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Abstract
The paper describes a method for learning representations of partially observable Markov decision
processes in the form of temporal probabilistic networks, which can subsequently be used by robotic
agents for action planning and policy determination. A solution is provided to the problem of
enforcing stationarity of the learned Markov model. Several preliminary experiments are described
that con�rm the validity of the solution.

1 Introduction

Robotic systems must reason, plan, and learn
under the conditions of signi�cant uncertainty
due to unexpected inuences and imprecise sen-
sors and e�ectors. Decision-theoretic planning
(DTP) has emerged as the paradigm of choice
for planning and sequential decision making un-
der uncertainty, because of its solid foundations
in probability theory and normative decision sci-
ence [DW91]. DTP has been applied with much
success to several robotic tasks such as navigation
([CKK96, KS96], sensor monitoring ([NB94]),
people following ([BDKL92]), and autonomous
driving [FHKR95, FOPR97].

In all of these applications, the environment
and the e�ects of the agent's actions on it are
modeled by means of temporal probabilistic net-
works (TBN), also known as dynamic belief nets
(DBN). In control theory terms, a TPN is a
model of the dynamics of a system expressed
by means of a Bayesian network with speci�c
structure [DW91]. Unlike classical control the-
ory, however, the state of the system is expressed
as a truth assignment over discrete random vari-
ables, and not as a real-valued vector. These ran-
dom variables roughly correspond to propositions
in classical planning, and the set of assignments
on them corresponds to the state set of a Markov
decision process (MDP).

TPNs can either be constructed manually or
learned from data. Since TPNs are essentially
Bayesian networks with speci�c structure, one

way to learn them autonomously from data is to
adapt a general algorithm for learning Bayesian
nets, such as the ones described in [Heck95,
RBKK95]. However, when doing so, one should
keep in mind that a TPN is a model of a real
dynamical system, which imposes further con-
straints on the parameters of the learned net-
work. Ignoring these constraints might result
in higher sample complexity, and even worse, in
learning a wrong model of the system.

The paper discusses one such additional con-
straint, previously ingored when learning TPNs
from data: the requirement for state stationarity
of the dynamical system. The rest of the paper is
organized as follows. Section 2 reviews two algo-
rithms for learning in TPNs. Section 3 discusses
the stationarity problem in TPNs and describes
a solution to that problem. Section 4 describes
several preliminary experiments that con�rm the
validity of the solution, and section 5 discusses
future experiments and concludes.

2 Learning in temporal

probabilistic networks

Fig. 1 shows the generic structure of a TPN. The
network can have two or more time slices, each
of which has very similar structure. Each time
slice has a set S of state nodes Si, i = 1; n, a
set O of observation nodes Oi, i = 1;m, and an
action node A that represents several actions ai,
i = 1; p. Each of the state nodes can be in a



number of discrete states sj . If the state nodes
are Boolean (Bernoulli random variables), they
correspond to propositions in a classical plan-
ning domain. Probabilistic networks with ac-
tion nodes have traditionally been called inu-
ence diagrams [Pear88], and correspondingly a
TPN with actions can also be viewed as a dy-
namic inuence diagram.

Each of the observation nodes in its turn can reg-
ister a number of observations oj . The probabili-
ties P (Oi = oj jSk = sl) represent the observation
model of the underlying POMDP, which is typi-
cally assumed to be the same for all time slices.

The state evolution model is represented by
means of the probabilities P [Si(t + 1) =
sj jS1(t) = sk1 ; : : : ; Sn(t) = skn ; Aq(t)], stored in
the CPT of node Si(t+1). The dependency does
not have to be on all nodes from the previous time
slice. However, the parents of state nodes in state
t+1 can be only state nodes in the previous time
slice t, which is equivalent to the assumption that
the underlying process is Markovian.

Learning in TPNs can be performed by means
of general algorithms for learning probabilistic
networks from data, such as those proposed in
[Heck95, RBKK95]. The goal of learning is to
�nd values for the entries in the conditional prob-
ability tables (CPT) of a TPN, which maximize
the log-likelihood lnP (Djw) that the training
data set D was generated by the network with
parameters w. Each case Dl from the data set D
consists of assignments for the observable nodes
in O. Two such algorithms will be considered:
the �rst one based on gradient ascent, and the
other one on the expectation-maximization (EM)
algorithm.

2.1 Gradient ascent

Russell et al. ([RBKK95]) proposed a particu-
larly simple learning rule which performs gradi-
ent ascent in the space of CPT entries:
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where wijk is the entry of the CPT of state
node Si that designates the probability that this
node Si will be in its j-th state sij given that
its parents Ui are in their k-th con�guration uk
[RBKK95]. The summations index l runs over all
data cases Dl inD. As pointed out in [RBKK95],
the quantity P (Sij;UikjDl;w) can be obtained
by means of belief updating in a general-purpose
belief net reasoning system.

2.2 Baum-Welch

Since TPNs model a Markov decision process, it
is possible to adapt algorithms for learning MDPs
to the task of learning TPNs. In particular, the
algorithm from [KS96] can be adapted, which in
its turn has been adapted from the Baum-Welch
algorithm ([Rabi89]). The latter is a variant of
the EM algorithm popular in statistics. The
learning rule of the Baum-Welch algorithm for
the two-slice DPN is:
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where ŵT+1
ijk is the estimate of the transition

probability P [Si(t + 1) = sikjUi(t) = uij] after
iteration T + 1, and
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It can be seen that the quantity �i;l(j; k) is in
fact used in Russell's algorithm too. For a TPN,
the learning rule of that algorithm can also be
written as:
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Figure 1: A temporal probabilistic network is an inuence diagram that has chance nodes for states
and observations, decision nodes for actions, and utility nodes for specifying goal states. The state
at time t+ 1 depends on the state and action at time t, and the observations depend on the state
in their respective time slice. The link from action nodes (A) to utility nodes (U) can be used to
include the cost of actions in policy determination. The dotted link from percepts to actions is the
policy that has to be determined by the planning algorithm.

That is, Baum-Welch and the gradient ascent al-
gorithm make use of the same quantities, but in
quite a di�erent manner: while the gradient as-
cent algorithm performs small steps in param-
eter space around the previous estimate of the
parameter, Baum-Welch completely re-estimates
the parameter value.

3 Enforcing stationarity

Several amendments are necessary when using
these algorithms for learning temporal proba-
bilistic nets. The observation models for all time
slices have to be the same. Russell et al. pro-
posed that this constraint be enforced by sharing
parameters between time slices. Similarly, the
state evolution model can be shared among time
slices [RBKK95]. However, one important detail
remains. Markov processes have the property of
being stationary, if the state evolution probabil-
ities are constant over time [Papo91]:

P[S(t)] = P[S(t+ 1)];

where P[S(t)] and P[S(t+1)] are the prior prob-
ability distributions for time slices t and t+1 re-
spectively. The algorithm proposed in [RBKK95]
enforces a di�erent condition:

P[S(t+1)jS(t); A(t)] = P[S(t+2)jS(t+1); A(t)]

The latter condition does not imply the for-
mer. Violating the condition P[S(t)] = P[S(t +
1)] results in wrong prior beliefs for states.
By casting Bayes rule in likelihood form, we
can see that all errors in prior odds Odds(S)
are directly magni�ed to much bigger errors
in posterior odds Odds(SjO) when observations
are made:Odds(SjO) = L(OjS)Odds(S), where
L(OjS) = P (OjS)=P (Oj�S) is the likelihood of
observing O in state S. Typically, the sensor
model P (OjS) is designed in such a way that the
observations are highly diagnostic of the underly-
ing state, which implies high values for the likeli-
hood L(OjS), which in its turn increases propor-
tionally the error in posterior beliefs.

The key to the solution of the problem is to ob-
serve that the conditional distribution P[S(t +
1)jS(t); A] uniquely determines the prior distri-
bution P[S(t)]. However, in order to learn the
distribution P[S(t+ 1)jS(t); A], one has to know
the prior distribution P[S(0)] for the �rst time
slice. There seems to be a vicious circle, but in
fact there exists a simple solution. We can start
with an initial guess about the prior distribution
P[S(0)] and alternate estimations of the condi-
tional distribution P[S(t+ 1)jS(t); A] (by means
of the learning algorithm) with re-estimations



of the prior distribution P[S(0)] (by means of
nested iterations to a �xed point, described be-
low).

Let us consider �rst a network without actions,
i.e., one that represents a hidden Markov chain.
We have to solve for the probability distribution

� = P[S] such that when multiplied by the
transition matrix M , represented by the condi-
tional distribution P[S(t+1)jS(t)], the same dis-
tribution results: 
� = 
�M . The distribution

� is also called an invariant distribution of the
Markov chain. It is hard to �nd this distribu-
tion analytically. However, a simple method is
described in [BT89] for �nding 
� by means of
iterating to a �xed point. Starting with an ini-
tial guess 
(0), we iterate 
(T + 1) = 
(T )M ,
or, equivalently, 
(T + 1) = 
(0)MT .

We can implement the former formula quite eas-
ily by means of a TPN: we start with an initial
guess for the priors P[S(t)] in the �rst slice, do
belief updating, and read o� the values of the
state nodes P[S(t+1)] in the second slice. Those
are transferred back to the �rst slice, and the pro-
cess is repeated until the distributions in the two
slices converge to the same value.

For the case of POMDPs with action nodes, we
can do a similar process, but using the expected
transition matrix of the POMDP. We need to set
priors P (ai) on the actions | unless we have spe-
cial reasons to prefer one action to another, we
can make them equally likely. In system identi-
�cation terms, this is a way of providing persis-
tent excitation for the learning algorithm. The
transition matrices Mi for all actions ai can be
weighted by those priors in order to compute the
e�ective transition matrix M of the POMPD:
M =

Pp

i=1MiP (ai): Substituting in the �xed-
point iteration formula, we get


(T + 1) = 
(T )M =


(T )
Pp

i=1MiP (ai) =

Pp

i=1
[
(T )Mi]P (ai):

That is, we can set the action node to all actions
in turn, do belief updating, read o� the result-

ing distributions in the second slice and weight
them individually by the priors for the respec-
tive actions. After all actions are tried in turn,
the weighted distribution is moved to the �rst
slice and iterations continue until convergence.

4 Experiments with the al-

gorithm

Gradient ascent and Baum-Welch were tested
�rst on an HMM with two states, s1 and s2,
and two observations o1 and o2, and later on
a POMDP. A data set with 500 data cases was
generated by logical sampling of a known tem-
poral belief net. The net to be learned was ini-
tialized with the correct sensor model for both
time slices. The objective of learning was to �nd
the transition probabilities P [s1(t+1)js1(t)] and
P [s2(t + 1)js1(t)], and implicitly the prior prob-
ability P (s1) by using the �xed-point iteration
method from the previous section.

A number of trial runs were performed, with
di�erent sensor and transition models. It was
found that in general Baum-Welch was much
more successful than gradient ascent in learn-
ing the parameters of this particular architecture.
For the sake of comparison, the increase in log-
likelihood of the data for the two algorithms is
plotted against the iteration number in Fig. 2.
The observation model for this experiment was
P (o1js1) = P (o2js2) = 0:99, i.e., the observa-
tions indicate very well which state the HMM is
in. The dynamics of the HMM was also almost
completely deterministic: P [s2(t + 1)js1(t)] =
P [s1(t + 1)js2(t)] = 0:99. It can be seen that
the increase in log-likelihood for Baum-Welch is
more than that for Russell's algorithm. Further-
more, typically Russell's algorithm converges to
a set of parameters much worse than those found
by Baum-Welch, as shown in Fig. 3 for another
sample run.

Adding actions to an HMM turns it into a
POMDP. Learning the dynamics in this case sim-
ply means learning transition probabilities for
each action. For another set of experiments two
actions were added, A and B, such that A kept
the POMDP in the same state with high proba-
bility, while B transferred it into the other state
with high probability. Several experiments were
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Figure 2: Comparison between Russell's algorithm (x) and Baum-Welch (+) with the same data
set, initial con�guration of parameters, and learning rate.
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Figure 3: Convergence of the parameters P [s2(t + 1)js1(t)] and P [s2(t+ 1)js2(t)] with (a) Russell's
algorithm and (b) Baum-Welch. The true probabilities are 0:99 and 0:01.

performed with various level of noise in the dy-
namics and observation models. The goal state
was set to s2 by giving utility 100 for it and util-
ity 0 for s1. The correct policy in this case is
�(O1) = B, �(O2) = A.

Fig. 4 shows a trial run with low noise (1% only).
The algorithm clearly learns very well the tran-
sition probabilities for both actions. Certainly,
a model needs only be good enough so that the
correct policy can be determined. For the case
of 1% noise only, the correct policy is found im-
mediately after the �rst iteration of the learning
algorithm. In another experiment with 20% noise
in observations (P (o1js1) = P (o2js2) = 0:8), the
correct policy could be determined in the seventh

iteration.

5 Conclusion and future

work

The main result reported in the paper is a
method for enforcing stationarity in learned mod-
els by means of iterations to a �xed point to
determine invariant prior distributions on state.
The experiments demonstrated that the method
works on simple example problems. Further ex-
perimental work should verify if the same algo-
rithm can be extended to more than one state
nodes.
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Figure 4: Convergence of Baum-Welch for the action models of actions A and B.
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