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ABSTRACT
In this paper we study the mechanism design problem of
coalition formation and cost sharing in an electronic market-
place, where buyers can form coalitions to take advantage of
discounts based on volume. The desirable mechanism prop-
erties include stability(in the core) and incentive compati-
bility with good efficiency, concepts from the perspectives
of cooperative game theory and non-cooperative game the-
ory. We analyze the problem from both these perspectives
and establish relationships between the solution concepts.
We also present a group of reasonable mechanisms that are
derived from the two perspectives. Empirical results show
positive correlation between stability and incentive compati-
bility(efficiency). The mechanism which shares the coalition
cost in an egalitarian way is the best in terms of both sta-
bility and incentive compatibility.

1. INTRODUCTION
Offering quantity based discounts is a simple but effective
way of promotion, especially in today’s highly competitive
markets. For example, Amazon.com, the largest player in
online retailing, introduced free shipping on orders of $99
or more and again lowered the free-shipping threshold to
$49, and this tide of discounts was followed by Buy.com,
Barns&Noble and many other e-tailers [1]. Quantity based
discounts help suppliers to attract customers, rev up sales,
and coordinate the distribution channel to maximize joint
profits [3]. From the perspective of buyers, quantity based
discounts provide a huge incentive to form coalitions and

take advantage of lower prices without ordering more than
their actual demand. By forming a coalition, buyers can also
improve their bargaining power and negotiate more advanta-
geously with sellers to purchase at a lower price. Both buyers
and sellers can benefit from buyer coalitions[17]. Coalitions
of customers exist not only in commerce, but also in other
service industries, such as insurance, to pursue better deals
for a group.

In this paper we envision a buyer-biased e-marketplace which
facilitates coalition formation of buyers, driven by the quan-
tity discounts provided by sellers. Buyers submit their in-
terest to purchase and reservation prices to the market me-
diator. The mediator matches buyers as buying groups and
regulates the cost sharing based on the submitted informa-
tion. To seek high efficiency of the market, or welfare of
the buyer society is an important goal of the mediator, be-
cause higher efficiency implies more benefit for the buyers
and as a result attracts more customers. As self-interested
and autonomous entities, buyers may behave strategically
by misrepresenting their willingness to buy in order to max-
imize their profit. Information manipulation by buyers can
complicate the effort to improve the efficiency of the mar-
ket, and also makes it harder for the buyers to compute
the best possible strategy. We want the mechanism to be
incentive compatible, i.e., it is in the interest of buyers to
be truth telling, to save the strategic behavior and compu-
tation on part of the buyers1. Also, a coalition formation
and cost sharing rule should provide incentive for buyers in
the selected coalition to participate in the coalition without
coercion. In other words, it should be fair and result in a
stable coalition. We call this strategic interaction among the
buyers a Discount Coalitional Game. A discount coalitional
game has the following characteristics: (1) The incentive of
coalition formation is given by the per capita cost discount

1It would also be interesting to think of the strategic behav-
ior of sellers in pricing. But we do not consider this in the
present paper and the goal is to maximize buyers’ surplus.



on purchasing an item; (2) The coalition formation and cost
sharing of the coalition depend on the value of each buyer
has on the item; (3) The item value is private information
and buyers may be manipulative on the information revela-
tion; (4) Some buyers may unanimously approve a change
of the outcome if it is beneficial to all of them. We focus on
the mechanism design issue of coalition formation and cost
sharing for the discount coalitional game (the algorithmic
issues of coalition formation have been addressed in [10]).

The mechanism properties we are concerned with are related
to both cooperative (or coalitional) and non-cooperative game
theory. Research on cooperative decision making from a co-
operative game theory perspective provides axiomatic solu-
tion concepts for surplus (cost) sharing of coalitions. Among
these concepts are the Core, Shapley Value, Nucleolus,
etcetera [14][11]. Based on the agents’ (claimed) opportu-
nity costs or benefits from coalitions, these concepts admit
a class of surplus(cost) sharing rules based on some widely
accepted equity axioms, or properties that need to be sat-
isfied. The stability of a coalition requires that the distri-
bution of surplus among the coalition members is immune
to groups of agents refusing to participate and forming their
own coalition, and the core is the most commonly used con-
cept to characterize this property. However, the concepts
only characterize these distributions and do not give any
efficient algorithmic constructions for them. Moreover, co-
operative game theory focuses on what groups of players
can achieve rather than what individuals can do. As a re-
sult, it typically assumes complete information and grand
coalition2.

On the other hand, mechanism design in non-cooperative
game theory aims to design a game that achieves the de-
sired social outcome even when agents are self-interested,
strategic and have private information. It deals with infor-
mation elicitation in a hostile environment. The major goal
of mechanism design is efficiency(Eff): to compute a social
choice that maximizes the social welfare. Some other goals
include individual rationality(IR): no agents lose by partic-
ipating in the game, and budget balance(BB): there are no
monetary transfers out of or into the system. A mecha-
nism is called incentive compatible(IC) if truth-telling forms
a Bayesian-Nash equilibrium. It is called strategy proof (SP)
if truth-telling is a dominant strategy for all agents. The
latter is a stronger concept. The properties of IC or SP are
desirable because they save strategic behavior and compu-
tation on part of the agents. The revelation principle states
that if there exists a mechanism that implements an outcome
in some equilibrium, then there exists a direct revelation
mechanism, that implements the outcome in the same equi-
librium concept, with all agents reporting their true types.
Therefore it does not lose to restrict attention to truthful
direct revelation mechanisms. The family of Groves mecha-
nisms3 [7] is a group of mechanisms that satisfy Eff and SP.
All mechanisms that satisfy Eff and SP are manifestations
of the Groves mechanism [6]. The Clarke (or pivotal) mech-

2A grand coalition is the coalition of all the agents, assuming
the value of a coalition (weakly) increases with the expansion
of the coalition.
3A Groves mechanism outputs the optimal coalition (C∗)
by selecting the set of buyers which maximize the reported
value of the coalition. The cost sharing of the coalition is

anism is a special Groves mechanism in which the utility of
an agent is equal to the marginal effect she brings to the
community4. In addition to Eff and SP, the Clarke mech-
anism also satisfies IR. The biggest disadvantage of Groves
mechanisms is their failure to satisfy (weak5) BB and IR
simultaneously. The stability of the outcome, that could be
challenged by some agents unanimously approving a change
from the current decision rule of coalition formation and cost
sharing, is usually not considered in non-cooperative game
design, although it is an equally important issue in coalition
formation.

There have been some concepts proposed in economics about
incentive compatible core or durable decision rules to ex-
amine the stability of an economy in which agents possess
private information. These solutions, if exist, are a subset
of the collection of IC mechanisms, and finding them is very
hard. In the discount coalitional game, there does not exist
a mechanism that satisfies Eff, BB and IR simultaneously
at a Bayesian-Nash outcome, the effort to find nontrivial IC
mechanisms is also impeded by intractable computation of
equilibria. We relax the properties of IC and Eff subject to
the hard constraints of BB and IR, for achieving reasonable
approximation for each of them. On the other hand, we cal-
culate the core constraint based on the reported information
while the true-telling is not enforced, as a weaker stability
requirement.

In this paper we examine the problem from both the per-
spectives of cooperative and non-cooperative game theory,
and relate solutions from these two different areas. We prove
that there does not exist a mechanism which satisfies Eff, BB
and (weak ex ante)IR at the outcome of a Bayesian-Nash
equilibrium for the discount coalition game. We also show
that a strategy proof mechanism that satisfies BB and IR is
unbounded in efficiency loss, and it is identical to the mech-
anism derived from the Shapley value. In relation to cooper-
ative game theory, we show that the Clarke mechanism sat-
isfies the stand-alone principle. In other words, buyers have
no incentive to deviate from the selected coalition and form
coalitions by themselves. In addition, a budget-balanced
adjusted Clarke mechanism satisfies the stand-alone prin-
ciple to some extent. We extend the concept of core based
on grand coalitions from cooperative game theory to mecha-
nisms, and propose a mechanism which is in the core. We re-
late this mechanism to a Groves mechanism, in order to ana-
lyze its incentive compatibility. Finally we derive a group of
reasonable mechanisms, subject to the constraint of BB and
IR. Empirical experiments on these mechanisms show that
mechanisms that share cost more evenly are better than oth-
ers in terms of incentive compatibility and efficiency. More-
over, among these, the mechanism that shares cost in an

defined as

t(C∗, r̂n) = −
∑
m6=n

u(C∗, r̂m) + hn(r̂−n)

where hn(r̂−n) is an arbitrary function of the reported values
of all buyers except bn.
4In a Clarke mechanism hn(r̂−n) =

∑
m6=n u(C∗

−n, r̂−n),

where C∗
−n is the optimal coalition that does not contain

bn.
5There can be monetary transfers out of the system, but not
into the system.



egalitarian way is the best in both stability(in the core) and
incentive compatibility(efficiency). We corroborate the re-
lationship between core and incentive compatibility by de-
riving the above mechanisms again with the core constraint
and show that these perform better than their original coun-
terparts.

The rest of the paper is organized as follows: The review
of related work is provided in Section 2. In Section 3 the
discount coalitional game and the mechanism design prob-
lem are formulated, and some special considerations of the
problem are presented. In Section 4, we present theoretical
analysis about mechanism design of the discount coalitional
game from the perspectives of non-cooperative and coopera-
tive game theory. In Section 5 we describe a few mechanisms
derived from both the perspectives and compare them em-
pirically. Concluding remarks follow in Section 6.

2. PRIOR WORK
Forges, Minelli & Vohra [4] provides a good survey on the
core6 of an exchange economy with asymmetric informa-
tion. Incentive compatibility is emphasized in studying the
concepts of the core at the ex ante and interim stage. Some
analysis about non-emptiness of the core is presented. Some
other work related to this topic includes [18] and [8]. While
incentive compatibility is considered, the concepts of the
core are restricted to IC mechanisms, which are intractable
to compute in the discount coalitional game.

Yamamoto & Sycara [19] proposes a cost sharing rule in
the core of the optimal coalition for group buying assuming
complete information. We extend that rule in the discount
coalitional game and show that the cost sharing rule com-
bined with the coalition formation rule is in the core of the
game(Please refer to the next section for the difference be-
tween these two core concepts).

Following Green & Laffont [6] a strategy proof mechanism
can not be both Eff and BB when preferences are quasi-
linear. Also Myerson & Satterthwaite [13] shows that in an
exchange economy with quasi-linear preferences it is impos-
sible to achieve Eff, BB and (interim) IR in a Bayesian-Nash
incentive compatible mechanism. Facing these impossibility
results, research in non-cooperative mechanism design has
focussed on relaxing one property while satisfying others, or
balancing between various properties to achieve a reasonable
approximation for each of them. Moulin et al[12] analyze the
cost sharing of coalitions with non-decreasing and submod-
ular cost functions7. Among all mechanisms that satisfy IR,
mechanisms that are group strategy proof and budget bal-
anced but not efficient, or strategy proof and efficient but
not budget balanced are characterized. An interesting point
is that among all the mechanisms in the first category, the
Shapley value mechanism has the best efficiency in the worst
case, which means a combination of incentive and efficiency
requirements compel to use a fair mechanism. The discount
coalitional game is not necessarily submodular in cost (it

6A feasible allocation of an economy belongs to the core if
no coalition can improve upon it.
7A cost function c(·) is non-decreasing and submodular if
(i)S ⊂ T ⇒ c(S) ≤ c(T ) and (ii) c(S ∪ T ) + c(S ∩ T ) ≤
c(S) + c(T ).

depends on the price schedule), also unlike the cost sharing
game, agents in this game are indistinguishable.

Parkes[16] proposes a heuristic method to achieve budget
balance with Clarke based payment schemes in exchanges,
while sacrificing both efficiency and incentive compatibility.
The idea is to minimize the distance between the payment
and the Clarke mechanism, subject to the constraint of BB
and IR. The effects that different types of budget-balanced
Vickrey-based payment rules can have on agent manipula-
tion are analyzed based on some assumption about the prob-
ability distribution of the bids in a simple exchange economy.
One mechanism proposed in this paper is inspired by this
heuristic with an additional constraint of stability. Although
the heuristic method is applicable to general mechanism de-
sign problems, the effect analysis is not. The analysis for
the discount coalitional game is far more difficult than in the
simple exchange economy, as presented in the next section
about some special considerations of the discount coalitional
game. We do not intend to propose a general methodology
of mechanism design, as Parkes et al. does, but to study
the mechanism design problem for the discount coalitional
game.

Bidding clubs are a class of mechanisms in auctions that
can be exploited by bidders to reduce the intensity of com-
petition and gain benefits for all bidders[9]. Although there
are some function similarity between group buying and bid-
ding clubs, the specific incentives of forming coalitions are
basically different.

3. THE DISCOUNT COALITIONAL GAME
AND MECHANISM DESIGN

3.1 De£nitions
Let B = {1, 2, . . . , N} denote the collection of buyers. For
simplicity we assume each buyer asks for one unit of an item.
Each buyer n knows the value of the item rn to herself. The
item value is a private information and unobservable to other
buyers or the mediator, although we can assume it follows an
independent and identical distribution for each buyer. The
discount coalitional game has two stages. In the first stage
each buyer n submits a bid r̂n to the market mediator which
indicates the reservation price, the maximum payment she
can afford to pay for the item, without knowing other buyers’
bids. If buyer n is truth telling, r̂n = rn. In the second
stage the mediator forms the coalition C ⊆ B of the buyers
that would purchase together as a virtual buyer, and the
payment tn of each buyer n based on the bids. There is no
discrimination among the buyers. The bids become public
information to all the buyers in the second stage. Based
on the public information, buyers can make valid threats
of deviating from the coalition. Throughout the paper, let
xS = (xn)n∈S and x = xB for any variable xn related to
each buyer n, n ∈ B.

The unit price schedule p(m) : Z+ → R+, is a decreasing
step function of m, the number of units sold together, sub-
ject to the conditions of free disposal, i.e., for m1 < m2,
p(m1) ≥ p(m2) and m1p(m1) ≤ m2p(m2). The cost of a
coalition C is cost(C) = |C|p(|C|).



A mechanism or outcome rule8 o : (r̂) → (C, t) specifies,
based on the reservation prices r̂ of the buyers, the coalition
C(r̂) of buyers to be formed, and the payment tnr̂ of each
buyer n.

The value of a coalition C is defined as the difference be-
tween the sum of item values to the coalition members and
the minimum cost needed to satisfy the requests of all the
members: v(C, r) =

∑
bn∈C rn − |C|p(|C|). The utility of

buyer n at an outcome o = (C, t) takes the quasi-linear form:
un(o, rn) = rnIn∈C − tn, where In∈C = 1 if n ∈ C and 0
otherwise. If we replace the true values rn by reservation
prices r̂n in the above formulas, we get the reported value
of the coalition, and the reported utility of a buyer.

The desired properties of a good mechanism o(r) = (C(r), t(r))
include:

• (ex-post) Individual Rationality(IR): No buyer
loses by participating in the game. In other words,
their participation is voluntary:

un(o, rn) ≥ 0 ∀n ∈ B.

It follows that un = 0 and tn = 0 for n 6∈ C.

• (ex-post) Budget Balance(BB): There are no trans-
fers out of or into the system, i.e., the coalition is
charged the cost incurred in the coalition:∑

n∈C

tn(r) = |C|p(|C|).

With BB we have v(C, r) =
∑

n∈C un(o, r).

• (ex-post) Efficiency(Eff): The sum of buyers’ util-
ity, or the value of the coalition formed is maximized9:

C = argmaxS⊂Bv(S, r).

It is easy to see that when each buyer demands a unit
quantity, for any i ∈ C and j 6∈ C, ri ≥ rj . The
Efficiency Loss of a mechanism (C′, t) is defined as
v(C,r)−v(C′,r)

v(C,r)
, the percentage decrease in value of the

coalition from using the mechanism (C′, t) against the
optimal value.

• Stability: No set of players pays more than the amount
they would pay if they form a coalition among them-
selves. This leads to the formation of a stable coali-
tion. Note that this sounds similar to the concept of
core from cooperative game theory. There is some dif-
ference that we will point out in the following subsec-
tion.

3.2 Special considerations
We analyze some of the specialities of the discount coali-
tional game to differentiate it from the traditional mech-
anism design settings. We also want to describe the gap

8Based on the revelation principle, we can restrict to direct
revelation mechanisms.
9The exchange interaction between sellers and buyers is not
a concern in the paper. The discount price schedules are
given externally by the sellers.

between some standard concepts in economics and practi-
cal solution feasibilities, and so to justify the approximate
approaches we take in this paper.

About the impossibility results The impossibility of
having a mechanism for agents with quasi-linear preference
that satisfy Eff, BB and IR in Bayesian-Nash equilibria is
proved, as far as we know, in two types of economies: ex-
change [13] and public project [5](see [15] for a summary
of the impossibility results in mechanism design). The dis-
count coalitional game is different from both economies. In
the exchange economy, the sum of the probabilities of the
agents owning a good is one, which is a critical condition
to derive the impossibility result. But in the discount coali-
tional game the sum of the probabilities is not a constant and
depends on the social choice function. The public project
economy can only be admitted as a very special case of a
discount coalitional game with a particular price schedule
such that p(1) = 2p(2) = · · · = Np(N). In that case the
cost of a coalition is a constant and the social choice func-
tion is trivial: either to include all agents or exclude all. The
impossibility result for the public project economy does not
apply to the general conditions of the discount coalitional
game. Although the impossibility result for the discount
coalitional game may seem not surprising, the proof of such
a result is not a trivial derivation from the existing theorems.

About equilibrium computation and IC mechanisms

Because of the complexity of the social choice decision, it is
hard to derive analytically the expected probability of be-
ing included in the coalition and the expected payment as
functions of the reported value in nontrivial mechanisms.
Therefore the nontrivial Bayesian-Nash equilibria can not
be analyzed by generally solving differential equations, as
is usually done in auctions or exchange economies. In Ap-
pendix 1 we analyze for the game of two buyers the shape of
the Bayesian-Nash equilibrium strategy with the Egalitar-
ian Sharing mechanism10. We can see that the strategy is
not a continuous function of the true type, which is exotic
from the usual condition. Because the equilibrium compu-
tation is not tractable, it is not feasible either to design a
nontrivial IC mechanism. But for the same reason we do
not expect agents with bounded rationality to play at the
equilibrium strategies either. This leads us to empirically ex-
amine and compare the efficiency loss of mechanisms with
heuristic strategy responses of players, which do not con-
struct an equilibrium. Instead of designing a complex social
choice rule based on the computationally intractable equi-
librium outcome, we use a simple social choice rule which
maximizes the reported value of the coalition. By appro-
priately designing the cost sharing rule we want the mecha-
nisms to be fairly good in containing the deviation of agents
and consequently achieve high efficiency. The experimental
setting and results are described in Section 5.

About the core

The core is the most commonly used concept in character-
izing the stability of an economy, but it is originally defined
on cost(surplus) sharing in a grand coalition with complete

10Please refer to Section 5 for the mechanism description.



information. A budget balanced cost sharing rule t is in the
core of a coalition C if it satisfies that any subset of the
coalition can get at least as much by joining the coalition
C as the value of the coalition formed by the members of
the subset, i.e., v(S, r) ≤ ∑

n∈S un(t, r) for ∀S ⊂ C and
v(C, r) =

∑
n∈C un(t, r). While considering the core in the

discount coalitional game, we have to be careful about two
issues: non-grand coalition and incomplete information:

• Non-grand coalition: The outcome of the discount coali-
tional game is not necessarily the grand coalition be-
cause adding more buyers to a coalition does not neces-
sarily increase its value. Hence it also provides oppor-
tunities of deviation by forming coalitions consisting
of not only some members, but also non-members of
the outcome coalition. For differentiation, if a core is
based on a grand coalition, we call it the core of a
coalition, otherwise we call it the core of a game.

• Incomplete information: Since it is not feasible to com-
pute the Bayesian-Nash equilibria or design a nontriv-
ial IC mechanism, the true values are not deducible
and truth telling is not enforced. This raises the ques-
tion of what information the agents would use in specu-
lating the benefit of deviation from the coalition. Even
if communication is possible between the buyers to re-
veal their types and facilitate the deviation decision,
buyers can still lie in the communication. The an-
swer to the question include two options: to use the
expected value information or the reported value infor-
mation. With the first approach buyers make the devi-
ation decision based on the expected additional profit
they could make by deviation. The core calculated is
similar to the coarse core in [18]. The difference is that
in the discount coalitional game the expectation of the
true value can be adjusted based on the reported value,
which becomes a lower bound of the true value11. With
the second approach buyers are more conservative(or
risk averse). If a deviation is beneficial based on the
reported values, so it is necessarily beneficial based on
the true values or expected values. If a mechanism is
good in IC, the core based on reported values is also a
good approximation of the core based on expected or
true values. Actually the approximation only relates
to the values of the coalition non-members involved in
the deviation, as is shown in 3.2. For simplicity we
adopt the second option of using the reported infor-
mation in this paper.

The core for the discount coalitional game based on the re-
ported values is defined as follows:

Definition [Core of the Discount Coalitional Game]
A budget balanced mechanism (C, X) is in the core if it sat-
isfies the stand-alone principle: no members of the coalition
C can form a coalition by themselves or with other buyers,
such that the reported value of the new coalition exceeds
the sum of the members’ reported utility:∑

n∈C1

un(C, r̂n) ≥ v(C1 ∪ C2, r̂)

11The truth telling strategy dominates the strategy of over
bidding.

∀ C1 ∈ C and C2 ∈ B \ C. It is equivalent to
∑

n∈C1

tn ≤ cost(C1 ∪ C2) −
∑

n∈C2

r̂n

4. ANALYSIS
In this section we analyze the discount coalitional game from
the perspectives of cooperative and non-cooperative game
theory, and explore the links between these two perspec-
tives. Specifically, we first show that there does not exist
an IC12 mechanism that satisfies all Eff, BB and IR. Sec-
ondly we characterize the strategy proof mechanism that
satisfies BB and IR. We show that it gives unbounded effi-
ciency loss and is identical to the mechanism derived from
Shapley value. We also look at the relationship of the Clarke
mechanism to the core. Note that we consider BB and IR
to be hard constraints, and relax the constraints of Eff. On
the other hand, we consider the question of whether there
exists a mechanism in the core of the discount coalitional
game. We give one such mechanism and also characterize
the relationship of this algorithm to the Groves mechanisms.

4.1 Perspective of non-cooperative game the-
ory

We start with the following impossibility theorem (proven
in appendix):

Proposition 4.1. There does not exist an IC mechanism
for the discount coalitional game that satisfies efficiency(Eff),
(interim) individual rationality(IR) and ex-ante weak budget
balance(BB) at the same time.

The next statement characterize the strategy proof mecha-
nism that is BB and IR, among the mechanisms that satisfies
certain reasonable and weak properties.

A mechanism (C, t) is said to be Monotone if the coalition
C does not change when the reservation price of a buyer
in C increases, and the payments of other buyers in the
coalition are monotone functions of this value. It is said
to be Non-discriminatory, if permuting the reservation
prices of buyers in the coalition C among themselves does
not change the coalition. All mechanisms considered in this
paper satisfy these properties.

Proposition 4.2. If a mechanism satisfies IR, BB and
SP, and is monotone and non-discriminatory, then, the out-
put coalition only contains buyers that have a reservation
price above the unit price of the coalition.

The above proposition along with the revelation principle
implies that in fact any mechanism has unbounded efficiency
loss at the outcome of a dominant equilibrium. It is inter-
esting to note that we get exactly the same mechanism as
described above by deriving from Shapley value of this game.

12IC is not a constraint condition by revelation principle. It
only means the mechanism is implemented at a Bayeisn-
Nash equilibrium.



Interestingly as a relationship to the core, the Clarke mech-
anism satisfies the stand-alone principle(the definition is de-
scribed in 3.2.), as we show next (proof in appendix).

Proposition 4.3. The Clarke mechanism satisfies the stand-
alone principle.

Because the Clarke mechanism is not budget-balanced, we
define a variant – the Adjusted Clarke mechanism, which is
derived by minimizing the norm-2 distance of the cost shar-
ing vector to the one induced by the Clarke mechanism [16].
The idea behind the Adjusted Clarke mechanism is to inherit
benefits of efficiency and strategy-proofness from the Clarke
mechanism while still remaining BB and IR. The cost shar-
ing rule t of the Adjusted Clarke mechanism is derived as
follows, where τ denotes the cost sharing rule of the Clarke
mechanism:

min
∑
i∈C

(ti − τi)
2

s.t. 0 ≤ ti ≤ r̂i if i ∈ C

ti = 0 if i 6∈ C∑
i∈C ti = cost(C∗)

Applying Lagrangian relaxation to the constraint mathe-
matical programming above, we have t as follows:

ti =

{
r̂i if τi + µ > r̂i

τi + µ else
(1)

where µ is a positive constant number such that the above
solution gives budget balance. Although the Adjusted Clarke
mechanism is not in the core, it provides the stability of
coalition to some extent, as stated in Proposition 4.4 (proof
in appendix).

Proposition 4.4. With the Adjusted Clarke mechanism
(C, t), there is no incentive for any |C| − 1 members of the
selected coalition C to leave the coalition together based on
the reported information, i.e., v(S ∪C \ {n}, r̂) ≤ u(S ∪C \
{n}, r̂) for ∀n ∈ C and S ⊂ (B \ C).

4.2 Perspective of cooperative game theory
Consider the cost sharing in which coalition members share
cost as evenly as possible, subject to the constraints of IR
and BB. Yamamoto et al [19] show that this egalitarian cost
sharing is in the core of the coalition, assuming complete
information or truth telling of the buyers.

The cost sharing rule is given by the following:

tn =

{
hC (n ∈ C)
r̂n (n 6∈ C)

(2)

where hC and C satisfy:

|C|p(|C|) = |C| · hC +
∑

n∈C\C

r̂n

C = {n ∈ C|hC ≤ r̂n}.

Share of
Surplus

to Pay
Price Price

Reservation

.....

..... bm

c

C

h

C

Price
Market
Price

b1 b2 b3 b4 b5

Figure 1: A cost sharing rule in the core (Egalitarian
Sharing)

The cost sharing rule is demonstrated in Figure 1.

Next we show that the cost sharing rule combined with the
coalition formation rule which maximizes the reported coali-
tion value is in the core of the game (proof in appendix).

Proposition 4.5. The cost sharing rule specified by Equa-
tion 2 and the coalition formation rule specified by C(r̂) =
argmaxS⊆Nv(S, r̂) construct a mechanism M in the core of
the discount coalitional game.

Note that the above mechanism also satisfies IR and BB.
From Proposition 4.1 it is not incentive compatible.

The above mechanism also has an interesting relationship
with a mechanism in the class of Groves mechanisms from
non-cooperative game theory. It can be interpreted as in-
duced from the latter by mathematical programming, sub-
ject to the constraint of budget balance and individual ra-
tionality. Let ς denote the cost sharing derived from the
Groves mechanism with ςi = −∑

j 6=i uj(C, r̂j) + h(r̂−i),

where h(r̂−i) =
∑

j∈(C\{i})(r̂j − p(|C|)).

min
∑
i∈C

(ti − ςi)
2

s.t. 0 ≤ ti ≤ r̂i if i ∈ C

ti = 0 if i 6∈ C∑
i∈C ti = |C|p(|C|)

Applying Lagrangian relaxation to the mathematical pro-
gramming above, we get the cost sharing rule described by
Equation 2.

5. EXPERIMENTS
5.1 Methodology
In this section, we will describe and motivate a few ba-
sic mechanisms that are reasonable and computationally
tractable for the discount coalitional game. All these mech-
anisms have the property that they compute the optimal
coalition on reported values and then divide the cost among
selected buyers in such a way that no buyer pays more than
his reported bid. Based on this social choice rule, incentive
compatibility and efficiency are consistent. The outcome
would be efficient if buyers all tell the truth, or bad in ef-
ficiency if buyers reveal information far away from the true
values. We use the average efficiency loss over the profiles



of true values of buyers as a negative index of the incentive
compatibility of a mechanism. The goal of the experiment
is to evaluate the different mechanisms in terms of incen-
tive compatibility and efficiency, and determine if there is
a correlation between the concept of core or equitable cost
sharing and incentive compatibility.

To investigate the correlation, we design mechanisms with
different properties and compare them to the egalitarian cost
sharing mechanism described in section 4.2, which is in the
core. From each of the basic mechanisms that are not in the
core, we also derive mechanisms in the core and compare
the efficiency in the two cases.

Theoretically we should examine the efficiency of a mecha-
nism by calculating the value of the coalition in the Bayesian-
Nash equilibrium. However in the discount coalitional game,
the computation of the Bayesian-Nash equilibrium is not
tractable, even the iterative computation of the best re-
sponse does not converge because of the discontinuity of
the best response strategy. Instead we adopt the following
heuristic approach – we compute the best strategy of an
agent assuming that all other agents are telling the truth.
Then using this best response as a strategy for every player,
we compute the average efficiency loss of the mechanisms.
We do not claim that numbers obtained in this way are rep-
resentative of the results expected in equilibrium. In fact
the efficiency loss is over-estimated using the best response
calculated in this way. All the same, we believe that the
results demonstrate the relative effectiveness of the different
mechanisms at preventing the agents from manipulation.

We first describe the mechanisms in the following subsection
and then present simulation results in the next subsection.

5.2 The Mechanisms
Let the buyers in the outcome coalition C be ordered in
order of decreasing reservation price, r̂1 ≥ · · · ≥ r̂n. Let C+

denote the set of buyers in C that have r̂i > p(|C|), where
p(|C|) is the unit price of the item when |C| units are sold
together, and C− denote the rest of the buyers in C. All
our mechanisms, except for Proportional Cost, will charge
a buyer i ∈ C− his reported value r̂i. The rest of the price
will be divided among the rest of the buyers.

1. Egalitarian Sharing

Each buyer in C∗ pays the amount specified by Equa-
tion 2, as illustrated in Figure 1. This mechanism is in
the core. Note that as long as a buyer bids more than
h(C), the price paid by the buyer is independent of his
bid. So this mechanism to some extent motivates the
agents not to lie.

2. Backward Cost Sharing

Instead of having buyers in C+ share the cost as equally
as possible, as in Egalitarian Sharing, this mechanism
tries to break the evenness and provide incentive for
buyers to bid higher. Buyers with low reservation
prices are required to pay as much as possible, while
obeying IR, until the sum of the prices paid equals the
cost of the coalition. For example, if the cost to be

shared by C is 14, while the reported values of 3 buy-
ers in C are 10, 9 and 6, then we charge the third buyer
6, the second buyer 8 and the first buyer 0. Note that
b1 gets remarkable profit while b2 and b3 pay relatively
high amounts. This mechanism gives incentive to buy-
ers with high values to bid high, but also encourages
buyers with medium reservation prices to bid low to
avoid sharing much remaining cost of C+.

3. Proportional Subsidy

Let deficit = |C−|p(|C|)−∑
i∈C− r̂i, which is equal to

the amount that buyers in C+ have to subsidize the
buyers in C− in order to cover their expense. In this
mechanism we divide the deficit among buyers in C+ in
proportion to their reservation price. The motivation
behind this mechanism is to obtain a fair allocation
in the sense that buyers with high reservation prices
obtain a higher surplus, but also pay more than buyers
with low reservation prices.

4. Proportional Cost

The cost of the coalition is divided among the coalition
members in proportion to their reported values. In this
mechanism the cost division is more uneven compared
to Proportion Subsidy.

5. Adjusted Clarke Mechanism

The cost sharing of this mechanism is specified by
Equation 1. It is derived from the Clarke mechanism
subject to the constraints of IR and BB.

Figure 2 gives an example of the cost distribution by the
above mechanisms for a coalition of three buyers.

Call the mechanisms described above Original mechanisms.
Each of the above mechanisms except the Egalitarian Shar-
ing mechanism is not guaranteed to be in the core. For each
of the above mechanisms M , we derive a new mechanism M ′

that is in the core and close to M13(The derivation process
is described in Appendix). We call these Derived mecha-
nisms - Backward Cost Core, Proportional Subsidy Core,
Proportional Cost Core, Adjusted Clarke Core mechanism
respectively.

5.3 Simulation Setup
In the experiments we set the maximum unit price p(1) to be
10, the bids of buyers vary from 0 to 10 with M=100 discrete
values. We performed simulations for the mechanisms with
3, 4 and 5 buyers. Computation for more buyers takes too
much time with the computation complexity MN ·ζ, where ζ
is the complexity to compute the coalition and cost sharing
for one bidding profile. However, we observe the same pat-
tern for 3, 4 and 5 players and therefore, expect these results
to be fairly representative. In order to make sure that the
results are not specific to the price functions used, we used
two price function families. The first is a linear decreasing
price function, that is, p(n+1)−p(n) = p(m+1)−p(m) = 1,
∀n 6= m. The second function we use is generated randomly

13It is intractable to derive a mechanism exactly in the core
for the Backward Cost mechanism. In the Backward Cost
Core mechanism we only ensure the core condition is not
violated for individual buyers, i.e., tn ≤ p(1).
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Figure 3: Strategy Curves for 3, 4 and 5 players with uniformly distributed bids and linear price function
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Figure 2: An example of Cost Division by the orig-
inal mechanisms.

subject to the constraint that unit price is always decreas-
ing and total price mp(m) is increasing. We also tried two
different probability distributions of the buyer types: the
uniform distribution, and the normal distribution with vary-
ing means. We did not observe any difference in the trends
for the different price functions or type distributions. For
brevity, we only report results for the linear price function
with uniform distribution.

5.4 Results and Discussion
The best-response strategy curves14 of different mechanisms
based on a linear price function and uniform distribution are
shown in Figure 3. We judge incentive compatibility of the
mechanisms by noting the distance between the correspond-
ing strategy curve and the “x = y” line. From figure 3
we notice that no single mechanism dominates another in
terms of incentive compatibility: if it gives better incentive

14Note that these best-response strategies are based on the
assumption that other buyers are truth-telling. The actual
equilibrium strategies are expected to be higher than the
strategies represented by these curves.

for truth-telling to high valuation buyers, then it performs
worse for the buyers with medium values, and vice versa.
For buyers with high values, the mechanisms can be listed
as follows in the decreasing order of IC: Backward Cost,
Egalitarian Sharing, Proportional Subsidy, Adjusted Clarke
and Proportional Cost.

Table I gives the average efficiency losses for the original
mechanisms with 3, 4 and 5 agents. We note that the Egali-
tarian Cost Sharing mechanism which is also in the core has
the least efficiency loss. This suggests that there is a posi-
tive correlation between the core and incentive compatibility
of a mechanism. Also observe the cost allocation given by
the different mechanisms for the example shown in figure 2.
We notice that as the cost sharing becomes more and more
uneven, the efficiency of the mechanism drops. This is as
expected – in an equitable cost sharing, the payment of a
buyer depends less on her valuation compared to the pay-
ment allocated by an uneven cost sharing. Therefore, such a
mechanism should have better incentive compatibility. This
also explains the positive correlation between core and in-
centive compatibility. A non-discriminatory mechanism in
the core prefers to distribute the cost evenly – an uneven
sharing is more likely to violate the core constraint than
an even sharing; consequently, mechanisms in the core are
likely to have better incentive compatibility and therefore
higher efficiency.

Mechanism 3 buyers 4 buyers 5 buyers
Egalitarian Sharing 0.455 0.629 0.832
Proportional Subsidy 0.457 0.685 0.916
Backward Cost Sharing 0.506 0.688 0.832
Adjusted Clarke 0.650 0.812 0.932
Proportional Cost 0.690 0.850 0.934

Table I: Average efficiency loss

Next we examine the correlation between efficiency and core
more closely by comparing the efficiency loss of the original
and derived mechanisms, as summarized in Table II. From



Table II we can see that enforcing the core condition never
worsens the efficiency of the mechanism, and in many cases
improves the efficiency. In the cases where there is no im-
provement, we observe from the experiments that the core
constraint is never violated, thus the cost division in the
two cases is exactly the same. We conclude that whenever
enforcing the core constraint changes the cost division, the
efficiency of the resulting mechanism improves.

Mechanism 3 buyers 4 buyers 5 buyers
O. D. O. D. O. D.

Prop. Subs. 0.457 0.456 0.685 0.681 0.916 0.916
Back. Cost 0.506 0.440 0.688 0.648 0.832 0.811
Adj. Clarke 0.650 0.650 0.812 0.811 0.932 0.932
Prop. Cost 0.690 0.689 0.850 0.847 0.934 0.934

Table II: A comparison of average efficiency loss of
original (O.) and derived (D.) mechanisms

6. CONCLUSION
In this paper we study the mechanism design problem for the
discount coalitional game with quasi-linear preferences and
unitarian social welfare from both the points of view of coop-
erative and non-cooperative game, and explore the relation-
ships between solution concepts from each perspectives. We
present some reasonable mechanisms derived from different
motivations which satisfy individual rationality and budget
balance, and compare them in terms of efficiency and incen-
tive compatibility by simulations. Both theoretical analysis
and empirical results indicate a positive correlation between
core and incentive compatibility, when both individual ra-
tionality and budget balance are satisfied. The Egalitarian
Sharing mechanism, which shares the cost evenly subject
to the constrains of IR and BB, performs the best in both
incentive compatibility(efficiency) and stability. The intu-
itive explanation for the correlation is: With quasi-linear
preferences and unitarian social welfare, the core constraint
is not influenced by the agent values or bids. So a non-
discriminatory mechanism in the core tends to distribute
the cost evenly, and then the utility of an agent is less influ-
enced by her strategy, which results in better incentive com-
patibility. We believe our work is illuminating in the inter-
connection between cooperative and non-cooperative game
theory.
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Appendix
Equilibrium analysis for the two buyer game with egalitarian
sharing

Consider the Bayesion-Nash equilibrium. Let the reserva-
tion price reported by buyer i be r̂i in the equilibrium, and
Ui(r̂i) be the expected utility of buyer i at the outcome. It
is easy to see that r̂i (weakly) increases with ri. Otherwise
suppose ri > rj and r̂i < r̂j . Let ν(r̂i) be the probability of
being included in the coalition by reporting r̂i. Then ν(r̂i) ≤
ν(r̂j), Ui(r̂i) − (ri − rj)ν(r̂i) ≥ Ui(r̂j) − (ri − rj)ν(r̂j). It is
equal to Uj(r̂i) ≥ Uj(r̂j) and it follows that Uj(r̂i) = Uj(r̂j).
Hence we can have r̂j = r̂i.

Suppose the buyers have independent and identical distribu-
tion of the true values, with the c.d.f. G(r) and p.d.f. g(r).
The distribution of the reported value of buyer i follows the
c.d.f. Fi(r̂i) and p.d.f fi(r̂i). For r̂1 ∈ [c, b], the expected
utility of buyer 1 is

U1(r̂1) =

∫ a

2b−r̂1

(r1 − r̂1)d F2(r̂2).

For r̂1 ∈ [b, a],

U1(r̂1) =

∫ b

2b−r̂1

r1 − 2b + r̂2d F2(r̂2) +

∫ a

b

r1 − bdF2(r̂2).

Assume r̂i(ri) strictly increasing in [c, a]. Take the first order
condition of the above equations:

When r̂1 ∈ [c, b],

U
′
1(r̂1) = F2(2b − r̂1) − 1 + (r1 − r̂1)f2(2b − r̂1) = 0;

(Since U
′
1(c) ≥ 0(the equality holds when r1 = c) and

U
′
1(r1) < 0, the boundary c and r1 do not bind.) It fol-

lows that r̂1 = F2(2b−r̂1)−1
f2(2b−r̂1)

+ r1 < r1.

when r̂1 ∈ [b, a],

U
′
1(r̂1) = (r1 − r̂1)f2(2b − r̂1) = 0

It follows that r̂1 = r1.

The shape of the function, which is discontinuous, is shown
in Figure 4. The equilibrium strategy is not a continuous
function of the true value.
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Figure 4: The equilibrium strategy curve
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Consider a discount coalitional game with two buyers b1,
b2 and the discount price function shown in the left part of
Figure 5. a,b are the unit prices when one and two units are
sold; c = 2b − a is the minimum reservation price a buyer
needs to report to be included in the coalition. The item
value to each buyer, ri, i = 1, 2, follows the iid distribution
with c.d.f. Φi(ri) and p.d.f. φi(ri), and ri ∈ [ri, ri]. Let the
configuration of a coalition denoted by y(r̂) = (y1(r̂), y2(r̂)),
where yi = 1 if the buyer bi is included in the coalition,
and y1 = 0 otherwise. The right part of Figure 5 lists
the configurations of the optimal coalitions with all pos-
sible combination of the value reports. Each buyer’s util-
ity function takes the form: ui(ri) = ri · yi + ti. Define
t̄i(r̂i) = Er−i [ti(r̂i, r−i)]and ȳi(r̂i) = Er−i [yi(r̂i, r−i)]. Then
the expected utility of bi when she is in type ri and an-
nounces r̂i, and the other buyer tells the truth, is:

Er−i [ui(C
∗(r̂i, r−i), ri)|ri] = riȳi(r̂i) + t̄i(r̂i).

Define Ui(ri) = riȳi(ri) + t̄i(ri).

From Proposition 23.D.2 on [2], the social choice function
f(·) = (C∗(·), t1(·), t2(·)) is Bayesian incentive compatible
only if, for i = 1, 2,

Ui(ri) = Ui(ri) +

∫ ri

ri

ȳi(s)ds

for all ri.

Following the same derivation as in Proposition 23.D.3 of
[2], we have

E[−t̄1(r1)] = [

∫ r1

r1

ȳ1(r1)(r1 − 1 − Φ(r1)

φ(r1)
)φ(r1)dr1] − U1(r1)

and the similar form for E[−t̄1(r2)].

Interim IR implies that, for i = 1, 2,

Ui(ri) ≥ 0,

and ex-ante weak BB implies that

E[−t̄1(r1)] + E[−t̄2(r2)] ≥ E[cost(C∗(r1, r2))].

Let E[−t̄11(r1)], E[−t̄21(r1)], E[−t̄31(r1)] denote the expected
payment of buyer 1 when r1 ≤ c, r1 ∈ (c, a] and r1 > a re-
spectively. They sum up with E[−t̄1(r1)]. Under these three
situations, the expected probabilities to be involved in the
coalition are: ȳ1

1(r1) = 0, ȳ2
1(r1) = 1 − Φ(2b − r1), ȳ3

1(r1) =
1. Assume the buyers are symmetric, then E[−t̄1(r1)] =
E[−t̄2(r2)]. It follows that

E[−t̄11(r1)] = 0.



E[−t̄21(r1)] = [1 − Φ(c)][1 − Φ(a)](c − a)

− ∫ a

c
r1(Φ(r1) − 1)φ(2b − r1)dr1

E[−t̄31(r1)] = a(1 − Φ(a))

But

E[cost(C∗(r1, r2))] = 2a(1 − Φ(a)) + (c − a)[1 − Φ(a)]

[1 − Φ(c)] + b[(1 − Φ(c))2 − (1 − Φ(a))2]

From the above equalities,

E[−t̄1(r1)] + E[−t̄2(r2)] − E[cost(C∗(r1, r2))] = [1 − Φ(c)]

[1 − Φ(a)](c − a) + 2
∫ a

c
[1 − Φ(r1)]φ(2b − r1)(r1 − b)dr1 − 2U(r)

The above term could be nonegative under some probability
distribution Φ. Consider an extereme case: Let U(r) = 0,
Φ(a) = 1 and Φ(r) = 0 for r < b. Then E[−t̄1(r1)] +
E[−t̄2(r2)] − E[cost(C∗(r1, r2))] = 2

∫ a

b
[1 − Φ(r1)]φ(2b −

r1)(r1 − b)d r1 − 2U(r) ≥ 0.

Proof of Proposition 4.2: Assume that we have a mechanism
that satisfies BB, IR and SP and has a monotone coalition
rule. Consider the coalition formed by M when buyers have
reservation prices (r̂i)i=1,··· ,N . Let this coalition be C =
{b1, · · · , bn}. Let r̂n be the smallest reservation price among
these buyers, call its value l.

For a mechanism to be strategy-proof, the payment of a
buyer should not be a function of his own reservation price,
i.e., the payment of buyer i, ti = ti(r̂−i), otherwise a buyer
can always manipulate her reservation price to get a higher
profit. Now perform the following thought experiment –
raise the reservation price r̂n gradually. Note that the coali-
tion remains the same since the coalition rule is monotone.
Raising the price of bn will change the payments tj for other
players j 6= n – some will increase, others will decrease,
but the sum will remain the same because the mechanism
is budget balanced. Continue raising r̂n until all tjs become
constant. Note that this will happen eventually, since tjs
cannot increase indefinitely, otherwise IR will be violated.
Increasing the value of r̂j further will not change the values
of tj .

Now, we claim that at this point, the value of every tj (in-
cluding tn, which has not changed at all in this thought ex-
periment), has to be below l. If this is not the case, then con-
sider the buyer bj that violates this. Set r̂n = max{r̂n, r̂j}.
Set r̂j = l. Since the coalition rule is monotone and non-
discriminatory, the coalition still remains the same. Now,
r̂n has only increased and so does not have any effect on tj .
Moreover, tj does not depend on r̂j , thus decreasing that
has no effect on tj either. Thus the value of tj remains the
same as before – greater than l. But this violates IR. Thus
we have shown that at the end of the above thought exper-
iment, all payments should be below l. By budget balance,
this implies that the unit price for the coalition is also below
l. Thus we get the theorem.

Proof of Proposition 4.3: Let t be the surplus sharing rule
specified in Equation 2, κ be the cost sharing rule induced
by the Clarke mechanism, and C−i the coalition outcome
with the buyer set B \ {i}. For ∀i ∈ B, t−i ≤ cost(C−i),
and κi = cost(C) − cost(C−i). Since t−i + ti = cost(C),

ti ≥ cost(C) − cost(C−i). Therefore ti ≥ κi for ∀i ∈ B. For
∀S ⊂ B, κS ≤ cost(S) since tS ≤ cost(S) . Hence Y satisfies
the stand-alone principle.

Proof of Proposition 4.4: Let κ be the surplus sharing in-
duced by the Clarke mechanism.

∀n ∈ C and S ∈ B \ C, tS∪C\{n} = cost(C) − tn +
∑

i∈S r̂i.
But v(S ∪ C \ {n}, r̂) ≤ v(C−n, r̂) = v(C, r̂) − r̂n + κn.

Since tn ≥ κn, v(S ∪ C \ {n}, r̂) ≤ v(C, r̂) − r̂n + tn. Hence
v(S ∪ C \ {n}, r̂) ≤ uS∪C\{n}((C, t), r̂) and the conclusion
follows.

Proof of Proposition 4.5: Since the cost sharing rule is in the
core of the coalition, we only need to inspect the deviation
of coalitions formed by members of S ⊂ C with bidders
not in C (S′ ⊂ B \ C). Note that by the definition of C,
∀i ∈ S, j ∈ S′ we have r̂i ≥ r̂j . Now assume to the contrary
that v̂(S ∪ S′) > û(S). This implies h(S ∪ S′) < h(C).
Now let us replace members of S′ by members in C \ S,
as many as possible, to get the set S′′. Then, it is easy to
see that h(S ∪ S′′) ≤ h(S ∪ S′) < h(C). Note that every
member of S ∪ S′′ pays no more than every member of C.
If S ∪ S′′ ⊆ C, this would contradict the fact that C is in
the core of the coalition. On the other hand, if C ⊂ S ∪S′′,
then this implies v(C, r̂) < v(S ∪ S′′, r̂), which contradicts
the optimality of C.

The process to derive a mechanism M’ in the core from a
mechanism M not in the core

For all but the Backward Cost mechanism, in order to find
M ′, we first find the cost sharing given by M . Then we
check the deviation of subsets S ∪ (B \ C) with S ⊆ C,
where S includes the k highest paying buyers (these also
correspond to the k highest reservation prices) for k vary-
ing from 1 to |C| − 1(It is easy to see that checking this
condition is necessary and sufficient.). Once a core viola-
tion is detected, the excess payment e of S is deducted by
reducing the payment of each buyer in S evenly (without
negative payment). e is then distributed among buyers in
C \ S according to the corresponding mechanism M , and
the core constraint is checked recursively for the resulting
cost sharing on C \ S. Note that, for the Backward Cost
mechanism, it is intractable to derive this mechanism, since
in this case, the payment of buyers does not increase with
their reservation price as in the other mechanisms. Thus in
this case, to obtain the derived mechanism we only check
the core condition for individual buyers.


