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ABSTRACT 

A method is presented for combining constraints imposed by 
spatial relationships between features of bodies. It is demon- 
strated that invariants of symmetry groups for these com- 
bined features can be computed in an efficient and practical 
way. 

1 Introduction 

Assembly is essentially the juxtaposition of surfaces: surfaces 
in an assembly can have either (i) point contact (ii) line con- 
tact (iii) area contact. If we say that two surfaces in area 
contact fit each other, we will not be so far from the usual 
connotations of the word “fit” in English. This paper is con- 
cerned with the use of symmetry  group^ as descriptors for 
surfaces - it is shown elsewhere [8,12] that such symmetry 
groups can be used to characterise the constraints imposed 
between two bodies by areal contact between their surfaces. 
This paper demonstrates a computationally effective and effi- 
cient method of performing certain group theoretic constructs 
required for the reduction of a set of constraints arising from 
multiple contacts to a single constraint. 

The interpretation of sense-data involves choosing correspon- 
dences between sense-data-groups and features of model- 
instances. Each such correspondence determines the location 
of a model instance modulo the symmetry group of the fea- 
ture. Our work provides a partial solution to the problem of 
combining constraints arising both from multiple correspon- 
dences and a priori expectations about how model instances 
are related to the world (e.g. a door hung upon a hinge). 

In previous work on the robot programming language RAPT 
one of us [9] was involved in developing a mechanical infer- 
ence method for systems of spatial relationships between fea- 
tures of bodies. The purpose of the inference was to combine 
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constraints expressing these relationships to derive new and 
more constraining relationships and, where possible, the ac- 
tual locations of bodies. In this work “features” were infinite 
geometric entities (planes, infinite cylinders, lines) which, it 
was supposed, would be combined separately to give the finite 
entities characterising the nominal shape of a body. 

If we use the term “feature” to mean any geometric entity, 
or collection of geometric entities which occur in a nominal 
shape description of a body, we include both the RAPT con- 
cept of a feature and that of workers such as [16] who have 
employed the term for collections of finite entities occurring in 
a body description. However, infinite features are more eas- 
ily dealt with by algebraic reasoning since they correspond 
directly to the solutions of algebraic equations. Most finite 
entities require to be treated mathematically by inequalities, 
which are important, but only when an equational skeleton 
has already been erected. In addition, in perception, features 
may be in a literal sense infinite, not because they are indeed 
of unbounded extent but because the boundary may not be 
observable, or may not be surely known. 

A theoretical extension of the treatment of spatial relation- 
ships was developed in [12]. The idea of this work was to 
characterise body features by their symmetry groups. All of 
the geometric properties of the infinite features that were used 
in [9] could be captured in the symmetry group of the feature, 
and many finite features could be treated also by employing 
finite symmetry groups. In particular, it was argued that if 
two features were so closely related that they could be said to 
f i t ,  then their symmetry groups were isomorphic. In addition, 
suppose body B1 has features F11, F12 and body B2 has fea- 
tures Fzl, F22. In order for it to be possible that F11 fits F2, 
and F12 fits Fzz, it is necessary (but not sufficient) for the 
intersections of the symmetry groups to be isomorphic. This 
paper is concerned with the problem of converting the group- 
theoretical treatment into a computationally feasible form. 
There are various approaches that would be possible. We 
need to find the intersections of subgroups and cosets of the 
Euclidean group & (the group of all translations and rotations 
in 3-space). Such problems can always be cast in the form of 
equations of the form g1 = 92 where g1 E A1 and gz E A2, 
where it is desired to calculate A1 n A2 and AI,  Az c & and g1 
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and g2 are parametric expressions for typical members of A1 

and Az. This is in effect a symbolic algebraic approach to the 

putational technique [3] it is typically costly in computational 
resources. 

We propose here a much more efficient approach which treats 
most of the important subgroups of E discussed by HervC [8]. is 
This depends on idea of characterising these subgroups by 
characteristic invariants which are a set of simple geometric 
constructs, namely vectors, points, lines, planes. We show 
how to calculate the intersection of two subgroups by Per- A direction vector r is represented by a column vector 
forming simple 3-D geometric operations such as taking the (. f for the unit vector. Observe that 
intersection of planes, or dropping a perpendicular from a the difference of points is a direction vector, and that a vec- 
point to a line. While we do not treat the finite subgroups of tor is operated on only by the rotation part of a location, not 
& here: these are mostly subgroups of the infinite subgroups the translation part. 
of & that we do treat, so that much of the work of character- 
ising the finite subgroups can be performed by our approach. A line ' 's represented by a 
Our analysis is not very helpful in the case of the Platonic 
solids (the regular polyhedra), since they are not subgroups 
of any of the more constraining groups we consider, but they 
are at any rate (very) finite, so that their intersections with 
other groups can be computed by exhaustive enumeration. 

The determination of the relative location of two bodies lies 
outwith the scope of this paper. However experience with where (z ,Y,z)  is a point on the I, and ( u , v , w )  is the di- 
the geometric implementation of RAPT [lO][ll] indicates that rection of the line. Points, vectors and lines transform by 
these can readily be computed from the invariants we describe pre-multiplication by the location matrix. 

A plane p whose equation is az + by + cz + d = 0 is repre- here. 

In section 2 we discuss a concrete representation for the Eu- sented by a 1 x 4 matrix ( a  b c d ) ,  and transforms by post 
clidean group as well as points, lines, and planes. In section 3 multiplication by the inverse of the location matrix. 
we discuss the Euclidean group and its infinite subgroups. In we shall represent a member of the Euclidean group E by a 
section 4 we define invariants of these subgroups, and in sec- 
tions 5 and 6 we show how to combine invariants first for the 

Euclidean group. 

The distance between two points 

problem, and while symbolic algebra is a well developed com- Pl k-i ( 2 1  Y1 2 1  qT 

Pa H (.Z yz 2 2  

dist(P1,P2) d('1 - z 2 ) 2  + (Y1 - Y2)' + (zl - '2)'. 

o ) T .  we 

' matrix 

(i ;] 

matrix, 

rotational aspects of these subgroups and then for the full rll 712 T13 a 

0 1  

where the upper left 3 x 3 sub-matrix specifies the rotational 
Representation Of Locations and part of the location, and the right hand column specifies a 

Geometric Entities translation by (a ,  b, e ) .  Group multiplication is then simply 

2 

matrix multiplication. 

The location of a feature is a transformation from the coordi- A translation trans(%b,c) is represented by: 
nate system of the feature to a standard coordinate system, 
i.e. an element of the Euclidean group. This section deals 
with a representation of the members of & as matrices. This 
may not be the most efficient representation (e.g. see [Z]), but 
is well established [ 6 ] ,  and is intended to provide the reader 
with at  least one specification of our operations that is readily 
translated into computational form. We have departed from A rotation by an amount 6 about a vector r is rot(r, 6). The 
the conventions of [9] in order to bring ourselves in line with 

reader is referred to [6] for the general computation of this majority practice, which is the use of the Z-axis as the axis 
rotation, and its specialisation to rotations about the coordi- 

of rotation and the definition of action of matrices on points nate axes. Most of the computations required for our work are 
as multiplication on the left. specified in 111, and all have been implemented in POPLOG 
A point P of R3 is represented by a column vector (z y z l)T. [7]. 

l O O a  [yA;) 
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3 The Euclidean Group and Sub- 
groups 

There are a number of important subgroups of E that 
we need. Any subgroup H c G will belong to a 
conjugation claJJ of groups which are mapped into each 
other by the inner-automorphisms g-'Hg. We choose a 
canonical member of each of the eight major conjugation 
classes of subgroups (disregafding2he finite groups): gp{l}, 
71 ,72 ,731S0(3 ) ,S0(2 ) ,  Bplane,Bcyl. The choice of canonical 
member is of course arbitrary, but is guided by a desire for 
consistency with engineering practice and the conventions of 
Constructive Solid Geometry (141. In particular we choose 
the Z-axis to be the axis of rotational symmetry, a further 
break with the conventions of 191. We shall adopt the con- 
vention gp{tlP(t)} for the group of elements t which satisfy 
the condition P ( t ) .  The multiplicative structure of the group 
will always be manifest. 

We shall use gp{l} for the identity group, represented by the 
set consisting of the 4 x 4 identity matrix. 

There are 3 translational subgroups 7 ' ,TZ ,  'T3, defined by: 

7' = gp{trans(O,O,z)lz E R},  

Note that to prove that S is an invariant of G I ,  it suffices to 
prove that gl(S) c S, since if g1 E GI so is g;'. For exam- 
ple, the set of points on the Z-axis is an invariant of SO(2).  
Now there may be many invariants of a given group (e.g. any 
infinite cylinder centered on the Z-axis is also an invariant 
of SO(2)); however, we can use a unique set of charucteriatic 
invariants as a way of characterising some important sub- 
groups of the Euclidean Group. This makes it possible to 
start with two symmetry groups, compute their characteris- 
tic invariants, combine these invariants, and then recover the 
intersection of the original groups from the combined invari- 
ants. 

It is trivial to see that if G1 and Gz are subgroups of any 
group G and the sets S1 and Sz are invariants of G1 and G2 

respectively, then SI, SZ, S I ~ S ~ ,  SIUSz are invariants of G l n  
Gz. There are additional invariants which can be constructed 
based on the fact that & preserves Euclidean distance. 

If SI and S2 are non-empty subsets of R3, then we can define 
the distance dist(S1, Sz) as the greatest lower bound 

dist(S1,Sz) = A dist(sl,sz). 
81 E SI a2 ESZ 

Let S1 and Sz be subsets of R3. Then the set of points of S1 
nearest to Sz is defined as 

IT3 = gp{trans(z,y,t)lz,y,z E R}.  prox(S1,Sz) = {sllsl E S1C3sz E Sz,diat(sl,sl) = dist(S1,Sz)). 

The group SO(3) (The Special Orthogonal Group in Dimen- It is clear that SI n SZ C prox(S1,Sz), and that if the inter- 
sion 3) consists of all rotations of %space, and will be repre- section is non-emPtY then this is an equality. 
sented by all locations for which a = b = c = 0 .  The product proposition 
of rotations is itself a rotation, so that SO(3) is a subgroup of 
E. 

If g E & we will use g to denote the rotational part of g. Since, 
when multiplying two locations g1 and g2 the rotational part 
of gig2 depends only on the rotational Parts of 91 and Qzr we Let d = dist(S1, Sa). Let a1 E prox(S1, Sa), g E GI n Gz. 
have gzz = &$z, that is to Say * is a humomorphidm from E Then there exists sz E Sa st. dist(sl, 3 2 )  = d. Now g(s1) E SI 
to &/'T3, which is isomorphic to SO(3) .  Thus, it is possible to and g(sz) E sz. Since is a distance preserving map, then 
answer questions about rotational symmetry independently of d ist(g(sl),g(sz)) = d. Hence g(s1) E prox(S1,S2), which is 
translational symmetry. thus invariant. 4 
The group SO(2) consists of all rotations about the Z-axis, 
and so is gp{rot(k,O)(O E R}. 

The group of the directed plane is 
= gp{trans(z,y,O)rot(k,B)lz,y,O E R}. Thus, flip- 

ping the plane is not an element. 

The group of the directed cylinder is 

If GI,Gz c E and SI is an invariant of G1 and Sz is an 
invariant of Gz then prox(S1, Sz) is an invariant of GI n G,. 

We shall regard lines and planes as being sets of points. It 
is useful to introduce a prox, function, which is the same 
function as prox except that a point P and the unit-set {P} 
are identified. Table 1 indicates values of prox, for some 
common geometric entities. 

We will also need a direction invariant. Let S1 and Sz be 
subsets of R3, and let d = dist(S1,Sz), then pr'ox(S1,Sz) is 
the set of unit vectors {sZ 2 s11s1 E &,sa E Sz,dist(sz,sl) = 
d } .  If d = 0 then pr'ox(S1, Sz) = 0, the empty set. 

Proposition 

A subset S of R3 is said to be an invariant of a subgroup GI If GI, Gz c E and SI is an invariant of G1 and Sz is an 
of a group G which acts on R3, if gl(S) = S for all 91 E GI.  invariant of Gz then pr'ox(S1,Sz) is an invariant of GI n Gz. 

= gp(trans(O,O,z)rot(k,O)lz,O E R}. 

4 Invariants 
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The proof is very similar to that of the previous proposition, 
and is omitted. Ir 

line 12 

Table 1: The proxl functions for some common geometrical 
entities 

foot of I(Pz,pl) -I(Py,pl) - otherwise 
normal projection of - l ( l Z , p l )  p1 I /  l 2  

S I  1 sz I prox,(Sl, Sz) I pr%x,(S1, Sz) I Conditions - 
point p1 I point I Pl I (Pz-Pl )  I d > O  

Plane Pz 

12 onto p1 
Pl n 12 0 otherwise 

P1 n Pz 0 otherwise 

- 
P1 4 P 1 , P Z )  P1 I/ Pz 

5 Characteristic invariants of SO(3) 

We observed earlier that the operation could be con- 
sidered as a homomorphism from & to SO(3) .  Thus the 
Euclidean group is the product of two subgroups whose 
intersection is {l}, namely E = SO(3)  U TS, 7' is a 
normal subgroup of E ,  and the quotient group l /7 '  is 
isomorphic to SO(3) .  

This has the practical effect that it is to some extent pos- 
sible to answer some questions about rotational symmetry 
independently of questions about translational symmetry, 
and indeed our construction of the characteristic invari- 
ants of the intersection of two subgroups of & consists 
of working out characteristic invariants for the quotient 
of these groups by 7' and then 'lifting' these to the full 
Euclidean group. 

It should be noted that the construction of characteristic 
invariants plays a role in the determination of body loca- 
tion which is not covered in this paper. It is, for example, 
important to record which invariants are calculated for 
the trivial group, despite the fact that it consists of a sin- 
gle conjugation class. The sub-groups of SO(3)  which we 
consider can be characterised as follows (see Table 2): 

0 The empty set of vectors {} characterises SO(3)  

0 A single vector {r} characterises fS0(2)f-' ,  where 
r =  fk 

0 Two non-parallel vectors {rlr r2} characterise gp{l} 
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Table 2: Characteristic Invariants of Important Sub-groups 
of E 

Group 
G 
1 
7’ 
7 2  

7 3  

SOj2) 
C Y L V  

QfiarIe 

SO(3) 

6 

Characteristic Invariants 
R0tational(G/7~) Translational 

Vectors TIT2 Point 
Vectors rlrz 
Vectors TIT2 

Line l1 1 1  r1 
Plane with normal T1 

Vectors TIT2 0 
Vector r1 Point 
Vector r1 
Vector rl 

Line El 1 1  TI 

Plane with normal T~ 

0 Point 

The characteristic invariants for 
the Euclidean Group 

The characteristic invariants for a subgroup G c E are points, 
lines and planes, together with the characteristic invariants of 
G / ( 7 3  n G), i.e. up to two vector invariants characterising 
rotation. For simplicity we will write G / 7 j  for G / ( 7 3  n G). 

As we showedin [12], when two bodies are related by two pairs 
of features, we can regard them as being related by one com- 
posite feature each, whose symmetry group is the intersection 
of the symmetry groups of the features. Thus our problem is 
the computation of this symmetry group, and finding a con- 
sistent way of deriving a location for this composite feature. 
It should be noted that the symmetry group depends on the 
detailed geometry of the situation. For example if we have a 
cylindrical feature and a plane surface, the symmetry group 
of the composite feature is SO(2) if they are perpendicular, 
it is 7’ if they are parallel and it is gp{l} otherwise. 

We now proceed to show how to derive characteristic invari- 
ants for the symmetry group of composite features from the 
characteristic invariants of the features themselves. Suppose 
we have two features F1 and Fz of a single body. Let G1 and 
G2 be the symmetry groups of these features. Let Sl and 
S2 be the translational invariants of G1 and Gz. The rota- 
tional invariants of GI n G2 consist of those of G 1 / 7 3  and 
Gz/73 together with prGx(S1, Sz). The translational invari- 
ant of GI n Gz is prox(S1, Sa). We can use table 2 in reverse 
(discarding excess rotational invariants if necessary) to derive 
the intersection group. 

In practice, as well as deriving the symmetry group of the 
compound feature, we also need to derive a location for it. 
This location must be derived in a way that is consistent be- 

tween the compound features of bodies that are to be mated. 
While the intersection operation for subgroups is commuta- 
tive, the formation of compound featurea i s  not.This consis- 
tency can be achieved by making the ordering of the rota- 
tional invariants depend determinately upon the invariants of 
the subgroups being intersected, and calling the procedures 
to do the computations with mating features in the same ar- 
gument positions. 

7 Conclusion 

As we showed in [12], when two bodies are related by two 
pairs of features, we can regard them as being related by one 
composite feature each, whose symmetry group is the inter- 
section of the symmetry groups of the features. We associate 
with each symmetry group a set of characteristic invariants. 
We have presented here an algorithm for computing the inter- 
sections of infinite symmetry groups from their characteristic 
invariants. 

There is an issue of some difficulty in that it is often natural 
to regard a feature such as a through hole as having a sym- 
metry group of 0 ( 2 ) ,  since there may be no special reason for 
entering it from one direction rather than another. However 
we believe that the treatment given here can be extended to 
handle the discrete symmetries. It is intended later to extend 
our treatment to cover O(2) .  
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