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Abstract

Partially observable Markov decision pro-
cesses (POMDPs) are a convenient representation for
reasoning and planning in mobile robot applications.
We investigate two algorithms for learning POMDPs
from series of observation/action pairs by comparing
their performance in fourteen synthetic worlds in con-
junction with four planning algorithms. Experimental
results suggest that the traditional Baum-Welch algo-
rithm learns better the structure of worlds speci�cally
designed to impede the agent, while a best-�rst model
merging algorithm originally due to Stolcke and Omo-
hundro [?, SO]erforms better in more benign worlds, in-
cluding such that model typical real-world robot fetch-
ing tasks.

1 Introduction

Autonomous agents such as mobile robots often have to
operate in non-deterministic environments with unob-
servable state and unknown dynamics. One typical ex-
ample is the situation when a mobile delivery robot has
to be deployed at a new site and is expected to navigate
reliably between several predetermined goal locations.
The only instruction it is given is a tour of the site, per-
formed by joysticking it between all goal locations and
allowing it to accumulate sensory-motor traces. When
the robot is at a particular goal location, it is given an
indication of that, including the goal number. After
the tour is complete, the robot has to learn the topol-
ogy of the site, plan routes between goal locations, and
execute plans successfully. State in this environment is
not fully observable because some of the locations are
not distinguishable from each other, and furthermore,
the robot is not certain about its starting position, the
consequences of its actions are not deterministic, and
its sensing is not perfect.

Classical planners such as STRIPS and UCPOP
usually perform inadequately in such environments, be-
cause they have been designed to operate on determin-

istic representations of the world, available in advance
in the form of a map or a domain theory, and require
fully observable state. It has proved to be very di�cult
to extend classical planners to handle uncertainty and
unobservability, while simultaneously learning the dy-
namics of the environment, and a major paradigm shift
has been necessary.

A framework that can handle stochastic, par-
tially observable worlds with unknown dynamics, is
that of partially observable Markov decision processes
(POMDP). While there has been considerable work on
reasoning and planning with POMDPs [KLC96, Nou98,
KS98], there has been relatively little progress on learn-
ing their structure from data with the explicit purpose
of reasoning and planning with them thereafter. This
is exactly the focus of this paper.

We apply two algorithms to the problem of learn-
ing POMDPs from data { the traditional Baum-Welch
algorithm and a best-�rst model merging method
adapted from the one proposed originally by Omohun-
dro and Stolcke for speech recognition [SO93]. The per-
formance of the three algorithms is compared in several
planning domains using four algorithms for planning in
POMDPs. The e�ect of the degree of aliasing is ex-
plored as well.

Section 2 describes the POMDP formalism and
several popular algorithms for state estimation and
planning with POMDPs. Section 3 discusses algorithms
for learning in POMDPs and the problem of goal de-
termination in learned POMDPs. Section 4 describes
the fourteen worlds used in the experiments, as well as
other experimental conditions. Section 5 reports the
experimental results and section 6 concludes.

2 Reasoning and Planning with

POMDPs

The POMDP model has been developed in the �eld
of operations research as a formalism for inference
and decision making in probabilistic systems with hid-



den state. A POMDP is described by the tuple
(S; �;A; T;O;E;R), where S is a set of states, � is an
initial probability distribution over these states, A is a
set of actions, and T is a transition function that maps
S�A into discrete probability distributions over S. The
states in S are not observable { instead, observations
from the set O can be perceived only. The function E

maps S �A into discrete probability distributions over
O (in some POMDPs the observations depend on state
only). The function R describes the immediate reward
received when the POMDP is in each of the states in
S.

The structure, transition, emission, and reward
functions are based on the control objectives of the
agent that is controlling the POMDP. The scenario we
are interested in is mobile robot navigation, where each
state is a location in a world and each observation is a
discrete percept that can be produced by the percep-
tual apparatus of a mobile robot. If the objective of
the robot is to reach a particular goal state and stay
there, the reward for that state can be, for example,
one, while the reward for being in all other states can
be zero. Then, if the agent maximizes the reward it
receives, it will e�ectively be achieving its goal.

A POMDP can be controlled by executing one of
the available actions at each time step. As a result,
the POMDP transfers to a new unobservable state and
emits a new observation which can be perceived by
the agent that is controlling the POMDP. The agent
has to infer the state of the POMDP on the basis of
the sequence of observations and the knowledge it has
about the transition and emission probabilities of the
POMDP. Since the agent has to reason under uncer-
tainty, it cannot be completely sure about the exact
state the POMDP is in; instead, it has to maintain a
belief state Bel(S) represented as a probability distri-
bution over all states in S.

2.1 Belief updating

At all times, the agent maintains a belief distribution
over all possible states it can be in, and updates it ac-
cording to the actions it takes and the percepts it ob-
serves. This process of belief updating follows a two-
staged prediction-estimation cycle [KS98]. During pre-
diction, the agent estimates how the belief state at time
t will change if a particular action at�1 is performed at
time t � 1, based on the belief state before the action
was performed and general knowledge about how ac-
tions a�ect states:

B̂el(st) =
X

st�1

P (stjst�1; at�1)Bel(st�1);

where B̂el(st) is the estimated belief state at time t for
all states s in S, Bel(st�1) is the belief state at time
t�1, P (stjst�1; at�1) are transition probabilities of the
POMDP, and the sum runs over all states in S.

During the estimation phase, the newly observed
percept ot is used to update the estimated belief vector:

Bel(st) = �P (otjat)B̂el(st);

where P (otjst) are the emission probabilities of the
POMDP and � is a normalization coe�cient. The most
likely state at each step is the one whose corresponding
element of the belief vector is largest.

2.2 Planning with POMDPs

Controlling a POMDP amounts to choosing the correct
actions that will maximize the expected cumulative re-
ward received by the agent over the course of its op-
eration. When this course is in�nite in duration, the
sum itself will be in�nite { one way to avoid this is to
apply an exponential discounting factor  < 1 to each
reward. Thus, the goal of the controller is to maximize
the quantity <

P
1

t=0 
tRt >, where Rt is the reward

received at the t-th step of operation, and < � > denotes
expectation. Many algorithms for choosing proper ac-
tions in POMDPs have been studied recently [CKK96],
some of which are reviewed below.

2.2.1 Optimal control in POMDPs

One approach to controlling a POMDP that leads to
optimal control is to transform the POMDP into a
fully observable MDP, whose states are the belief states
of the original POMDP. Since the space of all be-
lief states is continuous and most methods for solv-
ing MDPs operate on discrete state, the belief state
is usually discretized. However, applying this method
directly is extremely demanding computationally and
ine�cient. In general, the problem of �nding optimal
policies for POMDPs has been proven to be PSPACE
hard [KLC96] and can only be used for trivial POMDPS
with less than ten states.

More e�cient algorithms exist as well, starting
with the work of Sondik, subsequently improved by
Kaelbling and Littman [KLC96]. Even though these
algorithms o�er dramatic improvements in compu-
tational e�ciency, they are still applicable only to



POMDPs with several tens of states. Because of the
computational di�culty of �nding optimal solutions to
POMDPs, various heuristic suboptimal strategies have
been explored, among which assumptive planning and
MDP-based approaches.

2.2.2 Assumptive planning

This heuristic strategy, proposed by Nourbakhsh
[Nou98] performs full belief updating of its belief state
based on the transition and emission probabilities, as
described in the previous sections, but makes sev-
eral simplifying assumptions when choosing an action.
First, it assumes that it is in the most likely state with
complete certainty, thus ignoring the possibility of be-
ing in other states. Next, it constructs a deterministic
FSA from the transition and emission probabilities of
the original POMDP and uses a general search algo-
rithm such as iterative deepening to �nd a path in the
FSA. Furthermore, the planner produces a list of per-
cepts that ought to be seen if the plan is executed and
the FSA is a true representation of the world. However,
in most cases the percepts seen by the agent will di�er
from the expected ones, which is an indication that the
plan is no longer valid and the agent is lost. If this is
the case, the planner is called again to �nd a new plan
based on the latest estimate of the most likely state.

2.2.3 MDP-based strategies

Another set of heuristic strategies solves �rst the under-
lying MDP and then makes use of that solution in con-
junction with the estimated belief state [CKK96, KS98].
This corresponds to the usual approach taken in con-
trol theory, where the problems of state estimation and
control are solved separately { a closed-loop control law
is designed under the assumption that the state is com-
pletely observable and a separate observer is designed
to estimate the current state.

The solution of the underlying MDP is an opti-
mal policy that maps each state into the action that
maximizes the expected future cumulative reward. In
order to �nd that action, an auxiliary function Q(s; a)
is computed, whose meaning is the expected cumulative
reward if action a is performed in state s and an optimal
policy is followed thereafter. If the Q-function is known
for a state, the optimal action a� for that state is the one
with highest Q-value: a�(s) = argmaxaQ(s; a). The
Q-function can be found by means of Q-learning, an
iterative Monte-Carlo reinforcement learning method
[SB98]:

Q̂t+1(s; a) := (1��)Q̂t(s; a)+�[R(s)+max
b

Q̂t(s0; b)];

where Q̂t(s; a) is an estimate of the Q-function at iter-
ation t, � is a learning rate coe�cient, which should de-
crease quadratically with time, and the state s0 is sam-
pled according to the transition probabilities for state
s and action a. Once the MDP is solved, the Q-values
can be used in several ways to approximate the optimal
policy for the POMDP case [CKK96, KS98]:

Most likely state method: The most likely state is
found, as described in the previous subsection, and
the optimal action for that state is chosen. This
method is suboptimal if there is still substantial
probability that the system is not in the most likely
state and the optimal action for the ignored states
is di�erent.

Voting method: This method chooses the action
with highest probability mass in the belief vec-
tor. For each action, the belief probabilities for
the states where this action is optimal are added
up, and the action with the highest sum is chosen.

QMDP method: Similar to the voting method, but in-
stead of adding up state beliefs only to the sum of
the winning action, they are added to the sums of
all actions, weighted proportionally to the actual
Q-values. This avoids choosing the wrong action
in cases when one action wins by a small margin
in several states, but loses badly in another state.
The QMDP method would be optimal if all uncer-
tainty in the world was to suddenly disappear at
the next time step.

All of the above methods based on the solution
of the underlying MDP cannot plan to perform an ac-
tion solely to gain more information. Various strategies
have been researched that aim to reduce the degree of
uncertainty as measured by the entropy of the belief
vector [CKK96]. Another approach, the SPOVA-RL al-
gorithm due to Parr and Russell, uses a special-purpose
function approximator to estimate the expected re-
ward of each state following the optimal policy for the
POMDP [PR95]. It has been reported to solve success-
fully POMDPs with hundreds of states and actions.

3 Learning POMDPs

Learning a POMDP from observations instead of hav-
ing one available in advance furthermore complicates



the problem of determining optimal policies. Sev-
eral fundamental questions arise, among which are the
proper criterion to be optimized during learning, the
correspondence between world and model states, and
the related problem of goal determination.

There have been debates about the performance
measure that should be maximized during learning {
one point of view is that the available data should be
used to learn all possible perceptual distinctions in the
real world [Chr92], while the opposite view would have
it that only those distinctions that are utile in actual
planning and control should be learned [McC92]. Those
algorithms that learn only utile distinctions use either
decision trees or instance-based learning to form state
representations. Since there are no known algorithms
that learn POMDPs so that only utile distinctions are
distinguished, we will consider only algorithms that
learn all possible distinctions, that is, learn to predict
training data as well as possible, without regard of how
the learned POMDP will be used. Two such algorithms
are described in the following subsections.

The correspondence between world and model
states is another major issue in learning POMDPs from
data. In general, the agent does not know how many
states existed in the original process that generated the
data and has to make a decision about the �nal num-
ber of states in the model. Furthermore, the original
state space might have been continuous, while states
in POMDPs are usually discrete. In such a case, a
single learned state would correspond to many original
states. Deciding how to establish a correspondence be-
tween continuous real and learned discrete states would
require quantization of the continuous space without
ever observing it directly, which is a di�cult problem.

Another di�culty is that of determining the goal
criteria for planning with the learned POMDP. Both as-
sumptive planning and the MDP-based strategies need
a goal state { either to terminate the iterative deepen-
ing search for assumptive planning, or to construct a
proper reward function for the MDP-based algorithms.
However, when a POMDP is learned, it is not clear
which of its states correspond to the true goal states
in the real world; in general, there won't be one-to-one
correspondence between learned and true states at all.
This circumstance changes signi�cantly the goal crite-
rion used for planning.

One possibility is to transfer the goal from the state
domain to the perceptual domain, that is, instead of
trying to reach a goal location, the agent tries to observe
the percept that corresponded to that location in the
training sensory-motor trace. For assumptive planning,

the states of the FSA that is an idealized representation
of the learned POMDP can be labeled with the most
likely percept to be observed in that state. A solution
exists for the MDP-based planners as well. Instead of
assigning reward one to the goal state and zero to all
other states, the reward for each state can be equal to
the probability that the goal percept will be observed
in this state. Thus, a policy that maximizes reward will
in e�ect maximize the probability that the goal percept
is seen; if the system is at the goal location each time
the goal percept is seen, this policy will also maximize
the probability of reaching the goal state.

Learning in POMDPs can be performed by means
of general algorithms for learning probabilistic networks
from data, such as those proposed in [HGC95, RBK94].
The goal of learning is to �nd values for the entries
in the transition and emission conditional probability
tables (CPT) of a POMDP, which maximize the log-
likelihood lnP (Djw) that the training data set D was
generated by the POMDP with parameters w. Each
case Dl from the data set D consists of assignments
for the observable nodes in O. Two such algorithms
will be considered: the �rst one is the Baum-Welch
learning rule, based on the expectation-maximization
(EM) algorithm, and the second one is based on best-
�rst model merging.

3.1 Baum-Welch

Koenig and Simmons [KS98] adapted the Baum-Welch
algorithm for learning HMMs to the problem of improv-
ing the entries of the CPTs of POMDPs from data. The
latter is a variant of the EM algorithm popular in statis-
tics. The learning rule of the Baum-Welch algorithm is:

ŵT+1
ijk =

P
l �

T
i;l(j; k)P

l 
T
i;l(j)

;

where ŵT+1
ijk is the estimate of the transition probability

P [Si(t + 1) = sikjUi(t) = uij] that node Si will be in
its j-th state sij given that its parents Ui are in their
k-th con�guration uk, after iteration T + 1, and

�Ti;l(j; k) = P [Si(t + 1) = sik;Ui(t) = uijjDl; ŵ
k]

Ti;l(j) = P [Ui(t) = uijjDl; ŵ
k]:

3.2 Best-�rst model merging

A completely di�erent method for learning HMMs has
been suggested by Stolcke and Omohundro, originally



for the purposes of speech recognition [SO93]. Their
approach consists of building an initial HMM, which
has a separate state for each time step in the observa-
tion sequence. The transition and emission tables of
this HMM are trivial { state t transitions to state t+ 1
with probability one, and emits observation O(t) with
probability one. Clearly, this HMM explains the obser-
vation sequence perfectly, but is not the most e�cient
model that can be learned from the data. In order to
compact the model, pairs of states in the original HMM
can be merged, so that the model retains its predictive
abilities with respect to the observation data as much
as possible. This can be achieved by considering several
candidate mergers and choosing the one that decreases
the likelihood of the model the least. After a merger
is chosen, a new set of mergers is considered, and this
process continues until the likelihood of the model with
respect to the data becomes unacceptably low, or a pre-
determined number of states is reached.

This algorithm can be adapted to learning
POMDPs, with several caveats. The transition tables
of the initial POMDP are incomplete { for each state
s, they contain entries only for the action that was ac-
tually taken at that time step. What happens if other
actions are performed is unknown. Subsequent merges,
however, are likely to produce full transition tables.

The original algorithm of Stolcke and Omohun-
dro uses a Bayesian criterion for performing mergers
of states, which can introduce various learning biases
by specifying di�erent prior distributions over POMDP
structure and parameter values. If, however, all param-
eter values are equally likely, the Bayesian criterion is
equivalent to choosing the mergers that decrease likeli-
hood the least.

One particular advantage of this algorithm over
the previous one based on iterative optimization, is the
ability to use various heuristics in the merging process.
For example, it is reasonable to merge states labeled
with the same goal percept only among themselves, and
not with states labeled with di�erent percepts. In this
way, one-to-one correspondence can be established be-
tween a learned state and a real goal state, which could
facilitate planning.

4 Experimental environment

The previous sections described four planners and two
learning methods, each combination of which will have
relative strengths and weaknesses in di�erent worlds.
The goal of the experiments reported below is to in-
vestigate these and �nd whether there is a best combi-
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Figure 1: Test worlds: a)Easy4; b)Hard4; c) Harder4.

nation that can be expected to perform well in a wide
class of worlds.

There are a number of things that make one world
more di�cult to learn and navigate than another. One
of them is the probability of reaching the goal state by
random choice of actions { the lower that probability,
the harder the world. For example, the world in Fig. 1a
is much more benign than the one in Fig. 1b because
the length of a random walk to the goal is much longer
in the latter than in the former. Another dimension
of di�culty is the encoded length of the policy that is
required for successful control. For example, the worlds
in Figs. 1b and 1c have the same topology, but while
performing action 1 all the time guarantees success in
the former, the latter requires a much more detailed
policy that depends strongly on the state the POMDP
is in. A third dimension is the size of the world, which
directly inuences the di�culty of reasoning, planning,
and learning. A related variable condition is the length
of the action-observation sequence that the agent has
available { the bigger the world, the longer a sequence
will be required to capture its dynamics. Finally, the
degree of perceptual aliasing in the world would sub-
stantially a�ect the agent's ability to learn a description
of it and use that description in planning.

In order to test the performance of the planners
and learning algorithms and the inuence of the vari-
able conditions described above, a number of experi-
ments were performed, whose results are reported in
the next section.

The four planners, described in the previous sec-
tion, were tested on a total of fourteen worlds. There
were only eight distinct transition diagrams, six of



which for the worlds Easy, Hard, and Harder, with
either four or eight states. Both aliased and non-
aliased versions were tested. Two actions existed in
each of these twelve worlds. The di�erence between
these worlds is the probability that a random choice of
actions will achieve the goal. The Easy world is very
benign in that random actions are very likely to suc-
ceed. The Hard and Harder worlds are very punishing,
because at each step a wrong action takes the agent
back to the state farthest from the goal. The di�erence
between Hard and Harder is that in Hard the correct
policy is to always take action one, no matter what
percepts are observed, while in Harder the correct ac-
tion depends strongly on the state the agent is in, which
can be identi�ed only by observing percepts. The agent
can observe the state number, except if aliasing is intro-
duced, in which case states one and two emit the same
percept. All transitions are deterministic.

The last two worlds, Gold 6 and Gold 12, represent
worlds where a robot has to �nd a piece of gold in one
room and carry it to a speci�c goal room. Gold 6 has
two rooms and hence six states (the gold can be in either
room or carried by the robot); Gold 12 has three rooms
and twelve states. Four actions are possible { movement
in two directions, clockwise and counterclockwise, as
well as grasping and dropping the piece of gold. The
robot can perceive the room number and whether the
piece of gold is either in the room, not in the room, or in
its hand. Hence, a total of six percepts can be observed
in Gold 6 and nine in Gold 12, which makes the former
world fully observable, while the latter is aliased. A
human placed in the Gold 12 world would �rst plan to
�nd the gold, and then carry it to the goal. However,
the planners considered here cannot plan to perform
actions just in order to change their belief state, which
makes this world hard for them.

Each of the worlds has one goal state, and the re-
sults are averaged for all possible starting states. The
cumulative discounted reward has a discount factor
 = 0:9. If a planner cannot achieve the goal within 250
steps, the run is terminated and zero award is given.

The MDP-based planners solved the underlying
MDP of the learned POMDP by Q-learning, sweep-
ing each state in turn and sampling successive states
according to the transition probabilities of the MDP.
Learning rate � = 0:1 and discounting factor  = 0:9
were used, for a total of 1000 sweeps. Each experiment
used a sequence of 100 observations, except where in-
dicated di�erently.

5 Results

Closely following the methodology of [CKK96], Table 1
shows the discounted cumulative reward for achieving
the true goal state averaged over each initial state for
fourteen worlds, two learning methods, and four plan-
ners. Average results across planners are shown as well.
The achieved reward for random actions is listed as a
baseline for comparison. Each number is the mean over
ten trials, and the variances from these trials are used to
test for statistically signi�cant di�erences between per-
formances. All combinations of learning and planning
methods were tested against random choice { those re-
sults, which are signi�cantly better than random walk
at the 5% error level, are shown in bold. It can be
claimed that in these cases the learner/planner does in-
deed learn an appropriate model of the world and uses
the learned model to choose actions deliberately.

Paired t-tests for signi�cant di�erences between
the two learning methods for the same world and plan-
ner were performed as well. Whenever one of the
learning methods signi�cantly dominates the other one
for a given world and planner at the 5% error level,
the achieved reward is shown in a frame. It can be
seen that BFMM is generally better for simpler worlds,
while Baum-Welch dominates the harder ones. How-
ever, BFMM does much better in the aliased Gold 12
world, which is closest of all worlds to a real robot ap-
plication. The performance of Baum-Welch is not af-
fected from the length of the observation sequence in
the world Harder 8 NA, while BFMM greatly improves
its performance when 300 instead of 100 observations
are used.

6 Conclusion

The reported results con�rm the expectations that both
Baum-Welch and BFMM are susceptible to local max-
ima and hardly ever recover fully the original POMDP
that generated the observations. However, in most
cases they recover enough of the POMDP to be able
to perform better than random choice of actions would.
Furthermore, the complexity of the world does not seem
to a�ect this tendency. Overall, BFMM performs better
on simpler worlds, while Baum-Welch seems to handle
better more complex ones. BFMM clearly dominates
Baum-Welch on the aliased pick-and-drop task, which
suggests that real world navigation tasks are usually be-
nign and BFMM might be the better choice for them.



World Baum-Welch Best-�rst model merging Rnd

AP MLS Vote Qmdp Avg AP MLS Vote Qmdp Avg

Easy 4 NA 100 0.72 0.61 0.75 0.75 0.71 0.87 0.82 0.82 0.82 0.83 0.79

Easy 4 AL 100 0.82 0.72 0.79 0.79 0.78 0.85 0.89 0.89 0.90 0.88 0.83

Easy 8 NA 100 0.49 0.63 0.64 0.62 0.60 0.69 0.74 0.74 0.74 0.73 0.58

Easy 8 AL 100 0.73 0.81 0.81 0.81 0.79 0.70 0.73 0.75 0.75 0.73 0.51

Hard 4 NA 100 0.67 0.74 0.74 0.74 0.72 0.75 0.58 0.58 0.58 0.62 0.57

Hard 4 AL 100 0.67 0.64 0.68 0.68 0.66 0.54 0.72 0.72 0.72 0.68 0.60

Hard 8 NA 100 0.38 0.71 0.71 0.71 0.63 0.33 0.48 0.48 0.48 0.44 0.26

Hard 8 AL 100 0.28 0.66 0.66 0.66 0.57 0.35 0.37 0.37 0.37 0.36 0.24

Harder 4 NA 100 0.62 0.51 0.51 0.51 0.53 0.47 0.55 0.55 0.55 0.53 0.62

Harder 4 AL 100 0.61 0.50 0.50 0.50 0.53 0.43 0.45 0.45 0.45 0.44 0.58

Harder 8 NA 100 0.28 0.32 0.32 0.32 0.31 0.26 0.19 0.19 0.19 0.21 0.26

Harder 8 AL 100 0.38 0.50 0.50 0.50 0.47 0.36 0.31 0.31 0.32 0.33 0.23

Harder 8 NA 300 0.20 0.31 0.31 0.32 0.28 0.31 0.40 0.40 0.40 0.37 0.26

Gold 6 NA 100 0.74 0.80 0.80 0.80 0.78 0.63 0.71 0.71 0.71 0.69 0.30

Gold 12 AL 300 0.30 0.30 0.26 0.26 0.28 0.35 0.55 0.55 0.55 0.50 0.22

Table 1: Cumulative rewards for fourteen test worlds, two learning methods, and four planners,  = 0:9. All
experiments used 100 observations, except Gold with 3 rooms, which used 300, and Harder 8, non-aliased, which
used both 100 and 300 observations. NA denotes non-aliased, while AL aliased worlds.
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