
”- 

Mechanical Properties 
for the Grasp of a 

Robotic Hand 

Mark H. Cutkosky 

CMU-RI-TR-84-24 

Thc Robotics Institute 
Carnegie-Mcllon University 

Pittsburgh, Pennsylvania 15213 

September 1984 

Copyright @ 1984 Carnegie-Mellon University 

This report is adapted from sections of a doctoral thesis to be submitted to The Department of Mechanical 
Engineering. 





i 

Table of Contents 

1. Introduction 
1.1 Previous Investigations on Prehension 
1.2 Current Investigation 

2.1 Grasping Model and Assumptions 
2.2 Stiffness, Strength and Stability of a Grasp 
2.3 I’rocedurc for Establishing Grip Properties 
2.4 Two-Dimensional Examples 

2.4.1 Choosing between five grips: an example 
2.4.2 An unstable example 

3. Extension to Three-Dimensional Problems 
3.1 Forward Force and Displacement Relations 
3.2 Summary of Forward Transformations 
3.3 Finger Motions and Constraints 

2. Determining Mechanical Properties of a Grasp 

3.3.1 Constraints at a Contact 
3.3.1.1 Case 1: exactly determined 
3.3.1.2 Case 2: under determined 
3.3.1.3 Case 3: over determined 

3.4 Computing Changes in Grip Force 
4. A Closer Look at Contact Conditions 

4.1 Point Contact 
4.2 Curved finger contact 

4.3 Very soft finger 

4.4 Soft, Curved Fingertip 

5.1 Pointed Fingers 

4.2.1 Effects of rolling motion 

4.3.1 Effects of deforming fingertips 

5. Examples 

5.1.1 Procedure for Left Finger 
5.1.2 Discussion 

5.2 Curved Fingertips 
5.2.1 Discussion 

5.3 Very Soft Fingers 
5.3.1 Discussion 

6. Summary 
7. Applications to the Design and Control of Hands 
8. Acknowledgements 
A. Matrix Identities 

A.l Matrix Method for Under Determined Finger Motions 
A.2 Differential Jacobians 

6. Rolling Contact 
C. Details for examples in Section 5 

1 

1 
4 
7 
7 
8 

10 
11 
13 
16 

20 

20 
23 
24 
24 
25 
26 
26 
28 
33 
34 
34 
37 
38 
45 
41  
51 
51 
53 
54 
55 
57 
58 
58 

60 
64 
67 
68 
69 
69 
71 
73 





ii 

List of Figures 

Figure 2-1: A two dimensional object held by three fingers 
Figure 2-2  Dctail of a single two-dimensional finger from Figure 2-1 
Figure 2-3: Five ways to grip a rcctanglc with four fingers 
Figure 2-4: Grip stiffness for force at angle 8 ,  
Figure 2-5: Maximum force without slipping at angle 6, 
Figure 2-6: Instability of a rectangle held by two fingers 
Figure 3-1: Coordinate systems for a finger touching an objcct 
Figure 3-2: Flow chart for forward force and displacement transformations 
Figure 3-3: Flow chart for cases in which [ P ]  is invertible (Case 1) 
Figure 3-4: Flow chart for relationships between displacements and forces (Case 2 or 3) 
Figure 3-5: (from Salisbury [6] ) 
Figure 4-1: Examples of fingertip geometry 
Figure 4-2: Rolling contact 
Figure 4-3: Cross scction of a large-radius hemispherical fingertip on a flat object surface 
Figure 4-4: Cross section of a small-radius hemispherical fingertip on a flat object surface 
Figure 4-5: Elastic fingertip in contact with object surface 
Figure 4-6: Elastic fingertip in contact with object surface 
Figure 4-7: Pressure distributions for elastic, soft, and very soft fingertips 
Figure 4-8: Maximum shear stress for moment &bout finger axis 
Figure 5-1: Holding a rectangle between two fingers - 3 cxamples 
Figure 5-2: Curved finger before rolling 
Figure 5-3: Curved finger after rolling SB with respect to object 
Figure 6-1: Relations between finger models 
Figure C-1: Matrices for Left Finger - pointed or rolling contact 
Figure C-2: Matrices for left finger - pointed or rolling contact 
Figure C-3: Compliance rnauix for soft finger example 

9 
10 
13 
14 
15 
17 
21 
23 
27 
27 
32 
33 
35 
38 
39 
40 
41 
48 
50 
52 
55 
56 
62 
73 
74 
76 





'Table 4-1: 
'I'nhle 5-1: 
'T:ible 5-2: 
Table 5-3: 
Table 5-4: 
'Fable 5-S: 
Table 5-6: 
Table 5-7: 
Table 6-1: 

iii 

List of Tables 

Soft fingertip deflcctiocs for 4.0 N load and lcm2 and 4cm2 contact area 
Motions of left and right finger and objcct contact areas (pointcd fingertips) 
Contribution from left finger to 6gb (pointed fingcrtip) 
Change in gb due to motions dx, dy, and d8z (pointed fingertips) 
Contribution from left finger to 6 g b  (rounded fingertip) 
Change in gb due to motions dx, dy, and d8z (rounded fingertips) 
Changc in 6g, for small contact area (soft fingertips) 
Change in 6gb for large contact area (soft fingertips) 
Summary of contact models derived in Section 4 

46 
53 
54 
54 
57 
57 
58 
59 
61 





Abstract 

'J'he subjcct of this paper forms part of a broader effort to model the mechanics of grasping and fine- 
manipulation for robots. Fine- 
manipulation is an extension of grasping to include control of the object using an end-effector such as a 
gripper or a hand. A mechanical model of grasping and manipulation forms the basis for controlling grippers 
and paves the way for robots that can make independent judgments about how to pick up and handle the 
objects they encounter. I n  this paper a procedure is developed for computing physical properties with which 
a grasp may be described. Among these properties are grip strength, stability, compliance and mobility. The 
results depend strongly on the interaction between the gripping surfaces and the objcct. For example, a grasp 
may be unstable when the fingertips are pointed, but stable for rounded fingertips. The analysis suggests that 
particular kinds of sensory information are especially useful in controlling a grasp a id  supports the notion 
that gencral grasping "rules of thumb" can be identified for use by robots. 

Grasping is the act of acquiring and holding (gripping) an objcct. 
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1. Introduction 

What is the best way to hold an object given a particular grippcr and a particular task to perform? If wc 
look co natural examples of gripping we find that the answer to this question is a function of inany things 
including friction, the softness of the object, the fragility of the object, and how well the object "fits" the 
gcomctry of the grippcr. For cxample, all othcr things being equal, human beings will favor gripping 
positions that comfortably tit the size and shape of the hand. We avoid gripping positions that require us to 
stretch or to cramp our tingcrs, unless othcr considerations prcdominatc. Over years of experience, we seem 
to acquire a database of suitable gripping configurations which we apply to the world at large. We choose 
gripping positions without much conscious thought until we arc faced with a completcly unfamiliar object 
shape (especially if the object is also slippery or heavy). 

For the current generation of industrial robots there is little need tc calculate suitable gripping positions. 
Today's robots are play-back machines repeating sequences of instructions; they may be programmed to 
assemble various shapes or to load them into machine tools but they never have to decide how to grasp an 
object. The grasp is chosen for them when they ale programmed and is part of the information associated 
with the task. This approach is adequate as long as robots continue to perform a narrow range of tasks with a 
limited selection of parts, but it becomes impractical if robots are to work under less structured circumstances. 
For example, a robot working on the Occan floor, or in a nuclear power plant, would be more effective if it did 
not have to ask for instructions about how to pick up every new object it encountered. This goal prompts us 
to ask whether a suitable grasp is something that can be determined analytically and expressed to the robot in 
terms of an algorithm. But first, we need a model that describes different grasps and predicts how a grasp will 
respond to forces and motions applied to the object as the robot proceeds with a task. 

The present paper draws upon previous work on the kinematics of an object being manipulated by a 
gripper and develops a procedure for determining mechanical properties which may be used to characterize 
grips and to discriminate between them. The result is a linearized model of how a grasp will behave in 
response to task-induced forces and motions. Using the grasp model, the paper considers the importance of 
gripper contact surfaces, frictional properties and gripping forces in determining the overall behavior of the 

grasp. 

1.1 Previous Investigations on Prehension 
e 

Recently, a few works have appeared that cover grasping kinematics, gripper control and related topics. 

Asada [l] begins by describing the force balance for an object held by a gripper with several fingers. He 
assumes that the gripper has k, actuators each driving 1 fingers of which m are actually touching the held 
object at a particular time. Thus there are a total of k,xm fingers in contact with the object, of which k, are 
independent. He next assumes that each finger has a small contact area so that the contact between each 
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fingcr and thc object can be treated as a point contact. With this assumption thc force cxcrtcd by each fingcr 
can bc rcsolvcd into forces pcrpcndicular and tangcntial to the objcct surface. The assumption is a limiting 
one because it removcs the possibility that a single finger can apply a torquc about its own axis and ignores 
rolling or rocking motion bctwcen the fingcrtip and the object. However, it is oftcn a reasonable 
approximatic;n for grippers with small gripping surfaces made of hard materials (a pair of tongs, for example). 
Gcncrally, the point-contact approximation results in an overestimate of thc gripping force required to 
maintain cquilibrium. Salisbury [2] and Okada [3,4] make similar assumptions in describing the forces 
exerted by their thrce-fingercd hands, although Salisbury discusses the effects of having a "soft" finger that 
can apply moments, twisting about its ccntral axis. 

Having described the cquilibrium requirements for an object held by several fingers, Asada addresses the 
problem of choosing a suitable finger configuration. He treats the held object as a rigid body and models the 
fingers as clastic members with one degree of freedom, along a specified trajectory or locus. He simplifies the 
grasping inodel by ignoring friction at tlie contact points between the fingers and the object. With this model 
he is able to construct a potential function, based on the shape of the object, which indicates the relative 
stability of different finger configurations. In the absence of friction, an object held in a stable grasp will 
return to its original position if displaced slightly. The theory works well for slippery objects and whenever 
the chief concern is that the object should not be dropped (when we wash dishes we hold thcm in a stable 
grasp.) Unfortunately. the utility of the model for industrial robots is very limited. Friction is an important 
considcratinn and is often used to advantage. According to Asada's theory there is no satisfactory way for a 
two-fingered gripper to grip many shapes. For example, there is no "stable" coiifiguration for a two-fingered 
gripper grasping a sphere. In practice. people depend on friction when they design grippers and when they 
program robots to grasp and manipulate objects. A stable grip guarantees that the gripper will not drop an 
object. but often a great deal more is required. It may be required that none of the fingers of a gripper should 
slip with respect to an object while it is manipulated because if they do, the object will not return to the same 
equilibrium position.' Industrial robots are often programmed based on a precise knowledge of the position 
and orientation of a grasped object with respect to the robot coordinate system. As soon as any of the fingers 
slip, this information is lost. 

Salisbury [2,5] and Okada [4,3] are concerned with developing control laws for multi-jointed three-finger 
grippers. The hand designed by Okada can perform a variety of manipulation tasks such as screwing a nut 
onto a bolt and manipulating a match box in three dimensions. When the motions of the manipulated object 
are not very small it becomes necessary to treat the fingertips not as points but as surfaces of finite radius. The 
fingertips roll with respect to the manipulated object and the kinematic description of the fingertip locus 
becomes extremely complicated. 

Salisbury [2,5] draws upon his earlier work in manipulator control [6] in which he discusses how to 
determine the correct servo stiffnesses for the joints of a robot to achieve some desired set of stifkesses 

'In the absence of friction the object would return to its original, stable position, 



3 

expressed with respect to the robot hand (or any other convenient coordinate systcm). Salisbury considers 
scvcral contact types, including point, line and planar contact (with and without friction), and discusscs the 
Constraints imposed on the object by each. He also introduces a "soft" finger with friction which can apply 
torqucs about its own axis in addition to forces at thc contact pcint. The cffccts of rolling and deformation of 
thc fingertip are not considered. He also considers the interaction of groups of contacts about an object and 
discusses thc conditions under which arbitrary motions and forces can be applied to the object. Like Asada, 
he shows that for pointed fingers a jacobian matrix can be found which relates forces cxerted at thc fingertips 
to an equivalent force and torque at thc ccntroid of an object held by the fingers. He augments this jacobian 
matrix to include internal forces which essentially measure the magnitude of the "pinch" cxcrted by pairs of 
opposed fingers. 

Hanafusa el a1 [7] also consider the kinematics of an object hcld by point-contact fingers. 'hey discuss the 
conditions under which the the object is free to move in any direction if the finger joints arc loose, but 
becomes completely constrained if the finger joints are locked. They consider a gripper with an arbitrary 
number of fingers, each with an arbitrary number of joints, and discuss methods for specifying the redundant 
degrees of freedom. 

Orin and Oh [SI have considered the related problem of determining the optimum distribution of forces in 
closed kinematic chains. They are primarily interested in extending earlier work in the control and analysis of 
walking machines, but they point out that a walking machine and a multi-fingered gripper handling an object 
both contain closed kinematic chains2 Usually, the number of independent joint actuators in the chains is 
greatcr than thc number required to impart a desired set of velocities and forces to the body of the walking 
machine or the grasped object. They compute the dynamic terms for all the legs and then use a linear 
programming approach to minimize the energy expenditure in the motors, subject to a number of constraints. 
The constraints include friction limitations at the feet (or fingertips) and maximum joint torques at the 
actuators. Normally, friction limitations result in non-linear constraints, but by approximating the 
conventional "friction cones" with friction pyramids a conservative set of linear inequality equations is 
obtained. The contacts between the feet and the ground are treated as point contacts in the kinematic model. 
To measure the energy expenditure, a power term is established, where the power at each joint is a function of 
the joint torque and velocity. The simplex method is used to find the minimum of the cost function. 

The linear programming method described by Orin and Oh [SI allows a sequence of joint torques to be 
determined off-line for a walking machine, but is too slow for real-time use. However, for a hand making 
small motions with the fingers, inertial terms can be ignored, considerably reducing the computation time, 
Power expenditure might actually be of little consequence in a robot gripper, but other terms might be added 
to the overall cost hnction to determine an optimum set of joint torques and stiffnesses for a given grasp 
geometry. 

21x1 fact, a hand supporting a basketball is like a very large animal walking upon a very small planet 
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Mason [9] invcstigatcs tlic cffccts of friction on basic operations in which a robot grasps an object or 
pushes it into place. He points out that thc rolc of friction in simplc tasks pcrfomicd by manipulators has not 
bccn adcquarcly studicd. The few investigators who have considcrcd friction have bcen contcnt to use the 
modcl dcvclopcd by Coulomb in 1781. For tnsks involving grippers and objccts with hard, flat surfaces, the 
Coulomb model givcs accurate rcsults. Using it, Mason dcrivcs analytic solutions predicting, for cxample, the 
dircction and die ratc of rotation of an object pushed along a flat surface. 

For grippers with soft fingers (and particularly the human hand) the Coulomb model of friction may not 

"When therc is a possibility of the object slipping over the skin, a resistance, namely friction, 
intcrvcnes which is proportional to the area of the surfaces in contact. ... Sweat glands, by 
moistening the skin, tend to increase friction and make the skin more adhesive." [lo] 

accurately dcscribc what we observc from cxperience: 

At light pressures, adhesion contributes greatly to the tangential force that a contact can sustain without 
slipping. The adhesion is not directly related to the normal force, but depends on surface chemistry, surface 
roughness, and the past history of normal forces. As an illustration, a compliant elastomcr, once it has been 
pressed against the surface of an object, can often resist tangential loads even after the normal pressure is 
reduced to zero. The Coulomb coefficient of friction in this case would be infinite. 

1.2 Current Investigation 

In tlic following sections a procedure is given for determining mechanical properties with which a grip 
may bc described. In the analysis, the arrangement of &e fingers upon the object, and the stiffness and 
kinematic design of each finger are assumed to be known. The object is given arbitrary small displacements 
and the resulting motions and changes in forces are computed. From these, the overall stiffness of the grip, 
the ability of the grip to resist slipping and the ability of the grip to recover equilibrium in the presence of 
disturbances may be established. The procedure is initially illustrated with some two-dimensional examples. 
It is shown that the results may contain not only stiffness terms of the kind discussed by Salisbury [2] but also 
terms due to differential changes in the grip geometry. Unlike the stiffness terms, the geometric terms may 
make the grip unsfable. A concept of grip stability is then developed which includes friction. A robot may 
choose between competing grips by selecting one which is stable in the presence of disturbances, which is 
most able to resist slipping and which matches the stiffnesses of the fingers to the compliance requirements of 
the task. 

The analysis is extended to three-dimensional examples and explicit consideration is paid to the 
importance of the interaction between the fingertips and the object. Different contact conditions involving 
pointed, curved, soft and hard fingertips are modeled. A summary of the contact types is shown in Table 6-1. 
The point-contact model used in qrlier analyses sometimes gives mislcading results, especially when the 
object is small compared to the hand and when compliant gripping surfaces are employed. Finally, the results 
of the analysis are discussed in terms of designing and controlling dextrous hands or grippers. The results 
suggest that certain kinds of sensory information will be especially useful for grasp control and that a number 
of grasping "rules of thumb" may be argued on mechanical grounds. For example, an argument can be made 
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for gripping as gcntly as possiblc without letting the objcct slip. A gcntlc grip not only hcips to prcvcnt 
darnagc to the objcct and fingers, but also (for a givcn combination of finger stiffncsscs) rcsults in a grip that is 
inorc likely to bc stable. 
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Nomenclature for Section 2 

A 
aipi  
P i  

" i  

' i  

ri 

fe 

me 
Sni 
SIi 
pi 
k,, 
kli 

Q 

4 
6q 
68 

k ,  
ke 

f e r  

feg 

= scalar magnitude of force app!ied by the i* finger 
= acting coefficient of friction at the i* finger ( o I ai 5 1 
= coefficient of friction at the i~ finger (from surface properties) 
= unit normal vector at the i* finger 
= unit vector tangential to the object at the i* finger 
= vector from origin fixed in the object to the i* finger 
= external force taken at the origin 
= external moment taken at the origin 
= normal component of displacement of i* finger 
= tangential displacement of i* finger 
= angle between unit normal and ri fori* finger 
= normal stiffness of i* finger 
= tangential or lateral stiffness ofi* finger 
= a unit vector in an arbitrary direc~on 
= angle between q and the x axis. 
= small displacement of the object in the q direction 
= small rotation of the object 
= translational stiffness of the grip in direction q 

= rotational stiffness of the grip 
= restoring torque due to finger stiffnesses 
= grasp torque due to rotation 

(see also Figure 2-2) 
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2. Determining Mechanical Properties of a Grasp 

In this scction thc conccpts of grip stiffness, strength and stability arc discusscd and the gcncral proccdure 
is described for dctcrmining thc forcc/displaccmcnt charactcristics of a grip. The conccpts arc illustratcd at 
the cnd of the scction with somc simple, two-dimensional examples. 

2.1 Grasping Model and Assumptions 

A gripper may bc niodelcd as a device with several fingers in contact with an objcct. The "fingers" need 
not rcscmble human fingers. They may be contact points on the jaws of a standard commercial gripper. If, 
for thc moment, wc adopt the Coulomb model of friction the static equilibrium equations become: 

rn m 

m m 

(see Nomenclature and Fig 2-ifor explanation of terms) 

Thc problem described by the above cquations is in general statically indeterminate. The values 4 and 
aipili are the unknowns. In the above equations ai is taken as a variable parameter between 0 and 1, so that 
0 I aipi s p i ,  whcre pi is the standard coefficient of Friction determined from surface properties. The unit 
vector l i  is tangential to the surface of the body but its direction is otherwise unspecified. Until the object 
starts to slip with respect to the fingers, l i  and ai cannot be further defined. We can require that the above 
equations have at least one solution such that all ai 5 1 but this is not particularly useful. It eliminates absurd 
finger arrangements (eg. all fingers on the Same side of the object). 

The presence of friction means that there are generally many grasps that will satisfy static equilibrium and 
it is possible to choose between them to find the one best suited for a given task. In fact, when we pick up 
objects with our own hands the grip we choose often depends more on what we intend to do with the objcct 
than on its shape or surface properties. For example, if we are asked to pick up a tall, thin candle that is lying 
on a table we may grasp it near the middle so that it balances in our hand; but if we want to push the candle 
into a candlestick holder we usually hold the candle near the base. Similarly, if we pick up a pen to hand it to 
somebody the grip we choose is entirely different from the one we use for writing. 

To proceed further with a mechanical analysis it is necessary to adopt a force/deflection model for the 
gripper and the object. This is analogous to the use of Hookes' stress/strain relations in solid mechanics in 
which a model for the material provides the necessary additional equations. The force/deflection model used 
in the following sections incorporates a number of simplifying assumptions which are listed below. 
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0 'Ihc fingers ;)re modeled as clastic structures and the object as a rigid body. This is usually a good 
approximation for robots assanbling parts or holding tools since the scrvocd joints in the robot 
arm and fingers make them considerably less stiff than the grasped object. For robots kandling 
such materials as textiles, foamed plastic or rubber, the elasticity of the object would havc to be 
taken into account. 

0 'Ilic analysis is slatic. There is no consideration of dynamic tcnns and no explicit treatment of 
slipping motion. Howcvcr, the model can predict when a finger will start to slip upon the object 
and different grips may be comparcd by finding the one which will resist the largest task-related 
force or torque before slipping occurs. 

0The analysis docs not attempt to solve for thc optimum grip for a given task but provides a 
mechanism for evaluating mechanical properties such as the stiffness, stability and resistance to 
slipping of a grip. Competing grips may be comparcd on the basis of such properties. 

0 The analysis is not concerned with geometric constraints, such as whether a gripper is actually able 
to achicvc a given grip, or whether it is possible to place the fingers underneath an object that will 
be picked up from a flat surface. These are important considerations and a number of them are 
addressed in [ll, 12, 131, but they are beyond the scope of this analysis. Basically, it is assumed 
that the grips under consideration have already met such criteria. 

0 The analysis is concerned only with small motions about an initial position. The small-motion 
assumption pcrmits linear force and displacement transformations. The results of the analysis are 
invalid if the fingers make large motions with respect to the object, for example if they are used to 
turn a nut onto a bolt or to flip an object over in the hand. However. there are many tasks in 
which a grip is chosen arid then the fingers make small motions with respect to the object. When 
tools such as wrenchcs or scrcwdrivcrs are used, the fingers usually make small motions with 
respect to the tool, while larger motions are accomplished with the wrist. As another example, 
when assembling parts, an initial grasp is chosen and then the fingers make small adjustments as 
the mating parts are slid together. 

0 Only motions with respect to the hand are considered. The interaction of the hand and the robot 
arm is not considered. This is not a severe restriction, however, since the compliance (inverse of 
stiffness) of the arm can always be added to the compliance of the hand when determining the 
overall force/deflection characteristics. For small and relatively low speed movements of the 
fingers there is little concern that dynamic coupling between hand and the arm will cause 
difficulties. 

2.2 Stiffness, Strength and Stability of a Grasp 

Stiffness 

The first criterion that might be considered for evaluating a grip is the stiffness of the grip in response to 
externally imposed loads. The grip stiffness is a function of the stiffnesses of the fingers and of their 
arrangement about the object. Given a variety of possible grips, it may be useful to find the one that is stiffest 
with respect to torsional or translational loads. A stiff grip is useful when manipulating objects at high speeds. 
It helps to ensure that the displacements caused by inertial forces and torques will be small and that the 
natural frequency or bandwidth of the gripper/object ensemble will be high. 
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I 

n = unit normal at contact surface 
1 = unit tangent at contact surface 

Figure 2-1: A two dimensional object held by three fingers 

Robots moving freely in space are generally position-servoed and under these conditions the stiffest grip is 
often the best, but when a robot interacts with other objects, as during an assembly task, it becomes useful to 
control the mechanical impedance of the arm and the grip [14,15]. Impedance control is espccially well suited 
to servoing the fingers of the gripper or hand[6]. At low speeds, dynamic effects become negligible and 
impedance control reduces to stiffness control. For example, the robot hand can be made stiff in directions 
which are not constrained by contact with fixtures and compliant in the directions which are. In terms of 
choosing a grip, the best grip is the one which best matches the requirements of the task to the achievable 
range of finger stiffiesses. 

Resistance to slipping 

A second way to discriminate between grips is to find the one that, for a given combination of servo 
stiffncsses, grasping forces and fingertip geometries, can resist the greatest possible applied force or torque 
before any of the fingers slip. ‘This again is desirable when manipulating objects at high speed. For tasks 
involving contact forces and torques the same analysis may be used to find the grip for which the fingers are 
least likely to slip in response to the expected range of forces and torques. 

. 
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Stability 

A third critcrion is grip stability. Since thc analysis is lincarizcd and only small motions arc considcrcd it 
is only possiblc to dctcrminc wlicthcr a grip is injkifesii?tally stable, that is, whcthcr thc grip will return to its 
original position if tl;c objcct is displaced by an arbitrary mal l  amount. This amounts to dctcrmining 
whcthcr thc changes in thc forces on the objcct that result from disturbing it will tend to opposc or to increase 
thc disturbance. 

Object surface 

k I = lateral finger stiffness 
k, = normal finger stiffness 
r = vector from origin to contact 
q = unit vector in arbitrary direction 
1 = unit tangent vector at contact 
n = unit normal vector at contact Origin 
/I = angle between unit normal and r 

Figurc 2-2 Detail of a single two-dimensional finger from Figure 2-1 

2.3 Procedure for Establishing Grip Properties 

The procedure used in determining the above grip properties is outlined below. 

1. Displace the object an arbitrary, small amount. 

2. Determine the resulting motions of the fingers. These will depend on the finger geometries, 
contact types and stiffnesses. 

3. Determine the changes in the forces at the fingerlobject contact areas that result from thc motions 
of the object and fingers. There are two contributors to these changes. The first are restoring 
forces that result from the stiffnesses of the fingers. The second result from changes in the grip. 
The fingers and the object do not move together as a rigid ensemble and the resulting 
modification of the grip geometry changes the way in which the finger forces act upon the object. 
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4. Compare the ncw forces at thc fingcr/objcct contact arcas with the maximum forces that the 
contacts can sustain without slipping. Also dctcrmine whether tlic normal f o r m  would bccome 
negative at any of the fingers (meaning that thcy would losc contact with thc objcct). 

" 

5 .  Compare the new rcsultant forces and torques on the objcct with the original forces and torqucs 
and with Ihc displacement of the object to dctcrmine the stiffness and infinitesimal stability of the 
grip. 

In latcr scctions, particular attention is paid to thc intcractions betwcen different kinds of fingcrtips and an 
objcct. Curved, soft, and pointed fingertips are discussed and their effects on the grip are invcstigated. It is 
shown that the point-contact model adopted in earlier analyses is only accurate when the fingertips are small 
coniparcd to the objcct being held. Thus, if we hold a large cardboard box or a basketball, a point-contact 
modcl of our fingertips is fairly accurate, but when wc hold a matchbox or a golf ball it is not. 

2.4 Two-Dimensional Examples 

The concepts of grip stiffness, stability and resistance to slipping can be illustrated with some short 
examples. In these two-dimensional examples, the forces and motions are broken into scalar components, but 
a matrix notation will be used for the three-dimcnsional analysis in latcr sections. Figure 2-1 shows a rigid 
body held by three fingers which are assumed to have some characteristic stiffness. The actual stiffness of 
each fingcr need not be prescribed; only the rdufiw stiffness with respect to the other fingers is rcquired. In 
thc following two-dimensional cxamples, the finger stiffiiesses may be resolved into components kni and k l i ,  

pcrpcndicular and parallel to the surface of the object. As before, the fingers need not resemble human 
fingers but may be the contact areas of an industrial gripper. It is required only that their stiffness and friction 
characteristics be known. Figure 2-2 shows the coordinates and stiffnesses for a single finger. 

Looking first at torsional loading, if a force is externally applied to the object, (perhaps by a wrench at the 
x,y origin in Figure 2-1), the object will be rotated by a small amount, 68. Each fingertip in contact with the 
object must move Mxr i  along with the object surface. The finger motions can be resolved into components 
parallcl and perpendicular to the surface of the object. 

Sni = (bBxri).ni = -rise sinjli 

Sni = (6Bxri).li = -ri68 cospi 

We can equatc the potential energy stored in rotating the body with the energy stored in the fingers to express 
the rotational stiffness of the grip in terms of the finger stifiesses. 

m 

i=i 

Substituting for 6 n j  and SZi, 
m 

i= 1 
ke = r/(kni sinlfli + kli cos2/3i) 

The stiffest grip for torsional loading is that for which ke is greatest 
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To find thc grip that will rcsist the grcatcst torsional load without slipping wc first look at cach of thc grips 
undsr considcration and discovcr which fingcr (or fingcrs in a symmctricd grip) is ncarcst to slipping for a 
givcn applied momcnt, me, at thc origin. As tlic body is rotatcd 68, thc changes in thc forccs at cach finger 
are 

&f,j  = k,, Sni and 6fii = kli 81,. 

From the discussion earlicr in this section, f i i  = aipifni  for the Coulomb law of friction, whcrc slipping 
will occur as a+ 1. Thcn, for cxarnple, if initially f i i  = 0, slipping will occur when 

kli 81, > pihi  

Thus, for a given rotation, 68, the finger nearest to slipping will be the one for which a is closest to 1, or 
for which 

ai=- kli S li = m,kli(- ri corn 
p i h i  k~ P i h i  

is greatest. 

Having found the "worst case" finger for each grip we chose between grips by finding the one for which 
me is grcatcst before (I = 1 at the finger. 

(where j is the subscript of the "worst case" finger) 

We do not have to worry that cossi will approach zero since it will never be zero for the finger closest to 
slipping unless all fingers are equally likely to slip. 

For motion in an arbitrary direction, q, the angle at each finger between q and ni is cp i  = ei - /3i - 8,  , 
(where q, n, 8,  p and 8 ,  are shown in Figure 2-2 for a typical finger). Equating potential energies allows the 
translational stiffness to be expressed in terms of the finger stiffnesses. 

m 

Following the procedure used for the rotational case, we can choose between grips to find the one that wil l  
withstand the largest force, f,, in a given direction, q, before any of the fingers slip. The "worst case" finger is 
the one for which 

f, klj sin vi - klj 6 li a i = -  - 
Pifni kqP&i 

is greatest. The best grip is then the one for which f, can be greatest before the "worst case" finger will slip. 
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Figure 2-3: Five ways to grip a rectangle with four fingers 

2.4.1 Choosing between five grips: an example 

Figure 2-3 shows five grips on a rectangular block. Grips 1,4 and 5 share the same configuration, but with 
different finger spacings. We can use the above results to discriminate between the grips. To simplify the 
computation we assume that the fingers are all identical and that their stiffness components, kni and kb, are 
independent of the orientation of the finger. This is a reasonable approximation for long fingers with several 
joints. 
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‘fie highest rotational stiffness is achieved either with grip 1 or grip 2, dcpcnding on whether k,, or kli is 
grcatcr. If it is most important that ncpc of the fingers slip when a moment is applicd to die rectangle, then 
grips 1, 4 or 5 should bc chosen. Grip 1 offers the best combination of rotational stiffness and resistance to 
slipping. 

For translations the picture is a bit more complicated since the stiffness and the resistance to slipping vary 
as the direction of q varies. Intuitively, one might suggest that Grip 3 is the safest choice. Figures 2-4 and 2-5 
show plots of the stiffness and the maximum force without slipping as a function of angle, 8 ,  For these plots, 
k,, was arbitrarily takcn twice as large as kl,. Actual values of kni and kli might be quite diffcrcnt, but the 
piots provide an example of how grip stiffness varies as a function grip gcomctry. In this casc, the stiffness of 
grip 3 is constant, regardless of the direction off,. Grip 3 also offers the most nearly constant resistance to 
slipping and is therefore the safest choice for arbitrary loads, although other grips offer more stiffness or 
resistance to slipping when the object is pulled in a single direction. 

2.4.2 An unstable example 

The foregoing discussion has focused on determining whether the stiffness of a grip is suitable and on 
determjning when the fingers slip. The next question is whether the grasp will be stable if pcrturbed slightly. 
A potcntially unstable grip is shown in Figure 2-6. If the grasp forces are large, and if the fingers arc not stiff 
enough in the lateral direction, the rectangle will continue to rotate when disturbed by a small angle, 68, 
instead of returning to the initial position. The same effect can be seen by gripping a coin on edge between 
two opposed finger;. If one squeezes too hard, the coin “collapses” to a more stable position in which one’s 
fingers are pressing against the faces. In general the coin will also slip with respect to the fingers when this 
occurs, but before slipping occurs it is possible to determine whether the grip is stable. 

As the rectangle in Figure 2-6 is rotated by a small angle, 68, the lateral stiffnesses of the two fingers 
produce a restoring torque, fe, 

fe, = 2kl r268 

At the same time, due to the rotation of the body, a torque is generated by the grasp forces, 

fe* = 2f , r68  

The net change in the torque upon the object is  

am, = (m - klr)2r68 

The grip is unstable if the change in the torque is positive for a positive rotation, SB. Thus, for the grip to be 
infinitesimally stable it is required that f ,  < klr. Evidently, for a given rectangle size and finger stiffness, 
pressing harder makes the grip less stable. This result appears again in later examples and provides an 
incentive for not gripping harder than necessary because for a given grip geometry, the stability of the grip 
decreases with increased gripping force. Another result is that for a given finger stiffness and gripping force, 
the grip is more stable for a longer rectangle (one for which r is large). 
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I 
restoring torque: 2k1 r26e 

grasp torque: 2fn rse 

Finger Schematic -typ. 
Figure 2-6: Instability of a rectangle held by two fingers 

These effects can be demonstrated by pressing a pencil lengthwise between the index fingers of each hand. 
As one presses harder the grip is likely to collapse unless one also tenses (stiffens) one’s arm and finger 
muscles. If thc experiment is repeated for an old, short pencil and for a new, long one it will be seen that the 
grip collapses more easily for the short one. 

Unfortunately, if we return to the example of gripping a coin between two fingers of one hand, a problem 
appears. If the fingers are now pressing against the faces of the coin instead of the edges, the grip should, 
according to the above equation, become less stable. This is clearly incorrect and demonstrates that the 
point-contact fingertip model gives inaccurate results for human fingers pressing against the faces of a coin. If 
we repeat the example, using ball-point pens instead of our fingers to press against the faces of the coin, we 
find that the grip is indeed very IJnStabk. The problem is resolved if we model the finite curvature and 
deformation of our fingertips. l’hus, in the following sections, a framework is established in which examples 
like those above can be extended to three dimensions and in which fingers with pointed, curved and soft 
contacts are considered. 

-_  
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Nomenclature for Th ree-Dimensional Analysis 

origin of (x,y.z) system 
origin of (1,mn) system and contact point on object 
contact point on fingertip 
origin of (clb,c) system 
3x1 vector from (x,y,z) origin to (Imn) origin 
3x1 vector from (4b.c) origin to (Im,n) origin 
vector of small translations and rotations of thc object in (x,y,z) coordinates 
vector of small translations and rotations of the object in (Imn) coordinates 
vector of displacements transmitted through the contact 
vector of small finger translations and rotations in (Imn) coordinates 
vector of small finger translations and rotations in (4b.c) coordinates 
vector of small finger translations and rotations in joint coordinates 
vector of forces and torques on the object in (x.y,z) coordinates 
vector of forces and torques on the object in (Imn) coordinates 
vector of forces transmitted through the contact 
vector of finger forces and torques in (Lni,n) coordinates 
vector of finger forces and torques in (rrb,c) coordinates 
vector of finger forces and torques in joint coordinates 
6x6 jacobian relating db to dbp 
6x6 jacobian relating df to d f p  
nfx6 jacobian relating d, to df 

nfx6 product of [ J f ]  and [Jq] 
partition of [ J f q] 

= non-singular partition of [ J f q] 
= 9x9 grasp jacobian for three fingers 
= stiffness matrix of a finger in joint coordinates 
= stiffness matrix of a fingertip for three-fingered hand 
= [ K f ] rotated to world coordinates 
= stiffness matrix of the grasp 
= compliance matrix for finger and fingertip 
= 3x3 orthononnal rotation mauix 
= 3x3 skew-symmetric matrix for r 
= the identity matrix 
= matrix of contact degrees of freedom 
= square matrix assembled from [ P] and [Kq] 
= vector of Langrange multipliers for [ L] 
= i* Langrange multiplier 
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S 

= sct of rlfindcpendcnt clcmcnts in dfp 

= 3x1 unit tangcnt vcctor on fingertip 
= 3x1 unit tangcnt vcctor on objcct 
= numbcr of dcgrccs of frcedom of fingcr 
= numbcr of force or displacement components transrnittcd through contact 
= arclcngth along fingertip or object surface 
= magnitudc of radius of curvaturc of fingertip 
= outer radius of contact area 
= modulus of elasticity 
= shear modulus 
= contact area 
= ij moment or product of inertia 
= polar moment of inertia 
= stress in ii direcuon 
= ij shear stress 
= scalar stiffness component 
= scalar force component 
=width 
=thickness 



20 

3. Extension to Three-Dimensional Problems 

3.1 Forward Force and Displacement Relations 

In thc gcncral casc, the gripper fingers and the object may have up to thrce translational and three 
rotational dcgrccs of frccdom. It becomes convcnient to usc matrix equations to cxprcss thc grip stiffness, 
strcnglli and stability. In the following discussion, force vectors, g or f, include force and moment 
components and displaccmcnt vectors, d, include small translatio~ and rotation components: 

The goal of this analysis is to express the interaction between grasping forces and small motions of the 
objcct. If gb is the resultant grasp force on the object and db is a vector of mall motions of the objcct then 
the desire is to determine 

Sincc db is a small quantity this may be approximated by the linear relationship 

bgb = C?ldb 

where [?I is a matrix that inust be determined. To do this it is necessary to first establish how the forces 
applied by the fingers, gf, determine the grasp force, gb, and to establish the relationship betwecn a small 
motion of the object. db, and the resulting motions of the fingers, df. If gb and db were scalars, sfand ax, 
the relationship between them could be written 

= k or 6 f Z k 6 x  
a x  

Under certain circumstances, for example if the fingers do not move relative to the object when the object 
movcs slightly, an equivalent stiffness expression can be written for forces and displacements of the object 

where [ Kb] is a symmetric stiffness matrix. More commonly, the fingertips and the contact areas will shift 
with respect to the grasped object as it moves and new terms are added to the above stiffness relationship. 
Such terms are discussed later in this section. 

gb = C K b l d b  

In Figure 3-1, the coordinate systems are shown for a fingertip touching an object. The fingertip may be 
the last segment of a multijointed finger or it may be a contact surface on the jaw of an industrial gripper. 
The global coordinate system, (&y,z). is embedded in the object at 0. The (ab,c) coordinate system is 
embedded in the fingertip at fand, like the (xy,z) system, may be chosen with any convenient position and 
orientation. The (lmn) coordinate system is shared by the fingertip contact area,@, and the object contact 
area, bp. The n axis is perpendicular to both the object and fingertip surfaces and the Im axes lie in the 
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Figure 3-1: Coordinate systcms for a finger touching an object 

common tangent plane. The finger joint coordinates are not shown in Figure 3-1 since they will be different 
for each finger design. 

It is assumed that the position and orientation of the (u,b,c) coordinate system can be determined with 
respect to (x,y,z) from the geometry of the gripper and knowledge about the initial position and orientation of 
the object. Salisbury [2] has shown that the position and orientation of the tip of a multijointed finger may be 
established in the same way that the position and orientation of the end link of a manipulator are determined 
from the joint angles. The result is often expressed as a 4x4 transformation matrix, [T 1, [16]. The elements 
of [ T ] are given in Appendix A. 

Usually, the fingertip will have less than 6 degrees of freedom and the compliance of the fingertip will be 
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negligible in one or more directions. For example, a finger with ,f<6 joints is often considered to have nf 
degrees of freedom since thc structural compliance of the finger links is negligible in comparison to the 
compliance of the scrvocd joints. In this case, thc displacement vector of the finger in joint coordinatcs, dq, 
will be an rfxl vector. 

The fingertip is also assumed to have known stiffncss properties, represented by the rfxrlfstiffness matrix 
[ K q ]  in joint coordinates. Salisbury [2] has shown that the stiffness matrix for the tip of a multi-jointed 
finger, valid for small motions, may be derived from the finger kinematics and joint scrvo gains. 

Frequently, the fingertip may be treatecc as a rigid body so that small displacements of the finger in joint 
coordinates may be related to displacements in the (4b,c), which in turn, may be related to displacements in 
the (Z,mn) system with the linear transformations: 

(where [Jq] i~ - a df defines a Jacobian) 
8 %  

df = CJqldq (3.1) 

(3.3) 

Tlie fingertip displacement vector, dfp, will contain 6 elements of which nfwill be linearly independent. 
A set of nf linearly independent elements within df, is called 4f. 

The object is treated as a rigid body and consequently, a small motion, db, of the object in the (xy,z) 

systcm produces a displacement of the contact area, dbp, in the (lm,n) system. 

dbp = C J b l d b  (3.4) 

For generality, db and dbp are taken as 6 element vectors (possibly with some zero elements). A number of 
identities for 6x6 Jacobians are given in Appendix A. 

It can be shown [16], by equating virtual work, that small displacements and forces transform in a 
complementary way. If the grasping force, gfp, at the fingertip contact area is known then the equivalent 
force in the (4b.c) system is found by equating the work done in displacing the fingertip by df,, and the finger 

by dr. 

Then, substituting from equation (3.2), 

Similarly, 
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3.2 Summary of Forward Transformations 

?he forward displaccmcnt and forcc transforniations arc summarized in Figure 3-2. 

(3.7) 

Starting at the lower left corner with a displacement., db, of the object in (x,y,z) coordinates, and following 
the arrows, the displacemcnts transmitted through the contact are determined as d,. Then, starting with the 
contact forces, gc, on the object jn ( h n )  coordinates, and. following the arrows, one computes the forces 
upon the object 

Starting at the lower right corner with displacements of the finger joints, d,, the displacement of the 
fingertip, df, ca be detcrmined. Finally, if the contact forces, gfp. are known for the finger, following the 
arrows gives thc forces in the finger joints, gq. 

Object force 

Object motion Finger joint motions 

Figure 3-2 Flow chart for forward force and displacement transformations 
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The forward displnceriierit rclations providc transformations starting with the objcct or thc fingcr and 
working towards thc common contact. ‘Ihc forward force relations start with tlic contact and work outward 
toward the objcct or thc fingcr. Unfortunately, thcsc rclations are not sufficicnt to complctc stcps 2 and 3 of 
the proccdure outlincd in Scction 2.3. Once d, has bccn dctcrmincd, an itiverse relationship giving d, in 
temis of d, must be uscd. ‘nie solution dcpends on the type of contact and thc nunibcr ofdcgrces of frccdom 
of the fingcr, and is discussed in Section 3.3. Once d, has bccn dctermincd, another invcrsc rclation is 
rcquircd to determine the change in gfp. This solution also dcpcnds on thc contact and tlic fingcr, and is 
discusscd in Section 3.4. A forward force transformation can then be used to detcrmine thc change in gb 

from thc change in gfp. 

3.3 Finger Motions and Constraints 

The mobility of an object represents the number of degrees of freedom with which the object can make 
arbitrary motions. Thc mobility is subject to constraints imposed at each contact point which may prcvcnt 
motions in certain directions and couple the motions of the object in others. Generally, the mobility of the 
object decreases as the number of contact points increases. 

The determination of mobility involves first finding the constraints imposed at cach contact point and 
then dctennining how tlic different contacts interact to limit the mobility of the object. In this section, the 
emphasis is on characterizing the constraints and contact conditions for a single contact so that various 
fingertips may be compared. 

Once the constraints at each finger have been identified, the way in which they combine to constrain an 
object is discussed in previous analyses [2,7]. For such an analysis it is convenient to adopt the terminology of 
wreriches and fwisfs in which the magnitudes of the components of the force and displacement vectors, gbp 

and dbp, are considered separately from their directions. The number of degrees of freedom of the object 
depends on the infersection over all contacts of the degrees of freedom from each[7]. The number of 
indcpendent forces that may be applied to the object by the hand increases as the uniorr over all contacts of 
the forces that each can apply. When more than one contact can apply forces in the same directions, it 
becomes possible to spccify internal forces on the object [2,7]. These may be set to ensure that all fingers 
remain in contact with the object. 

3.3.1 Constraints at a Contact 

At each contact point, the constraints depend on how many degrees of freedom are transmitted through 
the contact and on how many degrees of freedom the finger has. Basically, there are three categories. In the 
first case a motion of the object exactly defem~ines the motion of the finger (this is the simplest case, in which 
a part of [ 3 f q ] is simply inverted for the inverse displacement and force relations). In the second case the 
motion of the finger is under determined and in the third case the motion of the finger is over determined. 

Forces and motions at the fingertip-object contact area are transmitted through a coupling matrix, [ M I .  
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Thc clcmcnts of [ M I  dcpcnd on the contact gcomctry (see Figure 4-1) and friction conditions. These are 
discussed hrtlicr in Section 4. If thcrc is complete coupling in six degrccs of frccdom between the object and 
thc fingertip (as in the case of a soft, sticky finger adhering to the object) [ M I  bccomcs a 6x6 identity matrix. 
Thc clcments of df, that arc transmittcd to the finger form the vector d, and the elements of thc grasp force, 
gfp .  that arc transinittcd to the object form the vector g, which has IIC components. 

dc = CMIdbp g c  = [Ml tg fp  (3.8) 

The contact constraints are found by comparing the elements of d, with the independent members of df,. 
As mcntioncd in the last scction, nf elements of df , will usually be linearly indcpendent for a finger with nf 
joints. A set of if indcpendent elements within dfp is called qf and, for the purposes of describing the contact 
constraint, there are three conditions: 

1. A set of independent elements in d f p  can be found such that d, = qf and nc = nl. In this case 
arbitrary motions of the object at bp are possible and the motion of the fingertip is completely 
determined. Similarly, the joint torques of the finger completely determine the set of forces, g ,, 
that can be transmitted through the contact to the object 

2. A set of independent elements in df, can be found such that d, c qf. If d, is a subset of qf, 
arbitrary motions of the object at Op are possible but the finger motion is not completely 
determined. Thz remaining undetermined elements of d f p  or d, may be solved for by requiring 
that the finger move so as to minimize its potential energy. 

3. d, Q qf. If d, contains elements that are not included in qf, the finger and contact limit the 
possible motions of the object. At the same time, it is possible that qf a d,, in which case a 
(constrained) motion of the object does not completely determine df,. If this happens, the 
undetermined elements of dfp must be determined as above. 

.Methods for solving for the motions of the finger are discussed below for each of the above situations. In 
each case, a submatrix, [ P I ,  is extracted from [ J f  q]  that relates the nc elements of d, to the nf elements of 
d,: d, = [ P]dq. The three cases are identified by evaluating the rank of [ P I .  

3.3.1.1 Case 1 : exactly determined 

An example for which d, = qf and nc = nf is a finger with three joints, constructed so that the fingertip 
can move in three directions, always touching the object at a single point fixed on the object surface. This is 
mathematically the most convenient situation and forms the basis of previous investigations on grip stiffness 
[2]. The matrix, [ P I ,  that is extracted from [ J f q ]  will be square and non-singular. The relations are: 

rank([P]) = nf = 11c 

d, = [P]-*d, (3.9) 
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3.3.1.2 Case 2: under determined 

Whcn d, c qf, thc submatrix, [ P I ,  that relates the IIC mcmbcrs of d, to the nfjoint variablcs, dq, will 
have rank IZC. 'I'hc motion of the fingcrtip will minimize thc potential cncrgy of thc fingcr, subject to the nc 

constraint conditions that make up the rows of [ P I .  Thc change in thc potcntial cncrgy of thc fingcr may be 
expressed as 

AP,E. = gqtd, + $(dqt[Kq]dq) (3.10) 

in which first term is duc to work donc against thc grasping joint torques and thc second is due to die 
stiffncsscs of the fingcr joints. The second term is what provides the grasp stiffncss discusscd in previous 
invcstigations [2,5], but the first term may be of comparable magnitude. 

To minimize the potential energy, the magnitude of the above expression must be at a maximum. If the 
elements of d, were all independent (Le if there were no coupling between d, and ds) then the maximum 
would be found by taking the partial derivative of the above equation with rcspect to each mcmber of dq and 
setting the resulting expressions equal to zero. In the present case, a flexible and systematic approach is to use 
Lagrange mu1 tipliers. The resulting equation is conveniently expressed as 

where [ L]  can be assembled from [ P] and [ kq]  and 1 is a vector of Langrange multipliers. Details are 
given in Appendix A.1. 

Once all the members of d, have been found, the motion of the finger in (Imn) coordinates is found 
using dfp = [Jfqld, .  The restoring forces in the joints are given by Ag, = [Kqld,. Since [ P I  is not 
square, [PImt cannot be used as in Case 1 to determine the changes in the forces at the fingertip, 6gpp. 
However, since d, c qf and since d, have been determined subject to the constraints of [ P I ,  some columns 
may be removed from [ P] so as to leave a square matrix, [ P* J relating d, to nc of the nf elements in d,. 

3.3.1.3 Case 3: over determined 

When d, Q qf the elements of d, become coupled and the object is constrained by the finger and contact. 
The submatrix, [ P J, will have a rank of less than nc. In this case, rows of [ P ]  corresponding to particular 
elements of d, may be eliminated to produce a smaller matrix, [ P*] that has the same rank as [ P I .  The 
elements of d, corresponding to [ P*] form the vector, d:. If the new submatrix, [ P*]  has rank nf then it 
may be inverted as in Case 1 to determine d, from d:. All the elements of df, can then be recovered as 
[ J f q]  d,. Thus, the kinematic coupling between the elements of dfp is defined. 

If &he rank of [ P] is less than nf then the motion of the finger is not completely determined and potential 
energy methods must be used as in Case 2 to determine d, from d:. Again, the complete motion of the 
fingertip is recovered from [ J f qld,.,. 
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‘Ilc general mcthod for determining the motions of a fingcr from the motions of the contact is illustratcd 
in the left hand portion of Figure 3-4. F’or thc particular case in which [ P I  is invertible, the incthod is 
summarized in Figurc 3-3. 

(ncxnc) 

(6x6) (6xnc) 

(1,md I (am I (joint coordinates) 

Finger 
I (X.YJ) 

Object 

Figure 3-3: Flow chart for cascs in which [ P ]  is invertible (Case 1) 

I I (joint coordinates) 

Finger 

Figure 3-4: Flow chart for relationships between displacements and forces (Case 2 or 3) 

I 
(t.m,n) I (&bd 

I 
I (X.Y J) 

Object 
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3.4 Computing Changes in Grip Force 

As me!:tioncd in Section 2, the changes in thc grip forces will be due to two effects. The first consists of 
the rcstoring forces in the finger joints produced by displacing the fingers. The second steins from relative 
motion between the object and the fingers which modifies the grasp geometry so that thc grasp forces produce 
different forces and torques on the object. 

The change in grip geometry can be broken into two parts. The first is due to the contact area shifting 
upon the object and the second is due to relative motion between the finger and the object. For thc first part, 
recalling that the forces upon the object, gk, are given in terms of gfp by equations (3.7) and (3.8), the total 
change in the forces upon the object becomes 

A g b  = A([Jblt[M]tgfp) = A([Jblt[M]t)gfp + [Jblt[M]tAgfp. 

The change in the product of the jacobians above may be expanded to give terms involving A[ J b ] and 
A[MIt. 

A I J b l t  will be zero if the contact area does not move with respect to the object when the object is 
displaced by db. This is true for point Co~tacts and for contacts in which a very soft finger adheres to the 
surface. For curved fingedobject contact surfaces, the contact area usually moves on the surface of the object 
due to rolling of the finger and A[ J b]  cannot be ignored. 

A[M] will be zero provided that the coupling between the finger and the object does not change. This is 
true for many contact geometries, although there are a few exceptions, such as a flat-ended finger touching a 
flat surface on the object. If the flat finger rocks slightly with respect to the object, the contact changes from a 
line contact to a point contact or from a planar contact to a line contact. When this happens the number of 
components of force and motion transmitted between the fingertip and the object is reduced and some 
additional elements of [ M] become zero. Such transitions, however, are not smooth and continuous and 
cannot be represented by a matrix A[MIt. In the following analysis it will be assumed that that A[MIt is 
zero. The case of a flat-tipped finger on a flat object can be regarded as a limiting case in which the radii of 
curvature of the fingertip and object approach infinity. 

In Appendix A.2, a method is given for determining the elements of A[ J b]  for a given translation and 
rotation of the contact area with respect to the object. 

Next, it is necessary to determine the change in gfp. This will be due partly to the relative motion of the 
finger with respect to the (Im,n) coordinate system and partly to the restoring forces in the finger joints. 

The motion of the fingertip is dfp, where df, is determined by the methods of Section 3.3. The motion of 
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tlic ( h , n )  coordinatc systcm is givcn by dbp and thcrcforc the rclativc motion is (dfp - dbp). 'l'lic resulting 
6-clancnt vcctor is uscd to dctcnninc thc clcmcnts of A[Jf]-t in tlie samc way that the motion of the 
contact point on tlic object dctcnnincs the clcmcnts of [ J b l t .  Therc may also be a contribution to Agf ,  due 
to rclatiw motion bctwccn the (ahc) coordinatc systcm and the joint space in which d, is dcfincd. Howcver, 
this will dcpcnd o n  tlic particular finger dcsign and is not considcrcd in the current analysis. 

?lit restoring forces in thc finger joints are given by 

Agq = [Kqld, 

whcrc d, is found using the methods in Sections 3.1 and 3.3. The contribution of lhcse restoring forccs to 
Agf may be computed for each of the constraint cases discussed in Section 3.3. 

n 

For the first case in Section 3.3, in which the motion of the object exactly determines the motion of the 

Agfp = C P I - t A g q  (3.11) 
finger. the contribution of Agq to Agfp follows from equation (3.9). 

For the second case, the contribution of the restoring forces in the joints to the change in the forces at the 
fingertip is [P']-tAg;. It does not matter which columns are removed from [ P I  provided that the 
remaining square matrix, [ P*], is non-singular and that the elements of gq corresponding to the eliminated 
rows of [ P I  are rcmovcd from g;. 

For the third case the problem is statically indeterminate and there are not enough equations for the 
numbcr of unknowns. If no motion is possible in one of the directions of the ( Im,n)  coordinate system, the 
cliange in force for that direction may reasonably be set to zero. This is equivalent to removing null rows and 
columns from the compliance matrix in ( Im, t i )  coordinates. If the remaining compliance matrix is still 
singular, or in other words, if there are remaining non-zero (but coupled) motions in df, then a useful 
technique is to add "virtual joints" to the finger to provide enough equations. The virtual joints can be 
chosen in directions orthogonal to the existing joints. The motion about their axes is zero and consequently, 
the change in the torques about their axes will also be zero. 

For the particular case in which fingers with three degrees of Freedom are used to hold an object, with 
point contact between the fingertips and the object, the relations above reduce to 

d q  = [P]-l[M][Jb]db 

A I J b l t  = [ O ]  

If, in addition, it can be assumed that A[Jf]-t is negligible, the change in the force upon the body 
becomes 
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or, letting [P]- l [M][Jb]  = [J]  

For a grip with m fingers, the net change in the grasping force becomes 
m 

i= i  
'gb = CCJiItCKfiICJjI db 

Or Agb = [ K b l d b  (3.12) 

Three Fingered Hand 

For a hand with three fingers, each having three degrees of freedom and point contacts at the fingertips, 
Salisbury [Z] derives an equivalent expression to (3.12). If the finger axes, (ab,c) are chosen to parallel to 
(x,y,z) and their origin,f, is moved to the contact point,&, then 

[ P I - '  [ M I  [Jb] = [ I I Rt J = [JJ  
(3x3) (3x6) (3x6) 

(3.13) 

where [ I J is a 3x3 identity matrix and R) is given in Appendix A. The jacobians, [ 51. for each finger 
are assembled into a single grasp jacobian (see Figure 3-5). The 6x9 grasp jacobian is augmentcd by a 3x9 
matrix that gives the dot products between the forces exerted by opposing fingers. These "pinch" terms are 
related to the magnitude of the internal forces on the object. The resulting 9x9 grasp matrix is The 
fingertip displacements are concatenated into a single 9x1 vector df and the vector of resultant forces, with 
respect to equilibrium, on the object becomes f b = Ag b. The 3x3 finger stiffness matrices are also assembled 
into a single, block-diagonal 9x9 matrix, [ K]. 

- - C K I  

The relationship between displacements of the fingers and the net restoring force upon the body, f , may 
then be expressed as 

f b  = [G]-t[K]dr 

and the stiffness of the object computed as 

[ K b ]  = [G]'t[Kf][G]'l 
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l'hc rclationship bctwccn the above cxprcssions and equation (3.12) can be seen by dropping thc "pinch" 
tcrins from [GI and f b, and by allowing an arbitrary number of fingers which have arbitrary oricntations, 
[ A i ]  with rcspcct to the (x.y.z) systcm: 

Multiplying the partitioned matrices zbove gives 

[Kb] = 

(where [Kxi] = [ A i ] [ K f i ] [ A i l t )  

which is identical to (3.12), when [ J i ]  are givcn by (3.13). 
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7 

f l x  

f l z  

f 2 x  

f 22 

f l y  

--- 

f2Y 

--- 

Grasp Jacobian for Three Fingers: 

-- 
P I 2  
P13 
P23 - -  

In the above: 

o r :  

0 - r z  ry  
r z  0 - r x  

- ry  r x  0 

r 1 2  
1-13 

----------- 

0 0 0  

0 - r z  r y J  0 - r z  r y  
r z  0 - r x l  r z  0 - r x  

- ry  r x  0 I - ry  r x  0 

- r 1 2  1 0 0 0 
0 0 0 I - r 1 3  

1-23 I - r 2 3  

.----------------------- 

[ R ]  arc cross-product matrices such that if r = ( r x  , ry  , r z  ) are vectors from the origin of the 
global coordinate system to each of the finger contact points, and f are three-component 
force vectors then [ R ] f  = r x f .  

[ P]  are matrices formed of 3 element vectors r i j which point from finger i to finger j . 
The products [ P] f produce three scalar internal forces, p i j , which measure the "pinch" between fingers 
i and j. 

Figure 35: 
(from Salisbury [6] ) 
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4. A Closer Look at Contact Conditions 

Finger 

possible fingertip 

Fingertips 

pointed 

curved 

flat 

very soft 

soft, curved 

Figure 4-1: Examples of fingertip geometry 

Contact conditions between the gripper and the object depend on friction, adhesion, surface geometry and 
surface deformation under load. The contact conditions have a profound effect on the strength and stability 
of a grip and determine the extent of kinematic coupling between the gripper fingeitips and the object. 

Previous analyses [l, 2,3,4,6] have used the assumption of hard surfaces and small contact areas to treat 
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tlic contact arcas as point contacts. This turns out to be the simplcst casc to handlc analytically, but it 
bccomcs inaccuratc whcn thc radius of curvaturc of thc fingcrtips is not small compared to thc sizc of tllc 
object or whcn thc fingcrtips deform. ‘ h c  cffccts of diffcrcnt assumptions concerning thc fingcrtip gcomctry 
arc shown in scvcral cxamplcs bclow. In a latcr scction, thc cffccts of diffcrcnt friction modcls arc discusscd. 

Modcls that may bc uscd for the fingcrtip gcomctry includc: point contacts, hard curvcd contacts, flat 
contacts, clastic curved contacts and very soft contacts. ‘ h e x  models are shown schematically in Figure 4-1. 

4.1 Point Contact 

In a point contact with friction, forces are transmitted between the fingertip and the object but torques are 
not. Similarly, translation of the fingertip is coupled with that of the object, but rotation is not. The result is 
that the coupling matrix, [ M I ,  is a 3x6 matrix in which the left partition is a 3x3 identity matrix and the right 
partition is zero. 

In point contact, there is no rolling motion and consequently no movement of the contact area upon the 
object or the fingertip. As the object is displaced, the fingers can only rotate about the contact points. 
Consequently, thcre is no change in the jacobian [ J b] and only a rotational change in [ .J f ] - t  as the object 
is displaced. 

4.2 Curved finger contact  

A hard, curved finger is similar to a point contact in that the contact area is small so that forces may be 
transmitted, but torques may not. The main difference arises from the possibility of the fingertip rolling upon 
the surface of the object. As the finger rolls, the location of the contact point will shift. This shift produces 
non-zero terms in the differential jacobians, A[ J b] and A[ J f  introduced in Section 3.4. 

A general analysis of rolling becomes quite complex. As a first step, if we assume that the finger does not 
twist about its own axis, (perpendicular to the surface of the object) then for small displacements the problem 
can be approximated by a two-dimensional one involving an instantaneous plane of rolling. The plane is 
defined by the common perpendicular ( n  in Figure 3-1) and the vector of translational motion of the initial 
contact points, bp and& In the following discussion, second-order approximations are derived to express the 
translation and rotation of the contact points on the fingertip and the object as fhctions of the fingertip and 
object curvature. 

Figure 4-2 shows the cross sections of a finger and an object in the instantaneous plane of rolling motion. 
The fingertip and the object profiles may be described parametrically as rf(s) and rb(s), where s is equal to the 
arclength along either curve. The conditions for pure rolling, without slipping or losing contact, are 

1. There will be a common tangent plane at the points of contact. 

2. The contact points on the fingertip and the object vp and bp in Figure 3-1) must have the Same 
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I .  

I I !  Finger su rf ace 

Figure 4-2: Rolling contact 

translational velocity. For a differential motion this means that the translational components of 
dbp and df, must be equal. 

3. The arc length, 6s, traversed along rb(s) and rf(s) must be equal as the fingertip rolls on the 
object. 

The tangent at any point, s, along each curve in Figure 4-2 is given by the unit vector 
dr 
d s .  

u = -  
At the contact point, the tangent is the same for both curves so that 

dr - drf - b 
ds a k .  
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Aftcr the fingcrtip rolls a sniall amount, thc ncw contact point will bc at the location rk on thc body and the 
ncw tangcnt will have the dircction 

d r i  U’ =- 
ds 

The contact point on thc fingcrtip will be at the locatior! r i  with respect to the finger coordinatc system and 
the dircction of thc tangcnt will be 

. dr ;  
uf=- ds - 

For pure rolling it is required that 6sf = 6sb, where for small motions, 6s  = . Thus for a 
small rolling motion, the contact point translates A r b  upon the body and rotates through the angle between 
ub and ui .  At the same time, the fingertip must translate by A r b  - A rf (the distance between bp’ and fp‘) 
and rotate through the angle between u) and ui .  The translations and rotations are hnctions of rf(s), rb(s) 

and 6s. 

A r and u ’ may be expressed as Taylor’s series expansions in r(,) and 6s (Appendix B). To look at the 
effects of curvature, terms involving the first and second derivatives of rb and rf are kept in the expansions. 

translation of bp with respect to object: 

translation of fi/ with respect to object: 

rotation of bp with respect to object: 

rotation of fp’ with respect to object: 

(4.2) 

(4.3) 

(4.4) 

In (4.4) and (4.1), u = ub(s) = uf(s). 

For a given object shape, the fingertip curvature determines the magnitudes of the translation and rotation 
of bp and the translations offi and@, as the fingertip rolls through the small angle given by equation (4.4). 

The above equations can be simplified by dropping second order terns. Since lul = 1, equation (4.4) will 
be dominated by a term on the order of 
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‘I’hc sccond term in (4.4) is at least a factor of 6s smaller and, for infinitesimal motions, may IX dropped. 
In (4.2), tlic translation offp’ is also smaller than the rotation vof thc fingertip by a factor of as, which leads 
to the conclusion that for infinitesimal rolling, the fingertip may bc considered to rotate about the contact 
point, fi. ‘The translation of the contact point on the object, bp, contains one term on the order of 6s. aiid a 
sccond term which may be dropped. ‘I3c simplified equations are 

(4.5) translation of contact point with respect to object: A r f  A r b  = u 8s 

d r b  d2rb rotation ofcontact point with rcspcct to object: u b  x ui zz as(- x 7) 
ds ds 

d2rf d2rb 
rotation of fingertip with respect to object: u; x ui =: 6s( (- - - )xu  1. d s 2  ds2 

(4.6) 

(4.7) 

4.2.1 Effects of rolling motion 

The meaning of the above equations becomes apparent in Figures 4-3 and 4-4, which show a finger with a 
curved tip of constant radius rolling on a flat surface on an object. For convenicncc, the coordinate systems 
are chosen so that (ab). (l,m), and (x,y) all lie in the Same plane. In Figure 4-3 the radius of curvature, rc, of 
the fingertip is large while in Figure 4-4 it is small. In both cases uf = u b  = (1)i + (0)j. Since the object is 
flat, the sccond derivative of r b  is zero and equation (4.7) reduces to 86,= 8s(l/rc) (Appendix B). 

The fingertip undergoes virtually same motion in Figures 4-3 and 4-4, but there is a significant difference 
in Arb and A rf between the two cases, which stems from the difference in 8s. In Figure 4-4. there is no 
appreciable change between rb and ri.  Consequently A I J b l t  = [O]. There is also virtually no difference 
between rf and r;, when expressed with respect to the (4b) coordinate frame. Consequently A[Jf]-t  
contains only a rotation term resulting from the rotation of the (ab) coordinate system with respect to the 
contact point and the (x,y) system. In other words, as the radius of curvature becomes small, the model 
reduces to the case of a pointed finger rotating about its tip. 

In Figure 4-3, A r b  and A r t  are significant. Consequently, A I J b l t  contains a translation term and 
A [ J f ] - reflects both the rotation of the (a, b) system and the addition of A rf to rf. Thc way in which such 
terms are incorporated into the clements of the differential jacobians is discussed in Appendix A.2, and an 
example is given in Section 5. 

A flat-tipped finger can be seen.as a limiting case in which the radius of curvature becomes infinite so that 
Arb and Arb become infinite and produce an infinite displacement of the contact area for a n y  rotation of the 
finger with respect to the object. In practice, of course, the contact point will jump to the edge of the flat 
fingenip, at which point the radius of curvature becomes zero rather than infinite. 
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Figure 4-3: Cross section of a largeradius hemispherical fingertip on a flat object surface 

4.3 Very soft finger 

The bottom fingertip example shown in Figure 4-1 represents the extreme case of a compliant fingertip 
prcssing against the object surface. In this model it is assumed that the fingertip conforms to the object 
surface, and adheres slightly. Such characteristics are found in many natural gripping surfaces, including the 
fingertips of the human hand. The coefficient of friction for such a fingertip will be high (greater than one). 
However, since deformation and adhesion are the primary mechanisms, it is not advisable to assume the 
Coulomb friction law. 
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Figure 4-4: Cross section of a small-radius hemispherical fingertip on a flat object surface 

The soft finger model is hrther specialized with the assumption that no rolling occurs and that the 
compliant medium at the fingertip is elastic. With these assumptions the fingertip becomes a less accurate 
model of human fingertips. Human skin is visco-elastic and after being deformed will not generally return to 
its original position. Depending on the curvature of the object being held and the degree of adhesion presenf 
the human fingertip will also roll slightly upon the object, exhibiting a rolling resistance of the kind discussed 
in Section 4.4. Nonetheless, the elastic soft-finger model is usehl to demonstrate a limiting case in which 
there is complete kinematic coupling between the fingertip and the object. 
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Object Surface 

Finger 

Elastic fingertip 

Figure 4-5: Elastic fingertip in contact with object surface 

Figure 4-5 shows the fingertip in contact with the surface of an object. The fingertip material is assumed 
to be much softer than that of either the object or the finger substrate, which are treated as rigid bodics. For 
convenience, the finger ( 4 6 , ~ )  coordinate system has been moved to the interface betwcen the fingertip 
material and the finger substrate. As explained in Section 3.1, the forces, displacemcnts and stiffness 
characteristics of the finger can easily be transformed from another coordinate system to the one chosen in 
Figure 4-5. The (Im,n)  coordinate system remains, as usual, at the contact area between the fingertip and the 
object, with the n axis normal to the object surface. 

The grasping forces at the object surface, gbp. can be expressed as integrals of the stresses over the contact 
area: 
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Figure 4-6: Elastic fingertip in contact with object surface 

The elastic contact represents a compliant coupling in which small motions of the finger with respect to 
the object are possible in any direction. Such relative motions produce changes in the above forces and a 
model of the system permits the deflectionlforce relationships to be expressed as the stiffness of the contact. 

The fingertip can be treated as a short elastic member clamped between two rigid boundaries. To obtain 
the exact stress field for such a problem is a formidable task - even if the assumption is made that the 
material is perfectly elastic and isotropic. Numerical results could be obtained using a finite element analysis, 
but the analysis would be time consuming and would have to be re-computed for different cross sections and 
materials. The problem can be simplified by observing that the stresses at any given location within the 
material are of little interest, provided that 

estimates of the integral quantities can be computed at the object surface 
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0 thc combincd strcss ficld nowhcrc cxcccds the strength of the material 

0 the noimal strcss, unn, nevcr bccomcs sufficiently tensile to cause thc fingertip material to 
scparatc from the object surface. 

Thc last rcquircment can be satisfied by assuming a large grasping force normal to the object surfacc and/or 
some adhcsion bctwecii thc fingertip and thc object. If one edge of the fingertip docs start to scparatc from 
the object when the fingcr rotates slightly, thcn thc finger is starting to roll. 

Since an exact elastic solution is impractical (and would in any event be an approximation to the visco- 
elastic behavior of compliant polymcrs and skin-like materials) an approximate elastic solution is used to 
estimate the force/deflection relationship for the fingertip. The behavior of the fingertip in shear, torsion, 
compression and bending is discussed below, and the separate solutions are superposed to produce a 6x6 
stiffness matrix for the contact. 

Bending stiffness and resistance to rolling 

The bending model for the elastic fingertip is similar to that used in classical beam theory. A rotation 
about the a axis by the finger produces a rotation in the material of 68/f per unit thickness. The bending 
strain and stress at a distance rn above the centerline are 

E,, = - ''" and qn,= EE,, 
1 

where E is the modulus of elasticity. As in bcam theory, it is assumed that plane sections remain plane and 
yl, = ymn = 0. It is also assumed that since the stresses ~ 1 ~ .  urn and a[[ are zero at the surfaces of the 
material that they are approximately zero throughout. This assumption is somewhat less supportable than in 
beam theory since the elastic element cannot be considered slender. However, it is not actually necessary that 
~ h ,  om,,, and be zero everywhere but only that their resultant does not significantly affect the estimated 
bending rigidity of the element. The bending rigidity may then be found by equating the energy stored in 
rotating the finger with the energy stored in deforming the material .. 

where I,,,,,, is the moment of inertia of the cross section about the m axis and Vis the volume of the material. 

The bending stiffness for rotations about the m axis is similarly found as 

As mentioned earIier, the maximum bending moment that the contact can sustain is limited by the 
adhesion between the fingertip and the object surface. The limitation is easily demonstrated for the example 
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of a square contact area of length w on each side. Rcferring to Figurc 4-6, a normal force of magnitude fn 

produccs a uniform contribution to the normal stress of 

f ,  
W 2  

U n n  = -- (compression). 

A bending moment of magnitude fel produces a contribution to tlie normal stress lhat is maximum at the 
cdges of thc contact. 

- +fer = *- 6h1 (bending) 
w3 Onn - - I 

l’he combined normal stress will become tensile at one edge when 

Thus, unless the adhesion between the fingertip and the object is able to resist tensile loads, the finger will 
start to roll whenever the bending moment is more than one sixth the nonnal load times the length of the side. 
For small contact areas the fingertip is likely to start rolling unless considerable adhesion is present. 

Shear stiffness and resistance to slipping 

For a beam with an end load. the variation in the moment over the length of the beam is balanced by a 
distribution in shearing stress over the cross section of the beam [17]. For the elastic fingcrtip, however, it is 
assumed that the variation in the moment produced by a shear force in the ( a b )  system is negligible 
compared to the effect of routing the finger. Consequently the bending moment is approximatcly constant 
over I and the shear stress is assumed to be uniform over the cross section. The shear stiffness is found by 
equating the energy required to displace the finger in shear with the energy stored internally in the material. 

(sed2 1 /2kem(6m)2  = 112 ?,,e,dV = G A  - 
2t 

C A  
f 

or k,,, = - 

In the above, G is the shear modulus of the material and A is the cross section area, wh. 

The maximum shearing force that the contact can sustain is limited by the shear strength of the 
fingertip/object interface, which depends on the bonding strength between the fingertip and object materials 
and on the area of intimate contact between them. The area of intimate contact is generally much smaller 
than the overall contact area, A ,  and depends not only on the current normal force, f,, but on such factors as 
how clean the surfaces are, how rough they are, and how long they have been held together. In general, the 
shear strength of the contact will be some fraction, 8, of the shear strength of the fingertip material. The 
fraction will be a hnction of (but not directly proportional to) the normal force, and slipping will occur when 
T~~ or ?ln exceeds that fraction. 
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Compressive stiffncss 

Displaccmcnt of thc fingcrtip toward the objcct rcsults in a uniform comprcssivc strain, - E,,, across the 
cross scction. 'l'hc comprcssivc stiffncss is found in thc samc way as the shcar stiffncss, with G rcplaccd by E. 

'Ibrsiond stiffncss arid resistance to slipping 

The torsional rigidity of a cylindrical inembcr can casily bc found as 

n Gr,4 kgn = 7 - - GIP 

whcrc r, is the radius of the cylinder and Ip is the polar moment of inertia [17]. For non-circular cross sections 
the exprcssion becomes more complicated due to warping of the cross sections, although for the present case 
the warping may be negligible since f is sinall and since die material is constraincd by a rigid boundary at each 
end. For a bar of clliptical cross-section the torsional rigidity per unit length has been determined as 

and it has becn found that this formula holds approximately true for other compact cross sections [18]. 

For a round bar, the shear strcss in torsion is 

rfsn 

IP 
?h = - (4.8) 

Thus, if the fingertip were a cylinder ending in a circular contact area, slipping would begin at the periphery 
when 

(where rd@ is given above for shear loading.) Once slipping has occurred at the periphery, the fingertip will 
not return to exactly the same orientation when the torque is removed. As the torque is increased, the region 
of slipping will spread from the periphery toward the center. The phenomenon resembles the yielding of an 
elastic/perfectly plastic bar in torsion. At any stage, the moment balance is given by 

2a ?l,,,rfdr +- 2nrslipr'dr. (4.10) 

The above equation can be integrated and condensed by expressing TI,,, and rd@ in terms of r and the 

. f i n =  i"" 0 'dip f 
angle of rotation of the finger, de,,. 
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Thus, thc torquc rcquired for complete slipping is 4 the torquc required to initiatc slipping at the pcriphcry, 
although this would theoretically only be reached for an infinite rotation, den or deo of the fingertip. For a 
square or rectangular contact area the qualitative behavior is the same, with slipping initiating at the periphery 
and sprcading inwards. However, the expression for f e n  becomcs more complex due to the more involved 
expression for TI,,,. 

Fingertip Stiffness Matrix 

The above stiffness terms form the elements of a 6x6 diagonal matrix [ Kc] where 

(4.11) 

(4.12) E A  
1 

KcJ3 = - 

K C ~  - - - E4nrn (4.13) 
1 

(4.14) 

(4.15) 

If t were larger than w and h, then shear loads would produce bending moments that varied along 1, and 
bending loads would produce shear deflections, as in classical beam theory. The result would be off-diagonal 
terms in [ Kc]. 

4.3.1 Effects of deforming fingertips 

The comparative importance of the above quantities can be determined for a fingertip of given 
proportions. Thc table below shows the results for two fingertips. For the first, w = h = L O  cm and f = 0.5 
cm. In the second w = h = 2.0 cm and t = 0.5 cm. The modulus of elasticity, E, is assumed to be 250 N/cm2 
and Poisson’s ratio is taken as 1/2, so that G = E/3.  These are typical values for rubber. A force of 4.ON (a 
little less than one lbf.) is used to produce deflections for comparison. 
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‘Table 4-1: Soft fingcrtip dcflcctions for 4.0 N load and lcm’ and 4cm’ contact arca 

Fingcrtip inatcrial properties: E = 250 N/cm2, Y = 0.5, G = 83.3 N/cm2 

w = h =  l.Ocm.r=O.Scm w = h = 2.0 cm, I = 0.5 cm 

dcflcction for 4.0 N 
shear force 

167 N/cm 

0.024 cm 

667 N/cm 

0.006 cm 

deflection for 4.0 N 
compressive force 

rotational deflcction 
for 4.0 N at 
1.0 cm lever arm 

torsional deflection 
for 4.0 Ncm torque 

500 N/cm 

0.008 cm 

42 Ncm 

0.096 radian 

27 Ncm 

0.15 radian 

2000 N/cm 

0.002 cm 

672 Ncm 

0.006 radian 

432 Ncm 

0.009 radian 

For the smaller area, the rotational stiffness terms are much lower that the translational terms and the 
fingertip is clearly less constrained with respect to rotations than translations. However, the bending and 
torsion stiffncsses increase as the square of the contact area, while the shear and compressive stiffness increase 
linearly with the contact area. Thus, for the larger contact patch, the rotational and translational stiffnesses 
become comparable. If w and h were doubled again, bending and torsional deflections would become 
negligible in comparison to shear deflections. This result matches what one would expect intuitively. 

If the grasping force is varied proportionately with the contact area, then, as the contact area becomes 
small, the fingertip begins to behave like a point contact in which significant rotations are possible but 
translations are not. As the contact area becomes large, rotations are negligible compared to shear deflections. 
If the grasping force is held constant for different contact areas then the contact becomes much less compliant 
as the arca increases, and rotational deflections become negligible faster than translational deflections. 

For the forces given in the table above, unless some adhesion exists between the fingertip and the object, 
the bending moment will cause the fingertip to roll for both the lcm2 or the 4cm2 area. The largest bending 
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momcnt that tlic contact could stistain without tension is 0.67Ncm for thc lcm2 casc and 1.33Ncm for the 
4cm2 casc. In  torsion, dcpcnding on thc shcar strength of tlic interface, t l ~ c  contact will probably slip for the 
lcm2 area but might not for tlic 4cm2 arca. If  the shcar strength is roughly cqual to 4.0N/cm2 in tllc first case 
(corresponding to a cocfficient of friction of 1.0) and 1.5N/cm2 in the sccond, (corrcsponding to a cocfficient 
of friction of ~ 5 ) ~  thc maximum torques that can be excrtcd arc 1.7Ncm and 5.3Ncm rcspcctivcly. ‘This 
supports tlic idea that a soft hngcr with a small contact arca can exert torqucs about an axis nonnal to the 
contact surface niorc rcadilg than it can cxcrt torques in the planc of thc surfacc. Fur a soft, curvcd fingertip, 
as discusscd below, the diffcrcnce is more pronounced. 

Once the fingertip stiffness matrix has been computed, the net compliance matrix may be formed by 
adding the compliances for the finger and the fingertip. 

[ C f ]  = [Jfq][Kq]-’[Jfq]‘+ [KcJ-l. 
This matrix is invertible and therefore, the restoring forces at the contact become 

b f p  = Ccfl- ldbp 

Using equations (3.5) and (3.6), the changes in the forces at the finger joints are Agq = [ J f q J ‘Ag fp ,  and 
tile finger motions are d, = [Kq]-’A gq. 

4.4 Soft, Cu wed Fingertip 

‘I’hc hard curved fingertip and the very soft fingertip represent extremes between which real, deformable 
fingertips may be expectcd to lie. Human fingers and rounded robot fingers with rubber surfaces exhibit both 
rolling and substantial deformation. The analysis of such fingertips becomes quite involved, combining the 
rolling calculations of Scction 4.2 with the deformation calculations of Section 4.3. A complete model is not 
attcrnpted in the discussion below, but the properties of soft, rolling fingers are discussed and it is seen that 
they are bracketed by the models developed in the last two sections. 

A number of insights can be gained by considering the analyses applied to the rolling of rubber tires and 
metal cylinders or spheres. For a hard, elastic sphere rolling on an elastic surface, the pressure distribution is 
described by the Hertzian contact model of solid mechanics, which predicts a hemispherical pressure 
distribution (181. For the much larger deformations that occur when a s o t  curved finger presses against an 
object the distribution is expected to be qualitatively similar. The pressure will be maximum at the center of 
the contact, diminishing smoothly to zero at the periphery. For progressively softer fingertips, the pressure 
distribution becomes more uniform, especially toward the center of the contact area. In the limiting case, the 
pressure is esseiitidly uniform throughout. as assumed in the very soft finger model described in Section 4.3. 
‘ h e  pressure distributions are comparcd for elastic, soft, and very soft fingertips in Figure 4-7. 

3According to the Coulomb theory, the coefficient of friction would be independent of the contact area, but for compliant materials it 
is generally not independent 
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spherical elastic fingcrtip 
(Hertzian coniact -- 
hemispherical 
distribution) 

very soft fingertip 
(uniform distribution) 

Figure 4-7: Pressure distributions for elastic, soft, and very soft fingertips 

For a perfectly elastic curved finger, it is impossible to transmit moments in the plane of the contact since 
the finger rolls easily upon the object. Thus, in the absence of rolling resistance, the soft curved finger would 
behave in the same manner as the hard curved finger discussed earlier, the only difference being that rf 
would vary due to flattening of the fingertip under load. If the degree of flattening could be predicted as a 
function of fingertip loading, then the methods discussed in section 4.2 could be used to predict the motion of 
the finger and the contact point. Elastic flattening formulas have been developed for cylinders and spheres, 
but these are unlikely to give accurate results for a soft fingertip. 

In practice, there is generally a resistance to rolling. At low speeds, the rolling resistance is due largely to 
hysteresis losses and microslip at the contact area. Rolling resistance is an important subject in the literature 
on wheels and tires and is discussed at length in [19.20,21]. For an elastic sphere or cylinder rolling upon a 
plane surface, the deformation of the material results in a hysteresis loss which can be used to derive a 
"coefficient of rolling resistance" [19]. Microslip results from the elastic strain of the fingertip material as it is 
pressed against the surface. If the fingertip is loaded with a normal load, f,. against the object surface, the 
material ahead of the centerline of the contact will spread forwards slightly and the material behind the 
centerline will spread backwards slightly. The spreading produces regions of microslip toward the front and 
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rcar of the contact arca. I n  the abscncc of tangcntial forces, the strains, and the shcar tractions that rcsult 
limn thcm, niust cancel each othcr. When a tangcntial forcc is prcsent, thcrc will be a rcgion of sticking 
toward one sidc of the contact arca, and microslip clscwhere. Thc microslip results in rolling losses and 
"crccp." 'Thc cnd rcsdt is that soft curved fingcrtips do not rotatc quite as freely with rcspcct to thc object as 
pciintcd or h x d  curved fingcrtips do. 

The static resistance to slipping of the soft, curved fingertip will be similar to that of the vcry soft finger of 
Scction 4.3: cxccpt that sincc the pressure distribution is not uniform over the contact area, the value of the 
strcss at which slipping occurs also varies over the contact. As in Scction 4.3, thc iiitcrface shcar strength 7s[ip, 

n12y be expressed as a fraction of the material shear strength, where the fraction, /I, is a hnction of factors 
including the normal pressure and the surface roughness. Since the pressure is least at the edges of the 
contact, slipping may be expcctcd to initiate there. 

For loads in the plane of the contact, the shear stress may be uniform inside the region where there is no 
sliding, but will have an upper limit of 7dQ outside the region. 

For a momcnt about the axis normal to the contact, the shear stress inside the sticking region will have the 
same distribution as for the very soft finger, the magnitude at any point being proportional to the distance 
from the centcr of the contact as in equation (4.5). In the slipping region, the shear stress will again be cqual 
to the upper limit of T S ~ ~ P .  A cross section of shear stress distribution is shown in the lowcr part of Figure 4-8. 
Thc distribution for the very soft fingertip of Section 4.3 is shown in the Gpper part for coinparison. 'Ihe 
maximum torque about the axis of the finger is equal to the polar moment of the shear stress shown in Figure 
4-8. 

2w rlmrldr 4- 201 rslipr2dr (4.16) 
s e n  = i"" 0 

'slfp I 
where Tfm(r)  is proportional to t and  lip(@ is a function of undt) 

Thus, unlike the hard curved finger or the pointed finger, the soft curved finger is able to exert small torques 
about its own axis. 
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r0 = radius of contact area 
rdip = radius of sticking region 
7(r) = shear stress inside sticking 

region (proportional to r) 
W p  = largest possible shear stress 

(hnction of pressure) 

r0 

-- 
Very soft fingertip 

(unifolm pressure) 
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5. Examples 

In this scction, rcsults from the last threc sections arc used in three cxamplcs that also illustriitc some of 
thc ditTcrcnccs betwccn pointed, curved and soft fingers. Figurc 5-1 shows three rcctanglcs, ex11 licld by two 
fingers. In thc first case thc fingers are pointed, in the second case they have finite radii of curvature and in 
tlic third casc they have vcry soft tips that adhere to the surface of tlw rcctanglc. In all three cascs. the fingers 
are assumed to have three degrees of freedom, being rcstricted to motions within the plane of the paper. For 
simplicity, it is assumed that the finger joints correspond to translations, a and 6, and a rotation, Bc, in the 
(4 b, c) frames. 

The sizes and orientations of the rectangular object and fingers, and the finger stiffnesses, [Kf], are 
identical in each case. However, the different contact conditions produce substantially different results for the 
mobility, stiffness, strength and stability of the grasp. 

In each case the change in the resultant grasp force on the object, Ag, is calculated for small displacements 
of die objcct. The grip stiffness is computed and die maximum force and torque that the grip can resist 
without slipping is calculated. 

5.1 Pointed Fingers 

The transfo,mation matrices, [ J b], [MI, [ J f 1, and [ J q], are given in Appendix C for the left or first 
finger. As the object is moved an arbitrary amount, db, the motions at the contact points on the object are 
given by d,, = [Jb]db. Premultiplying by [MI gives the vectors d,, which contain just the first three 
elements of dbp since, for point contact conditions, only the translations are transmitted. 

The fingers have three degrees of freedom and consequently d, = [dq,, dqb, dq, 3. A motion, d,, 

produces a motion df, at the fingertip, given by equation (3.3). The elements of df, and d, are compared 
below for the lei? and right fingers. The (Insn) coordinate systems are shown in Figure 5-1. 

Matching d,, with dfpl  and d,, with df,, reveals that dz + fdt9y = 0 and dz - FdBy = 0 or, 
dz = dt9y = O .  In other words, the object is constrained by the fingers to move within the plane, except for 
rotations about the x axis. In the following discussion it will be assumed that the object is given displacements 
in the x and y directions and a rotation about the z axis. Thus, dZ, and d,n, will be zero and the only motions 
transmitted to the fingers will be dm,, dn,, dZ2 and dn,. 

The procedure for calculating the finger motions, the changes in the finger forces and the change in force 
on the body is given below for the fist finger. The contribution from the second finger follows from 
symmetry. 
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Pointed fingertips 

Rounded fingertips 

Soft fingertips 
Figure 5-1: Holding a rectangle between two fingers - 3 examples 
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dfp1 

~ 

‘Table 5-1: Motions of left and right finger and object contact areas (pointed fingertips) 

5.1.1 Procedure for Left Finger 

The first step is to determine the motions of the first finger given dm, and dn,. A motion in the dm 
dircction can bc accommodated eititer by a movement of the finger in the b direction or by a rotation about c. 
In practice, both wj!l occur and the contribution from each will be balanced to minimize the potential energy 
of the finger. ‘The two rows of [ J f q ] that relate finger motions dqb and dqc to dni and do are extracted to 
form the 3x2 matrix [ P J. Following the method in Section 3.3.1.2, a Lagrange multiplier matrix, [L]  is 
asscinbled from [Kq J and [ P I .  The matrices and the matrix equations arc shown in Appendix C. Inverting 
[ L ]  prodilces the finger motions, d,. Multiplying the finger joint motions by [Kq] determines the changes 
in the joint forces. 

The changes in the forces at the fingertip, Ggfp, depend both on the restoring forces 6g, and the change 
in gcometry, A[ J f ] - t ,  due to the motion of the finger with respect to the object. The motion of the ( (mn) 
coordinate system is givcn by dbp and the motion of the fingertip is given by [ J f q]  d,. The translations of 
each are the same, but the finger rotates relative to the object by the angle 

6e = M I  - 6ec. 

which appears as a rotation term in A [ J f ] - in Appendix C. 

For a grasping force off in the a direction and for a motion (dx, dy, d8t)  applied to the body, the change 
in the force applied by the first fingcr to the object is shown in Table 5-2. 

When the second finger is added, the expressions for the change in the force on the object become simpler 
due to combinations and cancellations of symmetrical terms. The contributions to Gg,, from each finger 
cancel for rotations, d8z, and add for translations, dy. Similarly, the contributions to 682 from each finger 
cancel for motions, d’, and add for rotations d8z. The final result is given in Table 5-3. 
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- kbkc and j3 - kb rf where a = kb';+ kc kb$+ k, 

Table 5-2: Contributim from left finger to 6gb (pointed fingertip) 

~ ~ ~ ~ ~- ~ ~ ~ ~ ~~ 

Table 5-3: Change in gb due to motions dx, a), and d9t (pointed fingertips) 

5.1.2 Discussion 

Whenever any of the above quantities becomes positive, the grasp will be unstable for infinitesimal 
displacements in the corresponding direction. Thus, if k, is small, (k, <fr/), the change in the grasp force for 
a motion in the y direction will be positive, tending to continue the motion. This result matches one's 
intuition that a rectangle squeezed between two fingers will be unstable if the finger pivots freely, without 
springs, about axes c, and c,. 

Similarly if f / 3  < (f+ $ af), the rectangle will be unstable with respect to rotations about the z axis. This 
result is lcss intuitively clear but it becomes apparent if k, is very large, in which case the fingers do not rotate 
about their c axes. For this case, a -+ 0 and j3 -+ kb. If the object is rotated by de, the change in the torque 
upon the body is 

(wf- f k b ) d @ z .  
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Illis is cxactly thc rcsult obtaincd carlicr in Scction 1 for the rotation of a rcctanglc- squcczcd bctwccn two 
fingcrs, whcrc kb = kl and 5 = r. 

5.2 Curved Fingertips 

Fi nge ttip f 

Ohiect Surface 

Figure 5-2  Curved finger before rolling 

Most of the results from the last example also apply for fingers with curved surfaces. The difference is that 
the contact point is no longer fixed with respect to the object and consequently A[ J f 3 -t is slightly different 
from above and A[ J b] is no longer zero. The new matrices are given in Appendix C. 

As with the pointed finger example, results are derived for the first or left finger. In the current example, 
the algebra has been simplified by assuming that the (o,b,c) finger coordinate systems are also the centers of 
curvature of the finger tips. The rolling condition is therefore as shown in figures 5-2 and 5-3, before and 
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E ’  Fingertip 

-+= d I 

I 
Iszi;: 

Figure 5-3: Curved finger after rolling 68 with respect to object 

after the finger has rotated a small amount, 68, with respect to ( Insn)  coordinate system on the object. As the 
figures show, 6s = r,60. 

Since the center of curvature of the finger is also the origin of the (u,b,c) system, the translation of the 
contact point exactly cancels the product 68xrf. The contribution from the left finger to Agb is shown in 
Table 5-4. 

When the results from the second finger are added, the changes in the force upon the object are as shown 
in Table 5-5. 
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Table 5-4: Contribution from left finger to 6gb (rounded fingertip) 

Table 5-5: Change in g b due to motions dx, dy, and d8z (rounded fingertips) 

5.2.1 Discussion 

The results in the x and y directions are identical to those for the point-contact example but the torque 
about the z axis has changed. As in the previous example, the cxpression for torque about the z axis simplifies 
for the limiting case in which k, is large compared to kb The change in the torque about the z axis reduces to 

4 (- kb w2 + 2fw - 4frf) d8, 

In the above expression, if r /  =' f then the last two terms cancel each other out leaving only the restoring 
torque, - a kb w 2  68,. In other words, the translation of the contact point due to rolling of the finger with 
respect to the object exactly cancels the effect of rotating the object. Thus for large radii of curvature, ( r  > f- 
), the grasp is infinitesimally stable with respect to rotations regardless of the stifmess of the fingers. 

1 
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5.3 V e r y  Soft Fingers 

For contacts with soft fingers a combincd compliancc matrix is cstab!ishcd for the fingcr 2nd fingcrtip as 
in Section 4.3. ‘I’he combincd compliance matrix is shown in Appendix C for a squarc fingcrtip. In the 
matrix, kp is thc clastic stiffness of thc fingcrtip in compression. Since the shear modulus, G, of nibber-like 
rnatcrials is generally about one third tlic cornprcssion modulus, E, the slicar stiffness can bc writtcn using 
cquations (4.11) and (4.12) as f kP From cquations (4.13)-(4.15), thc bending and torsional stiffncsscs are 
approximatcly B kp and 3 B k p ,  whcre B is equal to one-twelfth thc contact area. 

’ h e  restoring force at the contact is 6gbp = [Kbp]dbp. The restoring forces in joint coordinatcs are 
given by 6g, = [ J fq l t6gbp and the corresponding motions in joint coordinates are given by 
d, = [ KqI-lGd,. The motions are then expressed in fingertip coordinates as df ,  = [ J f qld, .  

Table 5-6: Change in 6 g b  for small contact area (soft fingertips) 

As in point contact and rolling contact, comparison between dbp and d f p  determines the relative motion 
between the finger and the object, which appears in the differential jacobian A[ J f 

The net change in gbp is obtained by summing the restoring forces and the forces due to the change in 
geometry. 

sgbp = [Kbpldbp + A[Jf ] -%f 

5.3.1 Discussion 

The geiieral expression for Ag is lengthy, but it is simplified considerably for the limiting cases in which 
the contact area is very small, or very large. To further simplify the algebra in the following results, the finger 
joint stiffbesses in the u and b directions have been set equal so that k, = kb 

For a small contact area, B -+ 0 and the bending and torsional stifiesses become negligible in comparison 
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to thc shear and compressive stiffncsses. For two fingers, the final results arc given in Table 5-6. If it is 
hrthcr aswmcd tliat k p B  kb, as is usually tlic case, it can bc shown that tlie results for Agb bccomc identical 
to thosc obtained in the point contact case. 

For thc case \%hen the contact arca is largc, thc bending and toixional stiffnesscs Sccoms infinite. If it is 
again assumed that $,B kb. the problem rcduccs to that of a finger glued to thc surfacc of the object and A g b  
is given in ‘Table 5-7. 

Table 5-7: Changc in 69, for large contact arca (soft fingcrtips) 
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6. Summary 

In Scction 2 a proccdurc was listed for discovcring thc properties of a grip by moving thc object slightly, 
obscrviiig the resulting fingcr motions and dctcrniining the cliangcs in the forces on thc object. The grip 
propcrtics of sliffricss, rcsistancc to slipping and infinitcsimal stability werc inuoduccd and it was shown that 
such propcrtics could bc used to compare grips. For specific tasks, onc could thcn choosc, for examplc, the 
grip that would bc stiffest with respect to rotations or the grip that would rcsist the largest vertical force bcfore 
slipping occurred. 

Two-dimensional examples with point-contact fingers were used to demonstrate how the grip propcrties 
depcndcd on finger stiffness, fingcr arrangement and gripping forces. In later sections a more complete 
threc-dimensional analysis was developed. In the final example of Section 2, the instability of a coin held 
on-cdgc bctween two fingers was discussed, using the simplifying example of a rcctangle held bctwecn two 
pointed fingers. When the rectangle was rotated slightly, the finger stiffnesses produced restoring forces that 
tcndcd to stabilize the grip, but the differential change in geometry resulting from the rotation allowed the 
grasp forces to become unstable. The stability of the grip was a hnction of the finger stiffness, the length of 
the rcctangle, and the magnitude of the initial grasping forces. Interestingly, the grip bccame less stable as the 
gripping forces were increased. Thus, while an increase in the gripping forces may make the fingers more 
resistant to slipping, it docs not always make the grip more secure. 

The coin example also uncovered a limitation of the point-contact assumption used in previous analyses. 
With pointed fingers, a coin is less stable if held by fingers pressing against the two faces than if held on edge. 
For human fingers, this is obviously not the case. A more accurate modcl of the fingerlobject interaction (one 
that accounts for the deformation and rolling of the fingertips) explains why. Such a model is developed in 
Section 4. First, however, it is usefid to establish a more general framework for determining the 
force/deflection relations of a grasp. 

For three-dimensional problems it becomes convenient to use matrices to describe the grip. The matrix 
equations are developed in Sections 3.1, 3.3, and 3.4. When the procedure of Section 2 is applied to general, 
threc-dimensional problems, the results depend on the number of degrees of freedom of the contact and the 
finger. For an arbitrary motion of the object, the finger motion can be classified as under determined, exactly 
determined or over determined. Different solutions are discussed for each case. 

Section 4 took a closer look at the interactions between different kinds of fingertips and the object. The 
charactcristics of pointed, curved, and soft fingers were compared. The different characteristics are reviewed 
below, and summarized in Table 6-1. 

In Section 4.2, it was shown that the rolling of curved fingers causes the contact area to shift with respect 
to the object. This adds a new term to the differential change in the geometry of the grasp - one that may 
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Kinematic c o n d i t i o n s  F i n g e r t i p s  F r i c t i o n  c o n d i t i o n s  

pointed 

curved 
( 3 )  

f l a t  

( 4 )  

1 
very s o f t  

Point contact with friction. 
Translational motions and forces are 
transmitted, but rotations are not. 
Finger rotates about contact point 
which remains fixed on object. 

ACJbl' = L o 1  
A[ J f I -t : rotation terms 

Only translational forces and motions 
transmitted. Contact point moves as 
finger rolls Approaches case (3) for 
rf 3 00 and case (1) for rf + 0 

& J b]' : translation terms 

A[ J f 3 -t : translation 8 rotation terms 

Force tangent to object Surface 
limited by Coulomb friction law 

fi 5 P f n  

Force tangent to object surface 
limited by Coulomb friction law 

Planar contact with friction. 
Translational and rotational forces 
and motions transmitted. No relative 
motion without slipping. 

d J b ] '  = ' [ O ]  

A[Jf]-' = [ O ]  

s o f t ,  curved 

Distributed pressure and shear 
tractions allow transmission 
of forces and moments in plane 
of contact. 

Add elastic fingertip compliance to finger 
compliance. Contact forces produce 
relative motion. Approaches case (1)for 
A 3 0 andcase(3)for A --* 00 

aCJbl' = [ O ]  

J f 1 -t : translation a rotation terms 

Elastic coupling + rolling motion. Combine 
cases (2) and (4). Approaches case (1) 
for rf -+ 0 and A + 0 Approaches case 
(3)for rf 4 00 and A --* 00 

J b 1' : translation rotation terms 

A[ J f 3 -t : translation a rotation terms 

Uniformly distributed pressure 
and shear tractions. High 
(adhesive) friction allows large 

forces and moments to be 
transmitted in plane of 
contact. 

Non-uniform pressure distribut- 
ion and shear tractions permit 
large forces and small moments 
to be transmitted in plane of 
contact. 

Table 6-1: Summary of contact models derived in Section 4 

help to stabilize it. As expected, when the radius of curvature of a curved finger becomes very small, the 
movement of the contact point becomes negligible and the contact behaves like a point-contact with friction. 
As the radius of curvature becomes very large, the finger approaches the limiting case of a flat-tipped finger 
having a planar contact with friction. 

Fingers also deform, and a model was developed in Section 4.3 to investigate the importance of 
deformation. The model considers a very soft fingertip which conforms and possibly adheres to the object 
surface. The fingertip compliance is added to the finger joint compliance. As the area of contact becomes 
small, the fingertip becomes more compliant with respect to rotations than translations and approaches the 
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planar contact 
with friction 

A + a  

Contact 
area 
(relative to 

object size) 

A + O  

very 
soft 
fingertip 

soft curved 

rf 4 0  r f + m  
point contact 
with friction Fingertip radius 

(relative to object size) 

Figure 6-1: Relations between finger models 

point-contact model. For large contact areas, the rotational compliance becomes much smaller than the 
translational compliance and the limiting case of a planar contact with friction is approached. 

Fingertips such as those found on the human hand display both rolling and deformation. Section 4.4 
addressed the properties of a soft, curved fingertip and found that they combined the attributes of the models 
in Sections 4.2 and 4.3, As the radius of curvature and the contact area became small, the fingertip could be 
approximated by a point-contact.' For large radii of curvature and large contact areas, the fingertip 
approached the case of a planar contact with friction. 

Figure 6-1 shows the regimes in which the different models developcd in Section 4 apply, and indicates 
the limiting cases approached for very large or small radii of curvature and contact areas. 

In Section 5, some simple examples were used to demonstrate the methods described in Sections 3.1-3.4 
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and to illusrratc thc diffcrcnccs bctwccn pointed, curvcd and sofr fingers. Whcn pointcd fingertips wcrc uscd, 
and only rotations of the objcct wcrc considcrcd, thc problcm rcduccd to Lhc two-dimcnsional example givcn 
in Section 2. For curved fingertips, thc stability of thc grasp incrcascd ovcr the pointed-fingcr casc duc to 
rolling of thc fingertips. If thc fingertip radii wcrc largcr that onc half the lcngth of rcctanglc, thc grip became 
stablc with rcspcct to rotational displaccnicnts no matter how small thc fingcr stiffncsses Kcre. The 
relationship bctwcen the fingertip radii and thc length of thc rectangle brings up an imporhilt point; the 
dcfinitions of "largc" or "small" radii of curvature and contact arcas dcpcnd on the size of thc objcct bcing 
handled. 'l'his is why the point-contact modcl is reasonable when we hold a basketball or a large box, but not 
a coin or a matchbox. 
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7 .  Applications to the Design and Control of 
Hands 

' Ihc analysis prcseiitcd in this paper has been part of an effort to describe the mechanlcal properties of a 
grip and to dclcnnine how they depend on finger shapes, contact conditions, finger stiffncsscs and gripping 
forces. I t  has been shown that rhe predicted behavior depends strongly on the model used for the interaction 
between the fingertips and the object. I n  this section we consider how the results might be applied to the 
design and control of dextrous hands. 

For controls purposes, the small-motion behavior of a grip amounts to a linearized description of the 
"plant," giving a relationship between displacements of the object and the resulting changes in force. The 
results show that point-contact finger models and stiffness-based control schemes are not always adequate. If 
only the stiffnesses of the fingers are considered, a displacement of the object always results in forces that tend 
to restore the object to its original position. However, a small change in the grip geometry may cause the 
grxping forces to produce something akin to positive feedback for displacements of the object. For stability, 
these must be canceled by increasing the grip stiffhess in the corresponding directions. 

The contribution of the geometric effect varies for pointed, round and soft fingers and its magnitude 
depends on the relative dimensions of the fingers and the object, 

If a stiffness model as used in earlier analyses is not adequate, then what must be done to describe and 
control the grip? Unfortunately, a three-dimensional analysis of the grip becomes quite involved when finger 
rolling and deformation are considered. It seems unrealistic to expect a robot or gripper controller to perform 
a complete analysis in real-time. 

Much of the complexity of the procedure results from its being a predictive or open-loop calculation in 
which only the motion of the object and the physical characteristics of the object and the fingers are assumed 
to be known. The forward force and displacement relations are relatively simple, but some complication 
arises in determining how displacemefits will be transmitted through the contact and how the finger will 
respond to them. Further difficulty arises in determining how finger stiffnesses, finger motions and grasp 
forces will interact to change the forces transmitted to the object. Much of the difficulty could be avoided if 
the finger motions and confucfforces were available from another source. In practice, humans and animals use 
sensory information and experience to provide this kind of information. 

When we manipulate objects with our fingers we do not use a kinematic analysis to prcdict how the forces 
at our fingertips will change in response to displacements of the object. Instead, we seem to acquire a 
database of general grip behavior and we use the senson in our fingers and fingertips to modify our 
predictions while we work. A similar approach might also be used by a robot, provided the gripper had 
sufficient sensors to describe the behavior of the grasp. This prompts us to consider what kinds of sensors 
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would bc uscful. Bascd on tiic rcsults of thc analysis prescntcd carlicr, sevcral typcs of sensory information are 
suggested: 

0 'I'hc rncasurcmcnt of normal and shcar forces at thc fingertips. 
If thcsc can bc mcasirrcd. thcy do not have to bc computed. The shcar force can bc compared 
wiih normal forces arid. using infonnation about thc friction conditio:>s, prcdictions can bc made 
conccrning how c!osc cach fingcr is to slipping. 

0 'Hie location of tlic ccntcr of thc contact arca on the finger. 
Usiiig this information, mic can dctcrminc how rhc contact has movcd since thc last time step, and 
(by cxtrapolation), whcre it will bc next. For curved fingers this allows onc to track the movement 
of thc contact with rcspcct to thc fingcr and to determine thc degree of rolling motion. For fingers 
that do not roll, it shows that rate at which the finger is sliding against a surface. 

0 The qize. uniformity and gencral shape of the pressurc distribution of the contact area. 
The pressure distribution could be compared with typical profiles for point contacts, curved 
contacts and soft contacts and an estimate made of how closely the actual contact approaches each 
of these models. 

0 Sums and first moments of pressures and shear tractions. 
These allow the forces and moments transmitted through the contact to be determined. 

To the above list of fingertip quantities would be addcd the joint angles and joint torques of thc fingcrs, but 
already, the list is becoming unrealistic. Even if accurate sensors were available, computing first moments and 
matching pressure profiles might be just as time consuming as pcrforrning the analysis prcsented in this paper. 
Dctcrmining such quantiries has much in common with feature extraction for grey-scale vision, which is 
notoriously slow unlcss performed on special-purpose hardware. 

However, even if only the forces and an estimate of the contact size and location were available, the 
analysis could be simplified. Between these fingertip quantities and the finger joint angles, most of the 
information needed to describe the grip would be available through forward transformations. The finger joint 
torques arc easily found from the fingertip forces and the fingertip motion is easily determincd from the joint 
angles. An estimate of the contact size would indicate the degree of fingerlobject coupling and the contact 
location would allow the finger jacobians to be updated. A small number of fingertip sensors might be 
sufficient. Recent studies with human beings performing assembly-line tasks [22] suggest that a sparse array 
of sensory information (perhaps no more than eight points per fingertip) provides adequate information. 

In Section 2 the possibility of discriminating between different grip geometries based on grip stiffness, 
stability and resistance to slipping was considered. The best grip would be the one that most closely matched 
the grip properties to the task requirements. Presumably the finger stiffhesses would be chosen near the 
middle of their achievable range. The next question is, once a suitable grip has been identified how should 
the finger stiffnesses (joint servo gains) and joint torques be adjusted? The problem is usually under 
determined if only the force on the object and its stiffness with respect to external loads are specified. 
Salisbury [2] specified additional internal forces and internal grip stifiesses so that every finger joint torque 
and stiffness became determined. The internal grip forces and stiffhesses could be chosen to ensure that 
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fingers rcmaincd in contact with the object, to rcducc thc likclihood of crushing the objcct, or to rcducc the 
danger of slipping. 

As mentioned in Scction 1, Orin and Oh [SI consider a similar problem in determining the most efficient 
distribution of joint forces for walking macliincs or multi-fingered grippers. The optimum force distribution 
is found subjcct to a numbcr of constraints including lincarizcd friction limitations. In grasping it is probably 
less important to minimizc power consumption than it is in a walking machine. More important is Lhc need to 
minimize gripping forces. This prevents objects from being damaged, avoids saturating thc fingertip scnsors 
and reduces the kind of instability denicnstrated for the rectangle held between two fingers. Linear 
prcgramming methods may be too slow for real-time control of joint torques, but could be useful for off-line 
estimation of grasp forces and stiffnesses. The fingertip models of Section 4 could be added to the kinematic 
description of the grasp. 

In a current investigation, Kerr [23] has extended the kinematic analyses of Salisbury and has considcred 
the optimum selection of internal grip forces. Like Orin and Oh [8], he suggests the use of "friction 
pyramids" to form a set of linear constraint equations for slipping at the fingertips. 

Idcally, choosing and adjusting a grip is something that a robot should be able to do using a combination 
of computational methods (including those discussed above), sensory information and some "rules of 
thumb." The rules are difficult to define, but as we continue to explore the mechanics of gripping and to 
obscrve how humans and animals handle objects we can begin to make some suggestions such as: 

0 In general, grip as gently as possible without letting the object slip. A light grip helps to prevent 
damage to the object and the fingers, reduces the likelihood of instability, and keeps the sensors 
working near the lower end of their range (where they are often inore sensitive). 

0 Try to match the stiffness of the grip to the requirements of the task. This will simplify the active 
control of the object. 

0 Spacing the fingers closer together results in a grip that is less stiff with respect to rotations. 

0 Point contacts are usually less stable than soft or rounded fingers. 

Compared to the analysis and control of manipulator arms, the modeling and control of multi-fingered 
grippers are in an infant stage. Current efforts are directed not toward making them more precise and 
efficient but toward controlling them at all. Fortunately, it is unnecessary to develop a system that rivals the 
human hand. In fact, a gripper that could grasp and manipulate within its restricted environmcnt as well as 
many animals do in theirs, would be extremely usehl. The results of this and previous analyses suggest that 
for tasks involving small motions and solid objects, grips can be modeled and controlled. Experiments with 
grippers assembling parts, wielding tools and loading machines are now required to construct grasping rules, 
to determine what sensory information is most useful and to explore control strategies for manufacturing 
hands. 
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A. Matrix Identities 

'13e finger positions and orientations may bc expressed with 4x4 homogeneous transformation matrices, 

[TI: 

[A] is a 3x3 orthonormal matrix of direction cosines, expressing the orientation of the finger (u,b.c) system of 
Figure 3-1 in terms of the global (x,y,z) system. r is a vector from the origin of the (x,y,z) system to the origin 
of the (a64 system. If r f  is the vector in Figure 3-1 fromftofp in (u,b,c) coordinates then [A] rf gives the 
same vector in (x,y,z) coordinates. Consequently, the vector From o to& in Figure 3-1 is r = r b  - [A] r p .  

The relationship between two six-element vectors (dt = [ d,, d,, d, , do,, dOy , dgz] ) of 
differential translations and rotations may be expressed as a 6x6 jacobian. 

dbp = CJbl db 

The jacobian is convcnicntly written in terms of 3x3 partitions: 

[A] is again a 3x3 matrix of direction cosines. In the above example, [A] expresses the orientation of the 
(.l,m,rt) coordinate system at 6p in Figure 3-1 with respect to the (.wty,z) system. Since [A] is orthonormal it 
follows that [AIt = [A]". 

[ R ]  is an antisymmetric cross-product matrix formed from the elements of a vector r, such that if v is a 
three-component vector (for example, the three rotational components of db) then 

[R] v = [-:: E:] = r X v  

Since;s[R]isantisprnmeuic,[Rlt = - [R ]  and [ R l t v  = vt[R] = vxr .  

Given the above identities for [ R]  and [A] the following relationships hold for [ J 1: 
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A . l  Matrix Method for Under Determined Finger Motions 

For the case in which the motion of the object does not completely determine the motion of the finger, the 
potential energy may bc minimized subject to the tzc constraint conditions in [ P I .  The constraint equations, 
Ci, are formed by multiplying one row of [ P ]  by d,. The Ifauxiliary equations may then be written as [24] 

These are combined with the constraint equations to provide nf+ nc equations for rf+ nc unknowns. The 
equations may be conveniently expressed as, 

where I is a column vector of the nc Lagrange multipliers and 

A.2  Differential Jacobians 

In Section 3.1 the change in the jacobians, [J], as a result of small displacements of the object are 
considered. These terms, [AJ] and [AJl t ,  result from shifting of the contact area and rolling of the fingers. 
Products such as [AJ].d contain very small terms and may be ignored, but products such as [AJl t .g  may 
contain significant terms since the forces, g,  may be large. As an example, if the contact area translates and 
rotates with respect to the object then change in the jacobian relating gbp and gb is 

where [ J b ' 3 is the jacobian relating to the new position and orientation of the contact area and [ 3 b] is 
the original jacobian. By writing [ J b ' 3 and [ J b] in terms of partitions, [ AJ b ] is seen to be 

[ A J b l t  = [ J b ' I t  - [Jb)' 
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wliereA(RA) = ( R A ) ' - ( R A )  = [R ] [A]  + C A R I C A ]  + [ R ] [ A A ]  + [ A R ] [ A A ]  - [R][A].  

[ A R ]  [ AA 3 contains sccond order terms, and may be dropped so that A ( RA ) =. [ AR]  [ A ]  + [ R ]  [ A A ]  . 

CAR]  and [ A A ]  can be written in tcrms of differential translations and rotations, 
(6r,. 6r,, 6r,. 6 8 , .  S8,,68, ). 

0 -Sr,  
[ A R ]  = [ R ' ]  - [ R ]  = 

0 -88, 68, 
[ A A ]  = [ A ' ]  - [ A ]  = 

[ A A ]  and S r are also equivalent to the upper left 3x3 partition and right column respectively of the 
differential 4x4 homogeneous transform, [A], expressing a small translation and rotation of one coordinate 
systcm with respect to another (161. 
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R. Rolling Contact 

may be expanded in terms of r(3) as ' (s) = r(s + 6s) and u ' (s) = U(S + 6s) 

+ ... dr d2 r 
ds dS2 

qS) = - + 6s- 
Then A r becomes 

Siiice the first derivatives of rb and r f  arc equal at the initial contact point, subtracting A r b  - A r p gives 

or, A r b  - b rf = 1 / 2 ( 6 ~ ) ~  times the difference in curvature between rb($) and rf(sp 

?he rotation of the contact point is given by the vector ( ub x u i  ) and the rotation of the fingertip is given 
by ( u; x u i  ). Expanding u i  and u i  in terms of r(,) and discarding third and higher derivatives of r gives 

and 

where u = ub = uf at the initial contact point. 

For the Case in which the object surface is flat and the fingertip is a segment of a circular arc, as in Figures 

rb = (r, tanBb)i - rcj.  
4-3 and 4-4, or 5-2 and 5-3, the rolling equations become 

where 81 is related to s as 
rf = (r ,  sinBf)i +(re cos@f)j, 

For Of = t?b = 0 at the initial contact point, equations (4.5)-(4.7) become 
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C. Details for examples in Section 5 

c J b l  
i o  q o r a  
0 1 0  0 0 3  
- 1 0 0  I 0 0 0  

I -  - -- 
0 0 0 1 0  0 1 
0 0 0 1 0  1 0  
0 0 0 ' 4  0 0 - - 

CJfql 
0 0- 

'f 
0 0  

0 1  
0 0  
0 0  

- -  

- -  

- 

- 

- c J f I 
o o 1 1 0  rf O 
0 1 0  O O r f  

- 

- 1 0 0  I 0 0 0  

0 0 0 1 0  0 1 
- - - -  

0 0 0  0 1 0  
0 0 01-1 0 0 - - 

CMI CKql 
1 0 0 0 0 0 '  

0 0 1'0 0 0 
0 1 0 0 0 0  I 

) [PI  [ - 

I: C f P 1 

r 2 
0 I kbrf  + k c  0 0 

I kb kc kc I 
I 0 ' 0  - l o o 0  

ka 1 I 
O 1  kc kc I 2L 0 - 0  0 

I 

kb 

0 

-k brf 

CJql  
i o 6  
0 1 0  
0 0 0  

0 0 0  
0 0 0  
0 0 1  

- -  

- - 

CK f c 1 - 
0 -k brf 

ka 0 
2 0 k, rf + kc - [;I = [L]" 

A2 

Figure C-1: Matrices for Left Finger - pointed or rolling contact 

:] dn 
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4 

6 

A J f 1 -t point contact 

0 0  0 1 0 0 0  
-66 0 0 

0 0  0 
0 0  0 -66 0 0 

dn dn I dn O 

5 0  0 I o  0 
dl?z 0 I o  

3 0  

0 de1 a h  0 

adm adm 

A [ J f 3 rolling contact 
- 

0 o o ( o o o  

0 - 6 8 0  I o  0 0 

8erf -- 0 0 1 0 0 - 0  

-60 0 0  0 0 0  

o o o l-seo o 
0 0 0 0 - 6 9 0  - 

A [ J b]' rolling contact Object ' Finger 
I 

2 I dy dm dm dm @!!!- J* I kb b 

In the above, 

1 dbp = [Jb] db 68 =dBz - a ( d y -  - 
= [MI dbp 

w d& 
2 dn = -dx 

w d8z 
d m = d y -  - kb kc d C  

2 B =  
d8I = der kb rf2+ k, dfp = CJfl df 

k b  rf df = CJqI d, 
2 

kb 'f + kc 
a =  

Figure C-2: Matrices for left finger - pointed or rolling contact 
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2. df, = 

3. 

Summary of matrix cquations 

cM1 bldb 

[ J f q l d ,  

4. k l q  = CKqld, 

5. [Cfp]  = [ J f q ] [ K q ] - ' [ J f q I t  

6. [ C f c ] = non-singular portion of [ C f p ] 

7. df, = subset of df, corresponding to [ C f  c] 

8. 6gpc = [Cfp]-'df, 

9. 6gfp = 6gfc + A[Jf]- 'gf 

10. 6gb = [Jb]t[M]t6gfp 

for left finger - point-contact example 
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- 
3 
kP 

0 

0 

0 

0 

0 

- 

I 

- 1  

C C f P l  

0 0 0 0 0 

3 0 0 
kC 

0 1 3  - +- 
B kp 

0 0 0 

0 0 0 ._ l o  
BkP 

0 0 
3 

0 O 2- - 
Combined compliance for finger and square fingertip 
where ka =k, in finger joint coordinates and 

kcomp = k p  

Area 
12 

= -  B 

for the elastic fingertip. 
Figure C-3: Compliance matrix for soft finger example 
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