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Abstract

A robot’s locomotion mode fails when its environmental contacts fail, a situation called a locomo-

tion error. For example, a legged robot cannot move when its leg becomes trapped in acrevice, and

a wheeled robot is handicapped when its wheels skid. How can a robot recover when its standard lo-

comotion mode fails? One way is to utilize any remaining freedoms to move the robot toa situation

where the robot’s standard locomotion mode is again feasible. However, planning and control for

such unconventional motion is difficult, since the relationship between the robot’s controls and its

motion in a locomotion error is unclear. This complexity when combined with the uncertainty in en-

vironmental interaction (perceived as an “element of luck”) in a locomotion error appears as a lack

of structure, inducing operators to sometimes use random escape maneuvers. This thesis proposes

finding recovery strategies by exploiting the structure inherent to the robot’s constrained mobility

and environmental interaction in the locomotion error. A robot equipped with multiple locomotion

modes can choose between them depending on the circumstance, ultimately contributing to robust

mobility.

While robotic locomotion fails in many ways depending on the robot’s design andthe environ-

mental interaction, this thesis finds novel recovery modes involving a combination of direct actu-

ation and dynamically coupled actuation for two specific locomotion errors: first, a high-centered

legged robot, where the robot’s legs dangle in air; and second, a car trapped in a slippery pit. In the

high-centered robot problem, we present a novel locomotion mode called “legless locomotion”, that

allows the robot to locomote by rocking its body back and forth using leg swingwithout feedback

about the robot’s body motions. We use experiments and computer simulation to identify legless

locomotion’s properties and use simple models to derive an approximate control technique. In the

car-in-ditch problem, we use computer simulation to find a control strategy involving wheel torques

and an active-suspension that allows the car to roll out of the pit, while minimizing work done and

perturbations to the car body. Finally, we present a classification structure for locomotion errors

based on environmental influence.
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Chapter 1

Introduction

Every mobile robot has a standard locomotion mode, depending on the robot’s design and its inter-

action with the environment. But a robot’s locomotion fails when the expected robot-environment

interaction fails. These situations, calledlocomotion errors, significantly impact robotic mobility,

even if they are isolated instances of failure. For example, a wheeled robot locomotes by pushing

off the ground using wheel torques, but slips when ground traction is poor. The key motivation for

our work is:How can we handle locomotion errors to improve the robustness of roboticmobility?

Our strategy for locomotion error recovery is to find new locomotion modes that allow the

robot to reach a situation where the standard locomotion mode is feasible. Multiple locomotion

modes ultimately contribute to mobile-robot robustness and autonomy, since the robot can choose

between locomotion modes depending on circumstances. Continuing the wheeled robot example,

the robot can overcome slip-related locomotion errors using a controller that chooses wheel torques

depending on ground traction conditions.

We believe thatmobile-robot error recovery is a domain rich in interesting new problemscrucial

to robotics, and we focus on two questions: How can we model mobile robot errors? How can robots

recover from locomotion errors? This thesis provides an analysis of two specific legged and wheeled

locomotion failures, finds novel recovery modes, and designs gaits to improve robot robustness.

While robotic locomotion fails for many reasons, this thesis focuses on locomotion failures that

result from changes in robot-environment interaction. Two prominent examples of robots failing due

to environmental interference and unpredictability are: 1) Sandstorm [77], an autonomous Carnegie

Mellon humvee developed by the Red Team [3], failed a mission when it becamehigh-centered on

a road-side berm; and 2) the Mars rover Opportunity’s wheels sunk into asand-dune and required

three weeks of tele-operation for recovery (see Fig. 1.1 and [31]). In the first case where Sandstorm

1
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Figure 1.1: NASA rover Opportunity gets stuck on Mars.

becomes high-centered, Sandstorm has an undesired contact betweenthe car body and the ground

preventing locomotion, while in the second case where the rover becomes trapped in sand, the

rover’s wheels does not have sufficient ground traction and normal reaction forces.

This thesis develops novel recovery modes for two specific locomotion errors: 1) locomoting

a high-centered legged robot; that is, a robot whose body rests on the ground, and its legs do not

touch the ground; and 2) getting a wheeled robot out of a slippery pit. In the high-centered legged

robot problem, we show that the robot can translate by rocking on its shellusing leg swings; and in

the stuck-car problem, we show that the robot can take advantage of the dynamic effect of an active

suspension to escape. In both cases, the strategy is to move the robot to a configuration where the

robot’s standard locomotion mode is feasible.

But what are the principles behind control for error-recovery locomotion modes? We now com-

pare control methods for conventional locomotion modes and error-recovery locomotion modes.

Control for Error Recovery Locomotion Modes

Control for error recovery can be complex, because error recovery modes are not as structured as

“normal” locomotion. By structure, we refer to the strong relationship that typically exists between

locomotion mode design and robot design. In particular, a robot’s design isusually based on its

anticipated locomotion mode, which also depends on the environment the robotoperates in. This

feedback between robot design and locomotion mode design permits a systematic analysis of the

relationship between the robot’s controls and its motion. Here is an example: a car is designed to

travel on relatively flat ground using wheel torques, while relying on thewheel-ground traction.
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This locomotion mode is straightforward to analyze because the car’s designis customized for its

motion—spin the wheels and the car moves forward; rotate the steering, and the car turns. Thus,

it is simple to understand how the car’s controls, namely wheel torques and steering, influence its

motion.

In contrast, locomotion errors require atypical actuation resulting in motions that are sometimes

difficult to anticipate during robot design. Continuing the car example, if the car is stuck on a

berm, it needs to rock back and forth to free itself from the undesired contact between the body

and the ground. In addition to the atypical wheel torques required for escape, the car wheels may

also lose ground contact, thus complicating control. Clearly, a generic car isnot designed for such

maneuvers, and a human driver may struggle in such circumstances. In general, the pre-specified

robot morphology makes finding and analyzing error-recovery modes difficult, and this difficulty

appears as a lack of structure in error recovery problems. In future,a robot could be designed

anticipating alternate locomotion modes that help in error recovery, but that can prove expensive

and is beyond the scope of this thesis.

In the car example, we notice that the error recovery mode takes advantage of an interplay of

the kinematics and the dynamics to produce net motion; that is, the car jerks back and forth by

varying its wheel torques and the ground contact mode. As the car rockson the berm, its body also

pitches and rolls producing incremental translation. We call such locomotion produced through an

interplay of dynamics and kinematics across the robot’s freedomsdynamically coupled locomotion.

Two other examples of dynamically-coupled actuation are satellite reorientationusing spinning re-

action wheels (there are no environmental kinematic constraints, only the dynamic effect induced

by angular momentum conservation) and a baby rolling over by rocking back and forth (there is an

interplay between leg and arm swings and body rolling to produce locomotion).

The error-recovery locomotion modes studied in this thesis use a combination of direct actua-

tion, such as torques to wheels with ground contact, and dynamically coupledactuation, such as

robot internal shape changes that induce locomotion. In the high-centered legged robot problem,

we show that the robot can control its translation curvature and velocity byvarying its leg motions,

and we show in the stuck-car problem that the robot can escape from a ditch by making use of an

active suspension to control ground traction.

Error recovery modes and normal locomotion modes have differences in the type of robot-

environment interaction also. Normal locomotion modes rely on a predictable robot-environment in-

teraction. For example, the standard locomotion mode for wheeled robots assumes slip-free wheel-

ground contact, and this allows us to compute the robot’s translation for a given wheel rotation. But
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a locomotion error like wheel-ground slip makes motion prediction difficult, sinceit is difficult to

know when exactly slip-free contact breaks. So locomotion modes during locomotion errors can be

difficult to model as well as control. While an interesting problem, this thesis does not explicitly

model such uncertainty and hybrid dynamics in robot-environment interaction.

The unpredictability in error-recovery locomotion modes appears as an element of "luck" or

randomness and is a major hurdle in finding the right control strategy for recovery. For example, in

our experiments with a high-centered robot, while we used different leg motions to induce escape,

it was difficult to predict when the robot escapes. But a close analysis of the leg and body motions

showed that our controls were exciting small body rotations to induce incremental translation. Can

we find a low dimensional representation for these pseudo-random controls? Ideally, we want to

exploit such structure to define a low dimensional gait space for locomotion errors. Finally, the

motion produced by the error recovery modes discussed in this thesis is configuration-dependent,

further complicating analysis.

Error-recovery locomotion modes cannot replace conventional locomotion, because they are

customized for locomotion errors. Furthermore, error recovery modes may also be inefficient, be-

cause the locomotion error typically induces a handicap, such as disabling an actuated freedom.

While standard locomotion modes are easier to model and are designed forgeneric mobility, under-

standing dynamically coupled locomotion techniques is crucial to exploring alternate locomotion

modes and improving robotic mobility.Understanding dynamically coupled locomotion may also

contribute towards better mechanical designs, since we explore hidden capabilities.

The next two sections introduce the two case studies explored in this thesis: 1) locomotion for

high-centered robots and 2) a car escaping from a ditch. The solutions we provide for both problems

have one common trait: they both use dynamically coupled locomotion modes that exploit internal

mass distribution changes to induce motion.

1.1 Example Problem 1: Locomotion for High-centered Robots

Legged robots offer mobility in diverse terrain, but conventional leggedlocomotion fails when the

robot is stuck. By "stuck", we refer to instances where the robot can no longer use its standard

locomotion technique because of external circumstances. One such instance is when a robot is

high-centered, that is, when its legs have no environmental contact (seeFig. 1.2). Since a legged

robot requires contact between each leg and the surface for locomotion, the robot is stuck when it is

high-centered.
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Figure 1.2: The RHex experimental platform high-centered on a block (http://rhex.net).

Our interest in locomotion for high-centered robots arose from experience with RHex [68],

a simple and highly mobile hexapod robot (see Fig. 1.2). We investigated how RHex gets stuck

in rugged terrain through several structured experiments [4]. The environment included various

arrangements of cinder-blocks and styrofoam, and we focused on howRHex’s body or legs get

trapped. It turned out that RHex was able to escape in most circumstancesby sheer strength, except

when RHex is high-centered.

A high-centered RHex has few options—it can only swing its legs and rock the robot body

back and forth. Also, creating large body rotations is difficult with RHex’slight legs, flat bottom,

and heavy body. So producing sufficient dynamic effect through leg motions to cause the robot to

flip is not an option. Alternately, the small body rotations that the leg swings produce may induce

incremental translation. Such incremental translation can be used to move the robot until, say, it

falls off the block. But RHex’s flat body limits such incremental translation, and any translation

depends on the friction profile along the body surface and the ground. Finally, since the choice of

leg motions to produce maximal translation is unclear, RHex motion when it is high-centered seems

“random”.

Suppose, instead of a flat bottom, RHex has a rolling contact between its body and the obstacle,

because the robot’s stomach or the obstacle is rounded. Then, even smalltorques induce the robot’s

attitude to oscillate and produce translation until the robot, say, falls off the block. We call this

incremental locomotion modelegless locomotion.

We project legless locomotion as a technique for escaping when a robot is high-centered; even

though the locomotion is slow and inefficient, the strategy is to translate while high-centered and

reach a situation where the robot can use its legs in a conventional sense.In RHex’s case, it has
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no other option to recover from a high-centered state. In general though, a high-centered legged

robot has at least three strategies to translate incrementally by rocking androlling the body using

leg motions (see Fig. 1.3):

1. If the robot has a curved bottom, then the body rotations can incrementallytranslate the robot

assuming slip-free body-ground contact (rolling legless locomotion, see Fig. 1.4).

2. If the robot has an irregular bottom and the protrusions act as ‘feet’, a series of rolling and

yawing motions translates the robot by shifting its weight from one ‘foot’ to another (walking

legless locomotion, see Fig. 1.5).

3. If the robot has a flat bottom, a net translation force can be producedusing jerky leg mo-

tions (sliding legless locomotion, similar to the Universal Planar Manipulator concept [62]).

This thesis focuses on the first strategy that uses pure rolling between curved surfaces, because

it offers a viable locomotion mode for a robot with inertial properties like RHex. For example,

the second strategy requires leg swings to produce sufficient dynamic forces on the body to lift the

robot’s weight onto the pivot points, and this is difficult for a robot like RHex with light legs and

a heavy body. Also, there are impacts each time the robot’s weight transfers between feet. These

impacts produce slip-related translation which is difficult to model analytically. On the other hand,

the third strategy requires modeling differences in frictional forces overleg motion cycles, a difficult

proposition. In contrast, with a rounded body rolling on a flat surface, even small torques causes

the robot’s attitude to oscillate, and these oscillations can generate translation when coupled with

the slip-free contact constraints between the robot body and ground surface. Also, since all inter-

actions of the body with the environment are smooth, there are no discontinuities to model. Thus,

locomoting a round-bodied robot on its stomach is effective and also easierto model than a robot

with a jagged or flat bottom. This thesis focuses on the first strategy, rolling legless locomotion,

henceforth referred to just as legless locomotion.

To simplify experimental study of legless locomotion, we need a structured system that allows us

to identify legless locomotion’s key elements. This is because RHex is built for legged locomotion

and is thus not suited for studying legless locomotion!

We have constructed a simple prototype robot,The Rocking and Rolling Robot (RRRobot)(see

Fig. 1.6) to study legless locomotion. RRRobot is an unconventional biped: ithas legs, but the legs

never touch the ground! RRRobot locomotes by rocking on its spherical stomach. Since its legs

act only as reaction masses, they are better calledhalteres, after the dumbbells sometimes used by

athletes to give impetus in leaping.
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Figure 1.3: Three types of legless locomotion: rolling, walking, and sliding. Rolling legless lo-
comotion (see Fig. 1.5) and walking legless locomotion (see Fig. 1.4) ensue when body rotational
oscillations are produced by leg motions. Sliding legless locomotion occurs when a net frictional
force is produced over the cycle of planar body motions caused by leg motions. This thesis focusses
on rolling legless locomotion.

Considering just RRRobot’s body rotations and sphere-plane contact kinematics while ignoring

the dynamics of how the rotations are produced, Fig. 1.4 shows a sequence of interleaved roll and

yaw body rotations that induces translation. A challenge in legless locomotion isto find the leg

motions that create body attitude oscillations which, when coupled with the nonholonomic con-

tact constraints, cause RRRobot to locomote in the plane. While random leg motions may induce

incremental translation, we ideally want a low dimensional gait space for legless locomotion.

Our RRRobot experiments and simulations suggest that body-attitude oscillations produced by

leg motions are a practical way of translating in a high-centered state. Furthermore, legless loco-

motion has many interesting aspects that will offer an understanding of dynamically coupled lo-

comotion, in particular the interaction between the configuration-dependentinertia, the oscillatory

dynamics, and the contact kinematics. In this thesis, we study legless locomotionby answering the

following questions:

• How can we model legless locomotion? What are the key parameters?

• How is legless locomotion related to other locomotion techniques?

• How can we control legless locomotion?

Chapter 3 presents answers to these questions and suggests interesting future work. We now review

the other problem studied in this thesis: a novel locomotion strategy for a car stuck in a ditch.
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Figure 1.4: Body roll and yaw rotations that produce translation. Motions are represented as rota-
tions about axes attached to the body but aligned with the world coordinate frame. There is a local
roll rotation between positions (a) and (b) and positions (c) and (d); there is a local yaw rotation
between positions (b) and (c) and positions (d) and (e).



1.1. EXAMPLE PROBLEM 1: LOCOMOTION FOR HIGH-CENTERED ROBOTS 9

Figure 1.5: Walking legless locomotion: body oscillations can produce locomotion for a robot with
body protrusions.

Figure 1.6: The RRRobot experimental platform uses halteres to induce body attitude oscillations
leading to body translations.
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Figure 1.7: Sandstorm, an autonomous humvee [3], overturned during tests.

1.2 Example Problem 2: A Car Stuck in a Ditch

Wheeled locomotion fails in many ways, such as wheel slip due to poor traction and vehicle over-

turning (see Fig. 1.7). This section introduces the problem of a wheeled robot stuck in a ditch (see

Fig. 1.8), where the robot’s conventional locomotion strategy, namely driving straight out, fails.

We propose a control strategy that combines wheel torques with unconventional use of an active

suspension.

One approach for escape is to rock the robot back and forth in the ditch building up sufficient

momentum to roll out, as though “bouncing” the car out of the ditch. This may work if the robot

has sufficient power, and wheel-ground slip is not an issue. But suppose we want the robot to

escape without wheel-ground slip, because it is energy conserving aswell as easier to model. This

restrictive condition becomes particularly acute with the limited traction along the steep slopes, and

wheel-torque control may alone be insufficient. In such a situation, can anactive suspension help?

As the robot rolls back and forth, the robot’s mass oscillates on the suspension, causing changes

to the ground reaction forces. Can we use an active suspension to exert forces on the car mass,

changing the ground reaction forces to satisfy the problem constraints? One naive strategy is to

keep pushing the robot mass upwards to increase the ground normal reaction force and, hence, the

traction limits. But this is impractical because the robot mass’s motion is limited. Thus,while we

canpushthe robot mass upwards to increase available traction, we also need topull the robot mass

downwards to satisfy its geometric constraints when sufficient traction is available. This idea can

be likened to a motorcyclist shifting his weight up and down to control wheel-ground interaction.
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Figure 1.8: Schematic diagram of a wheeled robot in a large ditch. The robot mass sits on an active
suspension.

This thesis hypothesizes that unconventional use of components like an active suspension can

play a crucial role in mobile-robot error-recovery problems. Furthermore, we show that there exists

a structure in this specific locomotion error that can be exploited to find gaits that allow a car trapped

in a ditch to escape. Using simplified simulation models, we present an algorithm for coordinated

use of wheel torques and active suspension to escape, while minimizing sprung mass oscillations,

and also explore solutions using dynamic programming.

We explore the following questions in chapter 4:

• How can we find a locomotion behavior using wheel torques and active-suspension forces to

induce the car to escape from the ditch?

• How do the system parameters influence the solution?

Even though we only provide a locomotion behavior for a simplified model usingsimulation,

we expect that the locomotion strategy and the structural analysis we provide is applicable to the

practical problem of a wheeled robot stuck in a ditch. We now summarize this thesis’s contributions.

1.3 Contributions

This thesis makes three contributions:

1. Finding structure in mobile-robot error recovery.

2. Discovering and understanding legless locomotion.

3. Designing gaits for locomotion error recovery.
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We now discuss each of the contributions.

1. Finding structure in mobile-robot error recovery.

When mobile robots fail, there is usually little analysis of the circumstances of failure and

the controls that the robot has to recover. This is because locomotion errors are difficult to

quantify and recovery modes difficult to analyze. We use two examples, thehigh-centered

robot problem and the stuck-car problem, to show that mobile-robot error recovery problems

do have structure. By structure, we refer to the low-dimensional gait spaces we have found

for the error recovery modes we focus on. For example, to free a high-centered robot, we ini-

tially tried different leg motions to induce body rotations and incremental translation. These

seemingly random leg-motion behaviors guided us toward thinking about specific leg mo-

tions that take advantage of the robot-ground contact and the robot’s dynamics. We believe

that many locomotion errors offer structured low-dimensional locomotion modes, and glean-

ing novel recovery modes from “random” escape attempts requires a careful analysis of the

robot’s motion in the error circumstances.

We also show that the dynamics and geometry of locomotion errors can be studied using first

principles to find alternate control techniques for recovery. In particular, we find new locomo-

tion modes that utilize internal configuration changes and ground contact tocreate dynamic

effect. A key principle we propose is that having a set of such novel locomotion modes ul-

timately contributes to mobile-robot autonomy, since the robot can choose between different

locomotion modes depending on the situation. However, our approach doesnot model the un-

certainty in robot-environment interaction. Future work involves finding a common structure

in mobile robot errors using contact analysis and finding new forms of dynamically coupled

locomotion.

2. Legless locomotion: a novel locomotion technique.

Our study of how mobile robots get stuck led to a high-centered-robot locomotion mode

called legless locomotion. Legless locomotion is a result of the interaction between ground

contact and body rotations produced by carefully chosen leg motions. Legless locomotion lies

in a new space of underactuated locomotion (see Fig. 1.9), because of thecombination of its

properties: a variable inertia, body-environment contact constraints, and oscillatory motion.

We constructed a simple prototype robot called The Rocking and Rolling Robot to explore

the key elements of legless locomotion. We provide a gait for legless locomotion that allows

planar translation with variable curvature and velocity by varying the leg trajectories. We
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Figure 1.9: Robots that use varied forms of underactuated locomotion. Legless locomotion occupies
a new domain in the space of underactuated locomotion.

provide results from experiment with RHex [4] and RRRobot and dynamic simulations of

RRRobot, and the results match qualitatively.

Understanding legless locomotion using simplified models:Legless locomotion is complex

because of its dynamically coupled actuation, namely the complex interaction of two forced

oscillators (the body pitch and roll dynamics produced by leg motions), the yaw rotations

about the contact point, and the nonholonomic contact constraints. Understanding the inter-

play of dynamics and contact kinematics, say, between robot locomotion speed or direction

and the inputs is difficult.

We provide an analysis of legless locomotion using simplified decoupled models that ana-

lyze the elements separately. For example, we quantify the individual contributions of the

sphere-plane contact (namely, the relationship between oscillatory body rotations and planar

translations) and the relationship between leg motions and body roll, pitch, andyaw rotations

using independent models. We go further by understanding the influenceof leg motions on

each of the body’s rotational freedoms. We finally combine these simplified models (body

rotation dynamics and contact kinematics) to define the relationship between RRRobot trans-

lation and leg inputs for gait design.

3. Error-recovery Gait Generation.We solve the gait generation problem for the two unconven-

tional locomotion modes considered in this thesis using dynamic systems theory. The gaits
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we find are low-dimensional behaviors inspired by the seemingly random control modes that

we find initially.

We define legless-locomotion gait generation as the mapping from planar translation to leg

motions; that is, given a desired translation direction, we find the leg motions that track it.

Note that we ignore tracking the body rotations specifically and focus only on tracking av-

erage contact-point path. Finding such a mapping is challenging because legless locomotion

is dynamic, oscillatory, and has variable inertia and nonholonomic constraints. Furthermore,

RRRobot’s dynamics is dependent on the body and leg configurations andis underactuated.

We approach the control problem using decoupled models to provide a mapping between

RRRobot motion curvature and leg motions, while showing that the decoupled models pro-

vide a good approximation to the full dynamics model.

In the stuck-car problem, we find control techniques that use wheel torques and an active

suspension to induce escape while satisfying environmental constraints. We develop solutions

for varying problem parameters using our intuition into the system dynamics and dynamic

programming. We measure the solution quality with an objective function involvingwork

done and sprung-mass oscillations. Finding metrics for locomotion error-recovery problems

is still an open problem though.

We now summarize the similarities and the differences in the two control problems.Both

locomotion modes are applicable in error-recovery and allow the robot to reach a situation

where the standard locomotion is applicable again. Furthermore, they use internal mass dis-

tribution changes to induce motion. In both problems, the locomotion error is the absence of

desired contact; in the high-centered robot problem, the robot’s legs do not touch the ground,

while in the stuck-car problem, the issue is poor wheel-ground traction.

But the two problems have their differences. In the high-centered robotproblem, the controls

in the legless locomotion problem are used primarily to produce locomotion withoutfocus-

ing on using the controls to satisfy environment constraints. In the stuck-car problem, the

controls are used to produce motion as well as satisfy constraints. Also, wechoose different

approaches to explore the two error-recovery gait spaces, since there is a difference in problem

complexity. Since RRRobot’s state space isR
14, we use Lagrangian dynamics and decoupled

dynamics models. Since the stuck-car problem’s state space isR
4, we use numerical methods

in addition to a Lagrangian analysis.

We now provide the thesis road map.
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1.4 Thesis Road Map

After reviewing related work in Chapter 2, we then present legless locomotion in Chapter 3. We

discuss our approach to exploring the stuck-car problem in Chapter 4, followed by a discussion of

the thesis’s contributions and research extensions in Chapter 5.

1.5 Chapter Dependencies

• Chapters 1 and 2 are self-contained.

• Chapters 3 and 4 depends on chapter 1.

• Chapter 5 requires chapters 3 and 4.

1.6 Publication Note

Most of Chapter 3 appears in [17], [16], and [13], while parts of Chapter 1 appears in [14].



Chapter 2

Background

We now review background and related work, organized in four sections.

• Locomotion techniques

• Locomotion error and recovery

• Techniques for modeling mechanical systems

• Control techniques for dynamics systems

2.1 Locomotion Techniques

Locomotion, defined by the Merriam-Webster dictionary as the act or powerof moving from place

to place (locus + motion), is an important problem in robotics. While there are many forms of

locomotion, including locomotion modes for land, water, and air, this thesis focuses only on ground

locomotion.

Two primary forms of ground locomotion are legged locomotion and wheeled locomotion. Re-

searchers have studied various forms of legged locomotion for the mobility it offers [60, 68, 82, 54,

58, 37, 66, 18, 51]. Similarly, researchers have explored various forms of wheeled locomotion for

the efficiency it offers in structured terrain [45, 43, 52, 61, 19, 74, 38, 59]. Recently, undulatory or

snake-like locomotion has become popular in the robotics community for the stabilityand traction

it offers [32]. Many interesting aspects of undulatory locomotion have been explored by using the

snakeboard [48, 59] and roller racer [44] as examples.

16
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Figure 2.1: Statically stable locomotion classification [81].

Yim [81] provides a classification structure for statically-stable locomotion (see Fig. 2.1), while

we provide a classification structure for dynamically stable locomotion using three hierarchical

levels (see Fig. 2.2):

• Level 1 discusses the nature of dynamic stability, whether the system is asymptotically stable,

neutrally stable, or unstable [64]. A stable system, after a perturbation, returns to a stable limit

cycle or an equilibrium point after a perturbation. An asymptotically stable system returns to

the original limit cycle or an equilibrium point, while a neutrally stable system returns to a

new nearby limit cycle or equilibrium point.

• Level 2 discusses the nature of contact between robot and environment, depending on whether

there is slip between bodies. For example, the Universal Planar Manipulator[62] requires

slip between objects and the table surface on which the parts are moved around, while legged

locomotion requires no slip between the round body and the surface.

• Level 3 discusses the locomotion mode’s dynamics. The locomotion dynamics depends on

whether there is a flight phase, in which case the dynamics is hybrid. Also, the dynamics

depends on the origin of forces used to propel the robot. For example, inwalking, reaction

forces from direct contact between the ground and a leg induces propulsion, while in satellite

reorientation, reaction forces from swinging reaction masses induces body rotation (dynami-

cally coupled locomotion).

Legless locomotion, the locomotion mode we propose for high-centered robots, has properties

that differentiate it from conventional locomotion modes. Legless locomotion isdynamic, asymp-

totically stable (in the presence of small disturbances and external damping,RRRobot behaves as

an inverted pendulum), and requires pure rolling contact between its bodyand the ground. In addi-

tion, legless locomotion has a configuration-dependent inertia, lacks a flight phase, and is subject to
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Figure 2.2: Dynamically stable locomotion classification.

Figure 2.3: The universal planar manipulator [62].
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gravitational drift. Legless locomotion’s interesting features resulting fromthe interplay of contact

constraints and body rotational dynamics are explored in chapter 3. We now present related work in

analyzing locomotion errors and recovery modes.

2.2 Mobile-Robot Error Recovery

Improving the robustness of robotic locomotion requires an understandingof how robotic locomo-

tion fails. But a generic analysis of these problems is difficult, since how a mobile robot fails and

how it recovers depends directly on the specifics of its design, the environment, and an element of

luck. Carlson and Murphy [42] present a survey of how unmanned ground vehicles fail, using infor-

mation from various urban search-and-rescue operations. While stating that mobile-robot reliability

was low, they the list effector and the control system as two primary failure causes.

Most prior work focuses on error diagnosis using high-level reasoning techniques on sensor

data [79] and not on how robots get physically stuck. In this section, we first provide a classification

of mobile-robot errors and then review some novel recovery modes.

2.2.1 Locomotion Error Classification

A robot’s locomotion mode depends on the nature of ground contact and therobot’s dynamics

and can include many types of locomotion gaits (actuation patterns). For example, running and

trotting are gaits that have the following common characteristics: neutral or asymptotic stability,

point contact, direct actuation, and a flight phase. But the robot’s leg-ground contact during each

leg cycle in running is different from those in trotting. Thus, they belong to different locomotion

modes. Similarly, a walking gait for a multi-legged robot with a leg disabled and a walking gait

with all legs functioning belong to different locomotion modes.

We define a locomotion error as an undesired external event that forces a change from one

locomotion mode to another mode. For example, an animal purposely changing from the trot mode

to the running mode is not a locomotion-error, but a multi-legged robot breaking a leg constitutes

an error, since this forces the robot to use a different locomotion mode.

Using these notions of a locomotion mode and a locomotion error, we now provide a classifica-

tion structure for locomotion errors (see Fig. 2.4):

• Level 1 categorizes errors based on whether the cause of the failure isin software or hardware

or whether the error is due to the robot’s circumstances.
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Figure 2.4: Locomotion error classification

• Level 2: Within situational errors, the failure may be due to the presence ofan undesired

contact, the absence of a desired contact, or the presence of a kinematic singularity.

• Level 3: Absence of a desired contact can occur in two ways: either there is no contact at

all (as in the high-centered case), or there is intermittent contact. Intermittentcontact can

occur in a variety of ways; for example, slipping on a partially greased floor, or partially

high-centered robot that has leg-ground contact only at certain bodyconfigurations.

This thesis focuses on locomotion errors due to situations that result in the absence of a desired

contact, such as high-centered robots (no contact) and cars with poor traction. We now briefly

review literature in the area of mobile-robot error recovery.
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2.2.2 Locomotion Error Recovery

There has been some work in finding robot maneuvers that could act as error recovery techniques,

although they are not portrayed as error recovery techniques. Hale et al. [40] present a singly

actuated hopping robot that self-orients itself before propulsion (see Fig. 2.5). Once the robot lands,

it reorients itself in the required direction of motion. Tunstel [76] discussesa genetic programming

approach to finding uprighting maneuvers for a nanorover. The algorithm evaluates the maneuver

quality using the power consumed, the time elapsed, and the percentage of progress made.

While recovery modes allow a robot to return to its stock locomotion mode, the design of some

robots allow some locomotion modes to work even after an error. For example,researchers at

Carnegie Mellon have developed a highly maneuverable robot called Spinner [1] that has an actuated

suspension and can operate even when inverted. RHex can walk upside-down also, but uprighting is

useful when RHex uses automatic vision to navigate. Saranli [69] presents back-flips as a technique

for ‘uprighting’ RHex (see Fig. 1.2).

Fujiwara et al. [36] explore safe falling techniques for humanoid robots.A safe falling technique

is important because a humanoid robot’s center of gravity is typically high, and sensitive objects

like cameras and motors can be damaged during a fall. The key idea they use isto minimize the

robot’s vertical velocity, and hence the impact force, by taking advantage of the angular momentum

conservation principle. This is achieved by first shortening leg length to minimize the gravitational

moment on the body and then extending the leg to minimize angular velocity. This ultimately

minimizes

In contrast, four legged robots like the AIBO [5] are not significantly damaged when they fall

down while walking, since their center of gravity is low. In fact, they are used in robotic soccer

games [78], and one of the “kicking” strategies is to hit the ball with the head,by splaying the front

legs and falling forward. After falling the robots recover using a stand-up maneuver.

An interesting open problem is understanding the severity of a locomotion error and deciding

on whether to use a recovery technique. The robot may also have to choose the appropriate recovery

mode to use based on circumstances.

2.3 Dynamics Systems Modeling Techniques

Finding the dynamic and kinematic models that truly represent a robot’s motion is essential for

developing the right control techniques. We now give a glimpse of the range of modeling techniques

that have been used for different mobile robots. We show through our work that such structured
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Figure 2.5: A single degree of freedom hopping robot that self-orientsitself before propulsion
(Courtesy: Caltech/JPL).

modeling techniques help understand complex error-recovery problems also.

Legless locomotion, the primary locomotion mode this thesis explores, involves theinterplay

between body roll-pitch-yaw attitude dynamics and kinematic nonholonomic contact constraints.

Numerous investigators have studied dynamic systems with constraints using Lagrangian dynam-

ics [30] or the energy-momentum method. Lewis et al. [48] study the constrained mechanics of

the constant-inertiasnakeboard(see Fig. 2.6), a modified version of a skateboard in which wheel

directions can be controlled. The snakeboard rider locomotes by twisting his/her body back and

forth, while simultaneously moving the wheel-directions with a suitable phase relationship. Lewis

et al. present numerical simulations of snakeboard locomotion using characteristic wheel motions

and discuss a framework for studying mechanical systems with constraints ina coordinate-free

form. Zenkov et al. [83] discuss the energy-momentum method for controlof dynamic systems

with nonholonomic constraints such as the rattleback, the roller racer, and the rolling disk. After

identifying system symmetries, Zenkov et al. use momentum equations to analyzethe system. We

use the Lagrangian method to study RRRobot’s dynamics.

While RRRobot’s body spatial position and orientation (called thefiber space[22]) are not

directly controlled, its leg configuration (called thebase space) is controllable. Ostrowski [59]

presents a general framework for studying systems where the fiber space can be represented as a

group. Since only the base space is actuated, Ostrowski finds aconnectionrelating the base space

velocities to the fiber velocities. While Ostrowski focusses on systems with constant inertias, simple

constraints, and no gravitational drift, such as the snakeboard and the Hirose snake, RRRobot has a
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Figure 2.6: The snakeboard.
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spherical contact with the plane, a configuration-dependent inertia, and gravitational drift. Thus, it

is unclear if Ostrowski’s framework can be extended to encompass RRRobot behavior.

RRRobot locomotes by rolling its round body on the planar surface. The curvatures of the two

surfaces and the type of contact between the two surfaces determine the kinematic constraints and,

consequently, the relative motion between the two bodies. Montana [55] derives the equations of

motion for the contact point between two moving rigid bodies using differentialgeometry. Camicia

et al. [26] provide an analysis of the nonholonomic kinematics and dynamics of theSphericle[21], a

hollow ball driven on a planar surface by an unicycle placed inside. Bhattacharya and Agrawal [20]

present a spherical rolling robot that locomotes using two orthogonal rotors placed inside. They

derive driftless equations of motion using the conservation of angular momentum and the contact

constraints. The Sphericle, Bhattacharya’s robot, and RRRobot havesimilar nonholonomic con-

tact constraints, but RRRobot’s oscillatory body rotations differentiates itsplanar motion (see [57]

and [50] for more details on nonholonomic constraints).

If we ignore RRRobot’s ground contact constraints and assume RRRobot is floating in space, the

problem of controlling RRRobot’s body motion (position and orientation) reduces to simply con-

trolling its body attitude. Fernandes et al. [35] discuss near-optimal nonholonomic motion planning

for coupled bodies using Lagrangian dynamics and the principle of angular momentum conserva-

tion. Modeling a falling cat as two links attached either through an actuated universal joint or an

actuated spherical joint, Fernandes et al. find plans to land a falling cat onits feet from an arbitrary

starting point. RRRobot’s body attitude control is complex because both the hipjoints are aligned.

This results in large reaction forces on the body pitch freedom, while the reaction forces are small

on the body roll and yaw freedoms. Also, the roll and yaw body motions areinduced by the non-

linear effects that arise from a configuration-dependent inertia. It can be shown that by repeatedly

wiggling the legs while exploiting the inertia variances, RRRobot can adjust its orientation. This

contrasts with satellite reorientation using spinning reaction wheels—the inertiasof the satellite

system do not change with rotation of reaction wheels [65], and hence non-aligned reaction wheels

are necessary for complete control.

To isolate the contributions of leg motions and body attitude changes to RRRobot’s translation,

we approximate the RRRobot-on-a-plane model by decoupling the body attitude dynamics from

the contact kinematics (see section 3.5.1 for more details). We also simplify RRRobot’s motion

by decoupling the robot’s non-actuated freedoms. For example, we studythe influence of the leg

motions on the robot’s pitch, roll, and yaw freedoms separately.

This approximate approach of splitting the dynamics from the kinematics is different from the
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Figure 2.7: The Spring Loaded Inverted Pendulum model is used as a template for RHex’s locomo-
tion.

exact kinematic reduction technique of Bullo et al. [23] for mechanical systems with constraints. In

general, it is advantageous to find kinematic reductions, since a kinematically reduced system uses

velocity inputs and is easier to control than a dynamic system with force inputs.But it is unclear if

we can find a kinematic reduction for RRRobot (see section 2.4 for a brief treatment of kinematic

reduction techniques).

Sometimes it is useful to view dynamic systems at a more abstract level by, say,viewing mul-

tiple links as a single link, since this eliminates the complexity of joints and serves as aguide for

control. For example, Full and Koditschek [63] use models called templates derived by eliminat-

ing or combining joints and actuators to understand bipedal locomotion. Similarly,Altendorfer et

al. [10] find evidence for the Spring Loaded Inverted Pendulum template (see Fig. 2.7) in RHex’s

motion, and Schmitt and Holmes [70] propose the Lateral Leg Spring template to study insect lo-

comotion in the horizontal plane. A legless-locomotion template could possibly be aone-legged

model with multiple degrees of freedom (see Fig. 2.8). See section 5.2 for more detail on how the

multi-degree of freedom leg can induce body roll, pitch, and yaw rotations that produce translation.

2.4 Control for Dynamics Systems

Control in robotics may be defined as finding a mapping from the desired robot motion to the

available inputs (see Fig. 2.9). In general, control is easier if there is an input to control each of the

robot’s freedoms (fully actuated) and if the dynamics does not depend onconfiguration. But many

robots are not fully actuated, and the robot’s motion depends on configuration, making control

difficult. Furthermore, this thesis explores control strategies for locomotionerrors that require a

combination of dynamically coupled actuation and direct actuation. We now review related work

in two areas: 1) Planning and control for dynamic systems and 2) Dynamics approximations and

simplifications.
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Figure 2.8: Legless locomotion generic model.

Figure 2.9: The control problem.

Figure 2.10: The RRRobot control problem.
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Figure 2.11: The planar skater.

Planning and Control Techniques for Dynamic Systems

Planning techniques are available for underactuated systems with gravitational drift and no nonholo-

nomic contact constraints, and underactuated systems with nonholonomic contact constraints and

no gravitational drift. With reference to systems with no nonholonomic contactconstraints, Walsh et

al. [39] present a planning strategy for a constant-inertia satellite in spacewith a varying number of

controlled rotors. Walsh and Sastry [80] extend this approach to a multi-linked planar skater, whose

inertia is configuration-dependent (see Fig. 2.11). Fernandes et al. [35] provide a near-optimal plan-

ning technique for a falling cat, and Papadopoulos and Dubowsky [33] state that nearly any planning

technique used for fixed-base manipulators can be used for planning free-floating space manipula-

tors. The key idea in these approaches is to use the angular-momentum conservation principle to

find a kinematic representation of the dynamic system.

We now look at planning for systems with nonholonomic contact constraints and constant iner-

tia, like theSnakeboard[48], and systems with non-holonomic contact constraints and a configuration-

dependent inertia, like the Trikke [71]. As discussed before in section 2.3, the snakeboard is a

variation of the skateboard with controllable wheel directions and a rotor. The Trikke consists of

two rigid links connected by a revolute joint, and each link has a passive wheel at the distal ends.

Both the snakeboard and the Trikke locomote through the interplay of storedrotor momentum and

varying wheel directions. Bullo and Lewis [34] provide planning primitivesfor the Snakeboard

by finding a kinematic representation, while Shammas et al. [71] provide a natural gait generation

strategy using height functions for the snakeboard and the Trikke. We note that RRRobot is in a new

space of dynamic underactuated systems with configuration-dependent inertia, contact constraints,

and gravitational drift. Currently, it is unclear if we can exploit kinematic reductions and height

functions for RRRobot control.

We now review some of the control techniques relevant to the stuck-car problem (see section 1.2
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for an introduction).

The problem of getting robots to escape from a ditch is similar to the well-studied car-hill

problem [75], where the goal is to get a car over a hill by controlling the wheel torques. Many re-

inforcement learning solutions that build momentum through cyclic application of inputs are avail-

able [75][11]. The problem we explore is more complex because of an expanded state and input

space—we can change the car’s mass distribution using the active suspension in addition to control-

ling the robot’s velocity using wheel torques. The expanded state-input space opens the possibility

for the controller to utilize “gaits” that synchronize wheel torques and active suspension forces. Also

we provide intuition into important aspects of the system dynamics such as available traction and

Coriolis effects. In chapter 4, we develop an approximate time-optimal dynamic-programming [46]

solution, but one could also imagine using randomized search techniques [47] to find similar strate-

gies. Such numerical techniques help establish the existence of approximatesolutions.

Our stuck-car work is also related to Spong’s research on swing-up control of an underactuated

revolute-revolute arm [73], where the goal is to swing the arm from the statically stable vertical-

down configuration to the inverted position by “pumping in” energy using feedback linearization.

Representing the wheel rolling in the ditch by a revolute arm and the mass motion on the active

suspension by a prismatic joint, our problem is similar to the swing-up of a fully-actuated revolute-

prismatic arm with dynamic constraints represented by the traction limits.

The automotive industry has extensively studied the use of active suspension to improve ride

comfort; most research assumes that the car mass is supported vertically ona spring-damper system

and develops various control methods to minimize vehicle vibration [29, 28]. Alleyne [9] proposes

using an active suspension to minimize the stopping distance on flat ground bypushing down on

the wheels to extract greater traction limits. This paper contrasts Alleyne’s work by considering

non-flat ground, which induces different dynamics due to Coriolis and centrifugal effects.

System Dynamics Approximations

RRRobot’s dynamically coupled locomotion mode is complex, because of the interplay between

body rotational dynamics and the nonholonomic contact constraints. We decouple RRRobot’s dy-

namics into a set of simplified models that decouple the robot’s motion into its individual freedoms.

Another technique for simplifying the dynamics include linearizing the control system about an

operating point. Even though an approximation, linearization provides insights into many control

systems. Several researchers have linearized a control system’s equations about nominal trajectories

to get insights into a robot’s motion [56, 41]. For example, Laumond [45] gives various linearization
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Figure 2.12: The Yaw model: the body, pivoted at its body center, can freely rotate about the yaw
axis, and the two legs with point masses at the distal ends are actuated.

techniques to control a nonholonomic car-like robot. RRRobot’s dynamics does not lend itself to lin-

earization. While RRRobot’s pitch and roll dynamics can be modeled as linear systems, RRRobot’s

yaw dynamics is inherently non-linear. The non-linearities arising from RRRobot’s configuration-

dependent inertia are essential to produce net body yaw.

Controlling a dynamic system such as RRRobot is difficult because it has gravitational and

velocity-related drift and control inputs that are forces. In contrast, kinematic systems control is

easier since the control inputs are velocities and there is no drift. So it is useful to check if a

dynamic system can bereducedto a kinematic system.

Typically, it is not straightforward to find a kinematic model that completely represents a me-

chanical system. For a generic mechanical system to admit a kinematic reduction, the system must

satisfy certain properties, as expressed in [23]. Bullo and Lynch [24]provide a direct algorithm for

finding kinematic reductions by enforcing the condition that the kinematic systemmust satisfy the

mechanical system’s dynamic constraints at arbitrary time scaling.

It is unclear if a kinematic reduction exists for RRRobot, but we have founda kinematic reduc-

tion for a simplified model, called the Yaw model (see Fig. 3.47), derived by decoupling RRRobot’s

body rotations [12]. An important property of the Yaw model that helps us derive its kinematic

reduction is that the yaw model’s Lagrangian is invariant to yaw rotations, that is, there is asym-

metry. This allows us to plan kinematically for the body’s yaw rotation using velocity inputs for

leg motions. These kinematic plans can then be converted to dynamic plans. Chapter 3 has more

information on the Yaw model and its kinematic reduction.
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2.5 Summary

Our work is at the intersection of three areas: 1) dynamic systems modeling, 2) dynamic sys-

tems control and planning, and 3) mobile robotics. This chapter touches someof the related work,

while maintaining a balance between algorithmic techniques for mechanical systems and exper-

imental mobile-robotics research. We also emphasize that the problems we explore, namely the

high-centered robot problem and the stuck-car problem. have not been explored before and offer

new insights into control for mechanical systems.

We now analyze legless locomotion in Chapter 3.



Chapter 3

Legless Locomotion: Models,

Experiments, and Control

In this chapter, we present a novel locomotion strategy called legless locomotion for high-centered

legged robots. We term a legged robot is high-centered when its legs do not touch the ground;

this is a locomotion error since a legged robot requires slip-free leg-ground contact. We desire a

locomotion strategy that allows us to reach the robot to a situation where it can resume its stock

locomotion mode.

Our work is motivated by our experience with RHex, a hexapod robot. When RHex becomes

high-centered on, say, a cinderblock, its legs become ineffective (because they cannot produce mo-

tion by pushing off the ground). Our initial exploration for escape modes for a high-centered RHex

included any leg motion that excites body rotations and incremental translation.The strategy was to

use such incremental translation until RHex falls off the block, after which RHex’s stock locomo-

tion mode can resume. While random leg swings may induce a high-centered robot to translate, we

desire a structured gait that allows us to control a high-centered robot’smotion and guide it toward

escape.

By carefully analyzing the dynamics and kinematics of high-centered robots, we show in this

chapter that there exists a low dimensional gait structure in the space of leg swings that induce a

high-centered robot to translate. We call this structured locomotion mode "legless locomotion".

Simply put, legless locomotion is a method of translation for high-centered robotsusing small body

rotations induced by leg swings.

To simplify our analysis of legless locomotion, we have constructed a simple robot called The

Rocking and Rolling Robot (RRRobot), a round-bodied legged robot that is always high-centered.

31
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We use a round-bodied robot instead of a flat-bottomed robot like RHex, since a rounded bottom

permits larger body rotations with a rolling contact than a flat bottom; the larger body rotations

can lead to larger translation. Also, even though RRRobot’s leg swings may allow the robot to

completely tumble over or lose contact, we restrict our analysis to leg motions thatinduce small

body attitude oscillations about a stable equilibrium. This is motivated by RHex’s morphology—

RHex’s legs are too light to induce its heavy body to tumble by swinging its legs when high-centered.

Section 1.1 and our ICRA 2004 movie [15] also provide an overview of ourmotivation for legless

locomotion.

We demonstrate legless locomotion through experiments with RHex and RRRobotand simula-

tions and models of RRRobot. We show that out-of-phase leg motions create body attitude oscilla-

tions which, when coupled with the slip-free contact constraints, locomote therobot in the plane.

Furthermore, we show that by varying the leg trajectories, we can controlthe robot’s planar motion.

We present, in section 3.1, The Rocking and Rolling Robot, the prototype high-centered robot

we use to study legless locomotion. In section 3.2, we present a model of RRRobot’s dynamics,

followed by an analysis of RRRobot’s sphere-plane contact kinematics in section 3.3. In section 3.4,

we present, using experiments and simulation, legless locomotion gaits—leg motionsthat induce

RRRobot to translate—followed by an exploration of the range of motions available using sinusoidal

leg trajectories. In section 3.5, we present a set of simplified models that provide insight into legless

locomotion, and show in section 3.6 that the simplified models can be used to develop control for

legless-locomotion.

3.1 An Introduction to The Rocking and Rolling Robot

The Rocking and Rolling Robot (RRRobot) is a hemispherical shell with two short actuated legs (see

Fig. 3.1). RRRobot is always high-centered since its legs never touch theground, and is thus an

unconventional bipedal robot. Note that RRRobot’s morphology is similar to atwo-legged round-

bodied high-centered RHex.

RRRobot’s light legs have reaction masses at their distal ends similar to halteres, the dumbbells

sometimes used by athletes to give impetus in leaping. The battery and processor are attached to

the hemisphere bottom, and we assume the sphere rolls on the plane. RRRobot’smass distribution

is designed so that it behaves as an inverted pendulum, and its body attitude oscillates about its

stable equilibrium damped by ground friction. The goal is to locomote RRRobot inthe plane in its

high-centered state through oscillatory body rotations induced by leg swings.
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Figure 3.1: The RRRobot is a hemisphere with two short actuated legs [16].

RRRobot’s motion structure permits a clean split of the body-ground contactkinematics and the

leg-body rotational dynamics for separate analysis. We exploit this division repeatedly to understand

RRRobot’s complex motion. We first briefly present how the kinematics and dynamics contribute

to RRRobot’s motion, before exploring them deeply in subsequent sectionsof this chapter.

A First Look at RRRobot’s motion

Since we restrict our analysis to leg motions that induce RRRobot to behave like an inverted pen-

dulum, we focus on body attitude oscillations which when coupled with the nonholonomic contact

constraints induce its rounded body to translate in the plane. For example, Fig. 3.2 shows a sequence

of interleaved roll-yaw body rotations that cause a sphere to translate along the X-axis. Similarly,

Fig. 3.3 shows a sequence of interleaved pitch-yaw body rotations that causes a sphere to translate

along the Y-axis. We will see in section 3.3 that the robot translates even if these interleaved body

rotations are replaced with smooth out-of-phase body oscillations with the correct phase relation-

ship. Since RRRobot’s body is spherical, we restrict our analysis to spherical bodies only; a similar

analysis can be performed for any smooth body-ground contact.

Note that body yaw oscillations are a crucial common element of both body roll-yaw and pitch-

yaw oscillations that induce a sphere to locomote. Furthermore, if the sequence of rotations in

Figs. 3.2 and 3.3 are repeated, the robot continues to move in the same direction. Thus, cyclic body

rotations induce RRRobot to translate along a straight line.

One challenge we focus on in legless locomotion is to find the leg trajectories which create the

body attitude oscillations to induce RRRobot to locomote in the plane. We now briefly discuss the

factors influencing RRRobot’s body attitude oscillations and the space of body rotations that can be



34 CHAPTER 3. LEGLESS LOCOMOTION: MODELS, EXPERIMENTS, AND CONTROL

Figure 3.2: Body roll-yaw rotations that produce locomotion. Motions are represented as rotations
about axes attached to the body but aligned with the world coordinate frame.There is a local roll
rotation between positions 1 and 2 and positions 3 and 4; there is a local yaw rotation between
positions 2 and 3 and positions 4 and 5.
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Figure 3.3: Body pitch-yaw rotations that produce locomotion. Motions are represented as rotations
about axes attached to the body but aligned with the world coordinate frame.There is a local pitch
rotation between positions 1 and 2 and positions 3 and 4; there is a local yaw rotation between
positions 2 and 3 and positions 4 and 5.



36 CHAPTER 3. LEGLESS LOCOMOTION: MODELS, EXPERIMENTS, AND CONTROL

induced through leg swings.

Since there are no kinematic constraints between RRRobot’s legs (the actuated appendages) and

the ground (the environment), the internal dynamics (the shape changes defined by leg motions) and

gravitational drift define RRRobot’s body roll, pitch, and yaw dynamics. RRRobot body roll and

pitch attitude motions behave as an inverted pendulum forced by the leg motions,and the body pitch

and roll static equilibrium configuration is determined by leg configuration. For example, if the legs

are in the vertical configuration, the stable body pitch configuration is the zero pitch configuration;

and if the legs are offset from the vertical, the robot’s stable pitch configuration is offset in the

direction of leg offset. Ground friction provides the damping to bring body pitching and rolling to a

stop at the stable configuration.

In contrast to the inverted pendulum behavior of RRRobot’s body roll and pitch motions, its

yaw configuration is stable, since gravity does not produce any moment about the vertical Z-axis.

Body yaw rotations are induced through the reaction forces produced by leg motions only, and the

conservation of angular momentum principle provides insight into RRRobot’sbody yaw dynamics.

For example, if the two legs moveπ out-of-phase with each other, they cause the robot body to yaw.

This contrasts with zero phase-difference leg motions that produce no net motion. So, by choosing

the correct leg phase difference, we can produce body yaw oscillations.

In addition to leg motions that induce body yaw oscillations, there exist cyclic legmotions

that exploit inertia differences to induce net yaw. Producing net body yaw is important because it

allows us to control the curvature of robot’s path. As the body pitch-yaw oscillations induce linear

translation, any net body yaw causes the robot’s path to curve. We discuss RRRobot’s body yaw

dynamics in section 3.5

Finally, the direct alignment between RRRobot’s pitch motions and the hip joints produces

large-amplitude body pitch rotations when compared with body roll rotations. So the influence of

body roll oscillations on RRRobot’s motion is comparatively small.

This brief analysis shows that by carefully choosing leg motions, we can induce RRRobot’s

body roll, pitch, and yaw attitude to oscillate and the body’s net yaw configuration to change. Such

body attitude oscillations when coupled with the contact constraints offers a structured locomotion

mode for a high-centered robot. We now formally explore RRRobot’s dynamics using Lagrangian

methods.
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3.2 RRRobot Dynamics Model

We begin studyinglegless locomotionby modeling RRRobot on a plane. The RRRobot-on-a-plane

model is a hemispherical shell with two short actuated legs sitting on a plane (see Fig. 3.1). The

massless shell has radiusr, and the massless legs have lengthl . There are five masses on the

robot: a mass at the distal end of each leg (representing reaction massesMl ), a mass where each leg

is pinned (representing servo massMs), and a mass at the bottom of the shell (representing battery

and processor massMb). Torquesτ1 andτ2 may be applied at the leg joints, the shell rolls on the

plane without slip, and gravity induces natural roll and pitch oscillations.

RRRobot’s configurationqrr consists of the sphere’s position and orientation(x,y,R) with re-

spect to a spatial frame and the internal configuration of its legs(φ1,φ2). We also refer to RRRobot’s

internal configuration as the robot’sshape. HereR= R(θy,θp,θr) ∈ SO(3) represents the sphere’s

orientation according to the yaw-pitch-roll body-fixed angle convention [30]. Thus,

qrr = (x,y,R(θy,θp,θr),φ1,φ2)
T ∈ R

2×SO(3)×S
1×S

1. (3.1)

The equations of motion for RRRobot on a plane can be derived using Lagrangian dynamics [30]

and take the form

M(qrr )q̈rr +C(qrr , q̇rr )q̇rr +G(qrr ) = τ+(λ1ω1)T +(λ2ω2)T +ζrr , (3.2)

ω1q̇rr = 0, (3.3)

ω2q̇rr = 0, (3.4)

ω1 = (1,0,0,−r cosθy,−r cosθpsinθy,0,0), (3.5)

ω2 = (0,1,0,−r sinθy, r cosθr cosθy,0,0), (3.6)

whereM(qrr ) ∈ R
7×7 is the positive-definite non-diagonal configuration-dependent mass matrix,

C(qrr , q̇rr )q̇rr ∈ R
7 is the vector of Coriolis and centrifugal terms,G(qrr ) ∈ R

7 is the vector of

gravitational terms, andτ = (0,0,0,0,0,τ1,τ2)
T is the generalized force. The generalized forceτ

indicates that only the legs are actuated.

The sphere-plane no-slip contact constraints [55] are defined by (3.3) and (3.4). The one-forms

in (3.5) and (3.6) define the directions in configuration space along which the tangential contact

forces act. The symbolsλ1,λ2 ∈R represent the magnitudes of the contact constraint forces, andζrr

represents viscous damping. Note that we bundle all body-ground contact losses, including dry and
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viscous friction, intoζrr .

Note that RRRobot’s equations of motion are complex (over one hundred terms) and understand-

ing the contribution of various elements like robot shape, mass distribution, and control choices is

difficult. So we discuss RRRobot’s motion by splitting it into two parts: the sphere-plane contact

kinematics and the leg-body dynamics. We now discuss RRRobot’s contact kinematics.

3.3 Sphere-plane contact kinematics

In this section, we study RRRobot’s sphere-plane contact kinematics [55]independent of the leg-

body dynamics. The nonholonomic sphere-plane contact constraints given by (3.3) and (3.4) de-

fine the relationship between body orientation changes (defined in a body-fixed frame) and planar

translation. For example, if the robot’s body pitch configuration changes while body roll and yaw

configuration are zero, the robot translates along the X-axis. Similarly, if the robot’s body roll con-

figuration changes while body pitch and yaw configuration are zero, the robot translates along the

Y-axis. However, body yaw rotations produce zero translation, but change the robot’s planar orien-

tation. Note that elements 6 and 7 inω1 andω2 are zero, indicating that leg configuration does not

contribute to the contact kinematics.

The constraints in (3.3) and (3.4) are identical for any sphere rolling on aplane, but RRRobot’s

inverted pendulum behavior and the resulting oscillatory body rotations distinguish its planar mo-

tion. First, since we are specifically interested in RRRobot’s net translation,we characterize

RRRobot’s translation speed and direction using its net motion over a body rotation cycle and not

its instantaneous state. Thus, even if RRRobot’s body attitude oscillations cause it to deviate from

its average path, we only use its net translation over a cycle to characterizeits speed and direction.

Second, since the contact constraints are non-integrable [55], we do not have an algebraic relation-

ship between net translation and cyclic body rotations. This implies that a numerical analysis is

required to understand the contact point’s net motion for different bodyattitude trajectories.

An important concept in robotics is the space of configurations a robot can reach. For example,

can RRRobot reach any point in the plane using small body-attitude oscillations? We now use

specific examples to show that the contact constraints in (3.3) and (3.4) allowfull planar accessibility

by choosing different body-rotation trajectories. Since we are interested in the net planar translation

over each cycle of RRRobot’s body attitude oscillation, we restrict our analysis to the influence of

body attitude oscillation amplitude and phase on RRRobot’s translation. Note thatbody attitude

oscillation frequency only time-scales the path, while body attitude offset does not influence the
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Figure 3.4: The path taken by a sphere rolling on a plane changes with bodyattitude trajectory. The
figure shows how the contact point evolves over one cycle for different pitch-yaw phase relation-
ships, given byθr = 0,θp = sin(t), andθy = sin(t +βy).

sphere-plane contact geometry.

Fig. 3.4 shows that net contact-point displacement is restricted to the Y-axisfor various unit-

amplitude sinusoidal body pitch-yaw phase relationships (with zero body roll). Even though the

contact point’s X-coordinate oscillates because of the body pitch oscillations, the net displacement

along the X-axis is zero. A similar relationship exists between net X-axis displacement and various

body roll-yaw phase relationships (with zero pitch). With reference to legless locomotion, this

simple analysis alludes to the body rotations that the leg motions must create to induce the robot to

move in a specific direction; for example, to induce RRRobot to translate alongthe Y-axis, we need

to find the leg motions that induce body pitch-yaw attitude oscillations.

Note that the net planar displacement is maximum when the body pitch-yaw (seeFig. 3.5) or

roll-yaw phase difference isπ/2 and is zero when pitch and yaw or roll and yaw are in phase orπ
out-of-phase. This implies that there is an optimal choice of body rotation phase relationships that

induce maximum translation for each cycle of body rotation. Thus, for legless locomotion, it is

advantageous to find the leg motions that induce body rotations with the phase relationship that

produces maximum translation for each leg-motion cycle. We explore in section3.4.2 the space of

body attitude oscillations RRRobot’s leg motions can produce.
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Figure 3.5: Translation magnitude as a function of body yaw phase (for a given pitch oscillation
trajectory and zero roll) for a sphere (radius 0.12 m).

If body rotations are non-zero along all three axes, namely the body roll,pitch, and yaw axes,

translation in any direction is possible. Fig. 3.6 shows translation direction as afunction of the

phase of sinusoidal roll and yaw oscillations with respect to pitch oscillationsover each cycle. For

the same amplitude of roll, pitch, and yaw rotations, the translation direction continuously varies

with the relative phase difference between body roll and yaw rotations and body pitch and yaw

rotations. For example, if the pitch-yaw phase difference is close toπ/2 and the roll-yaw phase

difference is close to zero, then the translation direction aligns closely with theY-axis. Conversely,

if the roll-yaw phase difference is close toπ/2 and the pitch-yaw phase difference is close to zero,

then the translation direction aligns closely with the body-fixed X-axis.

Note that the translation magnitude changes with the relative body rotation phase also. Fig. 3.7

shows the translation magnitude as a function of roll and yaw phases for fixed pitch phase.

Translation direction varies as a function of roll and pitch oscillation amplitudesalso (see

Fig. 3.8). As body roll amplitude increases relative to body pitch amplitude, translation direction

shifts from the body-fixed Y-axis. Connecting back to legless locomotion, we note that RRRobot’s

body pitch rotations are larger than its body roll oscillations, because its hip joints are aligned with
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Figure 3.6: Translation direction for a sphere (radius 0.12 m) on a plane after one cycle in body-
rotation space given byθr = sin(t +βr),θp = sin(t), andθy = sin(t +βy).

Figure 3.7: Translation magnitude for a sphere (radius 0.12 m) on a plane after one cycle in body-
rotation space given byθr = sin(t +βr),θp = sin(t), andθy = sin(t +βy).
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Figure 3.8: Translation direction for a sphere (radius 0.12 m) on a plane after one cycle in body-
rotation space given byθr = Ar sin(t +π/2),θp = sin(t), andθy = Aysin(t +π/4).

Figure 3.9: Translation magnitude for a sphere (radius 0.12 m) on a plane after one cycle in body-
rotation space given byθr = 0,θp = sin(t), andθy = aysin(t +π/4).

the body pitch axis. This indicates that RRRobot’s predominant translation direction is along its

body fixed Y-axis.

Also, translation magnitude depends on roll-pitch-yaw oscillation amplitudes. Inparticular,

Fig. 3.9 shows how translation magnitude changes with yaw amplitude for a given pitch trajectory

and zero roll oscillations.

Thus, by varying the body attitude phase and amplitude relationships, a sphere canrock and roll

along any direction. The important fact here is that translation direction is fixed for a given phase
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Figure 3.10: Contact-point time history for a sphere (radius 0.12 m) on a plane starting from the
origin for the body-rotation phase relationship given byθr = θp = 0.15sin(8t), andθy = 0.1t +
0.15sin(8t +π/2). The arrows indicate robot yaw orientation.

and amplitude relationship; that is, cyclic body attitude oscillations causes the robot to translate

along a fixed direction.

So what body rotations cause the robot’s path to curve? We get curved paths when the body

yaw configuration drifts in addition to body pitch-yaw or roll-yaw oscillations.Fig. 3.10 provides an

example of how translation curves when body yaw drifts—the robot moves ina circle. Furthermore,

translation curvature increases with yaw drift rate—the circle radius becomes smaller.

Note that while we use sinusoidal body rotations to illustrate the contact kinematics, RRRobot’s

body attitude oscillations created by the leg motions are not necessarily sinusoidal. Also, even

though the contact kinematics permit translation in any direction for differentbody attitude trajecto-

ries, RRRobot’s leg-body dynamics limits the range of locomotion. For example,since RRRobot’s

roll amplitudes are small compared with body pitch oscillation amplitudes, translationalong the

body-fixed Y-axis dominates translation along the body-fixed X-axis. Similarly, the limited body

roll-pitch-yaw phase relationships produced by the leg dynamics limit translation velocities. How-

ever, curved translation is possible since we can produce varying body-yaw drift rates using different

leg trajectories (see section 3.5.2 and [16]). A challenge in legless locomotionis to find the leg mo-

tions that produce the body rotations to induce the desired translation. We now explore gaits for

legless locomotion that allow full planar accessibility.
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3.4 Legless Locomotion Gaits

This section presents leg motions that induce RRRobot to translate through theinterplay of RRRobot’s

body attitude oscillations and the contact constraints. Many candidate leg motions, such as aperi-

odic and non-smooth trajectories, exist but we restrict our analysis to sinusoidal leg trajectories for

simplicity.

We choose leg trajectories of the formasin(ωt + β)+ γ, wherea represents the leg amplitude,

ω the leg angular frequency,β the leg phase difference, andγ the leg offset. We mainly study

the influence of leg offset and leg phase difference on RRRobot’s translation, while fixing the leg

amplitude and frequency.

We choose leg oscillation amplitudes that keep body oscillation amplitudes small to minimize

body-ground contact slip. We set leg oscillation frequency slightly greater than the natural oscil-

latory frequency to excite reasonable amplitude body attitude oscillations. We avoid high and low

frequency leg oscillations, since the body motions induced by such leg motionsdo not exhibit the

slip-free rocking and rolling behavior we are interested in exploring.

In all our experiments, the robot starts from rest at the origin with the legs inthe vertical position,

and a PD controller tracks the desired leg trajectories. The robot has no feedback about its global

position and body orientation and runs open loop.

We now present results from experiments with a tethered RRRobot and an untethered RRRobot,

focused on studying legless locomotion’s gaits. We simultaneously compare theexperimental re-

sults to those from simulation (using RRRobot’s equations of motion in (3.2)). Insection 3.4.2, we

then analyze using simulation the range of planar translations that RRRobot’sleg motions allow.

3.4.1 Demonstrating Legless Locomotion Using Experiments andSimulation

Our legless locomotion experimental set-up consists of two versions. The first version has a sus-

pended tether providing servo power and control signals. The secondversion is autonomous with

the controller and power supply on-board, thus eliminating disturbances from the tether. We ex-

plore the influence of varying the leg offsets on RRRobot’s planar translation, while keeping leg

frequencies, leg phase difference, and leg amplitude fixed.

We use the following parameter values: servo massMs = 0.053 kg, leg reaction massesMl =

0.057 kg, leg lengthl = 0.1 m, and gravityg= 9.81 m/s. Note that RRRobot’s motion is particularly

sensitive to mass distribution differences and ground traction, since RRRobot’s motion relies on

slip-free contact and small inertia differences arising from leg swings. We ensure that these effects
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are not overwhelmed by the larger body pitch oscillations and body-ground slip.

With only the servos hinged on the body, we can control the untethered RRRobot mass dis-

tribution carefully, but must ensure that the disturbances from the tether are small. The tethered

RRRobot’s radius is 0.12 m, and battery and processor are modeled with weightsMb = 0.3 kg. The

untethered RRRobot presents a different challenge—while the robot is autonomous, its mass distri-

bution must be carefully tuned using weights to ensure symmetry, since the processor and battery

weight is fixed to the hemisphere bottom. The untethered RRRobot’s radius is 0.15 m, and battery

and processor mass isMb = 0.168 kg.

We explore individual gaits in the tethered version, while we explore gait transitions in the

untethered version. In both versions, we keep body oscillations small to minimize wheel-ground

slip. This is required for proper comparison with the simulation results, which assume slip-free

body-ground contact.

We develop our simulation in Mathematica [2]. While we can model many of legless locomo-

tion’s parameters like RRRobot’s mass distribution, the body shape, and the leg trajectories, the

body-ground traction losses are difficult to model. For example, when RRRobot is released from

a non-zero body pitch or roll configuration and allowed to oscillate freely without leg swings, the

oscillation amplitude decreases with time, indicating that the robot loses energy when rolling on the

ground. Also, if RRRobot is spun about its contact point (that is the robot yaws in the plane), the

robot stops rotating after some time. This is again because the robot loses energy when spinning

about its contact point.

The energy losses when RRRobot rolls on the ground or spins about thecontact points arise

from a combination of dry and viscous friction. Dry friction results from body-ground slip, while

viscous friction results from the body-ground rolling and aerodynamic interaction.

Dry friction is easy to model using, say, a Coloumb friction model, but makes RRRobot’s dy-

namics more complex when included. This is because RRRobot’s dynamics becomes hybrid; that

is, RRRobot’s dynamics transitions between two models depending on whetherthe traction forces

exceed the friction cone—one model when the body slides on the ground (traction forces exceed

the friction cone, and there is energy loss), and another when the body rolls on the ground (traction

forces inside the friction cone, and there is no energy loss). Since this thesis focuses on under-

standing RRRobot’s novel coupled motion and not on modeling the contact between two smooth

surfaces, we ignore dry friction in our RRRobot simulation, and bundle allthe body-ground contact

losses into viscous damping coefficients. Furthermore, this implies that we do not model differences

between static and dynamic friction also.
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We model viscous damping losses as being proportional to configuration velocities and may be

included without resorting to hybrid models. We choose viscous damping coefficients that permit

a qualitative comparison between RRRobot’s motion in experiment and simulation. However, our

choice of ignoring dry friction losses results in differences between simulation and experiment.

RRRobot’s Linear And Curved Translation Gaits

In this section, we explore RRRobot’s linear and curved translation gaits individually using simula-

tions and experiments with the tethered RRRobot. We explore two specific versions of the sinusoidal

gait: in Gait 1, the legs oscillate about the vertical position (offsetπ/2), and in Gait 2, the legs os-

cillate about a positionπ/4 off the horizontal in Gait 2. The leg amplitude is set to 0.3 rad and leg

angular frequency to 7.5 rad/s. The experiments and simulations run for one hundred seconds, and

an overhead camera tracks the robot-ground contact point’s motion.

Gait 1 produces translation along the Y axis (see Fig. 3.11) by inducing body pitch-yaw oscilla-

tions and negligible body roll rotations. The robot translates at about 2.5 mm/sec in experiment and

about 8 mm/sec in simulation.

Gait 2 produces counter-clockwise circular translation (see Fig. 3.12) due to a combination of

body pitch-yaw oscillations, body yaw drift, and small roll oscillations. The robot covers half a

circle in experiment and simulation, translating at about 2.5 mm/sec and turning atabout 1.5◦/sec.

In both gaits, swapping the relative phase between the two legs produces translation in the opposite

direction. The initial transients produced by ramping the legs from rest into the desired trajectories

are visible in experiment and simulation and dampen out after a few cycles.

Our experience indicates that gaits with leg offset close to the horizontal (0, π) are not reliable.

This is because as the leg offset gets closer to the horizontal, the body pitchoscillations become

smaller and the body roll oscillation amplitudes are too small to overcome ground traction losses.

Thus, RRRobot’s translation becomes very small and loses its characteristicpitch-yaw oscillatory

rotations.

We thus focus on gaits with offset betweenπ/4 and 3π/4 (45◦ either side of the vertical).

The robot’s paths in simulation and experiment match qualitatively. In particular, the path cur-

vature in simulation and experiment match well—the robot translates linearly (curvature zero) in

gait 1, while it curves with radius approximately 0.1 m in gait 2. While the robot’stranslation ve-

locity in gait 2 compares well between experiment and simulation, the robot’s translation velocity

in gait 1 is smaller in experiment than in simulation.

The difference in gait 1’s translation velocity between experiment and simulation is probably
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Figure 3.11: Planar plots of contact-point time history during sideways locomotion produced by
Gait 1 in RRRobot-on-a-plane simulation and RRRobot-on-a-plane experiment. The solid arrow
gives robot motion direction, and the dotted lines indicate the robot position atthe specified time.
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Figure 3.12: Planar plots of contact-point time history during counter-clockwise circular locomotion
produced by Gait 2 in RRRobot-on-a-plane simulation and RRRobot-on-a-plane experiment. The
solid arrow gives robot motion direction, and the dotted lines indicate the robot position at the
specified time.
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due to errors in modeling ground friction. Body-ground friction involves acombination of dry fric-

tion (Coulomb friction) and viscous friction (velocity dependent). These elements impede motion

by dissipating the system’s energy. Since we bundle all the ground friction effects into viscous

friction in simulation, some discrepancy between experiment and simulation exists.

For example, in simulation, we assume that the robot can freely yaw about thecontact point with

a little viscous damping. Also, simulation does not include dynamic and static frictioneffects. In

experiment, however, the body cannot freely yaw due to a combination of dry and viscous friction.

This causes the robot’s back-and-forth planar motions to be more closely spaced in experiment than

the back-and-forth motions seen in simulation.

This effect is particularly severe for gait 1, because the translation produced by gait 1 is a result

of the body-pitch oscillations, and the body is required to yaw when the bodypitch and roll velocities

are zero. The static friction at the extreme pitch and roll configurations impedes body yaw motion.

This effect is smaller in gait 2, since the robot rolls, pitches, and yaws simultaneously. Thus, the

pitch-roll velocity is never zero and the dynamic friction does not impede yaw rotations as much as

static friction. This effect is apparent in the spacing between RRRobot’s back-and-forth paths in the

plane—the paths are closely spaced in gait 1, when compared to the paths in gait 2. This difference

in ground resistance to yawing at a point is similar to the relative difficulty of turning a car’s steering

wheel when the car is stationary when compared to turning the car’s steering wheel when the car is

moving.

There are many parameters in legless locomotion, namely the body shape, the leg trajectories,

the mass distribution, and body-ground friction and slip. We have mostly eliminated differences

between experiment and simulation in all these parameters except in body-ground friction and slip,

since modeling body-ground friction is difficult. Our simulations bundle all losses into the viscous

damping coefficients by setting viscous dampingζrr to

ζrr = (−0.6ẋ,−0.6ẏ,−0.05θ̇r ,−0.0045̇θy,−0.01θ̇p,−0.01φ̇1,−0.01φ̇2)
T . (3.7)

Note that the viscous damping coefficients in the translation and rotation freedoms are coupled.

For example, the damping losses along theY axis are related to the damping losses along the pitch

axis, but it is difficult to find the exact mapping between the losses in each freedom. We choose

damping coefficients to provide a qualitative comparison between the robot’smotion in experiment

and simulation.

In summary, since legless locomotion is a dynamically coupled locomotion mode where the
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Figure 3.13: Studying gait transitions in legless locomotion: the offset of the sinusoidal gaits change
from π/2 to 5π/8 to π/2 and then to 3π/4.

dynamic effect of the leg swings is transferred through the contact geometry to produce motion, the

losses are larger and more difficult to model when compared with a conventional locomotion mode

like walking. Given that legless locomotion is an unconventional locomotion modedesigned for

locomoting a high-centered robot and that legless locomotion is slow anyway,we believe that the

difference in translation velocities between experiment and simulation is not significant.

We now present experiments and simulation to explore gait transitions for RRRobot.

RRRobot Gait Transitions

While we presented an individual analysis of RRRobot’s linear and curved translation gaits in the

previous subsection, we now present an analysis of RRRobot’s behavior when its gaits are se-

quenced. In particular, we use computer simulations and experiments with an untethered RRRobot

to study how leg trajectory transients affect RRRobot’s translation when changing from a linear

translation gait to a curved translation gait and vice versa. We use sinusoidal leg trajectories (am-

plitude 0.65 rad, phase differenceπ/2, and frequency 7.5 rad/s) with the following sequence of leg

offsets (see Fig. 3.13): leg offsetπ/2 for eighty cycles (linear translation, period 1), leg offset 5π/8

for forty cycles (curved translation, period 2), leg offsetπ/2 for eighty cycles (linear translation,

period 3), and leg offset 3π/4 for forty cycles (curved translation, period 4). Smooth transitions

from one gait to another are executed inside ten cycles. A Vicon motion-capture system [7] tracks

the motion of the robot body (six markers on the hemisphere rim) and the legs (two markers on

each leg) at 120 frames/sec. The motion-capture data permits us to performa complete geometric

analysis of RRRobot’s motion.

Fig. 3.14 shows the time history of planar translation in experiment, and Fig. 3.15shows the

time history of planar translation in simulation. Since RRRobot runs open-loop,the robot drifts

from the expected path in experiment due to unmodeled disturbances and transients. This is seen
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particularly in the periods where the robot is supposed to translate linearly (periods 1 and 3). Note

that such drift can be corrected with feedback using computer vision or inertial sensors.

The robot’s planar path in experiment and simulation match qualitatively. But one difference is

RRRobot’s slow linear translation velocity in experiment when compared with its velocity in sim-

ulation. We attribute this to the errors in ground traction modeling (as discussedin the previous

subsubsection). RRRobot’s linear translation gait experiences significant dry ground friction, which

is difficult to model. Since we bundle dry and viscous ground friction into viscous damping coeffi-

cients in our simulations, differences between RRRobot’s translation in experiment and simulation

are inevitable, and we notice this in the linear translation gait. We also notice that the transients

dampen out more quickly in simulation than in experiment. The important point fromFigs. 3.14

and 3.15 is that RRRobot can translate with variable curvature and has complete planar accessibility

using different leg trajectory offsets.

In addition to measuring RRRobot’s planar translation, the motion capture data allows us to

quantify RRRobot’s body rotations and leg motions seen in our experiments and simulations.

Figs. 3.16 and 3.17 show the leg trajectories executed during the experiment.The change in leg

offsets fromπ/2 to 5π/8 to π/2 and then to 3π/4 between the periods is evident. Fig. 3.18 shows

the leg phase differences during each of the periods; while we expect tosee circles because the

commanded leg trajectories areπ/2 out-of-phase with each other, the distorted circles indicate that

there are errors in tracking the commanded leg trajectories.

Fig. 3.19 shows the time history of body pitch rotations in experiment, while Fig. 3.20 shows

the time history of body pitch rotations in simulation. In both experiment and simulation, the mean

body pitch configuration during periods 2 and 4 are different from those in periods 1 and 3, since the

leg offsets are different and gravity causes the robot to lean (pitch) in the offset direction. However,

while the mean pitch configuration during periods 1 and 3 is zero in simulation, therobot pitch

configuration is offset from the vertical in experiment due to small leg position and mass distribution

errors in RRRobot. This causes RRRobot to translate along a curve during periods 1 and 3 in

experiment, rather than along a straight line. Also, the pitch offset transients take longer to dampen

out in experiment than in simulation. For example, the transients during period 3dampen out slowly

in experiment, causing the body pitch oscillations to slowly settle into the limit cycle. This causes

the translation path to curve during period 3 before settling into a linear translation path.

There is a strong similarity in RRRobot’s body yaw motion between the experimentand simula-

tion (see Figs. 3.21 and 3.22), except during period 3 when the body pitchtransients take a long time

to settle. RRRobot translates linearly during period 1 and curves during periods 2 and 4. Simply
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Figure 3.14: Untethered RRRobot experiment: planar translation.

Figure 3.15: RRRobot simulation: planar translation.
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Figure 3.16: Untethered RRRobot experiment: leg 1 trajectory. The dotted lines indicate leg offset
position.

Figure 3.17: Untethered RRRobot experiment: leg 2 trajectory. The dotted lines indicate leg offset
position.
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Figure 3.18: Untethered RRRobot experiment: phase relationship betweenleg motions during each
period.
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Figure 3.19: Untethered RRRobot experiment: body pitch trajectory. The dotted lines indicate body
pitch offset position.

put, RRRobot’s translation curves in the direction the robot leans.

Figs. 3.23 and 3.25 show the relationship between RRRobot’s body pitch andyaw rotations dur-

ing period 1 and period 4 in experiment, while Figs. 3.24 and 3.26 show the relationship between

RRRobot’s body pitch and yaw rotations during the same periods in simulation. First, we note

that the body pitch and yaw rotations are out-of-phase with each other in period 1, as evidenced

by the non-zero area under the curve. As presented in section 3.3, such out-of-phase body atti-

tude oscillations when coupled with the nonholonomic contact constraints produce net translation;

this compares well with the linear translation induced by body pitch-yaw oscillations in Fig. 3.4.

Second, we note that body yaw configuration drifts during period 4, dueto the out-of-phase leg

oscillations offset from the vertical. Body yaw drift combined with body pitch-yaw oscillations

induces RRRobot’s translation to curve. This compares well with the example seen in Fig. 3.10

where body yaw drift causes the robot to locomote in a circle. Third, we note that the pitch-yaw

body rotations are not identical in simulation and experiment due to modeling errors. In simulation,

the yaw oscillation amplitude is bigger; also the pitch-yaw phase relationship is closer toπ/2 in

experiment than in simulation.

Fig. 3.27 shows the time history of body roll rotations in the experiment. Note thatthe roll-

oscillation amplitudes are significantly smaller than the pitch oscillation amplitudes and have small
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Figure 3.20: RRRobot simulation: body pitch trajectory. The dotted lines indicate body pitch offset
position.

Figure 3.21: Untethered RRRobot experiment: body yaw trajectory.
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Figure 3.22: RRRobot simulation: body yaw trajectory.

Figure 3.23: Untethered RRRobot experiment: phase relationship betweenpitch and yaw rotations
during period 1 (t ∈ [37.5,41.7] seconds).
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Figure 3.24: RRRobot simulation: pitch-yaw phase relationship during period 1 (t ∈ [20,30] sec-
onds).

Figure 3.25: Untethered RRRobot experiment: phase relationship betweenpitch and yaw rotations
during period 4 (t ∈ [208,225] seconds).
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Figure 3.26: RRRobot simulation: pitch-yaw phase relationship during period 4 (t ∈ [180,210] sec-
onds).

Figure 3.27: Untethered RRRobot experiment: body roll oscillations.

impact on RRRobot’s translation direction. The small roll oscillations are important though in the

curved translation gaits (as discussed in the previous subsubsection).

We also scanned RRRobot’s body curvature to see if the plastic hemispheredeforms with the

weight, since body deformations near the contact point influence the contact kinematics. In the

nominal operating configuration, the sphere radius is 0.156 m, whereas thesphere in an inverted

configuration has radius 0.162 m (we fit a sphere to a set of points using Chang and Pollard’s
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code [27]). Note that we assume sphere radius is 0.15 m in our simulations. Despite the discrepan-

cies in robot radius, the planar paths traversed in simulation and experimentqualitatively match.

Our simulations model ground traction by setting viscous dampingζrr to

ζrr = (−2.0ẋ,−2.0ẏ,−0.01θ̇r ,−0.004θ̇y,−0.01θ̇p,−0.01φ̇1,−0.01φ̇2)
T . (3.8)

Note that these damping parameters are different from those used in simulating the smaller radius

RRRobot (as discussed in the previous subsubsection), since the ground traction losses differ be-

tween the two cases. Again, note that the translation and rolling damping coefficients are coupled,

and it is difficult to find the exact mapping between the losses in different freedoms. We note that

the damping coefficients only approximate the ground traction forces seen inexperiment to find a

qualitative agreement between the robot’s translation in experiment and simulation.

Finally, note that the large ground friction forces in experiment (and modeled using viscous

damping in simulation) cause RRRobot to move slowly. In the following section, wepresent sim-

ulation results with lesser viscous damping to model slip-free body-ground contact. As expected,

this allows RRRobot to translate faster.

3.4.2 Exploring Legless Locomotion Capabilities Using Simulation

In this subsection, we explore using simulation the full range of motions available to RRRobot by

varying its leg trajectories. We use the following parameter values: servo mass Ms = 0.053 kg,

leg reaction massesMl = 0.057 kg, battery and processor massMb = 0.3 kg, sphere radiusr =

0.12 m, leg lengthl = 0.1 m, and gravityg = 9.81 m/s. We use leg amplitude 0.3 rad and leg

frequency 8 rad/s and set viscous damping to

ζrr = (0,0,−0.01θ̇r ,−0.01θ̇y,−0.01θ̇p,−0.01φ̇1,−0.01φ̇2)
T . (3.9)

Note that these damping coefficients are different from those we use to match experimental results

in section 3.4.1. The damping coefficients used in the previous section try to model the dry friction

from body-ground slip and the viscous damping from ground interaction,while from this section

onwards we assume slip-free body-ground contact and only model the viscous damping.

Fig. 3.28 shows RRRobot’s translation induced byπ/2 out-of-phase leg motions about the ver-

tical configuration (simulation duration twenty five seconds), while Fig. 3.29 shows RRRobot’s
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Figure 3.28: RRRobot simulation: time history of contact-point motion induced byout-of-phase leg
motions about the vertical configuration over thirty seconds.

translation induced byπ/2 out-of-phase leg motions offsetπ/4 from the vertical configuration (sim-

ulation duration twenty five seconds). Note that the translation velocity is lesser in the curved trans-

lation gait. This is because the robot pitches, yaws, and rolls simultaneously,causing the contact

point to trace loops in the plane. In contrast, RRRobot’s body only pitches and yaws in the linear

translation gait and does not trace loops.

Fig. 3.30 shows how RRRobot’s planar translation changes with varying legoffset and phase dif-

ference, based on RRRobot simulations using leg amplitude 0.3 rad and leg frequency 8 rad/s (sim-

ulation duration one hundred seconds). Note that translation curvature depends predominantly on

leg offset, and RRRobot curves in the direction it leans (pitches) in. For example, the robot curves

to the left with leg offsetπ/4 and curves to the right with leg offset 3π/4. Also, translation curva-

ture is symmetric as leg offset varies either side of the vertical configuration.Thus, the simulations

indicate, like the experiments, that translation with variable curvature is possible.

This compares well with the intuition offered by the contact kinematics analysis insection 3.3,

where we showed that pitch-yaw oscillations induce lateral translation and such oscillations when

combined with yaw drift induce curved motion. This is exactly what we see in RRRobot’s dynamic

motion—out-of-phase leg motions about the vertical produce body pitch-yaw oscillations which

induce RRRobot to translate along its body-fixed Y-axis; when RRRobot’s leg offset shifts from the

vertical, RRRobot’s body yaws and induces curved translation.

Translation velocity varies depending on both leg offset and phase difference. Gauging from
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Figure 3.29: RRRobot simulation: time history of contact-point motion induced byout-of-phase leg
motions offsetπ/4 from the vertical configuration over thirty seconds.
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Figure 3.30: Translation curvature as a function of leg trajectory offsetand phase difference: each
plot shows the time history of contact-point motion over one hundred seconds. The X-axis range
is [-0.6,0.6] m, and the Y-axis range is [0, 1.1] m.

the path lengths in Fig. 3.30, we notice that translation velocity is maximum (1 cm/sec)with leg

offsetπ/2 and phase differenceπ/2, since this induces large body pitch-yaw oscillations with body

pitch-yaw phase-difference close toπ/2.

Figs. 3.31, 3.32, 3.33, and 3.34 analyze RRRobot’s steady-state body rotations as a function of

leg offset and phase difference. Notice that body roll oscillation amplitudes are much smaller than

body pitch oscillation amplitudes. Large body pitch and yaw amplitudes induce greater translation,

as discussed in section 3.3. RRRobot’s body pitch and yaw amplitudes do notvary much with leg

offset, but change significantly with leg phase difference—as leg phasedifference approaches zero,

pitch oscillation amplitude increases and yaw oscillation amplitude decreases; asleg phase differ-

ence approachesπ, pitch oscillation amplitude decreases and yaw oscillation amplitude increases.

Also the body yaw-pitch phase difference varies little fromπ/2. We noticed in section 3.3 that

this body pitch-yaw phase difference produces maximum translation velocity. So this choice of

parameters, namely RRRobot’s body masses, leg masses, and body curvature, induce RRRobot to

translate with maximum linear velocity naturally.

We now summarize our experimental simulation results so far.
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Figure 3.31: RRRobot pitch rotation amplitude as a function of leg trajectory offset and phase
difference.

Figure 3.32: RRRobot roll rotation amplitude as a function of leg trajectory offset and phase differ-
ence.

Figure 3.33: RRRobot yaw rotation amplitude as a function of leg trajectory offset and phase dif-
ference.
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Figure 3.34: RRRobot pitch-yaw phase difference as a function of leg trajectory offset and phase
difference.

3.4.3 Summary of RRRobot Experiments and Simulations

In this section, we have explored legless locomotion through experiments andsimulation. Using

sinusoidal leg trajectories that induce variable-curvature translation, wehave shown that RRRobot

has full planar accessibility. The simulation and experiment results match qualitatively, the main

difference being the slow linear translation velocity in experiment compared with simulation. This

may be because of the unmodeled body-ground dry friction.

The intuition we have gained from the contact kinematics analysis in section 3.3 has allowed us

to quantify RRRobot’s planar motion. But while we have presented methods to demonstrate legless

locomotion, many difficult questions arise from the simultaneous interaction of complex phenom-

ena, such as the variable inertia rotational dynamics and the nonholonomic contact constraints. For

example, why does RRRobot’s body yaw? Can we find RRRobot’s leg motionsto track a spe-

cific planar path? We now describe simplified models that provide insight into legless locomotion’s

dynamics.

3.5 Simplified Legless Locomotion Dynamics Models

The key to understanding a complex mechanical system is to find simple models that capture the

essence of its motion. We then can use the simplified models to understand the contribution of

various elements to the system’s properties. In this section, we present three types of simplifications

to understand legless locomotion as demonstrated by RRRobot:

1. Decoupling the system’s internal dynamics and external contact kinematics, analyzing their
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Figure 3.35: The Pivoting Dynamics model simplifies the RRRobot model (see Figure 3.1) into two
parts: (a) RRRobot pivoted at its geometric center on a spherical joint and (b) a sphere on a plane.

individual properties, and then recombining them. We call this collection of models the Piv-

oting Dynamics model.

2. Studying the system dynamics along non-actuated freedoms of the systemseparately and

recombining the individual motions using the contact kinematics. We call this collection of

models the single-axis models.

3. Exploring if the system can be modeled as a drift-free kinematic system with velocity inputs

rather than a dynamic system with drift and force/torque controls. Such a model if it exists is

called a kinematic reduction.

The first type of simplification, decoupling the system dynamics and externalcontact kinemat-

ics, helps understand the individual influence of the dynamics and the kinematics on the robot’s

motion. RRRobot’s motion structure lends itself to such an analysis, and we explore the leg-body

rotation dynamics separately from the sphere-ground contact kinematics.We achieve this by piv-

oting the robot at its geometric center, allowing isolated study of the leg-body rotational dynamics

since the sphere has no ground contact. We then use the sphere-plane contact kinematics (discussed

in section 3.3) to compute the motion produced by the body rotations. We call this model the

Pivoting Dynamicsmodel (see Fig. 3.35 and section 3.5.1). This simplification assumes that the

dynamics and kinematics are decoupled, and we discuss the implications.

The second type of simplification, analyzing the dynamics along the body’s non-actuated free-

doms separately, allows us to focus on one specific freedom by disabling the remaining non-actuated

freedoms. This reduction in the body’s freedoms will help understand the coupling (or lack of it)
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between the different robot freedoms. For example, consider a satellite inspace with three perpen-

dicular reaction wheels. Disabling the satellite’s body roll and pitch freedomsallows us to explore

the influence of the reaction wheel motions on the yaw rotations. If we understand the influence

of controls on the various passive freedoms individually, a superposition of the individual motions

allows us to approximate the robot’s motion. In the case of RRRobot, we study the influence of leg

motions on body rotations along the roll, pitch, and yaw axes; we then use the sphere-plane contact

kinematics to compute robot translation (see section 3.5.2). This simplification assumes that the

individual freedoms are decoupled, and we discuss the implications.

The third type of simplification, finding kinematic reductions, is based on techniques developed

by Bullo, Lewis, and Lynch [23]. It involves identifying if the dynamic system with acceleration

inputs and drift can be modeled as a driftless kinematic system with velocity inputs. This is useful

because control and planning is easier for kinematic systems than for dynamic systems. For exam-

ple, planning and control is easier for a vertical unicycle when it is viewedas a kinematic system

rather than as a dynamic system. But only some dynamic systems that satisfy certain properties

admit kinematic reductions. Section 3.5.2 explores kinematic reductions for RRRobot’s single-axis

models.

Note that the first two approaches are approximate simplifications and are straight-forward to

implement, while the third approach is an exact simplification and difficult to derive. The key reason

for exploring these simplified models is that understanding RRRobot’s motion and finding a control

method using its full dynamics is difficult; so we approximate the full model using simpler mod-

els, quantify the robot’s motion in a decoupled manner, and find control strategies for the simpler

models. We then show that the control strategies for the simpler models help develop qualitative

control the full dynamics model. RRRobot’s motion structure lends itself nicely tosuch a decoupled

analysis, and it is unclear if such analysis is possible for other systems. Wenow discuss the three

simplifications in greater detail.

3.5.1 Pivoting Dynamics Model

The RRRobot dynamics model presented in section 3.2 includes the interplay between body dynam-

ics and contact kinematics, and RRRobot’s equations of motion are providedby (3.2). It is difficult

to understand the contribution of the dynamics and the kinematics to RRRobot’s complex motion.

Section 3.3 explores the contact kinematics, by studying RRRobot’s translation as a function of

body rotations while ignoring the leg-body dynamics. To analyze just the interaction between leg

motion and body attitude, we pivot RRRobot at its geometric center, a simplification since we ignore
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the influence of RRRobot’s planar translation on the dynamics. Once we compute the body attitude

motion for a certain leg trajectory, we use the contact kinematics equations to approximately predict

RRRobot’s translation in the plane. Thus, this model, called the Pivoting Dynamics model, approx-

imately reducesthe RRRobot system into two parts (see Fig. 3.35): 1) the dynamics of RRRobot

rotating about a spherical joint, and 2) the contact kinematics of a sphere on the plane. We now

present a mathematical model for the Pivoting Dynamics model.

The configurationqpd of the Pivoting Dynamics model consists of the sphere’s orientationR(θy,

θp,θr) with respect to a inertial frame and the configuration of its legs(φ1,φ2). We use the body-

fixed yaw-pitch-roll Euler angles to represent robot orientation. Thus,

qpd = (R(θy,θp,θr),φ1,φ2)
T ∈ SO(3)×R

2. (3.10)

The equations of motion for the Pivoting Dynamics model take the form

Mpd(qpd)q̈pd +C(qpd, q̇pd)q̇pd +G(qpd) = τpd +ζpd, (3.11)

whereMpd(qpd) ∈ R
5×5 represents the positive-definite non-diagonal variable mass matrix,

C(qpd, q̇pd)∈R
5 represents the vector of Coriolis and centrifugal terms,G(qpd)∈R

5 represents the

vector of gravitational terms,τpd = (0,0,0,τ1,τ2)
T represents the generalized force, andζpd ∈ R

5

represents the viscous damping to model any losses. The generalized forceτpd indicates that only

the legs are actuated, and there are no external constraints on the system.Note that (3.11) does

not include the influence of the contact kinematics and differs from RRRobot’s dynamics modeled

in (3.2).

Once we compute the changes in body configuration for a certain leg trajectory, we use the

kinematic contact equations

(

ω1

ω2

)

q̇rr =

(

0

0

)

(3.12)

to compute the velocity of the contact point in the plane, where

ω1 = (1,0,0,−r cosθy,−r cosθpsinθy,0,0),

ω2 = (0,1,0,−r sinθy, r cosθr cosθy,0,0), (3.13)
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andqrr = (x,y,qT
pd)

T represents the configuration of RRRobot on a plane. While the Pivoting Dy-

namics model is fictitious, we can use it to approximate RRRobot’s motion.

Why do we say “approximate”? What is the difference between the PivotingDynamics model

and RRRobot? The main difference between the Pivoting Dynamics model andthe RRRobot is the

rotational axes’s location, arising from the rolling contact in the full dynamics model and the spher-

ical joint (at the sphere center) in the Pivoting Dynamics. RRRobot’s center of mass is oscillating

about the moving contact point, whereas the Pivoting Dynamics model’s centerof mass is oscillat-

ing about the sphere’s fixed geometric center. Thus, if we consider justone axis of rotation for the

body, RRRobot behaves like an inverted (rolling) pendulum (see Fig. 3.36), and the Pivoting Dy-

namics model behaves like a simple pendulum (see Fig. 3.37). The differentrotational axes result

in different effective rotational inertias and, consequently, different rotational time periods, radii

of gyration, and oscillation amplitudes. In particular, the rolling inverted pendulum’s oscillation

time-period for small amplitudes is

Tip = 2π

√

ρ2

g(r −ρ)
, (3.14)

whereρ is the radius of gyration, andg is gravity, while the simple-pendulum oscillation time-period

is

Tsp = 2π
√

ρ
g
. (3.15)

Table 3.1 compares the time-periods for RRRobot and the Pivoting Dynamics model.

As a result of these inertia differences, RRRobot and the Pivoting Dynamics model have dif-

ferent translation and yaw rates for the same leg motions. Thus, the PivotingDynamics model can

only qualitatively approximate RRRobot’s translation.

So what is the advantage in using the Pivoting Dynamics model? The Pivoting Dynamics model

approximately reduces RRRobot’s seven second-order equations to five second-order equations and

two first-order equations, a slightly simpler system. Furthermore, the PivotingDynamics model

allows us to quantify the influence of the dynamics and kinematics on RRRobot’stranslation and

also investigate the influence of system inertia on motion.

Figs. 3.38 and 3.39 compare RRRobot’s motion in simulation with the motion predicted by

the Pivoting Dynamics models. The translation produced in the Pivoting Dynamics model and

in the RRRobot model match qualitatively; the contact point follows similar paths,but the Pivoting

Dynamics model translates slightly faster and curves sharper. This is because the Pivoting Dynamics
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Figure 3.36: A planar eccentric-mass wheel performs harmonic oscillationsfor small amplitude.

Figure 3.37: The simple pendulum performs harmonic oscillations for small amplitude.
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Table 3.1: Rotation Time-Periods for the RRRobot-on-a-plane model and thePivoting Dynamics
model

Roll Rotations (sec) Pitch Rotations (sec)
RRRobot-on-a-plane 1.29 1.07
Pivoting Dynamics 1.19 0.96

Model is pivoted at its geometric center, while in the RRRobot-on-a-plane Model, the robot has a

rolling contact. Thus, for a given change in attitude, the contact point movesfaster in the Pivoting

Dynamics model than in the RRRobot-in-a-plane Model. In summary, we can use the Pivoting

Dynamics model to approximate RRRobot’s planar translation.

Our Pivoting Dynamics simulations use the damping parameters

ζpd = (−0.01θ̇r ,0,−0.01θ̇p,−0.01φ̇1,−0.01φ̇2)
T , (3.16)

and in our RRRobot simulations, we use the damping parameters

ζrr = (0,0,−0.01θ̇r ,−0.01θ̇y,−0.01θ̇p,−0.01φ̇1,−0.01φ̇2)
T . (3.17)

We use different yaw damping values, because yaw damping destroys any net yaw produced by leg

motions in the Pivoting Dynamics model.

The difficulty with the Pivoting Dynamics model is that the body rotations and leg motions are

still coupled and (3.11) is complex. We now discuss our second approachto simplifying RRRobot’s

motion: analyzing its dynamics along each unactuated freedom separately.

3.5.2 Single-Axis-Rotation Models

RRRobot’s two forced oscillators—the roll oscillator and the pitch oscillator—and its yaw freedom

are simultaneously controlled by RRRobot’s leg motions. These body rotationsare coupled through

the body-ground rolling contact, making dynamics analysis difficult. While the Pivoting Dynamics

model (see section 3.5.1) decouples RRRobot’s constrained rotational dynamics from the contact

kinematics, the Pivoting Dynamics model’s rotational dynamics about the spherical joint is itself

hard to analyze because of body roll-pitch-yaw coupling.

We propose decoupling the body rotational dynamics and studying the relationship between leg

motions and body motions along each axis separately (see Figs. 3.40, 3.41, and 3.42). For example,
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Figure 3.38: Planar plots of contact-point time history during sideways locomotion produced by
Gait 1 in RRRobot-on-a-plane simulation, RRRobot-on-a-plane experiment,and Pivoting Dynamics
simulation. The solid arrow gives robot motion direction, and the dotted lines indicate the robot
position at the specified time.



3.5. SIMPLIFIED LEGLESS LOCOMOTION DYNAMICS MODELS 73

Figure 3.39: Planar plots of contact-point time history during counter-clockwise circular locomo-
tion produced by Gait 2 in RRRobot-on-a-plane simulation, RRRobot-on-a-plane experiment, and
Pivoting Dynamics simulation. The solid arrow gives robot motion direction, and the dotted lines
indicate the robot position at the specified time.
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Figure 3.40: RRRobot’s roll freedom (side view).

Figure 3.41: RRRobot’s pitch freedom (side view).

we create the Pitch model by disabling RRRobot’s roll and yaw rotations and allowing only pitch

rotations. This allows us to study RRRobot’s body pitch motion independent ofthe other rotational

freedoms. Similarly, we create the Roll model by allowing only body roll rotations and the Yaw

model by allowing only body yaw rotations. We call this collection of models the Single-Axis

models. Note that the roll and pitch models have a rolling contact, while the Yaw model is pivoted.

This contrasts with the Pivoting Dynamics model where the body rotates abouta spherical joint at

the geometric center.

The decoupled oscillatory dynamics models approximate RRRobot’s dynamics assuming zero

body roll-pitch-yaw coupling (see Fig. 3.43). We will highlight where and why this assumption

breaks after discussing the single-axis models’s dynamics.
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Figure 3.42: RRRobot’s yaw freedom (top view).

Figure 3.43: Decoupled RRRobot dynamics.
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The equations of motion for these fictitious single-axis models take the form

M(qsa)q̈sa+C(qsa, q̇sa)q̇sa+G(qsa) = τsa+ζsa, (3.18)

whereqsa = {θ,φ1,φ2} ∈ R
3, andζsa represents damping.

The first element ofqsa is θ, the body roll, pitch, or yaw configuration depending on the

model, while the last two elements represent leg configuration. The symbolsM(qsa) ∈ R
3×3,

C(qsa, q̇sa)q̇sa∈R
3, andG(qsa)∈R

3 represent standard mechanical-system terms, andτsa= (0,τ1,τ2)
T

is the generalized force. The input torquesτ1 andτ2 are applied to the legs, while body rotation is

not actuated. We use the sphere-plane contact kinematics given by (3.12) to approximately compute

RRRobot’s translation for the body rotations induced in the decoupled models.

Fig. 3.44 shows one example of the strong match between translation predictedby the single-

axis models and RRRobot’s translation for small amplitudeπ/2 out-of-phase leg oscillations about

the vertical. These leg motions produce body pitch and yaw oscillations aboutzero, while roll rota-

tion is negligible. There is a strong match between the body rotation trajectories for the decoupled

models and the full dynamics models, indicating that pitch and yaw oscillations aredecoupled.

Fig. 3.45 shows one example of the strong match between translation predictedby the single-

axis models and RRRobot’s translation for small amplitude out-of-phase leg oscillations offsetπ/4

from the vertical. These leg motions produce pitch and yaw body oscillations primarily and small

roll oscillations. In addition, the robot body leans from the vertical, and each leg cycle produces net

body yaw in both the full dynamics model and the decoupled dynamics model.

But there is a difference between the single-axis models and the full-dynamics model: the yaw

inertia in the full dynamics model is a function of body pitch (due to the rolling contact) and leg

configuration, while the yaw inertia in the decoupled Yaw model is only a function of leg config-

uration (the yaw pivot prevents body pitch). This causes the yaw drift rates in the full-dynamics

model to be different from the yaw drift rates predicted by the Yaw model for different leg trajec-

tories. If we want to use the decoupled dynamics models to approximate RRRobot’s motion, some

adjustment is required to match the yaw drift between the Yaw model and the fulldynamics model.

In our work, we vary leg amplitude as a function of leg offset for the decoupled Yaw model to

make the yaw drift rate match with RRRobot’s dynamics. This approximation allowsus to model

RRRobot’s translation with the decoupled models, and we discuss this aspectin the Yaw model and

the legless locomotion control subsection. Note that we use the following damping parameters in
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Figure 3.44: The lateral translation gait: comparison of RRRobot’s motion with motion predicted by
the single-axis models over thirty seconds. Leg 1 trajectory:π/2+0.3sin(8t), and leg 2 trajectory:
π/2+0.3cos(8t).

Figure 3.45: The circular translation gait: comparison of RRRobot’s motion withmotion predicted
by the single-axis models over thirty seconds. Leg 1 trajectory:π/4+0.3sin(8t), and leg 2 trajec-
tory: π/4+0.3cos(8t).
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our Single-Axis simulations:

ζP = (−0.01θ̇p,0,0)T ,ζR = (−0.01θ̇r ,0,0)T ,ζY = (0,0,0)T . (3.19)

We now discuss the dynamics of the Pitch model.

The Pitch Model

The Pitch model is derived by restricting RRRobot’s body rotational freedoms to only the pitch

freedom (see Fig. 3.41), with the goal of using a simpler model to capture RRRobot’s body pitch

rotations. The Pitch model behaves as a forced inverted pendulum—the robot body oscillates about

a mean pitch configuration depending on the choice of leg motions and the natural oscillatory dy-

namics and settles into a limit cycle due to frictional damping. Note that the Pitch modelbetter

represents RRRobot’s pitch motion than the Pivoting Dynamics models, since therolling contact is

retained.

When viewed as a control system, the pitch model’s inputs are the leg torques and the outputs

are the body oscillation amplitude, frequency, phase, and offset. Note that body pitch oscillation fre-

quency equals the leg frequency, since the dynamics is approximately linearfor small leg trajectory

amplitudes, and the mean body pitch offset may be determined by a statics analysis.

Fig. 3.46 shows how body pitch oscillation amplitude relates to leg trajectory controls. Com-

paring with Fig. 3.31, we note that the Pitch model captures RRRobot’s pitch-oscillation amplitudes

well. The remaining parameter, the body pitch phase, is not important in an absolute sense; rather

the pitch phase value relative to the yaw phase value is important, since the relative phase influences

RRRobot’s translation (as discussed in section 3.3). We discuss the relationbetween body pitch and

yaw phase in the Yaw model subsection.

The Yaw model is more complex than the Pitch model, since the leg motions induce both net

body yaw in addition to body yaw oscillation. We now discuss the Yaw model in greater detail.

The Yaw Model

The Yaw model is derived by pivoting RRRobot at a revolute joint which is placed at the sphere’s

geometric center and whose axis is aligned with the body Z-axis (see Figs. 3.42 and 3.47). The

Yaw model’s motion helps us understand RRRobot’s yaw rotations. The yaw model is similar to the

Pivoting Dynamics model, except that the body can spin about the yaw axis only.
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Figure 3.46: The Pitch model: Variation in body pitch oscillation amplitude as a function of leg
offset and leg phase difference.

Figure 3.47: The Yaw model: the body, pivoted at its body center, can freely rotate about the yaw
axis, and the two legs with point masses at the distal ends are singly actuated.
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The Yaw model body has two masses, eachmm, at the ends of a diameter. Each massless

leg has an actuated hip joint and a point massml at the distal end. The Yaw model configuration is

represented byqy = (θy,φ1,φ2)
T ∈ S

1×S
1×S

1, whereθy denotes the body configuration,φ1 leg 1’s

joint configuration, andφ2 leg 2’s joint configuration.

The Yaw model has no gravity, there are no joint limits, and torquesu1 andu2 can be applied

at leg joints 1 and 2. The mass matrixMy(qy) associated with the Yaw model and describing the

system kinetic energy is

My(qy) =









g11 g12 g13

g21 g22 g23

g31 g32 g33









, (3.20)

where

g11 = 2(mm+ml )b2 +ml l2 + 1
2ml l2(cos2φ1 +cos2φ2)),

g12 = −ml lbsinφ1,

g13 = ml lbsinφ2,

g21 = −ml lbsinφ1,

g22 = ml l2,

g23 = 0,

g31 = ml lbsinφ2,

g32 = 0,

g33 = ml l2.

Note that the mass matrixMy(qy) depends on leg configurations, but is independent of yaw rota-

tions. Such an invariance is called a symmetry, implying the existence of a conserved quantity [25]

in the Yaw model. In the Yaw model, this conserved quantity is the yaw angular momentum; in the

absence of external disturbances, the total angular momentum of the bodyand the legs about the

Z-axis is constant.

The Yaw model equations of motion [8] are given by

My(qy)q̈y +Cy(qy, q̇y)q̇y = τy, (3.21)

τy = (0,τ1,τ2)
T is the control andCy(qy, q̇y) contains velocity products. The controlτy indicates

that the Yaw model is underactuated. Also, if the system’s initial velocity ˙qy is zero, then the body

must be stationary when the legs are stationary (along any trajectory).
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Table 3.2: Incremental motion of the yaw model.

Time interval φ1(t) φ2(t) Change in yaw
0–1 0→ π/2 0 ε1

1–2 π/2 0→ π/2 −ε2

2–3 π/2→ 0 π/2 −ε2

3–4 0 π/2→ 0 ε1

Net change in yaw 2(ε1− ε2)

The key question with the underactuated yaw model is whether the body can reach arbitrary

configuration using leg motions. It is apparent from the angular momentum conservation principle

that the body yaws from the reaction forces of leg swing. For example, if we move the left leg

forward from the vertical configuration while keeping the other leg stationary, the body spins clock-

wise instantaneously. However, if the leg makes a complete rotation, the body returns to its start

configuration.

Can we get net body yaw using cyclic body motions? That is, if we move the legs and return

them to the start configuration, can we achieve net body yaw motion? An important property of the

Yaw model that we can use to produce net body yaw is the variable inertia.

Here is a simple thought experiment to illustrate this. We will move each leg back and forth

between extremes of 0 andπ/2. Each leg will dwell at the extreme for one second and will take

one second to transition between angles following a cubic spline. The resultis a Lie bracket-

inspired [57] smoothed square wave, with the two legs out-of-phase with each other (see Fig. 3.48).

This sequence of leg motions yields a net yaw motion, as shown in Table 3.2 andcan be confirmed

by studying the table and thinking about the yaw angular inertia of the system. Suppose the body

yaw isε1 during intervalt = 0 to t = 1, and isε2 during intervalt = 1 to t = 2. The net yaw during

the two motion segments is different, because the yaw angular inertia varies depending on whether

the leg is stretched out or tucked in. This difference produces net yaw at the end of the motion

sequence. This same property of producing net yaw motion using yaw inertia differences is seen in

RRRobot also, but RRRobot is more complex because of the coupling between body pitch and yaw

oscillations.

We now discuss control for the Yaw model; that is, finding leg motions (gaits) that allow the

robot to reach any configuration.
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Figure 3.48: Incremental motion of the yaw model using Lie bracket-inspiredleg motions (see
Table 3.2).
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Control for the Yaw Model

Finding characteristics like that shown in Table 3.2 for mechanical systems from equations of mo-

tion like (3.21) is difficult. Also, planning and controlling system trajectories using (3.21) is dif-

ficult, because of the velocity-related terms and the torque inputs; that is, there is no systematic

analytic procedure to find torque inputs to achieve a given goal trajectory.

In [12], we present akinematic reductionfor the yaw model, derived from the angular momen-

tum conservation principle. A kinematic reduction model is a kinematic version ofthe full dynamic

system. The primary condition for a kinematic model to become a kinematic reductionof a me-

chanical system is that there must exist controls for the dynamic model that can track the kinematic

model’s trajectory.

Using techniques in [23], we find two gaits for the yaw model that allow the kinematic model

full configuration controllability (the ability to reach any configuration at rest), while ensuring that

the trajectories can be tracked by the mechanical system. The first gait involves moving one leg

while keeping the other leg stationary and produces net yaw for acyclic legmotions. The second

gait involves moving both legs in out-of-phase sinusoids. The right phaserelationship and leg offset

produces net yaw. Thus, if we want to move the yaw model from one configuration to another, we

apply the second gait followed by applying the first gait to both legs.

The interesting gait is the second gait, since it produces body yaw oscillations and net yaw using

cyclic leg motions. Fig. 3.49 shows how body yaw oscillation amplitude relates to legoscillatory

trajectories for the yaw model. This compares favorably with RRRobot’s body yaw oscillation

amplitudes shown in Fig. 3.33, except for the spike near leg offsetπ/2 in the yaw model. The

absence of a spike in the full dynamics models is attributed to the pitch-yaw coupling—as the leg

offset shifts from the vertical (π/2), the robot pitches from the vertical. This causes the yaw inertia

about the rolling contact to increase, since the battery mass is offset fromthe axis, and consequently,

produces smaller yaw oscillations.

In contrast, since the Yaw model’s body pitch configuration is fixed, the Yawmodel’s yaw inertia

depends only on leg configuration. Hence, there is a spike in the body yawoscillation amplitude

mapping. This effect carries over to the relationship between net body yaw induced and the leg

trajectories also. For example, the leg trajectories that produce maximum net body yaw is different

for the full dynamics model and the Yaw model.

However, techniques developed by Shammas et al. [72] allow us to compute net body yaw in

the Yaw model for different leg trajectories (see Fig. 3.50). Cyclic leg motions about the vertical

configuration produce zero net body yaw, while cyclic leg motions about leg configurations offset
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Figure 3.49: The Yaw Model: Variation in body yaw oscillation amplitude as a function of leg offset
and leg phase difference.

from the vertical produce net body yaw. The height functions in Fig. 3.50 allow us to compute the

net body yaw induced in the Yaw model for any leg trajectory, and any difference between the Yaw

model and the full dynamics model can be adjusted for, say, using the leg amplitude changes.

Even though we have found kinematic reductions for the yaw model, it does not extend directly

to RRRobot, because of RRRobot’s gravitational drift as well as the coupling between the body

pitch and yaw rotations. In particular, the leg cycles that produce maximum body yaw motion is

different in the two systems. But we can still use the kinematic reduction for theyaw model as an

approximate model of RRRobot’s yaw orientation by making the leg amplitude a function of leg

offset in the yaw model (see section 3.6 for more details).

Also, while the phase relationship between body pitch and yaw oscillations predicted by the

single-axis models is different from the phase differences in the full dynamics model (see Fig. 3.51

and compare with Fig. 3.34), the relative phase difference between bodypitch and yaw oscillations

only influences translation velocity and not curvature. Since RRRobot’s velocity is small, this dis-

crepancy does not impact control significantly if we track translation curvature only. Furthermore,

the difference in linear velocities may be corrected using feedback. Finally, while we have only

discussed kinematic reduction results for the simple Yaw model, finding kinematic reductions for

complex systems such as the legless locomoting RRRobot is an open problem.

3.5.3 Summary

We now summarize the utility of using the simplified models discussed in this section.

First, we developed the Pivoting Dynamics model by decoupling the body-rotation dynamics
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Figure 3.50: Yaw model height function. Trajectory A (leg 1: 5π/8+0.15+0.3sin(8t) and leg 2:
5π/8+0.15+0.3cos(8t)) produces net body yaw, while trajectory B (leg 1:π/2+0.3sin(8t) and
leg 2: π/2+0.3cos(8t)) does not produce net yaw.

Figure 3.51: RRRobot yaw-pitch phase difference as a function of leg trajectory offset and phase
difference, as predicted by the single-axis models.
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from the contact kinematics, allowing us to study the dynamics and the contact kinematics sepa-

rately. This allows us to quantify the dynamic relationship between leg motions andbody rotations

and the kinematic relationship between body motions and robot translation separately. We recom-

bine these decoupled models to approximate RRRobot’s motion qualitatively. Thissimplification

is enough to isolate the contact kinematics, but the rotational dynamics of a spherical-joint piv-

oted body is still complex. Furthermore, the pivoted body rotations do not accurately represent

RRRobot’s body rotations, which utilizes a rolling contact.

So, we then consider the single-axis models to quantify the dynamics of body rotations along

each freedom individually. This allows us to study the relationship between leg motions and body

roll, pitch, and yaw rotations separately. This gives us significant insightsinto the body pitch oscilla-

tion amplitudes, frequency, phase, and offset, and the body yaw oscillations and drift. Recombining

the single-axis models with the contact kinematics provides an approximation to RRRobot’s dy-

namics. We now present a control strategy using the single-axis models andthe contact-kinematics

model.

3.6 Toward Legless Locomotion Control

Section 3.1 introduced legless locomotion and section 3.5.2 introduced the simplified (decoupled)

models that provide insights into legless locomotion’s dynamics. Furthermore, we showed using

simulation that the simplified models provide a good approximation to RRRobot’s locomotion. In

this section, we find an approximate control solution for RRRobot—a mapping between planar

translation and leg motions—using these models.

Legless locomotion has properties that make control difficult, namely underactuation (two con-

trols and seven degrees of freedom), a configuration-dependent inertia, velocity-related and gravita-

tional drift, and contact constraints. Furthermore, legless locomotion has adynamics structure that

is difficult to integrate symbolically even for one specific input. So, in this section, we numerically

solve a reduced problem—finding the leg motions that produce the desired robot velocity and fixed-

curvature path when the robot settles into its limit (steady state) oscillatory cycle. In section 3.6.2,

we suggest an approach to the general legless-locomotion control problem of tracking a variable

curvature path.



3.6. TOWARD LEGLESS LOCOMOTION CONTROL 87

Figure 3.52: Similarity in planar translation between a vertical unicycle and RRRobot (top view).

3.6.1 Legless locomotion control

In this subsection, we present RRRobot control, that is, a mapping from planar translation to leg

motions. We also show that this control mapping is qualitatively similar for the decoupled models

and the full dynamics models. The key idea is that we can use the decoupled models to predict

motion in the full-dynamics model and also develop more advanced control methods in the future.

An analysis of RRRobot’s planar motion (see Fig. 3.30) shows that the predominant translation

mode is translation along the body-fixed Y-axis with variable curvature. Smallvelocity variations

are also possible. Such motion is similar to a unicycle with a limited velocity range and turning

radius (see Fig. 3.52). As discussed in section 3.1, RRRobot’s motion results from the limited body

rotational dynamics that the leg motions can produce. The leg motions producebody pitch, yaw,

and (small) roll rotations using different leg offsets and phase differences. Inertial differences during

out-of-phase leg motions produce body yaw drift, which results in translation curvature.

Figs. 3.53 and 3.54 show how translation velocityv, yaw velocityα (the turning rate), and

curvatureK = α/v depend on leg offset and phase difference (for sinusoidal leg motions) in the full

RRRobot dynamics model and the decoupled dynamics models (using leg amplitude 0.3 rad (see

caveat below), angular frequency 8 rad/s, and measured at the mean of a cycle). The magnitudes

and structure of yaw velocity and curvature match well, but there is a structural difference in the

linear-velocity mapping.
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Figure 3.53: RRRobot translation as a function of offset and leg phase difference.

Figure 3.54: RRRobot translation as a function of offset and leg phase difference as predicted using
the decoupled models (compare with Fig. 3.53)

This difference in the linear-velocity mapping is because of structural differences in the yaw

inertia between RRRobot and the Yaw model (see section 3.5.2). To overcome this difference, we

define leg amplitude in the Yaw model as a function of leg offset to get a favorable comparison in

curvature control for the full dynamics model and the Single Axis models. Here is one implemen-

tation: in the decoupled Yaw model, the leg motion amplitude is not fixed at 0.3; rather it is defined

as a function of leg offset (see Fig. 3.55).

We compute the inverse of the mappings in Figs.3.53 and 3.54 to derive a control relationship

for the full dynamics RRRobot model (see Fig. 3.56) and the Single Axis models (see Fig. 3.57).

Again, there are some discrepancies in the linear velocity mapping; but if we track only path curva-

ture (since RRRobot’s linear velocity is small), then the decoupled models provide a good approx-

imation to the full dynamics model. Thus, given a desired linear and yaw velocity, we can find the
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Figure 3.55: Amplitude modulation used in the decoupled Yaw model.

Figure 3.56: Mapping between RRRobot linear velocity and yaw velocity andleg offset and phase
difference.

sinusoidal leg trajectory (in particular, the leg offset and phase difference) that tracks it.

This subsection provides a geometrical solution to RRRobot control by finding an approximate

mapping between legless-locomotion translation and leg trajectories at steady state using dynam-

ics decoupling. Note that we resort to a numerical comparison between the full dynamics and the

simplified dynamics, since the structure of dynamics and nonholonomic kinematicsmakes a sym-

bolic comparison difficult. The next subsection presents some preliminary work on tracking varying

curvature paths.
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Figure 3.57: Mapping between RRRobot linear velocity and yaw velocity andleg offset and phase
difference as predicted by the decoupled models.

3.6.2 Tracking Varying Curvature Paths

We now briefly present a method to find the leg motions to track a path with varyingcurvature. We

assume that the transient dynamics is small by ensuring that the leg trajectory changes are slow and

take advantage of legless locomotion’s smooth dynamics.

RRRobot’s net angular velocityα, linear velocityv, and curvatureK are functions of the leg

trajectories’s phase differenceφ and offsetΓ (see Figs. 3.53 and 3.54); that is

α = α(φ,Γ) (3.22)

v = v(φ,Γ) (3.23)

K =
α(φ,Γ)

v(φ,Γ)
(3.24)

These relationships are expressed numerically in the previous section, since these properties are

computed by integrating RRRobot’s motion over a cycle of oscillations. We are interested in com-

puting the leg trajectory changes for a given rate of change in curvature; that is, givendK
dt , we wish

to computedΓ
dt . We know that

dK
dt

=
∂K
∂φ

dφ
dt

+
∂K
∂Γ

dΓ
dt

. (3.25)

Now, from Figs. 3.54 and 3.53, we notice that∂K(φ,Γ)
∂φ is approximately equal to zero. Thus,

dK
dt

≈
∂K
∂Γ

dΓ
dt

. (3.26)
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Furthermore, we know from differentiation rules that

∂K
∂Γ

=

∂α(φ,Γ)
∂Γ ·v(φ,Γ)− ∂v(φ,Γ)

∂Γ ·α(φ,Γ)

v(φ,Γ)2 , (3.27)

and ∂α(φ,Γ)
∂Γ is approximately a constant (from Fig. 3.53), say,CΓ. Thus,

∂K
∂Γ

=
CΓ ·v(φ,Γ)− ∂v(φ,Γ)

∂Γ ·α(φ,Γ)

v(φ,Γ)2 , (3.28)

and

dΓ
dt

=
dK
dt

CΓ·v(φ,Γ)− ∂v(φ,Γ)
∂Γ ·α(φ,Γ)

v(φ,Γ)2

. (3.29)

Thus, we can track varying curvature paths by varying the leg offset. Now, the key question is

how large a rate of change of curvature can we track by this method? Note that the rate of change

of leg offset dΓ
dt increases with the rate of curvature changedK

dt , and the magnitude of transients

increase with the magnitude of leg offset changes. Thus, transients can become significant with

large dK
dt , and our analysis assumes that RRRobot has settled into a steady-state gait.As long as the

rate of change of phase difference and offset are small, the dynamics transients are small and are

damped out quickly.

Figs. 3.15 and 3.14 show plots of the time histories of RRRobot translation for the slow leg offset

changes shown in Fig. 3.13 from simulation and experiment. Fig. 3.58 shows using simulation how

planar translation changes for the constant-rate phase-difference changes in Fig. 3.59. Thus, we can

vary the leg trajectories slowly to track varying curvature paths.

3.7 Summary

This chapter presents legless locomotion in detail: the concept, the models, the parameters, simu-

lation and experiment results, and control techniques. There are other novel control strategies for

locomoting high-centered robots, such as gaits that induce a robot to flip over; but this paper focuses
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Figure 3.58: RRRobot planar translation as a function of leg phase-differenceβ shown in Fig. 3.59.
The leg trajectories take the form 0.3sin(8t)+π/4 and 0.3sin(8t +β)+π/4.

Figure 3.59: Variable RRRobot leg-trajectory phase differences.
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only on legless-locomotion control. More control strategies are required for situations where con-

ventional locomotion fails to improve the robustness of mobile robots. Future work also includes

studying the dynamics of RRRobot without simplifications and other ideas outlined in chapter 5.

A key principle to note in legless locomotion is the deliberate use of direct actuation, dynam-

ically coupled actuation, and exploiting environmental interaction to induce incremental motion.

Even though legless locomotion is slow and inefficient, its structured behaviorinspired by our ini-

tial experiments with RHex permits a unique control strategy for error recovery. Legless locomo-

tion involves carefully choosing robot shape changes, namely out-of-phase leg motions, to produce

translation. We now turn to the other mobile-robot error problem: freeing a wheeled robot from a

ditch. While direct actuation using wheel torques produce robot motion, weshow that dynamically

coupled actuation through coordinated robot-shape changes may be necessary for error recovery.



Chapter 4

Dynamic Feedback Strategy for a Car in

a Slippery Ditch

In this chapter, we continue with our research motivation of finding unconventional and dynamically

coupled locomotion modes for mobile-robot error recovery by exploring anew problem—inducing

a wheeled robot trapped in a slippery ditch to escape (see Fig. 4.1). We examine strategies for

coordinated use of wheel torques and an active suspension to enable escape by overcoming insuf-

ficient traction. In addition to hand-tuned gaits, we also explore the solution space using dynamic

programming.

Chapter 3 presents legless locomotion as a recovery mode for a high-centered robot using a

combination of robot shape changes (out-of-phase leg motions), gravity-induced drift, and environ-

mental interaction (slip-free contact). In this chapter, we present a methodthat enables a car to es-

cape from a ditch using a combination of direct actuation (through wheel torques) and dynamically

coupled actuation (using an active-suspension). The wheel torques build system kinetic energy, and

the active suspension influences wheel-ground contact interaction by pushing and pulling on the car

body.

There are many ways to model the problem of a car trapped in a ditch. We focus on the situation

of a car trapped in a large slippery ditch, such as the situation in Fig. 4.1 and work with a simplified

model, the Normal Car Body model (see Fig. 4.2), that captures the problem’s salient features.

94
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Figure 4.1: Schematic diagram of a wheeled robot in a large ditch. The robot mass sits on an active
suspension.

Figure 4.2: Schematic diagrams of the Normal Car Body model. The wheel, propelled by wheel
torques, rolls in the ditch, and the car body is supported by an active suspension.
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Figure 4.3: Schematic diagram of a wheeled robot in a small ditch. The robotmass sits on an active
suspension.

Figure 4.4: The vertical car body model.

Alternately, Fig. 4.3 shows the situation where a car is stuck in two small ditches.This problem

can be represented using a Vertical Car Body model (see Fig. 4.4). Whilethere may be differences

between the dynamic structure between the Normal Mass model and the Vertical Mass model, we

believe our approach applies to both models.

Working with the Normal Mass model, we explore the “stuck-car” problem byfinding a control

strategy that works for different problem parameters, such as varying ditch size and control limits.

We also outline a dynamic programming implementation. We emphasize that this chaptercontains

only a preliminary analysis of the problem using simulation, and there is significant scope for fu-

ture experimental analysis. The key contribution we make is an analysis of theproblem structure

(namely, the environmental contact and the available controls) to find novelcontrol strategies.

We first present the Normal Car Body model in section 4.1 and then use thought experiments

to explore the problem dynamics in section 4.2. We then present gait design and a discussion in
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section 4.3. Note that there is a brief review of related work (such as automotive active-suspension

use and feedback control) in chapter 2.

4.1 Modeling a Stuck Car in a Ditch

To study the problem of a wheeled robot stuck in a slippery ditch, we construct a simplified planar

model called the Normal Car Body Model. The model consists of a wheel trapped at the bottom of a

round ditch (see Fig. 4.2). The vehicle mass is supported at the wheel center by an active suspension,

modeled as a spring and a prismatic actuator. The car body is constrained to move along the wheel-

ground contact-normal direction (a body-fixed axis), similar to the car mass’s motion in Fig. 4.1.

We assume a Coulomb friction model [53] for wheel-ground traction.

The configurationqnsm= (θ,s)T of the Normal Car Body Model consists of the angular position

of the wheel in the ditchθ and the normal car-body positions. The robot’s statexnsmconsists of the

robot’s configuration and configuration velocities; that is,

xnsm= (qT
nsm, q̇

T
nsm)

T = (θ,s, θ̇, ṡ)T . (4.1)

We assume we have complete state information, and the inputs available are the wheel torqueτ and

the active suspension forcep that is applied between the the car body and the wheel.

The Normal Car Body model’s equations of motion, derived using Lagrangian techniques [22],

are given by

θ̈ =
−R((h−R)2(τ+(m+M)gRsinθ)+MR(−h+R)(gssinθ−2(−h+R+s)ṡθ̇))

h((h−R)2(I +(m+M)R2)+MR2s(−2h+2R+s))
, (4.2)

s̈ = gcosθ− (h−R)θ̇2 +sθ̇2(k(l −s)+ p)/M. (4.3)

The wheel-ground normal reaction forceN is given by

N = N(p) = m(gcosθ(h−R)θ̇2)+ p+k(l −s), (4.4)
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and the tangential frictional forcef is given by

f = f (τ),

=
(−MRτs2 +M(h−R)s(2Rτ− Igsinθ+2I ṡθ̇))

((h−R)2(I +(m+M)R2)+MR2s(−2h+2R+s))

+
((h−R)2((m+M)(−Rτ+ Igsinθ)−2IMṡθ̇))

((h−R)2(I +(m+M)R2)+MR2s(−2h+2R+s))
. (4.5)

Note that we considerN and f as functions ofτ and p only, since we can choose the controlsτ
and p at any statexnsm to control the ground reaction force and friction. Furthermore, the normal

reactionN is independent of wheel torqueτ, and the tangential frictionf is independent of active

suspensionp. This allows us to control the normal reaction force and the friction forcesindepen-

dently using the two inputs instantaneously.

However, there are two constraints on the system, namely the contact constraint given by

N = N(p) > 0, (4.6)

and the traction constraint (defined by the friction cone constraints) given by

‖ f (τ)‖ ≤ µN(p). (4.7)

The controller must choose inputs(τ, p) to induce the robot to escape (‖θ‖ ≥ π/2 andθθ̇ > 0),

while satisfying the constraints in (4.6) and (4.7).

We focus on solutions with no wheel-slip and no lift-off. In such cases, there is no energy loss

as the robot passively rolls back and forth in the ditch. Losses occur only when the inputs perform

negative work, such as when applying wheel torques against the wheel’s motion, or when applying

a force against the car body’s motion. Note that solutions involving wheel-slip and lift-off do exist.

For example, we can apply bang-bang wheel torques without worrying about wheel slip or allow the

car body to deviate by large amounts to induce lift-off. Such solutions involvemore energy losses

and hybrid dynamics (for example, two sets of equations of motion, one for zero wheel-slip and

another for non-zero wheel-slip) and are more difficult to model. We focus on solutions without

wheel-slip and contact loss.

Now, suppose we find a control strategy for escape that satisfies the contact and traction con-

straints in (4.6) and (4.7); that is, a policy that returns a wheel torque andan active-suspension

force given the system state. How can we measure if the policy is “good” or“bad”? What are the
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Table 4.1: Normal Car Body Model Parameters

Model parameter Symbol Value
car body M 1000 Kg
Wheel mass m 100 Kg
Wheel inertia I0 12.5 Kg m/s2

Wheel angular position in
ditch

θ ∈ [−π/2,π/2]

Wheel radius R 0.5 m
Ditch radius h Varies: 6 m or 4 m
Spring constant k 30000 N/m
car body position s ∈ [−0.5,1.5]
Equilibrium car body po-
sition atθ = 0

s0 0.5 m

Gravity g 9.81 m/s2

Coefficient of friction µ 0.1
Wheel torque τ Varies:∈ [−200,200] or [−300,300]Nm
Active suspension force p ∈ [−35000,35000] N

problem’s metrics? In the stuck-car problem, some quantities of interest are the time to escape, the

work done by the inputs, and car body deviations. While it is evident that thesolution is better if

the time to escape, work done, and car-body deviations are all small, it is difficult to find a control

policy that optimizes all the quantities of interest. Furthermore, the correct metric depends on the

robot’s circumstances.

In this chapter, we use a metric minimizing input impulses and car-body excursion from the

nominal position. Minimizing the input impulses is similar to minimizing work done, while mini-

mizing the car-body oscillations is similar to minimizing disturbances to the robot body.

Table 4.1 presents the values we use for the Normal Car Body model’s parameters. These

parameter values model a small car in a ditch. Note that the robot massM is significantly larger

than the wheel massm. We explore the problem for ditch radius values set to 6 m or 4 m and wheel

torque ranges set to[−200,200] Nm and[−300,300] Nm.
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Figure 4.5: Schematic diagram of the interaction of wheel motion and car bodymotion. The white-
headed arrows indicate the direction of car body motion, and the black-headed arrows the traction
force.

4.2 Intuition into the Normal Model’s Dynamics and Controls

In this subsection, we first discuss the dynamics of the interaction between wheel motion and car-

body motion in the Normal Model and then explore some strategies for wheel torque and active-

suspension use.

Suppose the wheel is rolling to the right at the ditch bottom, and the car body is at rest relative to

the wheel (θ = 0, θ̇ > 0, ṡ= 0; stage 1 in Fig. 4.5). We set both inputs to zero (τ = p= 0) and ignore

centrifugal effects for the moment. As the wheel moves up the slope, the carbody compresses the

spring, since the car body has a tendency to stay at rest even if the wheel moves (inertia). When the

wheel comes to rest along the slope, the spring is fully compressed (stage 3in Fig. 4.5). When the

wheel rolls back down the slope, the spring extends and is fully extended again at the bottom of the

ditch θ = 0. Thus, in the absence of any actuation or losses, the motion of the robot moving up the

slope, including the car body’s motion, is identical to the motion moving down the slope.

The effective system inertia (about the ditch center) changes as the carbody moves, resulting in

Coriolis effects (namely the ˙sθ̇ terms in the equations of motion). For example, the inertia decreases

as the car body approaches the ditch center. These inertia effects become significant as the ditch

radius decreases and velocities increase, resulting in variations in the normal force acting on the

wheel and influencing the traction force. For example, as the car body moves away from the ditch

center, the traction forces must increase to accelerate the larger inertia and vice versa (stage 2 in
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Fig. 4.5). To prevent slip when the Coriolis effects are large, the active suspension may be required

to increase ground reaction forces. Note that for the parameter values we choose (for example, ditch

radius 4 or 6 m), the Coriolis effects are not significant.

The Normal Car Body Model has a degenerate configuration ats= h−R, where wheel motion

produces zero car-body translation. This degeneracy can be exploited to produce a solution with

small time-to-escape and work done, since the heavy robot mass does nottranslate for any wheel

motion. We explicitly avoid solutions that include this degenerate configuration,since it represents

an infeasible motion for a practical system; for example, if the ditch radius is 2 m,the car mass

would need to be moved an impractical 1.5 m!

Since the tangential gravitational force (acceleration) is large and the normal gravitational force

is small along steep slopes, larger friction forces and wheel torques arerequired to spin the wheel

closer to escape. This sometimes requires a large active-suspension force to prevent slip. Finally,

as system velocity increases, centrifugal effects increase ground normal reaction and contribute to

larger traction limits.

With the above relationship between car-body dynamics and the wheel motion inmind, we can

choose how to use the wheel torques to accelerate the robot and the active suspension to push or

pull the robot mass. One strategy for wheel-torque use is to build robot kinetic energy quickly using

"bang-bang" torques—controls that alternate between extremes—while modulating the torques to

accommodate the contact and traction constraints. One strategy for active-suspension use is to

prevent the robot mass from oscillating. This prevents transferring wheel kinetic energy to the car

body, thus building wheel momentum quickly and minimizing work done by the active suspension.

But large fine-resolution active-suspension forces may be required toprecisely maintain the car

body at the desired configuration. Also, torque modulations may be necessary to satisfy the friction

cone constraints with this strategy.

An alternate strategy for active-suspension use is to push against the car body to increase the

ground reaction force and available traction. At such instances, the active suspension can perform

negative work on the system, for example when applying an upward forcewhen the car body is

moving downward. Clearly, other strategies exist to use wheel torques and active-suspension forces

in a coordinated manner, but we use the above two strategies in designing gaits in section 4.3.

Finally, it is difficult to identify the metric—for example, the work done or time to escape—that

a chosen control policy optimizes, particularly for a dynamically coupled locomotion mode. Fur-

thermore, measuring the quality of an error-recovery mode is an open problem, since dynamically

coupled locomotion modes can be inefficient. We choose one specific metric involving work done
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and car-body deviations to measure solution quality.

4.3 Gait Generation for the Stuck-Car Problem

We define agait in the stuck-car problem as a coordinated use of wheel torques and active suspen-

sion forces. We are interested in gaits that utilize state information(θ, θ̇,s, ṡ) to induce escape while

respecting the traction constraints. In this section, we use the intuition developed in section 4.2

to find a feedback policy based on complete state information and then briefly explore gaits using

dynamic programming.

4.3.1 A Hand-tuned Gait

Our hand-tuned gait presented in algorithm 1 is one method to choose the inputs τ andp to enable

escape while respecting the contact and traction constraints. Put simply, thealgorithm first tries to

maintain car body position using the active suspension while modulating wheel torques to satisfy the

friction-cone constraints. A stiff proportional-derivative controller withgainsKP = 107 andKD =

5×106 maintains car body position using active suspension forces

p = KP(s−sd)+KD(ṡ). (4.8)

Second, if the wheel-torque modulations are insufficient, we use the activesuspension to control

ground traction. Third, if both active-suspension and wheel-torque modulations are insufficient, the

car cannot escape without wheel-slip; that is, there exist no wheel torques and active-suspension

forces to satisfy the constraints. Note that this strategy is local in nature; that is, the controller

returns the controls given a state and has no memory.

The results of using algorithm 1 are shown in Figs. 4.6, 4.10, 4.8, and 4.9 for different problem

parameters, namely ditch radius and wheel torque limits. Table 4.2 presents a summary of the work

done (measured using wheel-torque and active suspension impulses) and car-body oscillations in

the four cases, using the following metric:

Cost=

Goal
Z

Start

(w1‖τ‖+w2‖p‖+w3‖s−sd‖)dt. (4.9)

We set weightsw1 to 10,w2 to 100, andw3 to 35000. Note that a largew3 penalizes car-body

deviation from the nominal positionsd. For example, applying a wheel torque of 170 Nm is less
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Algorithm 1 Algorithm to choose wheel torques and active-suspension forces to induce escape
1: Find active suspension forcepN to maintainN = 0 using (4.4).
2: Find active suspension forcepS to maintain the sprung mass at the nominal position using the

proportional derivative controller in (4.8).
3: if pS > pN then
4: Setp = pS,
5: else
6: Setp = pN

7: end if
8: ComputeN = N(p) from (4.4).
9: Computeflim = sgn(−θ̇)µN.

10: Computeτ = τ( flim) from (4.5).
11: if τ ∈ [τmin,τmax] then
12: Return(τ, p).
13: end if
14: Setτlim = sgn(−θ̇)τmax.
15: ComputeNreqd = f (τlim)/µ from (4.5).
16: Computepreqd = p(Nreqd) from (4.4).
17: if preqd ∈ [pmin, pmax] then
18: Return(τlim, preqd).
19: end if
20: Return “Car cannot escape without wheel-ground slip”.
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Table 4.2: Evaluation of algorithm 1using the metricα‖τ‖+β‖p‖+ γ‖s−sd‖.

System Solution cost
Ditch radius 6 m,τmax = 300 1114 (823 + 97 + 194)
Ditch radius 6 m,τmax = 200 2402 (845 + 149 + 1407)
Ditch radius 4 m,τmax = 300 868 (640 + 82 + 146)
Ditch radius 4 m,τmax = 200 1624 (619 + 107 + 898)

than half the cost of allowing the car body to deviate 0.1 m from the nominal position sd.

We now review the solution in Fig. 4.6. The robot escapes in less than 30 seconds, and the car

body moves little from the desired positionsd = 0.5 m. This implies that the active suspension can

be replaced with a rigid link, and the robot can still escape. The wheel torques are mostly “bang-

bang”, building kinetic energy quickly. The controller reduces the wheeltorque magnitude though,

when the friction forces reach the friction-cone limits. Thus, wheel torquemodulations are alone

sufficient for the robot to escape for these specific problem parameters.

The magnitude of active suspension forces used increase in magnitude asthe robot nears the top

of the ditch. This is because the normal gravitational component decreases along steep slopes, and

the controller compensates for the weak normal gravitational component bypushing the car body

upward. Also as the robot’s velocity increases, the centrifugal forcesinfluence car-body motion.

Thus to counter the car body motion, larger active suspension forces are required.

The solutions in Fig. 4.10, 4.8, and 4.9 are similar, but the problem parametersrequire the active

suspension to control traction. For example, we see a spike in the car-body position close to escape.

This indicates that the robot cannot escape without active-suspensionuse using algorithm 1.
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Figure 4.6: Algorithm 1 applied to the Normal Car Body model (ditch radius 6 m and maximum
wheel torque magnitude 300 Nm). Plots show the phase relationship between wheel angular position
and car body position, and the time history of wheel torque, the active-suspension force, and the
traction force (bold) with the friction cone constraints.
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Figure 4.7: Algorithm 1 applied to the Normal Car Body model (ditch radius 6 m and maximum
wheel torque magnitude 200 Nm). Plots show the phase relationship between wheel angular position
and car body position, and the time history of wheel torque, the active-suspension force, and the
traction force (bold) with the friction cone constraints.
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Figure 4.8: Algorithm 1 applied to the Normal Car Body model (ditch radius 4 m and maximum
wheel torque magnitude 300 Nm). Plots show the phase relationship between wheel angular position
and car body position, and the time history of wheel torque, the active-suspension force, and the
traction force (bold) with the friction cone constraints.
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Figure 4.9: Algorithm 1 applied to the Normal Car Body model (ditch radius 4 m and maximum
wheel torque magnitude 200 Nm). Plots show the phase relationship between wheel angular position
and car body position, and the time history of wheel torque, the active-suspension force, and the
traction force (bold) with the friction cone constraints.
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4.3.2 Gait Search using Dynamic Programming

Even though algorithm 1 allows the robot to escape while keeping the car body deviations small, we

do not know what metric exactly (for example, work done or time consumed) itoptimizes. Numer-

ical approaches such as dynamic programming can derive solutions that optimize specific objective

functions. We implemented a dynamic programming approach based on Lavalle and Konkimalla’s

work [46], where they use a discretized state and input space to find an optimal control policy,

based on a chosen metric, from valid states to the goal. We then use the feedback policy to derive

the optimal path from any state to the goal by chaining the sequence of optimal inputs to the goal.

However, numerical approaches have potential pitfalls such as the exponential increase in com-

putational expense with fine resolution. In particular, the stuck-car problem’s combined state-input

space has dimension six, leading to an exponential growth in computational expense with fine reso-

lution. So it is important to find a state-input space resolution that provides a good approximation of

the problem dynamics and is not computationally prohibitive. A numerical approach also requires a

discretized version of the metric; so in the stuck-car problem, we could replace the integral in (4.9)

with a sum to compute

Cost=
Goal

∑
Start

(w1‖τ‖+w2‖p‖+w3‖s−sd‖)∆t. (4.10)

Using a large value forw3 (35000) has two advantages: the sprung mass is not automatically moved

to the degenerate configurations= h−R, and the car body oscillations are automatically minimized.

Fig. 4.10 shows a comparison of the car’s motion using algorithm 1 and a dynamic programming

implementation, for the case where ditch radius is 6 m and the maximum available torque is 200 Nm.

Table 4.3 shows the parameters we use for the dynamic programming implementation.

4.3.3 Comparing Algorithm 1 and the Dynamic Programming Gait

We emphasize that policies derived from numerical approaches are approximate, since the state and

input spaces are discretized. The cost of the dynamic programming solution, computed using (4.10)

was much larger (total cost = 55256, torque use cost = 1071, active suspension use = 144, and

car-body perturbations cost = 54041) than the cost of the solution prescribed by algorithm 1 (total

cost = 2402, see Table 4.2). This may seem odd at start because dynamicprogramming gives the
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Figure 4.10: A comparison of a solution based on algorithm 1 and a solution derived from dynamic
programming applied to the Normal Sprung Mass model (ditch radius 6 m and maximum wheel
torque magnitude 200 Nm). Plots show the phase relationship between wheel angular position and
sprung mass position, and the time history of wheel torque, the active-suspension force, and the
traction force (bold) with the friction cone constraints.
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Table 4.3: Dynamic Programming Parameters

Total number of states = 25857
Model variable Range of values Resolution

Angular positionθ (rad) [−1.67,+1.67] 0.2
Angular velocityθ̇ (rad/s) [−6,6] 1.0

Sprung mass positions (m) [−1.5,1.5] 0.25
Sprung mass velocity ˙s (m/s) [−4,4] 1.0

Total number of inputs = 81
Model variable Range of values Resolution
Torqueτ (Nm) [-200, 200] and [-300, 300] τmax/4

Internal actuationp (N) [−35000,35000] pmax/4
Time step (sec) — 0.05

Number of states×inputs> 2 million.

solution with least cost, but the larger cost is because the dynamic programming implementation

does not have sufficient input and state-space resolution. Hence, thedynamic programming solution

has a limited choice at any state. The problem is that we are searching for a control strategy for

a highly dynamic system like the sprung-mass oscillations using a discretized state-input space,

and the dynamic programming solution can only give us an approximate solution with an upper

bound on the cost. The discretization also induces a noisy solution, because of the state-input space

discretization. For example, since the time-scale of car body motions on the active suspensions

are much smaller than the time-scale of car motions in the ditch, a numerical solution may involve

high-frequency oscillations of the car body on the active suspension.

We note that the car ramps up slowly using the dynamic programming solution whencompared

with Algorithm 1. This may be related to resolution issues again, since the dynamicprogramming

policy “waits” for the right state to use bang-bang wheel torques and minimizes work done until

that state is reached. Finally, the dynamic programming policy satisfies the constraints only at the

states in the discretized state space and is not guaranteed to satisfy the constraints at all states along

the path. In general, numerical techniques have disadvantages when exploring complex dynamical

systems, but their application becomes wider as computational power increases and we find more

efficient ways to explore the state space. While we have made a small attempt to apply dynamic
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programming to analyze the control space of error recovery modes, it willbe interesting to explore

error recovery modes again using numerical techniques in the future.

In contrast to the Normal Mass model which has a singularity when the car body moves to the

ditch center, the Vertical Mass model has a degenerate configuration atθ = π/2 where the robot’s

motion is decoupled from the car-body’s motion. Despite this difference, webelieve our analysis

applies to the Vertical Mass model also.

Note that this locomotion mode of using coordinated wheel torques and active-suspension forces

is necessary only when ground traction is insufficient. The key contribution of this work is neither

the simplified model nor the specific parameter values we choose to represent a robot stuck in a

ditch, but the structure we provide to an unconventional locomotion mode to solve a mobile-robot

error-recovery problem. Instead of randomly rocking the car back and forth using wheel torques and

brakes to induce escape, we show that a solution exists using a combination of wheel torques and

an active suspension. By understanding the problem dynamics, we present a simple feedback-based

algorithm for inducing escape.

We now summarize this chapter’s results.

4.4 Summary

We explored the problem of a car stuck in a ditch using simulation and presented an analysis of

the key problem dynamics. Future work includes experimental work and anunderstanding the

impact of various parameters such as the robot mass, the wheel and ditch radius, and the traction

constraints on the system dynamics on the solution. Also, we note that a numerical analysis of a

highly dynamic system has many pitfalls due to discretization; it can best give us a approximate

solution. Furthermore, while applying these ideas in real systems, robust state estimation is also

required.

The key idea behind this chapter, like chapter 3, is to show that the unconventional use of

a robot’s freedoms can play a significant role in mobile-robot error recovery. Since the robot’s

conventional locomotion mode does not apply in a locomotion error, a coordinated use of direct and

indirect actuation is necessary to induce motion. We now summarize this thesis’scontributions and

present future work in Chapter 5.



Chapter 5

Conclusion

In this chapter, we first summarize the thesis’s contributions, followed by a listing in section 5.2 of

possible extensions of our research. We then present some closing thoughts in section 5.3.

5.1 Contributions

This doctoral thesis makes three contributions:

1. Exploring the structure in mobile-robot error recovery.

2. Discovering and understanding legless locomotion.

3. Designing gaits for locomotion error recovery.

We show using two case studies, namely the high-centered robot problem and the stuck-car

problem, that mobile-robot error recovery has structure that can be exploited to devise novel escape

strategies. A key result we show is that carefully designed escape gaits lead to controllable solu-

tions. In the high-centered robot problem, we exploit the available freedoms, namely unconstrained

leg motions, to excite body motions which interact with the environmental contact toinduce incre-

mental translation. While such translation is slow, it may be the only available locomotion mode for

escaping from a high-centered state. In the stuck-car problem, we showthat an active suspension

helps overcome poor traction to induce a wheeled robot to escape from a slippery ditch. We obtain

significant insight into both systems using first principles, such as Lagrangian dynamics. However,

our approach does not model the uncertainty in robot-environment interaction, which is a interesting

future research problem.

113
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A key contribution of this thesis is an analysis of legless locomotion, using prototype robots,

theory, simulations, experiments, and models. We show that the high-centered Rocking and Rolling

Robot, a rocking hemisphere with two actuated legs, has complete planar accessibility by choosing

different leg trajectories. Since RRRobot’s dynamics is complex, we definea set of simplified

models that allow us to quantify the contributions of the RRRobot’s dynamics andkinematics to its

locomotion.

Finally, we take advantage of a robot’s remaining freedoms and the robot’senvironmental in-

teraction during a locomotion error to find locomotion recovery gaits. In the high-centered robot

problem, we use simplified models to analyze legless locomotion’s elements, allowingus to care-

fully choose leg motions to induce translation. In the stuck-car problem, in addition to exploring

gaits using mechanical systems analysis, we use dynamic programming to explore the solution

space for different problem parameters. Note that we choose different methods in the two problems,

since there is a difference in problem complexity: RRRobot’s state space isR
14, while the stuck-car

problem’s state space isR4.

We now present possible future directions to build on our work.

5.2 Future Directions

While we have explored two mobile-robot error recovery problems and and control and planning

for mechanical systems, many open problems remain. We now suggest interesting future directions.

5.2.1 Automatic Control Strategies for Robots

A robot’s performance is enhanced if it can automatically choose from a repertoire of control tech-

niques. For example, when the Mars rover gets stuck in sand or when a car spins out of control,

conventional operation is infeasible because environmental interaction is unreliable. Since teleoper-

ation is not always effective, can an autonomous robot perform betterby choosing the right control

strategy from its behavior suite? The ultimate goal is to design robots that are aware of their ca-

pabilities under varying conditions and can choose the best available actiondepending on goals.

The key then is to develop many control techniques for mobile robots and find the conditions that

necessitate transitions from one mode to another.
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5.2.2 Robot Mobility and Design

What is the best way to quantify a robot’s mobility? Most measures of robotic mobility, such as

speed or the height of a step the robot can climb, are based on a local analysis of a robot’s conven-

tional locomotion capabilities. A proper quantification of a robot’s mobility shouldinclude even

extreme behaviors, possibly derived using global analysis. For example, a local analysis shows that

a wheel starting from rest cannot climb a step with weak motor torques. But aglobal analysis will

show that the wheel can climb the step with sufficient momentum and carefully timedwheel torques

during impact. Thus, a robot with weak actuators can achieve greater mobilitywith dynamic behav-

iors. Of course, robots do not always require extreme dynamic behaviors, and a balance between

robot design and mobility is required. A systematic global and local kinematics and dynamics

analysis will help quantify a robot’s true mobility, possibly resulting in a mapping between robot

complexity and mobility. Such an analysis ultimately leads to minimalist and better designs,

5.2.3 Uncertainty in Robot-Environment Interaction

The uncertainty in robot state and robot-environment interaction significantly affects mobility. For

example, a person walking on icy ground does not know and cannot predict the instantaneous foot-

ground forces. One strategy to plan a path across the ice is to assume worst-case scenarios such

as poor traction forces, but worst-case scenarios may preclude a solution. This problem becomes

particularly acute in locomotion errors where information about robot state and the environment-

interaction is rarely available. Can we find control strategies that factor in such uncertainty, say, us-

ing aggressive maneuvers when information is available and conservative strategies at other times?

Furthermore, sometimes the robot-environment interaction modes alternate rapidly. An interesting

research problem is to find automatic control strategies in the presence of uncertainty in robot-

environment interaction.

5.2.4 Alternate Rocking and Rolling Robot Designs

RRRobot’s design is good to demonstrate legless locomotion, but alternate designs exist. This sub-

section looks at three alternate designs: 1) an RRRobot with orthogonal hip joints, 2) an RRRobot

with many legs, and 3) an RRRobot with one multi-degree-of-freedom leg.
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Figure 5.1: Schematic diagram of an RRRobot with orthogonal leg rotationalaxes.

The “Ortho-RRRobot”

One alternate RRRobot design is to have orthogonal hip joints (see Fig. 5.1), instead of aligned

leg axes. Note that the robot retains the sphere-plane contact kinematics,but the leg motions that

induce translation may differ. Also, both roll and pitch oscillation amplitudes will be comparable.

One exercise is to find new gaits for this RRRobot; that is, find the leg motions that excite out-of-

phase body rotational oscillations.

A Multi-Legged RRRobot

An alternate RRRobot design is a multi-legged RRRobot. Consider an RRRobot with 2n,n > 1,

legs placed in a symmetrical manner around the hemisphere’s largest circumference (see Fig. 5.2,

wheren equals four). While the original RRRobot locomotes laterally, what is the space of planar

motions available to the multi-legged RRRobot in Fig. 5.2? For example, we know that in-phase

motions of opposite legs produce pure body pitch rotation. Thus, by using multiple pairs of opposing

legs, we may be able to induce translation through out-of-phase body oscillations. Furthermore,

there may exist leg motions that induce translation in any direction.

An interesting associated problem is to find the number of effective legs required to produce

the desired body attitude oscillations. For example, in the two-legged RRRobot,we can actuate

motions along the body pitch and yaw axes with two legs at different phases,although we do not

have individual control over each of the body attitude freedoms. But if we restrict the leg motions

to have the same phase, then we lose the ability to yaw and roll, and the body canonly pitch.
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Figure 5.2: An eight-legged RRRobot

This indicates that we have lost some control over the robot. This notion canbe extended to the

multi-legged version of RRRobot also.

Consider two extreme sinusoidal gaits: the first gait where each leg has different phase and

offsets, and the second gait where each leg has the same phase and offset. The first gait allows

interesting, but complex, phase relationships between the body’s attitude freedoms, reflecting the

notion that there are 2n effective legs. In contrast, the second gait can only produce body attitude

rotations with a single phase; that is, the second gait has only one effective leg. What controllability

features do we lose when moving from the first gait to the second gait? An interesting problem is to

explore the capabilities of a multi-legged RRRobot for varying number of effective legs.

Now, suppose we understand the relation between the number of effective legs and the achiev-

able body attitude trajectory, then we can select gaits based on the desired body attitude trajectory.

Coupling this knowledge with our experience that body roll-yaw oscillations produce predomi-

nantly forward locomotion, pitch-yaw oscillations produce predominantly sideways locomotion,

and roll-pitch-yaw oscillations with yaw drift produce curved paths, we can choose gaits for desired

trajectories based on the number of effective legs required.

For example, if the required body trajectory is only pitching motion, then we canchoose a gait

where only two opposite legs have motions are in phase, and the rest of the legs are stationary.

For example, if we require yaw and pitch oscillations, we may use out of phase motions for legs 1

and 5 for producing yaw motions and in phase motions for legs 2, 4, 6, and 8for producing pitch

oscillations. Legs 3 and 7 can be stationary. This will result in a losing degrees of freedom (from

eight legs to two effective legs), but may be sufficient to achieve the required body attitude trajectory.
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A Legless Locomotion Template

Finally, is there a simple RRRobot design that captures the essence of legless locomotion’s dynamics

and kinematics? This is similar to the idea of finding templates for legged locomotion. Full and

Koditschek [63] define a template as a model created by trimming away all the incidental complexity

of joints and that which serves as a guide for locomotion control. In short, templates are useful

to understand the broad principles underlying a physical system. For example, Raibert [60] first

showed that quadruped locomotion may be organized with reference to a single virtual leg model

called the Simple Inverted Pendulum model. Recently Saranli et al. [67] haveshown that the motion

of a ankle-actuated, knee-actuated, and hip-actuated monopod can alsobe tied to the SLIP model.

A valid template for legless locomotion must capture the broad principles of legless locomotion,

namely:

• Underactuation: RRRobot has seven degrees of freedom with just two actuators.

• Out-of-phase body attitude oscillations: Out-of-phase body pitch-yaw rotations induce lat-

eral translation while out-of-phase body roll-pitch-yaw rotations with bodyyaw drift induce

circular translation.

• Exploiting inertia differences: Out-of-phase leg motions induce net body yaw by exploiting

the varying system inertia.

We propose a legless locomotion template where RRRobot has only one leg, pivoted at the

geometric center of the sphere at a spherical joint (see Fig. 5.3). The massless leg has a point mass

at its distal end, and is actuated in each of its three rotational freedoms.

We believe that this template captures the important elements of legless locomotion. Clearly, the

generic model is underactuated (eight degrees of freedom with just three actuators); out-of-phase

body rotations can be produced using, say, circular leg motions; inertia differences can be created

using suitable leg roll, yaw, and pitch configurations. Producing pitch and roll body rotations is

straight-forward, since the body’s rotations and leg motions are coupled along these axes. Produc-

ing yaw rotations requires a combined roll-yaw or pitch-yaw leg rotation. In fact, using a single

leg pivoted at a spherical joint permits some capabilities beyond the two-legged RRRobot; for ex-

ample, the model can tilt itself while locomoting by moving the leg to either side. There are some

restrictions on body motions though; for example, body yaw is impossible whenthe leg is vertical,

since the leg has no inertia; but body yaw is possible by rolling or pitching the leg slightly, and then
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Figure 5.3: Legless locomotion generic model.
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yawing the leg. It will be interesting to see if this generic model can achieve allthe body rotations

required to produce locomotion.

To compare the template’s motion with the two-legged RRRobot, we require a metric for equiv-

alence. There are two ways to compare the motion of the template with the two leggedRRRobot:

• Compare the body rotational trajectories’s time-histories, using metrics such as frequency,

amplitude, and phase.

• Compare average planar paths, since planar translation is the main goal of RRRobot’s loco-

motion.

One view of the leg motions that achieve the same body translation in the template RRRobot and

the original RRRobot is that the two legs in RRRobot effectively reduce to asingle leg with multiple

rotational freedoms. In summary, a legless locomotion template helps understand the principles

behind underactuated undulatory locomotion.

5.2.5 Kinematic Reductions for Mechanical Systems with Gravity

The key benefit of a kinematic reduction is that it eliminates the robot motion’s dependence on time,

and the robot motion can be expressed as a function of its configuration only. But this is difficult

for legless locomotion, because of the gravity-induced pitch and roll oscillations which maintain a

clock. So the key idea is to work inside this clock to create body yaw rotations,since RRRobot’s

body yaw rotation is dependent on configuration only.

A kinematic reduction for RRRobot could involve finding the leg motions to achieve body ro-

tations like in Fig. 3.3. While the body-pitch oscillations always include gravitational drift, the key

idea is to create quick body-yaw rotations at the extremes of the body pitch oscillation cycles. One

way to achieve this is to excite pitch oscillations, and while the robot has non-zero pitch configura-

tion, we induce body yaw through a quick out-of-phase leg motion.

Furthermore, Lewis and Murray [49] suggest a method to develop kinematicreductions for

systems with gravitational drift. This when combined with the height-functions work of Shammas

et al. [50], albeit for systems without gravitational drift, may lead to kinematic reductions for

complex mechanical systems like RRRobot. This thesis only provides a kinematic reduction for

the yaw model, a simplified version of RRRobot with no gravitational drift. Finding a kinematic

reduction for a complex mechanical system like Rocking and Rolling Robot is an open problem.
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5.2.6 Stuck Car Problem: Experimental Validation

While we provide models and analysis for the stuck-car problem in chapter 4, experimental valida-

tion is required. One experimental set-up to validate the models is the following: aremote-control

car that moves up and down a planar semi-circular ditch (say, created with aretainer wall). A

solenoid attached to the car moves a reaction mass up and down to create variations in ground

traction force. The car and solenoid is controlled by a PIC processor such as the Cerebellum [6],

connected possibly using a tether. The key challenge is to monitor wheel slip.We suggest a motion-

capture system like Vicon [7] to track the car’s motion and wheel rotation. Since the Vicon system

has a high frame-rate (120 frames/sec), we can design wheel torques and solenoid actuation depend-

ing on system state.

We now present some closing thoughts.

5.3 Closing Thoughts

Mobile robotics is challenging because of the numerous variables, includingrobot design, the op-

erational environment, and robot operation mode. A significant ability missingin mobile robots is

error recovery. We have explored only two specific error recoveryproblems using simple models

and prototype robots; but we show that we can exploit the structure in locomotion errors to find

novel locomotion modes for escape. There is significant scope for more research to improve the

robustness of mobile robots. The goal is to analyze the structure in different locomotion errors

and provide a robot with multiple control strategies for recovery. The robot can then automatically

choose the right control strategy for the particular situation.
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