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Abstract

Recent developments in grid-based and point-based appatirin algo-
rithms for POMDPs have greatly improved the tractabilityREOPMDP
planning. These approaches operate on sets of belief goyritslivid-
ually learning a value function for each point. In realitglief points
exist in a highly-structured metric simplex, but currentNPQP algo-
rithms do not exploit this property. This paper presentsvametric-tree
algorithm which can be used in the context of POMDP planningart
belief points spatially, and then perform fast value fumctipdates over
groups of points. We present results showing that this ambrean re-
duce computation in point-based POMDP algorithms for a wéage of
problems.

1 Introduction

Planning under uncertainty is a central problem in the fiéldobotics as well as many
other Al applications. In terms of representational effestess, the Partially Observable
Markov Decision Process (POMDP) is among the most promifiamgeworks for this
problem. However the practical use of POMDPs has been dgliendéed by the computa-
tional requirement of planning in such a rich representatROMDP planning is difficult
because it involves learning action selection strategiegirngent on all possible types of
state uncertainty. This means that whenever the robot'sdvatate cannot be observed,
the planner must maintainkeelief (namely a probability distribution over possible states)
to summarize the robot’s recent history of actions taken @rgkrvations received. The
POMDP planner then learns an optimal future action sele¢tioeach possible belief. As
the planning horizon grows (linearly), so does the numbepasfsible beliefs (exponen-
tially), which causes the computational intractabilityesact POMDP planning.

In recent years, a number of approximate algorithms have pesposed which overcome
this issue by simply refusing to consider all possible ligliand instead selecting (and
planning for) a small set of representative belief pointsriby execution, should the robot
encounter a belief for which it has no plan, it finds the ndakeswn belief point and
follows its plan. Such approaches, often known as grid-dh§ke4, 13], or point-based [8,
9] algorithms, have had significant success with incredgiagge planning domains. They
formulate the plan optimization problem as a value iterappoocedure, and estimate the
cost/reward of applying a sequence of actions from a givéiefbgoint. The value of



each action sequence can be expressed aswattor, and a key step in many algorithms
consists of evaluating many candidatevectors (set”) at each belief point (s€B).

TheseB x I' (point-to-vector) comparisons—which are typically the mbbttleneck in
scaling point-based algorithms—are reminiscent of mahy N comparison problems
that arise in statistical learning tasks, such as kNN, métaoodels, kernel regression, etc.
Recent work has shown that for these problems, one can sigmify reduce the number of
necessary comparisons by using appropriate metric datetstes, such as KD-trees and
ball-trees [3, 6, 12]. Given this insight, we extend the rcetree approach to POMDP
planning, with the specific goal of reducing the numbeBaok I' comparisons. This paper
describes our algorithm for building and searching a metge over belief points.

In addition to improving the scalability of POMDP plannirgis approach features a num-
ber of interesting ideas for generalizing metric-tree athms. For example, when using
trees for POMDPs, we move away from point-to-point searatgdures for which the
trees are typically used, and leverage metric constrainggune point-to-vector compar-
isons. We show how it is often possible to evaluate the use$s of anx-vector over an
entire sub-region of the belief simplex without explicidyaluating it at each belief point
in that sub-region. While our new metric-tree approach effégnificant potential for all
point-based approaches, in this paper we apply it in theexoof the PBVI algorithm [8],
and show that it can effectively reduce computation witharhpromising plan quality.

2 Partially Observable M arkov Decision Processes

We adopt the standard POMDP formulation [5], defining a problby then-tuple:
{S,A,Z,T,0,R,v,by}, whereS is a set of (discrete) world states describing the prob-
lem domain,A is a set of possible actions, aiflis a set of possible observations pro-
viding (possibly noisy and/or partial) state informatiofhe distributionT (s, a, s’) de-
scribes state-to-state transition probabilities; disiion O(s, a, z) describes observation
emission probabilities; functioR (s, a) represents the reward received for applying action
a in states; v represents the discount factor; alydspecifies the initial belief distribu-
tion. An |S|-dimensional vector);, represents the agent’s belief about the state of the
world at timet, and is expressed as a probability distribution over staldss belief is
updated after each time step—to reflect the latest (pair, , z;)—using a Bayesian filter:
bi(s") == cO(8',ar—1,2t) Y se g T(s,ai-1, 8" )bs—1(s), wherec is a normalizing constant.

The goal of POMDP planning is to find a sequence of actions miaikig the expected
sum of rewards2[) , v R(s¢, a; )], for all belief. The corresponding value function can be

formulated as a Bellman equatiovi{b) = max,ca [R(b,a) + 7> c 5 T(b, a, ')V (V)]

By definition there exist an infinite number of belief pointsowever when optimized ex-
actly, the value function is always piecewise linear andsearin the belief (Fig. 1a). After

n value iterations, the solution consists of a finite set-afectors:V,, = {ag, a1, ..., am }-
Eacha-vector represents gt$|-dimensional hyper-plane, and defines the value function
over a bounded region of the beliéf;, (b) = max,cv, > g a(s)b(s). When performing
exact value updates, the setwfectors can (and often does) grow exponentially with the
planning horizon. Therefore exact algorithms tend to ber&ujical for all but the smallest
problems. We leave out a full discussion of exact POMDP ptan(see [5] for more) and
focus instead on the much more tractable point-based ajppate algorithm.

3 Point-based valueiteration for POM DPs

The main motivation behind the point-based algorithm isxpl@t the fact that most be-
liefs are never, or very rarely, encountered, and thus ressware better spent planning



for those beliefs that are most likely to be reached. Mangsital POMDP algorithms
do not exploit this insight. Point-based value iteratiogogithms on the other hand ap-
ply value backups only to a finite set of pre-selected (anelyiko be encountered) belief
pointsB = {by, b1, ..., b, }. They initialize a separate-vector for each selected point, and
repeatedly update the value of thavector. As shown in Figure 1b, by maintaining a full
a-vector for each belief point, we can preserve the piecelingarity and convexity of
the value function, and define a value function over the efalief simplex. This is an
approximation, as some vectors may be missed, but by apatelyrselecting points, we
can bound the approximation error (see [8] for details).

V={ ag.a ,a2,0(3}

1 V={aga,.a,})

T =
(@) (b)

Figure 1:(a) Value iteration with exact updates. (b) Value iteration with point-basddtep.

There are generally two phases to point-based algorithirst, & set of belief points is se-
lected, and second, a series of backup operations are éppkea-vectors for that set of
points. In practice, steps of value iteration and steps léteet expansion can be repeat-
edly interleaved to produce an anytime algorithm that calgally trade-off computation
time and solution quality. The question of how to best seetief points is somewhat
orthogonal to the ideas in this paper and is discussed iril ie{&]. We therefore focus
on describing how to do point-based value backups, befaeisly how this step can be
significantly accelerated by the use of appropriate meata dtructures.

The traditional value iteration POMDP backup operatioroisrfulated as a dynamic pro-
gram, where we build the-th horizon value functio” from the previous solutiof”’:

V() = max [Z R(s,a)b(s)+ 'yzarpeae/(/z Z T(s,a,s)0(z,s,a)a’(s)b(s)| (1)
seS 2€Z seS s’es
= max [Z Jnax, [Z RT;‘Q) b(s)+ 'yz Z T(s,a,s)0(z,s, a)a'(s')b(s)‘|‘|
2€Z seS sES s'eS

To plan for a finite set of belief point®, we can modify this operation such that only
onea-vector per belief point is maintained and therefore we aagsiderV (b) at points

b € B. This is implemented using three steps. First, we take eactorvinl’’ and project

it backward (according to the model) for a given action, obestion pair. In doing so, we
generate intermediate sdt$* Va € A,Vz € Z:

R(s,a)

r* «— af*(s)= 7]

K3

+ v Z T(s,a,s)O(z,s a)a;(s'),Ya; € V' (Step1) (2)
s'eS

Second for each € B, we construcl® (Va € A). This sum over observatiohscludes
the maximunm®# (at a giverb) from eachl'**;
ry, = Z argmax(« - b) (Step 2) 3)
z€Z agl®®
YIn exact updates, this step requires taking a cross-sum over ofisesyawhich is
O(|S||A]|V'|!%1). By operating over a finite set of points, the cross-sum reduces to dessum,
which is the main reason behind the computational speed-up obtained trbpsid algorithms.




Finally, we find the best action for each belief point:

V  « argmax(T'y -b), Vbe B (Step3) (4)
e VaeA

The main bottleneck in applying point-based algorithmsargér POMDPS is in step 2
where we perform & x I' comparisof: for everyb € B, we must find the best vector
from a given sef’®»#. This is usually implemented as a sequential search, etihalys
comparinga - b for everyb € B and everya € I'“#, in order to find the best at
eachb (with overall time-complexityO(| 4| |Z||S||B||V'|)). While this is not entirely
unreasonable, it is by far the slowest step. It also comiglggaores the highly structured
nature of the belief space.

Belief points exist in a metric space and there is much to liegafrom exploiting this
property. For example, given the piecewise linearity ana/egity of the value function, it
is more likely that two nearby points will share similar ved(and policies) than points that
are far away. Consequently it could be much more efficienvaduate an-vector over
sets of nearby points, rather than by exhaustively lookiradl &he points separately. In the
next section, we describe a new type of metric-tree whialctires data points based on a
distance metric over the belief simplex. We then show how khid of tree can be used to
efficiently evaluatev-vectors over sets of belief points (or belief regions).

4 Metric-treesfor belief spaces

Metric data structures offer a way to organize large setataf goints according to distances
between the points. By organizing the data appropriatelig possible to satisfy many
different statistical queries over the elements of thewsihout explicitly considering all
points. Instances of metric data structures such as KBsthedl-trees and metric-trees have
been shown to be useful for a wide range of learning tasks (egrest-neighbor, kernel
regression, mixture modeling), including some with higmeinsional and non-Euclidean
spaces. The metric-tree [12] in particular offers a veryagahapproach to the problem of
structural data partitioning. It consists of a hierarchiee built by recursively splitting the
set of points into spatially tighter subsets, assuming timdy the distance between points
is a metric.

4.1 Building a metric-tree from belief points

Each node) in a metric-tree is represented by its centerits radiusy,., and a set of points
np that fall within its radius. To recursively construct thedr—starting with node and
building children nodeg' andn?—we first pick two candidate centers (one per child) at
the extremes of the's region:n! = maxye,,, D(1.,b), andn? = maxpe,, D(nl,b). In

a single-step approximation to k-nearest-neighbor (kw2)then re-allocate each point in
np to the child with the closest center (ties are broken ranginzml

Ny — b it D(nl,b) < D(n2,b) ®)
n—b  if D(nl,b) > D(n?,b)

Finally we update the centers and calculate the radius fur elild:

ne = Centefnp} 72 = Cente{np} (6)
ne = max D(n:,b) 77 = max D(n?,b) @)
bEW}B ben‘fB

2sStep 1 projects all vectors € V' for any(a, z) pair. In the worse-case, this has time-complexity
O(|A]1Z]|S]? |V']), however most problems have very sparse transition matrices andtygiciily
much closer t@D(|A| |Z| |S]|V'|). Step 3 is also relatively efficient éx(| A| | Z| | S| |B|).



The general metric-tree algorithm allows a variety of waysdlculate centers and dis-
tances. For the centers, the most common choice is the @kofrthe points and this is
what we use when building a tree over belief points. We haed tither options, but with
negligible impact. For the distance metric, we select the-m@m: D (1., b) = ||ne—b||co»
which allows for fast searching as described in the nexiaeciWhile the radius deter-
mines the size of the region enclosed by each node, the chbidistance metric deter-
mines its shape (e.g. with Euclidean distance, we would ge¢tballs of radiug;,.). In
the case of the max-norm, each node defind$ adimensional hyper-cube of leng2h),..
Figure 2 shows how the first two-levels of a tree are builtuaseg a 3-state problem.
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Figure 2:(a) Belief points. (b) Top node. (c) Level-1 left and right nodes.Gdjresponding tree

While we need to compute the center and radius for each nodéltbtbe tree, there are
additional statistics which we also store about each notlesd are specific to using trees
in the context of belief-state planning, and are necessagydluatex vectors over regions
of the belief simplex. For a given nodecontaining data pointsg, we computey,,,;, and
Nmaz, the vectors containing respectively the min and max beliefich dimension:

Nmin(s) = min b(s),Vs € S Nmaz () = max b(s),Vs € S (8)
bENp benp

4.2 Searching over sub-regions of the simplex

Once the tree is built, it can be used for fast statisticaligse In our case, the goal is to
computeargmax,, cr..- (o - b) for all belief points. To do this, we consider thevectors
one at a time, and decide whether a new candidatis better than any of the previous
vectors{ayg ... «;_1 }. With the belief points organized in a tree, we can often ssHas
over sets of points by consulting a high-level naedeather than by assessing this for each
belief point separately.

We start at the root node of the tree. There are four diffesgnations we can encounter
as we traverse the tree: first, there might be no single pusvievector that is best for all
belief points below the current node (Fig. 3a). In this casgvoceed to the children of the
current node without performing any tests. In the othereloases there is a single domi-
nantalpha-vector at the current node; the cases are that the newdst veaominates it
(Fig. 3b), is dominated by it (Fig. 3c), or neither (Fig. 3tfjwe can prove thaty; domi-
nates or is dominated by the previous one, we can prune thehsaad avoid checking the
current node’s children; otherwise we must check the caiidecursively.

We seek an efficient test to determine whether one vegipgominates anothet;;, over

the belief points contained within a node. The test must besewative: it must never
erroneously say that one vector dominates another. It ispaable for the test to miss
some pruning opportunities—the consequence is an increasa-time as we check more
nodes than necessary—nbut this is best avoided if possible.nidst thorough test would
check whethe - b is positive or negative at every belief samplender the current node



@) (b) (d)
Figure 3:Possible scenarios when evaluation a new veetatra node;, assuming a 2-state domain.
(a)n is a split node. (b)v; is dominant. (c); is dominated. (dy; is partially dominant.

(whereA = (a; — «;)). All positive would mean that; dominatesy;, all negative the
reverse, and mixed positive and negative would mean th#teredominates the other. Of
course, this test renders the tree useless, since all pomtshecked individually. Instead,
we test whetheA - b is positive or negative over a convex regiBrwhich includes all of the
belief samples that belong to the current node. The sméléerdgion, the more accurate
our test will be; on the other hand, if the region is too cowgtitd we won't be able to
carry out the test efficiently. (Note that we can always teste regionR by solving one
linear program to find = minycr b - A, another to findh = maxycr b - A, and testing
whetherl < 0 < h. But this is expensive and we prefer a more efficient test.)
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Figure 4:Several possible convex regions over subsets of belief points, agpari-state domain.

We tested several types of region. The simplest type is asr@adallel bounding box
(Fig. 4a),nmin < b < Mmax for vectorsn,;, andn,.x (as defined in Eq. 8). We also
tested the simplex defined by > i, and) 4 b(s) = 1 (Fig. 4b), as well as the
simplex defined by < nnax and) ¢ b(s) = 1 (Fig. 4c). The most effective test we
discovered assumeB is the intersection of the bounding bax,;, < b < npax With
the plane) .4 b(s) = 1 (Fig. 4d). For each of these shapes, minimizing or maxingizin
b - A takes timeO(d) (whered=#states): for the box (Fig. 4a) we check each dimension
independently, and for the simplices (Figs 4b, 4c) we check&orner exhaustively. For
the last shape (Fig. 4d), maximizing with respedi tothe same as computidg.t. b(s) =
Nmin(s) if A(s) < 6 andb(s) = nmax(s) if A(s) > 4. We can find) in expected time(d)
using a modification of the quick-median algorithm. In pieet not allO(d) algorithms
are equivalent. Empirical results show that checking threes of regions (b) and (c) and
taking the tightest bounds provides the fastest algoritfrhis is what we used for the
results presented below.

5 Resultsand Discussion

We have conducted a set of experiments to test the effeethgeaf the tree structure in
reducing computations. While still preliminary, these tesilustrate a few interesting



properties of metric-trees when used in conjunction witmpbased POMDP planning.
Figure 5 presents results for six well-known POMDP problerasging in size from 4 to
870 states (for problem descriptions see [2], except fofe@dfL0] and Tag [8]). While all
these problems have been successfully solved by previqueaghes, it is interesting to
observe the level of speed-up that can be obtained by lengratgtric-tree data structures.
In Fig. 5(a)-(f) we show the number &f x I (point-to-vector) comparisons required, with
and without a tree, for different numbers of belief points. Hig. 5(g)-(h) we show the
computation time (as a function of the number of belief pgimequired for two of the
problems. TheNo-Treeresults were generated by applying the original PBVI alttyomi
(Section 2, [8]). TheTree results (which count comparisons on both internal and leaf
nodes) were generated by embedding the tree searchinglpreagescribed in Section 4.2
within the same point-based POMDP algorithm. For some optbblems, we also show
performance using atitree, where the test for vector dominance can reject (e€elagex;

is dominatedFig. 3c) a new vector that is withinof the current best vector.
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Figure 5:Results of PBVI algorithm with and without metric-tree.

These early results show that, in various proportions,rée¢an cut down on the number
of comparisons. This illustrates how the use of metricstican effectively reduce POMDP
computational load. The-tree is particularly effective at reducing the number ofneo
parisons in some domains (e.g. SACI, Tag). The much smdflecteshown in the other
problems may be attributed to a poorly ture@ve usedt = 0.01 in all experiments). The
guestion of how to set such that we most reduce computation, while maintainingdgoo
control performance, tends to be highly problem-dependent

In keeping with other metric-tree applications, our resatiow that computational savings
increase with the number of belief points. What is more saiqgiis to see the trees paying
off with so few data points (most applications of KD-treesrsseeing benefits with 1000+
data points.) This may be partially attributed to the conipess of our convex test region
(Fig. 4d), and to the fact that we do not search on split no#fgs @a); however, it is
most likely due to the nature of our search problem: mamgctors are accepted/rejected
before visitinganyleaf nodes, which is different from typical metric-tree Aggtions. We
are particularly encouraged to see trees having a notieedfleict with very few data points
because, in some domains, good control policies can alsatizeed with few data points.

We notice that the effect of using trees is negligible in sdanger problems (e.g. Tiger-
grid), while still pronounced in others of equal or largeres{e.g. Coffee, Tag). This is



likely due to the intrinsic dimensionality of each problémMVetric-trees often perform
well in high-dimensional datasets with low intrinsic dins@mality; this also appears to be
true of metric-trees applied to vector sorting. While thiggests that our current algorithm
is not as effective in problems with intrinsic high-dimesrsality, a slightly different tree
structure or search procedure may well help in those casgerRRwork has proposed new
kinds of metric-trees that can better handle point-basadckes in high-dimensions [7],
and some of this may be applicable to the POMBRector sorting problem.

6 Conclusion

We have described a new type of metric-tree which can be usesbfting belief points
and accelerating value updates in POMDPSs. Early experriedicate that the tree struc-
ture, by appropriately pruning unnecessaryectors over large regions of the belief, can
accelerate planning for a range problems. The promisinfppeance of the approach on
the Tag domain opens the door to larger experiments.
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