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Abstract
Many low level visual computation problems such as

focus, stereo, etc. can be formulated as problems of ex-
tracting one or more parameters of a non-stationary
transformation between two images. Because of the
non-stationary nature, �nite-width windows are widely
used in various algorithms to extract spatially local in-
formation from images. While the choice of window
width has a very profound impact on the quality of re-
sults of algorithms, there has been no quantitative way
to measure or eliminate the negative e�ects of �nite-
width windows. To address this problem, We introduce
a new set of �lters, moment �lters. Due to their recur-
siveness in the Fourier and spatial domains, these �l-
ters allow the e�ects of �nite-width windows and fore-
shortening to be explicitly analyzed and eliminated.

1 Introduction
Finite-width windows are widely used in various vi-

sion algorithms to extract spatially local information
from images. While the choice of window width has a
very profound impact on the quality of results of algo-
rithms, there has been no quantitative way to measure
or eliminate the negative e�ects of �nite-width win-
dows. We propose a new sets of �lters, \moment" �l-
ters. Due to their recursiveness in the Fourier domain,
the e�ects of �nite-width windows can be explicitly
analyzed and eliminated.

The most fundamental di�erence between �nite-
and in�nite-width �lters in the Fourier domain is that
the bandwidth of �nite-width �lters must be non-zero
while that of in�nite-width �lters is zero. Since a non-
stationary transform in the Fourier domain can be an
arbitrary curve within the passband, the approxima-
tion in ignoring the e�ects of �nite width is equivalent
to using a constant to approximate the arbitrary curve
in the passband. The moment �lters approximate the
curve by a polynomial, whose order can be arbitrarily
high so that the approximation can be as accurate as a
speci�c task requires. Therefore, the extraction of the
parameter based upon the polynomial approximation
is much more accurate.

We apply the technique of moment �lters to the
problems of focus and stereo. Traditionally, people
estimate the parameter by comparing the outputs of
convolutions of the two images with the same �lter,
usually a Gabor �lter. Examples in focus are [5, 7, 10],

in stereo are [6, 8, 2]. Our moment �lter approach pro-
vides a new insight into this traditional approach by
showing that the output of the convolution of one im-
age with a Gabor �lter can be represented as an in�nite
sum of the output of convolutions of the other image
with moment �lters. From this point of view, the tra-
ditional approach is simply the zeroth order truncation
of the in�nite sum, which, in many cases, is the major
source of inaccuracy. By using higher-order moment
�lters, we are able to reduce the inaccuracy.

When extracting a parameter using �nite-width �l-
ters, it is usually assume that the parameter is con-
stant within the width of �lters. But another aspect
of the non-stationarity is that the parameter actually
changes within the e�ective width of the �lters, which
we refer to as the shift variance problem or foreshort-
ening problem. The recursiveness of the moment �lters
in the spatial domain allows modeling this e�ect as a
modi�cation of the Gabor �lter convolution by con-
volutions of the higher order moment �lters. Apply-
ing this technique to the focus and stereo problem, we
demonstrate that we can not only eliminate the nega-
tive e�ects on the estimation of the parameter caused
by the foreshortening, but also estimate the the degree
of foreshortening quantitatively.

2 Theory of Moment Filter
We de�ne the ith order moment �lter in the spatial

domain as: (i = 0; 1; 2; :::)
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where n is an integer, j is
p�1, and L(n; �; x) is the

generalized Laguerre polynomial [4]. Figure 1 illus-
trates some of the moment �lters in the spatial domain
when f0 = 0.

Apparently the zeroth order moment �lter is the
Gabor �lter G(x; f0) with the peak frequency f0,

G(x; f0) =
1p
2��

e�
x
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2�2 e�jf0x: (3)



-4 -2 2 4
x

0.2

0.4

0.6

0.8

1

k(x)

-4 -2 2 4
x

-0.6

-0.4

-0.2

0.2

0.4

0.6

k(x)

i = 0 i = 5

Figure 1: The Moment Filters in Spatial Domain
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Figure 2: The Pass Band Moves as i Increases

In the Fourier domain, the moment �lter is:

Mi(f) = F [mi(x)] = (f � f0)
ie�(f�f0)

2�2=2: (4)

Figure 2 illustrates the pass bands of moment �lters
as i increases, assuming f0 = 0.

Here are some important properties of moment �l-
ters given without proof. Interested readers may refer
to [9].

� The moment �lters are recursive in the Fourier
domain, i.e.

(f � f0)Mi(f) = Mi+1(f): (5)

� The moment �lters are recursive in the spatial
domain, i.e.

xmi(x) = j(imi�1(x) � �2mi+1(x)): (6)

3 Moment Filters For Focus
The depth from defocus method obtains depth in-

formation using a quantitative measure of di�erence of
focus between two images. For simplicity, we assume a
Gaussian model of the blurring function, even though
the approach is applicable to any model as we will see
later. Let us denote two images as i0(x) and i1(x) in
the spatial domain and I0(f) and I1(f) in the Fourier
domain. The relations between these two images are:

i1(x) = i0(x)
 1p
2��0

e
�

x
2

2�2
0 (7)

I1(f) = I0(f)e
�f2�20=2 (8)

The di�erence of focus between two images is char-
acterized by �0. If �0 is not a constant within the win-
dow, we can assume that it changes linearly in neigh-
borhood of the window center x = 0, i.e

�0 = s(1 + �x): (9)

We can expand the second integral term in Eq. 7 as
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where we truncated terms of higher order of �x assum-
ing � is small.

At �rst we will limit our discussion to the situation
where � = 0, i.e. �0 is a constant within the window.
We de�ne Ui and Vi as the convolution of the �rst and
the second image with the ith order moment �lter at
x = 0, i.e.

Ui =

Z
i0(x)mi(�x)dx =

Z
I0(f)Mi(f)df;(11)

Vi =

Z
i1(x)mi(�x)dx =

Z
I1(f)Mi(f)df

=

Z
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where the integrations are done from �1 to +1.
By Taylor expansion in the neighborhood of f0, we

have
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where higher order expansions are truncated.
Replacing Eq. 13 into Eq. 12 and using the recur-

siveness of the moment �lters in the Fourier domain,
we obtain

V0 = e�f
2
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2
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4
0

2
U2): (14)

Therefore, we can compute �20 from this equation

�20 =
2

f20

�
ln(U0 � f0�

2
0U1 � �20 � f20�

4
0

2
U2)� lnV0

�
:

(15)
Comparing with the equation from Eq. 8, i.e.

�20 =
2

f20
(ln I0(f0)� ln I1(f0)); (16)

we can see that if we assume that the e�ects caused by
window are negligible, this may result into substantial
errors if either U1 or U2 happens to be not very small
in comparison to U0. More details on solving Eq. 15
can be found in [9].
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Figure 3: Polynomial Fitting Of The Transformation
Curve

A more intuitive way of looking at the di�erence be-
tween Eq. 15 and Eq. 16 is illustrated in Figure 3. The

solid line is the transformation curve e�f
2�20=2, with

�0 = 1:0. The peak frequency f0 is 0:8, and the pass-
band of the Gabor �lter is (0:4; 0:8). The dotted curve
is the zeroth order approximation, i.e. Eq. 16 is equiv-
alent to using a constant to approximate the trans-
formation curve within the passband. The �rst order
approximation (dash-dot curve), i.e. Eq. 15 with only
the linear term, is equivalent to using a line to approx-
imate the transformation curve within the passband.
The second order approximation (dashed curve), i.e.
Eq. 15, is equivalent to using a quadratic curve to ap-
proximate the transformation curve within the pass-
band. Generally, if we use up to the nth order moment
�lter in the Fourier domain, we are actually �tting the
transformation curve by an nth order polynomial. Cer-
tainly, it will drastically decrease errors compared to
the constant approximation.

When � 6= 0 in Eq. 9 and Eq. 10, we must consider
the e�ect of the shift variance. We de�ne

Vi =

Z
i1(x)mi(�x)dx; (17)

Vi =

Z �Z
i0(t)

1p
2�s

e�
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�
mi(�x)dx:(18)

In other words, Vi represents the convolution of
frontalized image, while Vi represents the convolution
of the original real image i1(x). In order to use Eq. 15
to compute s accurately, we need to compute Vi from
Vi.

Replacing Eq. 10 into Eq. 17, and using the recur-
siveness of the moment �lters in the spatial domain,
we can represent the e�ects of the shift variance as

Vi � Vi � js2�(�2(Vi+3 + 2f0Vi+2 + f20Vi+1)�
i(Vi+1 + 2f0Vi + f20Vi�1))

= Vi + s2�Pi; (19)

i.e. when � is small, we can represent the e�ects of
the shift variance as a linear recombination of moment
�lter outputs.

Therefore, we can compute s and � simultaneously
by solving the following equations:

s2 = 2
f20

(ln(U0 + f0s
2U1 � 1

2
(s2 � f20 s

4)U2)

� ln(V0 + s2�P0)
�
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More details of solving the equations can be found in
[9].

4 Moment Filters For Stereo
The depth from stereo method obtains depth infor-

mation using a quantitative measure of the local shift
between two images. Assuming i0(x) and i1(x) are
the two images in the spatial domain, and I0(f) and
I1(f) are in the Fourier domain, we have the following
relations

i1(x) = i0(x+D0); (22)

I1(f) = I0(f)e
jfD0 : (23)

The shift between two images is characterized by
the disparity D0. The above relation in the Fourier
domain is valid only when D0 is a constant. If D0
varies linearly in the neighborhood of the window cen-
ter x = 0, i.e.

D0 = D + �x; (24)

we then have

i0(x+D0) � i0(x+D) + �x
d

dx
i0(x+D); (25)

where we truncated terms of higher order of � based
on the assumption that � is small.

In the neighborhood of f0, the transformation curve
of stereo can be expanded according to Taylor expan-
sion

ejfD0 � ejf0D0 (1+ jD0(f �f0)� D2
0

2
(f �f0)

2); (26)

where higher order terms are truncated.
Using exactly the same method as we did in the

previous section, we have an equation to compute D0
as

D0 =
j

f0

�
ln(U0 + jD0U1 � D2

0

2
U2) � lnV0

�
: (27)

Again, as we showed in the focus problem, the dif-
ference between Eq. 27 and Eq. 23 is that the moment
�lter approach uses a second order polynomial to ap-
proximate the transformation curve ejfD0 in the neigh-
borhood of f0, while the traditional approach uses a
constant ejf0D0 to approximate the curve. As we can
see, only when U1 = U2 = 0, is Eq. 27 the same as
Eq. 23. Therefore, when the magnitude of U1 or U2 is
not small, using Eq. 23 to compute D0 will result into
large errors.

It is not a surprise to learn that the stability con-
straint used by Fleet et al [2] is actually the magnitude
ratio of U1 and U0 , i.e.

k @�
@x

+ j
1

a

@a

@x
k= k U1 k

k U0 k ; (28)



Figure 4: Synthetic Texture Image For Focus

where � is the phase, and a is the magnitude. Eq. 28
also justi�es the so-called phase singularity, which is a
location where U1 is so large compared with U0 that
Eq. 23 isn't even approximately valid. We can see that
such a situation is exactly characterized by Eq. 27.

When � 6= 0 in Eq. 24 and Eq. 25, we must con-
sider the e�ects of the shift variance. Using the same
method as we did in the previous section, we can rep-
resent the e�ects of shift variance as

Vi � Vi + �
�
i(f0Vi�1 � Vi)� �2(f0Vi+1 � Vi+2)

�
= Vi + �Qi; (29)

where Qi is used for simplicity of illustration.
CombiningEq. 27 and Eq. 29, we have the equations

to solve D and �

D =
j

f0

�
ln(U0 + jDU1 � D2

2
U2)� ln(V0 + �Q0)

�
;

(30)

V1 + �Q1

V0 + �Q0
� U1 + jDU2 � 1

2D
2U3

U0 + jDU1 � 1
2D

2U2
: (31)

More details on numerically solving those equations
can be found in [9].

5 Experiments
5.1 Focus

We implemented both algorithms under the variable
window scheme. More details of implementation can
be found in [9]. The performance tests were done on
both synthetic and real images. In experiments on syn-
thetic images, the original image is shown in Figure 4.
We uniformly blurred the original texture image by a
Gaussian function with parameter �0 = 1:0 (in pixel-
width) to get the �rst synthetic image pair. And we
non-uniformly blurred the original image by a Gaus-
sian function with parameter �0 increasing linearly as
the column increases, to get the second synthetic im-
age pair.

We compare three di�erent algorithms, namely,
Subbarao's algorithm (SA), the moment �lter algo-
rithm without slope estimation (MFF1), and the mo-
ment �lter algorithm with slope estimation (MFF2).
Table 1 shows the root mean square errors of the syn-
thetic image pairs using di�erent algorithms. For the
�rst pair, MFF1 and MFF2 show almost no error at

SA MFF1 MFF2
The First Pair 0.070518 0.000749 0.000316
The Second Pair 0.190362 0.046419 0.007976

Table 1: RMS Errors of Di�erent Algorithms

SA MFF2

Figure 5: Computed Blurring Di�erence of The First
Pair

all, while SA has a signi�cant amount of error. For the
second pair, the RMS error of SA is 4 times larger than
that of MFF1, and 27 times larger than that of MFF2!
We can see that the main source of error in Subbarao's
algorithm arises from the truncation of information
from moment �lters. When the surface is slanted, i.e.
foreshortening happens, the error increases as the sur-
face slant increases. The MFF2 algorithm can correct
the errors caused by the foreshortening. Figure 5 and
Figure 6 show the results as elevation maps. And Fig-
ure 7 shows the slope computed for the second pair by
MFF2.

A real image pair is shown in Figure 8. These two
pictures were taken under di�erent aperture and expo-
sure time settings. The toy house is about two meters
away from the camera, and the size of the house it-
self is about 2.5 inches wide, 3.0 inches long, and 4.5
inches high. Figure 9 shows the blurring di�erence of
the house image pair computed using Subbarao's al-
gorithm and MFF1. We can see that the result from
SA is so noisy that the shape of the house can not be
observed with con�dence. But the shape of the house
from MFF1 is clearly visible though the discontinuity
generates a lot of spikes. Finally Figure 10 shows the
result using MFF2. We can see that the computed
blurring di�erence is even more smooth. Additionally,

SA MFF2

Figure 6: Computed Blurring Di�erence of The Second
Pair



Figure 7: Computed Surface Slope of The Second Pair

Figure 8: Real Image Pair of A Toy House

most of the slope vectors have the correct direction de-
spite the fact that the slope is very small (� � 0:002
in Eq. 9), and the discontinuity generates very large
slope vectors which can be used potentially to locate
the discontinuity in later processing stages.

5.2 Stereo
Though �lter-based stereo algorithms may be able

to alleviate the mismatch problem, our concern here
is focused on the precision of sub-pixel registration.
We will compare our algorithms with Kanade & Oku-
tomi's adaptive window scheme [3]. A simple SSD-
based matching is performed to generate pixel resolu-
tion disparity, and the same pixel resolution disparity
is used for our algorithms and Kanade & Okutomi's
algorithm.

We implemented our algorithms under the �xed
window scheme. More details of the implementation
can be found in [9]. For Kanade & Okutomi's algo-
rithm, the range of the window size is from 3 to 21,

SA MFF1

Figure 9: Blurring Di�erence of House From SA and
MFF1

Blurring Di�erence Slope

Figure 10: Blurring Di�erence and Slope of House
From MFF2

Figure 11: The 20th Frame in Tree Sequence

and the iteration count is 5 times. For simplicity, we
will denote Kanade & Okutomi's algorithm as KOA,
the moment �lter approach without slope correction
as MFS1, and the moment �lter approach with slope
correction as MFS2. The RMS errors we use below are
in pixel widths.

We �rst tested the stereo algorithms on synthetic
images. The synthetic image pair is the 20th and 21st
frames of the translating tree sequence [1] as in Fig-
ure 11(b). The scene is a planar surface textured by a
picture of a tree. Because the ground truth of the
motion is in horizontal direction, we can use them
as a stereo pair. The disparity is between 1.73 and
2.26, and it increases linearly from left to right. Fig-
ure 12 and Figure 13 show the disparity maps and
slope computed by di�erent algorithms. The RMS er-
rors of KOA, MFS1 and MFS2 are 0.016, 0.012 and
0.010 pixel-width respectively.

We also tested these algorithms on a real image pair.

KOA MFS1

Figure 12: Disparity Maps of the Tree Pair from KOA
and MFS1



Disparity Surface Slope

Figure 13: Disparity and Slope of the Tree Pair from
MFS2

The targets were about 2.5 meters from the camera,
and the camera was translated horizontally by 0.5 inch
between the left and right views. Because there is no
vergence, the disparity map of a planar surface should
still be planar. We will �t planes to regions in the dis-
parity map which correspond to planar surfaces, and
then compare quantitatively the performance of stereo
algorithms. Note that when we �t planar patches, we
exclude those pixels near the boundaries so that the
RMS errors we computed are not inuenced by the
results near depth discontinuities.

The pair of images are of a textured cube shown
in Figure 14. There are three large planar surfaces,
which we denote as top patch, left patch, and right
patch in Figure 14. The di�erence between the largest
and the smallest disparity is about 3.0 pixel widths.
Table 2 shows the RMS error after plane �ttings. We
observe that both MFS1 and MFS have better per-
formance than KOA, a nd the RMS error of MFS2 re-
mains almost constant when the surface slant increases
which we attribute to the slope correction performed
by MFS2, while the error of KOA increases obviously
as the slope increases. Figure 15 shows the disparity
and slope computed by MFS2. The slope estimation
correctly indicates not only the direction of the slope,
but also the magnitude of the slant.

Top Patch Left Patch Right Patch
KOA 0.063 0.032 0.027
MFS1 0.039 0.024 0.020
MFS2 0.018 0.020 0.016

Table 2: RMS Errors of The Cube
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