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This report documents parts of the research in the Self Mobile Space Manipulator (SM’) 
project at Carnegie Mellon University. We develop Fuzzy Logic Friction Compensation 
schemes that improve motion performance of SM . Both static and dynamic errors are 
reduced. Also, we propose Fuzzy Inverse Kinematic Mapping to resolve the redundancy 
problem in SM2. The proposed scheme works identically for redundant and non-redun- 
dant robots, does not require any constraints to be imposed on the robot configuration and 
provides a closed-form solution. We investigated this scheme in simulation and then 
implemented it for real-time telcopemtion of SM~. 
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1.0 Introduction 

1.1 Problem Statement and motivation for research 

The Self Mobile Space Manipulator (SM2) has been designed and built to work on Space 
Station Freedom. The robot is very light-weight, and thus highly flexible. Due to the light- 
weight spucfure and the zero-gravity-environment, the torques necessary to drive the 
robot are much lower than the torques required in industrial applications. TheEfore, the 
relative torque necessary to overcome static friction is significant, in our application about 
30% of the peak torque, compmd to about 3% for normal industrial robots. Joint friction 
is difficult to model, because it is a function of configuration, payload and velocity, while 
simple friction compensation methods are not effective enough and also =cult to tune. 
Therefore, we have approached this issue by applying Fuzzy Logic friction compensation 
obtained directly from experiments. 

The second problem is the fact that SM2 is a redundant robot. Inverse Kinematics for 
redundant robots requires an explicit task model, and optimization function, and environ- 
mental model, and depends on numerical computation. This is a severe draw-back for 
real-time implementations, especially for teleoperation controlled robots, such as SM2. 
Furthermore, many schemes display degenerated performance at singular positions. 

We propose to use Fuzzy Logic for the Inverse Kinematic Mapping. It is independent of 
the number of links, results in zero steady-statf&rror and requires no optimum criterion or 
model. The usability of the approach has been demonsmated by implementing the pro- 
posed method for the real-time teleqeration of SM2. 

1.2 Fuzzy Logic and Fuzzy Control 

A Fuzzy Logic Conmller (FLC) is a controller that differs from a conventional controller 
(such as PJD) mainly in that it works internally with Fuzzy variables. It comprises a 
knowledge base with definitions of membership functions and a rule-base, a decision- 
making logic, and interfaces to and from the physical world which allow the conversion 
from Fuzzy values into crisp values and vice versa 

A control cycle typically consists of taking process variables as input, converting them to 
Fuzzy vaIues, applying the input to the rule-base and deriving a Fuzzy control action, con- 
verting this Fuzzy conml action to a crisp value, and giving this crisp value to the con- 
trolled process as control action. The following paragraphs explain Fuzzy variables and 
rule-base in more detail. 

Fuzzy Variables are used to describe vague concepts such as high error or little oscilla- 
tions. These concepts ~IE defined by a membership function p, which maps the values of 
the universe of discourse onto the interval of real numbers from zero to one: 

p: u 4  [0;1] 



The degree of membership pD,(x) denotes how appropriate it is to represent x by the 
Fuzzy value D. The membership functions that we used in this project are piecewise linear 
functions, and samples of the available types are shown in Figure 1. 

Figure 1 Implemented membership function types for SM2 project. 

Fuzzy rules are of the form 
IF (in1 = u) AND (in2 = v )  THEN (out = w). 

where inl ,  in2 and ouf represent Fuzzy variables, and u, Y and w are Fuzzy values. 

In out project, the sentence connective ‘AND’ and the hplication an? based on the alge- 
braic product. The weight a of a rule is hence determined by 

a = pu(inl) . p v ( i d ) .  @Q 1-21 

The defuzzified output of the FLC is derived as 

with ai = weight of the i-th rule, wi = consequent of the i-th d e ,  and i indexing all rules in 
the rule-base. This requires that the consequent wi of each rule is a Fuzzy singleton (Le. a 
Fuzzy set with only one value at which the membership function is l.O).’ 

1.3 The SM2 system 

The Self Mobile Space Manipulator (SM2) is a seven DOF, 1/3 scale version of a robot 
designed to work on the trusswork of Space Station Freedom. Scaling rules have been 
used to keep dynamic parameters of the scaled-down robot (such as natural frequencies, 
masses, stiffness) similar to those of the full-sized one. Designed far zero-gravity environ- 
ment, SM2 is very light-weight and very flexible. It provides mobility and manipulation 
capabilities and can assist astronauts in maintenance, inspection and transportation tasks. 

1. Alternatively. wi can be considered as the m m  of gravity of an arbitrary membership function. Neglect- 
ing overlap in the output membership functions, we use aceoter-of-gravity method in determining the output 
oftheFLC. 
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As depictedin Figure 2, SM2 is designed symmetrically, with two flexible links connected 
by a rotary joint, and a node and a part gripper on each side. For the work reported here, 
one no& gripper is always attached to the rmsswork which makes the remaining chain of 
links to the opposite end-effector (part gripper) a seven DOF robot. This end-effector may 
be used for manipulating objects. Locomotion of SM2 is performed by moving the unat- 
tached node gripper to a node, attaching it there, and releasing the previously attached 
node gripper. To simulate realistic working conditions, the robot is attached to a gravity 
compensation (GC) system, which supports the free end of the robot at two points. The 
GC works actively in the x-y - directions and passively in the z - direction. 

SM2 can be operated in two modes, aukwwrnous motion and (eleoperation. For developing 
Fuzzy friction compensation, we performed the experiments in the autonomous motion 
mode. The implemented F u z y  Inverse Kinematic Mapping was tested in teleoperation 
mode. A diagram with relevant control modules for both operation modes is shown in Fig- 
ure 3. 

Figure 2 Model of SMz with enumeration of joints 



Figure 3 Relevant control modules in SM2 

Fuzzy Friction Compensation 

Fuzzy Inverse Kinematic Mapping 



2.0 Fuzzy Friction Compensation 
In this chapter. wc wiIl briefly i n e f f i  friction thtory and then propose fuzzy friction 
cornpmsatjon schemcs. -tal nsults will be digcppsbd, and the proposed schemes 
art compared to thc schgnt with constant friction comptnsation tuque used in SM2. 

w 

Armstrong 121 provided experimental evidence far tbe negative slope for vcry low velcci- 
tics (ana ‘A’ in Figure 4). ‘k d t  is shown in Egmt 5. This negative slope and a hys- 



teresis effect ([lo]) for very low velocities makc stable control difficult. To dcscribe the 
effect observed in Figure 5, Tustin's exponential model is usually used. Details can be 
found in [2] and [5]. 

Formoderate velocirics, fTiction inueases smoothly with the v&&Y. In this region 
(marked 'B' in figme 4). friction is B combination of Ccdamb friction and viscous &ic- 
tion [lo]. Coulomb 6Mou cau be described by 

F- = pIFN/sgn(vekiry) @Q 2-1) 

with F ,  =normal forct ofcontact and p =cocBcht offriction. 

We see from (EQ 2-1) tbat *on forces m discontinuous at ZQO velocity [lo]. Experi- 
mental validation for thc kineticlstatic model is shown in figme 6 [2]. 



Figure 6 M o o  torque= a function ofvdodiy 
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Motivation for Fuzzv Friction Comwnsation 

The compensation scheme 8s shown in Figure 7 does not sufficiently represent the inher- 
ent nonlinearity of the relation of friction forces to configuration, payload and joint veloc- 
ity. Though it reduces steady state error, it i s  not very efficient for dynamic errors. 
Furthermore, the empirical tuning of the parameters 6 and Q is a difficult task, since the 
quality of the compensation scheme varies sigdcantly for small changes in the parame- 
ters. 

2.2 Proposed schemes 

We have designed friction compensation schemes based on some facts presented in the 
section on friction theory (see page 5) .  Different input parameters, such as position error, 
velocity error, velocity, and combinations of these, have been used in the pmposed 
schemes. We designed a different set of membership functions for each joint, which 
accounts for different physical properties of the joints. The Fuzzy friction compensation 
schemes have been implemented in joints 1 to 3. These m the joints that contribute most 
to the position error 

Two schemes have been examined. The first one uses the FLC to generate an additional 
friction compensation torque which is added to the regular joint torque produced by the 
PD-conmller and the inverse dynamics. We call this approach “Hybrid Fuzzy/PD con- 
trol”. The second method is based on a regular PD-controller smcture, with the parame- 
ters tuned by the FLC. This approach is called ‘Tuzzy-tuning PD control”. 

2.3 Hybrid Fuzzy/PD control 

This method is represented in the diagram shown in Figure 8. Examined input parameters 
were the following entities and combinations t h m F  

position error e 

velocityerrore 

desired (refelence) velocity vd 

measured (actual) velocity P 

The output of the FLC was added to the output torque of the PD controller. controller 
was investigated, but led to weaker performance, especially as far as the steady state error 
is concerned.) 



Figure 8 Structure of hybrid FmyA‘D control 

t 
TF 

FLC 

(~=lppliedtoEpe,rF=frieialcanptualimtaquc) 

Considering that friction forces depend on the relative velocity of the two b d e s  in 
motion, the first question that arises here is: “Why do we use position error as input?” 

Conceptually, a position error in our control s t r u c ~  with control cycles of constant 
length is equivalent to a relative velocity. The controller input is a position e m  e. Assum- 
ing ideal controller and ideal robot, the controllex wiU issue a control command such that 
the error is zero in the next conml cycle. The (ideal) robot will thus move the distance e 
withii one control cycle T, , which leads to a velocity v 

v = e /T, .  (EQ 2-2) 

Thus, the desired velocity of the robot is directly related to the position error. 

2.3.1 Position errur as input 

This scheme uses only position error as input to the FLC and will later be referred to as 
“hybrid error-only scheme”. The position error was represented by the following fuzzy 
values: 

NB = ‘negativebig’ 
NM = ‘negativemedium’ 
NS = ‘negativesmall’ 
ZE = ‘ z e d  
PS = ‘positivesmall’ 

PM = ‘positivemedium’ 
PB = ‘positivebig’ 

The membership functions for joint 1 can be found in Figure 9. 

Hybrid PuzeyfPD control 9 



Figure 9 Membership functions for joint 1 - hybrid error-only scheme 

-0.0873 o.mx -0.0025 0.0026 0.0175 0.0873 e [rnq 

The output variable was represented in the same categories (NM, E, PB, ...). However, 
these fuzzy values for the output were defined as fuzzy singletons. The used values were 
normalized and evenly distributed between 0 and 1 (or between 0.5 and 1 for some exper- 
iments): 

fuzzy value 
N B :  
N M :  
NS : 

Z E :  
PS : 

PM : 
PB : 

output Value 
-1.000 
-0.667 
-0.333 
O.Oo0 
0.333 
0.667 
1.000. 

For joint 2 and 3, the membership functions were of the same st~~cture ,  although with 
slightly different values. 

All joints shared the same rule-base, which is presented in Table 1 . 
Table 1 Hybrid error-only scheme: rate-b.se for joint 1 - 3 

Error: e-NB e-NM e-NS e-= e-PS e-PM e-PB 

Output: 0-NB 0-NM 0-NS 0-ZE 0-PS 0-PM 0-PB 

The main difference in the joints was the output scaling factor. To facilitate experiments 
and support a more unified representation. a normalized output had been derived in the 
FLC, which then was scaled by a scaling factor unique to each joint Typical values were 
4500,2800 and 2800 for joint 1 t~ 3, respectively. We found that the steady state errors 
were reduced significantly, as compared to the scheme with constant friction compensa- 
tion torque. This holds especially for joint 1. 

It was a common experience in all experiments that the motion performance for joint 1 
was improved the most by inmducing Fuzzy friction compensation, and the performance 
was also more stable than fox joint 2 and 3. This has been mostly atmbuted to the gravity 
compensation system. The GC is active in x-y - direction, which af€ects mainly joint 1. In 
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z - direction, the GC works passively (counterweight and pulleys). Also, the point of sup- 
port is fixed. For these reasons, joint 2 and joint 3 are more affected by the deficiencies of 
the GC and hence show less improvement. 

For the standard experiment, which consisted of moving from one node to another on a 
linear path (in Cartesian space) in five seconds, shown in Figure 10, we obtained the fol- 
lowing averaged results: 

Table 2 Hybrid error-onty scheme: average results for standard experiment (5 see) 

Steady state error: 
Nl-->N2 N2->N1 Average 

Jtl 0.034 0.033 0.034 
Jl2 0.076 0.102 0.089 
Jt3 0.217 0.117 0.167 

Figure 10 Hybrid error-only scheme: path for standard aperiment 

Robot - 
Path 

S P W  
' Station 
Trusswork 

Further numerical and graphical results may be found in section 2.3.3 on page 12. 

2.3.2 Position error and velocity as input 

Now, we have considered a scheme that uses position e m  and reference/measured veloc- 
ity as input parameters. The idea was to improve the dynamic performance of the system 
by reducing tracking lags. Velocity can represent one of the robot states, and this informa- 
tion can help to adjust the compensation =heme. For example, the compensation torques 
might be increased for very low velocity to overcome static friction. To consider the new 
input parameters, the rule-bases had to be adjusted. 

The use of the measured velocity has not proven to be very promising. Although concep- 
tually appealing, we could not use the current robot state as given in the position and 
velocity values to predict the motion tendency and accordingly modify our output. The use 
of measured velocity led very easily to unstable behavior of the robot. For stable behavior. 
a d e - o f f  between both considerable overshoot and steady state error had to be made. 
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Using the reference velocity instead of the measured one improved stability significantly. 
On the other hand, the necessity for a trade-off between acceptable overshoot and accept- 
able steady state error was still present, although to a slightly smaller extent. It should be 
noted, however, that, as expected, the dynamic errors, as compared to the scheme with 
only position error as input, were reduced significantly for both measuEd and reference 
velocity as input. To give an idea of the changes, some figures will follow. Comparing the 
scheme with reference velocity and position error to the scheme with only position error, 
the 

dynamicerror* decreaSeaby 30% 
maximumpsitionema decreascdby 40% 

steadystateemx incnaSeaby 735% 

Though the steady state enor rose relatively much, the new result with 0.285” is still well 
within our limit of 0.5 *. 

Position e m  and velccitv enor as inuut variables 

Using both position e m  and velocity e m  as input parameters to the Fu3 didn’t yield 
any promising results at all. This scheme was not investigated any further. 

2.3.3 Comparison study 

To evaluate the performance of the Fuzzy fiction compensator, a comparison study was 
conducted for three types of friction compensation schemes: 

PD-controller with constant friction compensation toque (‘PD’) 

PID-controller with constant friction compensation torque (‘PID’) 

PD-controller with fuzzy friction compensation (‘FFC‘) 

The conuollers were individudy tuned to yield highest performance. 

The experiment we conducted was the movement of the mbot tip from one node to 
another, on a linear path, with constant tip orientation (see Figure 10). The major move- 
ment was carried out by joint 1. Due to the linear path and the constant tip orientation, the 
trajectory also involved changes in joint 2 and joint 3 position. 

In the following Table 3 , we see the performance for each compensation type. The results 
correspond to the movement from node N1 to node N2, from N2 to N1, and the average of 
these two results. The experiment was carried out in five sEonds. Steady state position 
error was measured at fifteen seconds after the Stan of the experiment. 

1. as given by the integral over the position enur magnitude 
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lhble 3 Cornparism ofdinerent compensation schemes - Steady state position ermr [in degrees] for 
a movement from one node to another in 5 seconds 

Canlmller type Jolnl 1 Jolnl2 Jolnt 3 

PD 7.283 4.574 5.929 OS15 0.077 0.2% 0.887 0.332 0.609 

PID 0.120 1.339 0.730 0.W6 0.539 0.293 0.314 0.051 0.183 

Fuzzy Logic 0.034 0.033 O.U.34 0.076 0.102 0.089 0.217 0.117 0.167 

Table 4 contains the results of the same experiment, now performed in ten seconds. The 
robot moves here at very low sped, and therefore the effect of static friction is significant. 
Furthermore, the membership functions had been developed for a five second movement. 
Steady state e m  was again measured at fifteen seconds after the start of the experiment. 

Table 4 Comparison ofdinerent compensation schemes - Steady state position ermr [in degrees] for 
8 movement fmm one node to another in 10 secwda 

conW(l0rlypa Jolnt 1 

PD 7.632 5.268 6.446 
PID 0.496 1.886 1.191 
FuzyLogic 0.014 0.060 0.037 

Jdnt 2 
1.784 1.615 1.699 

0.501 0.603 o s 2  
0.289 0.800 0545 

Jolnt 3 

3.345 3.021 3.183 
3.264 2.290 2.m 
1348 0.485 0.917 

To help visualize the h p v e m e n t  in -e results, we present .le averaged results again as 
pair-wise comparison of the difkent compensation schemes. The values denote the ratios 
of the second result with respect to the first one. 

a b l e  5 Relative error for diflerent compensation schemes b 5 see - experiment 

Compared schemes Jobt 1 Joint 2 Joint 3 

PIDPD 
F'FCPD 
m p m  

12.31 46 98.99 % 30.05 % 
0.57 % 3o.m 96 27.42 % 

4.66 46 30.37 % 91.26 45 

Table 6 Relative ermr for diflerent comwnsation !schemes b 10 sec - exrrerhnent 

Compared schemes Joint 1 Joint 2 Joint 3 

PIDPD 
WCiPD 
m P m  

18.48 46 32.49 % 87.24 % 
0.57 % 32.08 % 2a.81 % 
3.11 % 98.73 96 33.02 96 

The comparison shall be concluded by some plots that correspond to the numerical results. 

H y W  FnaayIPD control 13 



Figure 11 Comparisoa of steady state position ermr for different frI#ion compeasptfon schemes - 
5 see - Fsperimmt 
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For joint 1, a si- nduch in steady state posirion crro~ (to 0.6 ab) wuId be 
achieved when compared to the PD controlltr with anstant friction oompensation torque. 
The steady state positiOn QTOT fm joint 2 and joint 3 WBS reduced m approXimattly 30%. 
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reduction to values between 30% and 90% ofthe aaiginal value. The results di&r between 
the two movcmcnt~ (Nl->N2, NZ->Nl) due to rcsidmd gravity c&ns. 



2.4 Fuzzy-tuning PD control 

The second approach uses an FLC to tune the parameters kp and k, of a conventional PD- 
controller: 

u = kpe + kve (EQ 2-3) 

with u =control signal (which is used to compute the torques z), e =joint position error, 
and kp and k, = PD parameters, tuned by the FLC. 

We realized soon that the scheme wouldn’t reach the performance of the hybrid error-only 
scheme, unless we included some further information. 

Since we my to reduce both steady state and dynamic e m s ,  we set priorities as follows: 
at the beginning and especially at the end of the trajectory, the position e m  is more 
important. 
in the middle of the uajectcny, we m more conccmed about the velocity error. 

This additional “knowledge” was incorporated in a parameter that we called ‘rate’ r. The 
rate was used to weigh the kpe  and k,.e contributions, and it was also med by the FLC. 
The present scheme is now as shown 111 Figure 13. The output of the scheme is 

z = ( l - r ) k p e + r k v e  (EQ 2-41 

Figure 13 Fuzzy-tuning PD controller 

S 

4 

The parmeters have been modeled as follows: 
kp was constant for large values and increased, for small velocities. This ensured that 
kpe was above a minimum value, until e dropped under a very low value. 
k,  was designed such that kve matched the dynamic friction model. Actually, to make 
the design easier, we replaced the term k$ by k, . ( 2 .  sgn(e) +e) which can be 
rewritten as k,  . sgn ( e )  . (2 + le1 ) . This allowed us to easily model torques like the 
one shown in Figure 14. 



Compared to the h y b i i a m - d y  scheme, we acllievcdanimpro~t in dynamic error 
(as r t p r c s d b y  thc integral ovathe tmrr magnimde), blltthsnslllt forthe steady stare 
Qlofwas not as good compartdtoohybridhybridyscheme2. the 

dylumiccrnr acaeapcdby 21% 
llmimumemrr deaeasdby 23% 

aesaysgleanrr hcKasai by 410%. 

The value for the steady state emor was 0.17", which is dl well within the objective of 
0 9 ,  and w d  below the d t  of the PID oontrollcr with &tant friction campensation 

scntcdin section 2.33 on page 11. wc sea that the Prfanmana ofthis scheme cannot be 
reached as far as thc d m  error is amcund HOWCM; for the steady smte error, this 
PD-tuning scheme is 
55% when compared to a mD conimk with constant friction compensation torque. 

torque (SCC Table 3 @. 13)). when compartd f~ the hybrid --- S c h C ~  m- 

Fllrthaman. the PD-mning schemt d u c e s  dynamic error by 
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Two other points are in favor of the PD-tuning scheme when compared to the hybrid error- 
velocity scheme. First. the results for the steady state error were much more consistent for 
this method (i.e. the variance was much smaller). Secondly, this scheme was very stable, 
in the sense that it was quite insensitive to the values of the output-scaling factors. The 
hybrid error-velocity scheme on the other hand was very sensitive. For that scheme, it was 
not easy to find output-scaling factors that would show an acceptable performance and 
though not easily lead to oscillations. The method presented here didn’t display this effect. 
It was much easier to find parameters for good performance. 

2.5 Summary 

We have developed two Fuzzy friction compensation schemes. The hybrid Fuzzy-PD 
scheme with position e m  only as input yields the best results for steady state e m .  If 
dynamics errors are of concern, and the steady state error is less important, the Fuzzy-tun- 
ing PD scheme is desirable. Compared to PID controller with constant friction compensa- 
tion, both proposed schemes achieve much better results in steady state m, and they 
also improve the dynamic behavior. 



3.0 Fuzzy Inverse Kinematic Mapping 

In this chapter, we will, after a brief review of Inverse Kinematics, propose a Fuzzy 
Inverse Kinematic Mapping. We will analyze the scheme and present simulation results. 
Finally, the impleaentation of the Fuzzy Inverse Kinematic Mapping for teleoperation of 
S M ~  is discussed. 

3.1 Introduction 

3.1.1 lnverse Kinematics 

A robot task is usually specified in Cartesian coordinates for the end-effector of the robot, 
while the control of the robot is usually performed in robot joint space. To bring these two 
worlds together, mappings from one space to the other are nacessary. The transformation 
from joint space to Cartesian space is calledfoiwrvd kimmtics ,  and that from Cartesian 
space to joint space is called inverse Kinematics. 

Given the geometric model of the robot, i.e. link lengths, joint angles, and a description 
how the links are joined together, the forward kinematic mapping is determined by 

x = m, @Q 3-11 

where x is a vector containing the Cartesian position and Orientation of the robot, €I is a 
vector with the joint angles, and f represents the g m m c  model. 

The inverse kinematic mapping, 

e = j - l ( x )  @Q 3-2) 

however, is more difficult, since (EQ 3-1) is highly nonlinear, and that equation might not 
be invertible for certain configurations (singular positions), or may have multiple solu- 
tions. 

Examale 

The Inverse Kinematics is illustrated by a simple planar, non-redundant example. 

Referring to Figure 15, thefonvard kinematics can be written as 

I,COSB, + lzcos (e, +e,) w = [  I,sin€I,+Z2sin(€I1+B2) 1 
where Zi denote the link lengths. 

@Q 3-31 



Figure 15 Robot with two links in a planar world 

X 

nd-effector 

X ' -Joint 1 

Given the coordinates of the end-effector position, the joint angles can be derived as fol- 
lows (Inverse Kinematics): 

2 2 2 2  x +y - l 1 - I 2  

2412 
e, = =OS 

@Q 34) 
12sinB2 

Be = asin P2 

Equations (EQ 3-4) do not yield a unique solution. If (el, 8,) is a solution, 
( 9 ,  + 28, -€I2) is also a configuration with the same end-effector position. These two 
solutions correspond to the "left-handed" and the "right-handed" configurations as illus- 
trated in the following Figure 16. 

Figure 16 Len-handed and right-handed coafieuration d a  t-link-mbot. 
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3.1.2 Kinematic redundancy 

Redundurn rohr refers to a mechanism that provides more degrees of freedom than the 
task requires. The additional degrees of freedom are used for obstacle avoidance, keeping 
joints within their physical limitations, placing the joint torques closest to the midpoints of 
the joint torque limits, optimization of performance. dexterous manipulation, singularity 
avoidance and other reasons. 

For a redundant robot, we differentiate equation (EQ 3-1) with respect to time: 

5 = J ( e ) e  (EQ 3-51 

df where i E R”’, e E R” and the Jacobian (J = -) E Rmxn.  The number or degree of 
redundancy is thus n - m. For our time-discreteddbnmller, equation (EQ 3-5) can be 
rewritten as 

AX = J (e)Ae (EQ 3-6) 

One class of methods for the resolution of redundancy in Inverse Kinematics uses a 
pseudo-inverse’ approach. The solution usually has the form 

e = J + X + ( I - J + J ) z  (EQ 3-7) 
T -1 where J’ = JT (JJ ) 

the solution of minimum norm joint velocity vector, the second term is a projection of z 
onto the null space of Jand can be used for optimization purposes. 

The main shortcoming for this class of methods is the fact that the solution can in general 
only be obtained numerically, which is computationally expensive. Hence, these methods 
are oftentimes not suitable for real time applications. Furthermore, these methods operate 
at the velocity, and not at the position level. Global properties of the workspace cannot 
easily be derived 

Another class of schemes is based on optimization of some motion criteria, like minimal 
joint motion, or minimum energy. These schemes, like the pseudo-inverse based methods, 
are numerical, and have the same disadvantageous properties. 

and z is an arbitrary vector. The first term of (EQ 3-7) represents 

3.2 Fuzzy Inverse Kinematic Mapping (FIKM) 

3.2.1 Basic concept 

The Fuzzy Logic approach to the inverse kinematic problem works with a simple rule- 
base. The ideology of this rule-base can be illustrated by the following example. 

1. also called Moore-Penrose generalized inverse. 
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Considering a planar robot with one link, as shown in Figure 17, the end-effector can be 
described as 

Figure 17 Simple one-link planar robot 

Linearization around a given joint angle el yields the following forward kinematic equa- 
tions: 

with 

(EQ 3-9) 

@Q 3-10) 

d f .  
d9 As can be seen, the values of ci are the elements of the Jacobian mapix J = - wth 

(x,  Y )  = m,). 
Using the Fuzzy values 

pol = "positivemedium" 
nl = "negativelarge" 
ns = "negat ived" ,  

a sample rule for Inverse Kinematics might be formulated as 

IF dx is pm AND cx is nl THEN dl is RS, 

which is intuitively clear: when the link is pointing more or less in the direction of the pos- 
itive y-axis, which is equivalent to saying c, is n l ,  and we try to move the end-effector a 
small amount in the direction of the positivex-axis (d* is pm), we should decrease a lit- 
tle (dB1 is ns). 



This concept can now be explored for different combinations of dx and c,, and the rules 
may be represented in the form of a table as shown in Table 7 . Since the same argumenta- 
tion holds for dy and cy the same table can be used, replacing dx by dy and c, by cy 

NB NS ZE PS PB 

CX 

NM 
NS 
ZE 
Ps 
PM 

PB PS ZE NS NB 
PVB PM ZE NM NVB 
E ZE z6 ZE ZE 
NVB NM ZE? PM PVB 
NB NS ZE Ps PB 

I I I I I I I 

The Fuzzy values are to be interpreted as follows: 
z6 = "" 
P... = 'positive ..." 
N... = "negative ...** 
... s = I'... small" 
... M = "... d ~ m "  

... B = " ... big" 
'I ,.. v. .. = ... very ..." 

For example, the Fuzzy value PVB should be read BS "positive very big". 

The presented de-base has been derived for a one-link planar robot. However, if a d i n k  
serial robot is considered as composed of n links similar to the presented one, the above 
rule-base applies to each of these links. 

Furthermore, since the rule-base has been derived using a linearized model, the principle 
of superposition can be applied and is used to combine the contributions of the rule-base 
of each joint for the given dx and dy. This is the basis for our implementation of the Fuzzy 
Inverse Kinematic Mapping. 

3.2.2 Realization 

The rule-base we actually used for the MM was defined over slightly different Fuzzy var -  
ables. The coefficient co is now the element of the Jacobian manix in the i-th row andj-th 
column. In other words, it relates the i-th component of the vector dx with thej-th joint 
angle ej.  The co-s are defined over the Fuzzy values 
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PM PS ZE NS NM 

with the symbols defined as above (Table 7 ). 

These Fuzzy values are shown in Figure 18. The values far the elements of the Cartesian 
displacement vector dx are defined over the Fuzzy values 

PB PM PS PVS ZE N V S  NS NM NB 

These values are shown in Figure 19. 

Figure 18 Membership functions for the elements of the Jacobian matrix, E @  

-0.8 -0.3 OlO 0.3 0.8 Cij 

Figure 19 Membership fuoetions for the elements of the displacement VMor & 

The rule-base we actually used is given in the following Table 8 . 
Two remarks about this rule-base are in place. First, all values for dej have been deter- 
mined such that the centmid value for dei is approximately the ratio of the centroid values 
of hi and cW Actually, for all possible combinations of dri and c ~ ,  the ratio of their cen- 
troid values has been determined, and similar ratios have been aggregated to one (average) 
value, in order to keep the representation c lew.  

Secondly, for cii = 0, the de .  may be arbitrary, since ci.d8 - 0, which means it doesn’t 
affect the displacement in dxL&irection. The effective d , is a combination of the de, 6 ,  .i - 
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determined for the different hi. and thus there will usually be some cj j  # 0, which will 
yield some result for dej. 

Table 8 Implemented rulebase for Fuzzy Inverse Kinematic Mapping 

ki 

NB NM NS NYS ZE PVS PS PM PB 

I I I I I I 

NS I PvB(  PB I PM I PS I ZE I N S  I N M  I N B  INVB 
IP I I I I 1 I I 

Determination of d9j- 

Let us now discuss in detail how the obtained dej are combined. We recall that for each 
combination of dri and cii we determine a dj. Let us denote this result of the Fuzzy map- 
ping by de$: 

de? = FM(c. . ,dxi ) ,  11 @Q 3-11) v 
where FM stands for the Fuzzy mapping using the membership functions defined in Fig- 
ure 18 and Figure 19 and the rule-base of Table 8 . 
Furthermore, let us d e h e  weigh& as 

For scaling, we need the column- and the row-sums of these weights, which we will 
denote by 

n 
wjsum; = C w . .  

11’ 
j = 1  

the sum in row i over aU joints (this gives the ‘j’), and similarly 

m 

wcsumj = ~ c . . ,  
‘J 

i= 1 

(EQ 3-13) 

(EQ 3-14) 



which is the sum in column j over all Cartesian coordinates. 

Since each de$ yields approximately dxi, we are scaling the contributions of each de$ to 
drj by some factor, such that the sum of the contributions is cIose to G!X$ 

A 

aijdO$ dx,. 
j = 1  

in other words, 

n 

E a i j  = 1 forall i = l . . . m  
j = 1  

The effective joint angle change is accordingly 

'3Q 3-15) 

'3Q 3-16) 

Now we consider one particular joint j .  For all dxi, we have derived some &.;. We aver- 
age these values by again using some weights bG such that the sum of all bo is one: 

m 

i = l  

The effective joint angle change is then 

m 
dej = bijdQij 

i =  1 

@Q 3-18) 

(EQ 3-19) 

The weights b~ are chosen under the following assumption: starting from a particular dej 
and considering d9 . + 6, the change in dxi is highest for the dxi where the I cijl 
(i = 1,. m) is theiargest. To keep errors small ,  the averaged dej should be closest to 

those d6+ whose corresponding Icjj is large. Therefore, a weighted average scheme is 
appropriate, with wij = Icij( being the weight. 

Hence, 

b. .  = w../wcsum. EQ 3-33) &I 'I I' 

A similar argumentation yields the determination of the uij as 

a.. 'I = w../wjsumi V @Q 3-21) 

To summarize the weighing scheme, it can be noted that the results of the Fuzzy mappings 
are scaled both in each column and each row, with the respective scaliig factors being the 
weight W Q  divided by the sum of the weights in this column / row. 
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The scheme, as developed hitherto, is summarized in the following Figure 20. 

Figure 20 The basic Fuzzy Inverse Kinematic Mapping with scaling. 

Rule-base 

+ 
dev FUZZY 

Mapping - 
-- 

scaling dbu scaling de, 
ineach i n e a c h  

row column 

3.2.3 Discussion 

In this section, we will show why the scheme works, and where the limitations of the 
scheme can be found. 

We recall that de;, the results of the Fuzzy mapping, a ~ e  mapped to dej by 

w . .  
de.= '3 wij de;. 

I i =  1 wcsumjwjsumi 

Considering how the rulebase is generated, we can approximate 

(EQ 3-22] 

@Q 3-23) 

In fact, for the centroids of the membership functions, the maximum error in this equation 
is approximately 15% (which arises from the aggregation of several Fuzzy values for de; 
to one Fuzzy value). Since we can only show that the scheme is working qualitatively, we 
use the approximation in (EQ 3-23) as exact equation. 

Inserting (EQ 3-23) into (EQ 3-22) and considering 

@Q 3-24) 



we arrive at 

m 

d e .  = c i j  dx,. 
1 i =  1 wcsumjwj sum @Q 3-25) 

Lets see how these d0. amount to zi (we are using dUi now for the desired h i ,  which is 
the input to the Fuzzy fnverse Kinematic Mapping, and&, which is the result of the map- 
ping, the actual commanded Cartesian displacemenr) 

C.. n n m  

rJ dxi - Ci j  dxi = cijdej = - wjsumi wcsum, j = l  j = l i = 1  J 

n n m  I ,. 
dxi ij - 

dxi = cijdej = wjsumi wcsum, j = l  j = l i = 1  J 
@Q 3-26) 

For more insight, we explore an example with R = 2 and rn = 3. Then, (EQ 3-26) results 
in 

where 

and 

and 
= 0 

As we see from (EQ 3-28), pll = 1 for Ic2.1 = 0 and Icl .I > 0, or for Icl { )> lc2,{. The range 
for pll , however, is the interval [0;1] . h a t  we can &rive is that at least the contribu- 
tion of dxl to has the c m t  sign. The conmbution of dx2 to XI, i.e. p12F2, can be 
positive or negative. Considering the whole workspace, the average conmbubon is zero. 

To conclude, we see that the scheme works well, although there a~ configurations in 
which the performance of the scheme is suboptimal. 
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3.3 Simulation study 

3.3.1 Simulation system 

We have developed a simulation system that allows Fuzzy Inverse Kinematic Mapping to 
be carried out for an n-link planar robot. 

The main features of the program are 
to generate a reference irajectory 

tosimulateFIKM 
to display and save results 

to adjust data display and data recording 

The following parameters could be chosen interactively: 

linklengths 

trajectorytype 
interpolation type 
initial and final position, and, as required, an i n t e d a t e  position 

‘control’type 

One type of trajectories could be a straight line between two points, with linear interpola- 
tion and either constant velocity or with a velocity profile as depicted in Figure 21. 

Figure 21 Velocity pm6k for trqjectory with hear interpolatba 

V e l o c i t y ~ l i n e a r ? y d u r i n g t ~ e f i r a t a s m n  anddecRawelinearlyduringthelaat nemnd. 
In between, the velocity is con&&. At the kt is denired to have reached the tnrget 
position. 

In Figure 21, the settling time $er is the time at which the robot should ideally reach the 
target position. 



Another type of trajectory is a 3-point trajectory, with an initial position, an intermediate 
position and a target position. The interpolation is done in Cartesian space, and the aajec- 
tory is composed of two quarts of an ellipse. An example is given in Figure 22. The inter- 
mediate position is passed on a radial path with respect to the Origin, Le. the velocity 
vector at the intermediate position is perpendicular to the vector from the origin to the 
intermediate position. This was introduced for testing the Inverse Kinematic Mapping 
when the desired trajectory goes through a singularity, in particular the one which is 
encountered when the robot is fully stretched out (for a multi-link robot). 

Figure 22 Sample 3-point trajectory 

y s  Final position 

The interpolation for the linear trajectories can be performed in Cartesian space or in 
joint space. 

According to the interpolation type (joint or Cartesian space), the Anal pasition was also 
given in joint space or in Cartesian space, respectively. The initial position has always 
been defined in joint space. 

The simulation can be run in two modes. In the first mode, a number of steps can be given, 
and the path is then divided into this number of steps, which gives the desired dxt-s. The 
second mode assumes a controller which controls a robot such that the commanded dxi 
and the actual (performed) h i  were the same (i.e. no dynamics , The controller frequency 
f, and the desired settling time rsel can be chosen. As in OUT SM apphcahon, the controller 
is servoing to the target position even after &,,, At the time t e d ,  the simulation was 
stopped. Typical values were derived from SM2 autonomous motion control: 

4 . .  

fc = 40 Hz, t,,, = 5 sec, rend = 7 sec 

3.3.2 Modifications of the scheme 

The scheme as presented works well. However, it can be improved by i n d u c i n g  three 
additional processing steps: 
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amplification of the commanded dx depending on the error in the previous step 

oscillation detection and suppression 
lowpass filtering of the desired dx 

The ideas was the following: if our scheme works fhe, we shouldn't change anything. 
However, if the error starts growing, we should increase the tendency to move in the cor- 
rect direction by amplifying the desired k. For example, if the scheme tends to command 
a position on the left side of the desired path, the next k will have a component which is 
pointing to the right, towards the path. By amplifying this dx by some factor p, we obtain 
a desired position on the right of the path. Given that the scheme still tends to be too far on 
the left, as before, we will be very close to the path. This is illustrated in Figure 23. 

Figure 23 Effect of amplification of dx depending on error 

How the am lifimtion of& based on 81101 works: Lek &aid  (dx) and rnmmanded m,; 
M3ddls red!ting denired Cdd2; Fit: ampll6ed (dxh and mnrmandsd m, resulting in n 
pnnitwnclonertn thedesimdhjezbqw 

If the error grows too large, however, we have to assume that the scheme is doing very 
wrong and we should move very cautiously. Therefom, for large errors, the amplification 
factor is reduced to small values (less than 1.0). 

There are occasions when the scheme commands a larger dx than desired. If this situation 
persists, then the correcting action might also be too large, resulting in an even larger 
error, and so forth. This might lead to oscillations. Due to our amplification factor, which 
goes down when the error becomes large, this effect is usually dampened out. 

On the other hand, to be sure that this attenuation is effective and is quickly in effect, we 
try to detect oscillations. If an oscillation is detected, the amplification factor is reduced 
significantly. 

We consider only one type of oscillation, which is when the commanded dej keeps chang- 
ing its sign. The implementation is as follows. For all joints, the signs of the dej are com- 
pared to the previous ones. If one of the signs of the dej has changed, a flag is set. We use 
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a ring buffer with ten enaies where this flag is set or reset. If four or more flags are set 
(which means that among the recent ten control cycles, there have been four or more 
cycles with changes in some signs of the dej)  this is interpreted as the detection of an 
upcoming oscillation. 

We cannot detect oscillations of the form: 

d e j =  ...+ 0.2, +0.4, +0.2, +0.4 ,... (EQ 3-31) 

As for the threshold of four flags, we have Seen that the choice is not very critical. Any 
threshold between 3 and 5 is reasonable and yields virtually the same results. There are 
only very rim situations where the number of flags climbs to four (or three, or five), and 
stays there for a while. Usually, the number of flags is zero or one, and when oscillations 
start up, the number goes straight to 10. A value above five is not recommended, since the 
main consequence is that it takes longer to detect an oscillation. 

Both the error in the last move and the number of flags were the input to a Fuzzy mapping 
which produced the amplification factor p. The corresponding membership functions are 
given in Figure 24. The rule-base can be found in Table 9 . 
Figure 24 Determination of amr4ikation factor 0 :  Membersbin bctioos for h u t  variables 

Oscillations: 

A 

OFF I O N E )  B I M 
ON I vs I s I w s  

A 
1.0 xli L o k w  

Membemhip functions for the input variables m r  (on the left)! which in deaned 6s the &tan- 
between the desired and the actual lwtion, and for the oecillatlon (on the n p  which is 
measuredbythenumberoT~thltaresetintheringbuffer(seetrdfor t& onthe flap). 

Table 9 Rulebase for the determioation of the amplification factor p 

Error: 

P I s 1  M I  B I  
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The output singletons are defmed as follows: 
ONE = 1.0 

B = 2.6 
M = 0.8 

vs = 0.1 

S = 0.4 

VVS = 0.03 

Note: To smoothen the effect of the amplification factor p, especially when oscillations 
are being detected, we use a lowpass-filtered p: 

Finally, the third type of additional processing we perform is a lowpass filtering of the 
desired dr: 

k applied = ( d x )  k, desired + (’ - (&) k -  1, applied (EQ 3-33) 

A typical value for c was 0.4 . 

3.3.3 Simulation Results 

Comparison studv for different modifications of the scheme 

To show the effect of oscillation detection and dx-input filtering on the tracking accuracy, 
we compare the maximum tracking e m r  and the integral of the error magnitude. 

The schemes to be compared are: 
1. scheme with amplification of dx depending on the mor in the previous step 

2. same as l), with additional oscillation detection and suppression 
3. same as 2), with additional &-input lowpass filtering ( c  = 0.40). 

All trajectories were of type ‘linear with velocity profile’ and were run with the controller 
parameters: 

f = 4 0 H ~  
t,, = S s e c  
& = 7seE 

The last trajectory was also examined for f = 60 Hz and 80 Hz 

If oscillation occurred, the result for maximum e m  is marked with a ‘star’ *. Very light 
oscillation is marked with a ‘plus’ +. Very light oscillation only during the last two seconds 
(servoing to target position, desired velocity is zero) is marked with a ‘minus’ -. 
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Table 10 Maximum ermr for sample trajectories for dfieerent moMcatioos of the propased scheme 

Trajectory 

8 u c 
0 
v) 

Table 11 Integral error for sample trajectories lor dflerent modi6cations of the proposed scheme 

Trajectory 

8 
0 c 
0 
v1 

6 

26.8828 

14.0296 

5.2561 

As can be seen, scheme 3) improves the results considerably for most trajectories, espe- 
cially far those that had a large error. For trajectories with small e m  (#2 and #4), the 
results are not as good as for those with large error. 

The increase in the maximum error by using oscillation detection without lowpass filtering 
of du can be attributed to the way the oscillation suppression works. Since the A 9. are 
scaled down significantly when oscillations are coming up, the robot movement afso is 
slowed down considerably, and the tracking lag and thus the error increase. 

A large error does not necessarily mean that the robot is not following the reference path. 
Since the error is defined as the difference between reference and actual position, a time 
lag (robot is too slow, but on the reference path) contributes equally to the error as a devi- 
ation from the path. 

It should be noted that although oscillation detection increased the maximum error, the 
integral error &creased, for most trajectories si%nificantly (except for a minimal increase 
for trajectory #2). 

The lowpass filtering of dr decreased both maximum error and integral error for most m- 
jectories. 
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Graphical results 

In the following pages, plots of simulation results are presented. The simulations were 
conducted with the following parameters: 

two-link robot: 
1, = 40in 
12 = 4oin 

three-link robot (uses actual SM' dimensions): 
11=12 = 38.23 in 

13 = 4.55 in 

both: controller with 
f = 4oHz 

= S s e c  

&j = 7sec 

The trajectories were either linear with velocity profile or 3-point elliptic. Interpolation 
has always been executed in Cartesian space. 

Shown are the actual vs. the reference path, the e m  in both dimensions (x. y), and the 
numerical results. 

Bimulntiora study 
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Figure 25 2-link robot - Example 1: the path 
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Figure 26 &Link robot - Example 1: the error 
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Figure 27 2 - l i i  robot - Example 2: the path 
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Figure 29 2-link robot - Example j: the Path 

Figure - 

Desired vs. Actual Path 
Y linl 

5.m 

0.00 

x00 

-10.00 

-15.00 

-20100 

-ZS.c.J 

-30.M 

-32.00 

-40.00 x [in1 
-2Kl.m O M  20.00 4o.c.J €4.00 

Initial position: 8, = [-2.0, 2.2IT; Intermed.pos. ri, = [60.0.0.0p, Final position: = [30.0. 30.01T. 
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Figure 31 2-lid robot - Example 4: the path 
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Figure 32 2-llnk robot - Example 4: the e m  
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Figure 33 Mink robot - Example 1: the path 
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Figure 34 3-link robot - Example 1: the error 
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Figure 35 3-link robot - Example 2: the path 
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Figure 36 3-link robot - Example 2: the error 
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Figure 37 3-link robot - Example 3: the path 
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Figure 38 3 4 i  robot - Examole 3: the e m  
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Figure 39 3.link robot - Example 4: the path 
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Discussion 

The simulation results show that the scheme works equally well for non-redundant and 
redundant robots. As verified in the graphs on pages 36 to 43, the errors for a robot with 
two links are approximately of the same magnitude as for a robot with W e  links, where 
the robots, with total fink lengths of 80.0 in and 81.01 in, have comparable link lengths. 

Deoendencv on the controller freauency 

Referring to Table 10 @. 34), Table 11 @. 34), Table 12 @. 44) and Table 13 @. 45) and 
many other experiments conducted, all errors decrease when using a higher controller fre- 
quency. (This is only valid for the generally used scheme with oscillation detection and 
dx-input filtering.) The observation can most likely be atfxibuted to the dx-input filter and 
not the smaller stepsize, as one might expect at first thought. Smaller stepsizes involve 
smaller errors per step. However, if the correction of an e m  causes another error which is 
larger than the one to be corrected, this process might support itself for a while and result 
in large position errors. 

Oscillation detection on its own is only in part helpful, as can be seen in the mentioned 
tables. Going to higher frequencies increases the maximum and the integral error for some 
trajectories. Only the scheme with dx-input filtering improves both errors for almost any 
increase of the frequency. 

As in Table 10 @. 34), if oscillation occurred, the result for maximum error is marked with 
a ‘star’ *. Very light oscillation is marked with a ‘plus’ +. Very light oscillation only during 
the last two seconds (servoing to target position, desiivelocity is zero) is marked with a 
‘minus’ -. 

Table 12 Dependency of the maximum tracking error on the matroller frequency 

trajectory 

dr-input Glttr OFP I &-input 6lter ON 

Maximum Error 
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Table 13 Dependency of the integral error on the controller frequency 

trajectory 

L h  
Q U  
= f r r  O U  N g gE 
8 s  

Integral E m r  

There are configurations where the performance of the scheme degrades. This can be seen 
from the analysis in section 3.2.3 on page 27. Coming close to singular positions, the 
scheme tends more to produce errors. This does not mean, however, that the scheme fails 
completely, it is just that locally the error is large. Except for problems that are treated 
right after this, the scheme hies to avoid singular positions, unless it has to pass through 
them, as can be Seen in the next two plots and in Figure 37 @. 42). 
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Since the scheme works locally. large joint movements to avoid singular positions are very 
unlikely. In Figure 42, the robot could move link 1 and 2 to the other side of the reference 
path (clockwise) to avoid a singular position. Our scheme however doesn't favor such 
kind of trajectory and passes through the singular position. 

There is one kind of configuration which causes problems. If all links are aligned, and the 
desired dr is exactly in dinxtion of the links, no movement at all will occur (see illustra- 
tion, Figure 43). 

Firmre 43 Problematic eon6euratlon with all linlrs ahned 

w 

We tried to solve this problem by introducing small movements where no movement 
should occur. This worked, however the integral and the maximum errors rose by a not 
negligible amount. Since this special position is very improbable (at least in combination 
with the desired path), and since in real applications measurement e m s  will introduce 
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randomcorrection movements in different directions, we felt that the disadvantageous fea- 
ture weighs less than the generally increased error, and we didn't maintain the changes my 
further. 

Other membershia functions 

In the simulation version the membership functions were designed for unit link length, and 
the parameters passed to the FLC were scaled by the maximum link length to compensate 
for this, which made it possible to change the robot geometry without changing the mem- 
bership functions. 

However, the optimal Fuzzy Mapping result is achieved only for the link with maximum 
length. In the 3-link-simulation, the fiTst two links were of same length, and link 3 was sig- 
nificantly smaller. We therefore tried to design membership functions which would com- 
pensate for the scaling. 

The results, though, didn't differ significantly from the original scheme. Some results even 
showed a weaker performaace. Thenfore, and to maintain the independence from link 
lengths, and thus the ability to change the robot geometry without changing the member- 
ship functions, we stayed with the original scheme. 

We examined the relation between the tracking e m  and the norm of the difference 
between the Jacobian J and the effective Jacobian JF lesulting frum our Fuzzy scheme: 

e-IIJ-JdI CEQ 3-34) 

J,P was defined as the pseudo-inverse to S,' , which could be generated fnrm the equation 

d0 = J-ddx @Q 3-35) 

For simplicity, lets call 

Then 

S,' = F (EQ 3-36) 

d0 = Fdx 

J&e = JpFdx 

but the following must hold as well: 

J&0 = dx 

@Q 3-37) 

(EQ 3-38) 
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Therefore, we can require 

and conclude 

JFF = I (EQ 3-39) 

Using what we have obtained now, we have compared the original and the Fuzzy-map- 
ping-derived, effective Jacobian and used the norm of the difference for checking on any 
relation with the position error: 

? 
IIJ-JFH - e  (EQ 3-41) 

Lets call the quantity on the left hand si& of above equation “Jacobian difference norm” 
or short “JDN”. The norm we used was the infinity norm: 

n 

j = 1  
IlAll = IIAll, = w (E Iaii() 

The relations we tested for were: 

ratio of error and JDN (see sample plots in Figure 44 to Figure 46) - error plot compared to JDN plot 

configurations at minima and maxima of ratio of error and JDN 

largest D N  and configuration with largest position e m  

@Q 3-42) 

We couldn’t find any significant relations, which would allow us to predict the enor or 
have some other measure for the e m ,  in order to take precautions and try to keep the 
error small. 

48 Bimulationhdy 

-- - 



Figure 44 Ratio of e m  and JDN for random tr€$Ctory 
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Figure 45 Ratio d error and JDN for random trajectory 
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Figure 46 Ratio of error and JDN for random wectorv 

Error /Jacobian diff. norm vs. time 
E-N = 10-3 

2o.w 
19.00 

18.m 

17.00 

16.00 

15-00 

13.00 

14.00 

12.M 

ll.M 
10.03 

9.00 

0.w 

7.00 

6M 
5.00 

4.00 

3.w 

::: 
0.00 

t [-I 
003  200 4.00 Sa0 

Steadv state error 

The steady state error in general is zero. This is an interesting feature of this scheme, and 
the explanation is simple. Even when the scheme is a little off, it basically goes in the right 
direction. If t > t,, we are servoing constantly to the same (final) position. Thus, with 
each step, we getting closer to the target, till we finally hit it. 

The following is a zoom-in in one of the simulation results presented earlier (Figure. 3 1 
(P. 39)). 

We can see that the mapping tends much too much to the right of the desired dr, but 
finally, we come close enough to hit the target. 



Figure 47 Behavior of the Inverse Kinematic Mapping at the target position (here: 2-link-robot) 
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Typically, it takes approximately 0.5 sec (at 40 Hz) after rset to come to the target position. 

3.4 Implementation for teleoperation 

3.4.1 Introduction 

To test the performance of our method in a real-time environment, we used this Fuzzy 
Inverse Kinematic Mapping for the teleoperation of SM2. The input device is a “flying 
mouse”, the bird, which provides five degrees of freedom: three in position, and the 
angles a and y for orientation. 

Since our goal was the implementation of a scheme that is capable of dealing with input 
with six degrees of !kedom, the Emaining orientation parameter p has been set to zero, 
which complemented the bird output data, 

3.4.2 Analysis 

1. Three-link robot 

In this case, the algorithm that was studied in simulation was transfemed directly to the 
robot. We chose joint 2,3 and 4 to be operated, while the remaining joints 1 , 5 , 6  and 7 
were kept k e d .  This resulted in a three-link robot working in a vertical, two-dimensional 
plane, so indeed we were using a redundant planar robot. 
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Instead of using link 4 as it is, we treated the whole (fixed) chain from link 4 to link 7 
together as a new link 4, which then actually has been controlled. This is clarified in the 
following Figure 48. 

Figure 48 Treatment of the chain from link 4 to link 7 BS new link 4 

Thechainfiomlinlr4taUnlr7(with~djaintjktoj ) iareplmxdbyaningle l i i~ .  
Acmrdingly.jointBngle8.iareducedbytheamrmnto~. 

For the operation of the robot, the new, effective 
readily be derived as: 

and 84 have been used, which can 

6 = atan2 (I5, 14,1 + 1, i- I , )  @Q 3 4 3 )  

e4 = e,-s @Q 3-44) 
- 

For our robot, the numerical values are S = 0.19645 [rad] and & = 16.548 [in] , 

A XFyeoordinate system, which has been used for the algorithm and also for the result 
printouts, was attached to the plane in which the robot could move. 

The bird movement has been projected in this plane by rotation around 91, i.e., the radial 
distance from the base and the elevation above the x-y-plane have been taken from the 
bird data, while el was kept at its constant value. 

Using the simplified model in Figure 49, where 74 is replaced by I4 and 
ward kinematics and the Jacobian can be derived as follows: 

by e.4, the for- 
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12C2 + I s C a  + 1 4 C ~ 4  IsCu -+ I4C234 I C U4]Ej @Q3-47) kj = [ - I s  - I,s,  - I4sU4 - - 14sm -14sm 

In these equations, the following abbreviations have been used: 

C i , , , k  =  COS(^^+ ...+ e,) 
Si , , ,k  = sin (ei+ ... +e,) @Q 3-48) 

Figure 49 Simplified model of Wink robot in vertical plane 

2. Seven-link robot 

Now, the operation of the bird affected all seven joints of the robot. The forward kinematic 
expression and the Jacobian have been derived explicitly, but are omitted here because of 
the size. The location vectorx was now comprised of the position and orientation: 

T 
x =  b y z a p 4  (EQ 3499) 

The angles a, p and yare related to the joint angles by: 

@Q 3-50] 3 
2 u = -a- (e,+e,+e,+e,) 

p = e , + e ,  
Y = e7 
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Therefare, the coefficients cij (the entries of the Jacobian) for the Cartesian angles a, and 
yare +I or0: 

PQ 3-53) 

EQ 3-54) 

cv = 1 @Q 3-55) 

- - c,2 - cu3 - cad = c,, = -1 

cpl = CB5 = 1 

and the rest of the coefficients caj, cBp cri which are not defined above are zero. 

Since the coefficients for x, y, z have not been scaled (to save a little computation time), 
we had to multiply the coefficients for a, B and y by some factor in the order of the largest 
link length (38.23 in), which had been used for scaling. 

This gave us also the possibility to express priorities. For example, for a, ca6 = -100, 
while ca2 = -10, ca3 = -20 and ca4 = -30. The effect is that joint 6 handles more of 
the orientation pan, while joints 2 to 4 handle mainly the position components dx, dy and 
dz. 

3.4.3 Resulta 

We found that the Inverse Kinematics module for the 3-link robot experiment was not able 
to run at 40 Hz. A perfmance analysis revealed that most of the time was spent in evalu- 
ating the membership functions and deriving an output from the rule-base in the FLC. This 
required approximately 80% of the total Inverse Kinematics processing time. The compu- 
tation of the elements of the Jacobian and the additional processing like weighing and fil- 
tering, which takes place in InvkinCycle, requires about 15% of the total time. The 
computation of the sines and cosines (sincos ( )  ) and the square roots (sqrt ( 1  ) and all 
other functions used (atan2 ( ) , fabs ( ) ,  type conversions, ... )required less than 5% of 
the total time. 

So, in order to speed the computation up, we made two minor changes. The data type used 
for real numbers throughout libfuzzy , c, which contains the functionality of the FLC, 
was set to double. Secondly, the way evaluate m f  checks different membership 
function types was rearranged. ~ 0 t h  changes spiielcomputation up significantly. 

Finally, we ran the whole application at 30 Hz. The &-input filter time constant was left at 
a value of c = 0.40. The algorithm was found to be working satisfactorily. 

A sample teleoperation result is shown in the following figures. 
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Figure 50 Sample 3dd teleoperation: Cartesian position 

.-.- 
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Robot with 7 links 

Here, the FLC was obviously even more a bottle-neck, since more computation was 
required the number of joints rose from three to seven, and the Cartesian coordinates from 
two to six. However, running the application at 15 Hzproduced satisfactory results2 Plots 
of experimental results follow. 

Figure 52 Sample 74of teleoperation: C n r t e h  position (example 1) 

m w n  
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N 

3.4.4 Discussion 

In judging Figure 52 and Figure 53, two points should be considered. First, the bird pro- 
duces very noisy data. Secondly, the conventional Inverse Kinematics that had originally 
been used deteriorated considerably when the robot came close to a position where link 2 
and 3 were aligned (saetched+ut position). This led to jerky motion. 

This problem could be reduced considerably by using the Fuzzy Inverse Kinematic Map- 
ping. The robot can be operated safely at positions close to stretched-out. However, trying 
to stretch the robot completely excites oscillations at the robot tip. In general, the move- 
ments of the robot were very smooth, which partly can be attributed to the filtering we per- 
form. 

As can be seen in Figure 52 and Figure 53, the movements in x-direction were signifi- 
cantly better than in y- and z-direction. This is mainly caused by the gravity compensation 
system, as has been observed also in other experiments. 

2. It should be considered that the bird module can be run at w higher me than 20 Hz. 



The low control rates used are not a disadvantage. At higher rates, the robot behaves less 
smooth. This is intuitive, since the robot is a mechanical lowpass system, and there is 
some delay between setting a reference position and the time when the robot reaches it. 
Thus, the controller Teceives large errors as input while the robot is still moving to the 
desired position, and produces large control signals. This leads to further acceleration of 
the robot, which makes it more prone to overshoot. At lower rates, however, the robot has 
more time and comes closer to the commanded position before a new control cycle starts, 
which means that the control signals will be smaller and smoother compared to the previ- 
ous case. 

As for the time spent in the FLC, this time might be reduced by several means. First, since 
the time is directly propomonal to the number of rules, a smaller number of rules, which 
might have a comparable pexformance, might do as well. Secondly, Once the membership 
functions and the rule-base have been determined, the whole FLC might be converted into 
a look-up table. This would speed up the determination of the Fuzzy output considerably, 
at the expense of a little less accuracy (not very important, since the Fuzzy scheme works 
with vague concepts anyway), and, very important, also at the expense of a large memory 
required. The third option would be to implement the FL€ to work with integers internally 
and to scale real-valued values (input to and output from F%C, membership functions) 
appropriately. 
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3.5 Summary 

We have developed an Inverse Kinematic Mapping based on Fuzzy Logic. This method 
does not require any constraints to be imposed on the robot configuration, nor does it 
require any functions to be optimized. It works identically for non-redundant and for 
redundant robots. The solution is obtained in closed-form, as opposed to numerical solu- 
tions of popular schemes. We have shown the usability of the method by employing it for 
real-time teleoperation of a seven-link robot in the six-dimensional Cartesian space. 
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Appendix: Fuzzy Lopic and Fuzzv Control 

Fuzzy Logic was developed by L.A. Zadeh in 1965. It is a mathematical framework for 
representing vague concepts or fuvy values, as in 

the weather is hut 
there are many people in this room 

the car is going slow 

This is usually referred to as ‘uncertainty representation’. 

Fuzzy Logic also provides mechanisms for manipulating these fuzzy values, for example: 
If the weather is hof and a bif humid,, then wear fight clothes (from [22]). 

If the house is attractive and well accessible, it is very desirable. 

Membershiu function 

One of the pivotal points in Fuzzy Logic is the representation of the fuzzy values by 
means of a membership function, lD: u -) [O; 11 . Membership functions denote the 
degree pD ( x )  to which a value x E U can be represented by the fuzzy value D. Some 
authors refer to the pD ( x )  as the uppmpriareness for describing x with the descriptor D 
WI. 
A fuzzy variable is a variable that can assume fuzzy values. For example, we might let the 
variable speed assume the fuzzy values slow, medium and fmt. Sample membership func- 
tions are given in the following Figure A-1. 

Figure A-1 Membership functions for slow, medium and fast for the fuzzy variable speed 

A 
slow medium fast 

1.0 

(mph) 

40 i5 75 speed 

Referring to the definitions in Figure A-1, 

the degree of membership of 70 mph to the conceptfast, pfast (70), is 0.75 . 
psLslow (70) = 0, Le. the concept slow is completely inappropriate. for describing a 
speed of 70 mph. 
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combining the degrees of membership to all defined values, a speed of v , ~  = 70mph 
might be represented as 

‘70 = O.OO/sIow + 0.25/medium + 0.75/fart, @Q 1-11 

where ‘x/y’ is read as ‘the appropriateness for usingy as descriptor is x’ ,  and ‘+’ is read 
as ‘and‘. 

Note: Membership functions do not have to add up to 1.0 at any one point. They also do 
not have to be linear functions. We only favor linear functions because their representation 
on a computer is simple. 

A Fuzzy Logic Controller (FLC) consists of a collection of Fuzzy rules of the form 
IF (in1 = U) AND (id = V) THEN (OM = w ) ,  

where inl ,  in2 and out r epsen t  fuzzy variables, and u, v and w are fuzzy values. 

For example: 
IF (error =large) AND (velocity = smaw THEN (torque =large). 

The collection of these rules is called rule-base. 

What is further needed for a FLC am mappings to convert crisp input variables (process 
output and state) into fuzzy variables (fiuzification intefuce) and to convert a fuzzy output 
to a crisp control value for the conaolled system (defruzzificurion inre$+. 

The basic configuration for an FLC is show in Fim A-2 [17]. 

Figure A-2 Basic confirmration d a FUZZY Lo& Contmller (FLC) 

I I 

The effect of a fuzzv rule 

We have seen that a FLC works on a collection of rules which relate fuzzy input and out- 
put variables. How dos a FLC now use these rules in determining the output? 



There are two mechanisms working. First, all rules work in parallel, and all outputs of all 
rules are combined to form the output of the FLC. This is described in the next section. 
Secondly, the output of a single rule is determined by the fuzzy value of the conseguenr 
and by the weight of the rule, which describes how appropriate it is to apply this rule. 

The weight a of a rule is a combination of the membership function values of the anteced- 
ents of the rule (is. of the input variables). The two operators that are mainly used for this 
combination are: 

intersection:x A y = min { x ,  y} 

algebraic product:n. y = xy 

If we use the sample rule on page A-2, we can write 

depending on the operator we are using. 

The weight a describes how much the rule applies. If both input values exactly match the 
fuzzy values u and v, we assume that the rule should apply fully, and a will be exactly 
a = 1. If one or both of the conditions are not met (px (iny ) = 0). the rule shouldn’t be 
used in determining the output of the FLC, and accordingly u = 0. Between these 
extreme situations, the weight will assume values in the range from zero to one. 

We now use ai and combine it with the output value (consequent) wi of the rule to form 
the rule’s effective output value ai wi.  The same operators - intersection and algebraic 
product - are used here. The use of these operators in determining the effective output is 
demonstrated in Figure A-3. 

Figure A-3 The effect of the weight a on the consequent of a rule depending on the used operator 

MIN PRODUCT Membership 
1.0 

a = 0.7 

100 100 100 

Fuzzv Inference 

Since we have determined the effective outputs ai wi of al l  rules, we now have to com- 
bine them to yield the overall output of the rule-base. This is usually performed using the 
union operator: 

I V Y  = m a X { X , Y l  EQ 1-31 
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Examole 

The example in Figure A 4  represents an FLC with two input &bk, A and B, and one 
output variable, C. The &-base consists of two rules. The effect of each rule is repre- 
sented horizontally. 

The membership functions for A are depicted on the Ieft SidG: A1 and A2 might npnsent 
values lilce SmaCI and medim, for example. The value ~0 is the d u e  ofthe first input 
variable, A, and the dashed vertical may be used to dcmmiae the values of the member- 
ship functions A ,  (xo) and A, (x0, . The same process is applied to the second input vari- 
able B, where the value yo determinCs B ,  (yo) and B, (yo) . 
Firmre A 4  Ehaumle for furm inlcrence 

c h 

This example uses the htcrsecrion (min) -tor to combine the membQship function 
values of the antecedents. Thus the weights for both rulcs are computed as 

Q1 = min (A1 (xo),B, (Yo,  1 = B ,  (Yo) 

The output variables Ci are scaled by u+ @roducr operstor). The resulting fuzzy output of 
the FLC is obtained by combining both scaled output variablts using the max-operatol 
The find result, the output of thc FLC, is represenred in the rightmost diagram. 
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Defuzzification 

Since an FLC is used to control a physical process, the fuzzy output of the FLC, as shown 
in Figure A-4, has to be converted into a crisp value, like the position of a valve, the volt- 
age for a motor, etc. 

The mjorly employed conversion methcd is the computation of the center of gravity 
(COG) of the resulting fuzzy value: 
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