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Abstract

This pap er presen ts a hierarc hical approac h

to POMDPs whic h tak es adv an tage of struc-

ture in the problem domain to �nd mo du-

lar p olicies for complex tasks. W e use a de-

comp osition based on partitioning the action

space in to sp ecialized groups of related ac-

tions. W e illustrate the appropriateness of

the approac h b y pro viding empirical results

for three con trasting domains.

1. In tro duction

The v ast ma jorit y of AI planning has fo cused on sit-

uations where the state of the en vironmen t is fully

observ able (Russell & Norvig, 1995). In man y real-

w orld applications, ho w ev er, this is far from true. P ar-

tially Observ able Mark o v Decision Pro cesses (POM-

DPs) (Sondik, 1971) pro vide a general planning and

decision-making framew ork for acting optimally in

partially observ able domains, and as suc h ha v e gained

m uc h atten tion (AAAI, 1998). Ho w ev er the computa-

tional cost of �nding an optimal p olicy for the agen t

signi�can tly limits the use of this approac h, th us pre-

v en ting the successful application of POMDPs to more

complex problems.

Man y real-w orld domains ha v e structure that can

b e exploited to �nd go o d p olicies for complex prob-

lems. The idea of lev eraging structure to address

large problems has b een explored in Mark o v Decision

Pro cesses (MDPs) to solv e complex problems (Singh,

1992; Da y an & Hin ton, 1993; Dietteric h, 2000). Unfor-

tunately , none of these solutions is directly applicable

to POMDPs, since they all assume that the state of

the en vironmen t is observ able; moreo v er, transition-

ing b et w een di�eren t sub-mo dules is conditioned on

the state of the en vironmen t.

The use of structure in POMDPs is more recen t,

and preliminary attempts (Castanon, 1997; Wiering &

Sc hmidh ub er, 1997) t ypically mak e strict assumptions

ab out prior kno wledge of lo w-lev el tasks and order-

ing, whic h are substan tially restrictiv e. More recen tly ,

memory-based approac hes to hierarc hical POMDPs

ha v e b een prop osed (Hernandez-Gardiol & Mahade-

v an, 2001), ho w ev er the amoun t of training data re-

quired for these exceeds what is a v ailable in man y

problems, esp ecially for the dialogue managemen t do-

mains w e are most in terested in.

The single idea underlying our approac h is to decom-

p ose the domain based on actions . In man y task do-

mains, the space of actions naturally decomp oses in to

a hierarc h y of actions that c haracterizes the applica-

bilit y of groups of actions in di�eren t situations. Con-

sider, for example, a mobile rob otic assistan t. The

actions in v olv ed with na vigation (mo v e, turn, stop,

. . . ) are fundamen tally di�eren t from actions con-

cerned with p eople in teraction (sp eak, honk horn, dis-

pla y , . . . ). Our approac h di�ers from others that adopt

a state-based decomp osition of problems.

2. Review of POMDPs

This section establishes the basic terminology used

throughout the pap er, b y pro viding a brief o v erview

of the essen tial concepts in POMDPs (see (Kaelbling

et al., 1998) for a detailed discussion.)
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that can b e p erceiv ed b y the agen t. The dynamics of

the mo del are describ ed b y the state transition prob-

abilit y distribution p ( s

0

j a; s )

1

, the observ ation proba-

bilit y distribution p ( o j s; a )
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, and the rew ard function

R : S � A � ! < , whic h maps states and actions in to

n umerical rew ards.
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The probabilit y that the state at time t + 1 is s

0

, as-

suming that the state at time t is s and the agen t executed

action a .

2

The probabilit y that the agen t observ es o when the

w orld is in state s after executing a .



A t an y giv en p oin t in time, the system is assumed to

b e in some state s

t

. In general, it is not p ossible to de-

termine the curren t state with complete certain t y . In-

stead, a b elief
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distribution is main tained to succinctly

represen t the history of the agen t' in teraction (b oth
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There exist t w o in teresting problems in POMDPs: 1)

state trac king, and 2) p olicy optimization.

State T rac king. T o op erate in its domain and apply

a b elief-conditioned p olicy , an agen t m ust constan tly

up date its b elief v ector:
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where the denominator is simply a normalizing factor.

F or most domains, this problem is trivial compared to

that of computing a useful action selection p olicy .

Computing a P olicy . The goal of POMDP prob-

lem solving is to select actions so as to maximize re-

w ard collection. The set of selected actions is com-

monly referred to as the p olicy . The p olicy is a func-

tion of the b elief state b :

� : B � ! A (3)

It can b e computed using v alue iteration (Sondik,

1971), whic h assigns a v alue V ( b ) to eac h com bination

of b elief state b :

V : B � ! < (4)

After con v ergence, the v alue is the sum of all (p ossi-

bly discoun ted) future pa y o�s R the agen t exp ects to

receiv e up to time T , if the curren t b elief is b . The

literature pro vides a collection of algorithms for com-

puting the exact v alue function|and thereb y the op-

timal p olicy|for �nite horizon POMDPs (Cassandra

et al., 1997; Kaelbling et al., 1998). Ho w ev er exact al-

gorithms are b ounded b y a double exp onen tial compu-

tational gro wth in the planning horizon, and in prac-

tice can b e exp onen tial. This p oin ts to the need for

more e�cien t algorithms.

3. Hierarc hical POMDPs

The fundamen tal idea b ehind our approac h is the de-

comp osition of a mo del-based POMDP problem based

on an action hierarc h y . Assuming a giv en POMDP

problem, the mo del designer hierarc hically partitions
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its original action set suc h that it spans a collection

of hierarc hically-related smaller POMDPs, whic h w e

refer to as subtasks (w e use notation P

i

for a giv en

POMDP subtask). Eac h action is assigned to one

or more subtasks, where eac h subtask indep enden tly

learns a p olicy o v er its subset of actions using exist-

ing POMDP solving algorithms. High-lev el subtasks

generally learn p olicies o v er the selection of lo w er-lev el

subtasks; and lo w-lev el subtasks are resp onsible for the

selection of primitiv e actions.

3.1 Action Hierarc h y

The de�ning elemen t of our approac h is the action

hierarc h y . Figure 1 illustrates the basic concept of

an action hierarc h y . F ormally , an action hierarc h y is

a tree, where eac h leaf is lab eled b y an action a 2

A . Eac h action a 2 A (henceforth called primitive

actions ) m ust b e attac hed to at least one leaf. The

in ternal lea v es are called abstr act actions (w e use a

bar, as in �a

i

, to indicate that an action is abstract.)

Eac h �a

i

is in fact an abstraction of the actions in the

no des directly b elo w it in the hierarc h y (e.g. �a

2

is an

abstraction of a

1

; a
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Figure 1. General F orm Action Hierarc h y

3.2 T ask Decomp osition

A k ey step to w ards hierarc hical problem solving is

to translate the action hierarc h y in to a collection of

POMDPs that individually are smaller than the origi-

nal POMDP , y et collectiv ely de�ne a complete p olicy .

In our approac h, eac h in ternal no de in the action hi-

erarc h y together with its immediate c hildren de�nes a

subtask (sho wn as a triangle in Figure 1.) Eac h sub-

task P

i

constitutes a separate POMDP , de�ned o v er

the full state space S and observ ation space O , but

where its set of applicable actions is limited to its im-

mediate c hildren in the action hierarc h y . P olicy opti-

mization for that subtask is limited to this action sub-

set. Figure 1 sho ws a problem that has b een divided

in to three subtasks: P

1

; P

2

; P

3

, with resp ectiv e action

sets: P

1

: f �a

2

; a

6

; �a
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g , P

2

: f a
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; a
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4
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5

g .



3.3 Computing Lo cal P olicies

Our approac h indep enden tly optimizes a lo cal action

p olicy

4

for eac h subtask. W e note that only the

subtasks with exclusiv ely primitiv e actions (e.g. P

2

,

P

3

) con tain w ell-de�ned POMDPs

5

, whereas subtasks

con taining abstract actions are so far ill-de�ned since

the original (
at) POMDP do es not pro vide meaning-

ful parameters conditioned on these abstract actions.

Our hierarc hical approac h recursiv ely mak es use of the

p olicies of lo w er-lev el subtasks to parameterize the ab-

stract actions, and therefore w e pro ceed in a b ottom-

up manner to �nd a lo cal p olicy for eac h subtask, from

the lea v es of the hierarc h y , to the ro ot.

Subtasks with only primitiv e actions are solv ed �rst,

using an y of the existing algorithms (w e curren tly use

the algorithm describ ed in (Cassandra et al., 1997)).

T o solv e subtasks with abstract actions (e.g. P

1

), w e

need to infer mo del parameters p ( s

0

j s; �a ), p ( o j s; �a ) and

R ( s; �a ) for all abstract actions. Let �a

i

b e suc h an ab-

stract action. Since w e are tra v ersing the hierarc h y

in a b ottom-up fashion, w e already ha v e calculated a

POMDP solution for the subtask spanned b y �a

i

(i.e.

P

i

). Let �

P

i

b e the p olicy calculated for subtask P

i

.

Then w e de�ne:
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where all the righ t-hand side terms are de�ned in the

original mo del, and all the left-hand side terms are

those needed to mo del the abstract action. In other

w ords, w e mo del �a

i

on a state-b y-state basis, using the

action c hosen b y the p olicy of subtask P

i

. These def-

initions lead to a fully parameterized subtask, whic h

can then b e solv ed using an y POMDP algorithm (w e

use incremen tal pruning). Clearly , this de�nition of

parameters constitutes an appro ximation. Consider

for example subtask P

1

, whic h assumes parameters

inferred for abstract actions �a

2

, without ha ving access

to the full parameterization of actions f a

1

; a

2

; a

3

g .

One imp ortan t assumption of this approac h is that

eac h subtask con tains some lo cal rew ard information,

without whic h lo cal p olicies cannot b e meaningfully

optimized. This is inconsisten t with some single-goal

problems where partial progress is not rew arded, ho w-

ev er the v ariet y of problems presen ted in the exp eri-

men tal sections suggests that man y complex POMDP

problems meet this assumption.

4

A lo cal action p olicy is a p olicy whic h is de�ned o v er

a giv en action subset.

5

A w ell-de�ned POMDP is one for whic h all parameters

(e.g. T ( s

0

j s; a ) ; O ( o j s; a ) ; R ( s; a )) are de�ned

3.4 Calculating the P olicy

W e are left with the task of constructing a global p ol-

icy using the set of lo cal p olicies pro duced for the sub-

tasks. W e �rst notice that all p olicies in the hierarc h y

are de�ned o v er the en tire b elief space, and assume

that no abstraction is applied during b elief trac king.

Th us the agen t is in p ossession of the full b elief space.

In practice, the global p olicy is generated only at ex-

ecution time. T o generate an action, the agen t tra-

v erses the tree from the top to a leaf. A t eac h lev el,

the agen t queries the lo cal p olicy based on the curren t

b elief, and the action prop osed b y the p olicy is either

primitiv e or abstract. If the action is a primitiv e ac-

tion, it is directly executed b y the agen t. If the action

is an abstract action, the agen t queries the p olicy of

the subtask spanned b y this action. It is trivial to

sho w that this recursiv e algorithm alw a ys generates a

primitiv e action.

The recursiv e action selection (and hierarc h y tra v ersal)

is rep eated at eac h time step. This di�ers from man y

hierarc hical MDP algorithms where an agen t `remains'

in a subtask un til a so-called terminal state is reac hed.

The di�erence is a consequence of the partial state ob-

serv abilit y in POMDPs, whic h suggests that w e cannot

guaran tee detectabilit y of terminal states.

3.5 State and Observ ation Abstractions

In general, the n um b er of linear pieces represen ting an

exact POMDP v alue function is recursiv ely giv en b y:

j �

t

j = O ( j A jj �

t � 1

j

j O j

) (with �

0

= j A j ), whic h can b e

en umerated in time: O ( j S j

2

j A jj �

t � 1

j

j O j

). The hierar-

c hical algorithm, as describ ed so far, reduces the com-

putational complexit y of computing POMDP p olicies,

sp eci�cally for large planning horizons. Eac h subtask

p ossesses a reduced action set, whic h factors in as an

exp onen tial factor in the o v erall complexit y . These

sa vings are partially o�set b y the fact that w e no w

ha v e to compute man y p olicies, not just one.

F ortunately in man y applications (including the ones

discussed b elo w), there is an opp ortunit y to further re-

duce computational costs. W e consider domains where

the di�erence b et w een certain states is only relev an t if

a sp eci�c action is a v ailable (e.g. rob ot lo cation ma y

b e irrelev an t for subtasks that do not in v olv e na viga-

tion.) In this case, some state features ma y b e safely

ignore within certain subtasks (e.g. rob ot lo cation in

dialogue subtasks). Consequen tly the state set can b e

reduced to include only relev an t state features, and

related observ ations

6

. This is done on a subtask ba-

sis, where eac h can ignore those state features that

6

Curren tly done b y hand, but so on to b e automatic.



are irrelev an t to its small action subset. Subtasks

can therefore b e de�ned o v er smaller state and ob-

serv ation spaces without in
uencing the p olicy opti-

mization. The resulting computational sa vings can b e

tremendous (sev eral orders of magnitude).

4. Exp erimen tal Ev aluation

T o demonstrate our approac h in practice, w e ev aluated

our algorithm on three di�eren t domains. W e gener-

ated p olicies for all problems using three approac hes:

a con v en tional POMDP algorithm, our hierarc hical

POMDP algorithm (referred to as H-POMDP) and an

MDP-solution, whic h solv es the problem as an MDP

and during execution uses the most lik ely state heuris-

tic to map b elief states to states. P olicy computations

w ere p erformed using the incremen tal pruning algo-

rithm for POMDPs, and v alue iteration for MDPs (all

computations w ere p erformed on a 400MHz P en tium

I I). All tasks w ere ev aluated using 5000 runs to sho w

p erformance o v er time.

7

The �rst task considered is the parts man ufacturing

problem in tro duced in Sondik's thesis (Sondik, 1971).

W e selected this problem sp eci�cally b ecause it w as

not constructed to exhibit structure and can therefore

illustrate the generalit y of the approac h. F urthermore,

w e considered sev en di�eren t hierarc hical decomp osi-

tions of this problem, to b etter study whether the al-

gorithm is highly susceptible to a go o d design of the

action hierarc h y . Figure 2a sho ws one of the action

hierarc h y considered for this domain.

a32a

1a

Manufacture ReplaceInspectExamine

Root

ReadMap GetReward(t)

Navigate(t)Read Open

Right Up DownLeft

t=s5

t={s1,s3}

Figure 2. Action hierarc hies for (a) Man ufacturing task

and (b) T axi na vigation task

Figure 3 illustrates the a v erage rew ard for eac h of the

sev en decomp ositions (in decreasing order of p erfor-

mance). There is a clear grouping, where the �rst four

decomp ositions yield near-optimal p olicies, whereas

the last three are m uc h w eak er, though still as go o d

as the MDP heuristic

8

. W e curren tly ha v e no in tuitiv e

7

The results rep orted w ere obtained using a sim ulated

user due to the large n um b er of exp erimen ts necessary to

gain signi�cance. Exp erimen ts are curren tly underw a y to

v erify the p erformance of the rob ot p olicy with real users.

8

There is no theoretical guaran tee that an H-POMDP

p olicy will necessarily b e b etter than an MDP p olicy

explanation for the p erformance di�erence, ho w ev er

this is the ob ject of ongoing w ork.

Figure 3. Man ufacturing T ask Results

The second task is a mo di�ed v ersion of Dietteric h's

taxi task (Dietteric h, 2000) with noisy p erception. The

problem is simple enough to b e solv able using con v en-

tional POMDP tec hniques. Figure 2b sho ws our ac-

tion hierarc h y for this domain.

The third task is a more c hallenging one. It arises

from a rob ot-in terface domain where a rob ot has to

p erform div erse tasks in v olving motion and dialogue

exc hanges, whic h can exhibit signi�can t uncertain t y ,

in large part due to p o or sp eec h recognition. POMDPs

are curren tly our b est solution for this high-lev el rob ot

con trol problem. Figure 4 sho ws our action hierarc h y ,

whic h decomp oses the action space along the natural

divisions of v arious con v ersational goals.

GoToKitchen
GoToFollow

VerifyFollow

GoToRoom

VerifyRoom
VerifyKitchen

CheckHealth

Move

Act

CheckWeather Phone

AskWho
CallHelp
CallNurse

VerifyHelp
VerifyNurse
VerifyFamily

AskWhere

CallFamily

Greet

GreetMorning
GreetGeneral

GreetNight
ReplyThanks

SayTime

AskWhen
SayCurrent
SayToday
SayNextDay

DoMeds

StartMeds
NextMeds
ForceMeds
QuitMeds

Initiate

OfferHelp
AskHealth

Figure 4. Dialogue Problem Action Hierarc h y

T able 1 presen ts results for the t w o more complex

problems, sho wing p olicy computation times, and a v-

erage rew ard p er action. F or the taxi task, p erfor-

mance with the hierarc hical POMDP (H-POMDP)

approac hes that of the con v en tional POMDP (goal

is alw a ys reac hed, but o ccasionally requires an ex-

tra action), and clearly exceeds that of the greedy

MDP heuristic, whic h is unable to tak e adv an tage of

uncertain t y-reducing actions. Results for the rob ot

problem sho w that ev en though the exact POMDP

solv er is unable to �nd a p olicy (and had only com-

pleted one iteration after 24 hrs), our hierarc hical ap-

proac h (H-POMDP) w as able to obtain a p olicy in



reasonable time. Execution p erformance with the H-

POMDP p olicy w as sup erior to that obtained with the

MDP heuristic, b oth in terms of a v erage rew ard p er

action and goal success rate. The p erformance dif-

ference b et w een the MDP and H-POMDP p olicies is

smaller for this domain since at man y time steps the

state is fully observ able.

Problem Solution CPU time Av erage % Goal

(secs) rew ard success

T axi Problem: j S j =11, j A j =6, j O j =6

MDP 0.000654 0.0 50

H-POMDP 2.84 12.2 100

POMDP 1119.93 12.5 100

Rob ot Problem: j S j =20, j A j =30, j O j =27

MDP 6.46 53.33 80.0

H-POMDP 77.99 64.43 93.2

POMDP 24hrs+

T able 1. P erformance Results

T able 2 pro vides a sample in teraction in the rob ot

domain, using the H-POMDP p olicy . It sho ws ho w

the p olicy generated using our approac h is able to

mak e use of additional information-gathering actions,

thereb y allo wing the system to reco v er from sp eec h

recognition errors (e.g. the third observ ation (\go to")

is erroneous: the sp eec h recognition extracted \go to

big" from the user's \go to ro om", and our H-POMDP

decides that the cost of acciden tally mo ving to the

wrong lo cation out w eighs the cost of asking for clar-

i�cation.) The MDP-heuristic p olicy did not exhibit

similar adaptabilit y to p o or recognition p erformance.

Actor Sp eec h Observ ation Action

P erson \Hello" hello

Rob ot \Can I help y ou?" Initiate

P erson \What time is it?" time request

Rob ot \It's no w 11:41." Sa yTime

P erson \Go to big." go to

Rob ot \Where should I go?" AskWhere

P erson \Go to the." go to ro om

Rob ot \Should I go to the

ro om?"

V erifyRo om

P erson \Y es to the ro om." go to ro om

Rob ot \Y ou w an t me to go to

the ro om?"

V erifyRo om

P erson \Y es." y es

Rob ot R ob ot go es to r o om GoT oRo om

T able 2. An example dialogue from the in terface domain.

It is w orth men tioning that the domains examined ex-

hibit structure di�eren tly . In the �rst case, there is no

structure to sp eak of. In the second case, a �nal goal

can b e satis�ed through a sequence of in termediate

subgoals. In the third case, the dialogue manager can

satisfy alternate goals within a uni�ed domain. Th us,

our exp erimen ts address di�eren t problem setups al-

w a ys using the same algorithm, thereb y shedding ligh t

on to our approac h under di�eren t circumstances.

5. Conclusion

W e presen ted a hierarc hical POMDP algorithm that

can b e used to optimize p olicies for complex POMDP .

A b ottom-up algorithm w as in tro duced that computes

a sequence of POMDP p olicies, one for eac h task in the

hierarc h y . A t run-time, the resulting hierarc h y of p oli-

cies is tra v ersed from the top to the b ottom, un til a

primitiv e action is found. Mild computational sa vings

are ac hiev ed through reduced action space. Ho w ev er,

in man y tasks the action hierarc h y giv es rise to state

and observ ation abstractions, whic h can drastically re-

duce the computational complexit y .

Exp erimen tal results obtained for t w o di�eren t tasks

illustrate reduction in computational complexit y of

sev eral orders of magnitude with minimal p erformance

loss, when compared to the 
at, computationally hard

POMDP mo del. These exp erimen ts suggest that

our hierarc hical approac h pro vides a viable approac h

for solving complex POMDPs that are otherwise in-

tractable | assuming that the domain p ossesses struc-

ture that can b e expressed via an action hierarc h y .
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