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Abstract
This paper proposes new \hypergeometric" �lters for

the problem of image matching under the translational
and a�ne model. This new set of �lters has the follow-
ing advantages: (1) High-precision registration of two
images under the translational and a�ne model. Be-
cause the window e�ects are eliminated, we are able to
achieve superb performance in both translational and
a�ne matching. (2) A�ne matching without exhaus-
tive search or image warping. Due to the recursiveness
of the �lters in the spatial domain, we are able to ana-
lytically express the relation between �lter outputs and
the six a�ne parameters. This analytical relation en-
ables us to directly compute these a�ne parameters.
(3) Generality. The approach we demonstrate here
can be applied to a broad class of matching problems,
as long as the transformation between the two image
patches can be mathematically represented in the fre-
quency domain.

1 Introduction
Image matching is one of the most fundamental

problems in computer vision. For example, in motion
analysis, we often need to compute accurately at ev-
ery pixel the image \velocity", i.e. optical ow, and
even a�ne parameters. During the last decade, var-
ious computation models and algorithms have been
proposed, and steady progress has been made in terms
of precision, accuracy, and robustness. Unfortunately
almost all proposed matching algorithms share some
common limitations and shortcomings.

� Finite Window Problem: The computational
models of translational matching are usually
based on the assumption that the underlying
signals have in�nite long duration, or the ef-
fects caused by �nite window size are negligi-
ble. Such models include traditional SSD-based
subpixel registration ([3]), di�erential techniques
([6]), energy-based methods([2]), and phase-
based matching ([5]). In pursuit of high preci-
sion, the e�ects of �nite window size have to be
explicitly examined, and hopefully eliminated.

� A�ne Matching Problem: When the two
translational parameters are not constant within
the width of the window, the translational model
has to be replaced by the a�ne model. Many al-
gorithms such as [7] use exhaustive search to �nd
those a�ne parameters. Generally speaking, the
search is six-dimensional, therefore prohibitively

expensive. We need a way to compute instead
of search for the six a�ne parameters simultane-
ously.

� General Matching Problem. In computer vi-
sion, we also encounter other matching problems,
such as in depth from defocus [8]. These prob-
lems bear obvious similarity in that they all try
to match two images, yet the sophisticated algo-
rithms developed for the translational matching
usually cannot be e�ectively extended to other
matching problems.

To overcome these problems, we introduce the hy-
pergeometric �lters. Based on its recursiveness in the
spatial and frequency domains, we demonstrate that

� The e�ects of the �nite window size can be ex-
pressed as high order terms in a Taylor expan-
sion. Ignoring those window e�ects is equivalent
to truncating the Taylor expansion after the �rst
term. Therefore, by truncating the expansion at
a higher order, we are able to reduce, and numer-
ically eliminate, these e�ects. We can achieve
much higher precision by doing so.

� The e�ects of the a�ne deformation can be ana-
lytically expressed as a linear modi�cation of the
original image. Because these e�ects are analyt-
ical, we can directly compute the six parameters
of the a�ne transform without resorting to ex-
haustive search or image warping.

� The approach can be easily applied to a wide va-
riety of matching problems, in which the trans-
formation between two image patches can be an-
alytically expressed in the frequency domain.

2 Hypergeometric Filters
We de�ne the \hypergeometric �lters" or \H �lters"

in the Fourier domain as (m = 1; 2; :::;1):

Hm(f) =

�
cmf

me�f
2�2=2 when f � 0

0 when f < 0
(1)

H0(f) = (2
p
��)1=2e�f

2�2=2 = c0e
�f2�2=2 (2)

H�m(f) =

�
0 when f > 0

cm(�f)me�f2�2=2 when f � 0
;(3)

where cm's are real normalization constants.
Without loss of generality, we will demonstrate our

approach using only H �lters of positive peak fre-
quency. Those of negative or zero frequency can be
similarly used in the following computations ([9]).
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Figure 1: The Passbands of Hypergeometric Filters

Intuitively, Hm(f) is an asymmetric bell-shaped
band pass �lter with the peak frequency of Hm(f)
at

p
m=�. Figure 1 shows the passbands of

H1(f);H2(f);H3(f) and H4(f).
In the spatial domain, the H �lter hm(x) is ex-

pressed as
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where j is the complex constant

p�1, �(a; c; x) is
a special type of hypergeometric function, known as
\conuent hypergeometric function" or \Kummer's
function" in the literature ([1]), and am and bm are
constants decided by m. The solid curves in Figure 2
are H �lters of the second, �fth and tenth order in the
spatial domain, while the dashed curves are the clos-
est Gabor �lters in the sense that they have the same
peak frequency and bandwidth. Only real part of the
�lters are shown.

Two-dimension extension of the H �lter is straight-
forward:

hmn(x; y) = hm(x)hn(y): (5)

Limited by space, we are going to list the useful
properties of the H �lters without proof. Interested
readers may refer to [9].

� The set of hypergeometric �lters are orthogonal
and complete, i.e. we can losslessly reconstruct
the original signal from the coe�cients that re-
sult from convolving the image with H �lters.

� The hypergeometric �lters are recursive in the
Fourier domain, i.e.

Hm+1(f) =
cm+1

cm
fHm(f): (6)

� The hypergeometric �lters are recursive in the
spatial domain, i.e.

xhm(x) = k+1hm+1(x) + k�1hm�1(x); (7)

where k+1 and k�1 are constants.

3 Translational Matching
In this section, we consider the traditional problem

of recovering two motion parameters at every pixel as-
suming translational motion, i.e. in the spatial domain

i1(x; y) = i0(x+ u; y + v); (8)

or in the frequency domain

I1(fx; fy) = I0(fx; fy)e
j(fxu+fyv); (9)

where i0(x; y) and i1(x; y) are the two images in the
spatial domain, I0(fx; fy) and I1(fx; fy) are in the fre-
quency domain, and (u; v) is the 2D translation.

Theoretically, if u and v are constant in the whole
image, and the size of the image is in�nitely large, we
can precisely compute them by using correlation or dif-
ferentiation techniques based on Eq. 8, or phase-based
or energy-based techniques based on Eq. 9. Unfortu-
nately none of these assumptions is true in reality. In
this section, we show how to precisely compute the
translation by assuming u and v are constants only
within a �nite window width. In the a�ne matching
section, we will further relax this assumption.

Let Umn and Vmn be the results of convolving the
images with hmn(x; y) at x = 0; y = 0, i.e.

Umn =

Z Z
i0(x; y)hmn(�x;�y)dxdy

=

Z Z
I0(fx; fy)Hmn(fx; fy)dfxdfy; (10)

Vmn =

Z Z
i1(x; y)hmn(�x;�y)dxdy

=

Z Z
I1(fx; fy)Hmn(fx; fy)dfxdfy; (11)

where the integrations are done from �1 to +1. In
the following, we will base our computation solely on
Umn and Vmn. Since hmn(x; y) has �nite e�ective
width, the values of Umn and Vmn are una�ected by
values of u and v outside the e�ective width of the H
�lter.

Suppose (f0x; f0y) is the peak frequency of
Hmn(fx; fy), we obtain the following Taylor expansion
around the peak frequency,

ej(fxu+fyv) =
1X
p=0

1X
q=0

Apq(f0x; f0y; u; v)f
p
xf

q
y ;(12)

where Apq(f0x; f0y; u; v) are coe�cients of the Taylor
expansion. Using the recursiveness of the H �lter in
the frequency domain we then obtain,

ej(fxu+fyv)Hmn(fx; fy)

=
1X
p=0

1X
q=0

Bpqmn(u; v)H(m+p)(n+q)(fx; fy);(13)

where Bpqmn(u; v) = Apq(
p
m
�
;
p
n
�
; u; v) cmcn

cm+pcn+q
:

Replacing Eq. 13 back into Eq. 11 and use Eq. 9,
we then have

Vmn =
1X
p=0

1X
q=0

Bpqmn(u; v)U(m+p)(n+q) (14)
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Figure 2: H Filters and Their Closest Gabor Filters

If we truncate the Taylor expansion after order N ,
we can compute the translation parameters u and v by
minimizing a sum of norm di�erence

X
m

X
n

k Vmn �
NX
p=0

NX
q=0

Bpqmn(u; v)U(m+p)(n+q) k2 :

(15)
In practice, it usually takes fewer than ten evaluations
to �nd the minima using the Levenberg-Marquardt
method when N = 3. Furthermore, if we assume
that the uncertainty of Vmn and Umn is caused by im-
age noise and window truncation, we could apply the
standard �2 analysis to estimate the error covariance
matrix of (u; v) as described in [9].

It is interesting to note that when the Taylor ex-
pansion in Eq. 12 is truncated after the �rst term,
Eq. 14 becomes Vmn = ej(f0xu+f0yv)Umn; which is ex-
actly what has been used in the phase-based approach,
where window e�ects are ignored as in [5]. It can also
be shown ([9]) that the phase-based approach using in-
stantaneous frequency is equivalent to truncating after
the second term in Eq. 12. Thus the traditional ap-
proach with Gabor �lters is a degenerate case of the
method using hypergeometric �lters.

Therefore, we conclude that the higher order terms
in Eq. 14 represent modi�cations introduced by �nite
window size. By adding these modi�cation terms to
the minimization in Eq. 15 we are able to reduce, or
numerically eliminate window e�ects.

4 A�ne Matching
In the previous section, we assumed that the two

translation parameters (u; v) are constant within the
window area. In this section, we relax this assumption
to let (u; v) change linearly within the window width,
resulting in the a�ne matching problem�

u
v

�
=

�
u0
v0

�
+

�
ux uy
vx vy

��
x
y

�
: (16)

We call this a�ne matching problem a derivative
of the translational matching problem because we are
estimating the translation parameters and their deriva-
tives simultaneously.

Let us consider the case where u0 = v0 = 0, i.e. the
translation is zero at the center of the window. Then
we have

i1(x; y)
= i0(x+ uxx+ uyy; y + vxx+ vyy)
� i0(x; y) + (uxx+ uyy)

@i0
@x + (vxx+ vyy)

@i0
@y :

Using the above approximation and the recursive-
ness of the H �lters in the spatial domain, we can ex-
press the relation between Umn and Vmn as

Vmn = C00Umn +
X

p;q��1
jpj+jqj=2

CpqU(m+p)(n+q) ; (17)

where C00, C(�1)1, C1(�1), C20, C11 and C02 are all
functions of (ux; uy; vx; vy) only.

Eq. 17 shows that the e�ects of a�ne deformation
can be represented as a linear modi�cation to the origi-
nal image. Just as was done in the translational match-
ing section, we can minimize the sum of norm di�er-
ence to yield the four deformation parameters.

So far we have only considered the case when the
translation is zero. When the translation is not zero,
we can decompose the general a�ne transform into two
steps. The �rst step is pure deformation, and the sec-
ond pure translation as illustrated in Figure 3, where

i(x; y) = i0(x+ uxx+ uyy; y + vxx+ vyy);(18)

i1(x; y) = i(x+ u1; y + v1): (19)

The relation between (u1; v1) and the original transla-
tion (u0; v0) is�

u0
v0

�
=

�
1 + ux uy
vx 1 + vy

��
u1
v1

�
: (20)

In other words, the combination of the two transforms
is equivalent to the original a�ne transform. And the
pure translation in Figure 3 is also reversible.

i  (x, y)0

Umn

i (x, y)

Wmn

i  (x, y)1

Vmn

Deformation

Translation

Translation(u  ,u  ,v  ,v  )x y x y

(u  ,v  )1 1

(-u  ,-v  )1     1

Figure 3: Two-Step Decomposition of the A�ne
Transform

Using Eq. 14 and Eq. 17, we can formulate the fol-
lowing objective function which yields the six a�ne
parameters when minimized.

X
m;n

k C00Umn +
X

p;q��1
jpj+jqj=2

CpqU(m+p)(n+q) �



NX
p;q=0

Bpqmn(�u1;�v1)V(m+p)(n+q) k2 :(21)

5 General Matching Problem
As an abstract example, let us consider a gen-

eral matching problem stated as recovering parame-
ters ~u = (p1; p2; � � �) in the transformation T (fx; fy;~u)
between two images I0(fx; fy) and I1(fx; fy). As long
as the transformation T (fx; fy;~u) can be analytically
expressed, we can always compute ~u using exactly the
same algorithm as we used in optical ow but with
di�erent Taylor expansion.

The most fundamental di�erence between a �nite-
and in�nite-width �lter is that a �nite-width �lter
must have a non-zero passband. When we ignore
the e�ects introduced by �nite-width, we are assum-
ing that the underlying transformation T (fx; fy;~u)
is a constant within the passband. If this assump-
tion is true, the window e�ects are zero. But when
T (fx; fy;~u) is not constant within the passband, the
error caused by this unrealistic assumption could be
enormous. In contrast, when we expand T (fx; fy;~u)
by Taylor expansion, we are using a polynomial to ap-
proximate it within the passband. If the window-size
is small, i.e. the passband is large, we need a high
order polynomial. If the window-size is large, i.e. the
passband is small, we need a low order polynomial. In
the extreme, if the window-size is in�nitely large, i.e.
the passband is zero, we only need a constant.

The derivative problem is that we need to estimate ~u
and its spatial derivatives (~ux; ~uy) as well. As demon-
strated in the a�ne matching section, we can usually
decompose it into two steps, where the �rst one repre-
sents the e�ects caused by non-zero spatial derivatives
(~ux; ~uy) while ~u = 0, and the second represents the ef-
fects caused by ~u while its derivatives are zero. Due to
the recursive properties of the H �lter, all these e�ects
can be analytically expressed as linear modi�cations.
Finally, we can formulate an objective function to com-
pute ~u and (~ux; ~uy) simultaneously.

6 Experiments
6.1 Experiments on Optical Flow

There are many algorithms to compute optical ow
from two or more images. Among the published work,
Barron et al [4] provided a quantitative measure for
a few of the optical ow techniques. We will demon-
strate the capability of our new technique on the same
test images for comparison. While most of the tech-
niques presented in [4] used a sequence of images to
reduce error, we will show that our technique achieves
better results using just two adjacent frames. No pre-
smoothing in the spatial domain or the temporal do-
main was done, therefore the error due to quantization
and noise was much higher. The error measurement
we used was the average angular measure as in [4]. All
angular errors are in degrees (�).

In our implementation, we set two frequency bounds
M and N such that we used all �lters hmn(x; y) with
0 � m � M and �N � n � N . More details of our
implementation are available in [9].

Without any post-processing, the approach pro-
posed here will compute a velocity at every pixel. If
the error estimation procedure works properly, the er-
ror covariance matrix it computed will have one large
eigenvalue in the case of the aperture problem, and
two large eigenvalues in the case of no texture at all.
The corresponding eigenvector should indicate the di-
rection in which large uncertainty occurs. To com-
pare our results with those from other techniques, we
threshold the computed optical ow by the following
formula:

Emax
u2 + v2 + 1

< Te; (22)

in which Emax is the largest eigenvalue of the covari-
ance matrix, and Te is the threshold. By setting Te to
di�erent values, we can obtain optical ow at arbitrary
density.

For the Yosemite sequence (Figure 4), we used the
9th and 10th frames to compute the optical ow as
they were the two frames in the middle of the sequence.
The size of the H �lters was � = 7:0, and the frequency
boundss wereM = N = 10, which corresponded to the
area in the Fourier domain: (0:0 � fx � 0:45;�0:45�
fy � 0:45). In other words, we only used informa-
tion whose frequency is lower than one-sixth of the
Nyquist frequency. Figure 4 also shows the raw (un-
thresholded) optical ow computed, the curve of the
density versus average error and the results reported
in [4], which were computed from the whole sequence.
The curve was generated by thresholding the optical
ow according to Eq. 22 at di�erent values. We can
see that except for a couple of techniques which impose
smoothness constraint at 100% density, our approach
has the best results for all densities, despite the fact
that we only used low frequency information from just
two frames.

The fact that the average angular error increases
monotonically as the threshold is relaxed indicates
that the error estimation indeed represented the uncer-
tainty properly. Furthermore, as a covariance matrix
can be represented by a ellipse whose two principal di-
rections are the two eigenvectors, and whose radii are
the square roots of the corresponding eigenvalues, we
superimpose the ellipses on top of the darkened image
in Figure 4 (Uncertainty).

We also tested our algorithm on the real image
sequences in [4]. For all the real image sequences,
we took two frames in the middle of each sequence
to compute optical ows. The size of the H �lters
� = 4:5, and the frequency bounds were M = N = 15,
which corresponded to the area in the Fourier domain
(0:0 � fx � 0:86;�0:86 � fy � 0:86). For the NASA
coke sequence, we show four images: the middle frame
in the sequence, the unthresholded and thresholded
optical ows and the uncertainty estimation.

More experiments on real and synthetic image se-
quences could be found in [9]. In all experiments we
conducted on optical ow, our algorithm has delivered
denser and more precise results than traditional ap-
proaches.

6.2 Experiments on A�ne Matching
In the a�ne matching experiments, we tried to com-

pute six a�ne matching parameters for every pixel.



The 20th frame Recovered (u0; v0)

Figure 6: Recovered (u0; v0) From Diverging Tree Im-
ages

ru rv
Figure 7: Recovered Gradient Parameters From Di-
verging Tree Images

We �rst used the 20th and 21st frames from the di-
verging tree sequence in [4]. The size of H �lters was
� = 7:0, and the frequency bounds were M = N = 15.
Figure 6 and Figure 7 show the computed six a�ne
parameters at every pixel. We can see that the recov-
ered a�ne parameters are very precise except in areas
of no texture. The RMS error of recovered (u0; v0)
is 0.032 pixel-width, and the RMS error of recovered
(ux; uy; vx; vy) is 0.0031 pixel-width per pixel-width.

We also applied the a�ne matching model to the
real image pair shown in Figure 8. The camera mo-
tion between the two images was a horizontal shift (0.5
inch). Therefore, the ground truth of the translation
parameters (u0; v0) is always horizontal, i.e v0 = 0
and rv = (0; 0). The object was a textured cube lo-
cated about 2.5meters away from the camera. Figure 8
and Figure 9 illustrate the six a�ne parameters recov-
ered from these two images. 1 Because the surfaces
of the object were slanted with respect to the image
plane, the direction of the a�ne deformation ru was
the the 2D projection of the surface normal, and the
magnitude ofru indicated the magnitude of the slant.
Again, our algorithm robustly recovered the six a�ne
parameters for every pixel using only local information.
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