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Abstract— This paper presents a framework for reasoning
about the future motion of multiple objects in a road scene.
Unlike previous approaches, we do not look for known dangerous
configurations of objects, but rather we reason about the future
paths of all objects in the scene, and assess their danger. Monte
Carlo path planning is used to generate a probability distribution
for the possible future motion of every car in the scene. This
framework can be used to either control the car, or to display
warnings for the driver.

I. I NTRODUCTION

Many different types of sensors have been developed to
detect cars, obstacles and pedestrians. These use a variety of
techniques, such as laser scanners, radar, ultrasound, vision,
inter-vehicle (IVC) communication, and road-vehicle commu-
nication (RVC). These approaches all attempt to provide the
car with a map of the road and other road users,at the current
time. This sensor data is used to provide safety warnings
for the driver in known dangerous situations, such as: blind
spot detection for overtaking, side collision detection [1], curb
detection [2], or rear-end collision [3]. Other systems have
used simultaneous localization and mapping [4] to identify
obstacles. These approaches guarantee that a small number of
known dangerous situations are avoided.

In this paper we argue that simply knowing there is an
object at locationx at time t does not provide sufficient
information to asses its safety. A framework is needed for
understanding the behavior of all the vehicles, pedestrians,
obstacles and other objects on the road. The safety of the road
must then be determined by considering the combined actions,
and interactions, of all these objects. Can we confidently
calculate that the road is safe for the nextt seconds?

This is a challenging task because we must simulate both
the behavior of our own car, as well as that of all other
objects in the scene. We must consider the possibility of
new objects entering the scene, objects leaving the scene, and
the possibility of sensor failure. In addition, the simulation
of objects is challenging because they are governed both by
physical limits (such as maximum speed) but predominantly
by human behavior. A well behaved driver will obey road
conventions, a conservative driver may try to avoid accidents,
and a reckless driver may take unexpected risks to avoid
slowing down.

It is important to note that whether a collision is occurring
nowor whether a car is driving towards usnow, is not of direct
use. What is important, is whether or not we will be involved

in a collision in the nearfuture. To make this decision we
must know the future, and there are many possible futures.
This paper presents a framework for efficiently generating a
probability distribution for the motion of multiple objects in
a road scene. A technique for analyzing the probability of
collision in the future, and a method for finding the safest
path to avoid the danger. This paper is an extension of [5]
which did not use probabilistic reasoning. In addition, this
paper demonstrates reasoning about the interaction of multiple
cars and pedestrians.

A. Prediction using path planning

In this paper we observe that predicting the future for
another car, can be solved by path planning from that car’s
point of view. The following factors affect reasoning:

1) Vehicle dynamics:Every car is governed by physical
mechanics. Given the initial state of a car, a series of control
inputs (such as acceleration and steering), known properties of
the road surface, tires, and weather; it is possible to calculate
the trajectory of the car.

2) Human behavior:In practice, drivers do not use the full
extent of their car’s control inputs all of the time. As a result,
predicting the path of a car is determined predominantly by
human behavior. A detailed study of how humans choose their
path in complex environments is [6].

3) Sensor uncertainty:In this paper we will assume a
perfect sensor. Sensor uncertainty is a future consideration.

B. Elements of Planning

The planning process considers many possible future actions
for all objects in the scene. For each possible future, the
planning algorithm determines whether this future is safe, or
results in a collision. For all the safe hypotheses, the algorithm
generates a ranking according to how well they obey the
drivers’ priorities (or goal).

Previously,start-goalpath planning problems [7] have been
studied in the mobile robotics community. Many solutions
exist including potential function approaches [8], [9] and
provably complete sensor methods [10]. Planning algorithms
have previously been applied to car-like robots [11], but not
in the context of safety analysis, with future prediction, in
complex multi-object environments.

1) Choosing the best (immediate) control action.:In any
road scene, there is only one car which I can control, and that
is mycar. We can predict the likely path of other cars, and we



can predict how theymight change their behavior, based on
my action, but there is no guarantee.

For each possible action I can makenow, I must consider
all possible future outcomes, for all cars, and choose the paths
which are least likely to cause an accident, and which best
satisfy the goals of all drivers. This bestfirst action, which
leads to many future paths, is the output of the system that
could be used to control the car.

2) Generating warnings:In many cases, we do not want to
control the car, but rather want to warn the driver. In this case
it is important to determine (i) which objects are dangerous,
(ii) which locations on the road are dangerous. To do this,
we need to consider all possible future paths of all objects,
and calculate how likely each of these paths are, how severe
the risk of danger is, and then combine these uncertainties to
obtain a danger map.

3) Driver preference: In some situations the safest path
may require sudden movements, or may be very slow. In
these circumstances, the driver may choose to trade safety for
comfort or speed. Thus the goal function must consider: path
safety, mechanical limits of the car, ability and alertness of
the driver, speed, and the degree of comfort.

C. Output for the driver, and applications

The reasoning algorithm can be applied in three ways:
1) Closed loop control:: In this approach the car is con-

trolled directly using the best predicted action. The driver is
not included in the control loop. This can be used to implement
an intelligent cruise control system.

2) Human in the loop::In this approach the car displays
the recommended path to the driver. This can be displayed as
a route map on a road, or as the instantaneous action to be
applied. (e.g. brake now!, turn right!, or turn left!).

3) Warning system::The car does not display the best path,
but rather displays warnings on the road and on objects to
convey to the driver, dangerous regions of the road.

II. M ETHOD

The aim of the reasoning algorithm is to generate a proba-
bility distribution for the future motion of all cars in the scene.
This is calculated by considering all possible control inputs for
all objects. All the control inputs which lead to a collision are
eliminated, and a goal function is used to rank all the safe
inputs in order of desirability. The output is the best control
input, or a probability distribution over all control inputs, of
the likelihood that any two objects collide.

A. The road scene

A road scene consists of a drivable area, obstacles, cars,
pedestrians and cyclists. The drivable area consist of a 2D
plane, with a Euclidean co-ordinate system. All objects are
assumed to lie on this surface. The surface is assumed to be
bounded. An object is a rectangle with position, orientation,
and size. Each object is assigned a positionx(t) = [x(t) y(t)]T

and velocity v = [ẋ ẏ]T = v[cos θ sin θ]T . Together, these
represent the object’s states(t). Objects also have two control
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Fig. 1. Steering diagram: radius calculation

inputs u(t). The motion of each object is defined by a
differential equation of the forṁs(t) = f(s(t),u(t)). The
implementation details of each object type are:

1) Obstacles: can be any size, and are assumed to be
stationary. The state of an obstacle is defined ass(t) =
[x y θ]T . The state update equation is defined byṡ(t) = 0.

2) Pedestrians:are assumed to be 0.5m square, and move
independently in thex and y directions. The state is defined
ass(t) = [s1 s2 s3 s4]T = [x y ẋ ẏ]T . The state update equa-
tion is defined by ṡ(t) = [ṡ1 ṡ2 ṡ3 ṡ4]T = [s3 s4 u1 u2]T

whereu(t) = [u1 u2]T = [ax ay]T is the control input.
3) Cars: are assumed to be rectangles1 with origin

situated at the center of the rear axle. The wheel-
base is denotedL. The state of the car is defined as
s(t) = [s1 s2 s3 s4]T = [x y v θ]T where v is the current
speed of the car, andθ is the orientation. The control inputs2

are u(t) = [u1u2]T = [a φ]T , wherea is the acceleration or
braking term andφ is the steering angle. The radius of the
car’s motion is given byL = R sinφ (see Figure 1) and the
speed along the circle is given byv = Rθ̇, thus θ̇ = v

L sinφ.
The state update equation is:

ṡ(t) =


ṡ1

ṡ2

ṡ3

ṡ4

 =


s3 cos s4

s3 sin s4

u1
s3
L sinu2

 (1)

B. The path of an object

The path of the object is calculated by applying the 4th and
5th order Runga-Kutta-Fehlberg algorithm to the state update
equations:̇s = f(s,u). This is denoteds(t) = p(s0,u, t). The
control inputsu(t) for the object, are sampled at0.5 second
intervals for 5 seconds3.

C. Detecting collision between objects

To determine the safety of a path we must ensure, (i) that
the object remains within the drivable region, and (ii) that it
does not collide with other objects, and (iii) that the dynamic
limits of the car are satisfied (e.g. the car will not skid or roll).
In our implementation, if the car becomes uncontrollable, then

1We use 1.8m× 4.8m, wheelbase 2.4m (Lexus LS430).
2The range of control inputs is:−0.5 < φ < 0.5 (radians), and−9.1 <

a < 4.3 (ms−2). These values are based on 0-60mph (6.3sec), and braking
test results for the Lexus LS430.

3The sampling period (0.5s) is very long compared with PID controllers.
At the milli-second scale, our algorithm is essentially an open-loop controller,
and will not react to sudden unpredictable motions of other objects. The reason
is computational cost, which is exponential in the number of sample periods.
Non-linear sampling is an alternate solution.



the path is labeled as a collision. If a more complex dynamic
model for the car is available, then this constraint could be
relaxed.

1) Boundary constraints::A map is defined as a binary
image m(x, y) ∈ {0, 1}, where each pixel is labeled as
drivable or not-drivable. A collision occurs if the car’s position
x(t) = [x(t) y(t)]T does not lie within the map bounds, or
if the car enters a non-drivable region of the map. In our
implementation the resolution of the map is 4 pixels/m.

2) Collision detection:: A collision between two objects
occurs, if at anytime betweent = 0 and n∆t, the objects
intersect. Our implementation performs the collision test in
two steps: (i) if the bounding circles intersect, then (ii) check
that the corners of A do not lie inside B, and visa-versa.

3) Mechanical limits: It is unsafe for a car to attempt
a U-turn at 55mph, because the tires have insufficient grip
to complete the maneuver. The roll effects of the car are
neglected. The maximum force that can be applied to the
front tire is assumed to be‖F‖ < Fmax (we use 1

mFmax =
9.1ms−2). We also ensure that the grip direction does not
change significantly∂F

∂t < Ḟmax. This force can be calculated
from the tangential and orthogonal (radial) components of
acceleration on the tire.

F(t) = m

[
a(t)2
v(t)2

R

]
= m

[
a(t)2

v(t)2

L sinφ(t)

]
(2)

D. Goal distribution

In this paper, we are interested in determining which future
control inputs are safe and which are dangerous. We are
also interested in ranking the safe control inputs in order of
their desirability. For this purpose, we define a scalar goal
function g(u(t)) for each car. This goal describes how well
the car behaves in road space, however its input parameters,
are parameterized in control space.

Given an initial states0 and a particular control inputu(t),
we can calculate the pathp(s0,u, t). We can also determine
whether this path results in a collision, or loss of control. For
the safe paths, let the car’s speed‖v‖, and distance to the
center of laned, be normally distributed with means defined
by the target speed and the center of the lane. Let the prior
distribution be:

P (u) = kve−(
‖v(p(s0,u,t))‖−v0

σv
)2kde

−(
d(p(s0,u,t))

σd
)2 (3)

This can be written as a log-probability goal function, with
g : R2n → R, defined as:

log P (p(s0,u, t)) = −kgg
(
u,p(s0,u, t)

)
(4)

In this paper, two goal functions are used:
1) Straight line following: This is the simplest goal func-

tion. There are three terms: (i) distance of[x(t) y(t)]T to line
l = [lu lv lw], (ii) difference in speed between[ẋ(t) ẏ(t)]T

and v0, and (iii) sum of squares magnitudes of the control
inputs. The latter is a regularization term which favors smooth

(comfortable) paths4.

g(u,p) =
n∑

t=0

λ1
(l.[x(t) y(t) 1]T )2

l2w(l2u + l2v)
+

λ2(v(t)− v0)2 + λ3a(t)2 + λ4φ(t)2
(5)

2) Road following:This goal function requires a road-map
with three functions defined:dm(x, y), θm(x, y), vm(x, y).
The desired speed is defined byvm(x, y) (based on the local
speed limit), the desired orientation byθm(x, y), and the
lateral position bydm(x, y), which is defined as the distance
from any point to the center of the lane.

g(u,p)=
n∑

t=0

λ5dm(x(t), y(t))2 + λ6(θ(t)−θm(x(t), y(t)))2

+ λ2(v(t)−vm(x(t), y(t)))2 + λ3a(t)2 + λ4φ(t)2

(6)

E. Multiple objects

A scene consists of many objects. Each objecti has an initial
states0i, a set of control inputsui(t), and a goal function
gi(u,p), which specifies the pathp(s0i,ui, t). The combined
goal of all objects in the scene is defined as:

P (U) = P (u1, . . . ,um) =
m∏

j=1

P (uj)αj (7)

where αj is a priority weighting for each object. Under
normal conditionsαj = 1, although at yield intersections these
parameters can be varied to implement right-of-way.

F. Probability of danger

The probability of a collision in the future is determined
by considering all possiblefuture control inputs U . The
probability of a collision, for a specific set of control inputs
U , is P (C | U) = {0, 1}, and the prior probability for this
input is P (U). The total probability of a collision is:

P (C) =
∫

P (C | U)P (U) ∂U (8)

In this equation, the binaryP (C | U) term, acts as a complex
boundary condition inU space.

G. Warning generation and best paths

The total probability of collisionP (C) is the probability
that at least one object willnot safely navigate the scene.
This can be used to display a warning to the driver, and can
be implemented as a scalar bar which rises and falls, or as a
quantized red, yellow, green display, or as a warning buzzer.

The most likely estimate ofP (C | U)P (U) is used to find
the best actionsU for all cars. This output is useful for an
air-traffic-control style automated driving solution:

Umax(t) = arg max
U

P (C | U)P (U) (9)

4The values ofλ are: λ1 = 0.0085/n, λ2 = 0.05/n/(1 + v(t0)2),
λ3 = 0.05/n/a2

max, λ4 = 0.05/n/φ2
max, wheren = 10 is the number of

t-samples ofp. All units S.I. Values were chosen empirically.



For road vehicle use, it is more important to be able to
generate warnings for the driver, than to control the car. Whilst
P (C) is useful as a general warning indicator, it is more useful
to display the probability of danger for each road positionx
and timet. This display is a projection ofP (C | U)P (U) onto
the road space.

P (C | x, t) =
∫

P (C | U)P (U | x, t) ∂U (10)

The new prior termP (U | x, t) is calculated from the object
goal prior P (U) and a termP (x, t | U) ∈ {0, 1} which
specifies whether any object drives through pointx at time
t. P (x, t) is assumed equal to one.

P (U | x, t) =
P (U)P (x, t | U)

P (x, t)
(11)

The resultP (C | x, t) is a danger level display for each
road location, at each future time. In the results section of this
paper, we showP (C | x), which also projects out time.

III. I MPLEMENTATION

This paper presents two main contributions, the first is the
framework for evaluating the probability of a future collision
P (C). The second contribution is the use of Monte Carlo
random sampling for the approximation the integral (8). This
is significantly faster than systematic evaluation.

A. Dynamic programming

In our previous paper [5], we demonstrated the use of dy-
namic programming for evaluating (9). All the control inputs
are discretised in time, and in control space, and represented as
a decision tree. Finding thearg maxu P (u) can be efficiently
implemented using a tree structure, because many branches
of the tree can be quickly eliminated as candidates for the
global maximum. Dynamic programming is an efficient way of
calculating this maximum, but cannot be used for integration,
as it relies on being able to eliminate unfavorable paths.

B. Monte Carlo sampling

An efficient algorithm for approximating integral (8) is
Monte Carlos random sampling [12]. Letxi be random sam-
ples drawn from thek-dimensional uniform random variable
X. Let the domainX enclose a volumevol(X ), so that the
uniform density function is given byu(x) = 1/ vol(X ).
The integral can then be written as an expectation, and
approximated by random sampling.∫

X
f(x)∂x = vol(X )Eu(f(X)) ≈ 1

m

m∑
i=1

f(xi) (12)

A more efficient approach uses importance sampling. Rather
than using a uniform distributionu(x), use a density func-
tion p(x) which simplifies (12). Specifically, try to ensure
f(X)/p(X) ∝ 1.

E(f(X)) =
∫
X

f(x)p(x)dx = Ep

(
f(X)
p(X)

)
(13)

corner θi =

(
y1 i = i1 ∈ [1, n]

0 otherwise

change lane θi =

8><>:
y1 i = i1 ∈ [1, n]

−y1 i = i2 ∈ (i1, n]

0 otherwise

overtake θi =

8>>>>><>>>>>:

y1 i = i1 ∈ [1, n]

−y1 i = i2 ∈ (i1, n]

−y1 i = i3 ∈ (i2, n]

y1 i = i4 ∈ (i3, n]

0 otherwise

emergency stop acceli =

(
0 i < i1 ∈ [1, n]

−y1 otherwise

TABLE I

DEFINITIONS OF RANDOM SAMPLE GENERATORS

The Monte Carlo estimator is then

f̃p
m =

1
m

m∑
i=1

f(xi)
p(xi)

(14)

The error of the approximationε ∝ σ√
m

can be decreased
by choosingp(x) to minimizeσ (e.g.p ≈ f ), or by increasing
the number of samplesm.

C. Sampling distributions

Equation (8) contains a binary termP(C | U) which acts
as a complex boundary condition, and a Gaussian termP(U)
which is integrated. Our first sampling distribution is, hence,
a Gaussian sampling distribution:

p1(u) ∼ G(0, σ) (15)

The remaining sampling distributions are 1 or 2 dimensional
linear subspaces ofu:

pi(u) = p(0 + Aiy) wherey ∼ G(0, σ) (16)

TheAi are chosen heuristically to mimic human behavior. On
their own, thesepi are not mathematically correct as they do
not span the whole space of control inputs, rather, they span the
reduced space of typical human driver actions. Consequently,
thepi’s are used in combination with the full rankp1 to ensure
a valid result:

p(u) =
∑

i

kipi(u) where
∑

ki = 1 (17)

These actions are shown in Table I and Figure 2.

Fig. 2. Random sample generators



Fig. 3. Q&A from JAF ‘Stop the accident booklet’. What is dangerous
about the left hand road scene? Notice the car with the reverse light. The
answer (right), shows the bicycle swerve to avoid the reversing car.

IV. RESULTS

The example road scene, shown in Figure 3, shows a road
scene with a parked car and a moving bicycle. The scene is
dangerous because the parked car reverses into the road and the
bicycle must swerve to avoid the reversing car. The driver of
the test vehicle must anticipate the possibility that the bicycle
will swerve into his lane. In this section we show how our
reasoning framework can detect this danger. Consider three
case studies:

The first example shows what would happen if the parked
car reverses slowly, and the bicycle continues its current path.
The reasoning algorithm is applied tomy car only. This is
implemented by assigningu(t) = 0 for all other objects. The
results are shown in Figure 4. The computation speed is 2Hz,
on a 2GHz Intel PC. The shaded area (green) is the probability
that my car will be present at each location on the roadat any
time during the simulation period. The blue line shows the
single path which maximizes my goal function. Notice that
the scene is safe for my car, but that the reversing car and
bicycle collide. This shows that it is not sufficient to reason
about my car alone, or to reason about objects independently.

The second case applies the reasoning algorithm to both my
car and the bicycle. The result is that the bicycle will swerve
and stop, to avoid the car, and that I must avoid the bicycle.
This is the correct result.

The third case show what would happen if the reversing
car, the bicycle and the car of interest, are all included in the
reasoning process. Notice that the car chooses not to reverse
because of the bicycle. This means that both the bicycle and
car of interest can drive past, although there is a small level of
risk. This is not what happened in practice. This result assumes
too much intelligence for the reversing car. It is probably fair
to assume that the carcannot seethe bicycle. This leads to an
interesting question for future work: How to handle visibility?
How much reasoning can we assume for the human? Is he
paying attention? What cases should be considered? and what
is their relative importance?

Truck

Drivable area

Road boundary
Obstacle:

3 Cars infront

3 Parked cars

My car
Prediction

Bicycle

Fig. 4. Case 1: Car reverses, bicycle continues straight. This figure shows
the state of the world at half second increments. The three black squares on the
left represent parked cars. The big black square is an obstacle and represents
the side of the road. There are three cars in-front of my car (bottom). The
shaded (green) area shows the predicted location of my car over the next
5 seconds. All areas which are shaded have non-zero probability. Brighter
intensity shows higher probability. Notice that if the bicycle and car collide,
but I am still safe.

Fig. 5. Case 2: Car reverses, intelligent bicycle.Bicycle must swerve to
avoid car. I must stop to avoid bicycle.

Fig. 6. Case 3: Intelligent car, intelligent bicycle. Car chooses not to
reverse. No collision. I am safe (small risk).



V. CONCLUSION

This paper has presented a reasoning framework, for ana-
lyzing the safety of complex road scenes. Each object was as-
signed a goal function, and Monte Carlo integration was used
to evaluate the probability that all the objects would safely
achieved their goal. It was also shown how this probability
could be used to generate warning displays for the driver. The
framework has been tested using synthetic data, based on a
real world example, with varying levels of complexity. It has
been shown that it is important toreasonabout theinteractions
of all cars, and thatconstant velocityassumptions about other
cars are oftenincorrect.
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