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A Multiple-Rate Control Scheme of Robot Manipulators 
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Due to modelling errors or environmental uncertain- 
ties, robot motion may present signijcant positioning 
errors using the conventional computed torque 
method. To impove tracking capability of robot 
manipulators, sliding mode control and nonlinear 
control algorithms have been introduced, but compu- 
tation is costly, and thus a fast motion execution 
using simple computer sources is impossible. 

To solve this problem, we present a composite 
control algorithm to control robot motion combining 
a discrete feedforward component and a continuous 
feedback component. The discrete feedforward com- 
ponent provides a nominal torque computed using 
the robot dynamics and compensates for dynamic 
coupling between the links, This part can be updated 
in a large sampling time, and can generally be 
computed off-line; thus real-time computation is 
decreased. The continuous feedback con fro1 compon- 
ent uses a structure of the Variable Structure System 
and provides a robust control of disturbances during 
the sliding mode. This part can be digitally 
implemented using a short sampling time, and 
thus fmt motion of a multi-degree freedom robot 
manipulator can be executed by using a simple 
computer, or even a single board computer with an 
8-bit CPU. 

The stability of the proposed multiple-rate cow01 
scheme k proven in the paper and eficiency of the 
control scheme has been demonstrated by simulations 
of a three-link robot subject to parameter and payload 
uncertainties. 
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1. Introduction 

The lack of efficient and robust real-time control 
algorithms for high speed motion is one of the 
important reasons why the applications of the 
present robotic manipulators are limited. The 
dynamic equation of a robotic manipulator is highly 
nonlinear due to the inertia and strong coupling 
terms among the joints, such as centrifugal, Coriolis 
and gravitational forces [1,2]. It is d i f f i d  to 
guarantee the tracking error bound in high speed 
motion by neglecting the nonlinear dynamic terms 
which may act as a large disturbance to the 
controller. In order to improve the trajectory 
tracking accuracy, it is necessary to take the robot 
manipulator dynamics into consideration [2]. 

The well-known computed torque method (C'I'M) 
normally provides a feasible controller if exact 
knowledge of the manipulator dynamics is available. 
However, for a large amount of applications, it is 
impossible to obtain the complete dynamic model 
of robots, due to modelling uncertainties, parameter 
variation and unknown payloads. These uncertain- 
ties, especially the error of inertia matrix, may 
result in the instability of robot systems (3, 41. On 
the other hand, the computation time of such 
complex dynamics also makes its implementation 
impractical in some cases. 

The sliding mode controller based on the Variable 
Structure System (VSS) method has the properties 
of rejection to disturbance and insensitivity to 
parameter variations. The method does not need 
to have a complete knowledge of the accurate 
model, and only knowledge required is the bounds 
of uncertain parameters of the system for the design 
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the productions and the NN is through the working 
memory and optionally through external files. A 
hybrid connectionist production system environment 
COPE, based on CLIPS production language, has 
been developed and used for some experiments 
done by university research students. 

A COPE-like environment has all the advantages 
of both the production rules and the NN. COPE 
satisfies all the requirements towards an AI tool 
for creating expert systems, listed in the introduction 
of the paper. It allows the user to build a complicated 
network of NNs and to control their activation for 
training or recall from the productions. Learning 
during the PS execution cycle is no more a difficult 
task for COPE. 

The COPE-like environments are well suited to 
building expert systems and fuzzy expert systems in 
particular. A way of implementing general fuzzy rules 
as an Mv has been demonstrated. As an example of 
a fuzzy expert system realisation, Lim Takefuji's small 
fuzzy expert system FXLoan [15] has been used. 

COPE has been developed only for experimental 
purposes. A real COPE which uses a hardware NN 
as a computer board, should be tested according to 
the increased speed required for large real-time 
expert systems. COPE is an expandable environment 
and some new NN simulators are to be incorporated 
and tested. 

As to what concerns realising real fuzzy expert 
systems in COPE, first to be done is theoretical 
research on the correctness and the accuracy of 
realising fuzzy inference in a NN. It is also necessary 
to make further experiments in implementing more 
complex fuzzy rules (having fuzzy predicates) as 
NNs. A NN realisation of fuzzy inference should 
also be compared with generalised modus ponens 
and other fuzzy inference methods. COPE may well 
be used to experiment some of the fusing techniques 
[la] on fuzzy expert systems. 
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of the controller [5 ] .  These two features are exactly 
the merits for the control of a manipulator which 
is subjected to modelling uncertainties and large 
disturbances. Therefore, the sliding mode control 
[&9] has been proposed in many robot control 
algorithms. 

Depending on the side of the hyperplane (Le., 
sliding surface) that the system belongs to, the VSS 
comprises two structures. If the control structure 
can be switched with an ideally infinite frequency, 
the motion of the controlled system remains on the 
sliding surface. Then, the system is governed by 
dynamics of the sliding surface only, and the 
system is insensitive to parameter variations and 
disturbances. However, an ideal switching of the 
input with an infinite frequency is impossible due 
to the switching delays and neglect of time constants. 
Instead, the control input switches with a finite high 
frequency and the motion of the system is within 
some neighbourhood of the sliding surface with 
chattering. This chattering is generally undesirable 
in practice, since it involves extremely high control 
activity and thereby excites the high frequency 
dynamics that are neglected in the model. 

To solve this problem, various algorithms have 
been proposed to replace the discontinuous control 
in neighbourhood of the sliding surface by the 
continuous control [7-91, such as the VSS algorithm, 
if the trajectory is outside the boundary of the 
sliding surface. If the trajectory is within the 
boundary of the sliding surface, however, a common 
suggestion is to interpolate the control by proper 
continuous function to minimise the chattering 
caused by a switching input. In the implementation 
of these algorithms digitally, we need to compute 
a robot model and the feedback of position and 
velocity at every sampling time. In spite of the 
efficient recursive dynamic algorithms [1,2, 101 and 
computing architectures [ 11 J , the computation of 
the model is relatively more costly. The time delay 
of control input, due to the computation time, 
degrades the performance in real-time control sys- 
tems [12]. 

To reduce the time delay of control, it is desirable 
that the feedback is not involved in computation of 
the model, and the feedforward compensation using 
the nominal torque is good in this sense [13, 141. 
The adaptive control algorithm with feedforward 
compensation provides a robust method to control 
robot manipulators. Actually, there are a lot of 
papers about the stability of adaptive control. The 
feedback component of adaptive control needs a 
considerable amount of computation. We believe 
that the composite controller combining the discrete 
feedforward and continuous feedback controls pro- 

vides a good trajectory tracking performance in 
real-time implementation. 

In this paper, a composite control algorithm is 
proposed and the stability of the system is proven. 
The proposed algorithm comprises discrete and 
continuous control loops. The discrete feedforward 
component provides a nominal torque computed 
using robot dynamics and compensates for dynamic 
coupling between the links. This part can be updated 
in a large sampling time, and can be computed off- 
line generally, thus a real time computation is 
infeasible. The continuous feedback control com- 
ponent uses a structure of a VSS and provides 
robust control of disturbances of the system during 
the sliding mode. This part can be digitally 
implemented using a short sampling time, and 
thus fast motion of a multi-degree freedom robot 
manipulator can be executed by using a simple 
computer, or even a single board computer with an 
8-bit CPU. 

The rest of the paper is organised as follows. In 
Section 2, we describe preliminary lemmas as a 
preparation for the main control algorithms. In 
Section 3, we present a new composite control 
algorithm with proofs. In Section 4, the efficiency 
of the proposed algorithm for the position control 
is demonstrated by the simulation of a three degree- 
of-freedom manipulator. The robust property of the 
modelling errors, the time delay of computation, 
parameter uncertainties and payload variations are 
discussed. We conclude the paper in Section 5.  

2. Preliminaries 

The motion equations of an n degree-of-freedom 
(d.0.f.) manipulator can be derived using the 
Lagrange-Euler formulation as 

where T ( t )  E R" is a joint input torque vector; q(t), 
q(t),q(t) E R" are the generalised position, velocity 
and acceleration vectors of the joint angles; 
D(q(r)) E R""" is a symmetric positive definite 
inertia matrix, and h(q(r),q(t)) E R" is a nonlinear 
coupling vector including centrifugal, Coriolis and 
gravitational forces [15]. In the following, we denote 
D(q(t)) by D and h(q(r),q(t)) by h for brevity. 

Let us define the state vector x(t )  E R" as 

Then the state equation of the robot system is 
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Given the desired trajectories qd(t) ,qd(t)&(t)  E R" 
and initial time to, we define the sliding surface 
vector s(t) E R" as 

s(t )  = e(t)  + K,,e(t) + Kp (4) 

where e( t )  = q(t) - q d ( f )  is an error vector in joint 
space and K,,K, E R""" are gain matrices. For the 
use of the following derivation, we introduce 
intermediate trajectories, q,(r) ,q *( t )  ,g*( t )  E R", 
which satisfy the following equation: 

e(r)  + K 2 ( t )  + K,.,e(t) = 0 

i * ( f )  - i d ( f )  = A . [ X * ( f )  a xd(t)]  

(5)  

(6) 

Then we can rewrite (5 )  as follows: 

where x * w  = [q*@T,4*(')T]T E R", X d ( t )  
=[qd(r)T,q t)7]T E R and A E Rhxh is 

(7) 

Since det[AZ - A] = der[A2Z + AK, + K,], we can 
choose K ,  and Kp so that all the eigenvalues of the 
matrix A have negative real parts, which guarantees 
the exponential stability of the system (6), and then 
there exist g > 0 and K > 0 such that 

(8) 11."'11 5 g . e-" 

for all t z 0 [16]. Here, the Euclidean matrix norm 
of A is defined as 

lPll= [AM(ATA)l* (9) 
where A d - )  denotes the maximum eigenvalue of a 
matrix. Now, we will state the following two lemmas 
as a prerequisite to the main theorems. 

Lemma 1. If the sliding surface defined by Eq. (4) 
satisfies Ib(r)ll I y for any t L to, then 

I k )  - x*<9l ls  M t O )  - x*(ro)ll 

+ 2yJ - elblk ( 10) 
is satisfied for all t L to. 

Proof. Using (4) and (6),  we may rewrite (3) as 

A( t )  - i , ( t )  = A [x(t)  - x,(t)] 

Taking the norm of both sides, we get 

+ j'llall * Ik<T) - X*Wlld. (13) 
'0 

If we apply the Bellman-Gronwall Inequality [16] 
to (13), we obtain 

IGc(0 - &< t> l l~  [IGE(to) - x*(to)ll 

+ 2 4  &LA''' (14) 
for all r 5 to, and thus Lemma 1 is true. 

Eq. (10) becomes 
If we take x,(ro) = x(t,,) at the initial time, 

I/x(t) - x*(r)ll I 2 y  - elkll' (15) 
The above lemma implies that the distance from 
real trajectory x(t)  to the intermediate trajectory 
x* ( t )  is bounded for a finite time. Lemma 2 below 
shows that the boundness of the tracking error 
holds also for an infinite time interval. Considering 
p as a positive number and vector v E R", we 
define the neighburhood set as follows: 

Lemma 2. Suppose Ib(t)ll I y is satisfied for all t 
2 to for some to, and the system (6) is exponentially 
stable and satisfies (8). Then x(r)  converges exponen- 
tially into the set S(cy;xd(r)) with 4 which is given 
by 

S(p;v) = { W  E R";[~w - V I /  I p }  (16) 

where p is defined as 

lltlll c"=; 

Proof. Since the intermediate trajectory satisfies 
(8), there exists T = T(a)  < 53 

which yields 

ICr*(t + T )  - xd(r + T)ll I Q - Ik*(t) 
- xA9ll (20) 

for any a E (0,l) and for all t. Define E(a,P) as Integrating both sides of (11) yields 
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- xd(fO)ll (23) 

= P * Ik(r0) - xd(tO)l\ 

Now if I/x(t) - xd(t)ll > E(a,P) * y holds for f = to 
+ T, we repeat the previous process with the initial 
condition x,(fo + T )  = x(to + T) at time t = to + 
T. Then 

Ik(t0 + 2T) - xd(t0 + zT)ll < p Ik(t0 + T )  

- xAto + Vll 
< P2 ICx(r0) - xAt0)ll (24) 

If this process is repeated n times. we have 

IlX(f0 + m - xAro + 41 .e p" - IGC(t0) 

- xAfo)lI (25) 
Equation (25) implies the exponential convergence 
of x( t )  into the set S(E(a,/3);xd(t)) 

It remains to find out the supremum of the 
trajectory errors for all a and /3 with the constraint 
0 < a < /3 < 1. Clearly, the infimum of E(a,P) 
with respect to P occurs as P + 1, and this results 
in 

2 . elAl1.t 
E ( a , l )  = l - a  (26) 

We differentiate E ( a , l )  with respect to a and let 
the derivative be equal to 0. i.e., 

dE(a-1)  
d a  

2(1 /g) (dg) - (?+q . ( ( l  + !+- y }  
= O  - - 

( 1  - 
We can obtain the minimum of E ( a , l )  when 

and the upper bound of the trajectory error, 
E = E(a*,l), is given by (17) and (18).  This 
completes the proof of Lemma 2. 

Note that the equivalent trajectory is only a 
virtual intermediate function between x( t )  and xd( f )  

and does not exist in a real system. If Ik(ro) - 
xd(f0)ll I E * y is satisfied at the initial time f = to, 
then the system trajectory satisfies Ik(t) - x,(t)ll 5 
E y for all t > to. In the next section, we will 
propose a controller which guarantees Ib(t)ll I y; 
then the trajectory error is bounded, by virtue of 
Lemma 2. 

3. Composite Control Algorithm 

To compute the input torque using the nonlinear 
control algorithms, we need the dynamic model of 
a robot system. For many cases an exact model is 
impossible due to the parameter uncertainties and 
payload variations. Therefore, we express the model 
of the robot system (1) as follows: 

B(4(0) * 40)  + 4 4 ( 0 , 4 ( f ) )  = 70) (28) 
where 8(q(t))  - q ( r )  and h(q(t)),q(r)) represent the 
corresponding terms of the real system (1) with 
modelled values of the parameters. 

In general, we may consider the control as two 
parts. a feedforward term and a feedback term, i.e. 

7(f) = TjyW + 7 C W  (29) 
where 

and 

The feedforward term Tjy(t) and the premultiplying 
coefficient, b(&(t)) of the feedback term T,(t) can 
be computed in off-line, and thus are step functions 
with time interval T, which is supposedly greater 
than the necessary computation time for the model 
(28). In spite of the development of various 
algorithms and enhancements of computing architec- 
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tures, computation of the model is still costly and 
thus the required time interval T,  is still not small. 
We used the notations qd(t),qd(r),qd(t) to denote 
the sampled values of the corresponding desired 
trajectories qd( f ) ,Qd( f ) ,qd( f )  with a sampling interval 

qd(t) = qd(kT5) for all t E [kT,,(k + l)T5)). For 
brevity, d(q,(t)) is denoted by l5, and h(qd(t) ,  
q d ( r ) )  by id. If the robot system (1) is controlled 
by the input torque computed by (29)-(32), we 
obtain 

TB (i.e., qd(4 = qd(kT5), a&) = 4AkT5), and 

+ 4 2 )  (33) 
where the disturbance vector, n(t) f R", is given 

S ( f )  

ICF(Qll+ A 
S(r )  = -k,s(t) - ko 

Define the constants N and M as 

N = m a  I .2.W { I l 4 q d t 9 d 9 4 d , Z  ,~)l l;[~(t)Tw(t)Tl 

M = m={ll~D(qdY4llm r.z 

E S(cy;xAt)))  (37) 

E S(er,qAO)). (38) 
In what follows, we prove the stability of the system 
using the controller given by (29)-(32). 
Theorem 1. For a robotic system (1) using the 
controller given by (29)-(32), if at the initial time 
r = to for any y > 0, 

I l s< to> l l~  Y 9 lIx(t0) - xd(t0)lls E * Y 9 

and the gain ko is bounded by 

for the given K,, Kp, k, and for a small positive p, 
then the system tracking error satisfies 

Iti(t>lls Y 9 4 0  E S(6Y;Td(f)) (40) ' 
for all r 2 to. 

Proof. We consider V ( f )  = 4s(r)Ts(t)  as a Lyapunov 
function and differentiate it with respect to f: 

- = s(t)*.3(r) = 
dV 
dr 

Using the matrix inequality (171, 

XTAY = lkll llvll * IC411 
we obtain 

If we assume that x(r)  €j! S(ey;xd(r)) for some r 
= rz,  there exists tl  E [ro,rz) such that s(t )  E S(y) 
for all t E [to,tl) and Ils(r,)ll = y, since (Ix(to) - xd(ro)ll 
I e - y and the motion trajectory is continuous. Then 
x( t l )  E . S ( e ~ x ~ r l ) )  is satisfied (from Lemma 2), 
and Iln(r,)ll 5 N and I16D(rl)ll I M are satisfied from 
the definitions of (37) and (38). Hence, we can 
rewrite (43) as 

at t = t l .  If the gain k, satisfies the condition (39), 
then 

(45) 
dV 
-(r) < - p  - s ( r ) 5 ( t )  dr 

at r = r,, which contradicts the assumption that x(r)  
€j! S(exxd(r)). This completes the proof of Theorem 
1. 

If we use a small sampling time T, and have a 
relatively accurate model, then the maximum values 
of N and M can be small. In this case, the lower 
bound of ko can be made to be small and the upper 
bound of ko can be made to be large enough to 
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ensure the existence of the gain ko. Since the role 
of feedforward component T f ( t )  is compensation 
for the dynamics and nonlinear coupling torques 
between the joints, we may take a large sampling 
time T,  for the discrete terms b, and f;, to reduce 
the computation. Of course, the sampling time 
should not be too large. With increase of the 
sampling time, the magnitude of modelling errors. 
Iln(t)ll and IlsD(t)ll may become large, and thus the 
required bounds of the gain ko become severe and 
the trajectory error is increased. This will be 
discussed in detail in Section 4. 

Using the smaller y, s( t )  remains closer to the 
surface s( t )  = 0 and the trajectory error becomes 
smaller. In this case, the lower bound of the gain 
ko is not necessarily increased since the constant N 
of (37) is decreased. If we take the smaller A in 
the control algorithm (32), then both the lower and 
upper bounds of the gain ko are decreased. However, 
it is difficult to expect that the control will change 
smoothly. 

In order to achieve a smooth change of control 
output, we may consider the interpolation of the 
discrete terms 6, and h, in (30) and (31). Since 
these terms are functions of the desired trajectories 
and can be computed off-line, the interpolation of 
these terms can be achieved by various simple 
methods. 

Substituting the continuous feedback terms q(t) 
and q ( f )  to the sampled nominal trajectory Qdt) 
and qdf), we may get the continuous control input 
in a combined form as follows 

(47) 

Then, we can prove the boundedness of the tracking 
errors of the system (1) by the controller (46) and 
(47) in the same manner as in Theorem 1. 

If the model is relatively accurate and the sampling 
time of discrete components (T,) is small, it is not 
so severe to assume that M < 1. In this case, we 
can obtain the following corollary which gives 
another condition for h. 
Corollary 1. Consider the robot system (1) using 
the controller given by (29)-(32). If M < 1 and at 
the initial time t = to, Ils(to)ll 5 y and Ilx(to) - 
xd(to)ll 5 E - y for any y > 0 is satisfied at the 
initial time to, and if the gain ko is bounded by 

for given K,, Kp and positive k,, then the system 
tracking error satisfies 

Ils(t)lls Y I 4 0  E S ( E Y ; X d ( t ) )  (49) 

for all t 1 to. 

Proof. We consider V ( f )  = is(f)rs(f)  as a Lyapunov 
function and differentiate it with respect to f ,  

If we assume that Ib(t)ll I yfor  all to I t I t l ,  and 
Ib(tl)ll = y for some c l ,  then it yields 

- kss( t )~s( t )  (51) 
at t = f l .  Hence, if the gain ko satisfies the condition 
(48) 9 

dV 
dt - < -k ,s( t )~s( t )  

at t = tl which completes the proof of Corollary 1. 
Corollary 1 also gives some insight into the role 

of the term -kp(f) ,  in the feedback component. 
Combining Theorem 1 and Corollary 1, the sufficient 
condition for the stability of the system with 
controller (29)-(32) is that ko satisfies the lower 
and upper bound conditions given by (39), or ko 
satisfies the lower bound condition given by (48) if 
M 1. 

If we eliminate the norm of s(t) in u,(t), we can 
compute u&) independently for each joint and the 
more efficient computation is possible. Thus, instead 
of using the feedback control (32), we propose to 
use the feedback component as follows: 

u,(t) = -K,k(t) - K,e(t) - k,s(t) 

- koo(t) (53) 
where 

T o(t) = [vl ,..., oi ,..., a"] , 

(54) 

When the gain matrices K ,  and Kp are diagonal. 
we can rewrite (53) as 



28 

I 

3 . J .  Lee and Y. Xu 

u,,(t) = -kviei(r) - kpiei(t) 

- k,Si(t) - k,u;(t) (55)  

Using the controller given by (29)-(31), and (53) 
for the robot system ( l ) ,  I the differential tracking 
error 

S ( t )  = -kg(r)  - kou(r) 

- ko 6D(t)u(t)  + n(t)  (56) 
where the disturbance vector n(t) is given by (34), 
and its ith element is denoted by ni(t). The (i7j)th 
element of SD(t) is denoted by SD,(f) and the 
constants N, and Ma are defined as follows: 

Nn = m a [  r.2.w CI%(qd,qd,qd,z,w)l;[z(t)T 7 

(57) 

where the neighbourhood set Z(p;v )  is defined 
below. for any scalar p and vector v E R": 

Z(p;v )  = { w  E R";l(w - vllo 5 p}  (59) 
where ( 1  - is the infinity norm of vector which is 
the maximum of the absolute values of its elements. 

Now we study stability of the system using the 
controller (29H31) and (53). 
Theorem 2. Consider the system (1) with controller 
given by (29)-(31) and (53). If, for any y > 0, 
Ils(t0)ll.. 5 y and x(co) E Z(cr,xd((r)) at the initial 
time to, and the gain ko satisfies 

(60) 
for the given K,, Kp. k, and for an arbitrary small 
positive number p, then the system tracking error 

Ils(0ll 5 Y 7 x ( 0  E Z(er,xXt)) (61) 
for all t 2 to. 

Proof. Consider V(r) = 4s(t)7s(r) as a Lyapunov 
function and differentiate it with respect to f ,  

dV 
dt - ( I )  = s(t)TS(t) = {s(t)Tn(t) 

- b s ( 4  '4) 
+ { -k+(t)r6D(t)u(t) 

- kw =so) 1 (62) ' 
Equation (62) can be rewritten as 

1 

which is bounded by 

If we assume that Ils(t)ll, 1 y is true for some t = 
f2 ,  there exists t ,  E [r0,r2) such that Ils(t)ll= 5 y for 
all t E [ro,tl) and Ils(rl)llr = y and dV(t,)/dr > 0. 
Lemma 2 implies that x(tJ E Z(ey;xd(t l ) )  and thus 
Iln(rl)ll I N, and I16D(tl)ll I M, are satisfied from 
the definition of N, and M,. In this case, we can 
rewrite (64) as 

at t = t l .  Hence, when the gain ko satisfies the 
condition (a), we have 

at t = cl, and this completes the proof of ?heorem 2. 
If we assume A in the feedback component (55)  

as to be zero, then it takes the form of the sliding 
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mode controller. The role of A is to change the 
discrete function to the continuous function. 

By substituting the sampled nominal trajectory 
qJt) and q r ( r )  by the feedback measurement 4( f )  
and q(t)  respectively, we obtain the continuous 
control input in a combined form as follows 

.(t) = mo) . 4 4  
+ 44(r)14(t)) (67) 

- k 4 t )  - kcJ4r) (68) 

u(t) = q&) - K$(t) - K,e(t) 

We may also easily prove the boundedness of the 
tracking errors of the system (1) by using the above 
controller in similar way to that used in Theorem 
2. 

Provided that Ma < 1 is satisfied, the following 
Corollary gives a different bound of the gain ko 
from the bound in Theorem 2. 

Corollary 2. Consider the system (1) with the 
controller given by (29)-(31) and (53). If, for any 
Y > 0, Ib(to)ll= Y and 4 t 0 )  E Z(qw&)) at the 
initial time ro, and the gain ko satisfies the following 
condition for the given K,, K,, and positive k,: 

N ,  * (1 +$) 
.c ko 1-M,  

then the system tracking error is bounded by 'y: 

lb(0lI~ Y 9 4 0  E Z(e;x&)) (70) 
for all t 2 to. 
Proof. Consider V(r) = is(t)Ts(t) as a Lyapunov 
function and differentiate it with respect to t: 

29 

- k N W  (71) 
Provided that Ib(f)lloJ 5 y for all t E [ fo, f l )  and 
Ib(tl)Ilm = y for any time r l ,  then 

- kP(oTs(t) (72) 
at t = tl .  Consider the condition (69), 

dV -(t) < -kp(t)=s(t) 
dr (73) 

at t = tl. This completes the proof of Corollary 2. 
For the digital implementation of the proposed 

algorithm, the controller may take the multiple-rate 
structure, where the sampling time Ta of the 
feedback component is much smaller than the 
sampling interval TB of the feedforward component. 
The feedback component u,(t) of (32) and (53) is 
simple in structure and less computational time is 
needed. If we consider the gain matrices K, and 
Kp to be diagonal, we may compute u&) for each 
joint independentiy. When D, is computed off-line, 
the number of multiplication and addition required 
to compute ~ , ( t )  is shown in Table 1. The values 
in the parentheses correspond to the case n = 6, 
and the integral term in the sliding vector is 
computed, as an example, in the following way: 

int(k) = int(k - 1) + Kpe(k) (74) 

(75) s(k)  = e(k) + K,,e(k) + int(k) , 
where s(k) is the value of the sliding vector at the 
kth sampling time (t = kTa), and inr(0) = 0 and 
Kp = T, Kp. 

Table I. The computational cost summary of feedback control component using the proposed 
algorithms. 

Feedback controls Number of multiplications Number of additions Square root 
(divisions) (subtractions) 

Theorem 1 2n + 6 (18)' 2n + 5 (17) I 

Theorem 2 n + 6 (12) n + 6 (12) 0 

'Numbers in parentheses for the case n = 6. 
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The computation of the robot model is 132n 
multiplications and llln - 4 additions, where n is 
the number of the degrees of freedom of the 
manipulator, when the recursive Newton-Euler 
algorithm is used. In case n = 6, the number of 
required multiplications is 792 and additions is 662. 
Thus the feedback component is of higher frequency, 
up to 40 times that of the feedforward component. 

4. Simulation Results 

The purpose of the simulation is to show the robust 
property of the proposed algorithms. The simulation 
result is compared with that using the computed 
torque algorithm. A three degree-of-freedom 
manipulator is used as a case study, shown in Fig. 1. 

The parameters are D = 0.0213 kg . m, ml = 
m2 = 0.782 kg, and I ,  = 1, = 0.23 m. To examine the 
robustness to modelling uncertainties, the modelling 
errors of each parameter, Le., mass, length of link 
and moment inertia, are considered to be 1%. In 
simulation. the payload of 0 kg, 0.3 kg, or 0.5 kg 
were carried by the manipulator. The execution 
time was 2 s and the desired trajectory was 

44x1) = qinir 

2 2 
f 9 

(qfiM1- 4inir) sin(-) 

where the initial position qinir = [0.4, -0.1, O.2lr 
(rad), and the final position qW = [-0.1, 0.3, 
O.65lr (rad). 

In the simulation, the sampling time Tu of the 
feedback component (32) and (53) were selected to 
be 1 ms. The sampling time T, of the feedfonvard 
component (30) can be selected to be much larger 
than Tu, due to the rationale mentioned previously. 
Two values of T,, 10ms and 50ms, is used in 
simulation, assuming that the time required for the 
computation of the model (B), T,., is 10 ms. The 
block diagram of the Cll4 and the proposed 
algorithms are shown in Figs 2 and 3. 

t 

fop v i  side V i  

The gains K ,  = 100 I, K p  = 100 I were used 
in the CT'M algorithm, and K ,  = 20 - I, Ki = 
100 - I ,  k, = 100, ko = 10, y = 0.1 in the feedback 
components (32) and (53) of the proposed method. 
The simulation results of the CTM algorithm and 
the proposed algorithms are shown in Figs 4-6. For 
comparison, the maximum absolute values, and the 
root-mean-square values of the errors and torques 
are summarised in Table 2. 

When the payload is 0 kg and T, = 50 ms, the 
s u m  of the root-mean-square values of three joint 
errors is 0.2747" using the CTM algorithm, while it 
is O.ooo9" using the proposed algorithm. Both 
proposed two algorithms presented better perform- 
ances than the CTU algorithm in the sense of the 
tracking errors. As the payload increases, the root- 
mean-square error is rapidly increased from 0.2747" 
to 4.4950' using the CTM algorithm, while using the 
proposed algorithms the resultant error maintains 
nearly unchanged. Note especially that, using the 
proposed algorithm, the increase in tracking error 
is not as much as the increase in the payload error, 
for the case T, = 50 ms. 

The simulation results have shown that by the 
proposed algorithms the input torque changed 
smoothly, which is desirable in the implementation. 

Fig. 1. Fig. 3. 
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Fig. 4. 

When the payload is 0.5 kg and T, = 50 ms, the torques with T, = 50 ms are slightly larger than 
sum of the root-mean-square values of the three 
joint torques is 4 - 3 4  N m using the CTM algor- From the simulations, we have found that the 
ithm, while it is 4.410 N - m using the proposed proposed algorithm provides an excellent robust 
algorithm. To compensate for the disturbance of performance to the disturbance of the modelling 
the payload error, a fairly large input torque is 
necessary. For the proposed algorithms, the input 

that in the case T, = 10 ms. 

error. 

31 

' (sa.) 

:.) 

(b) Joint 2 

Fig. 5. 
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Table 2. Simulation results of the proposed algorithms. 
t 

U U U I  

(a) Joint 1 

Loads CTM Theorem 1 

TL3 
=10 ms 

eM 0.4400 0.0027 
e- 0.2747 O.ooo9 

T,, 2.0162 2.0183 

0 kg 

TM 3.2167 3.2167 

TI3 
=50 ms 

0.0028 
O.OOO9 
3.2167 
2.0183 

Theorem 2 

TL3 TL3 
=10 ms =50 ms 

0.0027 0.0028 
o.OOO9 o.Oo09 
3.2166 3.2166 
2.0183 2.0183 

0.3 kg 
eM 8.9651 0.0683 0.0683 0.0661 0.0660 
e- 4.4950 0.0167 0.0167 0.0158 0.0158 
T, 3.9068 3.9018 3.9025 3.9019 3.9026 
T,, 2.5523 2.5244 2.5214 2.5213 2.5214 

eM 17.564 0.1416 0.1416 0.1355 0.1355 
e- 8.6669 0.0343 0.0343 0.0317 0.0317 
T,,, 4.3339 4.4052 4.4048 4.4153 4.4148 
T,, 2.9106 2.8600 2.8600 2.8600 2.8600 

0.5 kg 

(b) Joint 2 

(c) Joint 3 
Fig. 6. 

5. Conclusions 

eH: sum of the maximum absolute values of the three joint 
angle errors (degrees). 
e,: sum of the root-mean square values of the three joint 
angle errors (degrees). 
T,,,: sum of the maximum absolute values of the three joint 
torques (Nm). 
T,: sum of the root-mean square values of the three joint 
torques (Nm). 

In this paper, a composite control algorithm for the 
control of robot manipulators is proposed. The 
discrete component is a nominal torque for the 
feedforward compensation for the nonlinear coup 
ling torques between the links. 

The feedback component uses the sliding mode 

control of the Variable Structure System which 
presents a stable performance. The proposed algor- 
ithm does not impose an additional computation on 
the real-time implementation, since the computation 
of model is necessary only for the feedforward 
component, which can be computed off-line. In the 
digital implementation, the controller takes the 
form of the multiple-rate structure. The feedback 
controller does not need much computational time 
and allows short sampling time, and thus fast motion 
of a multidegree freedom robot manipulator can 
be executed by using a simple computer, or even a 
single board computer with an 8-bit CPU. Moreover, 
the time delay of the measurement can be negligible, 
since the measurement is utilised only in the 
feedback component. 

The simulation results have shown the efficiency 
of the proposed algorithms for trajectory tracking 
and the robustness to modelling inaccuracy and 
unknown payloads. 
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