ely to b e o�set b y

impro v emen ts in accuracy . The idea is that a fully connected HMM w ould pro duce

more accurate probabilit y distributions b ecause it w ould allo w the probabilities

to shift among states that b elong to di�eren t b eha viors. One w a y to analyze the
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di�erence b et w een connected and disconnected HMMs is to note that it is mathe-

matically p ossible for disconnected HMMs to ha v e sim ultaneously high con�dence

in eac h of the b eha vioral pro cesses they represen t. This is clearly a wrong result,

since systems are assumed to execute one b eha vior at a time. On the other hand,

the probabilities of a connected HMM ha v e to sum up to one, so at most one of

the pro cesses can b e accurate. It is w orth men tioning that sp eec h recognition re-

searc h also adv o cates the construction of a connected net w ork of HMMs, p ossibly

organized in a hierarc hical structure.

Practically , the construction of suc h a connected HMM w ould start with the de-

v elopmen t of individual discrete mo dels as b efore, one mo del p er b eha vior. The

next step is to connect the di�eren t HMMs together, with arro ws connecting eac h

state to all the other states, whether they b elong to the same or to di�eren t b e-

ha vior mo dels. The error states of the individual mo dels are replaced with a single

error state for the new connected mo del. The larger connected mo del ma y b e to o

complex to tune b y hand, but the tuning can b e p erformed with the same learning

tec hniques men tioned earlier, suc h as the Baum-W elc h metho d. This w a y , if the

rob ot is not executing an y of the mo deled b eha viors, the HMM w ould assign the

highest probabilit y to the error state and no con text w ould b e iden ti�ed. Con-

v ersely , when the rob ot executes a mo deled b eha vior, the connected HMM is lik ely

to iden tify the b eha vioral con text more accurately than b efore.

In addition to the lik ely gains in accuracy , this setup pro vides the adv an tage of

a more expressiv e distance metric. As b efore, the probabilit y distribution � k (j )

is in terpreted as a distance metric, but no w the metric pro vides r elative distance

information from one con text to another. When the rob ot is transitioning among

b eha vioral con texts, or when it momen tarily exits a con text, the distribution o v er

the states b elonging to di�eren t b eha viors w ould re�ect the rob ot's pro ximit y to

eac h b eha vioral con text. As a result, the out-of-con text b eha vior can b e quan ti�ed

as a w eigh ted sum of sev eral mo deled b eha viors. This w ould b e a new abstracted

represen tation of a rob ot's complex motions, and it is an ticipated that suc h dev el-

opmen ts w ould enable new strategies for reactiv e con trol, an example of whic h is
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pro vided in Section 6.6.

Naturally , the added HMM complexit y increases the computational cost of discrete

estimation and reduces the o v erall scalabilit y of con text-based estimation. This

presen ts the designer with a cost/p erformance tradeo�, as HMM complexit y can

b e increased as long as the run time computational o v erhead is o�set b y p erformance

gains. Suc h design decisions factor a v ailable computational resources and accuracy

requiremen ts of the task at hand, so they are made on a case-b y-case basis.

More generally , it is w orth noting that the incremen tal computational cost of an

HMM is lo w er than that of a m ultiple-mo del �lter; the cost of running an HMM

is that of m ultiplying matrices together, whic h increases with the square of the

n um b er of discrete states (Equation 3.2); whereas the cost of running an MM

system is that of in v erting matrices, whic h increases with the cub e of the n um b er

of con tin uous states (Algorithm 1) and with the square of the n um b er of mo des

(Algorithm 2). Therefore, for a giv en computational budget, a designer is more

lik ely to impro v e estimation accuracy b y increasing the complexit y of discrete-state

estimators rather than that of MM systems.

6.5.6 In tegrating Kalman �lters and HMMs

Lo oking further in the future, one can en vision a new t yp e of m ultiple-mo del �l-

tering system, where the individual con tin uous �lters are structurally link ed to

discrete estimators. A p ossible arc hitecture w ould start with HMMs similarly to

the examples in this thesis, but the discrete states' observ ations w ould include the

con tin uous �lters' lik eliho o d in addition to sensor information. Th us, the HMMs

w ould compute the probabilit y distribution based not only on sensor data but also

on the p erformance of the con tin uous �lters. This probabilit y distribution w ould

then b e used to replace the curren t GPB2 functionalit y . The output of eac h �lter

w ould b e w eigh ted b y the probabilit y of the state represen ting its dynamical con-

text, and the w eigh ted outputs w ould b e consolidated as with the GPB2. This w a y ,

the w eigh t estimates include b oth KF lik eliho o ds and sensor information, whic h
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Figure 6.2: Linking discrete-state HMMs and con tin uous-state MM systems could

impro v e the e�ciency of information utilization and further impro v e estimation

accuracy .

should impro v e the w eigh t's accuracy and therefore the accuracy of the consolidated

estimates.

By using �lter lik eliho o ds to �rst compute the discrete probabilit y distribution,

then using that probabilit y to scale individual �lter outputs, the system closes

an estimation lo op, as sho wn in Figure 6.2. This is a di�eren t lo op than the

one dev elop ed in Section 5.5 (and also in the App endix), b ecause the prop osed

system do es not adapt the parameters of individual �lters, only mixes their out-

put. It could b e w orth in v estigating the p ossibilit y of merging the t w o approac hes,

whereb y m ultiple-mo del estimation includes the adaptation of individual �lters,

but the implications of suc h an approac h on accuracy are conceptually di�cult to

an ticipate.

6.6 Applications

Con text-based state estimation applies to a v ariet y of estimation and con trol tasks,

from enabling accurate estimation when con v en tional metho ds fail to pro viding

timely information that mak es reactiv e con trol p ossible. This div ersit y of applica-
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tions complicates the dev elopmen t of metrics to quan tify the framew ork's accuracy

gains, as they v ary from one system to another. Throughout the thesis, accuracy

measuremen ts w ere pro vided where p ossible for the di�eren t systems considered.

More generally , the p erformance of con text based estimation has to meet the task's

requiremen ts, and the framew ork's implemen tation w ould b e designed accordingly .

F or example, reactiv e con trol requires timely information, and therefore justi�es

the deplo ymen t of classi�cation to ols to rapidly iden tify the dynamical con text.

Slo w er v ehicles imp ose less stringen t time requiremen ts, so it could su�ce to design

more conserv ativ e but also more accurate discrete estimators suc h as the HMM-

automaton tec hnique to iden tify the b eha vioral con text.

F or the RHex platform, the bandwidth of the estimation is ab out an order of

magnitude higher than the rob ot's mec hanical frequency , so the results of con text-

based estimation can b e used to implemen t reactiv e con trol. An example of suc h

con trol could in v olv e the regulation of the gait's parameters as a function of state

[84].

P erhaps a more in teresting application of the framew ork in the case of RHex is

the abilit y to measure the `qualit y' of the b eha vior b eing executed, as outlined in

Section 6.5. As the rob ot tra v erses brok en terrain, it ma y ha v e to c hange gaits

dep ending on v ariations in terrain di�cult y . On �at, unencum b ered terrain, the

rob ot could jog or run while main tain a stable gait. Ho w ev er, the terrain di�cult y

can increase and lead to gait instabilit y , in whic h case the rob ot should slo w do wn

and adopt a more conserv ativ e gait suc h as w alking. These gait c hanges could b e

p erformed automatically b y measuring the qualit y of the curren t gait and making

con trol decisions accordingly . When a gait's qualit y degrades, the rob ot switc hes

to a more stable gait, th us closing the lo op on a b eha vioral con troller.

The abilit y to measure gait qualit y can also help in the generation of gaits. Re-

searc h conducted on Spra wl [34 ], another hexap o d rob ot, seeks to tune the leg

motion parameters to increase gait stabilit y . T o date, stabilit y has b een di�cult to

quan tify and is curren tly ev aluated through h uman judgmen t. In terpreting HMM
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probabilit y distributions as a qualit y metric helps remedy this problem, as the de-

signer could sp ecify a target b eha vioral con text, and tune gait parameters according

to a distance-to-con text cost function.

T o conclude, the estimation approac h dev elop ed in this thesis impro v es the accu-

racy of curren t state estimators and could enable no v el con trol applications. This

w ork is a �rst step in a promising in v estigation of estimation strategies for sys-

tems with complex dynamics. F ramew orks that com bine discrete and con tin uous

estimation are lik ely to b ecome of greater necessit y as rob otic systems gain in

p erformance and complexit y . Exploring the in teraction b et w een the discrete and

con tin uous parts has the p oten tial of leading to new and comp elling results for the

estimation and con trol of future rob otic systems.
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Con text-Based Filter A daptation

This app endix presen ts a preliminary dev elopmen t of a �lter adaptation strategy

that builds on the con text-based estimation approac h. The strategy uses con text

information to regulate the parameters of a single �lter in a w a y that impro v es its

estimation accuracy .

The strategy is implemen ted in an example that consists of the falling ball sim ula-

tion, where the task is to regulate the parameters of the �igh t �lter to main tain a

lev el of estimation accuracy ev en when the ball is no longer in �igh t.

The approac h expands the de�nition of con texts b ey ond the description of Chap-

ter 3 to include �lter parameters. So far, dynamical con texts ha v e b een iden ti�ed

from the classi�cation of sensor data; no w, they can also b e iden ti�ed from the

classi�cation of �lter parameters. F or example, a dynamical con text can b e repre-

sen ted b y a range of v alues of the �lter's inno v ation. When a system's dynamics

are accurately represen ted b y the �lter's motion mo del, the inno v ation is exp ected

to ha v e lo w v alues. This allo ws the iden ti�cation of the corresp onding con text

whenev er inno v ation v alues are b elo w a sp eci�c threshold.

This is a con tin uous regulation strategy , although it is restricted to one-dimensional

systems. Presen ting it here serv es t w o purp oses; the �rst is to demonstrate in

sim ulation that the strategy impro v es the accuracy of individual �lters; and the

second is to pro vide insigh t ab out the estimation mec hanisms of Kalman �lters.



168

A daptation of pro cess noise co v ariance

The approac h is presen ted in the con text of the b ouncing ball problem, where the

task is again to estimate the ball's heigh t, but this time using only a single �lter.

The c hallenge is to mo dify the �lter's parameters as the the motion mo del gains

and loses accuracy to generate accurate heigh t estimates.

The tec hnique for con tin uous parameter adaptation is presen ted in a step-b y-step

description of the approac h to estimate the ball's heigh t while in free fall. The

ball is dropp ed from high altitude, and its fall is slo w ed do wn b y air friction, so its

equation of motion (plan t mo del) is

z(t) =

�
e

� gt
VT � 1

�
V 2

T

g
+ VT t

where VT is the ball's terminal v elo cit y , g is gra vit y and t is time. Assume that the

only a v ailable mo del describ es constan t-acceleration, friction-free dynamics, •z =

� g. Then the corresp onding �lter's pro cess and observ ation equations (estimator
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where � is the discrete sampling p erio d, x and v are p osition and v elo cit y of the

ball, g is gra vit y , and � and ! are pro cess and measuremen t noise of v ariances Q

and R resp ectiv ely .

A t drop-o�, the free fall motion mo del is accurate, as the ball has not y et built

up sp eed and air friction is negligible. So on thereafter, the v elo cit y increases, and

the gro wing air friction reduces the ball's acceleration and mak es the constan t-
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Figure 6.3: Inno v ation c haracteristics of an increasingly inaccurate motion mo del

acceleration mo del progressiv ely less accurate. As a result, the mo del's predictions

also lose accuracy , causing the estimation �lter's inno v ation to gro w, as sho wn in

the solid-line plot of Figure 6.3(a).

If the co v ariance Q of the pro cess noise remains unc hanged, then the �lter's con-

�dence in the mo del w ould not decrease with loss of accuracy . Th us, the w eigh ts

that the nominal gain K assigns to mo del predictions w ould b ecome increasingly

incorrect leading to a decrease in the estimates' accuracy . Con v ersely , if the pro-

cess co v ariance increases as the mo del loses accuracy , then K w ould progressiv ely

de-emphasize predictions. Increasing the v alue of the pro cess co v ariance indicates

that the mo del con tains more noise, whic h is the Kalman framew ork's expression

of lo w er accuracy .

The c hallenge is to devise a tec hnique for increasing Q prop ortionally to the loss

of accuracy , where prop ortionalit y dep ends on the c hoice of accuracy metric. That

c hoice is made from analysis of the relation b et w een inno v ation and mo del accuracy .

Figure 6.3(a) sho ws that the v alue of the inno v ation increases monotonically with

the decrease of accuracy . In terestingly , a plot of the accuracy's deriv ativ e (in dashed

lines) sho ws a high slop e at �rst, but the slop e tap ers o�. This b eha vior is due to

the fact that the rate of loss of accuracy is large at �rst when the friction buildup

is rapid, but the rate is lo w er as the ball approac hes its terminal v elo cit y . This

suggests that a p oten tial candidate for an accuracy metric is the pro duct of the

inno v ation and its deriv ativ e, indicating whether the mo del is losing accuracy and
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b y ho w m uc h.

F ormally , the metric is " = d
dt r

2 = 2r _r , plotted in Figure 6.3(b). This c hoice re�ects

the assumption that a previously stable inno v ation that gro ws indicates a loss of

accuracy in the motion mo del (sensor faults are not mo deled). It is also based on

the assumption that relativ ely large inno v ations corresp ond to motion mo dels with

p o or predictiv e v alue. The dynamical con text corresp onding to the free fall mo del

w ould consist of v alues of " falling b elo w a threshold " t . The threshold is man ually

c hosen here for simplicit y , but in more realistic situations it w ould corresp ond to

the maximal v alue of " observ ed when the mo del is accurate.

This w a y , the constan t-v elo cit y con text is iden ti�ed when " < " t . T o handle cases

when " > " t , a relationship b et w een " and the mo del accuracy represen ted b y its

co v ariance Q can b e deriv ed as follo ws. Consider the op eration of the co v ariances

in a Kalman �lter o v er t w o consecutiv e sampling p erio ds k and k + 1 :

Pp
k = FP u

k� 1F T + Qk (6.1)

S = HP p
k H T + R (6.2)

K = H T Pp
k S� 1

r k = yk � Hzp
k

zu
k = zp

k + Kr k

Pu
k = Pp

k � KSK T

zp
k+1 = Fzu

k + Bu

r k+1 = yk+1 � Hzp
k+1 (6.3)

where the sup erscripts p and u stand for predicted and up dated, resp ectiv ely .

Starting with xp
k and Pu

k� 1 , it is p ossible to propagate Qk from (6.1) through the

sequence of equations leading to (6.3). It follo ws that r k+1 and th us " = 2 r _r =

2r k+1
r k +1 � r k

T (where T stands for sample p erio d) can b e rewritten in terms of xp
k ,
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Pu
k� 1 , yk , yk+1 , R and Qk .

Since the inno v ation in this problem is one dimensional, Qk can b e expressed in

terms of " , xp
k , Pu

k� 1 , yk , yk+1 . This establishes the relation f b et w een the mo del's

accuracy represen ted b y Qk and the con text predicate " : Qk = f ("; x p
k ; Pu

k� 1; yk ; yk+1 ) .

The expression f is to o long to b e repro duced here, but, generating it is a straigh t

forw ard pro cess of term substitution starting from (6.3) and ending in (6.1). The

ca v eat is that this algebraic relation requires the prediction of future measuremen t

yk+1 . F or simplicit y , this sim ulation pro jects the actual motion mo del one step

in to the future. In more realistic settings, it w ould b e p ossible to build a statisti-

cal mo del of the sensors that estimates yk+1 b y extrap olating yk . It is exp ected,

though not pro v ed, that the inaccuracy of this one-step pro jection will ha v e little

e�ect on the regulation of " , since an y error will b e corrected at the next sample

iteration.

This metho d is applied to the free-fall mo del, where the one-dimensional Q is

regulated so that the v alue of " do es not exceed the threshold " t . As the mo del's

accuracy deteriorates, " increases b ey ond " t . Q is then increased to reduce " bac k

to " t . Figure 6.4 plots the di�eren t parameters of the mo di�ed �lter in dashed lines.

Sub�gure (d) sho ws that " is main tained at the threshold b y mo difying Q (these

mo di�cations are sho wn in sub�gure (b)) according the algebraic relationship f .

As a result, the �lter reduces the w eigh t of mo del predictions, whic h leads to a state

up date that matc hes the measuremen ts more closely . This decreases the rate of the

inno v ation in sub�gure (c) and reduces the gro wth of the inno v ation in sub�gure

(a). Th us, the degradation of the motion mo del's accuracy is captured b y the �lter

and re�ected in the state up date.

The v alues of �lter parameters throughout a regulated stance are sho wn in Fig-

ure 6.5. A t touc h-do wn (mark ed b y the �rst `+' at the b eginning of the plot),

the ball starts its stance phase and ev olv es according to dynamics that are signif-

ican tly di�eren t from �igh t. The accuracy of the �igh t mo del starts to decrease

and " increases. When " reac hes " t , the regulation starts (mark ed b y the �rst `*')
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Figure 6.4: F ree fall mo del. The parameters corresp onding to the original and

mo di�ed �lters are plotted in solid and dashed lines, resp ectiv ely . The inno v ation

of the original and the mo di�ed �lters are sho wn in (a), with the corresp onding

deriv ativ es in (c). The original inno v ation increases steadily whereas the mo di�ed

inno v ation increases at a lo w er rate. This b eha vior is obtained b y regulating the

v ariance of the pro cess noise (b) in suc h a w a y that the v alue of " in (d) is main tained

equal to the threshold.
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Figure 6.5: Nominal Op eration

and the co v ariance of the pro cess noise is increased to main tain " = " t . When the

ball b ounces bac k and resumes free �igh t (second `+'), the free fall mo del b ecomes

accurate again and the regulation stops (second `*'). This causes " to b ecome

negativ e, indicating that the inno v ation is decreasing, as can b e exp ected when a

mo del's accuracy impro v es.

A t this p oin t, it is w orth while to brie�y compare the prop osed adaptation tec hnique

to related w ork. Ma yb ec k [53 , c h.10] uses a maxim um lik eliho o d approac h to adap-

tiv ely mo dify the parameters of a �lter, and prop oses a tec hnique to estimate the

co v ariance of the pro cess noise Q . The tec hnique mo dels the estimated parameter

as ha ving a constan t v alue o v er the last N samples, and assumes that the parameter

v aries slo wly compared to the estimated state. Ma yb ec k deriv es lik eliho o d func-

tions that measure the consistency of eac h sample with the constan t-v alue mo del,

and computes the curren t estimate b y �nding the parameter v alue that maximizes

the lik eliho o d function. Unfortunately , this tec hnique is signi�can tly more complex

that the approac h dev elop ed here, and Ma yb ec k's e�orts at simplifying it to enable

online adaptation trade accuracy for tractabilit y .

The approac h dev elop ed in this thesis is similar to Bar-Shalom and F ortmann's

w ork on �White Noise Mo del with A djustable Lev el� [4]. They measure �lter p er-

formance b y comparing the inno v ation w eigh ted b y its co v ariance " = r T S� 1r to

a user de�ned threshold " t . If " > " t , then Q is scaled up un til " is reduced to " t .

When applied to the problem of the falling ball, this approac h pro v ed impractical
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b ecause the sensitivit y of S to c hanges in Q w as v ery lo w. Indeed, reducing " b y

a small amoun t to main tain its v alue equal to " t requires large c hanges in Q , and

a large Q sev erely mo di�es the op eration of the �lter, pro ducing in particular v ery

lo w inno v ations that prev en t smo oth �lter adjustmen ts.

Analysis of the adaptation tec hnique

This section examines the details of the adaptation strategy b y lo w ering the v alue of

" t un til the co v ariance regulation fails. Analysis of failures pro vides an opp ortunit y

to gain insigh t ab out the mec hanisms used b y Kalman �lters to up date the state.

If the sim ulation is run with a threshold an order of magnitude smaller than in

the previous sim ulation, then �lter estimates con v erge at �rst but later exhibit

the oscillatory b eha vior of Figure 6.6(a). This b eha vior is explained as follo ws.

Giv en that the stance dynamics are di�eren t from those of �igh t, as the free �igh t

mo del loses accuracy , the �lter increasingly shifts emphasis to the observ ations

b y pushing the gain K closer to one. Ho w ev er, the free fall mo del b ecomes so

inaccurate during stance that although K ! 1, " can no longer b e main tained at

the threshold " t . This leads to a failure of regulation and the algorithm brie�y

restores Q to its original v alue Qinitial , as depicted b y the lo w er p eaks in sub�gure

(b). Lo w er v alues of Q cause the rapid div ergence of the state. The regulation

promptly resumes thereafter, again pushing the gain up to w ard one, and the up-

and-do wn pattern rep eats.

Th us, as K approac hes unit y , the mo del's accuracy b ecomes insu�cien t to main tain

" at the threshold " t for an y admissible (i.e. non-negativ e) v alue of the pro cess

co v ariance. Therefore, the solution is to recognize that the strategy of capping

" no longer applies, so the regulation should b e paused. This w ould set K to

the highest v alue generating an admissible pro cess noise co v ariance and " w ould b e

allo w ed to increase b ey ond " t . The regulation is resumed when the mo del's accuracy

increases enough to allo w lo w er gains to lead again to admissible co v ariance v alues.

The result solv es the problem, as sho wn in Figure 6.7.
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(a) P osition vs. time
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Regulation Fails


(b) Gain vs. time

Figure 6.6: The adaptation strategy attempts to assign v alues to Q that are higher

than the maxim um p ossible v alue. This leads to the temp orary failure of regulation,

causing the Kalman gain oscillates b et w een its initial v alue ( K initial ) and the v alue

obtained just b efore regulation fails.
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Figure 6.7: The Kalman gain K is saturated when the adaptation strategy assigned

the highest v alue p ossible for Q .
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Figure 6.8: A daptation parameters using a lo w v alue of "max .

The regulated parameters are sho wn in Figure 6.8. When the the v alue of K ap-

proac hes one, the �lter pauses the regulation (�rst `o' in Figure 6.8). The regulation

is resumed when the mo del's accuracy increases enough to enable admissible v alues

of the co v ariance to hold " = " t . This happ ens brie�y at the second `o' (sub�gure

(a)) where the mo del gains accuracy for an instan t and the �lter gain is increased

ev en closer to unit y (sub�gure (b)). Almost instan taneously , the mo del loses accu-

racy and regulation is paused again (third `o'). Shortly b efore lifto� (second `+'),

the accuracy is high enough to resume regulation (fourth `o').

The b eha vior of " after lifto� is coun ter-in tuitiv e. Figure 6.8(a) sho ws that "

b ecomes negativ e as exp ected after second 4:8, but part w a y through its ev olution,

" is regulated bac k to " t for a brief momen t (sixth `o'). This is coun ter-pro ductiv e,

as the regulation should not increase the v alue of " when " < " t .

The source of this problem can b e iden ti�ed b y analyzing the regulation mec hanism

in detail. When the mo del's accuracy increases but still leads to v alues of " greater

than " t , the regulation decreases the pro cess noise co v ariance in order to hold

" = " t . T o see this, Figure 6.9(a) illustrates the op eration of a �lter with full state

access

2

o v er t w o iterations of the algorithm. P represen ts the predicted state, o

the observ ation, and u the state up date. The inno v ation r is represen ted as the

distance b et w een P and o. A t iteration i , an inaccurate prediction P leads to a

high gain K that pushes the up date close to the observ ation. A t iteration i + 1 , an

2

F ull state access means that the state can b e directly measured. T ranslated in Kalman �lter

terms (Algorithm 1), the observ ation matrix is unit y ( H = I ).
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Figure 6.9: Regulation

impro ving prediction pushes P closer to o. If Q w ere not regulated and left to its

previous v alue, then the same high gain w ould push the up date ev en closer to the

observ ation. This ho w ev er, causes r to de cr e ase from iteration i to i + 1 , leading

to " i +1 < " i = " t . If instead Q w as regulated to hold " i +1 = " i = " t , the v alue

of Q w ould decrease to accoun t for impro v ed prediction accuracy . This reduces

K and pushes u closer to P . The new v alue of Q is c hosen so that the c hange in

inno v ation holds " = " t .

Unfortunately , it is p ossible for the mo del's accuracy to impro v e to o quic kly and

lead to regulation failure. Consider the t w o scenarios that lead to terminating the

regulation (see Figure 6.9(b)). Case 1 illustrates a successful termination scenario,

where Q is reduced to a v alue b elo w Qinitial , K is smaller than K initial (represen ted

b y a v ertical dashed line), the regulation is stopp ed and the �lter parameters are

restored to their design v alues. Case 2 illustrates a failed termination, where the

mo del's accuracy increases rapidly from one sample to the next and P gets so close

to o that, in order to hold 4 r > 0 and " = " t , u w ould ha v e to b e pushed b ey ond

P . This is clearly imp ossible, and w ould yield inadmissible v alues of K < 0 and

of Q < 0. This scenario causes the regulation to pause rather than stop, and to

resume when admissible gains can again hold " = " t . This is what happ ens at the

sixth `o' of Figure 6.8.
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Figure 6.10: P arameters of a successful adaptation strategy

The solution is to adopt a strategy whereb y regulation is stopp ed rather than

paused when " generates inadmissible Q and K ev en though " < " t . This solv es

the problem, as sho wn in Figure 6.10.
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