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1. Introduction 
'l'lic kiiicniatics of ;I r o l i o ~  ;ire coitiplctcly dcscrihcd by thc I-.orwai*d solution. rllc Rcvcrsc solution, thc 

Jacobian and thc invcrsc Jacobian. 'I'his papcr dcxribcs tlic derivation of thc kiiioinatics of thc CM U- 

1)I)Arm I1 robot. 

Ilic Forwiird solution is a 4 by 4 matrix rhat spccifics the position and oricntation of tllc cnd cffcctor with 

rcspcct to thc basc frame. This sollition is dcnotcd by thc T6 matrix and is a function of tllc six joint variables 

only [3]. Wc normally know wlicrc wc want to mow thc manipulator in tcrms of rhc Tb matrix and it is 
dcsircd to obtain thc joint ccwrdinates in ordcr to makc thc mow. The wansfonnation rc!uting the 'lb inauix 

to the values of thc joint coordinatcs is called die Rcvcrsc solution. ' k c  Forward arid thc Rcveisc solutions 

are derived in Scctions 3 arid 4 rcspcctively. 

Diffcreiitial rclationships are important to 3 nianipulator in many ways. The transformation relating tlic 

differcntial changcs in thc joint coordinates to the differential changcs in the world coordinates is called the 

Jacobian and is specified by a 6 by 6 matrix. The Jacobian of the DDArm I1 is derived in Scction 5. 

2. Assignment of Coordinate Frames 
Thc coordinate frames for each link on DDAm [I have been assigncd according to the Denavit and 

Hartenberg convention [l] and are depicted in Figure 1. The link parameters of the arm are shown in Table 1. 

These panmctcrs arc used as an input to the ARM program [2] and thc A matrices and the Forward solution 

generated 

3. The Forward solution 
The relationship between successive frames n-2 and n (assigned according to the Denavit and Hartenberg 

convention) can be cstablished by the following relationship: 

0 rotate about zPl. an angle, 8; 

0 translate dong zWf, a distance, 4; 
0 translate along rotated x P f ,  a length 4; 

0 rotate about xnx the twist angle un; 

The product of the above four homogeneous transformations rclates the coordinate frame of link n to the 

coordinate frame of link n- I  and is called the A matrix. This is represented as, 

An = Rot(zd) Trans(O,O,d) Trans(a,O,O) Rot(x,a) 

The matrices A, through A, arc computcd using the link pameters listcd in Table 1. Thcsc are: 
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c3 0 -s3 0 
s3 0 c3 0 

> O  0 0 1- 
0 -1 0 d3 A3 = 
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A 4  = 
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c 4  0 s 4  0- 
sq 0 4 4  0 
0 1  0 d, 

- 0  0 0 1- 

cs 0 ss 0 
ss 0 4 s  0 
0 1  0 0 
0 0  0 1 
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hlui[iplyitig ( I )  rliroiigh ( 0 )  . wc ohti1in tlic dcscription of rhc cnd cffcctor of lllc maniptilator with rcspcct 

to thc basc frmc. 

l h c  coluinii vcctors of dic ' I y 6  rnnuix arc givcii as: 

1 1 

Equations (8)-( 11) specify the four column vectors of the T, matrix and hence the Forward solution oflw 
manipulator is completely demnined. The Reverse solution of the manipulator is derived in the next 

section. 

4. The Reverse solution 
We usually know the moves of the end-effector in terms of the T6 matrices and it is required to obtain the 

values of the joint variables corresponding to a givcn T, matrix. The closcd-form analytical expressions for 

the joint variables, in terms of the elcments of the T6 matrix$ obtained by isolating each variable by 

pre-multiplication by a number of thc transforms in 7. 

Let the given T, matrix be spccified as: 
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Figurc 3-1: Link Coordinatcs of DDAm I1 (at the home position). 



Kiiicmntics of IlIlArm I I  5 

l'hc Icft-hand-side of (12) is cornplctcly spcciticd by @)-(I 1). 

(;I) solution for 8,: 

Comparing the (3.4) clements on both sidcs of (12) we obtain the following cquation: 
p, = d, + d,C3. . 

. Solving for C, and S, the following exprcssioiis are obtained: 
Pz -d1 

4 
c, = 

and 
s, =3l-C3)  2 l l 2  . 

5. 'I"" 

Figure 4-1: Physical Interprctation of Multiple Solutions for 8 ,  

Therefore the two values of 8, are: 

8,, = atan2(SyC3) 

The two values of 8,  cmcspond to the elbow out and elbow in positions of the manipulator are arc depicted 

in Figure 2. The correct value of 8, is selected from the above two values based on some critcria In the 



(1)) solutioil for 

Conlpirring thc (1.4) clcinciits of (12) we gct 
-d,C,,S, + a2CI2 + :llC1 + d,S,, = p, 

and comparing (2,4) elcrncnts of (12) we get 

Now let -d,S3 = d', and d', + a2 = d. Thcrcfore, (13) a n d  (14) rcducc to 

-d,S12S3 + a$,, + alS, - d3C12 = p, 

d'C,, + alCl -t d,S,, = p, 
dS,, + alSl - d,C,, = p, 

Squaring (15) and (16) and adding, wc obtain 
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Upon substituting d = rSq and $ = rC , in the above equation, we obtain the exprcssion for 8,: 
'p 

d' J -atan2[-] A0 

49 - Ao2)OJ d3 
82 =atan2 

The two values of 8, corrcspond to the righr and lef! shoulder configurations of the manipulator and are 
depictcd in Figure 3. The correct valuc of 8, must be sclectcd based on some criteria. In thc present program 

the user selects this value by specifying the right-shoulder or lefi-shoulder configuration. 
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Figure 4-2: I’hysical Intcrprctarion of Multiplc Solutions for 8,. 

(c) solution for 01: 

Multiplying (4) by S,, and (5) by -Cp we obtain: 

P A 2  - y 1 2  =a1S2 +d3 

Upon substituting p, = ICp and Py = IS , in thc abovc cquation. the expression for 0 ,  is obtained as: 
cp 

The two values for 8 ,  correspond to the left and right shoulder configurations. Having chosen the correct 
value of 8,, the value of 8 ,  is unique. 

(d) solution for 8,: Having obtaincd thc values of 6,.B2 and 8,  it now rcmains to find the values of 8,,8, 
and 8,. Premultiplying both sidcs of (1) by (q3)‘l wc get 

In cxpandcd form the above cquation is written as: 

0 0 11’ [ 0 0 
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or 

C, = ClZS3ax + S,,S3ay - CyL.  

Comparing the (1.3) and (2,3) clcmcnts on both sidcs of(17) 

C4S5 = ClzC3ax + C&a, + Sja; = A 

S4Ss = -&ax +Cl~a,  = B  . 

Squaring and adding (18) and (19) we obtain the cxprcssion for S, as 

Evaluating 8, using the double argument acan2 hnction the following two cxpressions are obtained: 
8,, = atan2(Ss.Cs) 

e,, = atan2(-SS,Cs). 
or 

As in the case of 8, and e,, thc COKCC~ value of 8, is chosen based on some criterion. In the present case 
this is selected by the user. 

(e) solution for 8,: 

Upon comparing the (1.3) and (2.3) elements on both sidcs of (17) we get: 

C,Ss = C,C,a, + C3Suay + S,a, 

S,S, = -Suax + C a 12 Y' 

Therefore, 

8, = atan2( S4S5,C,S5) if Os> 0 

e, = e, + if S5< 0 

or 

The manipulator becomes degenerate when 8, = 0. 

(0 solution for e6: 



When 8, = 0 the manipulator is dcgencrate and only the sum of (04 + O h )  is important. A t  this point one 

of thc anglcs is givcn an arbitrary value (usually thc prcscnt vnluc) and thc otlicr cornputcd accordingly. 

(g) Solution for 8, and 8, when 8, = 0: - 
When 8 ,  = 0, C, = 1. Comparing the (1.1) of (1.2) elements on both sides of (6) wc get 

sin(@, - B6) = CI2C3ox + C3S120y + S,o, = A 

and 

cos(@, - 8,) = C12C3nx + C 3 S , p y  + S3nz = B 

Thus the value of (8, - 8d is 

(e, - e,) = atan2(A,B) 

At this point 8, or 8, is given an arbitrary value (usually the present value) and the other computed 

accordingly. 

The analytical expressions For thc six joints of the DDAm I1 are outlined in paragraphs (a)-(g). The 

multiple solutions For joints 2, 3 and 5 give rise to 8 sets of Reverse solutions. These are represented 

diagrammatically in Figure 4. 

5. The Jacobian 
In a manipulator, differential changes in position and orientation of T, are caused by differential changes 

(dqJ in the joint coordinates. The transformation relating the differential changes in the joint coordinates to 

the differential changes in the T6 frame is called the Jacobian (a 6 x 6 matrix). Each column of the Jacobian 

corresponds to a differential translation and rotation vector corresponding to the differentid change in each 

joint coordinate. 

The elements of the 6 column vectors of the Jacobian mamx are: 
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d, = -(C,S2S, - CsC6S2S, - C2C6S,Ss + C,C3S4S6 

+ C,C,C,CsC,)py2 + (-C2C4Ss + C2C,C6S, - c,s2s3ss 
+ C3S2S4S6 + c3c,csc6s2)px2; 
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d, = -(C,S,C, + c5s,s2s, + C2C0SJSS + c2c;s,c, 
-Y 

- C2C3C,C5S,,)p)’? + (-C2C,C, - C,C,S,,S, + s,s,s,ss 
+ c3s2s,c, - c3c,css6s2)px2: 

d, = -(-S2S,Ss + C,C,S, + C,C3C,S,)py2 + (C2S,Ss + C,S2S, + 

C3C,S2Ss)PX2; 

6, = c,c,s, + S3S4S6 + c4c,c,s3; 
SZy = -c,sss, + C6S3S4 - C4C,S,S,; 

62z = -c3c, + c4s3s,; 

d4x = 0; 

d4,, = 0; 

d42 = 0; 

64y = -S,S,; 

6, = -c,; 

‘ 4 ~  = ‘Ss5; 
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d,x = 0; 

dsy = 0; 

d6Z = 0; 

= 0; 

s6y = 0; 

s,, = 1; 
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a a 

O0 

az 9oo 

-goo 0 

9oo 0 

9oo 0 

O0 0 

Table 1 
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