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Abstract

We present a new algorithm that enables a convex shaped
robot to explore an unknown planar workspace, i.e., an un-
known configuration space diffeomorphic to SE(2). This
new algorithm is based on a new roadmap called the convex
hierarchical generalized Voronoi graph (convex-HGVG),
which is the central contribution of this paper. Since
this roadmap is defined in terms of workspace distance
information which is within line of sight of the convex
body, we can use this roadmap to direct the robot to ex-
plore the unknown space. The challenge in defining the
roadmap is that SE(2), with holes removed from it, does
not have, in general, a one-dimensional retract. Therefore,
we decompose the punctured SE(2) into contractible re-
gions in which we define convex generalized Voronoi graphs
(convex-GVG) and then connect these graphs with addi-
tional structures called R-edges. The convex-GVG edges
and the R-edges together form the convex-HGVG. We
show that the convex-HGVG is indeed a roadmap and then
we demonstrate the control laws that a robot can invoke
that incrementally constructs the roadmap.

1 Introduction

Sensor based planning is necessary for the realistic de-
ployment of robots into unknown spaces. Many geometric
challenges face this problem: which information does the
robot require? How does the planner use this informa-
tion to move about its environment to map it? How does
the planner respect the physical dimensions of the robot?
Our goal is to develop a provably complete and reactive
planner that maps an unknown region by invoking a sim-
ple sequence of control laws (i.e., reactive behaviors) and
arbitrating among them at key salient points.

In the past, most provably complete sensor based plan-
ners [10, 8, 2] addressed many of the challenges of sen-
sor based planning but were limited to robots modeled as
point robots operating in the plane. Recent work of Yap
[5] and Choset [4, 7] considered a robot that can be mod-
eled as a line segment or a rod, which has three-degrees of
freedom in the plane and five degrees in three dimensions.

This paper takes the next step in defining a roadmap for a
convex body. Our sensor-based approach is derived from a
new roadmap of the convex body’s three-dimensional con-
figuration space R

2 × S1 termed the convex hierarchical
generalized Voronoi graph (convex-HGVG) for the convex
bodies. A planner uses a roadmap to plan a path between
two configurations in three steps: plan a path onto the
roadmap (accessibility); plan a path along the roadmap
(connectivity); and plan a path from the roadmap (de-
partability) [1].

If the robot incrementally constructs the convex-HGVG,
then in essence it has explored the unknown space because
the planner can use the roadmap to plan future excursions.
Since the convex-HGVG is a collection of edges and nodes,
its definition naturally induces a sequence of control laws
(one for the edges and one for homing onto edges) and
arbitration schemes (to select edges at its nodes), which
results in a reactive hybrid system that explores an un-
known space.

The primary challenge in defining a roadmap for a convex
body in R

2 × S1 is that R
2 × S1 with functions (from

configuration space obstacles) is not contractible. This
means that we cannot define a retraction on the convex
body’s configuration space as we could with the generalized
Voronoi diagram (GVD) [9].

The outline of the paper is as follows: Section 2 describes
the prior works related to this paper. Section 3 defines
the components of convex-HGVG and proves that this
roadmap has all desired properties, most importantly, the
convex-HGVG forms a connected set. Section 4 presents
a incremental construction method for the convex-HGVG.
Section 5 presents some simulation results and section 6
summerizes the results and discusses the future directions.

2 Relation to Prior Work

Recall that the GVD is the set of points in the plane
equidistant to two obstacles, i.e., GVD =

⋃

{x ∈ R
2 :

0 < di(x) = dj(x) ≤ dh(x) ∀h} where di(x) measures the
distance to an obstacle Ci. Yap shows that the GVD is
the image of a retraction Im is the GVD itself. The GVD
edges terminate and intersect at nodes called meet points
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which are the set of points equidistant to three and more
obstacles (See Figure 1),

Choset and Burdick (as well as others) extend the GVD
into three dimensions by defining the generalized Voronoi
graph (GVG) which is the set of points equidistant to three
obstacles. The GVG, by itself, was not connected and thus
additional structures, called higher order GVG’s were in-
troduced yielding a connected roadmap called the hierar-
chical generalized Voronoi graph (HGVG) [3].

Next, Choset et. al. defined a roadmap for rod-shaped
robots operating in the plane. This robot has three degrees
of freedom and hence we define a rod-GVG edge as the
set of points equidistant to three obstacles. Distance had
to be re-defined as Di(q) = minr∈R(q),c∈Ci ‖r − c‖ where
q = [x, y, θ]T ∈ SE(2) is the configuration of the rod and
R(q) is the set of points that the rod occupies when it is
located at configuration q.

Alas, like the point-GVG, the rod-GVG is not connected,
so we defined additional structures called R-edges which
are based on the point-GVG. Just as the rod-GVG edges
are the “SE(2)-generalization” of point-GVG nodes (meet
points), the R-edges are the “SE(2)-equivalent” to point-
GVG edges. The R-edges are the set of rod configurations
that are tangent to the two-way equidistant point-GVG
edges. The collection of the R-edges and rod-GVG edges
form the rod-HGVG. (See Figure 2). What is interest-
ing here is that we are able to use information about the
topology of the work space to infer a topological property
of the rod’s configuration space.

Since the convex body has three degrees of freedom as
well, it is natural to define a convex-GVG edge as the set of
points equidistant to three obstacles, as we have done with
the rod. Ong and Keerthi have a similar definition for a
convex-GVG edge [6]. Just like the rod-GVG, the convex-
GVG (the collection of convex-GVG edges) will not form a
connected set, in general. Ong and Keerthi have developed
some heuristics to connect the convex-GVG edges but they
lack provable guarantees. The real innovation presented in
this paper is the definition of the R-edges for convex bod-
ies (Figure 3). This structure goes beyond heuristics and
allow us to rigorously connect the roadmap, i.e, connect
convex-GVG edges in a provably complete manner.

3 Convex Hierarchical Generalized Voronoi
Graph

The convex body moving in the plane has three degrees-
of-freedom whose configuration is represented as q =
(x, y, θ)T . Let R(q) ⊂ R

2 be the set of points that the
convex body occupies in the plane when it is located at q.
Then, the distance between the obstacle Ci and the robot
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Figure 1: Point-GVG or the generalized Voronoi diagram,
which is the set of points equidistant to two obsta-
cles.
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Figure 2: Placements of the rod along the rod-HGVG and
the configuration space view of the rod-HGVG
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at q is defined as

Di(q) = min
r∈R(q),c∈Ci

‖r − c‖. (1)

We use equidistance relationships to define the convex-
HGVG. The set of configurations equidistant to two ob-
stacles is

CFij = {q ∈ SE(2) : 0 ≤ Di(q) = Dj(q) ≤ Dh(q)∀h 6= i, j

and ∇Di(q) 6= ∇Dj(q)}.

One could construct the co-dimension one convex-GVD as
∪i ∪j CFij .

3.1 Convex-GVG Edge
A convex-GVG edge is the set of configurations equidis-
tant to three obstacles, which is formed by intersecting the
above defined two-way equidistant surfaces, i.e., a convex
GVG edge equidistant to obstacles Ci, Cj , and Ck is

CFijk = CFij ∩ CFjk ∩ CFik. (2)

Definition 1 (Convex Generalized Voronoi Graph)
The convex-GVG is the union of convex-GVG edges,
i.e., the set of configurations that are three-way equidistant
which can be written as

∪i=n−2
i=1 ∪j=n−1

j=i+1 ∪
j=n
k=j+1CFijk. (3)

Just as we have meet points for the point-GVG, we also
have meet configurations for the convex GVG which are
the configurations equidistant to four or more obstacles;
these configurations are the end points of convex-GVG
edges. If the convex body is small when compared to the
scale of the environment, no convex-GVG meet configura-
tions will exist. With this mind, just like the rod-GVG,
the convex-GVG is not necessarily connected, even in the
planar case. To produce a connected structure we intro-
duce a new type of R-edges.

Accessibility can be shown exactly same way as in the case
of the planar rod-HGVG (Choset [4]). That is, the accessi-
bility procedure is a sequence of fixed-orientation gradient
ascents of distance function to closest obstacles. It can be
proven that the robot reaches a three-way configuration,
which is an element of a convex-GVG edge. Also, as in
planar rod-HGVG, we define the junction region Jijk as
a pre-image of a convex-GVG edge under the accessibility
function.

3.2 R-Edges: Using Workspace Topology to Infer
Configuration Space Topology
Just like the R-edges for the rod-GVG, we use the double
equidistant configurations to connect disconnected convex-
GVG edges. The set of two-way equidistant configurations
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Figure 4: Height function. The points t and b “determine”
the height at given orientation.

forms a two-dimensional set, so we have to introduce an-
other constraint. Roughly speaking, since double equidis-
tance is a constraint on position, this additional constraint
will be on orientation. For the case of the rod, loosely
speaking, there is a natural way to specify the orienta-
tion of the rod on the point-GVG edge, which is to make
the rod “tangent” a to the point-GVG edge. However, for
convex shape, there is no direct sense of tangency. The
R-edge definition generalizes this notion of tangency for
the convex body.

To generalize this notion of tangency to define an R-edge
for a convex body, we use principal axes which we derive
from the the height function which, as its name suggests,
measures the height of a set. To picture height, imagine
grabbing a convex set at a fixed orientation with a parallel
jaw gripper. The distance between the parallel jaws is the
height function (Figure 4). More precisely, define n to be
the unit vector in a reference direction and θ to be the
orientation of the convex body with respect to n. Then,
the height h : S1 → R is maxt,b∈A(θ)(t− b) · n, where A(θ)
is the set of the points occupied by a convex set A oriented
at θ. We call the two points t and b that determines the
height at given orientation as top and bottom points.

Note that for convex shapes, the height function has a
finite number of local minima and we use these minima
to define the principal axes1. Let t : S1 → R

2 and b :
S1 → R

2 the top and bottom points on a convex set in a
body-fixed coordinate frame for a given orientation. Let
{θ∗i } be the set orientations where the height function h

obtains minimal values. A principal axis vi is the unit
vector that is normal to the vector (t(θ∗i )− b(θ∗i )).

Consider a path that passes between two obstacles Ci and
Cj with end points qk and ql on CFijk and CFijl respec-
tively. This path is a subset of the manifold CFij . We
construct this path such that it has one local minimum of
Di along the path(we know we can do this because the two-
way equidistant point-GVG has a unique minimum for dis-
tance along each of its edges [3]). Now, we want to consider
only such paths for which this local minimum of Di(q) is
locally maximized (See Figure 6). In other words, let Π

1Here, we abuse the terminology. In the rest of this paper, the

principal axis does not mean the usual definition of the term used

in dynamics or solid mechanics. Instead, it means some specific

orientation in the robot coordinate frame as defined below
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be the set of the two-way equidistant path between CFijk

and CFijl on CFij , i.e. Π = {c ∈ C0|c(t) ∈ CFij for t ∈
[0, 1], and c(0) ∈ CFijk and c(1) ∈ CFijl}. Let Γ : Π→ R

be a function such that Π(c) = minq∈cDi(q). We consider
only the paths which attain local maxima of Γ. Note that
there will be infinitely many such paths.

We will now restate an equivalent condition which must be
satisfied to locally maximize the minimum distance along
one of these paths. This condition is: let c∗i and c

∗
j be the

pair of closest points in Ci and Cj , i.e., the points in each
obstacle where d(pi, pj), pi ∈ Ci, pj ∈ Cj is minimized.
Let ri and rj be the closest points on the robot to Ci

and Cj , respectively. Define a configuration m
∗ where the

vector ri−rj in the plane is parallel to c
∗
i −c

∗
j and Di(q) =

Dj(q) (Fig. 7). Note that at this configuration m∗, the
robot is located in between two parallel lines, both of which
are tangent to the obstacles at c∗i and c

∗
j respectively, and

a principal axis is parallel to these parallel lines (See q2 in
Fig.5).

Now to obtain to a specific path that passes through con-
figuration m∗, we define the R-edge as follows:

Rij = {q ∈ CFij |〈ci − cj , vk〉 = 0 for some k}. (4)

where the vks are the principal axes of the robot (See Fig-
ure 5). Note that under this definition of R-edge, the
configuration m∗ defined above is contained in R-edge.

The convex robot may have multiple symmetries, and thus
multiple principal axes. Therefore there would be more
than two R-edges that connect two adjacent convex-GVG
edges, as shown in Figures 8 and 9. Here q1 and q2 are the
two configuration that belong to the disconnected compo-
nent of CF234. To move from q1 to q2, the robot must
travel along an R-edge (which contains m2) to CF123 and
then, travel back to q2 along another R-edge (which con-
tains m1).

3.2.1 Connectivity and Construction of the R-
edge: In this section, we prove the connectivity of the
convex-HGVG, which can be stated formally as follows.
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Figure 5: Some placements of the robot in a R-edge R12.
All the configuration shown in the figure are (i)
equidistant to C1 and C2 and (ii) c1− c2 is normal
to the principal axis of the robot.
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Figure 6: The two-equidistant face CFij in configuration
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d1 < d2 < d3 < d4. To maximize the minimum dis-
tance along the path, the path must pass through
the configuration m∗, where exactly two constant
distant curves meet. Then, along any path on
CFij , the distance will increase in both direction
as the robot follows the path away from the point
m∗. Essentially, m∗ is a saddle point of the dis-
tance function on CFij .
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Figure 7: Any path between CFijk and CFijl must “pass
through” the line segment c∗i c

∗
j , where the distance

between the two obstacles are determined. To
maximize the minimum distance along the path,
the robot must align its principal axis to the tan-
gent of the obstacles at c∗i (and c∗j ). Note that
R-edge is defined such that it contains such a con-
figuration.
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Figure 8: In this example, q1 and q2 both belong to the GVG
edge CF234 but belong the the components that are
not connected to each other. To form a connected
roadmap, we need both of the r-edges represented
dotted lines and dashed lines, which corresponds to
each of the principal axes of the robot. m1 and m2

are the configuration along each component where
the distance to the two closest obstacles is locally
minimized.
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Figure 9: The (rough) representation of the environment in
Fig. 8 in configuration space. The two R-edge
component connects the two disconnected compo-
nents of the CF234 to CF123, thus forming a con-
nected set.

Theorem 1 Let qs and qg be two configurations in free
configuration space and H(qs) and H(qg) be the accessed
configuration on convex-HGVG for qs and qg respectively.
Then, there is a path between qs and qg, if and only if there
exists a path between H(qs) and H(qg) that lies entirely on
convex-HGVG.

To prove this theorem, we need following Lemmas. The
central part of the proof is to show that R-edges connect
two convex-GVG edges associated with two adjacent junc-
tion regions, which can be stated more formally as follows.

Lemma 1 Let q1 be a configuration in CFijk and q2 be
a configuration CFijl. If there exists a path s(t) between
them, then there exists a R-edge Rij that connects CFijk

and CFijl, and therefore there is a path between H(q1)
and H(q2) which lies on convex-HGVG (where H(q1)
and H(q2) represent the accessed configuration on convex-
HGVG for q1 and q2 respectively).

Before we prove Lemma 1, we introduce additional geom-
etry. Note that any path that connects two convex-GVG
edges must “pass through” the line segment c∗i c

∗
j , where

c∗i and c∗j are the closest pair of points in Ci and Cj re-
spectively. To maximize the minimum distance along such
a path, the robot must align itself so that its “principal
axis” is normal to the vector c∗i − c∗j , i.e. parallel to the
Tc∗iCi and Tc∗jCj (Fig. 7). By the definition of an R-edge,
this configuraion m∗ lies on an R-edge. Such a configura-
tion m∗ is actually a saddle point of the distance on CFij .
Also, for any path on CFij that connects CFijk and CFijl,
the minimum distance is smaller than D(m∗).

To prove the Lemma 1, we will need the following Lemma.

Lemma 2 Given a principal axis vk, a distance δ >

D(m∗), there are four configurations that satisfy the R-
edge condition, i.e., there are four configurations q such
that (i) Di(q) = Dj(q) = δ, (ii) 〈ci(q)− cj(q), vk〉 = 0.

Proof: Note that there are two R-edges associated
with Ci and Cj and the given principal axis vk, and as
the robot travels along the R-edges, there will be two
configurations on each of these two R-edges, that satis-
fies Di(q) = Dj(q) = δ. In the following proof, we show
that there is one configuration on one “side” of the one
R-edge that satisfies the conditions specified in the state-
ment above. We show this by contradiction. From now on,
we consider the expanded robot by δ. Thus, ri(q) = ci(q)
and rj(q) = cj(q) for this expanded robot. Note that for
the extended shape, ci and cj do not changes and the vk is
still a principal axis. Let bk and tk be the top and bottom
point associated with the given principal axis vk and let
c∗i and c∗j be the closest points on Ci and Cj . Also let
φi(q) be the angle between the vector ci(q)−cj(q) and the
tangent of the robot boundary at point ci(q).
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Now, assume that there are two configurations q1 and q2
on CFij such that Di(q1) = Di(q2) = δ and 〈ci(q1) −
cj(q1), vk〉 = 0 and 〈ci(q2) − cj(q2), vk〉 = 0. This implies
that ci(q1) − cj(q1) and ci(q2) − cj(q2) are both parallel
to the vector tk − bk. Since the robot is convex, |ci(q1)−
cj(q1)| 6= |ci(q2) − cj(q2)| if q1 6= q2. Assume, without
loss of generality, |ci(q1)− cj(q1)| > |ci(q2)− cj(q2)|. This
implies that the vector ci(q1)−cj(q1) is closer to the vector
tk − bk than ci(q2)− cj(q2), and in turn, this implies that
φi(q1) > φi(q2) and φj(q1) > φj(q2) (Figs. 10, 11).

Now we consider the locations of ci and cj on the boundary
of the obstacles. Note that at ci the tangents of the robot
boundary and the obstacle boundary coincide. Therefore
φi(q) is also the angle between the vector ci(q) − cj(q)
and the tangent of the obstacle boundary at point ci(q).
There can be three possibilities: (i) ci(q1) = ci(q2), (ii)
ci(q2) gets closer to c∗i than ci(q1) and (iii) ci(q2) gets
farther from c∗i than ci(q1). For the case (i) and (iii), from
the assumption, cj(q2) must be closer to c

∗
j than cj(q1)

(otherwise, from the convexity of the obstacles, |ci(q1) −
cj(q1)| < |ci(q2) − cj(q2)|. This results φj(q2) > φj(qi),
which is a contradiction. For case (ii), again from the
convexity of the obstacles, φi(q2)+φj(q2) > φi(q1)+φj(q1),
which is also a contradiction. Therefore, there can be only
one configuration that satisfies the R-edge condition given
δ on one “side” of the R-edge.

Now we prove Lemma 1.

Proof: From the observation above, there is a saddle
point m∗ on CFij if there is a path between CFijk and
CFijl, and m

∗ is in Rij . We now show that we can grow
the R-edge from m∗ to both directions as we increases
the distance from the obstacles. First, take a small neigh-
borhood B(m∗), then since Rij is 1-manifold, it contains
some configurations in Rij and since the m

∗ is a saddle
point, and there is only unique configuration with distance
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Figure 10: If q1 and q2 both satisfies the R-edge condition,
ci(q1) − cj(q1) and ci(q2) − cj(q2) are parallel to
each other, and from the convexity of the robot
|ci(q1) − cj(q1)| 6= |ci(q2) − cj(q2)|. φi(q) is the
angle between ci(q)− cj(q) and the tk − bk. Note
that if |ci(q1)−cj(q1)| > |ci(q2)−cj(q2)|, φi(q1) >
φi(q2).

Di(m
∗) on Rij (Lemma 2), there must be a configuration

q1 in B(m
∗) with Di(q1) > Di(m

∗). Now take a neighbor-
hood B(q1) of q1. then, using similar argument, it contains
a configuration q2 such that Di(q2) > Di(q1). Therefore,
the distance to closest obstacles monotonically increases as
the robot moves away from the saddle point m∗, and since
the environment is bounded, the R-edge Rij terminates at
a three-way equidistant configuration.

Finally we prove Theorem 1.

Proof: If there is a path between H(qs) and H(qg),
which lies entirely on convex-HGVG, then it is obvious
that there exists a path between qs and qg since there exist
paths between qs and H(qs) and between qg and H(qg),
from accessibility.

Now, assume there exists a path c(t) between qs and qg,
i.e., c ∈ C0, c(0) = qs, c(1) = qg and c(t) is in free config-
uration space for all t ∈ [0, 1]. Let’s denote qs as q0 and
qg as qn+1, and let J0 and Jn+1 be the junction regions
that contain q0 and qn+1 respectively. Also, J0, J1, J2, ...
Jn, Jn+1 be the sequence of the junction regions that the
path c(t) passes through. Then Ji and Ji+1 (for i = 0 to
n) are adjacent to each other. Let qi be a configuration
on c(t) which is contained in the junction region Ji, and
let H(qi) be the accessed configuration on convex-HGVG
for qi. Then, since Ji and Ji+1 are adjacent to each other,
from Lemma 1, there exists a path between H(qi) and
H(qi+1). which lies on convex-HGVG. This implies there
exits a path between H(qs) and H(qg) on convex-HGVG,
which is a concatenation of the paths between H(qi) and
H(qi+1) for i = 0 to n.

4 Control Laws and Incremental Construction
Method

The control laws for construction of the convex-HGVG is a
simple adaptation for the point based GVG approach. For
generating a convex GVG-edge, the planner uses a control
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law that traces the roots of the expression

G(q) =

[

Di(q)−Dj(q)
Di(q)−Dk(q)

]

(5)

according to the control law

q̇ = αNull(∇G(q)) + β(∇G(q))†G(q), (6)

where

• α and β are scalar gains,

• ∇G is the gradient of G,

• Null(∇G(q)) is the null space of ∇G(q),

• (∇G(q))† is the Penrose pseudo inverse of ∇G(q),
i.e.,

(∇G(q))† = (∇G(q))T (∇G(q)(∇G(q))T )−1. (7)

To invoke the control law in Equation 6, the robot needs
only distance information. For the moment, assume that
the robot has a ring of range sensors, such as a laser ranger
or a sonar ring, deployed around its perimeter. Local min-
ima of this array correspond to distance to nearby obsta-
cles. (Figure 12)

Finally, the R-edges can be constructed using the same
control law by tracing the root of the expression

G(q) =

[

Di(q)−Dj(q)
vs · (ci − cj)

]

. (8)

5 Simulation

Figure 13 shows the swept volume of the convex-GVG
edges for a non-symmetric convex robot. As noted before,
the convex-GVG edges themselves are not connected. Fig-
ure 14 shows the swept volume of the convex-R-edge in the
same environment, and Figure 15 shows the swept volume
of convex-HGVG.

Figure 13: The convex-HGVG : The placements of the robot
along the convex-GVG edges

Figure 14: The convex-HGVG : The placements of the robot
along convex-R-edges

Figure 15: The convex-HGVG : The placements of the robot
along the convex-HGVG

Figure 16: The convex-HGVG : The placements of the robot
along the convex-GVG edges
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Figure 17: The convex-HGVG : The placements of the robot
along the convex-R-edges

Figure 18: The convex-HGVG : The placements of the robot
along the convex-HGVG

Figures 16, 17 and 18 show another example of the convex-
HGVG. In this example, the robot has the rectangular
shape with round corner, and symmetric about two axes
which are normal to each other. These symmetric axes
are also principal axes. Therefore, there can be two dif-
ferent R-edges that connect two disconnected GVG-edges
Note that in the lower left corner of the room there is
disconnected components of a GVG-edge and two R-edges
connects these disconnected components to the GVG-edge
on the lower right corner of the room.

6 Conclusion

This paper introduces a new roadmap called convex hi-
erarchical generalized Voronoi graph for a convex body
operating in a two dimensional workspace. The convex-
HGVG is defined in terms of workspace distance informa-
tion which is within line of sight of the robot and thus
can be implemented in a sensor-based way. The convex-
HGVG comprises two component components : (i) convex-
GVG edges, which are three-way equidistant, (ii) R-edges,
which are two-way equidistant, and connect disconnected
convex-GVG edges. This definition is a result of not be-
ing able to contract SE(2), with arbitrary holes removed
from it, onto a one-dimensional set. Instead, we break
down SE(2) into contractible regions, each having its own
convex-GVG, and connect the regions with R-edges. What

is interesting here is that R-edges are essentially a topo-
logical representation of the workspace, but we are using
them to infer topological properties of the configuration
space.

Since this roadmap is defined in terms of workspace dis-
tance information, we can prescribe a sensor-based incre-
mental method to achieve motion planning without con-
structing the configuration space. This is important for
sensor based planning because we cannot construct config-
uration space without knowing the workspace first. More-
over, even when we have configuration space representa-
tion, it is still difficult to measure the distance in configu-
ration space than in workspace. Finally we show some sim-
ulation result for convex-HGVG in sample environments.

This work is a step towards the ultimate goal of sensor
based planning for an articulated multi-body robot. The
next steps are to define a roadmap for convex body operat-
ing in three-dimensional workspace and two-convex-body
operating in two/three dimensional workspace.
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