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Abstract 

Traditional virtual reality systems rely on manual construction of the virtual environment, 
which is labor-intensive and usually not very realistic. This thesis describes a “modeling- 
from-realiry” system which observes from multiple viewpoints, analyzes the geometrical 
shape of a scene or an object, and subsequently integrates the multiple views to build a com- 
plete scene or object model from the existing environment. Our system produces statisti- 
cally optimal object models by adopting a new approach to modeling from reality -- an 
integral approach to object modeling. The integral approach consists of two parts: how to 
integrute and what to integrate. 

Using a polyhedral object as an example, this thesis shows how to infegrafe multiple views 
in a statistically optimal fashion. It is illustrated that multiple view integration can be formu- 
lated as a problem of principul component analysis with missing datu (PCAMD). In spite of 
the noisy input and missing data at each view, the PCAMD algorithm makes use of input 
redundancy among different views and guarantees that the recovered object model is statis- 

tically optimal. It is shown that the problem of PCAMD can be generalized as a weighted 
least-squares problem, which is solved using an efficient bilinear iterative algorithm. 

Matching multiple views of a polyhedral object can be accomplished by tracking its planar 
surface patches. It is, however, difficult to match multiple views of a free-form (Le., smooth) 
object. This thesis shows what fo be infegrared from multiple views of a free-form object by 
employing a novel global resampling technique. A semi-regularly tessellated spherical mesh 
is used to uniformly resample the free-form object. This mesh representation provides a 
one-to-one mapping between a resampled convexkoncave mesh to its curvature distribution 
on a unit sphere. The correspondence between two meshes can then be established by mini- 
mizing the difference between two curvature distributions. The same mesh representation 
also enables one to compare 3D shapes and to synthesize new shapes. 

In summary, this thesis shows that PCAMD can be used to integrate multiple views to 
obtain a statistically optimal object model provided that those views can be resampled and 
matched under appropriate representations. Based on the integral approach, our “modeling- 
from-reality” system has been successfully applied for modeling both polyhedral and free- 
form objects. 
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Chapter 1 

Introduction 

1.1 Motivation 

Computer vision enables us to understand and explore the world surrounding us through 
what we can observe using cameras. Traditionally, applications of computer vision are 
mostly found in robotics [54][74]. If we want a robot to know what is in its environment, it 
must first be able to build models of the surrounding objects. More specifically, a robot must 
possess some perceptual ability to determine what kinds of objects are in the environment. 
and where they are. 

Recently many multimedia and internet applications require more and more 3D virtual cnvi- 
ronment models [107]. Therefore, one of the most important and obvious applications for 
computer vision is modeling from reality, i.e., building models from existing objects or 
scenes. 

The conventional way of creating a virtual environment is to manually model it using CAD 
tools. The process is labor-intensive and the result is not very realistic. It is therefore desir- 
able to develop a system that can automatically build models of real objects and scenes that 
the system observes. Unlike manual modeling, modeling from reality can be highly auto- 
mated. This method is displayed in Figure 1 .  If one wants to incorporate one’s favorite scene 
into existing VR games, one can simply go to the actual location, take as many images as 
necessary, analyze the images, and build a complete model of the scene. What is needed is a 
reliable technique which can generate accurate 3D object models from actual observations 
of real objects by integrating multiple views. The use of such a technique can greatly reduce 
the effort and cost of model construction. We term modeling from a sequence of images of 
the existing environment as modeling from reality. 



Ca...,X- Real Scene Virtual Environment 

Modeling f 

Figure 1 Modeling from reality 

Another important application of modeling from reality is object recognition. To make a 
CAD-based recognition system, one needs to first build a library of object models [84][94]. 
Some object models may readily be available directly from existing CAD models, but many 
real world objects do not have pre-existing models. In the latter case, one may build individ- 
ual models by taking range images of the objects of interest from multiple views. Once such 
models are built, they can be used to accomplish purposes such as reverse engineering. 
Other applications of modeling from reality include creating models for animation, recon- 
structing human body parts for surgical planning, and recovering machine parts for virtual 
factory simulation. 

The objective of this thesis is not to attempt to solve all problems related to modeling from 
reality. Rather, it focuses on issues related to modeling from reality from a sequence of 
range images. Different solutions exist for various subproblems; each solution has its 
strengths and weaknesses. Part of the goal of this thesis is to explore these trade-offs, and to 
provide a framework by which one can better understand why those choices are necessaly. 
In exploring this topic, a number of questions are considered. These issues include: 
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How can integration of multiple views be statistically optimal? 

Which representations are to be used? Why? 

How can we make two views correspond? 

Why do we need to resample the raw range data? 

Because modeling from reality is such an immense problem, it would not be possible to ade- 
quately cover all kinds of objects in this thesis. Therefore only two categories of objects, 
namely polyhedral objects and free-form objects, will be discussed. 

1.2 Past Work 

A great deal of work has been done on modeling existing environments using computer 
vision techniques. These efforts can best be summarized in three categories, namely, acquir- 
ing 3D information, modeling with range images, and modeling without range images. 

1.2.1 Acquiring 3D Information 

There are many ways to obtain 3D information. Some of the most popular ones currently 
used by computer vision researchers are the light-stripe range finder, the laser range finder, 
and stereo. Most of these sensors are surface-based; i.e., only points on object surfaces are 
measured. Other sensors, such as MRI and ultrasonic devices used in medical imaging, are 
volume-based. In addition, new ways of recovering 3D information continue to be devel- 
oped. For example, the depth-from-defocus range finder has shown great promise even in 
real-time range sensing [88]. Other means include, for instance, depth-from-scattering. 

1. Light stripe rangejinder 

The light-stripe range finder is built on the principle of triangulation. The system we use 
in this thesis [lo31 consists of a projector and a CCD camera. The projector emits differ- 
ent light patterns, and the camera captures the intensity images under different lighting. 
Our light-stripe range finder has an accuracy of 0.5mm. The patterns are projected in 
either vertical or horizontal binary-coded stripes so that correspondence among different 
images is easily solved. To use the range finder, a calibration process is needed to deter- 
mine the transformation between the camera coordinate and the world coordinate. 
Because structured patterns can not be projected over a long distance, the dynamic range 
of the light-stripe range sensor is limited to a few meters. 
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2. Laser range finder 

Two different methods are used for finding range information using a laser, namely the 
time-of-flight method and the phase-based method [99]. Laser range finders are usually 
very accurate. For example, Higuchi et al. [48] reported an accuracy of 0.1 mm with the 
Toyota ranger sensor. However, since most laser range finders are either point-based or 
line-based [25], they do not cover a large area [79]. 

3. Stereo 

Stereo has been employed for many years to reconstruct 3D depth from a pair of intensity 
images. Like the light-stripe range finder, it uses the principle of triangulation. Unlike 
light-stripe range finders, however, stereo is usually passive, and no light patterns are 
projected. Area-based or line-based methods are commonly used for matching stereo. 
Stereo matching becomes difficult when little texture appears in the stereo pair. Recently 
there has been a trend toward using multiple images (more than 2) to eliminate some of 
the difficulties encountered in stereo matching [89]. Another improvement is projecting 
active light patterns [65]. Stereo machines with active patterns produce a degree of accu- 
racy to that of light-stripe range finders. 

4. Structure from motion 

Structure from motion [36] is another way to obtain range information from a sequence 
of intensity images with calibrated or uncalibrated cameras. Similar to stereo, structure 
from motion does not work well when images contain large untextured regions. 

1.2.2 Modeling from Range Images 

A significant amount of work has been done on object modeling from a sequence of range 
images. Most work falling into this category assumes that the transformation between suc- 
cessive views is either known or can be recovered, so that all data can be transformed with 
respect to a fixed coordinate system. 

Known transformation 
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Bhanu [ 1 I] modeled objects by rotating them through known angles. Ahuja and Veenstra 
[ 11 constructed an octree object model from orthogonal views. By finding the correspon- 
dences from intensity patterns in all eight views, Vemuri and Aggarwal [128] derived the 
motion and transformed all eight range images with respect to the first frame. 

Feature-based range image registration 

To accurately recover the transformation between two views, different range image regis- 
tration techniques using various features have been developed. Besl and Jain [9] pro- 
posed to segment range images using variable order polynomials. Ferrie and Levine [39] 
used correspondence points identified by correlation over the differential properties of the 
surface. Wada et al. [129] employed facets of an approximated convex hull of range 
images. Parvin and Medioni [91] proposed the construction of boundary representation 
(B-rep) models using segmented surface patches. The difficulty of feature-based registra- 
tion is in realizing robustness, especially in the case of free-form objects. 

Featureless range image registration 

Many algorithms have been derived for featureless range data point matching. Besl and 
Kay [IO] used the iterative point matching (ICP) method to project points from one sur- 
face to another during matching. A similar approach was proposed by Chen and Medioni 
[IS]. Zhang [133] improved Besl and Kay’s ICP algorithm by using robust statistics. 
Champleboux et al. [I51 used the Levenberg-Marquart nonlinear minimization algorithm 
to minimize the sampled distance to surface using octree-splines. Voting based methods 
can also been used [22][23][61]. Several modified ICP algorithms have also been pro- 
posed lately [8][40][102]. Pennec and Thirion [92] presented an excellent discussion on 
validation of 3D point registration. 

These featureless registration algorithms are locally optimal: they work well for free- 
form objects only if a good transformation is initially given. Higuchi, Hebert and Ikeuchi 
[49] proposed a registration method which eliminates the problems associated with both 
feature-based and featureless methods. Their method builds discrete spherical meshes to 
represent the surfaces observed in each range image, and computes local curvature at 

each mesh node. Registration of different images is then achieved by comparing local 
curvature distribution of spherical meshes. 

Connectivity and merging 
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After transforming all range images to a world coordinate system using the registration 
result, an object model is usually obtained by running a connectivity algorithm (such as 
the Delaunay triangulation [96]) at the last step. Hoppe et al. [52] used graph traversal 
methods. Connectivity can also be modified and determined as more views are incorpo- 
rated. Parvin and Medioni [91] used an adjacency graph to represent the connectivity of 
each segmented view. In their adjacency graph, nodes represent surface patches with 
attributes, and arcs represent adjacency between surfaces. Soucy and Laurendeau [112] 
made use of the structured information about where the images are taken; they proposed 
to triangulate each view and merge multiple views via a Venn diagram when the transfor- 
mation is known. The parts in common in different views are then re-sampled. However, 
constructing such a Venn diagram is combinatorial in nature (only four-view merging is 
presented in their work). Turk and Levoy [ 1241 proposed a similar approach but avoided 
the problem of Venn diagram construction by merging only two adjacent views at each 
step. 

1.2.3 Modeling without Range Images 

Inferring scene geometry and camera motion from a sequence of intensity images is also 
possible in principle. Historically efforts on structure from motion (SFM) can be character- 
ized by the camera projection models with calibrated cameras. Recently research interest 
has been shifted to studies of SFM from weakly-calibrated or uncalibrated cameras. 

Structure from motion 

With a calibrated camera and under an orthographic projection model, Tomasi and 
Kanade [ 1231 proposed a factorization method to simultaneously solve shape and motion. 
Poelman and Kanade [93] extended the factorization method to the case of paraperspec- 
tive projection. Szeliski and Kang [117] proposed a nonlinear optimization method to 
solve shape and motion under perspective. Azarbayejani et al. [5 ]  also used a full per- 
spective model but proposed a Kalman-filter approach. However, in [93][ 1231. the task is 
formulated as a least squares problem where missing data due to occlusion and mis- 
matching is extrapolated from measured data and estimated motion. Although theoreti- 
cally three views of four points are sufficient in determining structure and motion [126], 
it is difficult in practice to find a good sub-matrix to do “row-wise” and “column-wise’’ 
extrapolation. Szeliski and Kang [117] proposed to assign a weight to each measurement 
and incorporated an object-oriented perspective projection in a nonlinear least squares 
problem. The very nature of the nonlinear least squares formulation requires standard 
techniques in nonlinear optimization, e.g., Levenberg-Marquardt, in which convergence 
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to a local minimum may be a problem. In addition, most existing algorithms seem to be 
more useful for determining camera motion than for building 3D object models. This is 
because the recovered object shape is defined by a collection of 3D points whcse connec- 
tivity is not explicitly known. 

The factorization method [93][123][27], in essence, is the principal component analysis 
of a measurement matrix. The principal component analysis expresses the variance of thc 
measurement matrix in a compact and robust way and has been extensively studied in 
computational statistics [34]. The singular value decomposition (SVD) method [42] is a 
straightfonvard solution when the measurement matrix is complete. When data is incom- 
plete or missing, as often is the case in practice, obtaining principal components of a 
measurement matrix becomes much more complicated. 

Image-based rendering 

An alternative to structure from motion is image-based rendering, which bypasses 3D 
reconstruction. Chen and Williams [I71 proposed view interpolation of two or three 
images using known correspondence. Szeliski [ 1151 showed how multiple images are 
merged to form a big mosaiced image. Laveau and Faugeras [70] used the fundamental 
matrix to interpolate images. Chen [16] created the QTVR system which merges multiple 
images taken at the same camera nodal point to a cylindrical panorama. McMillan and 
Bishop [80] discussed how to interpolate between two panoramas. Debevic et al. [26] 
used a hybrid approach which combines geometry-based and image-based approaches. 

The advantage of image-based rendering is that it does not need to reconstruct a complete 
3D model of the scene. For example, the model used can be a generic cylindrical or 
spherical image. However, the viewing points are severely restricted and so is the 3D sen- 
sation. 

1.3 Our Approach to Modeling from Reality 

Our approach to modeling from reality is based on several key observations: the widespread 
use of range images, data redundancy from multiple views, and the necessity of object-cen- 
tercd representation for integration. Our approach will be outlined after a brief comparison 
of different aspects of modeling is presented. 
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1.3.1 Range Images vs. Intensity Images 

It is our belief that 3D information will be available and widely used in the very near future. 
As surveyed in the previous section, many ways of obtaining 3D information are already 
available. We should make use of range data for the task of modeling from reality. 

Although this study is focused on modeling from a sequence of range images, this does not 
imply that the methods developed here are so restricted as to be useless for modeling from a 
sequence of intensity images. Indeed, the algorithms described later are of fundamental 
importance to structure from motion as well. Thus, while many questions remain to be 
answered, by exploring the redundancy from multiple observations, this thesis provides a 
framework for understanding problems associated with modeling from reality, using range 
images and/or intensity images. 

1.3.2 Sequential vs. Integral 

Modeling-from-reality systems usually work with a sequence of images of the object(s), 
where the sequence spans a smooth change in the positions of the sensor and/or object(s). 
Most previous systems have attempted to apply inter-frame motion estimates to successive 
pairs of views in a sequential manner [123]. Whenever a new view is introduced, it is 
matched with the previous view; the transformation between these two successive views has 
to be recovered before the object model is updated. This sequential method does not work 
well in practice because local motion estimates are subject to noise and missing data. Local 
mismatching errors accumulate and propagate along the sequence, yielding erroneous object 
models. 

Rather than sequentially integrating successive pairs of views, we should instead search for 
a statistically optimal object model that is most consistent with all the views. Although each 
single view provides only partial information regarding the object, it is likely that any part 
of the object will be observed a number of times along the sequence. Object modeling from 
this sequence of views can be formulated as an over-determined minimization problem 
because significant redundancy exists among all the views. In this thesis, we will present an 
integral approach to modeling from a sequence of images. Bove [I31 also proposed to inte- 
grate multiple views in a probabilistic sense, but failed to show how to take advantage of the 
redundancy of multiple views. 
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1.3.3 Polyhedral vs. Free-form 

The real world around us is very complicated. It is unlikely that a single representation can 
be applicable for modeling everything in the existing 3D world. We should decide, depend- 
ing on the task, which representation should be used. This observation is in accordance with 
the spirit of task-oriented vision proposed by Ikeuchi and Hebert [59] .  Good representation 
makes it possible to combine multiple views in a statistically optimal manner. In this thesis, 
we will model a polyhedral object with planar boundary surface representation, and model a 
free-form object using a special spherical mesh representation. 

In dealing with free-form objects, only objects with spherical topology (Le., of genus zero) 

are considered in this thesis. A modeling system which deals with only spherical topology 
objects can be of considerable use even though it solves only a subset of the general model- 
ing problem. Modeling free-form objects with arbitrary topology will be discussed in Chap- 
ter 7 under future work. 

1.3.4 Local Resampling vs. Global Resampling 

Because of discrete sampling of sensor measurements, we have to resample multiple views 
so that we may be able to establish the correspondence among them. Free-form objects, in 
particular, need special attention. To resample a free-form object, a special spherical mesh 
representation is used. For polyhedral objects, it is more appropriate to resample the range 
images using planar patches because they can be reliably segmented and they correspond 
well in different views. 

Resampling is a mathematical transformation which maps one set of points to another. Sur- 
face resampling appears to be redundant. According to Dodgson [35], image resampling is 
used other than recapturing or re-rendering when it is either the only available option or the 
preferred option. This statement is also true for surface resampling. 

The resampling process does not come without cost. A practical problem with resampling is 
that the resampling process inevitably introduces errors that may affect the second step of 
merging. Initially, the resampling process can be viewed as a way of reconstructing a contin- 
uous surface from discontinuous measurements [121][12]. The range images we deal with 
are discrete. In fact, they are nicely laid out in rectangular grids in our light-stripe range 
finder. Another problem is that multi-pass resampling in free-form modeling may be 
required to make one-to-one correspondence; this requirement causes additional error, 
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1.3.5 Object-centered vs. Image-centered 

The task of modeling from reality can be classified into two categories: scene modeling and 

focused object modeling. For example, to model an indoor scene. we can move the camera 
to various locations and take a sequence of images. This is called scene modeling. On the 
other hand, if we want to model a toy dog, we may put the object in front of a camera. and 
take a sequence of images by either rotating the object or rotating the camera around the 
object. We call this focused object modeling. 

A similar decomposition of the task has also been used in the QTVR image-based rendering 
system [ 161 where both “inside-looking-out” (panorama image) and “outside-looking-in” 
(object movie) representations are used. In fact, the inside-looking-out approach can make 
use of viewer-centered or sensor-centered representations while the outside-looking-in 
approach has to use object-centered representation. This distinction is not as sharp in our 
case. 

1.3.6 An Integral Approach 

iew 1 Model 1 Model n 

View 

Model 1 
B 

U U U 

Figure 2 Modeling-fmm-reality systems: (a) sequential modeling; (b) integral modeling 



1 1  

The task of modeling from reality is essentially a problem of merging multiple views using 
an appropriate object-centered representation. Many previous modeling from reality tech- 
niques involve motion estimation between successive pairs of views in a sequential manner 
[49][91][93][67] as shown in Figure 2(a). Whenever a new view is introduced, it is matched 
with the previous view. The transformation between these two successive views is estimated 
before the object model is updated. This sequential method usually does not work well in 
practice because of errors in local motion estimation due to noise and missing data. These 
errors accumulate and are propagated along the sequence, yielding eri-oneous object models. 

In this thesis, we present a new technique for modeling from reality. This technique, called 
the integral approach, is illustrated in Figure 2(b). Rather than sequentially integrating suc- 
cessive pairs of views, we propose to reconstruct a statistically optimal object model that is 
simultaneously most consistent with all views. Our method makes use of the significant 
redundancy existing among all the views, because it is likely that any part of the object will 
be observed a number of times along the sequence of images, although each single view 
provides only partial information. The key idea of integral object modeling is to enable a 
system to integrate a complete object model in terms of observable features. Because of the 
redundancy existing in the sequence of images, we can obtain a reliable solution from an 
overconstrained minimization problem even when data is missing. This thesis explains how 
this problem is formulated and presents an efficient solution to solve it. 

1.4 Thesis Overview 

We begin our study of modeling from reality in Chapter 2, where an integral approach is 
proposed for modeling from multiple images. The integral modeling approach consists of 
two parts: what to integrate and how to integrate. We explain how to integrate using a moti- 
vational example of modeling a 12-faced polyhedron from a sequence of views. We show 
that multiple view integration is formulated as a problem of principal component analysis 
with missing data (F'CAMD). Then we outline Wiberg's formulation of F'CAMD, and mod- 
ify the formulation by proper indexing of the objective function. The modified formulation 
is then generalized as a weighted least squares (WLS) minimization problem. An efficient 
PCAMD algorithm is presented to solve this WLS problem. 

In Chapter 3 we formulate the problem of modeling a polyhedral object and recovering 
transformations as a combination of two WLS problems. We compute the surface descrip- 



tion and transformation by extracting the principal components of two highly rank-deficient 
measurement matrices with many missing elements; each matrix forms a WLS problem. 
The first WLS problem of recovering rotation matrices and surface normals is further sim- 
plified by using the quaternion representation of rotation. A two-step algorithm is presented 
to model the object from a sequence of segmented range images. A planar surface patch 
tracking system is also described. Different modules in the tracking system, such as range 
image segmentation, adjacency graph building, and two-view merging are presented. We 
also show that the problem of surface connectivity can be reduced to one of connectivity of 
supporting lines of a simple polygon. Since the problem of establishing connectivity of sup- 
porting lines can be regarded as both a modified convex hull-like problem and a cell decom- 
position problem, we propose a modified Jarvis’ march algorithm which successfully 
reconstructs the simple polygon. In Chapter 4 we show how we apply our integral approach 
to a complicated indoor scene which is approximated by planar patches. 

In Chapter 5 we extend our integral approach to modeling of free-form objects from multi- 
ple range images. We address the problem of “what to integrate” by presenting a novel glo- 
bal resampling scheme which can be used to determine correspondence among different 
views. In particular, we use a nearly uniform spherical mesh with fixed connectivity to rep- 
resent free-form objects. Each range image is resampled using this global spherical repre- 
sentation. Some applications of our free-form object modeling are presented in Chapter 6. 
Specifically, we use the spherical mesh representation and the shape metric to compare and 
synthesize shapes. 

Chapter 7 summarizes the word described in this thesis, and concludes with our major con- 
tributions and possible future work. 
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Chapter 2 

An Integral Approach to Object Modeling 

Several problems exist with modeling from reality. First, data acquisition [2l] and image 
registration introduce significant errors [3]. Second, because of occlusion and self-occlusion 
[20]. range images often have missing data points. More importantly, several important 
issues related to the realization of a practical modeling-from-reality system have not been 
resolved satisfactorily. These issues include: 

What kind of representation should be used to model the object? 

How can a sequence of images be integrated? 

Can model reconstruction be made statistically optimal? 

How can objects be sampled sufficiently and unambiguously? 

These issues can be summarized as two essential problems: what to integrate and Irow to 

integrate. In order to solve these two problems, we propose a new approach called integral 
object modeling. The key idea of integral object modeling is to enable a system to resample 
a sequence of images of an object in terms of its observable features, and then integrate the 
images using principal component analysis with missing data (PCAMD). lntegral object 
modeling works by integrating partial observations provided by different views such that a 
complete object model is created. Although object modeling from a sequence of images is 
nonlinear and possibly ill-conditioned, an integral approach makes use of the redundant data 
so that a statistically optimal reconstruction is feasible. The objective of this chapter is to 
illustrate the integral approach using the modeling of a polyhedral object as an example, and 
to explain how multiple views can be integrated in a statistically optimal fashion. 
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2.1 Integration of Multiple Views 

Suppose that our task is to make a model for a dodecahedron from a sequence of segmented 
range images. A dodecahedron is a polyhedron with 12 faces. It is a simple Platonic solid. 
Assume that we have tracked 12 faces over 4 nonsingular views as shown in Figure 3.  The 
segmented range images provide trajectories of plane coordinates 

T { p co I f=1, ..., 4, p=1,  ..., 1 2 } ,  where p = (v', d )  represents a planar equation with surface 
P 

normal v and normal distance to the origin d .  With these observations, wc may construct a 
16 x 12 measurement matrix as follows: 

Since there are only 6 visible faces from each nonsingular view, there are 6 unobservable 
faces from each view. Each of these unobservables is denoted by an *. Our modeling task is 
then to recover the poses of all the 12 faces in a fixed coordinate system. 

v3 ' ' v4 

Figure 3 Distinct views of a dodecahedron 

If the measurement matrix were complete, and assunling that data are noisy, our task would 
be to average all those 12 faces over 4 views. In the absence of noise, any set of 12 faces 
from one of the 4 views will do. The standard way to average is to apply singular value 
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decomposition (SVD) to this measurement matrix, the rank of which is at most 4 (see Sec- 
tion 3.1 for the argument). Such a measurement matrix can subsequently be factorized, with 
proper normalization, into a left matrix Q of transformation parameters and a right matrix P 
of plane coordinates, 

W = Q P  

where 

Q is the transformation of@ view with respect to the fixed world coordinate system, and 
p is the pth plane equation in the same world coordinate system. SVD has also been suc- 
cessfully applied to shape and motion recovery from a sequence of intensity images [ 1231. 

P 

Unfortunately, the measurement matrix is often incomplete in practice: i t  is not unusual for a 
large portion of the matrix to be unobservable. As we have seen in the above example, half 
of the measurement matrix is unknown. When the percentage of missing data is very small, 
it is possible to substitute the missing elements with the mean or an extreme value. This is a 
common strategy in multivariate statistics [63][100]. Such an approach is, however, no 
longer valid when a significant portion of the measurement matrix is unknown. 

A common practice in modeling from a sequence of images with unobservables is to use 
extrapolation. For example, if there are at least three matched planar surfaces which are non- 
parallel [37], we can recover the transformation between view 1 and view 2. We first extrap- 
olate the invisible planar surfaces in view 1 from their corresponding but visible surfaces in 
view 2 using the transformation recovered. Then we apply the same extrapolation to the 
invisible surfaces in view 1. By repeating this process, we can, in principle, extrapolate the 
locations of all invisible surfaces from those which are visible [91]. A final step can be 
added to fine-tune the result by factorizing the extrapolated measurement matrix using SVD. 
A similar extrapolation approach called the “propagation method” [I231 is also used in 
motion and shape recovery from a sequence of intensity images. 

One major problem with the extrapolation method, however, is that once the estimated 
transformation is inaccurate at any step, the extrapolated results will be erroneous. In 
sequential modeling, errors accumulate and propagate through the steps. The final fine-tun- 
ing process can not improve the result dramatically since the extrapolated measurement 



16 

matrix is inaccurate. To obviate this problem, we do not resort to error sensitive extrapola- 
tion. Rather, we make use of more rigorous mathematical tools developed in computational 
statistics that cater to missing data. We will demonstrate the formulation in Section 2.2. 
Applications of this formulation to multiple view merging of polyhedral object and free- 
form objects can be found in Chapters 3 and 5 ,  respectively. 

2.2 Principal Component Analysis with Missing Data 

The problem of object modeling from a sequence of views, as shown in the previous sec- 
tion, can be formulated as a problem of principal component analysis with missing data 
(PCAMD). PCAMD has been extensively studied in computational statistics. Ruhe [ 1011 
proposed a minimization method to analyze one component model when observations are 
missing. One component model decomposes an F x P measurement matrix into an F x 1 

left matrix and a 1 x P right matrix. Wiberg [ 1311 extended Ruhe’s method to the more gen- 
eral case of the arbitrary component model. In this section, we outline Wiberg’s formulation 
of principal component analysis with missing data, before proposing a modified formulation 
by appropriate indexing, and generalizing the problem as a weighted least squares (WLS) 
problem. 

2.2.1 Wiberg’s Formulation 

Suppose we have an F x P measurement matrix W ,  which consists of P individuals from 
an F-variate normal distribution with mean p and covariance Z. Let the rank of W be r. If 
the data is complete and the measurement matrix filled, the problem of principal component 
analysis is to determine fi, s ,  and k, such that 

- _ -  I I w -  epT- U S V ~ ~  

is minimized. fi and k are F x r  and P x r  matrices with orthogonal columns, 
= ding (a,) is an r x r diagonal matrix, p is the maximum likelihood approximation of 

the mean vector, and e = ( I ,  ..., I )  is an F-tuple vector with all ones. The solution to this 
problem is essentially the SVD of the centered (or registered) data matrix W- e l  T .  

If the data are incomplete, we have the following minimization problem: 

T 
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I = { ( f ,p)  : W is observed} f? P 

where uf, and v are column vector notations defined by 
I’ - 

I pj = ir3.j  

and 

(EQ 2.2) 

Lemmn 1 

A necessary condition to uniquely solve this problem (EQ 2.1) is 
m 2 r ( F  + P - r j  + P where m is the number of observable elements in W. 

It is trivially true that there are at most r ( F  + P - r )  independent elements from LU 
decomposition of an F x P matrix of rank r Hence, to uniquely solve (EQ Z. l ) ,  the number 
of equations (m) has to be no fewer than the number of unknowns (r  (F + P - r) + P)).  

To sufficiently determine the problem (EQ 2. l), more constraints are needed to normalize 
either the left matrix 6 or the right matrix V. 

If we write the measurement matrix W as an m-dimensional vector w ,  the minimization 
problem can be written as 
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(EQ2.5) 

and 

F and G are of dimensions rn x rF and m x ( r  + 1) P I  respectively, and are computed by 
expanding every element t. off 

(EQ 2.7) 

where the ith component of w is indexed to the mi), p(i))-th component of 1% Le., 

f .  = w . - p  T 
I d p ( i )  -'f(i).'p(i). 

- wi = w f(i) ,p(i) 'and w f , p  - W i M p ) .  

To solve the minimization problem stated in(EQ 2.4), the derivative of the objective func- 
tion (with respect to u and i )  should be zero, Le., 

F T F u - F T ( w - f i )  = * ,  

GTGi  - GTw J B = (  (EQ 2.8) 

Obviously (EQ 2.8) is nonlinear because F is a function of v, and G is a function of u . In 
theory, this equation can be solved by any appropriate nonlinear optimization method. In 
practice, however, the dimensionality is so high that we have to adapt the algorithm to make 
use of the special structure of the problem. It can be observed that: 

(1) For fixed u, we have a linear least-squares problem of v; and for fixed v, we have a lin- 
ear least-squares problem of u; 

(2) Since (EQ 2.8) is also a bilinear problem of u and v, we can successively improve 
their estimates by using the updating technique in the NlPALS algorithm [loll,  Le., for a 
given v, u is updated u = F+ ( w  - p) ; and for a given u, v is updated i = G+w . F+ and 
G+ are the pseudo-inverses of F and G respectively. 
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2.2.2 An Example'ofPCAMD 

We present a simple example in this section to explain how principal component analysis 
with missing data is applied. Assume that we want to decompose the following 3 x 4 mea- 
surement matrix M with missing data into a 3 x l left matrix A ,  and a l x 4 right matrix 

B ,  

where 

This decomposition is equivalent to analyzing the first principal component of the measure- 
ment matrix. Following the equations (EQ 2.4)-(EQ 2.8), assuming that fi = 0 ,  we have 

0 0 0 0 0 0 0 

0 O a 2 0  O a 3 0  0 0 

T a , O  O a z O  O a 3 0  0 
O a 1 0  O a , O  O a 3 0  

0 O 6 , O  O 6 , O  0 0 

and 

1. Bot Holt at Bell Labs suggested that PCAMD should be compared with the EM algorithm, as is in 
the example illustrated on p.211 of Johnson and Witchern's book [62] .  The same example i s  used 
here. The EM algorithm is a two-step iterative maximum likelihood estimation algorithm thal pre- 
dicts the contribution of missing observations and then computes a revised estimate of the parame- 
ters. The PCAMD method performs slightly worse than maximum likelihood estimation for 
simulated multivariate normal data [131]. However. the PCAMD algorithm works whether or not the 
measurement matrix is formed from a normal distribution 1631. 
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[ai + a i  0 0 0 

L o  0 2 2 :  0 a ,  + a 2  + a .  

It is straightforward that we can iteratively update our estimations by 

A 7 b 2 + S b 3  A 2b2 + b,  .I 3b1 i 6b2 + 2b3 + 5b,  
2 2  , a 2 =  2 , a 3 =  2 2 2 2 '  

a =  I 
62 + b,  b ,  + b,  + 6 ,  b ,  + b,  + b,  + b ,  

and 

.. 3a3 7 a l  + 2a2 + 6a3 
2 2 2 7  

b l  = - , , g2  = 
a 2  + '3 a l  + a2 + a3 

.I S a , + a 2 + 2 a 3  A 5 
b,  = , b , = - - .  

a l  + a Z  + a 3  a3 

If we normalize the estimated parameter so that a, is the same as the initial sample mean 
p = [6 1 4] ', i.e., a3 = 4, the PCAMD algorithm converges in about 10 steps from an 
arbitrary initial estimate to 

A = 15.4181 1.188 9 B = [0.689 1.375 0.776 1.251 

Notice that A is significantly different from the initial sample mean. 
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W1.I 

w1,2 

w1, P 

... 

... 
wF,I 
... 

wF,P_ 

2.3 New Formulations of PCAMD 

2.3.1 Modified Wiberg's Formulation 

In practice F and G are usually sparse matrices with many zeros. We can appropriately 

- -  
PI 
k 
... 

- 
... 
PI 
... 

index w as w l  , such that 

or 

f ]  = 

f ,  = w l - @ - H u  

Similarly, we can index w as w2, such that 

f2 = wz - Kt 

or 

f =  2 

w1, I 

w23 I 

... 
wF, I 

... 
WI,F 
... 

wF, I 

(EQ 2.9) 

,.. 

'F. 1 ' F , r  

UI, I ' 1 . r  1 
OF, ( r + l )  .. 

uF. 1 ' F , r  ' 

"1, I 

v2, 1 

v ,  1 

... 

PI 

"l , f  

... 

... 
' r ,  F 

b. 

(EQ 2.1 1) 

, (EQ 2.12) 
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Note that Hand K are block diagonal matrices. 

Because f ,  and f, contain the same observables as f ,  

and 

HTHu - HT ( wI - p) 
. = [  KTKV - KTw2 ] 

since 

(EQ 2.13) 

(EQ 2.14) 

(EQ2.15) 

If the data are complete, K is a block diagonal matrix of dimension F P  x ( r  + 1) P , whose 
block elements are U matrices of dimension F x ( r  + 1) .  replicated along the diagonal, i.e., 

(EQ 2.16) 

(EQ2.17) 

When the data are incomplete, the elements associated with the missing data are taken out, 
resulting in a matrix of dimension m x ( r  + 1) P I  

urn, x ( r +  I )  0 0 u, 0 0 

0 0 Urn,x(r+l )  0 0 up 
K = [  0 . . .  0 1 = [o  . . _  (EQ 2.18) 

where 
P F 

c % P .  E m p  = m , a n d m  = P 
p = l  f =  I 
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= 1 when Wr., is observed, otherwise y = 0. yr. I' J P  

Similarly, when the data are incomplete, we have the following matrix of dimension 
m x r F ,  

H =  

where 
F P 

0 . . .  0 I = 0 . . .  
v1 0 0 O v, "1 (EQ2.19) 

nj = m ,  and nj = yLp. 
/ = I  p = l  

The pseudo-inverse matrices of H and K can be easily computed because of their block 
diagonal structure, 

Kf = 1 u; 0 0 

0 ' .  0 

0 0 u;] 

H+ = 0 -0. "1 
0 0 vt' 

2.3.2 A Weighted Least-squares Formulation 

The minimization problem (EQ 2.1) can in fact be generalized as a WLS problem, 

(EQ 2.20) 

(EQ2.21) 

(EQ 2.22) 

where y, 

In the previous discussion, we have assumed that all weights are one when data is observ- 
able, or zero when data is unobservable. However, in many cases, we may prefer to assign 

is the weighting factor for each measurement W L P .  
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weights other than ones or zeros to individual measurements. For example, in recovering the 
pose of a 3D plane, we can assign a confidence measurement to each recovered surface nor- 
mal by its incidence angle with the viewing direction. Different sensor models can also be 
applied to obtain a weighting matrix if necessary. In the following, we formulate principal 
component analysis with missing data as a WLS problem. 

We introduce two F P  x F P  diagonal weight matrices, 

r = diag (rl, rz, ..., r,) 
and 

@ = d i a g ( @ , , 0 2  ,..., QF) 

where 

rp = diag (Yp, 1’ Yp, 2’ ..., Yp, F) I p = 1, . .., P ,  

and 

(EQ 2.23) 

(EQ 2.24) 

(EQ 2.25)  

where 

fyl = r f, and f rz = @ f 2 .  

The solution to the above problem is when the first derivative of the objective function 
becomes zero. The derivative of the objective function is 

(EQ 2.26) 

where 



and 
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(EQ 2.27) 

(EQ 2.28) 

Therefore, after computing the pseudo inverses of H y  and KY, 

1 I (EQ 2.29) 

( Q2.30) F 
we can use the PCAMD algorithm to solve the WLS problem. Our formulation is essentially 
a modified NIPALS Ruhe-Wiberg algorithm. The algorithm is as follows: 

Algorithm PCAMD 

(1) initialize i 

(2) update 

u = H+(w -0) 
Y 1  

(3) update 

i = K+w r 2  
(4) stop if the algorithm converges, if not, go back to (2). 

Remarks: 



26 

(1) Ruhe [ lo l l  also suggested using Newton and Gauss methods to speed up the 
convergence of the NIPALS method. In practice, the NrPALS method converges within 
the desired tolerance in several iterations in most experiments. 

(2) Ruhe [IO11 and Wiberg [I311 also showed that the more data arc missing, the worse 
the result will be. It is hardly surprising because PCAMD is basically an interpolation of 
all observable elements. Statistically this corresponds to decreasing robustness of the 
estimates for the principal components, given the observations. Fortunately, in object 
modeling from multiple views, we can always increase the number of views to form a 
well constrained problem for our modeling purpose. Determining a minimally acceptable 
number of views can be regarded as a sensor planning problem. 

(3) The missing data can also be extrapolated as long as we find some sub-blocks in the 
measurement matrix which satisfy Lemma 1. The issue of obtaining those blocks is non- 
trivial. Once the missing data have been augmented, a linear or nonlinear optimization 
method can be applied to solve the original problem. The method should work well if the 
data are noise-free, Le., if only the first r singular values of the reconstructed measure- 
ment matrix are non-zero. However, this method is of questionable value when any result 
from the sub-block computation is inaccurate. 

(4) The algorithm PCAMD runs essentially in batch mode. When a new measurement is 
introduced, i.e., when a new row is added, we have to run PCAMD again. Nevcrtheless. it 
has been shown by Morita and Kanade [gl]  that i t  is possible to replace this kind of 
batch-mode algorithm with an iterative one. 

2.4 An Integral Approach to Object Modeling 

Principal component analysis with missing data has been formulated as a WLS minimiza- 
tion problem in the previous section and a PCAMD algorithm was proposed to solve it. As 
illustrated by the motivational example of a dodecahedron in Section 2.1, it is clear that 
polyhedral object modeling from a sequence of views should be formulated as a WLS prob- 
lem. In this section, we present an integral approach to object modeling from a sequence of 
range images: the approach utilizes the PCAMD algorithm to obtain a statistically optimal 
solution. 
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2.4.1 How to Integrate 

We use the example of polyhedral object modeling shown in Section 2.1. Once each range 
image is segmented and all planar patches are tracked, we can form a measurement matrix, 
which consists of many missing elements. We have seen how, using the PCAMD algorithm, 
the measurement matrix can be decomposed, with proper normalization, into a left matrix Q 
of transformation parameters and a right matrix P of plane coordinates. 

In other words, the measurement matrix can be decomposed into a shape matrix P and a 
transformation matrix Q ; these matrices are estimated iteratively in two weighted-least- 
squares steps. Figure 4 shows the integration process with PCAMD. 

Measurement 

Shape 

WLS - Q 
Transformation 

Figure 4 Integration using PCAMD 

2.4.2 Make It Robust and Dynamic 

The weight matrix in Figure 4 is predefined. However, the weights can be updated during 
the iterative process using some statistical methods, such as the metrically Winsorised resid- 
uals method [ 1171. This method is based on the assumption that each measurement is cor- 



rupted by additive Gaussian noise. The metrically Winsorised residuals method adjusts the 
weight for each measurement depending on its residual error. We can downweight some ele- 
ments which have suspiciously extreme values. This robust approach is illustrated in  Figure 
5. 

In both Figure 4 and Figure 5 we have assumed that the measurement is given and can not 
be changed. However, the result from the PCAMD algorithm can be used to build a better 
correspondence. The update is tightly linked with the correspondence process. After we 
update the transformation matrix, we have to check whether the previous match is still valid. 
If we find a better correspondence, it can be used to form a new measurement matrix and a 
new weight matrix. In other words, we can even change the measurement matrix so that we 
have a more dynamic version of our integral approach. 

Measurement U Matrix 

Weight 

WLS - P 

$q Transformation 

Figure 5 Robust integration with updating weight matrix 
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2.4.3 What to Integrate 

As is evident by now, to integrate multiple views in a statistically optimal fashion, we first 

need to determine what is to be integrated from a sequence of range data. In polyhedral 
object modeling, we can successfully make use of the redundancy in multiple views because 
planar surface patches can be tracked over the sequence. This can be regarded as resampling 
polyhedral objects using an object-centered planar boundary surface reprcsentation. In 
Chapter 3, we show how this resampling is achieved, and how the integral approach is 
applied in polyhedral modeling. Due to the numerical instability of fitting high-order poly- 
nomial to noisy range data, we will not consider any higher-order polynomial segmenta- 
tions. 

Ideally, for free-form object modeling, we would prefer to register each data point from one 
view to another. However, the physical correspondences between data points in two differ- 
ent views are usually not known apriori. As a result, we have to search for some salient fea- 
tures which do have correspondence among different views. We show in Chapter 5 how 
free-form objects are resampled using a spherical mesh representation. 
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Chapter 3 

What to Integrate: Polyhedral Objects 

In this chapter, we show that multiple view merging of a polyhedfal object can be formu- 
lated as a combination of two WLS problems. The first WLS problem involves the determ- 
nation of rotation matrices and surface normals; the determination is independent of 
translation. It can be further simplified by representing the rotation matrix using the quater- 
nion. Once the first problem is solved, the second WLS problem yields translation vectors 
and normal distances to the origin of the coordinate system. A straightforward two-step iter- 
ative algorithm can be devised to solve these two problems using the PCAMD algorithm 
explained in Chapter 2. 

3.1 Two WLS Problems 

Suppose that we have tracked P planar regions over F frames. We then have trajectories 
of plane coordinates { ( Y , d ) 1 f = 1, . .., F ,  p = 1, . .., P }  , where vfP is the surface nor- 
mal of the p-th patch in thefth frame, and dfp is the associated normal distance to the ori- 
gin. To facilitate the decomposability of rotation and translation, instead of forming a 
4 F  x P measurement matrix as in Section 2.1, we form surface normals V into a 3F x P 
matrix W'")  and distances dfp into an F x  P matrix W ( d )  . W'") and W are called the 
noma1 measurement matrix and distance measurement matrix, respectively. 

W'") and Wed) are highly rank-deficient. It can be easily shown that W'") has at most 
rank 3 and Wed) has at most rank 4 when the data are noise-free. We decompose W'") into 

fP f P  

4) 

where 
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is the rotation matrix of each view with respect to the world coordinate system, and 
v = [v , .  ..., vp] is the surface normal matrix in the world coordinate system. Since R is an 
3 F  x 3 matrix and Vis an 3 x P matrix, the rank of W‘“) is at most 3. 

Similarly, we can decompose W ( d )  into 

W ( d )  = T M  

where 

M =  

(EQ 3.2) 

t and Rf are the translation vector and rotation matrix of view f with respect to a fixed 
world coordinate system. 

Note that the decomposition of dd) depends on the decomposition of W‘”)  . Since M is 
4 x P and Tis F x 4, the rank of Wed) is at most 4. 

We can also decompose Wed) into 

r 

(EQ 3.3) 

When all elements in the two measurement matrices are known, we need to solve two least- 
squares problems. However, since only parts of the planar regions are visible in each view, 
we end up with two WLS problems instead. The first least squares problem, labeled as 
WLS-1. is 

min tY,c? cw,c”d - [ R V l f , p ) ) 2  (EQ 3.4) 
f = I  ,___. F.p=I .___, P 

and the second one, denoted as WLS-2, is 

(EQ 3.5) 
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where 

= 0 if surface p is invisible in frame f, and y, = 1 otherwise. All weights can take 

on any value between zero and one, depending on the significance or confidence of each 
measurement. 

Yf, P 

3.1.1 Quaternion WLS-1 

From the previous section, it appears that we can devise a simple two-step algorithm which 
solves WLS-1 and subsequently WLS-2 by applying the PCAMD algorithm to both prob- 
lems. In order to solve WLS-1, we iterate Rvl  as if it had nine independent parameters, 
while it is a nonlinear trigonometric function of three parameters. Although it is possible to 
normalize RW after every iteration, the naive algorithm may perform poorly in terms of 
robustness and efficiency. 

In fact, several representations of rotation are often used in practice: 

(1  j An orthonormal rotation matrix R; 

(2) A rotation axis a and a rotation angle 0 ; 
(3) A rotation vector r [4]. 

(4) A unit quaternion q. 

A quaternion is a 4-tuple (w,s) where w is a 3-vector and s is a scalar. The mapping between 
a unit quaternion and a rotation axis along with a rotation angle is given by w = sin (W2) a 
and s = cos (W2) . The quaternion representation of the rotation matrix leads to a simple 
way of solving minimization problems of 3D point matching and surface normal matching, 
as demonstrated in [37]. 

The WLS-1 problem (EQ 3.4) can be decomposed into F minimization problems 

p =  1 

where 

(EQ 3.6) 
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Therefore WLS-1 can be reformulated using quaternions as 

p =  I 
(EQ 3.7) 

where 4 is the conjugate quaternion of q, and 

p =  I p =  1 p =  1 

VI A$ are symmetric matrices because w,q u, - q v is a linear function of q m  . Obvi- 
P 

ously 

P 
B W =  C A , ”  

p = l  

is also symmetric, and the minimization problem (EQ 3.7) becomes 

(EQ 3.9) 

(EQ3.10) 

The solution to the above minimization problem is the eigenvector qmin VI corresponding to 
v) the minimum eigenvalue of the matrix B . 

3.1.2 An Iterative Algorithm 

We combine the quaternion-based rotation matrix updating to form a two-step algorithm to 
solve both the first and the second WLS problems. The algorithm is as follows: 

Algorithm two-step WLS’S 

Step 0 Initialization 

( V I ,  WvJ) (0.1) read in measurement matrices W 

(0.2) read in weight matrices y 

(0.3) initialize R, vectorize R to v 

(VI (d)  , y 
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Step 1 WLS-1 

(1.1) vectorize \Y(') to wvl and wv2 

(1.2) update H 

(1.3) update 

+ 
"Y 

u = H  
+ 
vyWvl 

(1.4) update 

€3 (O 
(1.5) update 

to 
9 

and transform to R, vectorize to v 

(1.6) go to (1.2) if not converged, otherwise advance to Step 2. 

Step2 WLS-2 

(2.1) vectorize W(d) to wdl and wdZ 

(2.2) update Hdy 
(2.3) update 

+ 

+ 
dyWdl u = H  

(2.4) update 

K+ 
dY 

(2.5) update 
+ 

i. = Kdywd2 

(2.6.) stop if converged, otherwise go to (2.2). 

Until now, we have not yet explicitly discussed the normalization problem in our WLS 
approach. The problem of normalization occurs because the measurement matrix is rank- 
deficient. Hence, unless an additional constraint is imposed, there are infinitely many solu- 
tions to the minimization problem (EQ 3.1). This additional constraint is generally problem- 
dependent. For example, the 2-norm of the factorized left matrix is constrained to be unity 
[123]. Fortunately, we have implicitly constrained our rotation matrices in their quaternion 
representation. The remaining constraint in the first WLS is the normalization of surface 
normal vectors which are. constrained to be of unit magnitudes. 

. 
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3.2 Surface Patch Tracking 

Prior to multiple view merging, we need to track surfaces so that a normal measurement 
matrix and a distance measurement matrix can be formed. In this section, we briefly over- 
view each module of our surface patch tracking system: range image segmentation, adja- 
cency graph building, and two-view matching. 

3.2.1 Range Image Segmentation 

There are many different techniques for range image segmentation. By and large, they can 
be divided into feature-based and primitive-based approaches, although a statistics-based 
approach has also been introduced recently. The feature-based approach yields precise seg- 
mentation but, in practice, it is sensitive to noise. For example, Gaussian and mean curva- 
tures can be used to label different regions before region growing. However, this process is 
quite noise-sensitive because of the presence of the second-order derivative. The primitive- 
based approach, on the other hand, is more robust to noise, yet it is constrained by the num- 
ber of primitives. The higher the degree of the surface polynomial, the more difficult and the 
less robust the segmentation is likely to be. 

In this the.sis, the planar surface region growing segmentation method of [37] is used. The 
regions are established via region growing from seed points that are chosen from those clos- 
est to their approximating planes. The regions are then merged with their neighbors until the 
best-fit errors become unacceptable. 

3.2.2 Adjacency Graph 

Once we have successfully segmented the range data for each view, the range image associ- 
ated with view i can be represented as a set of planar regions Z j  = { Y . . ,  d . . ,  c . . }  , where v.. 
and d . .  are the normal and distance of thej-th segment planar surface respectively, and cij 
is the centroid of thej-th segmented region. 

From each view of the 3 0  object, we build an adjacency graph. Every node in the graph rep- 
resents a visible planar region and each arc connects two adjacent nodes. The adjacency 
graph is updated whenever the view on which it is based is matched with another. After 
tracking all planar patches for the whole sequence, we have adjacency information among 
all visible planar regions. From the adjacency graph, all the object vertices can be located. 
Thus, a 3D object model is obtained. However, augmenting the adjacency graph is difficult 

1J 11 IJ ?I 

IJ 
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for concave objects because of occlusion. A better way of establishing spatial connectivity 
among all surfaces is discussed in  Section 3.3. 

We have implemented a planar surface patch tracking system which combines an adjacency 
graph with range data because there is significant change in range data across an occluding 
edge. 

3.2.3 Matching Two Views 

Given two adjacent segmented images I ,  and I , ,  we would like to find a correspondence 
between different regions in the two views. We seek a mapping 4: (II f 12) such that a 
certain distance measurement d (II, Z2) is minimized. 

Two problems arise in matching two views of planar regions: 

(1) how to establish correspondence between the two views; and 

(2) how to recover the transformation between them. 

Our solution to the first problem is to use the adjacency information between two segmented 
patches and between segmented surface normals. If the displacement between two views is 
relatively small, there should be only a linear shape change [58] within the same aspect. 
Corresponding segmented regions are of similar size (number of points), centroid, and sur- 
face normals. When a new aspect appears, indicating a nonlinear shape change, there would 
be significant change in these parameters. There may not always be solutions to the second 
problem because we need at least two corresponding non-parallel faces to determine rota- 
tion and three to determine translation. In practice, we can always make the assumption that 
we have two non-parallel corresponding faces in two adjacent views. 

In fact, solving the second problem can be of help in solving the first one. This is because 
once we have an initial estimation of transformation, we can then make use of the hypothe- 
size-and-test approach. We can iteratively select two pairs of non-parallel faces from the 
two images to be matched, estimate the corresponding rotation matrix, and then attempt to 
match the remaining faces. We always choose two adjacent faces from both images, and 
match them based on the surface normals, distances and centroids of the segment regions. 
The number of faces matched and the consistency in face adjacency are used in the distance 
measure between the two matches. The estimated transformation matrix is used only to help 
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in building the adjacency graph, while the precise transformation is robustly recovered 
using our WLS method. 

Multiple view tracking is done by sequentially matching two adjacent views. Whenever a 
new view is added, the adjacency graph and the weight matrix are automatically modified. 
Because of the problems associated with updating the adjacency graph subsequent to sur- 
face patch tracking and multiple view merging, we use another algorithm in next section to 
establish the spatial connectivity among surfaces. 

3.3 Spatial Connectivity 

Once we have extracted the equations of planar surfaces of the object, we need to establish 
the spatial connectivity relationship among these surfaces. One approach is to build an adja- 
cency graph from a sequence of views, as discussed in the previous section. However. aug- 
menting the adjacency graph whenever a new view is introduced is quite ad-hoc. In this 
section, we present a new approach to recovering surface connectivity after all surface 
patches are recovered. We show that the problem of spatial connectivity between boundary 
surfaces can be reduced to one of connectivity between supporting lines of a simple poly- 
gon. 

3.3.1 Half-space Intersection and Union 

'. f 

' I  

Figure 6 A simple polygon and its supporting lines (stippled and solid lines) 
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We assume that every planar patch P of the object model is a simple polygon. A simple 
polygon does not self-intersect. Every (infinite) plane divides the space into two parts, 
inside and outside, with surface normal pointing toward the outside of the object. Given an 
unbounded planar surface, if we intersect all other planar surfaces on it, we obtain support- 
ing lines as illustrated in Figure 6. Each supporting line is directed so that the interior of P 
lies locally to its right. The right half-plane created by such a directed supporting line c is 
called the supporting half-plane, and is characterized as supporting the polygon [32]. How- 
ever, a concave P might not all lie in the right half-plane as indicated in Figure 6. 

For each point x on the plane, if we know on which side of each supporting line x lies, then 
we know if x is inside P. Therefore, the polygon P (and its interior) can be represented as a 
boolean formula whose atoms are those supporting lines. In other words, a simple polygon 
can be represented by the intersection and the union of its supporting lines. For example, a 
boolean formula for the polygon in Figure 6 can be cii 63 a6 @ b3 @ 3c .  This Guibas style 
[32] formula is obtained by complementing the second supporting line at a convex angle, 
and the first supporting line at a concave angle when we go around the polygon. Once spa- 
tial connectivity is established, the Guibas style formula is straightforward. Other boolean 
formulae such as the Peterson style are also possible [32]. 

3.3.2 Modified Jarvis’ March 

The problem of establishing spatial connectivity of supporting lines can be formulated as a 
modified convex hull-like problem which involves only vertices. This problem can also be 
regarded as one of cell decomposition which involves data points. We propose a modified 
Jarvis’ march algorithm to reconstruct simple polygons from supporting lines and valid data 
points. Once transformations among different views are recovered, all valid range data 
points can be transformed to a single world coordinate system. The algorithm to recover 
spatial connectivity among 3D surfaces is discussed in Section 3.3.3. 

Dejnition 1 

A point is defined as valid in a simple polygon if there exist sufficient valid data points 
around its neighborhood. 
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Lemma 2 

The intersection point P of two supporting lines is valid in  a simple polygon if and only if 
the intersection of two corresponding half-planes is valid locally at P. 

Proaj? 

When the intersection of two half-planes is valid locally at P, the intersection point of these 
two supporting lines is valid by definition. 

Assume that the intersection p i n t  of two supporting lines is valid. Given that two lines 
divide the plane into four regions, at least one such region out of four around the intersection 
point must be a valid cell of the simple polygon. Therefore, the intersection of two half- 
planes is valid locally at P. 

Lemma 2 leads to a modified Jarvis’ march algorithm of reconstructing a simple polygon 
from supporting lines and valid data points. 

To construct a simple polygon from all supporting lines and valid data points, we first pre- 
compute all intersection points which can be candidates of the vertices of the simple poly- 
gon. If we march successive vertices with the least turning angle, we obtain their convex 
hull. This is referred to as the Jarvis’ march algorithm [96]. The kernel of the simple poly- 
gon, if it exists, can also be found by intersecting all half-spaces. Lemma 2, therefore, 
enables us to find the correct simple polygon by marching all points whose local neighbor- 
hood is valid. We call this algorithm the “modified Jarvis’ march”. 

Assume that we start with the lowest left point p ,  of the set of vertex candidates. p ,  is cer- 
tainly a convex hull vertex, but it is not necessarily a vertex for our simple polygon (unless 
it is valid locally). For example, in Figure 7, p ,  is not a simple vertex because p5p,p2 is not 
a valid triangle cell (valid cells with valid data points are shaded). SincepQps is a valid tri- 
angle cell, we start our algorithm from p 2 .  
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I p1 I P2 I P3 I P4 

Figure 7 An example of modified Jarvis’ march and cell decomposition. Shaded area represents valid 
data points 

A data structure is defined for each intersection point P as follows: 

typedef [ 
intersect-point left, right, up, down; 
intersect-point previous, next; 

) intersect-point P. 

Figure 8 shows the relationship among the members of the data structure. Assume that an 
intersection point is intersected by only two supporting lines. 

P->up = P4 P->firight = P-j 

p3ef t  7 P, 
P->previous = P, 

P->down = P, 

Figure 8 An illustration of the data structure or intersection point 
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After the starting vertex is found, we march to the next vertex as illustrated i n  Figure 8. If 
there are sufficient data points in cell P P ~ P J ,  the next valid vertex is Pz; if P ,  is not valid, 
we check if P3 is valid; if P3 is also invalid, P4 must be valid, or an error will occur. The 
march ends when the next vertex is the starting vertex. The modified Jarvis’ march (MJM) 
algorithm is given as follows: 

Algorithm MJM 

Step 1. initialize starting vertex 

START->previous = NULL, 
P = START->next, 
P->previous = START; 

Step 2. march 

P->left = PI; P->down = P2; P->right = P3; P->up = P4; 
if cell PPzP3 valid, P->next = P2 (case 1) 
else if cell PP3P4 valid, P->next = P3 (case 2) 
else if cell PP4Pl valid, P->next = P4 (case 3) 
else error occurs; 

Step 3. terminate 

if P->next = START. 

A post-processing step may be necessary to remove points which belong to case 2 in step 2 
of the march algorithm. Each of these points is on the same line with its previous point and 
its next point. For example, in Figure 7, p I 2  can be removed because p,3 and p I 6  make it 
redundant. 

As can be seen from the above algorithm, shown in Figure 7, and further illustrated in Fig- 
ure 8, the problem of single polygon reconstruction from supporting lines and valid data 
points is one of cell decomposition. As we march around all supporting lines, the Guibas 
style boolean formula of the simple polygon can be readily formulated. 
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3.3.3 3D Spatial Connectivity 

So far we have discussed the problem of recovering the connectivity of supporting lines of a 
simple polygon. The approach uses information at both the signal level (real data points) 
and the algebraic level (line equations). 

The same hybrid approach can also be applied to the problem of spatial connectivity of pla- 
nar surfaces in 3D. Indeed, the problem of connectivity of planar surfaces in 3D can be 
reduced to a set of problems of connectivity in 2D. Assume that we have recovered a set of 
N face equations and transformation among different views (e.g., from PCAMD). All valid 
data points from multiple views can be merged in the same world coordinate system. For 
each face Fi, if we intersect all other N-I faces Fj (j = 1, ..., N -  1, j #  i )  with Fi and 
project all these lines onto Fi, we get M (=N-I)  supporting lines on face Fi. We also project 
nearby 3D points onto this face Fi. Without loss of generality, we assume that no two sup- 
porting lines are parallel (or a normal threshold d can be set such that vtvj  2 d ) .  For any of 
the M supporting lines, if we intersect it with the remaining M-1 lines, we get all possible 
candidates for vertices of the valid simple polygon which is the model of face Fi. The modi- 
fied Jarvis’ march algorithm can then be applied to each of the N faces accordingly. By con- 
necting all polygons recovered, we get the entire 3D object model boundary. Accordingly, a 
simple algorithm can then be constructed to establish 3D spatial connectivity. 

Figure 9 illustrates the reconstruction of such connectivity. It shows one face of a toy house 
model. Figure 9a shows the intersections of supporting lines and nearby data points pro- 
jected on this face, while Figure 9b superimposes a reconstructed simple polygon model of 
this face on Figure 9a. The complete house model is reconstructed and presented in Section 
3.4. 
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Figurr 9 Reconstruction of connectivity. The tiny dots reprecent projrcted nearby data points. 
Intersections of supporting lines are represented by black circles. Vertices of reconstructed 
simple polygon are represented by small squares 

3.4 Experiments 

In this section, we present the results of applying our algorithm on synthetic data and on real 
range image sequence of objects. We demonstrate the applicability and the robustness of our 
approach using synthetic data, and present the recovered model from real range images. 

Our synthetic data set consists of a set of 12 planes as in the case of the dodecahedron in  

Chapter 2. A dodecahedron with 4 different views is shown in Fig. 3 in Chapter 2. 

3.4.1 Applicability 

In this section we study the applicability of the proposed approach. In order to recover the 
shape of a dodecahedron, given that the correspondence is known, how many views are 
needed? 

In this case, we pick 4 distinct views from the viewing sphere so that there is no singularity. 
A singularity occurs when fewer than 6 faces are visible. We can then formulate two mea- 
surement matrices for surface normals and planar distances as follows: 
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(EQ 3.11) 

(EQ3.12) 

In order to solve WLS-1 uniquely for F frames, we need 

18F2 3 F +  3 P ,  

since we have f8F equations and 3F unknowns for rotation matrices and 3P unknowns for 
surface normals. For WLS-2, we have 6F equations, but there are only F unknown transla- 
tion vectors and P unknown plane distances after using results from WLS-I. Therefore, the 
necessary condition to uniquely solve WLS-2 is 

6 F 2  3 F + P .  

Since P is 12,  F 2 4 is the unique solution for both problems. Again, we are not concerned 
with the normalization problem at this point. 

3.4.2 Robustness 

We study the effectiveness of our approach when data is corrupted by noise, and mismatch- 
ing occurs. Our synthetic data consists of a set of 12 surface patches randomly distributed 
around all faces of a dodecahedron. Correspondence is assumed to be known. Only the first 
WLS problem is studied because of the similarity between those two WLS problems. The 
minimization of weighted squares distance between the reconstructed and the given mea- 
surement matrices leads to the recovery of surface equations and transformations. 

To study the error sensitivity on the reconstruction of our algorithm, we take four nonsingu- 
lar views of the dodecahedron. Each component in every surface normal of these four views 
is corrupted by a Gaussian noise of zero-mean and variable standard deviation. As we have 
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shown in the preyious section, at least 4 views are required to recover the dodecahedron 
model, Figure 10 shows that our algorithm converges in a few steps. The cases with stan- 
dard deviation (T of 0.05, 0.1, 0.2 and 0.5 are studied. Notice that the case with standard 
deviation of 0.5 yields very noisy original data. As we take more views, the sum of the 
weighted squares error is reduced. Figure 11 plots the normalized weighted least squares 
error for 4, 8, 12, and 16 views respectively, while Gaussian noise with 0.5 standard devia- 
tion is present. The sums of squares errors are normalized because the number of observa- 
tions increases as more views are introduced. 

A more interesting case is when mismatching occurs. Obviously if a face appears only once 
in the whole sequence, then its reconstruction depends on the amount of noise. When this 
face appears in more and more views, its reconstruction using our WLS method is averaged 
over these views. Figure 12 gives the reconstructed errors of a face which appears 12 times 
in 16 views. When only two views are matched, the reconstructed surface normal deviates 
from its normal by 18.2 and 38.9 degrees when the respective standard deviation (T is 0.1 
and 0.2. When more views are added, the angle between the reconstructed surface normal 
and its normal decreases to around 10 and 20 degrees, respectively. 

When an observed surface normal is inaccurate in one pxticular view, the conventional 
sequential reconstruction method results in an erroneous recovered surface normal and 
transformation. Enors propagate as new views are introduced, regardless of the number of 
views in which this surface is visible. However, our WLS approach gives appreciably 
smaller reconstruction error on this observed surface normal by distributing the errors over 
all views. In any case, in general, our approach is better than the sequential approach. Figure 
13 compares the reconstructed errors of the sequential method and WLS. There are 12 
observations of this surface normal from 16 views and its first observation is off by an angle 
between 0' and 40'. The reconstructed models, for the case of a 40' angle deviation of one 
surface normal in the first view, using the sequential and the WLS methods are shown in 
Figure 14 along with the original model. Figure 14a shows a badly-skewed model, which is 
the worst case from the sequential method, since error was introduced in the very first 
frame. Figure 14b shows the reconstructed model by the WLS method, while the original 
dodecahedron model is presented in Figure 14c. 
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Figure 14 Recovered and original dodecahedron models: (a) the worst case of the seqnentiol method; 
Ib) our \ V I S  method; and (e) the original model 

3.4.3 Real Range Image Sequence 

We have applied our algorithm to a sequence of range images of a polyhedral object, using 
the planar region tracker described in Section 3.2. Figure 15a and Figure 15b show the 
entire sequence with 12 views and their corresponding segmentation results. Segmentation 
is not perfect in several views. Figure 16 shows the result of our system, with two shaded 
views of a recovered object model. Figure 17 and Figure 18 show the example of a toy 
house. 
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Figure 15 A sequence of images of a polyhedral object: (a) original images; and (b) after segmentation 
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Figure 16 Two views of shaded display of a recovered model 



51 

Figure I7 A sequence of images of a toy house: (a) original images; and (b) after segmentation 
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Figure I 8  Four views of texture-mapped dsplay of a mnstructed house model 
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3.5 Discussion 

In this chapter, we have applied our integral approach to polyhedral object modeling. The 
planar boundary surface model is recovered and integrated from different views. An inher- 
ent problem in multiple view integration is that the information observed from each view is 
incomplete and noisy. One significant contribution of our work is the application of 
PCAMD to obtain a statistically optimal object model from a sequence of views. 

With zero weights assigned to the unobservable data, merging different views can be formu- 
lated as a combination of two WLS minimization problems. By applying the PCAMD algo- 
rithm to both problems, we get a straightfonvard two-step algorithm in which the first step 
computes surface normals and rotation matrices by employing the quaternion representation 
of the rotation matrix; the subsequent step recovers translation vectors and normal distances 
to the origin. Experiments on synthetic data and real range images indicate that our 
approach converges quickly and produces good models even in the presence of noise and 
mismatching. An accurate polyhedral object model reconstructed from a sequence of real 
range images is presented. A complex toy house model is also reconstructed. More compli- 
cated scene modeling is presented in the next chapter. 

When the motion between two views is relatively small, we can track different segmented 
surface patches by making use of surface normals, distances, centroids, and adjacency infor- 
mation. An adjacency graph is built for each view and is modified as the viewing direction 
changes. A significant advantage of surface patch tracking, as opposed to other methods 
such as point matching and line segment tracking, is that surface patches can be more reli- 
ably extracted and tracked. 

A hybrid approach has been used to establish spatial connectivity of boundary surfaces. The 
spatial connectivity of surfaces, and in particular, the supporting lines of a simple polygon, 
can be obtained by combining algebraic equations of surfaces and data points merged from 
multiple views once the transformation is recovered. 
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Chapter 4 

Scene modeling 

One of the most important applications of modeling from reality is modeling a virtual envi- 
ronment from existing scenes and objects [38]. One problem we face with modeling a vir- 
tual environment is the problem of levels of detail. For example. we can model indoor or 

outdoor scenes with a polyhedral representation, but we may have to resort to free-form rcp- 
resentation for simple objects. Thus, we can decompose modeling from reality into two 
problems: scene modeling and focused object modeling. This chapter focuses on scene 
modeling -- a case of polyhedral object modeling from a sequence of images. 

4.1 The System 

Data 
Collt 
Unit 

- 
stion 

Figure 19 The system used for modeling the virtual Wean Hall at CMU 
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As shown in Figure 19, our system consists of a light-stripe range finder on a mobile base, a 
data collection unit and a calibration unit. The range finder is composed of a projector and a 
CCD camera. In order to calibrate the range finder, we make a cube of 60 x 60 x 60 cnt3 

which has equidistant marks on each face. The range finder has a dynamic range of about 
h i ,  which is a restriction of our data collection apparatus. 

We have taken a sequence of images of the first floor Wean Hall corridor at CMU. Four rep- 
resentative views and their correspondent segmented views from the sequence are shown in 
Figure 20. After the sequence is tracked using segmented patches, the PCAMD algorithm is 
applied to obtain the planar surface equations. 

Figure 20 Four views from the sequence of images of Wean Hall first floor: (a) Intensity images; and (b) 
segmented images 

4.2 The Result 

First, the geometry of the Wean Hall model is reconstructed using the tracking, integration 
and connectivity techniques presented in the previous chapter. We also carefully extract tex- 
ture maps fmm a sequence of color images of the scene. The process is manual and quite 
tedious. To ensure good results, we use only images which are taken perpendicular to the 
camera viewing direction. Three samples of the texture maps are shown in Figure 21. 
Because our OGIS range finder has only a black and white CCD camera, we take additional 
color images to extract textures. 
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Several views of the reconstructed Wean Hall model are shown in Figure 22. To run visual 
simulation with texture mapping, we code the geometry of the model using the FLT format 
(Le., OpenFlight Format Specification by MultiGen Inc. [90]). All views in Figure 22 are 
screen-dumped while running “perfly” (a demo program based on the IRIS Performer 
Graphics Library) on a Silicon Graphics SGI reality engine. 

Figure 21 Samples of textum maps used in Wean Hall model: (a) Brick (b) Concrete and (c) Wood 
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Figure 22 Several views from the visual simulation using IRIS Performer 
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4.3 Automatic Extraction of Texture Maps 

One problem in modeling the virtual Wean Hall corridor is that it is difficult to extract real- 

istic texture maps. Even though recovering the correct 3D geometry is the key, 3D geometry 
alone is not enough for virtual reality applications. 

Fortunately, we can mosaic multiple images into a bigger image which can be used as a tex- 
ture map of a large planar patch in our indoor scene model. Because we have recovered the 
3D geometry, the back-projection is straightforward. To register multiple images of a planar 
surface, an 8-parameter projective motion model is suitable. From several images shown in 
Figure 23, we can obtain a large mosaiced image as in Figure 24 using image mosaicing 
techniques [ 115][ 1181. 

Figure 23 A sequence of images 
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Figure 24 A mosaiced image 

4.4 Discussion 

Our scene modeling approach is an orthodox way of modeling a 3D environment. First we 
extract the 3D geometry, then we extract textures. The advantage of our approach is that 
view synthesis from 3D geometry is simple and straightforward. Recently, much work has 
been done on image-based rendering for modeling virtual environments without recon- 
structing real 3D environments. The advantage of image-based rendering is that i t  simplifies 
texture mapping by going from picture to picture. Because no 3D environment is recon- 
structed, the viewing range in image-based rendering systems is usually restricted. For 
example, in QuickTime VR[16], a cylindrical panorama is used to represent the scene at a 
viewpoint by deliberately avoiding 3D motion parallax. To represent a large 3D scene, one 
has to manually specify a number of nodes, or a discretization of 3D space, from which pan- 
oramas have to be taken. To move from one panorama node to another, jumps or motion dis- 
continuities are inevitable. One way to improve the jumps is to use view interpolation based 
on the dominant projective motion between two panoramas [Ill].  
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Chapter 5 

What to Integrate: Free-Form Objects 

Unlike with polyhedral objects whose planar patches can be well segmented and tracked 
over a sequence of images, the correspondence between different views of a free-form 
object can not be easily established. Due to discrete sampling in viewer space, sampled data 
points of free-form objects do not correspond to each other in different range images. It is 
difficult to segment noisy range images of free-form objects into a number of patches of 
high-order polynomials [41]. In this chapter, we introduce the concept of global resampling 
of free-form objects. For each range image, we first build a discrete mesh that approximates 
the object's surface with nearly uniform mesh nodes. At each mesh we encode its local cur- 
vature. Mesh matching can then be made based on the curvature distribution over the mesh. 
Using the object-centered spherical mesh coordinate system, global resampling helps to 
establish one-to-one correspondence among mesh nodes from multiple views. 

5.1 Why is Free-form Difficult? 

Two major problems regarding the correspondence between different views of a free-form 
object exist due to discrete and noisy sampling in practice. The problems are: 

(1) the lack of physical correspondence among sampling points in different views; and 

(2) the lack of global sampling for all sampling points. 

To appreciate the difficulties in free-form object modeling, we examine in Figure 25 a sim- 
ple example of a free-form curve observed from multiple views. For example, the measure- 
ments of view 1, mil, ..., mI6, do not necessarily correspond to those in other views. In addi- 
tion, because of the non-existence of global sampling, information regarding the ordering 
among all sampling points is absent. Thus, in order to recover an accurate model for the 
curve, we have to somehow figure out the proper linkage between the points in different 
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views (,e.g., m13, mZ1, m2*. m23. m14, ...). The situation in the three dimensional world is 
even more complicated because transforming all range data from multiple views into a sin- 
gle coordinate system results in a “cloud” of noisy 3D points. It is difficult to make a surface 
model from this cloud of noisy 3D points. 

Figure 25 The problem of resumpling (hlack dots and grey squares am measurements in the wnsnr 
ccmrdinates nhtained frnm range sensnr readings in dinerent views). 

Since curvature is invariant under Euclidean group transformations, i t  is desirable to obtain 
correspondence among distinguished high curvature points in different views. In practice, 
however, only a finite number of sampling points of a surface from any particular viewing 
direction is available. These points are measured in the sensor coordinate system. The nor- 
mals (or the tangent planes), and the curvatures, are not explicitly or directly known. 
Although surface normals can be approximated by fitting local planar surface patches of 
points, the process of computing curvature at each point using discrete range data is known 
to be highly noise sensitive and may be numerically unstable. 

What we want is to sample the object in an object-centered coordinate system, instead of a 
viewer-centered coordinate system. All range images are viewer-based. This is why we need 
to resample all images so that we can find “features” which appear on an object. For free- 
form objects, it is essential to resample the measured discrete data points. For polyhedral 
objects, it is desirable to do so because big planar patches can be extracted reliably. 
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In this chapter, we propose a global resampling scheme, which consists of spherical surface 
representation, deformable mesh generation and one-to-one mesh node correspondence. Our 
method resamples the object by combining top-down knowledge of topological information 
(spherical representation) and bottom-up geometrical information (range data and local cur- 
vature). 

5.2 Representation of a Free-form Surface 

5.2.1 Discrete Representation of a 2D Curve 

Before resampling a 3D free-form surface, it is helpful to understand how one can represent 
and resample a 2D curve. A standard way of representing a simple polygon is to describe its 
boundary by a circular list of vertices with known coordinates. To represent a simple closed 
2D curve which is not self-intersecting, one can parameterize the curve by a number of 
points. For example, one can approximate the curve by line segments of equal lengths. 

The curvature of a discrete curve at each node of the polygonal approximation can be 
approximated by the turning angles between adjacent line segments. The turning angle can 
be viewed as a discrete average measure of local curvature at the vertex. Like curvature, the 
turning angle is independent of rigid transformation and scaling. Figure 26 shows an exam- 
ple of turning angles defined on a polygon. Another way of visualizing turning angles is to 
map them to a unit circle. An important property of turning angles is that they sum up to 27t. 
It is true for either a concave or a convex polygon because topologically a non-self-inter- 
secting polygon is equivalent to a circle. To avoid possible unstable representation under 
certain kinds of noise, dense equal length line segments have been adopted in [104]. Figure 
27 shows an example of representing a 2D curve with equal-length segments. The degree of 
similarity between two curves can be measured by comparing the distributions of curvature 
measurements at the vertices of the approximating polygons. For noise-free polygons with 
few vertices, Arkin et al. [2] showed a very efficient algorithm which directly compares 
turning angles on vertices. 
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Figure 26 (a) Definition of a turning angle at a polygon vertex. The turning angle at D is ncgative 
hecause i t  is concave. (h) Unit circle repmentation of a polygon using its turning angles 
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Figure 27 Representation of 2D cuwe using equal-length line segments 

5.2.2 Spherical Representation of a 3D Surface 

Essentially equal-segment approximation of a 2D curve can be regarded as a global resam- 
pling of the curve based on its arc-length. Therefore, 3D resampling can be considered as a 
straightforward extension of 2D resampling using uniform surface area resampling. For 
instance, particle-based surface resampling schemes [ 116][132] have been proposed to resa- 
mple arbitrary surfaces. 
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Figure28 A graph of an Icosahedron 

A natural discrete representation of a surface is a graph of nodes where each node is con- 
nected to its nearest neighbors by an arc of the graph. Figure 28 shows a graph of an icosa- 
hedron [51]. We use a special mesh, each node of which has exactly three neighbors. Such a 
mesh can be constructed as the dual of a triangulation of the surface [30]. To tessellate a unit 
sphere, we use the standard semi-regular triangulation of a unit sphere which is constructed 
by subdividing each triangular face of a 20-face icosahedron into N2 smaller triangles. All 
vertices of the triangulation touch six triangle cells, with the exception of the twelve vertices 
at which five cells meet. Figure 29 shows how each triangle can be subdivided into N2 
smaller triangles. The final tessellation is built by taking the dual of the 20N2-face triangula- 
tion, yielding a tessellation with 10N2+2 meshes. 

Figure 29 Frequency n subdivision of a triangle. 1+3+. ..+(Zn-l) = n’. 
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In order to obtain a mesh representation for an arbitrary surface, we deform a tessellated 
sphere until i t  is as close as possible to the object surface. This algorithm drives the spheri- 
cal mesh to converge to the correct object shape by combining forces of two kinds: a 
smoothness force which keeps the mesh from falling apart, and a data force which drives the 
mesh as close to the range data as possible. Our algorithm originates from the idea of a 2D 
snake [66] and 3D deformable surfaces [761[122]. An advantage of the deformed surface is 
that it can accurately represent both concave and convex surfaces. The deformation process 
is robust even in the presence of data noise and moderate change of parameters such as ini- 
tial sphere center and radius [108]. We will explain in the next section how the deformable 
surface is obtained. 

5.2.3 Deformable Mesh Surface 

Many deformable models, such as irregular meshes [127], finite element models [24][76] 
and balloon models [19] have been proposed for 3D shape reconstruction. The reader is 
referred to [78] for a detailed reference of deformable surfaces in medical imaging applica- 
tion. Our basic surface representation is a discrete connected mesh that is homeomorphic to 
a sphere. The free-form objects are restricted to a topology of genus zero (Le., no holes). A 
distinctive feature of our surface representation is its global structure, Le., the connectivity 
of the mesh is such that each node has exactly three neighbors. The total number of mesh 
nodes depends on the resolution of the mesh. 

Given a set of data points from a range image, a mesh representation is constructed by first 
placing a spherical or ellipsoidal mesh at approximately the center of the object. Then the 
shape of the mesh is deformed iteratively in response to “forces” generated by the data 
points, the image features, and their internal smoothness constraints. The deformation can 
be formulated as an optimization problem which minimizes the distance between the mesh 
nodes and range data points. The motion of each vertex is modeled as a second-order 
dynamics equation, 

2 
d Pi dPi 

dura + Fsmoorh m- + k -  = F 
dt2 dt 

where m is the mass unit of a node and k is the damping coefficient, and Fdata is the force 
which attracts the mesh node to its closest data point, Fsmoor,, is the force which keeps the 
tetrahedron formed by the mesh node and its three neighbors regular (i.e. the regularity con- 
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straint). The above equation is integrated over time using finite differences. Starting from an 
initial shape, e.g., a semi-tessellated sphere, we can update each mesh node of unit mass 
using Euler’s method 

Notice that the data force and smoothness force have to be updated at each iteration. To 
speed up the iterative process, some additional feature forces can be introduced at the begin- 
ning. Feature forces can afford to have global influence because we use only a few features 
such as long edges on the surface. On the other hand, data forces are effective only within a 
small neighborhood of range data points. 

An example showing the reconstruction of a surface model from a partial view is given in 
Figure 30. The mesh is always a closed surface. Notice that we have shown hexagon meshes 
in the display in Figure 30. However, since only part of the object’s surface is visible from 
any given viewpoint, some of the mesh nodes do not correspond to visible surface data. 
These nodes, corresponding to the occluded part of the object, are flagged as interpolated 
nodes so that they can be treated differently when used. Because of the smoothness con- 
strain, there is a bulging part for the occluded region such as in Figure 30d. Figure 3 1 shows 
the same deformable surface with and without the interpolated portion. 

The key idea of our spherical representation of the surface is to produce meshes in which the 
density of nodes on the object’s surface is nearly uniform’. Although it is impossible to 

achieve a perfect uniform distribution, a simple local regularity constraint can enforce a 
very high degree of uniformity across the mesh. With a semi-regularly tessellated sphere, 
the local regularity constraint is implemented in the deformable surface algorithm such that 
each mesh is similar to the others in area [49]. 

This local regularity constraint is a generalization to three dimensions of the regularity con- 
dition on two dimensional discrete curves where all line segments are of equal lengths. The 
difference between 2D and 3D cases is that it is always possible to create a uniform discrete 
curve in 2-D, while only approximately uniform discrete surfaces can be generated in 3-D. 
Our experiments show that the variation of mesh nodes on the surface is on the order of 2%. 

1. Koenderink warned that one has to be very careful about any method that uses surface area of a polyhedral 
model (p.597 of [68]). Surface area depends on the way by which triangulations are done. In our previous 
work, we have shown how areas of different shapes are adjusted before comparison, in particular for partial 
views [49]. 
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Figure 30 Deformable surface reconstruction at different iteration steps (dots represent range data, 
solid lines are mesh models): (a) n=O (start of deformation); (b) n=2& (c) n 5 0 ;  and (d) n=100 
(end of deformation) 

Figure 31 Deformable sudace: (a) with interpolated part; and (b) without interpolated part 
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5.3 From Shape to Curvature Distribution: Forward Mapping 

After we obtain a nearly uniform surface mesh representation. we need to definc a measure 
of curvature that can be computed from the surface representation. Conventional ways of 

estimating surface curvature, either by locally fitting a surface or by estimating first and sec- 
ond derivatives [9], are very sensitive to noise. This sensitivity is mainly due to discrete 
sampling and, possibly, to noisy data. 

5.3.1 Measures of Discrete Curvature 

It is well known that curvature vanishes everywhere on a polyhedral object except at corners 
or on edger. In fact, there are only mean curvatures on edges (dihedral angles) and only 
Gaussian curvature (spherical deficit) at corners. Figure 32 shows how a dihedral angle and 
a spherical deficit are, defined. Detailed discussion on dihedral angle and spherical deficit 
can be found in differential geometry textbooks such as [68]. 

Dihedral angle Spherical deficit 

Figure 32 Definition of discrete curvatures 

A robust measure of curvature computed at every node P from the relative positions of its 
three neighbors P,, Pz and P3 is introduced in [29]. This measure of curvature is called the 
simplex angle and is shown in Figure 33. This measurement is robust because the deform- 
able surface process serves as a smoothing operation over the possibly noisy original data. 
As a result, all the nodes are at relatively stable positions after the deformation process. 
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Figure 33 Definition of simplex angle 

The simplex angle varies between -x and 'R. It is negative if the surface is locally concave, 
and positive if it is convex'. Given a configuration of four points, the angle is invariant to 
rotation, translation, and scaling because i t  depends only on the relative positions of the 
points, not on their absolute positions. The simplex angle is defined by 

and 

(EQ 5.3) 

where 

sa E [-IC, E ]  . 

Another robust measure of local curvature from a polyhedral surface is to use the tensor of 
curvature [ 1201. possibly after proper smoothing [ 1191. 

5.3.2 3D Intrinsic Representation 

The spherical representation can approximate not only free-form objects, but is also useful 
in approximating polyhedral objects. Figure 34 shows an example of a spherical polyhedral 

I. It is interesting to note that the simplex angle is related to the mean curvature at the mesh node [30]. 
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approximation of an octahedron with one concave face. Because of the regularity constraint, 
corners and edges are not perfectly represented. All plane surfaces, however, are well 
approximated even though local regularity is enforced on all meshes. Similar to the EGI 
[57][53] representation, we exclude pathological cases such as very long and narrow cylin- 
drical shapes from our study. In contrast to EGI, however, our representation can be used for 
both convex and concave objects. 

Surface Curvaturn 
resampling encoding 

Spherical 
mapping 

Figure 34 (a) A spherical tessellation; (b) Deformable surface of an octahedron with a concave dent; IC) 
Local curvature on each mesh node; and (d) Curvature distribution on spherical representation 
(The curvature on (c) and (d) is negative if it is light, pmitive if dark, zero if grey) 

5.4 From Curvature Distribution to Shape: Inverse Mapping 

Now we know how to map the object shape to its intrinsic representation using a curvature 
distribution on a special spherical coordinate system. But does inverse mapping exist? In 
other words, given a known intrinsic representation, can we reconstruct the right shape? 

5.4.1 Shape Reconstruction 

We formulate this reconstruction as an optimization problem which minimizes the curvature 
difference between the known and reconstructed curvature distributions. The initial shape 
can be, for example, a sphere where constant curvature exists at every mesh node. This min- 
imization problem is, however, complicated because of the nonlinear and coupled nature of 
the local curvature computation. To solve this minimization problem, we devise an iterative 
method, similar to what has been used in deformable surface extraction. The motion of each 
vertex is modeled as a second-order dynamics equation, 
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(EQ 5.5) 

where m is the mass unit of a node and k is the damping factor. Firrt i s  the force which 
deforms the surface to its assigned curvature distribution without breaking the mesh connec- 
tivity. Given its curvature distribution, a toy sharpei is reconstructed from a sphere. 

t=l 

t*o 

t=5 

t=lW 

e10 t=20 

t=ZW t 5 0 0  

Figure 35 A sequence of shapes at diflerent steps of deformation from a sphere to a sharpei 

5.4.2 Regularization for the Underconstrained Minimization 

The above minimization is, unfortunately, underconstrained. There are 3n unknowns (three- 
dimensional coordinates at each mesh node of the unknown spherical mesh), but only n 
equations are defined by the local curvature at each mesh node. The object shape can not be 
determined without additional constraints. It is well-known that Gaussian curvature and 
mean curvature are not sufficient to determine the shape. 
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5.4.3 Delingette's Constraint: Metric Parameters 

One way to add more constraints is to record the relative positioning between each node P 
and its three neighbors P,, P2, and P3 Delingette [30] defined a so-called metric parameter 
set { E ~ ,  E ~ ,  E ~ }  , such that 

where Q is the projection of P on the plane PlP2P3 as shown in Figure 36. 

Figure 36 Metric parameters relating a mesh node with its three neighbors 

If the shape is known, Le., if each mesh node P and its three neighbors PI .  Pz, and P3 are 
known, the surface normal of the plane PIPzP3 can be computed as 

From 

5 = Il@llfi = ( P , P * h ) i l  and PIQ = P I P - Q P  = E,P,P,+E,P,P,? 

we can easily compute the metric parameters from the following 2x2 linear equation 

A 2 - 2  A d 

(EQ 5.9) 
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The above equation provides us with two equations at each mesh node. Thus we have 3n 
sparse nonlinear equations for 3n unknowns if we augment our intrinsic representation from 

I S o i >  to {Sa i ,  E ~ ~ } ,  i = O... n .  

5.4.4 Regularity Constraint: a Means of Regularization 

The above metric parameter augmentation to our intrinsic shape representation may not be 
necessary. In fact, we have introduced a regularity constraint in shape reconstruction which 
forces each mesh node to project onto the center of its three neighbors. This regularity con- 
straint implicitly gives a complete intrinsic description {Sui, j, 3 )  , i = O... n .  It implies 
that our intrinsic representation is sufficient to guarantee the inverse mapping. This regular- 
ity constraint is, in spirit, similar to imposing a regularization term for ill-posed problems 
[121]. Given known local curvature, the expected location of a mesh node can be regular- 
ized through its three neighbors. As shown in Figure 37, we can then define Fin, as the 
scaled distance between the current mesh node P and its regularized position P , 

1 1  

* 

A 

Fin, = C L .  PP ,a = [0,0.5] (EQ 5.10) 

Figure 37 Regularity and internal force. Q* = (PI + P2 + P3y3 

How does this regularity constraint ensure that we reconstruct the correct original shape? 
The reason is that this same regularity constraint has been enforced in the model extraction 
process when we construct an object model from range data [29][49]. At the end of model 
extraction, the metric parameters converge to the expected value. Figure 38 shows the distri- 
bution of metric parameters of the sharpei model and their histograms. It clearly shows that 
the metric parameters are well regularized around their nominal values of - . It is also equiv- 1 

3 
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alent to the constraint that each triangular patch has the same area. Obviously, if we keep the 
intrinsic representation but pick an arbitrary set of metric parameters, we will reconstruct 
another shape which may be close to, but different from, the original shape. 

Metric parameter 2 

t I " "  I 

Histogram of parameter 2 

Metric parameter 3 

0.3338 

Hitogram of parameter 3 

Figure 38 Metric parameter distributions of a sharpei with 980 mesh nodes 

5.4.5 Examples 

The regularity constraint does not eliminate the local minimum problem associated with our 
iterative process. Therefore, the initial shape plays an important role in whether a correct 
shape is converged. In all our experiments, we start our reconstruction from a semi-tessel- 
lated sphere. We show three examples of shape reconstruction: a polyhedral object in Figure 
39, and two free-form objects in Figure 40 and Figure 41. 
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Figure 39 An example of polyhedral object shape reconstruction (the solid arrow shows forward 
mapping from shape to curvature: the dashed acmw shows inverse mapping from curvature to 
shape): (a) Deformable surface of an octahedron; (b) Intrinsic representation or its curvature 
distribution (The curvature is negative if it is light, positive if dark, zero if grey); and (e) The 
reconstructed shape from the curvature distribution (b)  

Inverse 
mapping 

# 

(e) (d) 

Figure 40 An example of free-form object shape reconstruction (the solid arrow shows forward 
mapping from shape to curvature: the dashed arrow shows inverse mapping from curvature to 
shape): (a) An image of a sharpei; (b) A sharpei model constructed from range data; (c) Local 
curvature distribution at ea& mesh node of a sharpei; (d) Intrinsic representation of a sharpei: 
(e) Reconstructed sharpei model from its intrinsic representation 
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Figure 41 Another example of inverse mapping of a free-form object representation. 

All examples show very good reconstruction. The reconstructed shapes retain a curvature 
distribution very similar to that of the original ones. The relative error in the simplex angle 
between the original and the reconstructed models is less than 1% for each example. How- 
ever, we do observe an apparent discrepancy between the reconstructed and the original 
shapes mainly because of the discretization effect. Because the shape reconstruction is only 
up to an unknown rigid transformation (rotation and translation) and an unknown scale fac- 
tor, constant area or constant volume [71] should be enforced during the reconstruction pro- 
cess. 

5.5 Mesh Matching with a 3D Shape Similarity Metric 

In Sections 5.2 and 5.3 we have explained how we obtain mesh representation and curvature 
distribution of a 3D surface. In order to match two different views, we need to find the cor- 
respondence between the two sets of mesh nodes. Such a correspondence may not exist, 
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however, because the distributions of nodes on the two surfaces may be completely differ- 
ent. Nevertheless, the regularity constraint enforces a nearly uniform mesh node distribution 
on the surface. When this constraint is enforced, meshes representing the same surface 
viewed from different viewpoints have the property that their nodes do correspond. This 
constraint can be evaluated locally at each node which has exactly three neighbors. Given 
meshes from two different views, matching proceeds by comparing the simplex angles at 
the nodes of the two meshes. 

Different attributes may be associated with each node of the mesh. The most prominent 
attribute for the purpose of model building is curvature. For example, an approximation of 
mean curvature, called the simplex angle [29], has been proposed for matching two different 
views of an object. A simplex angle is computed at each node using its position and the 
positions of its three neighbors. Other attributes such as colors [50] can also be used. 

Let SA and S, be the mesh representations of shape A and shape B, and kR(SA) and kR(SBJ be 
the curvature distribution functions under a spherical rotation R. Specifically, k(S,) repre- 
sents all simplex angles on all mesh nodes of the nearly uniform shape A. We then formally 
define the distance function between two 3D surfaces A and B as the Lp distance between 
their local curvature functions k,(SA) and kR(S,), minimized with respect to the rotation 
matrix R over the sphere. The function k{SA) denotes the curvature distribution of 3, under 
no rotation where I is the identity matrix. Other alternative distance measures include Haus- 
dorff distance [56] and geometrical distance [114]. 

5.5.1 A Distance Function and a Shape Metric 

We define the Lp distance dP(S,, SB, R) between A and B at a certain spherical rotation R as 

(EQ5.11) 

which is the sum of all the curvature differences over the sphere. Then the distance function 
between A and 8, DJA, B), becomes 

Dp ( A ,  B )  = inin, d, (Sa, S,, R )  (EQ5.12) 

which is minimized dp over all possible rotations R. 
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Property 1: 

Proof: See Appendix A. 

D&A, B )  is a metric for all p>O. 

5.5.2 A Global Search over Rotational Space 

Property 1 shows that we can search over the spherical rotation space to compute the dis- 
tance between two curvature distributions. A naive algorithm can then be easily constructed. 
Because this is an exhaustive search, the global minimum is always found, provided that the 
search step is small enough (that is, the number of searches is sufficiently large). This leads 
to the following property: 

Property 2: 

O(m3) where m is the number of searches in each rotational space. 
The distance between two shapes A and B, Dz(A, €31, can be computed in time 

5.5.3 A Global Search over Mesh Node Space 

The time bound in Property 2 can be improved by employing a property of the semi-regu- 
larly tessellated sphere: the property that each node has exactly three neighbors. We have 
observed [29] that the only rotations for which d(SA, SB) should be evaluated are the ones 
that correspond to a valid list of correspondences (Pi. Pi) between the nodes Pi of SA and the 
nodes P,’ of S,. In Figure 42, node PI of SA corresponds to PI ’ of S,, and the two neighbors 
of PI (Pz  and P3) are put in correspondence with two of three neighbors (Pz’, P3’ and P4’)  

of PI’. Figure 42 shows only 3 valid neighborhood matchings, since each node has exactly 
three neighbors and the connectivity among them is always preserved. Given correspon- 
dences of three nodes, a spherical rotation can be calculated. This rotation defines a unique 
assignment for the other nodes. In other words, there is a unique correspondence between a 
node Pj’  of SB and a node Pi  of SA, given the initial correspondences between (PI, P2, P3) 
and (F,’,  P2’, F3’). Moreover, the number of such correspondences is 3n where n is the 
number of nodes of the spherical tessellation [29]. Figure 42 shows that there are three pos- 
sible matchings at each node. Equivalently, there are 3n distinct valid rotations of the unit 
sphere. This analysis leads us to an efficient algorithm for comparing two shapes. 
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Figure 42 Matching of neighbors from (P2, P3, P4) to: (a) (P2’, P3’, P4’); (h) (P3’, P4’, Pl’k (c) (P4’, P2’, 
P3’) when PI of shape SA i s  matched to PI’ of shape SB 

Property 3: 
0(n2] where n is the number of nodes, with preprocessing storage U(n2). 

The distance between two shapes A and B, Dz(A, B), can be computed in time 

Proof: 

Because the total match for each node is 3n, we can find the global minimum in 3nz. To 
speed up the search for correspondence, we can make the lookup table for each node on SA 
matching each node on SD Since each match gives 3n correspondences, this lookup table 
requires 3 2  for storage. 

5.6 Integration of Multiple Views of a Free-form Object 

5.6.1 Matching from Curvature Space to Mesh Node Space 

If f P J  and {ej] are the nodes of the two meshes defined in the sensor coordinates, the 
matching problem can be defined as finding the set of correspondences C = {(Pi,Qj)/ such 
that the value of the curvature at any node Pi is as close as possible to the value of the corre- 
sponding node Q, in the other mesh. Once the best set of correspondences C i s  obtained, we 
compute an estimate of the transformation (R, T) between the two views by minimizing the 
distance: 

The resulting transformation (R, T) is only an initial estimate because the semi-regular tes- 
sellation of the mesh prevents an exact correspondence between nodes Pi  and Q,. In object 
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modeling, however, the estimate is accurate enough to be used as a starting point for the ICP 
algorithms [10][133], for example. The estimate of (R, 2“) and the node correspondence set 
C are then used as inputs to the PCAMD algorithm to integrate multiple views. 

5.6.2 One-to-one Correspondence 

In order to apply PCAMD to take advantage of the redundancy of multiple views, we need a 
one-to-one mapping among different views. The matching procedure above, however, does 
not guarantee one-to-one correspondence between two sets of mesh nodes generated from 
two views because of discrete sampling and the requirement of local regularity. 

Therefore, we establish one-to-one correspondence by resampling each deformable surface 
using the global spherical coordinate. This is similar to multiple-pass image resampling in 
image processing [35] and texture mapping [46]. Once a set of spherical mesh nodes (along 
with its curvatures) is obtained, it is possible to interpolate any point on the spherical coordi- 
nate from this set. For example, in Figure 43, although there exist many-to-one mappings 
between P and Q (both P ,  and P2 are matched to Q I ) ,  mapping between P ’  and P is one-to- 
one because P ’  results from the rotation of P. The new mesh node at P’, and its SA1 value 
can be interpolated from its nearest point Qf on set Q and three neighbors of Q,. Let g(P’) 
and g ( Q I )  be the values of the simplex angles at node P’ and its nearest node Q,. respec- 
tively; then we have the following local interpolation: 

4 

(EQ 5.14) 

i=  1 

where QZ. Q3, and Q, are three neighbors of Qf, and wi is the weight depending on the dis- 
tance between P’ and Qi (i=1,2,3,4). The coordinates of the mesh node at P ‘  can be interpo- 
lated in the same way. Because of one-to-one mapping between any two views, one-to-one 
mapping among multiple views can be established. When the measurement matrix is ready, 
we can apply the PCAMD algorithm to compute a complete set of mesh nodes and transfor- 
mations among different views. The object model is then obtained based on the known con- 
nectivity among all mesh nodes. 
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node number 
w 

1 3 4 - - -  

P ’ K  P’z P’, Pi4 - - - 
QI QI Q3 i?, - - -  QK 

Figure 43 : One-to-one matching: (a) Valid correspondence between nodes; (b) Table of 
correspondences 

5.7 Experiments 

Once we establish mesh node correspondence, we can apply the PCAMD algorithm to inte- 
grate multiple views. In this section, we present the results of applying our algorithm to syn- 
thetic data and real range image sequences of objects. We demonstrate the robustness of our 
approach using synthetic data, and present the reconstructed models from real range images. 

5.7.1 Synthetic Data 

Our synthetic data set consists of a set of 20 mesh nodes of an icosahedron whose connec- 
tivity is assumed to be known. The object size is approximately the same as a unit sphere. 
We study the effectiveness of our approach when the input data are corrupted by noise. Cor- 
respondence is assumed to be known. The minimization of the weighted squares distance 
between the reconstructed and the given measurement matrices leads to the recovery of 
mesh node coordinates and transformations. 

To study the error sensitivity on reconstruction using our algorithm, four nonsingular views 
of the object are taken. Each measurement is corrupted by a Gaussian noise of zero-mean 
and variable standard deviation. Figure 44 shows that our algorithm converges in a few 



82 

steps. Two separate steps in Figure 44 are counted as one iteration in our algorithm. The 
cases with standard deviations a of 0.0.0.1, and 0.2 are studied. 

If a point appears only once in the whole sequence, then its reconstruction depends on the 
amount of noise. When this point appears in more than one view, its reconstruction using 
our integral method is averaged over all views. Figure 45 gives the reconstructed errors of a 
point which appears 12 times in 16 views. When only two views are matched, the recon- 
structed point is deviated from its original position by 0.58 and 0.69 when standard devia- 
tion CJ is 0.1 and 0.2, respectively. When 12 views are matched, the error decreases to 0.19 
and 0.27. 

When the observed points are corrupted by noise, the sequential method results in an errone- 
ously recovered shape and transformation. Errors propagate as new views are introduced 
and vary with different matching orders. However, our integral approach gives an apprecia- 
bly smaller reconstruction error by distributing the errors over all views, regardless of the 
order of matching. In Figure 46, we use a different starting view in a sequence of 12 images 
for different matching orders shown in horizontal axis. 

--*sigma 0.0 
-nsigmaO.l 

-sigma 0.2 

Figure 44 Effect of noise on the convergence of PCAMD 
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Figure 45 Reconstructed error ys. the number of matched views for a point 
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Figure 46 Comparison hehveen the sequential method and the integral method with different matching 
orders 

5.7.2 Real Range Image Sequence 

Our integral approach has also been applied to real range images. All range images used in 
our experiments were taken using a light-stripe range finder which has a resolution of 
0.2rnm. The objects were placed on a rotary table about 1 meter in front of the range finder. 
To obtain the ground truth of the transformation, the rotation axis and the rotation center of 
the rotary table are calibrated using a known geometry calibration cube. 

Figure 47 shows 9 views of a sequence of a peach. Figure 48 shows the result, of the use of 
two wireframe and two shaded views of a recovered model. The peach model does not 
depend, a priori, on motion estimation, nor on the ordering of matching. Figure 49 illus- 



84 

trates the improvement resulting from the application of PCAMD through cross-section seg- 
ments of the reconstructed models and range data (merged from multiple views using the 
known transformation). It is clear that the model reconstructed with PCAMD shows better 
averaging, which results in a smaller margin of error. 

Figure 47 A sequence of images of a free-form object (a peach) 
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Figure 48 Two views of a reconstructed peach model: (a) wireframe display; and (b) shaded display 

Figure 49 Comparison using rros-section display of model (solid line) and range data (dots) 
(nJ sequential method; (b) PCAhlD after 5 steps; and (c) ITAhlD after IO steps (arrows 
indicate the places where improvement is (he m a t  significant) 
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Another set of experiments is conducted to reconstruct a more complex object, a toy sharpei 
dog. Figure 50 and Figure 51 show a sequence of images of a sharpei, and the deformable 
surfaces from four different views. The occluded part of the object is interpolated in the 
deformable surface mesh of each view. The reconstructed object models in different resolu- 
tions are shown in Figure 52 and Figure 53. To compare the result of PCAMD with that of 
the sequential method, we show the cross-section contours of the reconstructed models in 
Figure 54, and the error at each mesh node in Figure 54. We compare the reconstructed 
models with the merged range data (using known transformation) in Figure 55. Again i t  can 
be observed that the integral method (Figure 54b) produces much better results than the con- 
ventional sequential method (Figure 54a), although it is not as perfect as that with known 
transformation (Figure 54c) due to the least-squares nature of the PCAMD algorithm. Fig- 
ure 55 shows that the mean error and maximum error for the integral method are 2.7 and 9.2, 
as opposed to 3.7 and 16.8 for the sequential method. 
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Figure SO A sequence of images of a free-form object (sharpei) 
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Figure 51 Examples of deformable models from difIerent views 
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Figure 52 Reconstructed models of sbarpei: (a) coarse resolution: 980 points; (b) fine resolution: 3380 
points; and (c) texture mapped display 
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Figure 53 A shaded model of refonstmeted sharpei: high resolution with 8OOO points 
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Figure 54 Comparison between PCAMD and thesequential methods: two contours (small dots are 
range data, solid line is reconstructed model. (a) sequential method; (b) PCAMD (10 steps); and 
(c) known transformation 
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Figure 55 Comparison between the integral and the sequential methods: error at each mesh node (total 
number is 980). (a) sequential method; and (b) PCAMD (10 steps) 
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5.8 Discussion 

An integral approach to free-form object modeling using multiple range images has been 
described in this chapter. To reconstruct free-form object models from often incomplete and 
noisy range images, we introduce a global resampling scheme which provides one-to-one 
correspondence between mesh nodes. Global resampling is achieved using salient feature 
points which reliably encode local curvature information by taking local connectivity into 
account. As a result of global resampling, spatial connectivity among different mesh nodes 
is easily established, leading to the simple construction of object models. Experiments on 
synthetic data and real range images indicate that our approach converges quickly and pro- 
duces good models even in the presence of noise and mismatching. Accurate free-form 
object models reconstructed from sequences of real range images are presented. 

One drawback of global resampling is its trade-off between accuracy and robustness. The 
error introduced in the first step (resampling from range data points to mesh nodes) will 
affect the second step merging of mesh nodes. To obtain more accurate object models, we 
can use a coarse-to-fine global resampling scheme similar to [47]. The object models at dif- 
ferent levels of detail can then be represented. A simple coarse-to-fine pyramid can be 
implemented using tessellation at different levels. Another way of building more accurate 
models is to use adaptive surface subdivision on the coarse level model. Real range data can 
be filtered by coarse level models before the process of adaptive subdivision. 
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Chapter 6 

Comparing and Synthesizing Shapes 

Spherical mesh representation, shown in the previous chapter, is useful in modeling from 
multiple views. The same representation, along with the shape metric, can also be used for 
other tasks such as comparing and synthesizing shapes. If we can use the shape metric intro- 
duced in the previous chapter to compare different views of an object, can we use the same 
shape metric to compare different objects as well? Given that the shape metric evaluates 
how different two objects are, can we synthesize some intermediate shapes which are in 
between the two originals? These questions are addressed in this chapter. 

6.1 Shape Comparison 

6.1.1 2D Shape Comparison 

Comparison of object shapes is common in many computer vision tasks such as object 
model categorization and hypothesis verification in model-based object recognition [20]. 

Previous work has focused on comparing 2D scene images with 2D object models. A grad- 
ual shape change of a 2D closed curve, such as what is shown in Figure 56, from a square to 
a concaved triangle, can be captured by existing shape similarity measures (e.g., [2][104]). 

O D D D D b  
Figure 56 An example of ZD shape similarity: bow to measure the gradual shape change fmm left to 

right? 
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However, recent developments in 3D sensors such as laser range finders and real-time stereo 
machines makes it necessary to address the problem of comparing 3D objects with 3D or 2D 
scene images. In this chapter, we attempt to answer the following question: To what extent 
is a 3D shape A similar (or dissimilar) to a 3D shape B? 

The desirable properties of such a shape similarity measure are as follows. First, such a 
measure between two geometrical shapes should be a metric. In particular, the triangle ine- 
quality property should hold since it is desirable in pattern matching and object recognition 
applications. Second. the distance function between two shapes should be invariant under 
rigid transformation and scaling, easy to compute, and intuitive with human shape percep- 
tion [2]. 

The problem of shape similarity has been studied extensively in both machine vision and 
biological vision. Readers interested in human perception of similarity, such as contextual 
and asymmetrical properties, are referred to Tversky [125] and Mumford [83]. It is true that 
features such as color or functional information are often used to compare objects in human 
perception. However, in this chapter, we focus on geometrical shape similarity because 
other features such as color and reflectance, etc. are based on geometrical representations. 
As an initial step toward 3D shape similarity with arbitrary topology, we confine ourselves 
to objects of genus zero (objects without holes). We want to compare polyhedral shapes as 
well as smooth surfaces. 

To compare different shapes, one must first understand how they should be represented. 
Most prior work assumed object shapes to be two dimensional closed contours. Accord- 
ingly, many methods ha\re been devised to evaluate the shape similarity among a set of 2D 
closed polygons as those shown in Figure 56. For instance, Schwartz and Sharir [lo41 pro- 
posed to approximate a closed 2D curve, after proper smoothing if necessary, by a simple 
polygon with equal-length edge segments. The polygon was then represented by the turning 
angle (a measure of local curvature) at each vertex (see Section 5.3). Similarly, Arkin et al. 
[2] represented local curvature at each vertex of a polygon using a turning angle. In addi- 
tion, they proposed an efficient algorithm to directly compare polygons. Unfortunately 
because of the lack of a proper coordinate system. their approach can not be extended to 3D 
polyhedra. Mumford [83] suggested the use of moments as an alternative to curvature 
because moments are also invariant to rigid transformation and scaling. Other 2D shape 
similarity methods include 2D planar graph and graph matching by Kupeev and Wolfson 
[691, and shape deformation by Basri et a]. [6]. 
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6.1.2 3D Shape Comparison 

While a closed 2D curve can be simply parameterized by its arc-length, it is much more dif- 
ficult to find an appropriate "data structure" to store a 3D surface. How the curvature infor- 
mation on a 3D surface is computed and stored depends on the choice of the coordinate 
system. In addition, since the curvature of polyhedral shapes is zero everywhere except on 
vertices and edges, it is unclear how the shapes should be compared. For example, it is no 
trivial task to compare 3D shapes as simple as those shown in Figure 57. In practice, local 
curvature on each sample point of surface is difficult to estimate robustly from noisy range 
data. Because of surface discontinuity and occlusion, this problem is even more severe 
when only a single view depth map is available. 

Figure 57 An example of 3D shape similarity: how similar are these shapes? 

Because a closed 3D surface is topologically equivalent to a sphere, many spherical repre- 
sentations have been proposed to represent closed 3D surfaces. Ikeuchi [57] and Horn [53] 
proposed to represent objects with an extended Gaussian image (EGl) which uses a distribu- 
tion of mass over the Gaussian sphere. A Gaussian sphere is a unit sphere on which the sur- 
face normal at each point is mapped. Little [72] showed that an EGI could be used for pose 
determination. It has been proven that two convex objects are congruent if they have the 
same EGIS. A Complex EGI was proposed by Kang and Ikeuchi [64] to store both surface 
area and distance information. This method can be very useful in recovering translation. 
Nalwa [87] augmented Gaussian images by some support function which was the signed 
distance of the oriented tangent plane from a predefined origin. Hebert, Ikeuchi and 
Delingette [45] proposed a simplex attribute image (SAI) to characterize convedconcave 
surfaces, both as a coordinate system and as a representation. Brechbuhler, Gerig and 
Kubler [I41 also defined a one-to-one mapping from a simply-connected surface to a unit 
sphere, using extended 3D elliptical Fourier descriptors. For a summary of different spheri- 
cal representations, the reader is referred to [60] by Ikeuchi and Hebert. 
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The lack of a proper coordinate system (or data structure) for geometrical entities has 
prompted many researchers to compare 3D shapes in domains other than geometrical space. 
For example, Sclaroff and Pentland [lo51 used many modes to represent shapes and to com- 
pare shapes based on the coefficients of the modes. Murase and Nayar [86] represented 
objects in eigenspace, and compared objects using the proximity of two eigenvalues to one 
another. Hancock and Thorpe used a similar eigenspace representation successfully for land 
vehicle navigation [43]. Unfortunately, these similarity measures do not provide us with 
geometrical intuition. 

Even with an appropriate data structure, the choice of a good metric for comparing shapes 
can be difficult. For example, Arkin et al. [Z] used L2 norm to compare polygons. Hutten- 
locher and Kedern [56] used Hausdorff distance to compare the distance between two point 
sets under translation. Kupeev and Wolfson [69] used graph matching to compare 2D 
shapes. Basri et al. 161 emphasized that the distance function has to be continuous and 
should matter less as curvature becomes greater. Comparisons among different metrics can 
be found in [83]. 

In this chapter, we use a special spherical coordinate system to represent a closed curved or 
polyhedral 3D surface without holes. In the previous chapter, a semi-regularly tessellated 
sphere is deformed so that the meshes sit on the original data points while preserving the 
connectivity among the mesh nodes. At the end of the deformation process. we obtain a 
spherical representation with local curvature at each mesh node. The problem of comparing 
two shapes becomes that of comparing corresponding curvature distributions on spherical 
coordinates. This approach is illustrated in Figure 58. The local curvature at each node is 
calculated by its relative position to its neighbors. A shape metric between two objects is the 
minimum distance between two corresponding curvature distributions on spherical coordi- 
nates. 
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Figure 58 Comparing shapes from curvature distribution: an example of a sphere and a hexahedron. 
The curvature has been color-ccded so that the darker represents a bigger positive curvature 
and the lighter represenb a bigger negative curvature 
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6.2 Shape Similarity Experiments 

This section presents the results of the application of our shape similarity metric to synthetic 
data and to real objects. For ease of computation, we use L2 distance in the metric function 
defined in Section 5.5 for all the experiments in this section. 

Our data set consists of several polyhedra including an icosahedron and a dodecahedron 
whose shapes are known in advance. To make deformable surfaces, we generate uniformly 
random-sampled data points over each object surface. We also use the free-form object 
model generated from real range images. Unless specified otherwise, the frequency of 
spherical tessellation is set to 7, which means that the total number of mesh nodes is 980. 

Figure 59 shows the approximation of a sphere by a set of regular polyhedra: a tetrahedron, 
a hexahedron, a dodecahedron, and an icosahedron. Figure 60 shows the distance between 
these regular polyhedra (convex) and a sphere. Since curvature is constant everywhere on a 
sphere, computing the minimum distance between a polyhedron and a sphere can be greatly 
simplified. Figure 61 shows a sequence of concave objects which are generated by making 
concave dents on an octahedron. A comparison of the shape similarity between this 
sequence of concave objects and an octahedron is summarized in Figure 62. The distance 
between object (1) and the octahedron is big because object ( 1 )  is more concave and no 
longer star-shaped. 

Figure 64 compares the degree of shape similarity among a set of free-form objects shown 
in Figure 63. The distance functions among all objects are plotted in Figure 64a, in which all 
the distances along the diagonal are zero. Figure 64b and Figure 64c show the distance 
between the object dog and others, and the distance between the object Sharpei and others, 
respectively. Figure 65 shows the shape change from others to dog. Figure 66 shows the 
shape change from others to Sharpei. 

One possible drawback of our approach is that the quality of approximation of a polyhedral 
or free-form surface is highly dependent on the number of patches chosen. With a frequency 
7 semi-regular spherical tessellation, we have 980 surface patches. We have 3380 patches 
when the frequency increases to 13. Obviously the more surface patches we use, the better 
the approximation. Figure 67 presents the curvature distribution of an approximated hexahe- 
dron when different tessellation frequencies are used. With a higher frequency, the higher 
curvature distribution is narrower because of better approximation. Figure 68 shows how 
the shape similarity measures differ when different tessellation frequencies are used. The 
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results demonstrate that the shape similarity measure is robust provided that a sufficientIy 
fine tessellation is adopted. 

Figure 59 Polyhedral approximation of a sphew: (1) Tetrahedron; (2) Hexahedron; (3) Dodecahedron; 
(4) Icosahedron; and (5) Sphere 

distance 
to sphere 

Figure 60 Distance between a sphere and its polyhedral approximations 
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Figure 61 Concaved octahedra: (1) with one deep concave dent; (2) with one Eoncave dent; (3) with two 
dents; (4) with three dents; (5) with four dents; and (6) with eight dents 

distance to 
octahedron 

T 
Figure 62 Distance between an octahedron and several concaved octahedron objects 
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Figure 63 (a) Free-form objeck “dog” and “sharpei” are generated from real range data; dpl and dp2 
are two approximations of ‘.dog”; spl an sp2 am two appmximations oI“sharpei”; sdl,  sd3, and 
sd3 are three intermediate shapes between “sharpei” and “dog”. (b) A different view of all 9 
objects 
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Figure 64 (a) Shape similarity among all he- form 0hject.i: dstance of pair-wise comparison. (b) The 
distance between the objert “dog” and others. (c) The distance between the object “sharpei” 
and others 
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decreasingly similar to dog * 

Figure 65 Shape change from the object “dog” to others. From left to right: shapes are more and more 
dissimilar to ‘<dog” 

increasingly similar to sharpei 
b 

(1) (4) (3) (7) (8) ( 5 )  (6 )  (9) (2) 

Figure 66 Shape change from the object “sharpei” to others. From left to right: shapes are more and 
more similar to “sharpei” 
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Figure 67 An example (hexahedron) of curvature distribution of mesh representation at tessellation 
frequencies: (a) f=7; (b) f=9; (e) Ell; and (d) f=l3 

distance 
to sphere 

35 

Figure 68 Effect of tessellation frequency on shape similarity between regular polyhedra and a sphere 
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6.3 Shape Synthesis with Curvature Interpolation 

6.3.1 Shape Synthesis 

Another interesting application of our spherical surface representation is 3D shape synthe- 
sis. The problem of 3D shape synthesis is defined as follows. Given two 3D shapes A and B, 
we synthesize a sequence of intermediate shapes (or morphs) which change smoothly from 
shape A to shape B. Similar to image morphing [7], shape morphing is achieved by first 
warping the two original shapes to a new shape, then interpolating both into an intermediate 
shape. It is difficult to design a good 3D morphing system for three reasons. First, i t  is 
unclear what should be chosen as features. Second, it is difficult to match the features auto- 
matically. Third, what is to be interpolated along the morphing sequence has to be carefully 
selected to guarantee the smoothness of the shape transition. 

The above. difficulties arise from the lack of a proper representation for arbitrary shaped 3D 
objects. Thus, we propose to represent shapes of genus zero using a semi-regularly tessel- 
lated spherical mesh. After an original shape is resampled by a nearly uniform spherical 
mesh, we store the local curvature at each node of the resulting mesh as its intrinsic repre- 
sentation. Using the fixed connectivity of all mesh nodes in the semi-regularly tessellated 
mesh, the correspondence between two shapes can be easily established. Instead of directly 
interpolating corresponding mesh node coordinates of two known objects, we consider the 
task of synthesizing a new object as one of interpolating the two known curvature distribu- 
tions, and then mapping the interpolated curvature distribution back to a 3D shape. It has 
been shown in the previous chapter that such an inverse mapping from intrinsic representa- 
tion to object shape can be achieved. From the intrinsic representation, the original shape 
can be reconstructed up to a scale factor and a rigid transformation, provided that a regular- 
ity constraint is satisfied, i.e., each mesh node is projected onto the center of its neighboring 
triangle. The application to surface morphing is again a demonstration of the inverse map- 
ping property. 

6.3.2 Basic Idea 

Our approach to shape synthesis is summarized in Figure 69. For each original shape, we 
uniformly resample it with semi-regularly tessellated spherical mesh. Then we build its cur- 
vature distribution as its intrinsic representation. Instead of manually searching for individ- 
ual features, the correspondence between two shapes can be automatically obtained by 
minimizing the difference between two curvature distributions. Additional correspondence 
specified by the user can also be incorporated. To synthesize a new shape from two known 
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shapes, we interpolate the new curvature distribution from two known curvature distribu- 
tions, The new shape is then reconstructed from the interpolated curvature distribution. 
Delingette proposed a similar synthesis approach where deformation is used to interpolate 
intermediate morphs [3 I]. 

In addition to the automatic correspondence between two shapes, our shape synthesis 
approach using curvature distribution has another advantage in that the resulting shapes vary 
smoothly. This is because the morphs are interpolated according to the original curvature 
distributions. Volume morphing, on the other hand, can hardly quantitatively specify this 
kind of shape change. Instead, it has to rely on careful selection of features, and thus it pm- 
vides only qualitative shape change at best. By making explicit use of the curvature infor- 
mation, our method also reduces the ambiguity of matching two shapes. This is especially 
important for smooth curved objects, where features are very difficult to identify manually. 

Forward 

Original 
objects 

+ 

mapping 

- Inverse 

Curvature Interpolated 
distribution curvature 
on sphere distribution 

+ 

mappi ing 

Synthesized 
new object 

Figure 69 Shape synthesis with local curvaturp interpolation 
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6.4 Curvature Interpolation 

It is unclear how to interpolate two shapes unless we know how to compare them. It is very 
difficult to compare two 3D shapes because of the unknown scale factor and rigid transfor- 
mation. We have shown that it is possible to quantitatively measure the distance between 
two shapes using the intrinsic representation. Thus we can also interpolate these two shapes 
to obtain a new curvature distribution from the intrinsic representations of two original 
shapes and their correspondence. An advantage of this approach is that it shows quantita- 
tively how much the morph is different from the originals. For example, at each mesh node 
of the new mesh C, its curvature can be computed by a linear interpolation of its counter- 
parts in the original shapes A and B. More specifically, 

'pc. = (l-r)cpAj+tcpBi.tE [O, 11 , i  = I...n, (EQ6.1) 

where cp is the local curvature measure. Alternatively nonlinear cross-dissolve techniques 
can also be used. For instance, if we use the following interpolation function, 

c p ~ ; = ( 1 - 2 t J c p , , + 2 t ~ B j , r €  2 2 [O,OS].i= I...n. 
(EQ 6.2) 

2 
'PC, = 2 ( 1 - t ) * q A i + ~ 1 - 2 ( 1 - r )  ) c p B i . ? ~  [0.5,11.i = l...n. (EQ 6.3) 

to blend curvatures, we can enforce desirable small shape change in the initial steps. Figure 
70a shows the linear change of a shape similarity distance between each morph and an orig- 
inal object (a toy sharpei), while Figure 70b shows the distance between each morph and the 
other original object (a toy pig). Figure 71 shows the nonlinear change of a shape similarity 
distance. The distance between two shapes is defined as the L2 norm of the distance between 
two curvature distributions, which has also been used as a measure of shape similarity in 
Section 6.1. It is clear that our synthesis approach is not only consistent with, but also can be 
controlled by, our metric measure of shape similarity. 
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distance distance 

time time 

Figure 70 Linear interpolation of shape distance between the morph sequence and two originals: (a) 
sharpei; and (b) pig 

distance distance 

Figure 71 Nonlinear interpolation of shape distance between the morph sequence and two originals: (a) 
sharpei; and (b) pig 

6.5 Shape Synthesis Results and Discussion 

Figure 72 shows a sequence of morphs which are synthesized from a toy sharpei to a toy 
pig, and Figure 73 shows a different view of the same sequence. The models of these free- 
form objects are constructed from real range images using methods described in the previ- 
ous chapter. The frequency of spherical tessellation is set to 13, which means that the total 
number of mesh nodes is 3380. After the models and their curvature distributions are 
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obtained, we use linear interpolation to generate the intermediate curvature distributions. 
These intermediate curvature distributions are then inversely mapped to the morphs. These 
morphs clearly show a gradual and smooth shape transition between the sharpei and the pig. 
Figure 74 shows a gradual shape morphing from one human head to another. 

Compared with volume morphing [44][55], our method is fast and easy to implement. 
While volume morphing takes more than a day [71] to render a sequence of morphs, our 
method takes less than an hour to complete the shape synthesis. In our experiments, it takes 
20 minutes to build deformable models and curvature distribution, and 20 minutes for cross- 
dissolve curvature interpolations and shape synthesis of a sequence of 10 morphs on a SUN 
Sparc 20. This does not take into account the time spent in taking images and rendering 
images for the final display. To speed up the iteration process, the morph from the previous 
step is used to initialize the synthesis of the next morphing step. 

One possible drawback of our approach is that the quality of approximation of a polyhedral 
or free-form surface depends on the tessellation frequency or the number of mesh nodes 
specified. Obviously, the more mesh nodes we use, the better the approximation. Our shape 
synthesis approach generates a good morphing sequence, provided that a sufficiently fine 
tessellation is adopted. 

For the purpose of shape synthesis, we may want to satisfy the user’s specifications such as 
manual correspondences, etc. This user-specific requirement can be incorporated into a 
force Fat such that (EQ 5.1) is modified as 

which is similar to deformable surface model extraction where F,,, is dominated by data 
force. 
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Figure 72 A morphing sequence between a toy sharpei and a toy pig 
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Figure 73 Another view of the morphing sequence between a toy sharpei and a toy pig 
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Figure 74 A morphing sequence between Mark W. and Mark M. 



114 

6.6 Global Properties of our Curvature Representation 

When we interpolate two local curvature distributions using simplex angles, we can not 
prove that any global property exists for our simplex angle image. Even though we have had 
good results using the simplex angle which is an approximation of mean curvature at each 
mesh node, we unfortunately do not have a global property similar to the turning angles for 
2D curves. Recall that if we sum all the turning angles for a 2D curve, we end up with a con- 
stant ZX . This is a very important property because we can then verify if a curvature distri- 
bution is sufficient for a shape. 

However, a similar global property does exist if we replace the simplex angle by a spherical 
deficit angle at each mesh node. We have shown in the previous chapter that there are differ- 
ent ways of representing local curvature. For example, the spherical deficit angle can be an 
alternative to the simplex angle. In fact, the Global Gauss-Bonnet theorem [33] shows that 
the integration of total Gaussian curvatures over an orientable compact surface is always a 
constant, which is 27tx where x is the Euler number. The Euler number of an object with 
spherical topology is 2. We present a simple proof of the discrete version of this theorem. 

Discrete Gauss-Bonnet Theorem 

k w  

Figure 75 Spherical deficit angle and exterior angles 
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From the definition of spherical deficit, we have 

where f i j  is the j -th exterior angle on node i ,  as shown on Figure 75. 

If we sum all spherical deficit angles over all V vertices, we get 

z k i  = Z n X V - n % F  
i 

where F is the number of triangle faces. For triangulated meshes, 

3F = 2E 

where E is the number of edges. Therefore, we get 

A different proof can be found in [82]. Similar to simplex angle, we can also use the spheri- 
cal deficit angle as the local curvature distribution for shape synthesis. 

6.7 Summary 

The spherical mesh representation, which has been introduced in the previous chapter, can 
be employed as a data structure for storing object shapes of genus zero, both free-form and 
polyhedral. Once the object shapes are resampled by our spherical mesh representation, and 
the local curvature at each mesh node is computed, the task of comparing two shapes is 
essentially one of comparing two curvature distributions generated from the resampled! 
deformed meshes. An important observation is that the curvature distribution can be used to 
compare shapes efficiently and effectively. 

The minimum distance function between curvature distributions can be used as a shape sim- 
ilarity metric. This shape metric is then used to analyze shape similarity between sets of 
concave and convex objects. Experiments show that our shape similarity metric is robust 
and invariant under rigid transformation and scaling, easy to compute, and intuitive with 
human perception on shape. Our approach is, in spirit, similar to the one used by Schwartz 
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and Sharir [ 1041, in which they approximated a 2D curve from noisy data points by dis- 
cretizing the turning function (a 2D curvature in some sense) of two polygons into many 
equally spaced points. We discretize the polyhedral and/or free-form surfaces into many 
approximately equally spaced patches. An advantage of our distance function is that it is sta- 
ble under a certain amount of noise. 

The task of synthesizing a morph from two original shapes is essentially one of interpolating 
two known curvature distributions of the deformed meshes generated from original shapes. 
Inverse mapping from the curvature distribution to shape has been shown to be possible. 
Our curvature-based interpolation yields smooth curvature migration along the morphing 
sequence. Experiments show that our shape synthesis creates realistic and intuitive shape 
morphs which show a gradual change between two originals. 

Our study has been restricted to genus zero shape topology. Recent progress on geometrical 
heat equation and geometry diffusion shed some light on how to compare topological shape 
similarity as well as geometrical similarity. A better user interface can also be used to incor- 
porate the user’s specification for more realistic and specific shape synthesis. This kind of 
user-specified constraint can be easily implemented under our framework. 
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Chapter 7 

Conclusions 

This thesis studies modeling from reality and focuses, in particular, on two very important 
problems: representation and integration. These problems have been carefully examined by 
an integral approach to modeling from a sequence of range images. Using the integral 
approach we have reconstructed statistically optimal object models that are simultaneously 
most consistent with all the views. The integral approach has been applied to model both 
polyhedral objects and free-form objects. 

7.1 An Integral Approach to Object Modeling -- A Summary 

This thesis developed an integral approach to object modeling from a sequence of range 
images. The integral approach formulates modeling from multiple images as a problem of 
principal component analysis with missing data (PCAMD), and solves the problem with 
efficient algorithms. It has been argued that depending on the types of objects to be mod- 
eled, objects can be resampled with either planar surface patches, or a special spherical 
mesh representation. More specifically, the integral approach consists of two components: 
how to integrate and what to integrate. 

7.1.1 How to integrate 

How can we integrate multiple views of range images in a statistically optimal fashion? In 
other words, how can we build a model which is simultaneously most consistent with all the 
views? The answer is to formulate multiple view integration as a problem of principal com- 
ponent analysis with missing data, provided that correspondence among different images 
can be established. Based on Wiberg’s formulation, the problem of principal component 
analysis with missing data has been generalized as a weighted-least-squares problem, and 
solved by an efficient bilinear iterative algorithm. The integral approach makes use of the 
significant redundancy existing among all the views in the formulation of PCAMD. Because 



118 

of the redundancy in the sequence of images, we can get a reliable solution from an over- 
constrained minimization problem even when data are missing. 

7.1.2 What to Integrate 

Then what correspondence can be established among multiple views? The prerequisite to 
applying PCAMD is that multiple views are resampled in such a way that they correspond 
to each other. The resampling process completely depends on the representations used for 
the objects of interest. For polyhedral objects, we resample them using planar surface 
patches. The polyhedral object is segmented and tracked over a sequence of images. Planar 
patch normals and distances to the origin are used for establishing the correspondence. For 
freeform objects, we present a novel global resampling scheme with a spherical mesh 
which can be used to determine correspondence among different views. In particular, we use 
a nearly-uniform spherical mesh with fixed connectivity to represent free-form objects. 
Local curvature at each mesh node is then used to build the correspondence. 

7.1.3 Modeling System 

The modeling system is made up of two parts: scene modeling and focused object modeling. 
For scene modeling, a boundary planar surface representation suffices. After a sequence of 
range images is taken, all images are segmented into planar patches. These patches are 
tracked over the sequence, and are then integrated into a consistent scene model using the 
PCAMD algorithm. Scene modeling can be used for the purpose of virtual reality. An exam- 
ple of modeling an indoor scene was presented. 

Focused object modeling comprises both polyhedral modeling and free-form modeling. 
Polyhedral modeling is essentially the same as scene modeling. However, if the object is 
free-form, each range image is resampled with a special spherical mesh. Then all mesh 
nodes are tracked over the sequence of images before applying PCAMD to obtain a statisti- 
cally optimal model. Both polyhedral modeling and free-form modeling have been imple- 
mented and examples have been given. Focused object modeling has been applied to model 
polyhedral objects such as a toy house, and fm-form objects such as a toy dog. 

The special spherical mesh representation for free-form objects, developed for resampling 
free-form surfaces, is also used to compare and synthesize shapes. The key observation is 
that the mesh representation acts as a proper coordinate system which allows shapes to be 
compared and interpolated by their curvature distributions. 
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7.2 Thesis Contributions 

This thesis has described a modeling-from-reality system which reconstructs statistically 
optimal models from a sequence of range images. The integral approach presented in this 
thesis consists of a set of techniques for modeling both polyhedral and free-form objects. 

The specific contributions of this thesis are: 

1. Development of a framework for modeling objects and scenes from a sequence of 
images. An integral approach is introduced fo combine mirltigle views so that a statisti- 
cally optimal model is obtained. The integral approach consists of two key components: 
how to integrate and what to integrate. 

2. Formulation of a weighted-least-squares approach to the problem of principal compo- 
nent analysis with missing data und its application to modeling from a sequence of 
images. 

3. Introduction of a special spherical mesh representation used to resample free-fonn 
objects. The mesh representalion enables one-lo-one mesh node correspondence so that 
integration of multiple views becomes simple. 

4. Implementation of the modeling-from-reality system which approximates the existing 
world as a combination of polyhedral and free-fonn objects. Applications of. modeling 
from reality include virtual reality modeling, shape similarity and shape synthesis. 

7.3 Future Work 

This thesis has shown that a modeling from reality system is implementable. While signifi- 
cant progress has been made toward the development of an operational system for modeling 
reality with computer vision techniques, there remain some important issues to be explored 
to increase the applicability of our modeling system. 

7.3.1 A Coarse-to-Fine Approach: Better Modeling for Fine Details 

Due to the regularity constraints used in free-form object modeling, we have to make trade- 
offs in areas of high curvatures. This problem is particularly evident around the ears of the 
sharpei model. In the future, a coarse-to-fine approach could be applied to obviate this prob- 
lem. One simple coarse-to-fine strategy is to use a ternary triangulation for each triangular 
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mesh. Unfortunately there is no simple relationship between any N frequency tessellation to 
N+1 tessellation. 

7.3.2 Interactive Modeling and Synthesis 

Most of the work described in this thesis focuses on the development of an automatic mod- 
eling system. However, as evident from the examples shown in this thesis, automatic sys- 
tems are not perfectly functional in many real-life situations. Reddy [98] suggested that a 
good working system should be 90% automatic and 10% interactive with some assistance 
from humans. Most likely humans can do a much better job in finding the connectivity 
among planar patches. 

Another place that interaction can play an interesting role is in the area of shape synthesis. 
Our shape synthesis framework can easily accommodate some interactive forces in the form 
of external forces. Under different circumstances, user-specified matches have higher prior- 
ity than the implicit constraints imposed by mesh regularity. In this case, we must devise a 
way to resolve the conflicts. 

7.3.3 Moving Beyond Geometry: Probe Topology 

In this thesis, we have confined ourselves to considering only objects with spherical topol- 
ogy. Undoubtedly, in reality, many objects are not of genus zero. It is therefore necessary to 
investigate how multiple views of these objects can be integrated. One possibility is to start 
with a uniformly tessellated mesh of known genus such as a torus. An interesting observa- 
tion is that an object of genus one can be regularly tessellated, in contrast to a spherical 
mesh which can only be semi-regularly tessellated if more than 20 mesh nodes are needed. 
Another possibility is to start with spherical topology and evolve adaptively 

t 2 ~ 1 t 7 ~ 1 ~ 7 7 1 [ ~ ~ 1 .  

7.3.4 Voxel-based approach 

An alternative solution to the topology problem is to use volume resampling of the object. 
Volume sampling is obtained by assigning a small voxel size to each range data point. To 
use the voxel-based approach we need to start with a good initial transformation. For each 
voxel, we find its closest point on each surface (view). Then we form a measurement matrix 
of all surface normals on each voxel. After we have recovered the rotation matrices at every 
view, we can apply the rotation matrix to all points around their centroid, and create a sec- 
ond measurement matrix with the positions of all voxels. From the second measurement 
matrix we can recover the translation. A dynamic PCAMD algorithm can be applied to 
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update the voxel positions and normals. Finally, a marching cube algorithm [73] can be 
applied to obtain a surface model. 

7.3.5 Structure from Motion 

Many ideas presented in this thesis are applicable to modeling from a sequence of intensity 
images. Structure from motion, for instance, may use PCAMD to find a statistically optima1 
solution to merge multiple images. Another interesting topic is how to combine the photo- 
metric information with geometrical information to obtain more accurate and realistic mod- 
els. 
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Appendix A 

Proof of Shape Similarity Metric 

This appendix shows why the minimum distance between two curvature distributions of two 
resampled free-form objects is a metric. 

We define the Lp distance dp(SA, S ,  R) between A and B at a certain spherical rotation R as 

which is the sum of curvature differences over the sphere. Then the distance function 
between A and B, Dp(A, B) becomes 

D ( A , B )  = minR d , (S , ,S , ,R)  P 

which is minimized dp over all possible rotations R. 

Property 1: 

Proof: 

Dp(A, B) is a metric for allpzO. 

Because dp is a Lp norm, we have 

D, is positive. D, (A, B )  2 0;  
D, is identity. Dp ( A ,  A )  = 0 ; - D ,  is symmetric. D,, (A, B )  = D, ( B ,  A )  . 

The only thing left to prove is the triangle inequality D, ( A ,  B )  + Dp ( B ,  C )  2 D,, ( A ,  C )  . 

Let R, and R2 be the rotation matrices which minimize the D, (A ,  B )  and D, ( B ,  C )  , 
respectively, 



123 



124 

Appendix B 

Calibrating The Rotary Table 

B.1 Calibration Setup 

In order to gain the true transformation between two different views, we calibrate the rotary 
table using a known geometry cube with grid pattern as shown in Figure 76. Each range 
image can then be segmented into 3 planar patches. The rotary table is rotated by an angle 0 
around its rotation axis k which is located on q from the origin (Figure 77). A point x ,  in 
view 1 can be transformed to x2 in view 2 by 

or 

x2 = R x ,  + t  (EQ B.2) 

where 

t = q - R q .  (EQ B.3) 

B.2 Calibration as a Minimization Problem 

With the above representation ( k ,  q, 0) , we show that calibrating the rotary table can be 
formulated as a minimization problem. Range data of two views of the calibration box is 
obtained and their segmented planes are also matched. A plane is represented by a vector v 
and a scalar d with the equation Y x - d  = 0, or (v, d )  in short. The transformed plane 
(v’, d‘) of ( Y, d )  is given by 

T 

7 
(EQ B.4) 

T ,  
V’ = R v ,  d ’ -d  = t v = q ( v ’ - v ) .  
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Figure 76 Calibration cube and its segmented patches 

Figure 77 Representation ofa rotation: rotation axis k located at q 

The calibration problem becomes 

N 
min C I1vi’-~vil 2 , 

i =  I 

and 

N 

i =  I 

T 
subject to k = 0, 

(EQ B.5) 

(EQ B.6) 

(EQ B.7) 
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where N = 3 for the calibration cube. The problem (EQ B.5) can be solved using quater- 
nion [37]. We can then compute (k, 0) from known R .  We can reformulate (EQ B.6) and 
(EQ 8.7) as 

whose solution is straightforward, 

B.3 Accurate, Fast and Automatic Calibration 

To increase the accuracy of calibration, the above nlinimization problem can be made more 
over-constrained if we take a sequence of range images (more than two) of the calibration 
cube with equal angular increments ( e g  2" or 5 " ) .  It is possible that we segment the range 
image of each view, then track three planes over the whole sequence automatically. How- 
ever, the segmentation program itself is rather slow. To automate the rotary table calibration 
process, we have adopted 3DTM, a robust three-dimensional pose estimation technique, 
developed by Wheeler and Ikeuchi [130]. The cube is modelled as three planes and its pose 
can be accurately estimated at different views. A process of  3DTM pose estimation is shown 
in Figure 78. 

Figure 78 (a) First image overlaid with cube model (solid lines); (b) Second image overlaid with model 
at initial pose; (e) Second image overlaid with model after 3DThl pate estimation 
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