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Abstract

We presentanapproachfor precomputingdata-drivenmodelsof interactive physically baseddeformablescenes.
The methodpermits real-timehardware synthesisof nonlineardeformationdynamics,including self-contactand
global illumination effects, andsupportsreal-timeuserinteraction. We usedata-driven tabulation of the system's
deterministicstatespacedynamics,andmodelreductionto build ef�cient low-rankparameterizationsof thedeformed
shapes.To supportruntimeinteraction,we alsotabulateimpulseresponsefunctionsfor a paletteof externalexcita-
tions. Althoughour approachsimulatesparticularsystemsundervery particularinteractionconditions,it hasseveral
advantages.First, parameterizingall possiblescenedeformationsenablesus to precomputenovel reducedcoparam-
eterizationsof global sceneillumination for low-frequency lighting conditions. Second,becausethe deformation
dynamicsareprecomputedandparameterizedasa whole, collisionsareresolved within the sceneduring precom-
putationsothat runtimeself-collisionhandlingis implicit. Optionally, thedata-drivenmodelscanbesynthesizedon
programmablegraphicshardware,leaving only thelow-dimensionalstatespacedynamicsandappearancedatamodels
to becomputedby themainCPU.
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1 Intr oduction

Deformationis anintegral partof our everydayworld, anda key aspectof animatingvirtual creatures,clothing,frac-
turedmaterials,surgical biomaterials,andrealisticnaturalenvironments. It alsoconstitutesa specialchallengefor
real-timeinteractive environments.Designersof virtual environmentsmaywish to incorporatenumerousdeformable
componentsfor increasedrealism,but oftenthesesimulationsareonly of secondaryimportancesovery limited com-
puting resourcesareavailable. Unfortunately, many realisticdeformablesystemsarestill notoriouslyexpensive to
simulate;robustly simulatinglarge-scalenonlineardeformablesystemswith many self-collisionsis fundamentally
expensive [BFA02], anddoingsowith real-timeconstraintscanbeonerous.Perhapsasa consequence,very few (if
any) majorvideogameshave appearedfor whichcomplex deformablephysicsis asubstantialcomponent.Numerous
self-collisionscomplicatebothruntimesimulationandprecomputationof interestingdeformablescenes,andarealso
a hurdle for synthesizingphysical modelsin real-timegraphicshardware. Finally, realistic real-timeanimationof
globalilluminationeffectsis alsoveryexpensive for deformablescenes,largelybecauseit cannotbeprecomputedas
easilyasfor rigid models.

The goal of this paperis to strike a balancebetweencomplexity and interactivity by allowing certaintypesof
interactive deformablescenes,with very particularuserinteractions,to be simulatedat minimal runtimecosts.Our
methodtabulatesstatespacemodelsof thesystem'sdeformationdynamicsin away thateffectively allows interactive
dynamicsplaybackat runtime. To limit storagecostsandincreaseef�ciency, we projectthestatespacemodelsinto
verylow-dimensionalspacesusingleast-squares(Karhunen-Lo�eve)approximationsmotivatedby modalanalysis.One
mightnotethatthehighly complex geometryof dynamicalsystems'phaseportraits,evenfor modestsystems,suggests
that it maybe impracticalto exhaustively samplethephaseportrait [GH83, AS92]. Fortunately, this is unnecessary
in our case.Our goal is not to exhaustively samplethedynamicsto a speci�ed accuracy, nor build a controlsystem,
insteadwe wish only to plausiblyanimateorbits from thephaseportrait in a compellinginteractive fashion.To this
end,wesamplethephasespacedynamicsusingparameterizedimpulseresponsefunctions(IRFs)thathavethebene�t
of beingdirectly“playable”in asimulationprovidedthesystemis excitedin similarcontexts. Weusesmallcatalogues
of interactionsde�ned in discreteimpulsepalettesto constraintherangeof userinteraction,andthusreducetheeffort
requiredto tabulate systemresponses.This diminishedrangeof interactionand control is a trade-off that can be
suitablefor virtual environmentswhereinteractionmodalitiesarelimited.

A majorbene�t of precomputinga reducedstatespaceparameterizationof deformableshapesis thatwe canalso
precomputea low-rankapproximationto thescene'sglobalillumination for real-timeuse.To addressrealisticappear-
ancemodelingwe build on recentwork by Sloan,KautzandSnyder[SKS02] for radiancetransferapproximationsof
globalilluminationfor diffuseinterre�ectionsin low-frequency lighting environments.Datareductionis performedon
thespaceof radiancetransfer�elds associatedwith thespaceof deformablemodels.The�nal low-rankdeformation
andtransfermodelscanthenbesynthesizedin real-timein programmablegraphicshardwareasin [JP02a, SKS02].

(a)Precomputation (b) Reduceddynamicsmodel (c) Reducedilluminationmodel (d) Real-timesimulation

Figure1: Overview of our approach: (a)Givenadeformablescene,suchasclothonauser-movabledoor, weprecom-
pute(impulsive) dynamicsby driving thescenewith parameterizedinteractionsrepresentative of runtimeusage.(b)
Model reductionon observeddynamicdeformationsyieldsa low-rankapproximationto thesystem's parameterized
impulseresponsefunctions. (c) Deformedstategeometriesarethensampledandusedto precomputeandcoparam-
eterizea radiancetransfermodelfor deformableobjects. (d) The �nal simulationrespondsplausiblyto interactions
similar to thoseprecomputed,includescomplex collisionandglobalilluminationeffects,andrunsin realtime.
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1.1 RelatedWork

Deformableobjectsimulationhashadalonghistoryin computergraphics,andenormousprogresshasbeenmade[Wei86,
TPBF87, PW89, BW98, OH99, BFA02]. More recently, attentionhasbeengiven to techniquesfor interactive sim-
ulation,andseveralapproacheshave appearedthat tradeaccuracy for real-timeperformance.For example,adaptive
methodsthatexploit multiscalestructureareveryeffective [DDCB01, GKS02, CGC+ 02, JP03].

In this paperwe areparticularlyinterestedin data-drivenprecomputionfor interactive simulationof deformable
models.Prior work includesGreen's functionmethodsfor linearelastostatics[CDA99, JP99, JP03], andmodalanal-
ysis for linear elastodynamics[PW89, Sta97, JP02a]. Thesemethodsoffer substantialspeedups,but unfortunately
do not easilygeneralizeto morecomplex, nonlinearsystems(althoughsee[JP02b, KJP02] for quasistaticarticulated
models).

Dimensionalmodelreductionusingtheubiquitousprincipalcomponentanalysis(PCA)method[Nel00] is closely
relatedto shapeapproximationmethodsusedin graphicsfor compressingtime-dependentgeometry[Len99, AM00]
andrepresentingcollectionsof shapes[BV99, SIC01]. For deformation,it is well-known that dimensionalmodel
reductionmethodsbasedon least-squares(Karhunen-Lo�eve) expansionsyield optimal modaldescriptionsfor small
vibrations[PW89, Sha90], andprovide ef�cient low-rankapproximationsto nonlineardynamicalsystems[Lum67].
We usesimilar least-squaresmodelreductiontechniquesto reducethedimensionof our statespacemodels.Finally,
onlinedata-reductionhasbeenusedtoconstructfastsubspaceprojection(Newmark)time-steppingschemes[KLM01],
however our goal is to avoid runtimetime-steppingcostsentirely by tabulatingdata-drivenstatespacemodelsusing
IRF primitives.

Ourwork is partlymotivatedby programmablehardwarerenderingof physicaldeformablemodelsusinglow-rank
linear superpositionsof displacement�elds. Applicationsincludemorphablemodels,linear modalvibration mod-
els [JP02a], anddata-driven PCA mixture modelsfor characterskinning[KJP02]. Key differencesare that (a) we
addresscomplex nonlineardynamicswith self-collisions,and(b) our appearancesarebasedon low-rankapproxima-
tionsto radiancetransfer�elds insteadof surfacenormal�elds.

Data-driventabulationof statespacedynamicsis animportantstrategy for identifyingandlearninghow to control
complex nonlinearsystems[Nel00]. Grzeszczuketal. [GTH98] trainedneuralnetworksto animatedynamicalmodels
with dozensof degreesof freedom,andlearnedthe in�uence of severalcontrolparameters.ReissellandPai [RP01]
trainedcollectionsof autoregressive modelswith exogenousinputs(ARX models)to build interactive stochasticsim-
ulationsof a candle�ame silhouetteanda falling leaf. In robotics,Atkesonet al. [AMS97] avoid the dif�culties
andeffort of traininga global regressionmodel,suchasneuralnetworksor ARX models. Insteadthey use“locally
weightedlearning”to locally interpolatestatespacedynamicsandcontroldata,andonly whenneededat runtime,i.e.,
lazylearning.Ourdata-drivenstatespacemodeldiffersfrom thesethreeapproachesin severalways.Mostnotably, our
methodsacri�cesthequality of continuouscontrol in favor of a simplediscrete(impulsive) interaction.This allows
usto avoid learningand(local) interpolationby usingsampleddata-drivenIRF primitivesthatcanbedirectly “played
back” at runtime;this permitscomplex dynamics,suchasnonsmoothcontactandself-collisions,to beeasilyrepro-
ducedandavoids theneedto generalizemotionsfrom possiblyincompletedata.ThesimpleIRF playbackapproach
alsoavoidsruntimecostsassociatedwith statemodelevaluation,e.g.,interpolation.Anothermajordifferenceis that
our methodusesmodelreductionto supportvery largedynamicalsystemswith thousandsor millions of degreesof
freedom.Data-reductionquality canlimit theeffectivenessof theapproachfor largesystems,but moresophisticated
datacompressiontechniquescanbeused.Finally, ourstatespacemodelincludesglobalilluminationphenomena.

Ourblendingof precomputedorbitaldynamicssegmentsis relatedto VideoTextures[SSSE00], whereinsegments
of video are rearrangedandpiecedtogetherto form temporallycoherentimagesequences.This is also relatedto
synthesisof charactermotionsfrom motion capturedatabasesusingmotion graphs[KGP02, LCR+ 02]. Important
differencesarethatour continuousdeformabledynamicsandappearancemodelscanhave a potentiallymuchlarger
statespacedimensionality, andthe physical natureof datareductionis fundamentallydifferentthan,e.g.,character
motion. Also, thephenomenagoverningdynamicsegmenttransitionsarequitedifferent,e.g.,impulseresponsescan
resultin discontinuoustransitions,andwe arenot concernedwith the issueof control,somuchasphysical impulse
resolution.

Globalilluminationandphysicallybaseddeformationarehistoricallytreatedseparatelyin graphics.This is duein
partto thefactthatlimited renderingprecomputationscanbeperformed,e.g.,dueto changingvisibility. Consequently,
real-timemodelanimationhasbene�ttedsigni�cantly from theadventof programmablegraphicshardware[LJM01]
for generallighting models[POAU00, PMTH01, OHHM02], stenciledshadows[EK02], raytracing[PBMH02], inter-
active displayof precomputedglobalilluminationmodels[Hei01], andradiancetransfer(for rigid models)[SKS02].
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Our contribution: In this paperwe introducea precomputeddata-driven statespacemodelingapproachfor gen-
eratingreal-timedynamicdeformablemodelsusingblackbox of�ine simulators.This avoids thecostof traditional
runtimecomputationof dynamicdeformablemodelswhennot absolutelynecessary. Theapproachis simpleyet ro-
bust,canhandlenonlineardeformations,self-contact,andlargegeometricmodels.Thereducedphasespacedynamics
modelalsosupportstheprecomputationanddatareductionof complex radiancetransferglobal illumination models
for real-timedeformablescenes.Finally, the data-driven modelsallow dynamicdeformablescenesto be compiled
into shadersfor (future)programmablegraphicshardware.

Scopeof Deformation Modeling: Our approachis broadlyapplicableto modelingdeformablescenes,andcan
handlevariouscomplexitiesdueto materialandgeometricnonlinearities,nonsmoothcontact,andmodelsof verylarge
size. Given thecombinednecessityof (a) stationarystatisticsfor modelreductionand(b) samplinginteractionsfor
typical scenarios,theapproachis mostappropriatefor scenesinvolving physicalprocessesthatdo not undergo major
irreversiblechanges,e.g.,fracture. Put simply, the morerepeatablea system's behavior is, the morelikely a useful
representationcanbe precomputed.Our examplesinvolve structured,nonlinear, viscoelasticdynamicdeformation;
all modelsareattachedto a rigid support,andreachequilibriain �nite time (dueto dampingandcollisions).

2 Data-DrivenDeformation Modeling

At the heartof our data-driven simulatoris a strategy for replayingappropriateprecomputedimpulseresponsesin
responseto userinteractions.Thesedynamicaltimeseriessegments,or orbits (afterPoincaŕe [Poi57]), live in a high-
dimensionalphasespace, and the setof all possibleorbits composesthe system's phaseportrait [GH83]. In this
sectionwe �rst describethebasiccompresseddata-drivenstatespacemodel.

2.1 Deterministic StateSpaceModel

We model the discreteevolution of a system's combineddynamicdeformationstate,x, and globally illuminated
appearancestate,y, by anautonomousdeterministicstatespacemodel[Nel00]:

DYNAMICS: x ( t +1) = f (x ( t ) ; � ( t ) ) (1)

APPEARANCE: y( t ) = g(x ( t ) ) (2)

whereat integertimestept,

� x ( t ) is thedeformablesystemstatevector, whichdescribesthepositionandvelocityof pointsin thedeformable
scene;

� � ( t ) aresystemparameters describingvariousfactors,suchasgeneralizedforcesor modeleduserinteractions,
thataffect thestateevolution from x ( t ) to x ( t +1) ;

� y( t ) aredependentvariablesde�ned in termsof thedeformedstatethatdescribeour reducedappearancemodel
but donotaffect thedeformationdynamics;and

� f andg are,in general,complicatednonsmoothfunctionsthatdescribeour dynamicsandappearancemodels,
respectively.

Differentsystemmodelscanhave differentde�nitions for x, � andy, andwewill provideseveralexampleslater.

2.2 Data-drivenStateSpaces

Our data-driven deformationmodelingapproachinvolves tabulating the f function indirectly by observingtime-
steppedsequencesof statetransitions,(x ( t +1) ; x ( t ) ; � ( t ) ). By modelingdeterministicautonomousstatespaces,f does
not explicitly dependon time, andprecomputedtabulationscanbe reusedlater to simulatedynamics. Data-driven
simulationinvolvescarefullyreusingtheserecordedstatetransitionsto simulatetheeffectof f (x; � ) for motionsnear
thesampledstatespace.
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Phaseportrait notation: We model the statespaceas a collectionof precomputedorbits, whereeachorbit is
de�ned by a temporalsequenceof statenodes,x ( t ) , connectedby timestepedges, e = (x ( t +1) ; x ( t ) ; � ( t ) ). Without
lossof generality, we canassumefor simplicity thatall time stepshave a �x edstepsize� t (which maybearbitrarily
small). Thecollectionof all precomputedorbitscomposesour discretephaseportrait, P, andis a subsetof the full
phaseportrait thatdescribesall possiblesystemdynamics.Our practicalgoal is to constructa P thatprovidesa rich
enoughapproximationto thefull systemfor aparticularrangeof interaction.

2.3 DimensionalModel Reduction

Discretizationsof complex deformablemodelscaneasilyinvolve thousandsor millions of degreesof freedom(DOF).
A cloth modelwith v moving verticeshas3v displacementand3v velocity DOF, so the discretephaseportrait is
composedof orbitsevolving in 6v dimensions;for just1000vertices,data-drivenstatespacemodelingalreadyrequires
tabulatingdynamicsin 6000dimensions.Synthesizinglargemodeldynamicsdirectly, e.g.,usingstateinterpolation,
would thereforebebothcomputationallyimpracticalandwastefulof memoryresources.

To compactlyrepresentthephaseportraitP, we�rst usemodelreductionto reducestatespacedimensionalityand
exploit temporalredundancy. Heremodelreductioninvolvesprojectingthesystem'sdisplacement(andother)�eld(s)
into alow-rankbasisderivedfrom theirobserveddynamics.Wenotethatthedatareductionprocessis ablackboxstep,
but thatweusetheleast-squaresprojection(PCA)sinceit providesanoptimaldescriptionof smallvibrations[Sha90],
andcanbeeffective for nonlineardynamics[KLM01].

2.3.1 Model ReductionDetails

Given thesetof all N statenodesin P observedwhile time-stepping,we extract thevertex positionsof eachstate's
correspondinggeometricmesh(for verticeswe wish to later synthesize).By subtractingoff the meanpositionof
eachvertex (or key representative shape),we obtaina displacement�eld for eachstatespacenode.DenotetheseN
displacement�elds asf uk gk=1 ::N (arbitraryordering)where,for a modelwith v vertices,eachuk = (uk

i ) i =1 ::v has
3-vectorcomponents,andsois anM -vectorwith M = 3v. Let Au denotethehugeM -by-N densedisplacementdata
matrix1

Au =
�
u1u2 � � � uN �

=

2

6
4

u1
1 u2

1 uN
1

...
... � � �

...
u1

v u2
v uN

v

3

7
5 : (3)

Similar to linear elastodynamicswherea small numberof vibration modescanbe suf�cient to approximateob-
serveddynamics,Au canalsobea low-rankmatrix to a visual tolerance.We stablydetermineits low-rankstructure
by usinga rank-r u (r u � N ) SingularValueDecomposition(SVD) [GL96]

Au � Uu Su V T
u (4)

whereUu is anM -by-r u orthonormalmatrixwith displacementbasisvectorcolumns,Vu is anN -by-r u orthonormal
matrix, andSu = diag(� ) is an r u -by-r u diagonalmatrix with decayingsingularvalues� = (� k )k=1 ::: r u , on the
diagonal.Therank,r u , of theapproximationthatguaranteesa relative l2 accuracy "u 2 (0; 1) is givenby thelargest
r u suchthat� r u � "u � 1 holds.SinceAu canbeof gigabyteproportionswe computeanapproximateoutput-sensitive
SVDwith costO(M N r u ) (seeAppendixA).

2.3.2 ReducedStateVector Coordinates

The reduceddisplacementmodel inducesa global reparameterizationof the phaseportrait, andyields the reduced
discretephaseportrait, denotedby ~P. Thestatevectoris de�ned as

x =
�

qu
_qu

�
(5)

andits componentsarede�ned asfollows.
1Let “u” (“a”) subscriptsdenotedisplacement(appearance)data.
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Reduceddisplacementcoordinate,qu : Wede�ne ther u -by-N displacementcoordinatematrixQu by

Qu = Su V T
u =

�
q1

u q2
u � � � qN

u

�
(6)

suchthat
Au � Uu Qu , uk � Uu qk

u (7)

whereqk
u is thereduceddisplacementcoordinateof thek th displacement�eld in theorthonormaldisplacementbasis,

Uu .

Reducedvelocity coordinate, _qu : The reducedvelocitycoordinate, _qk
u , of the kth statenodecould be de�ned

similar to displacements,i.e., by reducingthematrix of all occurringvelocity �elds, however it is suf�cient to de�ne
thereducedvelocityusing�rst-order �nite differences.For example,weuseabackwardEulerapproximationfor each
orbit (with forwardEulerfor theorbit's �nal state,andprior to IRF discontinuities),

_uk = (uk+1 � uk )=� t = (Uu qk+1
u � Uu qk

u )=� t = Uu _qk
u : (8)

PhasePortrait DistanceMetric: Motivatedby (7) and(8), a Euclideanmetric for computingdistancesbetween
two phaseportraitstates,x1 andx2, is givenby

dist(x1; x2) =
q

kq1
u � q2

u k2
2 + � k_q1

u � _q2
u k2

2; (9)

where� is a parameterdeterminingtherelative (perceptual)importanceof changesin positionandvelocity. Compo-
nentsof qu and_qu associatedwith largesingularvaluescanhavedominantcontributions.Wechoose� to balancethe
rangeof magnitudesof kqk2 andk_qk2 sothatneithertermoverwhelmstheother, anduse

� = max
j =1 ::N

kqj k2
2= max

j =1 ::N
k_qj k2

2 (10)

asadefault value.

3 DynamicsPrecomputationProcess

Weprecomputeourmodelsusingof�ine simulationtoolsby craftingsequencesof asmallnumberof discreteimpulses
representativeof runtimeusage.Without theability to resolveruntimeuserinteractions,theruntimesimulationwould
amountto little morethanplayingbackmotionclips.

3.1 Data-drivenModeling Complications

Severalissuesmotivatedour IRF simulationapproach.Giventheblackbox origin of thesimulation,thefunctionf is
generallycomplex, andits interpolationis problematicfor several reasons(seerelatedFigure2). Fundamentalcom-
plicationsincludeinsuf�cient data,high-dimensionalstatespaces,anddivergenceof nearbyorbits.Stateinterpolation
alsoblurs importantmotionsubtleties.Self-collisionsresultin complex con�gurationspacesthatmake generalizing
tabulatedmotionsdif�cult; anorbit trackingtheboundaryof aninfeasiblestatedomain,e.g.,self-intersectingshapes,
is surroundedby statesthatarephysically invalid. For example,theclothexamplewill eventually, andverynoticeably
self-intersectif tabulatedstatesaresimply interpolated.

3.2 Impulse ResponseFunctions

To balancetheseconcernsandrobustlysupportruntimeinteractions,wesampleparameterizedimpulseresponsefunc-
tions (IRFs) of the systemthroughoutthe phaseportrait, andeffectively replay themat run time. The key to our
approachis thatevery sampledIRF is indexedby theinitial state,x, andtwo user-modeledparametervectors,� I and
� F , thatdescribetheinitial ImpulseandpersistentForcing,respectively. In particular, giventhesystemin statex, we
applya (possiblylarge)generalizedforce,parameterizedby � I , duringthesubsequenttime step(SeeFigure3). We
thenintegratetheremainingdynamicsfor (T � 1) stepswith a generalizedforcethatis parameterizedby a value� F
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x

INFEASIBLE

Figure 2: Complicationsof data-drivendynamics: Interpolatinghigh-dimensional
tabulatedmotionsfor a new state(startingat x) can be dif�cult in practice. One
possible“realistic” orbit is drawn in red.

thatremainsconstantthroughouttheremainingIRF orbit2. ThetabulatedIRF orbit is thenasequenceof T timesteps,�
e1(� I ); e2(� F ); : : : ; eT (� F )

�
, andwedenotetheIRF, � , by thecorrespondingsequenceof states,

IRF : � (x; � I ; � F ; T) =
�
x0 = x; x1; : : : ; xT �

; (11)

with � t = x t ; t = 0; : : : ; T:

q

q

aI

aFaF

x

1

2 3

T

aF

aF

aF
Figure3: Theparameterizedimpulseresponsefunction(IRF), � (x; � I ; � F ; T).

An importantspecialcaseof IRF occursif theimpulsiveandpersistentforcingparametersareidentical,� I = � F .
In this case,one � parameterdescribeseachinteractiontype. SeeFigure4 for a threeparameterillustration, and
Figure5 for theclothexample.

q

q

a

Figure4: A 3-valued� I = � F systemshowing orbits in (qu ; _qu )-plane
excitedby changesbetweenthe three� values.Thecloth-on-doorex-
ampleis analogous.

3.3 Impulse Palettes

To modelthepossibleinteractionsduringprecomputationandruntimesimulation,we constructan indexed impulse
paletteconsistingof D possibleIRF (� I ; � F ) pairs:

I D =
�
(� I

1; � F
1 ); (� I

2; � F
2 ); : : : ; (� I

D ; � F
D )

�
: (12)

Impulsepalettesallow D speci�c interactiontypesto bemodeled,anddiscretelyindexedfor ef�cient runtimeaccess
(describedlaterin x5.2).For smallD , thepalettehelpsboundtheprecomputationrequiredto samplethephaseportrait
to a suf�cient accuracy. By limiting therangeof possibleuserinteractions,we canin�uence thestatisticalvariability
of theresultingdisplacement�elds.

2Note: It follows from equation(1) thatconstant� doesnot imply constantforcing,sincex ( t +1) dependsonboth� ( t ) andx ( t ) .
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3.4 Interaction Modeling

Impulsepalettedesignrequiressomephysicalknowledgeof the in�uence thatdiscreteuserinteractionshave on the
system.For example,wenow describethethreeexamplesusedin thispaper(seeaccompanying Figure5).

Dinosaur on moving car dashboard: Thedinosaurmodelreceivesbody impulseexcitationsresultingfrom dis-
continuoustranslationalmotionsof its dashboardsupport.Our impulsepalettemodelsD = 5 pureimpulsescorre-
spondingto 5 instantaneouscarmotionsthatshake thedinosaurfollowedby freemotion: � I

i describesthe i th body
force3-vector, andthereareno persistentforces(� F

i = 0), i.e., I D = f (� I
1; 0); : : : ; (� I

5; 0)g. (Sinceonly translation
is involved,gravitationalforceis constantin time,anddoesnotaffect IRF parameterization.)

Plant in moving pot: The pot is modeledas moving in a side-to-sidemotion with threepossiblespeeds,v 2
f� v0; 0; + v0g, andplantdynamicsareanalyzedin thepot's frameof reference.Sincevelocitydependentair damping
forcesarenotmodeled,theplant'sequilibriumatspeed� v0 matchesthatof thepotatrest(speed0). Therefore,similar
to thedinosaur, wemodeltheuniformbodyforcingasimpulsesassociatedwith theleft/right velocitydiscontinuities,
followedby freemotion(nopersistentforcing)sothatI D = f (� v0; 0); (+ v0; 0)g.

Cloth on moving door: Thedoor is modeledasmoving at threepossibleangularvelocities,! 2 f� ! 0; 0; + ! 0g,
with a 90 degreeangularrange.Air dampingandangularaccelerationinducea nonzeropersistentforcewhen! =
� ! 0, which is parameterizedas� F = � ! 0, and� F = 0 when! = 0. By symmetry, the cloth dynamicscanbe
viewedin theframeof referenceof thedoor, with velocity andvelocity changesin�uencing cloth motion. Notethat,
unlikethetranslationalmotionof theplant'spot,therotatingdooris notaninertial frameof reference.In thisexample
noadditional� I impulseparametersarerequired,andwemodelthemotionasthespecialcase,� I = � F . Ourimpulse
palettesimply representsthethreepossiblevelocity forcingstatesI D = f (� ! 0; � ! 0); (0; 0); (! 0; ! 0)g.

Figure5: SampledIRF time-stepscolored by impulsepaletteindex (2D projectionof (qu )1::3 coordinatesshown):
(Left) dinosaurwith 5 impulsetypes; (Middle) plant with left (blue) and right (red) impulses;(Right) cloth with
variousdoorspeeds:� ! 0 (red),at rest(blue),and+ ! 0 (green).

3.5 Impulsively Sampling the PhasePortrait

By forcingthemodelwith theimpulsepalette,IRFscanbeimpulsively sampledin thephaseportrait.Weuseasimple
randomIRF samplingstrategy pregeneratedat the startof precomputation.A randomsequenceof impulsepalette
interactionsareconstructed,with eachIRF integratedfor a randomduration,T 2 (Tmin ; Tmax ); boundedby time
scalesof interest.

Therearea coupleof constraintson this process.First, therandomsequenceof impulsepaletteentriesis chosen
to be“representativeof runtimeusage”sothatnonphysicalor unusedsequencesdonotoccur. For example,theplant-
in-pot exampleonly modelsthreepot motionspeeds,f� v0; 0; + v0g, andthereforeit is not usefulto applymorethan
two same-signed� v0 velocity discontinuitiesin a row. Similarly, thecloth's dooronly changesangularvelocity by
j! 0j amounts,sothattransitionsfrom � ! 0 to + ! 0 arenot sampled.

Second,akey point is thatwesampleenoughIRFsof suf�ciently longtemporaldurationto permitnaturalruntime
usage.This is controlledusingTmin andTmax . In particular, dynamicscaneither(a) be playedto completion(if
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necessary),so that themodelcannaturallycometo rest,or (b) expectto be interruptedbasedon physicalmodeling
assumptions.As anexampleof the latter, thecloth's doorhasa 90 degreerangeof motion,so that IRFsassociated
with anonzeroangularvelocity, ! , needbeatmostonly 90=j! j secondsin duration.

In orderto producerepresentativeclipsof motion,we �lter sampledIRFsto discardtheshortestones.Theseshort
orbitsarenot a loss,sincethey areusedto spanthephaseportrait. We alsopruneorbits thatendtoo far away from
thestartof neighbouringIRFs,andare“deadends.” Wecanoptionallyextendsampledorbitsduringprecomputation,
e.g.,if insuf�cient dataexists. Orbits terminatingcloseenough(in the phasespacedistancemetric) to be smoothly
blendedto otherorbits,e.g.,usingHermiteinterpolation,canbeextended.In moredif�cult caseswherethedynamics
arevery irregular, suchasfor thecloth,onecanresortto local interpolation,e.g.,k-nearestneighbor, to extendorbits,
but therearenoqualityguarantees.In general,weadvocatesamplinglongerIRFswhenpossible.

While our samplingstrategiesarepreplannedfor usewith standardof�ine solvers(seeFigure7), anonlinesam-
pling strategy could be used. This would allow IRF durations,T, andnew samplinglocationsto be determinedat
runtime,andcouldincreasesamplingquality.

4 ReducedGlobal Illumination Model

A signi�cant bene�t of precomputingparameterizationsof thedeformablesceneis thatcomplex data-drivenappear-
ancemodelscanthenalsobeprecomputedfor real-timeuse.Thisparameterizedappearancemodelcorrespondsto the
secondpartof ourphasespacemodel(Equation2). Oncethereduceddynamicalsystemhasbeenconstructed,wepre-
computeanappearancemodelbasedon a low-rankapproximationto thediffuseradiancetransferglobalillumination
modelfor low-frequency lighting [SKS02]. Unlike hardstenciledshadows, thediffuselow-frequency lighting model
produces“blurry” lighting andis moreamenableto statisticalmodelingof deformationeffects.

4.1 RadianceTransfer for Low-fr equencyLighting

Following [SKS02], for a given deformedgeometry, for eachvertex point, p, we computethe diffuseinterre�ected
transfervector(M p) i , whoseinnerproductwith theincidentlighting vector, (L p) i , is thescalarexit radianceat p, or

L 0
p =

P n 2

i =1 (M p) i (L p) i . Hereboththetransferandlighting vectorsarerepresentedin sphericalharmonicbases.For
a given reduceddisplacementmodelshape3, qu , we computethe diffusetransfer�eld M = M(qu ) = (Mpk )k=1 ::s

de�ned at s scenesurfacepoints,pk ; k = 1::s. HereMpk is a 3n2 vectorfor an order-n SH expansionand3 color
components,sothatM is alarge3sn2 vector. Weusen = 4 in all ourexamples,sothatM haslength48s, i.e.,48�oats
per-vertex. Notethatnotall scenepointsarenecessarilydeformable,e.g.,door, andsomemaybelongto double-sided
surfaces,e.g.,cloth.

4.2 DimensionalModel Reduction

While wecouldlaboriouslyprecomputeandstoreradiancetransfer�elds for all phaseportraitstatenodes,signi�cant
redundancy existsbetweenthem.Therefore,we alsouseleast-squaresdimensionalmodelreductionto generatelow-
rank transfer�eld approximations.We notethat, unlike displacement�elds for which modalanalysissuggeststhat
least-squaresprojectionscanbeoptimal,thereis nosuchmotivationfor radiancetransfer.

GivenNa deformedsceneswith deformationcoordinates(q1
u ; : : : ; qN a

u ), wecomputecorrespondingscenetransfer
�elds, Mj = M(qj

u ), andtheir mean, �M. We substractthemeanfrom eachtransfer�eld, ~Mj = Mj � �M, andformally
assemblethemascolumnsof ahuge3sn2-by-Na zero-mean4 transferdatamatrix,

Aa =
h

~M1 ~M2 � � � ~MN a

i
=

2

6
4

~M1
p1

~M2
p1

� � � ~MN a
p1

...
...

...
...

~M1
ps

~M2
ps

� � � ~MN a
ps

3

7
5 : (13)

We computetheSVD of Aa to determinethereducedlow-rank transfermodel,andsodiscover thereducedtransfer
�eld coordinatesqj

a = qa(qj
u ); j = 1: : : Na ; for theNa deformedscenes.We denotethe �nal rank-r a factorization

3Theappearancemodeldependson thedeformedshapeof thescene(qu ) but not its velocity (_qu ).
4Formally, thereis no needto subtractthedatameanprior to SVD (unlike for PCA wherethecovariancematrix mustbeconstructed),but we

dosobecausethe�rst coordinatecapturesnegligible variability otherwise.
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asAa � UaQa whereUa arethe orthonormaltransfer�eld basisvectors,andQa = [q1
a � � � qN a

a ] are the reduced
appearancecoordinates.

4.3 Inter polating SparselySampledAppearances

Computingradiancetransferfor all statenodescanbe very costly andalsoperceptuallyunnecessary. We therefore
interpolatethereducedradiancetransfer�elds acrossthephaseportrait.NormalizedRadialBasisFunctions(NRBFs)
area naturalchoicefor interpolatinghigh-dimensionalscattereddata[Nel00]. We useK-meansclustering[Nel00] to
clusterphaseportraitstatesinto Na � N clusters(seeFigure6). A representative stateqk

u closestto thekth cluster's
meanis usedto computeradiancetransfer(using the original statenode's unreducedmeshto avoid compression
artifactsin thelighting model).Model reductionis thenperformedon theradiancetransfer�elds for theN a states.In
theend,we know thereducedradiancevaluesqk

a at Na statenodes,i.e., qk
a = qa(qk

u ); k = 1: : : Na . Thesesparse
samplesaretheninterpolatedusinga regularizedNRBF approach(seeAppendixB). This completesthede�nition of
thedeterministicstatespacemodeloriginally referredto in Equation2.

Figure6: Clusteringof deformeddinosaurscenesfor transfercomputation:(Left) Clusteredshapecoordinatesf qu g;
(Right) interpolatedappearancecoordinatesf qag. Only the�rst three(2D-projected)componentsof q aredisplayed.

5 Runtime Synthesis

At any runtimeinstant,we either“play anIRF” or areat rest,e.g.,at theendof anIRF. Onceanimpulseis speci�ed
by anindex from theimpulsepalette,we switchto a nearbyIRF of that typeandcontinueuntil eitherinterruptedby
anotherimpulsesignalor wereachtheendof theIRF andcometo rest.At eachtime-stepwetrivially lookup/compute
qu andqa andusethemto evaluatematrix-vectorproductsfor the displacementu = Uu qu andradiancetransfer
~M = Uaqa �elds neededfor graphicalrendering.Thisapproachhasthebene�tsof beingbothsimpleandrobust.

5.1 Approximating Impulse Responses

Given the problemsassociatedwith orbit interpolation(x3.1), we wish to transitiondirectly betweenIRFs during
simulation. To avoid transition(popping)artifacts,we smoothlytransitionbetweenthe stateandthe new IRF. We
approximatetheIRF atx0 with theIRF � t (x; � I ; � F ) from anearbystatex by addinganexponentiallydecayingstate
offset(x0� x) to thestate,

� t (x0; � I ; � F ; T) � � t (x; � I ; � F ; T) + (x0 � x)e� �t ; (14)

wheret = 0; 1; : : : ; T; and� > 0 determinesthedurationof theoffsetdecay. Thisapproximationconvergesasx0! x,
e.g.,asP is sampledmoredensely, but its chief bene�t is that it canproduceplausiblemotionevenin undersampled
cases(asin Figure2). For rendering,appearancecoordinatesassociatedwith � t (x; � I ; � F ; T) arealsoaveraged,

qt
a(x0; � I ; � F ; T) � qt

a(x; � I ; � F ; T) + (qa(x0) � qa(x))e� �t : (15)
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Finally, thecostof computingtheapproximateshapeandappearancecoordinatesis proportionalto thedimensionof
thereducedcoordinatevectors,2r u + r a , andis cheapin practice.

5.2 CachingApproximate IRF References

A bene�t of usinga �nite impulsepaletteI D is thateachstatein thephaseportraitcancachetheD referencesto the
nearestcorrespondingIRFs.Thenat runtime,for thesystemin (or near)agivenphaseportraitstate,x, theresponseto
any of theD impulsepaletteexcitationscanbeeasilyresolvedusingtablelookupandIRF blending.By cachingthese
local referencesatstatenodesit is in principlepossibleto verify duringprecomputationthatblendingapproximations
arereasonable,and,e.g.,don't leadto self-intersections.

5.3 Low-rank Model Evaluation

Thetwo matrix-vectorproducts,u = Uu qu and ~M = Uaqa , canbeevaluatedin softwareor in hardware.Ourhardware
implementationis similar to [JP02a, SKS02] in thatwe computetheper-vertex linearsuperpositionof displacements
andtransferdatain vertex programs.Giventhecurrentper-vertex attributememorylimitationsof vertex programs(64
�oats), somesuperpositionsmustbecomputedin softwarefor largerranks.Similarto [SKS02], wecanreducetransfer
datarequirements(by a factorof n2 = 16) by computingandcachingthe3r a per-vertex light vectorinner-productsin
software,i.e., �xing thelight vector. Eachvertex's color linearsuperpositiontheninvolvesonly r a 3-vectors.

Scene
DeformableModel AppearanceModel IRF

F V DOF r u relErr F V l it DOF Na r a relErr N #IRF
Dinosaur 49376 24690 74070 12 0.5% 52742 26361 1265328 50 7 4.4% 20010 260

Cloth 6365 3310 9930 30 1.5% 25742 16570 795360 200 12 15% 8001 171
Plant 6304 3750 11250 18 2.0% 11184 9990 479520 100 12 6.2% 6245 150

Table1: ModelStatistics:Ther u andr a rankscorrespondto thoseusedfor frameratetimingsin Table2.

6 Results

We appliedour methodto threedeformablescenestypical of computergraphicsthatdemonstratesomestrengthsand
weaknessesof our approach.Dynamicsandtransferprecomputationandrenderingtimesaregiven in Table2, and
modelstatisticsarein Table1. Thedynamicsof eachof thethreemodelswereprecomputedover theperiodof a day
or moreusingstandardsoftware(seeFigure7). Radiancetransfercomputationstook on theorderof a dayor more
dueto polygoncounts,andsamplingdensities,Na .

Scene
Precomputation Framerates(in SW)

Dynamics Transfer Defo Defo+ Trnsfr
Dinosaur 33h21m 74h 173 82 (175in HW)

Cloth 16h46m 71h27m 350 149
Plant � 1 week 11h40m 472 200

Table2: Modeltimingson anIntel Xeon2.0GHz,2GB-266MHzDDR RDRAM, with GeForceFX 5800Ultra. Run-
time matrix-vectormultipliescomputedin software(SW) usinganIntel performancelibrary, exceptfor thedinosaur
examplethat�ts into vertex programhardware(HW).

The cloth exampledemonstratesinterestingsoft shadows and illumination effects, as well as subtlenonlinear
deformationstypicalof clothattachedto adoor(seeFigure8). Thisis achallengingmodelfor data-drivendeformation
becausethematerialis thin,andin persistentself-contact,sothatsmalldeformationerrorscanresultin noticeableself-
intersection.By increasingthe rank of the deformationmodel(to r u = 30), the real-timesimulationavoids visible
intersection5. Unlike the other examples,the complex appearancemodel appearsto have beenundersampledby

5Usinga largercloth “thickness”duringprecomputationwouldalsoreduceintersectionartifacts.
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Figure7: Precomputingreal-timemodelswith of�ine simulators: (Left) clothprecomputedin AliasjWavefrontMaya;
(Middle,Right)modelsprecomputedby anengineeringanalysispackage(ABAQUS)usinganimplicit Newmarkinte-
grator.

theclustershapesampling(Na = 200) sincethereis someunevenessin interpolatedlighting andcertaincloth-door
shadows lackpropervariation.

Figure8: Dynamiccloth statesinducedby doormotions: (Left) cloth anddoorat rest;(Right) cloth pushedagainst
moving doorby air drag.

Theplantexamplehasinterestingshadowsandchangingvisibility, andthedynamicsinvolvesigni�cant multi-leaf
collisions(seeFigures10,11and12). Theplantwasmodeledwith 788quadrilateralshell�nite elementsin ABAQUS,
with themany collisionsaccuratelyresolvedwith barrierforcesandanimplicit Newmarkintegrator.

Therubberdinosaurhadthesimplestdynamicsof thethreemodels,anddid not involvecollisions.It wasprecom-
putedusinganimplicit Newmarkintegratorwith 6499FEM tetrahedralelements,anddisplacementswereinterpolated
ontoa �ner displacedsubdivision surfacemesh[LMH00]. However, theradiancetransferdatamodelwaseasilythe
largestof the three,andincludesinterestingself-shadowing (on the dinosaur's spines)andcolor bleeding(seeFig-
ure11). Runtimesimulationimages,andsomereducedbasisvectors,or modes,of thedinosaur's displacementand
radiancetransfermodelsareshown in Figure14.

All examplesdisplayinterestingdynamicsandglobal illumination behaviors. Signi�cant reductionsin the rank
of thedisplacementandappearancemodelswereobserved,with only a modestnumberof �ops pervertex required
to synthesizeeachdeformedandilluminatedshape.In particular, Figure13 shows that thesingularvaluesconverge
quickly, so thatusefulapproximationsarepossibleat low ranks. In general,for a given error tolerance,appearance
modelsaremorecomplex thandeformationmodels. However, whencollisionsarepresent,low-rank deformation
approximationscanresultin visible intersectionartifactssothatsomewhathigheraccuracy is needed.
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r a = 0 (mean) r a = 3 r a = 6

Figure9: Reducedradiancetransferilluminationsfor anarbitrarycloth poseillustrateimproving approximationsas
therankr a is increased.

Figure10: View of plant frombehind

7 Summary and Discussion

Ourmethodpermitsinteractivemodelsof physicallybaseddeformablescenesto bealmostentirelyprecomputedusing
data-driven tabulationof statespacemodelsfor shapeandappearance.Usingef�cient low-rankapproximationsfor
thedeformationandappearancemodels,extremelyfastrenderingratescanbeachievedfor interestingmodels.Such
approachescanassisttraditionalsimulationin applicationswith constrainedcomputingresources.

Futurework includesimproving dynamicsdataquality by usingbetternon-randomsamplingstrategiesfor IRFs.
Building betterrepresentationsfor temporalandspatialdatacould be investigatedusingmultiresolutionand“best
basis”statistics.Generalizingthepossibleinteractions,e.g.,for contact,andsupportingmorecomplex scenesremain
importantproblems.Extensionsto deformableradiancetransferfor nondiffusemodels,andimportance-basedsparse
shapesamplingarealsointerestingresearchareas.

Acknowledgments: We would like to acknowledgethe helpful criticismsof several anonymousreviewers,assis-
tancefrom ChristopherTwigg andMatthew Trentacoste,hardwarefrom NVIDIA, Cyberwarefor thedinosaurmodel,
andtheCarnegieMellon Graphicsgroup.
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Figure11: Interactivedynamicbehaviors resultingfromappliedimpulses

Figure12: Dynamicinterpolatedshadows

A Output-SensitiveSVD

Computingthe SingularValueDecomposition(SVD) of a hugem-by-n matrix is very costly (O(mn min(m; n))
[GL96]), andis wastefulfor low-rankmatrices,especiallywhenonly leadingsingularfactorsaredesired.Fortunately
fastout-of-corealgorithmsexist, andweusethefollowing simpledirectmethodto approximatethelargestorthogonal
singularfactorsfor alargeapproximatelylow-rankm-by-n matrix,A. Webegin by computingadroptolerancerank-r
unmodi�ed Graham-Schmidtorthogonalfactorization,A � EX , for a givensuf�ciently small tolerance" 2 (0; 1),
whereE is an m-by-r orthogonalGrahambasismatrix, andX is an r -by-n matrix of expansioncoef�cients. The
factorizationproceedsby processingonecolumnof A at a time, sothat thematrix A is never explicitly constructed.
For a givencolumn,A :j , andcurrentrankof theGrahambasis,~r , thebasisis expandedonly if the relative residual
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Figure 13: Model reduction: Relative l2 error versus
model rank, r u andr a , for the displacement(blue) and
radiancetransfer(red)models.

erroris greaterthanthe(droptolerance)threshold," , i.e.,

kA :j � ~A :j k > "kA :j k; (16)

where ~A :j is the projectionof A :j into the currentrank-~r Grahambasis. The �nal low-rank SVD is thenfound by
takingtheSVD of X = ~USV T andmultiplying asfollows:

A � EX = E( ~USV T ) = (E ~U)SV T = USV T : (17)

In practicewe discardall factorswhosesingularvalueswhen normalizedby the largestvalue are lessthan some
desiredaccuracy (> "). Werefertheinterestedreaderto [GL96, Bra02, SZ00] for relatedalgorithms.

B NRBF AppearanceInter polation

Normalizedradial basisfunctions(NRBFs)areusedto interpolateqa(qu ) at all phaseportrait qu . We centerradial
basisfunctionsatall of theM a transfersampledstatenodes,

� k (qu ) = exp(kqk
u � qu k2

2=a2); k = 1: : : M a ; (18)

wherea is theradialscaleof thebasisfunctions.TheNRBF interpolantis

qR B F
a (qu ) =

X

k

�̂ k (qu )ck
a (19)
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Figure14: Dinosaurmodes: (Top)displacementmodeshapes;(Bottom)radiancetransfermodes.

whereck
a aretheunknown coef�cients, and�̂ k (qu ) arenormalizedbasisfunctions,

�̂ k (qu ) =
� k (qu )

P
i � i (qu )

: (20)

Thecomponentsof ck
a canbedeterminedby substitutingthedata,qk

a = qa(qk
u ); k = 1: : : M a , to obtain

qR B F
a (qi

u ) =
X

j

�̂ j (qi
u )cj

a =
X

j

B ij cj
a ; i = 1: : : M a : (21)

To avoid ill-conditioning which occursas M a or a increase,i.e., over-�tting, the NRBF equationis solved using
truncatedSVD.
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