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Abstract

Parametelindeterminaciesreinherentin 3D computervision. We show in this thesis
thathow they aretreatedcanhave significantimpacton the accurag of the estimated
3D structure. However, therehasnot beena generaland corvenientmethodavailable
for representingaind analyzingthe indeterminaciesndtheir effectson accurag. Con-
sequently up to the presenttheir effects are usuallyignoredin uncertaintymodeling
research.

In this work we a develop gauge-basedncertaintyrepresentatiofor 3D estimation
thatincludesindeterminacie3\Ve represenindeterminaciesvith orbitsin theparameter
spaceandmodellocallinearizedparametemdeterminacieasgaugereedomsCombin-
ing thisformalismwith first orderperturbatiortheory we areableto modeluncertainties
alongwith parametemdeterminacies.

Thekey to our work is a geometricnterpretatiorof the parameterandgaugefree-
doms.We solve the problemof how to compareparameteuncertaintieslespiteindeter
minaciesandaddedconstraintsThis permitsusto extendthe CramefrRaolower bound
to problemghatincludeparametemdeterminacies.

In 3D computervision the basicquantitiesthat often cannotbe recoseredinclude
scale rotationandtranslation We useour methodto analyzethe local effectsof these
indeterminaciesn the estimatecgshapeandfind all thelocal gaugefreedomsThis en-
ablesusto expresgheuncertaintiesvhenadditionalinformationis availablefrom mea-
surementshatconstrairnthe gaugefreedoms.

Throughanalyticaland empirical meanswe gain intuition into the effects of con-
strainingthe gaugefreedomsfor both generalStructurefrom Motion andstereoshape
estimationWe include,in ouruncertaintynodel,measuremerdgrrorsandfeaturelocal-
ization errors.Theseresultsalongwith our theoryallow usto find optimal constraints
on the gaugefreedomghat maximizethe accurag of the partof the objectwe seekto
estimate.
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1. Intr oduction

Reconstructiomf thethreedimensional(3D) shapeof anobjectfrom multipleimagess
oneof the centralareasof computervision. Marny new opportunitiesandtasksbecome
possiblewhen3D informationaboutthe world is available.Being ableto estimatethe
3D structureenablesan obserer to assesdts ervironmentand performtasks,suchas
navigation and obstacleavoidance thatdependon knowing distancesdetweerobjects.
It enablesirtual 3D modelsto be createchutomaticallyandusedby othertoolssuchas
CAD programsgr for mixedreality whererealandvirtual modelsaresuperimposedn
theseand otherapplicationsthe moreaccuratehe 3D estimatesthe more powerfully
they canbe used.The focus of this thesisis to investigatehow to evaluatethe accu-
ragy of 3D estimatesvhenindeterminacieplay a role, andto find out how to remaove
indeterminaciet a waythatmaximizesaccurag.

For our applications 3D reconstructiorcan be seenasa meansof obtainingaccu-
rate measurementsf the world. In this contet, 3D imagingis viewed asa Euclidean
measuremertbol for physicalobjects.Thetwo key propertieshat makecomputervi-
sion attractize for this arethatimagingcanbe performedat a distancefrom the subject
beingmeasuredandsecondlythatit is a passve tool thatis non-invasive anddoesnot
alter the objectbeing measuredAncient civilizations noticedthis benefitof imaging,
andusedclever techniquego makequantitatve measurementsf the world. The clas-
sic exampleis trigonometry whereelevation anglesand/ordistancemeasurementare
usedto calculatethe heightof a difficult-to-measurebjectasillustratedin Figure1.1.
Thefield of photogrammetrhasbeendevelopedwith the goal of usingimagesto ob-
tain measurementsf the world. Cartographyis a clearexampleof imagesbeingused
directly to obtainmapsandhencemeasurements theworld. With theadwentof digital
imaging,morepowerful 3D modelingtoolshave becomeavailableenablingcomplicated
3D structurego bemodeledjncludingancientarcheologicasites[58] to high accurag.
Thus3D visionis interpretedasatool for obtainingaccutate 3D estimate®r measure-
mentsof theworld from images.
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Fig. 1.1.Imagingmethodssuchasthatillustratedherehave beenusedsinceancientcivilizationsto obtain
3D measurementsf theworld. Theshadav of anobjectactsasanimageof it. An estimateof theheightof

atall tower canbe obtainedoy comparinghelengthof its shadav to the lengthof the shadaev of anobject
whoseheightis known. We would like to usemoderncomputervision methodsto obtainmore accurate
shapeandsizeestimation.

1.1 Uncertainties and Indeterminaciesin Computer Vision

Assumewe areableto make3D measurementsf the world, andthat thesemeasure-
mentsarenot perfectlyaccurateéout containerrors.Of importancealmostasgreat,if not
asgreat,asthe measuremeritself, is an accurag measureof the measurement§.he
accurag measurdells us how to interpretthe measuremengor instancejf someone
wereto reporthis heightas sevenanda half feet,onemight recommendim to a bas-
ketballteam.But if headdedhatthis measuremens only accurataupto plusor minus
threefeet, then one would probablyfirst ask for a more precisemeasurementn the
worstcaseif we know nothingaboutthe accurag andwe assumaall errorsareequally
likely, thenthe measuremengivesus no information. Thuson a mostbasiclevel, an
accurag measuregr synorymouslyuncertaintymode] tells usthe “meaningfulnessof
ameasuremerit.

Beyond a basicmeaningfulnesgjuestion thereare further reasondor wantingan
uncertaintymodel. The usefulnes®f a measuremerfor differentapplicationsdepends
very stronglyon the accurag of the measuremeniThis is clearly the casein the con-
structionand architectureindustrieswhich requireprecisemeasurement8ut we can
only saythatameasuremens precisdf we have anideaof its uncertainty Thusimplic-
itly all precisemeasurementsontainan uncertaintymodel,evenif it is asroughasan
accurag up to the numberof significantfigures.

! Photogrammetristsften distinguish“precision’ which is measuredby variance from true “accurag”
whichincludeseffectsof systemati@andgrosserrors.In this work, however, we assumesystematiand
grosserrorshave beenremoved, andsouseprecisionandaccurag synorymously
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Uncertaintymodelsare also usefulin comparingreliability of differentmeasure-
ments.They let usselectthe mostaccuratameasurementr they may enableusto ap-
propriatelycombinemultiple measurementndobtaina moreaccurateestimate.

Let ussayourgoalis to mostaccuratelyestimatea dimensiorof anobjectgivenaset
of measurementsf the objectandthe uncertaintie®f these Therearevariousmethods
for combiningthe measurementt obtaina final estimate Let us definethe optimal
solutionto betheonethatcombinegheseo obtainthemostaccuratdinal estimateNow
theremay be mary optimal solutiontechniquesbut thereis only oneaccurag bound,
andthis accurag boundis the uncertaintyof ary optimal solution method.Hencein
this sensauncertaintymodelingis independendf andmoregeneralthanary particular
solutiontechnique.

In imagingthereare someinherentaspectshat makeuncertaintyrepresentatiof
3D reconstructiorifficult. Thisis dueto a numberof key quantitieseitherbeinglostin
theprojectionor elsebeingunknownn. Light travelsin straightinesandsoevery pixelin
animagecorrespond$o arayincidentontheimageplane.ln asingleimage thesource
of eachray of light canbe at ary distancefrom theimageplanealongthe ray. We say
thatthis 3D pointhasa positionindeterminacylongthisray. Whentwo or moreimages
of thesdight sourceswhichwe call featuresareobsenedfrom differentpositions this
projectionindeterminayg is reducedandthe 3D pointscanbe determinedThatis, they
canalmostbe determinedsomebasicindeterminaciestill remain.The classicindeter
minag is scale.lt is alwayspossiblefor theimagesto have beenformedby a smaller
objectcloserto the camera®r alargerobjectfurtherfrom the camerasasillustratedin
Figurel.2.In addition,while relative positionsandorientationscanbe obtainedfor the
cameraandobject,theabsolutepositionandorientationremainunknovn. Theseost or
unknavn quantitiesshow up asindeterminacies the parameters.

The standardprocedurdor evaluatingaccurayg is first ordererror propagationA
local linearizationof the equationds performedaroundthe solution,and biasand co-
variancetermsareestimatedBut in orderto performerrorpropagationindeterminacies
in the parametersnustbe removed by constrainingthe solution. For example,we can
affix the coordinatesystemto pointson the objectandnormalizethe sizeof the object.
However, the choiceof normalizingconstraintswill significantlyaffect the final uncer
tainty model.Figure 1.3 illustratesin 2D how choiceof coordinatesystemsand scale
affectsthe accurag of the estimatedbjectshapeandcameramotions.This is a prob-
lem alsofacedin otherdomainsjncluding 3D registration,whereuncertaintie®r errors
needto becomparedbut wherenormalizingcanactto dramaticallyincreaseor decrease
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Fig. 1.2.(a) A smallobject,O s, projectsontotheimageplanesof two camerago form imagesz, andis.
(b) A large objectO,, but furtherfrom the two camerasprojectsonto theimageplanesto form the same
imagesz, andi,. Thisambiguityholdsfor all objectsof all sizesandfor multiple camerasandthusresults
in the basicscaleindeterminag of Structurefrom Motion.

theerrordependindiow it is performedThereis thepotentialto cleverly choosea coor
dinatesystemthatnormalizesaway muchof the errorandmakescomparisonbetween
differentmethod=unfair.

In this thesiswe will look into how indeterminaciesffect the solution,andthe ac-
curag of the solution,for 3D shapereconstructionWe will borrow the term “Gauge
Theory”from physics andextendandapplytheideasto thecomputewisiondomain,as
wasfirst doneby Triggs[70]. Thiswill allow usto treatindeterminacies aformalway,
andextractthe“true quantities”inherentin 3D modelsthatcontainindeterminaciesiVe
will shaw thatthesetrue quantitiesareinvariantto theindeterminacied-urthermoreywe
will encodeconstraintsn thisformalism,anddemonstratéheirconsequencemntheun-
certainty Sinceconstraintanbe obtainedoy makingmeasurementsf the realworld,
our representatiowill give usa quantitative guidefor how bestto eliminateindetermi-
nacies.

The approachn this thesiswill be to first give a theoreticalderivation and expla-
nationof gaugetheoryin Chapter2. Thiswill be sufficiently generalto applyto mary
estimationproblemscontainingindeterminaciesThenin Chapter3 we will apply this
to the domainof Structurefrom Motion, (SFM), andshov how its indeterminaciesre
encodedIn Chapted we will derivetheconsequenceasf addingconstraintgo thesolu-
tion, andshow how theseaffectaccurag. Thiswill allow usto look atthesteregproblem
in Chapter5, andmakequantitatve statementsiboutits accurag. Finally we will sum
up ourtheoryandits consequences.

Beforewe embarkon this ende&or, we will defineandexplain someof ourassump-

tions and formalisms.We will also placethis work in its context of computervision
research.
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Fig. 1.3. lllustratedare eight pointswhosepositionsin the 2D planeare estimatedising3 camerasThe
camerapositionsand orientations shovn by the“ L” symbol,are also estimatedThe ellipsesshawv the
translationalincertaintyof eachfeaturepointandeachcamergosition.This 2D reconstructioproblemhas

4 degreesf freedomcorrespondingo translatiorin theplane scaleandrotation.To plot thereconstruction

anduncertaintiesequiresusto chooseareferenceby constraininghesedegreesf freedom.Thechoiceof
coordinategffectstherelative positionsof thefeaturesaswe would expect,however, theuncertaintiesnay
be affectedin non-intuitive ways, asillustratedby how the ellipsesvary betweerplots. («) Shown is the

“normal covariance” (b) herethe coordinatesystemis fixedto themiddlecamera(c) thecoordinatesystem
is fixedto theleft cameraand(d) the coordinatesystemis attachedo a point on the object.In this thesis
we analyzehow the coordinatesystemor moregenerallythe referencdrame,affectstheseuncertainties,

andhow all four of theseplotscanbe saidto beequivalent.
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1.2 Object Modeling

Our startingpoint is to usemultiple imagesto estimatethe 3D structureof the world.
For corveniencewe shall call the portion of the world in which we areinterestedihe
object We shall useobjectshapeto meanthe 3D geometryof a setof pointson its
surface Sincewe will usemultiple imagesof a staticobjectfrom differentview-points,
we will typically speakof a single cameramoving betweenthe view-points,although
for our purposest would be equivalentto have multiple camerast the differentview-
points.Cameramotionwill thusmearnthesetof positionsandorientationof thecamera
at which it took eachimageof the object.We notethat our equationscanequallywell
describean objectmoving in front of a camera,and so we will interchangeablyise
camera-centerezbordinatesvith amoving object,andobject-centeredoordinatesvith
amaoving cameraasis cornvenient.

Of primary importanceis to definewhat we meanby “3D modeling: We take a
modelof anobjectto meanasetof statementaboutthepropertieof theobject.Thiscan
include statementsboutthe dimensionsof the object,the positionor relative position
of featuresonit, surfacespecificationgncludingorientationandtexture,andsoforth. In
this thesiswe will dealwith purely geometricquantities,andusepoint featuresasour
primitives. The work canbe extendedto otherprimitivessuchaslines andplanegs[51,
60, 65]. Surfacepropertiesincluding color and texture will not affect our geometric
statementsandsoweignorethese Sincewe will be usinga camerao imagetheobject,
wewill includethecameraandits motionandorientationjn our 3D model.Our model
will thusconsistof a setof geometricstatementsboutfeaturepointson the object,and
themotionof thecamera.

Themorerestrictive the assumptionsve makeaboutour model,the easierit will be
to estimate put alsothe lessgeneralit will be.In orderto balancetheseconcernswe
will follow the classicStructurefrom Motion approachand not assumeary geometric
propertiesof the objectsurface like smoothnesgplanarity or other shapemodels.We
will assumesimply that the objectis rigid and hasa finite setof featurepointson its
surface Our modelwill thuscontaina 3D point-cloudof thesefeaturepoints.Theobject
will be viewedthroughmultiple view-points,of initially unknovn positionsandorien-
tations.We will notassumeary particularprior arrangementf view-points,andso part
of themodelwill includespecifyingthe positionandorientationof eachview-point.
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1.2.1 Parametrization

It is naturalto assumeparametrizednodelstructureTheparameterpermitanefficient
encodingof the physicalpropertieof the objectandcameraandtheir interaction.The
parametergan alsobe usedto createan uncertaintymeasuredor the estimatedshape
andmotion. Themodelitself consistf the parameterplus a physicalinterpretatiorof
them.A modelconfigurationwill be specifiedby the valuesof all of the parameters.

Therearemary waysparametersanbechoserfor amodel,but sinceultimatelythe
modelmustbeinterpretedohysically it is naturalto chooseparameterthatdirectly cor-
respondo physicalquantities,or from which physicalquantitiescaneasilybeinferred.
For examplelengthsalonga coordinateaxismayrepresenthe 3D positionof partof the
model.

Our objectrigidity assumptiomaturallyleadsto two typesof parametershapeand
motion parametersThe shapeparameterslescribequantitiesthatremainconstanover
all theimageswhile themotionparametersestrictthechanged®etweerimagedo those
resultingfrom rotationsandtranslations.

Parametershowever, aresimplyintermediatejuantitiesThey needto beinterpreted.
Let ussaythatour modelis representedly 8, alargevectorof parametersandlet 7 be
our parametespacesuchthatary pointin this spacef € 7, is avalid model.The3D
estimatiortaskcorrespond# parametriditting; namelyusingtheimagedatato find the
pointin our spacef € T, thatbestdescribegshis data.While the actualparameters,
may nothave physicalmeaningour modelinterpretationdenotedM (6), makesour set
of geometricstatementaboutthe objectfrom thesolutionparameterslhe 3D estimates
arethusobtainedby interpretingthe solutionusingthemodel: M (8). Thisis illustrated
in Figurel.4.

1.2.2 Over-parametrization

Thenumberof parametersustbe consideredGivena fixed-sizeproblem themorepa-
rameteraisedtypically themorecomputationallyexpensvetheoptimizationprocedure.
Thuswe wouldlike to usea minimal numberof parameter$o specifya model.

An importantquestionis whatis the minimal numberof parametergor a model?
Thisis lower-boundedy thenumberof physicaldegreesof freedomof theobjectalong
which a perturbatiorwould resultin a new object. Sinceeachdegreeof freedomcan
be changedndependentlytheremustbe at leastthat mary parameterspecifyingthe
modelotherwiseherecouldbe achangen theobjectthatis not modeled Of coursewe
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Fig. 1.4. An illustration of 3D vision asa parametrionodelingtask.(a) A setof imagesaretakenof an
object. (b) This whole measuremeris encodednto a parametewector, 8, which mustlie in our model
parameteispace,@ € 7. (c) For this to be useful,we musthave an interpretationof the point, €, in
our model space.In this caseour model interpretationconsistsof a setof 3D points and the positions
and orientationsof the cameraview-points. We denoteour interpretationas: M(#). It identifieswhich
parametergorrespondo which 3D quantities for example,3 elementsof 8 may correspondo the 3D
positionof oneof thefeaturepoints,andsoforth.

may notwishto modelevery detailof anobject,but for all the aspectsve wishto model
theremustbeatleastasmary parameteraslocal degreesof freedom We areinterested
in systemghat can be linearizedaroundthe currentpoint, hence,at leastlocally, the
behaior canbe modeledby parametergqualin numberto the degreesof freedom.lt
will suffice for usto considera systemasa collectionof linear systemslefinedat each
pointin the global parametespaceandso a minimally parametrizedystemwill have
exactly thesamenumberof parameterasdegreesof freedom.

It would thusbenice,for a givenmodelingtask,if we couldusea setof parameters
whosenumberis equalto the numberof degreesof freedomof the model. Thereare,
however, threemain reasonsvhy this may not be possible,or why we may preferto
over-parametrizeéhe model.

Thefirst reasorfor over-parametrizings to achieve simplicity in the model.There
may besituationsvhereanover-parametrizedystemis muchsimplerthana minimally
parametrizene.lmaginefirst that we have a minimally parametrizedystemwith a
singleparametefor eachdegreeof freedom.Now if a constrainis addedthatremaoves
adgyreeof freedomit is over-parametrized-However, theremaybeno simplewayto re-
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move a parametefrom our equationsandsoto maintainsimplicity we keepthesystem
over-parametrized.

The secondeasorfollows from thefirst. If we do find amorecomplicatedninimal
parametrizationywe mayintroducenon-linearitiesandevensingularitieghatmakeopti-
mizationdifficult. A commonexampleof over-parametrizatiofs in describingotations,
which have threedegreesof freedomwith rotationmatriceshaving nineparameterspr
quaternionshaving four parametersTheseover-parametrizationareoftenpreferredo
thethreeEuleranglesbecausef their simplicity andthe eliminationof singularities.

Finally, it is oftenvery helpful thatthe parameterbe physicallymeaningful or that
we caneasilyobtainthe desiredphysicallypropertiefrom them.This allows usto rea-
sonaboutthe behaior of analgorithmoperatingon the parametersandto easilyinter-
pretthe results.However, makingthe parametersneaningfulmay causeusto describe
somephysicalaspectghatare not includedin the model.So, for example,giving 3D
coordinate®f asetof pointsis physicallymeaningfulbutif ourmodeldoesnotinclude
theoverall scaleof thesepoints,thenthis is anover-parametrization.

1.3 Objectives

In this thesiswe will hotproposeanew 3D estimatiormethod,asmary adequateneth-
ods andalgorithmshave beenproposedor 3D estimationincluding SFM algorithms,
andsterecalgorithms Rathermwe will assumehatanappropriate8D estimationmethod
hasbeenusedto obtainanoptimalsolution.

Ourfocuswill concernndeterminaciesVewill ask:whenthereareindeterminacies,
whatdoest meanto obtainanoptimalsolution?Thiswill involveextendingthe Cramer
Raolower bound.But thenwe will addresghe morefundamentaproblemof how we
represenandinterpretparameteuncertaintiesvhenthereareindeterminacieswe will
developatheoryto describeheseuncertaintiesWe will show practicalconsequencesf
thetheoryfor SFM andfor stereoandhow it canbeusedto improve theaccurag of 3D
estimationmethods.

1.4 RelatedWork

Our goalis to analyzeand understandhe effectsof indeterminaciesn 3D estimation
by viewing the resultsasthe solutionto a non-linearparametriditting problem.Para-
metricfitting is, of courseawell studiedarea.lt wasGaussandLegendre[16, 17, 44]
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who around1800 inventedthe leastsquaresmethodfor estimationproblems.Gauss
shavedthatleastsquaregjivesthebestunbiasedinearestimatorandhiswork included
mary new aspect®f probabilitytheoryincludingthe Gaussiamistribution. The Gauss-
Newton iterationfor non-linearoptimizationis basedon his matrix elimination work

(see[59] for an overview). In our casewe areinterestedin the 3D geometryof the

camera-worldsystemandso posethe problemasgeometridfitting, with parameterso

representhe geometry Works by Kanataniin geometricfitting [32, 34] provide much
of theframawvork for our analysis.

Two fieldsin computervision thathave focussedn estimating3D shapeareStruc-
ture from Motion and Stereovision. The researchin SFM can be divided into three
areasThefirst areahasthe goalof simplicity of solution,whichincludesfinding closed
form approximatesolutionssuchasthe Factorizatiormethodintroducedoy Tomasiand
Kanadeandextendedby others[30, 43, 51, 57,60, 62, 68]. Thesecondareaof interest
is efficiengy, whichincludesfinding fastor robustnumericalschemes¢l, 21, 29, 69, 76).
Thethird area,in which we areinterestedis uncertaintyanalysis Early work by Weng
et al. [73] found optimal motion and motion covarianceestimatesYoung and Chel-
lappa[75] and Szeliskiand Kang [64] analyzedambiguitiesin 3D shapeand motion
estimatioralongwith statisticapropertiesof theestimatesThomasHansormandOlien-
sis[67] lookedattheeffectsof crosscorrelationin recursve shapeestimationDaniilidis
andSpetsaki$10] analyzechoisesensitvity in aspartof thevisualnavigationproblem.
Morris and Kanade[51], and Sunet al. [63] investigateduncertaintymodelsfor the
Factorizationalgorithm.While mary aspectof the 3D uncertaintyproblemhave been
researchedheareathathasnot beenconsidereds the effect of indeterminaciesAll of
theseworks have madearbitrarychoicesfor coordinatesystemsandscaleandignored
theeffect this choicehason thefinal accurag anduncertainty

Stereovision alsoaimsto estimatethe 3D structureof the world, but usuallywith
justtwo imagesNumerousalgorithmshave beenproposedmary basedntheessential
matrix of Longuet-Higging45] or the fundamentamatrix, for the uncalibratedcase,
introducedby Faugera®tal. [14, 15] andHartley etal. [20, 26]. Someearlyerrormod-
eling wasdoneby Matthiesand Shafer[46] on the fully calibratedcasewith known
baselineand coordinatesystem.In this casethereareno indeterminaciesWenget al.
[74] estimateda similar measureMore recentlythe uncertaintiesn the uncalibrated
casehave beenconsideredy Csurkaet al. [9] andKanatani[33, 37]. But without cal-
ibration, the resultingcovariancedor the fundamentamatrix do not leadto Euclidean
uncertaintiesandratherarerestrictedto usein epipolarline matchingandcalibration.
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Our interestlies in the caseswvhereEuclideanstructureis estimatedand wherescale
is not known and needsto be estimatedusingthe baselineor other measurementn
thesecaseghe unknownn scaleis a gaugefreedomandit playsanimportantrole in the
uncertaintymodeling.Yet noneof the pastworksin sterechave consideredhisissue.

Thethird areaof relatedwork is in geodesyandphotogrammetryPhotogrammetrists
have long beeninterestedn estimating3D structurefrom a sequencef images.Typi-
cal applicationdncludeusingaerialor satelliteimageryand GPSto createtopographic
or elevationmaps.The standardundle-adjustmerdlgorithmwasdevelopedby Brown
and cowvorkersin the 19505 [5, 6]. It givesthe Maximum Likelihood estimatefor in-
dependentisotropic Gaussiamoise.The solutionis obtainedusing leastsquaresput
in an efficient way that takesadwantageof the block-structurein the equationsSome
recentdescriptionsarereportedn the Manualof PhotogrammetrySlamaed) [61] and
by Hartley [21, 24].

The indeterminag issueof translation,rotation and scale have beenrecognized
in photogrammetryas early as 1965, when Meissl [48] introducedso called “inner
constraints”to remaove theseindeterminaciesin 1973, Baarda[2] developedthe S-
Transformatiorasa meango minimize theseconstraintsFurtherwork by Ebner[13],
Granshw [18], Koch[42], Pabo[54] andDermaniq12, 11] investigategossibleinner
constraints.Teunisser{66] givesan overvien of the “zero orderdesign” problemfor
creatinggeodetimmetworksalongwith anuncertaintyanalysis As initially proposedy
Baardatheindeterminanparametersretypically choserto optimizea globalmeasure
suchasthe traceof a covariancematrix. While this definesthe minimum uncertainty
undercertaincriteria, it doesnot helpin the practicalchoiceof which physicalmea-
surementso makein orderto remove indeterminaciesndat the sametime maximize
accurag.

Thesewnvorksweremadepossibleby thedevelopmenbf generalizednversesinitially
by Moore[49, 50, Bjerhammaf3] andPenros¢55, 56] with theirapplicationto solving
linearequationsA goodoverview anddescriptionis provided by Bjerhammaif4], and
theirapplicationgo photogrammetrypy CooperandCross[7, 8].

Gaugeheoryhasrecentlyenteredhevernaculaof theComputeNisioncommunity
Introducedby Triggs[70, 71], gaugeorbitswereshavn to provide a corvenientway to
speakof indeterminaciei 3D estimationMcLauchlan[47] shovedthatthe choiceof
gaugein projective SFM canaffect corvergencerates.Thefirst analysison how gauge
freedomsandconstraintgointly affectuncertaintiesvasourwork with Kanatani39, 40,
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53]. This thesiswill presenthe developmentof theseideasand progresof this theory
into optimizinggaugeconstraints.

Ourgoalis to developa methodfor understandingndevaluatinguncertaintywhen
thereareindeterminacief 3D estimationWe build agaugebasedheoryfor modeling
the indeterminaciesnd for incorporatingconstraints The underlyingmathematicss
linearalgebraandestimationtheory andsomeof theresultsthatcomeout of ourtheory
correspondo thegeodetiaesultsin particular Baardas S-Transformationgollow from
our analysis.In the secondnalf of our thesiswe analyzevariousconsequencesf our
theoryfor SFM andstereo,andhow our theorycanguidethe choiceof measurements
for optimizingaccuray.



2. Model Fitting and GaugeTheory

Many computewisiontasksareformulatedasparametrienodelfitting. In this paradigm
thegoalis to find the point, in a potentiallylarge parametespacethatis closestto the
true point. Both the resultingsolution point andthe local uncertaintyof that point are
importantproperties While therehave beenbeenmary formulationsof problemslike
this,therehasnotbeena carefulanalysiof thecasewhenindeterminaciegxist. We will
considerparametriditting anduncertaintyanalysiswhenthe parametespacecontains
indeterminacies.

By anindeterminag we meanthatthesolutionis notjustasinglepointin parameter
space put rathera whole setof points,or in our casea manifold of points.All points
onthis manifoldareequivalentandtogetherconstitutethe solution. The questionwve are
facedwith then,is how do we describeand representhe uncertaintyof this manifold
of points?A thoroughtreatmenbf this uncertaintyrepresentatioproblemis the aim of
this chapter

We first introduce our notationand generalframevork by describingparametric
modelfitting and first order error propagationThen the problemof gaugefreedoms
is describedWe developgaugetheoryto modeluncertaintiesvhentherearegaugefree-
doms,andusemary toolsfrom Kanatanisworks[31, 32,34]. Ourkey resultsncludean
oblique projectionoperatorfor perturbationsanda geometricequivalencerelationship
for covariancesThesewere developedin joint work with Kanatani[39, 40, 53]. This
allows us to extend the CramerRao lower boundto caseswith indeterminaciesThe
treatmentin this chapteris generalandthusthe theory and interpretationsleveloped
herecanbe appliedin ary geometricproblemthat satisfiesour basicassumptionsThe
next chaptemwill put SFMin this framevork enablingusto obtainresultsthere.
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2.1 Parametric Fitting

Mary estimatiortaskscanbeformulatedasparametriditting to dataobtainedoy amea-
surementlevice.n orderto evaluatetheresultinguncertaintyof theresultingestimates,
it is necessaryo analyzethe parametriditting processFor simplicity we will first look
at casesvhenthereareno indeterminaciesThenin later sectionsof this chapterthese
resultswill be generalizedo applyto casexontainingindeterminacies.

2.1.1 Assumptions

The parametrianodelingandfitting taskis illustratedin Figure1.4.Our goalis to esti-
matethepropertief somephysicalobjector processTo dothis we definea potentially
large parametespace;,/, anda modelfunction, M (6), where@ € T is a pointin the
parametespaceThe modelfunctionis really aninterpretatiorof the parametersspec-
ifying whatthey imply aboutthe physicalobject.For example,threeparametergsould
be interpretedby the modelfunction asthe 3D position of the cornerof an object. A
particularmodelis aninstantiationof this modelfunction.If, for instancewe estimate
a parametewectoré, thenwe canalsosaywe have estimatedhe model M (é), which
tells us all the dimensionsand other propertieswe wish to know aboutthe object of
interest.The parametewector § ¢ T7[], completelyspecifiesthe model, M (). Thus
the parametespaceand modelfunction mustbe sufiiciently large andgeneralenough
to captureall the quantitiesve wish to know aboutthe objectswe model.

Usually, only indirectaccesgo the objectmodelis available,andthisis throughthe
measurementrocessA measuremendccurswhen,for example,animageis takenof
anobject.We assumehatwe candescribethis measuremergrocesswith a known set
of equationsFirstthe measuredlataarecollectedinto a vector, p, containingall of the
individual measurementé& measuremens thendescribedy a vectorvaluedfunction
thattakesanobjectmodelandproducegshe measuremerdata:

p = I [M(8)]. (2.1)

In 3D vision, IT ,¢[-] encodesghe camergprojectionequationghattake3D pointsonto
theimageplane.For simplicity of bothnotationandcomputatiorwe typically megethe
objectmodelandthe measurememhodelinto a singlemodelto obtain:

p = I1[6). (2.2)
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The projectionthenoperatedlirectly on whatever parametersve usein describingthe
object.However, for indeterminag analysist will beusefulto distinguishthe measure-
mentandobjectmodels andto dothiswe will referbackto equation(2.1).

Now realworld measurementaremuchmorecomplicatecandmay have mary mi-
nor effectsthatchangehevalueof our measuremensincethesesffectsoftencannotbe
exactly predictedwe will usea stochastienodelto takeall of theseinto accountLet us
assumehatthe dataformationprocesanbe adequateldescribecasbeinggenerated
by a“true” dataterm,p, givenby our equationsanda noiseterm, Ap, namely:

p=p+ Ap. (2.3)

Throughouthe thesiswe will assumehatthe noiseis small,andhencethatfirst order
perturbationanalysiswill capturethe importanteffects. While mostreal world vision
applicationsncludethe chanceof outliersdueto trackingor registrationerrors,we will
assumehata pre-processingtephasbeenappliedto remore outliers.Thisstepcouldbe
aninteractve operationpr anautomatedobust-statistienethodasdescribedn [69, 76].

We will assumehatthe smallnoisetermis unbiasedandthusthatits expectationis
zero:

E[Ap]=0. (2.4)
Thecovariancewill bedenotedas:

E[ApApT] =V,
= ¢ Vpo. (2.5)

We assumehatwe have at leasta normalizedversionof the covariance,V,,, equalto
thetrue covariance,Vy, apartfrom anunknowvn scalefactor, €2,

Part of our small noiseassumptioris thatthe first non-zerotermin the Taylor ex-
pansionof Ap will dominate namelythe covarianceterm.Hencewe will ignorehigher
orderterms.

2.1.2 Optimal Parametric Fitting

If therewereno noisein our measuremerprocessthengiven a sufficient numberof
truemeasuremerdata,p, we coulddeterminghe true parametevector 0, by inverting
equation(2.2). However, therewill inevitably be noisein the measurementgsgivenin
equation(2.3). Using the noise-corruptediata,we will obtaina parameteestimated
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which we would like to be ascloseto the true value, 8, aspossible.This canbe for-
malizedby sayingthatwish to achieve an optimal parameteestimatenvhereoptimality
is definedto meanthe solutionachiaresthe CramerRaolower bound.UnderGaussian
noiseandwithout indeterminacieghe optimal solutionfor thisis known to correspond
to theMaximumLikelihood solution,andwe presenit here.Sinceall of thedataareas-
sumedo beavailablebeforesolutionestimationwe will usea batchestimatiornprocess
ratherthana recursve method,suchasthe ExtendedKalmanFilter, which would give
suboptimakesults.

In orderto derive anoptimalsolution,wewill assumeero-meanGaussiamoisefor
our measurementdVhenthe noiseis not Gaussianpur optimality statementvill not
apply, but therestof the statisticave derive, namelythe biasandcovarianceresults will
still bevalid description®f our solutionundersmallnoise.

The probabilityof our dataandnoiseis givenby:

p(Ap) = ke3P Ve AP

— ke~ 3(-p)T V5 (p-p) 7 (2.6)

wherek is theappropriateeonstanto makethis a GaussianThis canbe parametrizedh
termsof our modelparameterss:

p(6) = ke~ z(P-HENT ;" (p-11[6]) (2.7)
The MaximumLikelihood solutionis thusobtainedby minimizing the cost:

J(8) = (p— H[6]) "V, (p — 11]6])
= |p - m6][%, (2.8)

to geta parameteestimatef. Herewe denotethe L, norm,weightedby the inverseof

the covarianceVy, as|| - H%,P. In 3D computervision, dependingon the cameramodel
involved,variousmethodscanbe usedto minimizethis costfunction.In theaffine case
the cameramodelis bilinearin shapeandmotion,anda globally optimal solutioncan
be obtainedusing SVD[68]. Perspectie cameramodelsare nonlinear andso iterative

nonlinearoptimizationis typically neededThis opensthe hazardof beingtrappedby

local minima, or even that the minimum aroundthe true solutionhashighercostthan
otherminimaof incorrectsolutions Neverthelessye shallassumen this work thatwe

have obtainecanestimatef ataglobalminimumof J whichis closeto thetruesolution,
0, andcanbewritten:

0=0+ 16 (2.9)
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The quality of the solutionwill be measuredby the statisticsof the error or noiseterm:
AB.

Conditions for Optimality

We now wish to estimatethe biasandcovarianceof this solution,é, andcomparehese
to the CramefRaolower bound.Our final resultsin this sectionwill apply only when
thereareno indeterminacieshut theseresultsareextendedin section2.5to caseswith
indeterminacies.

ThelowerboundrequiregheFisherinformationmatrix, which we obtainasfollows.
Thescore/lg, is definedas:

lo = Vg log p(0)
= —(VeII[6)" V' (p - II[6)) . (2.10)

wherethenotationVy I1[0] indicateshe gradientmatrix:

OI1,(6]/09, ... OI1,[0)/96,,

Vo IT[0] = : : : ; (2.11)
0Il1,,(0]/06, ...011,,[6]/06,
giventhat@ hasr elementsaandI7[8] hasm elements.
ThentheFisherinformationmatrix is thenobtainedas:
Jo = E[lgl}]. (2.12)

Expandingthe right handside of this equationand substituthg Ap = p — I1[6] we
obtain

Jo=VeII[0]" V' E[ApApT |V, ' Vo II[6]
=VeII[0]" V'V, V! VgII[6]
=VeII[6]" V' VpII[H]. (2.13)

Hencewe seethat J ¢ is symmetric.

CrametrRao theory statesthat the inverseof the Fisherinformation matrix, J;l,
provides us with a lower boundon the covarianceof our solution. Henceif we can
shav that a solutionis unbiasedandthatits covarianceis equalto the inverseFisher
informationmatrix, it mustbe optimal.



18 2. Model Fitting andGaugeTheory

Maximum Likelihood Solution

We now seekto find expressiongor thebiasandcovarianceof the MaximumLikelihood
solution,whichwewill referto asé. To dothiswe first expandthecostin equation(2.8)
aroundthetruevalue:

A _ _ _ 1 _
J(0)=J(0 +A0) =] + Ve T A0 + §A0TV3JA0—|—..., (2.14)

whereJ representthe costatthetrue parametewalue:./ (8). We would like to find the
biasandvarianceof 8 aroundthetruevalue8. Ignoringhigherordertermsof thenoise,
anddifferentiatingwith respecto A8, we obtain:

Vo + V2JAO = 0. (2.15)
Invertingthe Hessian, we obtainan expressiorfor A#:
A = —(V§J) 'Vl . (2.16)

To solve for thiswewill needexpressiondor thegradientandHessiarterms.These
canbeobtainedas:

Vo = —2VoI1[6]" V' (p — I1[6)])
=2lg, (2.17)

andaswe would expectthe gradientis just the score.The Hessiaris the gradientof the
score:

Vi =2VeII[6]" V' VII[0] — 2V5II[0)V, " (p— II[6)). (2.18)
Now if we assumehatour noiseterm Ap = p — I1[6] is smallandof orderO(e),
thenthefirst termontheright of thisequatioris O(1) andthesecondermis O(¢). Thus
to first orderwe candropthe secondermandobtain:
Vi =2VeII[6]" V' VeII[6]
= 28(ll} ]
=2Jg. (2.19)
Thustheperturbatiorof oursolution,é, from thetruesolution,d, causedy noisein the
measurement)p, asdescribedy equation(2.16),is foundto be:
A0 =—-Jg's. (2.20)

! Whenthereareindeterminaciethe Hessiarwill besingularandthegeneralizednversemustbeusedas
describedn section2.5.
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We cannow find the expectationof the error componentn our solution, A6. From
our assumptiorthatthe measurementoiseis unbiasedn equation(2.4), we obtain

E[A6] = —E[J5'le]
=J,'211[6]" V' E[p]
=0, (2.21)

andconcludethatthe Maximum Likelihood solutionis unbiasedo first order The co-
varianceof thesolutioncanbeestimatedasfollows:

Vo = E[A0A0T]
= Jg' Ellglg]T5T
=J,t. (2.22)

We concludethatwith noindeterminaciesandupto first order the covarianceof the
MaximumLikelihood solutionis justtheinverseof the Fisherinformationmatrixandso
achievesthe CramerRaolowerbound.lt is thusanoptimalestimate.

Estimating the Unknown Covariance ScaleFactor

In mary caseshe datacovariancemaybeknown only upto a scalefactor. For example
thenoisemaybei.i.d., but with unknavn globalmagnitudelnsteadof knowing thetrue
covariance,Vy, = E[ApApT], we assumehatwe know a normalizedform of it, Vi,
whereV, = €2V, ande? is anunknovn scalefactor Henceto obtaina solutionwe
minimizethe modifiedresidual:

J,(0) = Ap"V, )} Ap, (2.23)

o

wherewe have omittedthe unknown €2 from J(6) in equation(2.8). Minimizing this
of coursegives us the samesolutionas minimizing the original residual.J (8). But if

we wantto obtainthe covarianceof our solutionwe needto recover this unknovn scale
factore?.

If the noiseis Gaussiarthenthe residual./ will be a y? variable.The expectation
of a x? variableis equalto its numberof degreesof freedom.Let m be the length of
Ap andassumadts covariance,Vy, hasfull rank. We fit our measurementwith a set
of parameterén our parameterector@ which we assuméiaslengthn. Thusthetotal
numberof degreesof freedomin theresidualare:m — n, andsowe canwrite:

ElJ]=—— = m-n. (2.24)
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Whenwe actuallyrun experimentswe takeour reco/eredresidual,jo, asour estimate
for £[J,], andthenobtainthe unknowvn scalefactoras:

€ = Jo (2.25)

m-—mn

Whenthereareindeterminaciesthe effective numberof parameterss reduced.If
the indeterminaciesnvolve r degreesof freedom,then the effective numberof fitted
parameterss n — r, andtheresidual,/, is thena y? variablewith m — n + r degreesof
freedom.

2.2 GaugeTransformations: their Orbits and Freedoms

For variousreasongheremay not be a uniquesolutionto the parameteestimateob-
tainedfrom equation(2.2). Rathertheremay be a rangeof solutionsthatall satisfythis
equation.Therangeof solutionsfor a givenproblemcanbe distinguihedinto two gen-
eralclassesdiscreteambiguitiesandcontinuousndeterminacied-or discreteambigu-
ities, thereis notanarbitrarily smallneighborhooaf solutionsarounda givensolution,
but rathertheseambiguitiescorrespondo fixed transformation®f the solutionsuchas
reflections.Theseambiguitiesdo not affect perturbationanalysisand so are not con-
sideredn this work. Whentheseambiguitiesexist, othercuesbeyondthe measurement
datamustbeusedto selectanappropriatesolution.Ourinteresthowever, liesin thecon-
tinuousindeterminacieshatdefinea manifold of pointsaroundary givenpoint. These
correspondo casesvherethe measuremergquation(2.2) doesnot fully constrainthe
parameterector 8. Solutionsto this equationwill have local degreesof freedomof 6
whichwewill referto asthegaugefreedoms.

In physicsgaugdreedomsareusedto describesymmetriegoundin theequation®of
guantummechanicandelectricityandmagnetismTheir useis limited, andnot directly
parallelto our work. Sowhile we chooseto borrow the term,we will freely redefineit
for usein computetvision.

As is the casefor discreteambiguities,gaugefreedomsresultin the solution not
beinguniquelydefined,andso additionalinformationmustbe employedin specifying
the solution.But unlike discreteambiguities perturbationf the solutionare affected
by the gaugefreedomsand by how a uniquesolutionis determinedOur goal in this
researchs to analyzehow gaugefreedomsaffect perturbationuncertaintieof model
parameters.
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2.2.1 GaugeOrbits

Imaginethattherearetwo points,d andé’ in theparametespace;T, thatbothgive the
samemeasurementlI [6'] = II[6]. We saythatthesepoint aregeometricallyequiva-
lent, sincethey cannotbe distinguisedby our equationsLet thesepointsberelatedto
eachotherby a gaugetransformationg, suchthat

o' = go. (2.26)

Now we assumehatall pointssatisfyingthis propertylie on a manifold,andhencethe
setof all suchgaugetransformationgorm a group, &, which we denoteasour gauge
group.? Thenfor ary two points,8 and@’, relatedby agaugetransformationg € G, we
denotetheir geometricequivalenceby the expressionf’ ~ 6.

Let us call the manifold in 7, over which we have definedour equivalencerela-
tionshipfor all ¢ € G, a gaugeorbit, Gg. The gaugeorbit containsall geometrically
equivalentvaluesof 8, namely:Gy = {6'|6' ~ 0}. We furtherassumehatall thepoints
of the gaugeorbit makeup a singleconnectedomponentAny pointin thegaugeorbit
is completelyequivalentto any otherpointfor anoptimizationroutine.All pointsin the
parametespacebelongto a gaugeorbit, andsothe optimizationprocessonly needgo
operaten thequotientspace:7 /G of 7. Eachelemenbf this quotientspaces agauge
orbit. Mathematiciansall gaugeorbits leafs and the parametesspace,T, they call a
foliated space or afoliation. Figure2.1illustratessucha foliation. We notethatpertur
bationsalongthe gaugeorbit do not changehecost,andsoall pointsonthe gaugeorbit
mustberegardedasequivalent.

2.2.2 GaugeFreedoms

We will beinterestedn doing perturbationanalysisin the neighborhoodf a pointin
the parametespace For this we needa linearizationof the gaugetransformationLet
us selecta gaugetransformationry € G closeto the identity transformationwhere
theidentity transformatiormapsa point ontoitself. We call this aninfinitesimalgauge
transformatiorandcanexpandit in a Taylor seriesas:

v0=60+D(0)+ ..., (2.27)
2 Fromthe definition of a manifold it is easyto seethat G mustbe a group.If & andy are patchesof

our manifold suchthat@ is in theimageof ® and@’ is in theimageof y, theng andits inverseexist.
Moreover asequencef gaugetransformationsvill be associatie.



22 2. Model Fitting andGaugeTheory

Gauge orbits

Local
gauge
freedoms

Parameter spacel’

Fig. 2.1.We illustratea foliated parametespace,T . It is filled with gaugeorbits, or leafs,suchthatevery
pointis onagaugeorbit. Thegaugefreedomsat a given point spanthetangentspaceo the gaugeorbit.

where D(-) is avectoroperatomwhich we termthe infinitesimalgaugegeneratoof .
The setof all suchinfinitesimalgaugegeneratorgorm a linear space Dy (7 ), around
point 8. It canbe provedthatevery pointin this space,D(-) € Dy(T), corresponds$o
aninfinitesimalgaugetransformationy, with D (-) asits generatar

Wewill callthelinearspacePy (7 ), thecollectionof gaugefreedomstpointd € 7.
If r is thedimensionof this spacethenthe gaugeorbit, Gg, is ar-dimensionamanifold
in 7, andthespace;/, hasr gaugereedoms.

2.2.3 Causesf GaugeFreedoms

Thereare two sourcesof gaugefreedomsthat we distinguish The first sourceis an
over-parametrizatiorof the model. A gaugefreedomin this caseexists whenwe can
definea non-identitygaugetransformationg,,, on the parametewector to be ary
transformatiorin 7 thatdoesnotchangehe modelinterpretation:

M(0) = M(g.0), VO € T. (2.28)

A commonexample of this occursin the use of homogeneousectors.A homoge-
neousvectora = (a1, az, as, a4) undera modelinterpretationmay definea point: X
= (a1/a4, az/a4, a3/as). A gaugeransformatiorcorrespondingo arescalingof a will
not changehe modelinterpretationrevealinga gaugefreedom We note, however, that
not all over-parametrizationteadto to gaugefreedomsFor example,the spaceof ro-
tation matrices,often denotedas SO(3), hasthreedimensionsandis describedby 9
parameterdyut pointsnoton SO (3) arenotdefined,anddo notcorrespondo ary valid
rotationmatrices.
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Thistypeof gaugdreedomis createdor representationar numericalcorvenience.
In certainproblemsthesemay be introducedto reducenonlinearitiesor avoid singular
ities in the estimationprocessHowever, typically the extra parametersire purely non-
physical,andhencedo not affect the model. Thuswe do not expecttheseto contritute
to changesn theuncertaintie®f physicalaspect®f themodel.We do, however, needa
mathematicalormalismfor treatingthesefreedomsn the overall uncertaintymodel.

3D object
Ly

@i
1

Wma{;\é\s of o Jecm Model parameter spa: T

Fig. 2.2. 3D vision canbe understoochs modelestimation.Given a setof imagemeasurementsndthe
equationghatgovernthesemeasurementshe goalis to find the pointin themodelspacehatcorresponds
to the 3D object.ldeallya singlepointwill befound.If, however, therearegaugefreedomsn the measure-
ments thena possiblylarge subsef the modelswill correspondo the samemeasurementsromthese
measurementone all of thesemodelsareequallylikely; if themeasurementsave gaugereedomny, then
0~ gf.

The secondsourceof gaugefreedomsoccursin the measuremenprocessUnder
certaingaugdransformationthemodelchangebutthemeasurementemainthesame.
Let g, besuchagaugetransformatiorwhere M (6) # M (g,6), but:

6] = [g,0), V6 €cT. (2.29)

Solong asour projectioncanbedecomposehto puremodelandpureprojectioncom-
ponentsasin equation(2.1), bothmodelandprojectiongaugetransformationsy,,, and
gp, Will becoveredby ouranalysis.

This secondypeof gaugereedomcapturedasicindeterminaciesesultingfrom the
measurementrocessDueto the physicsof the measuremergrocessgertainphysical
propertiesof the modelarelost andindeterminantThe classicexampleof thisin com-
putervision is scale.A small objectcloseto a cameramay appeatidenticalto a large
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objectfartherfrom the cameralf the parameterector@ representshe shapeof anob-
ject,andthegaugeransformatiory, is arescalingthenwe canwrite 8 ~ ¢,8. We shalll
shav thathow thesegaugefreedomsaredealtwith canhave significantphysicaleffects
onthesolution.

2.2.4 Maximum Likelihood with Gaugefreedoms

To achieve our modelingtaskwe optimizea costfunctionover the parametespace To
achieve a Maximum Likelihood solutionwe will chooseheweightedreprojectecerror
denotedas./(0) in equation(2.8). It couldalternatvely be expressedas:.J(I1[6]), but
typically we incorporateheprojectionfunctioninto thecostandcall it: .J(8). We define
agaugeransformationg, ontheparameterso beary transformationn 7 thatdoesnot
changehe costfunction:

J(0) = J(g6), VO € T. (2.30)

Changingthe parameterectorby a gaugetransformatiorwill not affect the cost. The
setof all suchtransformationgorm agroup,&, whichwe call thegroupof gaugetrans-
formations.Solong asall degreesof freedomare capturedby J(11[6]), andthusthe
costfunctionitself doesnot introduceary new freedomsthis groupwill consistof the
setof all gaugetransformationsiueto modelover-parametrizationg,, andthosedueto
themeasuremerirocessy,, .

Optimizationwill proceedn avery similar mannerto that donewhenthereareno
gaugefreedoms.

2.3 Invariants

While the valuesof our parametersvill vary over gaugeorbits, it is in generalpossible
to definefunctionsof the parametershatdo not changeover the gaugeorbits. We call
thesenvariantsanddefinethemasfollows:

Definition 2.3.1. Afunction,Z(-) : 7 — R is a gaugeinvariantif:
1(6)=1(980) Vged, (2.31)

We areassuminga singleconnectedomponenfor the gaugeorbit.

Fromour definitionwe canconcludethatZ (-) is aninvariantif andonly if it is also
invariantto infinitesimalgaugetransformationsif ~ is aninfinitesimalgaugetransfor
mationand D (-) is its generatarthenwe canwrite:
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7(0) =1(v9)
=7(0)+VeI ' D(O)+.... (2.32)

Fromthis equationwve canseethatthefirst ordertermof this expansiormustbezero.If
welet D;(0) for : = 1, ..., r beabasissetof vectorsfor the spaceDy(T), thenthese
vectorsspanthe tangentspace,ly[Gg], to the gaugeorbit Gg. From our equationwe
concludethatV,Z " D;(6) = 0, fori = 1,. .., r. Thisleadsto thefollowing theorem:

Theorem 2.3.1. AfunctionZ(-) : 7 — R is gaugeinvariantif andonly if
VoI € Ty[Gel™, (2.33)

where“ L” refersto theorthogonalcomplement.

Intuitively this saysthat the gradientof aninvariantis alwaysorthogonalto the gauge
orbit. This orthogonalityconstrainwill beusefulin our perturbatioranalysis.

Invariantsareimportantsincethey donotcontainindeterminaciesr gaugereedoms,
andsothey arethe “real” geometricpropertieghatare estimatedy our equationsBy
usingtheseasour basicentities,in thenext sectionwe will beableto derive expressions
for how parameterandtheir perturbationwary alonggaugeorbits.

2.4 Perturbation Analysis

A solution, 8, of our optimizationprocedurewill lie somavhereon a gaugeorbit, Gg.

The solutioncanbe transformedo arny otherpoint on the gaugeorbit by selectingthe
appropriategaugetransformationg, andthe costfrom equation(2.30)will remainthe
same.This makesperturbationanalysisin the full parametesspacearounda solution
point meaninglessincean arbitrarily large transformatiorof parameter®sn the gauge
orbit will resultin no changén cost.To performperturbatioranalysiswve will needour
solutionto be at leasta locally unique.This is achieved by applying constraintsin a
processvewill call gaugefixing, asis illustratedin Figure2.3.

2.4.1 GaugeFixing

We canachiere a uniquesolutionon the gaugeorbit by introducinga setof » constraint
equationsvherer is thenumberof gaugefreedomsLet

c(0)=0, ..., ¢(0)=0 (2.34)

denoteour r constraintsvith thefollowing assumptions.
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Fig. 2.3.Plot (a) shows the contradictionwe obtainwhenwe usea full rank covarianceto describeper

turbationsof a point on a gaugeorbit. Ellipsesof differentprobability densityintersecthe gaugeorbit, all

of whosepointsareequivalentandhencehave equalprobability density Instead we mustchoosea gauge
by imposinga constraintthat reducesour parametespaceto the gaugemanifold,C, which intersectghe
gaugeorbit at a singlepoint, asshavn in (b). Perturbationgre now restrictedto the tangentplaneto the
gaugemanifold,shovn by thedashedine. (Theseplotsaretwo dimensionafor clarity only. In ourcasethe
vector 6, is n dimensionalthe gaugeorbit, Gg, is r dimensionalandthegauge(, isn — r dimensional.)

e Theequationsareindependenanddefinea manifold,C, of codimension in 7,

¢ ThemanifoldC intersectall of theleafs,Gg, trans\ersallyandat a singlepoint,and

e Forary elemen®® € Gg andf@: = C U Gy, thereexistsa uniqueelementy € G such
that8. = ¢6.

Enforcingthis setof constraintswe call gaugefixing or choosinga gauge We let C
denoteour gaugemanifold andfor shortcall it simply agauge

Gaugefixing achievestwo importantfactorswhich will affect the solutionandthe
perturbatioranalysisFirstly it determinesuniquesolutionpoint, 8., onthegaugeorbit
attheintersectiorof the gaugemanifoldandthe gaugeorbit, 8 = C N Gg. Secondlyit
determineghe tangentplaneto the gauge,7[C], andthis will differ dependingon the
gaugeconstraintsEvenwhentwo gaugesntersecthe gaugeorbit atthe samepoint the
tangentspacesnay be different. This is importantsince perturbationof our solution,
Af¢, to first ordermustremainin our gauge,andhencemustbe the tangentplaneto
the gauge:Af8; € T,[C]. We would like to compareperturbationsn differentgauges
aroundthe solutionmanifoldandderive arelationshipbetweerthem.

2.4.2 Jacobian Transformation

Therearetwo factorsthatwill affect perturbationsat differentpointson a gaugeorbit.
The first factor dependsn the gaugetransformationg, betweenthe local parameter
space;, ateachpoint.Let 8 and@’ betwo pointson a gaugeorbit suchthat
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0 = g0. (2.35)

We canthink of this 8 asafunctionof 6. If we performa first orderexpansionof both
sidesof thisrelationshipwe obtain:
00’

AG = 8—0A0’ (2.36)
whered@’ /0 is our Jacobiarmatrix thattransformsperturbationsat one point on the
gaugeorbit, 8, to perturbationsat anotherpoint, 8’. This is illustratedin Figures2.4
and 2.5. For example,if ¢ rotatesthe parametersthenthe Jacobiarmatrix rotatesthe

perturbationsandhencecovariancesaccordingly

Fig. 2.4.Let 8’ = g# beagaugetransformatiorof point® ontod’. This canalsobethoughtof asa change
of variables.The changeof perturbationsrom point 8 to 8 aredescribedhe Jacobiammatrix: 96’ /98,
suchthat A8’ =96’ /96 Af. Theseaffectsarequiteintuitive in realexamplesasillustratedin Figure2.5.

2.4.3 Geometric Equivalencel

The secondfactor affecting the covariancewhenchoosinga gaugeis lessintuitive but
may have even strongereffects. This is the tangentspaceto the gaugeorbit. In order
to derive this effect, we mustfirst considerwhat constitutesan equivalencebetween
perturbationsAs we aguedin section2.3,it is invariantsratherthanactualparameters,
that capturethe essentiageometricinformationin the measurementg-urthermoreit
is the perturbation®f invariantsthat capturethe geometricinformationin parametric
perturbations.

Let usassumeve have two gauges¢ andC’ thatintersecta gaugeorbit, Gg, at 6
and 8.: respectiely. Thesepoints are relatedby a gaugetransformationdenotedas
O = g0c:.

We canparametrizaninvariantZ usingpointsin eitherof thesegauges:
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N é#é

Fig. 2.5. Here we illustrate the effect of a Jacobiarmatrix 98'/86 on a syntheticexample. The gauge
transformation@’ = g8, is arotationof featurepointsandcamerapositions.The Jacobiarthusalsoacts
asarotation,andappropriatelyotatesheellipsesaroundeachpoint.

T(6c) = I(6¢) . (2.37)

Furthermorave canparametrizeperturbation®f theinvariantZ (8) in termsof pertur
bationsalongeitherof thesegaugetangentspacesWe obtain:

AZ(0c) = VoI(0c)" Abc, (2.38)
for gaugel whereAd; € T,[C]. Ontheotherhand,in gauge’’, we have:
AZ(0c)) = VoI(8c1) T Abe:

T ggg/ Abe (2.39)
whereAf:: € Ty[C']. If we think of the gaugetransformatiord = ¢6., asa change-
of-variablesthenterm 6. /06, is the Jacobiarmatrix transformingperturbationsc-
cordingto this change-of-ariables.

Now we know thattheperturbation®f aninvariantarethesamerrespectve of which
gaugehey areexpressedn, AZ(6¢) = AZ(6c), andsosubtractinggequation2.39)from
(2.38),we obtain:

= VyZ(6c)

00
VoZ(0c)T (AB — —S b)) = 0. (2.40)
00
This equationexpressesn equivalencebetweerperturbationsA8. and A8... Bothre-
sultedin the sameperturbationof the invariantZ. We say that two perturbationsare

geometricallyequivalentif they give the sameperturbationfor ary invariant.We note
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thatin the specialcasewherethe gaugemanifoldsintersecthe gaugeorbit at the same
pointandso@. = 6., the Jacobiarmatrix, 96 /06, is theidentity.
Fromequation(2.40)andTheorem?2.3.1we candeducehefollowing theorem:

Theorem 2.4.1. Givena point@ in two gaugeg’ and(C’, perturbationsn thesegauges,
A6@: and Af.., are geometricallyequivalentf andonly if

00,
00¢:
We denotethis relationshipas:

u' (Afc - Abc) =0,  Yuc TyGel". (2.41)

Ab; = A8 mod G (2.42)

Intuitively this stateghatthedifferencebetweertwo geometricallyequivalentperturba-
tionsis in thetangentplaneto the gaugeorbit at that point. This is illustratedin Figure
2.6.

Te[q],"

Fig. 2.6. Perturbationsn the tangentplanesto two gauges¢ andC’, are shovn. Theseperturbationsare
geometricallyequivalentwhentheir difference, A8 — A8, is orthogonato all vectorsu € Tp[Gs]* as
statedn Theorem?2.4.1.For simplicity, only the specialcasewherethe gaugesntersecion the gaugeorbit,
andsotheJacobiammatrix is theidentity, is illustrated.For thefull caseseeFigure2.7.

2.4.4 Oblique Projection

Now thatwe have a measurdor comparingperturbationsand determiningif they are
geometricallyequivalent,we wouldlike atool for transformingperturbationgrom one
gaugeto anotherin a way thatthey remaingeometricallyequivalent.If we cando this,
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thenit will not matterin which gaugewe performanuncertaintyanalysis sincewe can
alwaystransformit into ary othergauge.

We poseour problemasfollows. Given an arbitrary perturbation,A8, at a point
6, but in an unknowvn gauge,we would like to calculatethe geometricallyequivalent
perturbation Af¢, in aknown gauge(.

Let Gy be the gaugeorbit to which point 8 belongs We cancalculatethe point 8¢
at the intersectionof the orbit andthe gauge:8; € Gg N C. This givesus the gauge
transformatiory to thenew point: 8. = g6, andthe Jacobiammatrix, 96 /06, thatmaps
perturbationA@ to anew perturbatiorwhichwe denoteas A6':

00c

A = ——A0. 2.43
00 ( )

Fig. 2.7. Given a perturbation,A8, at a point # on gaugeorbit Ge, we wantto find the geometrically
equivalentperturbation Af¢, in gaugeC. Firstwe find the gaugetransformationf ¢ = g# sothatéc¢ isin

gaugeC, andthenwe find the Jacobiartransformation9€ ¢ /56 . Thenwe applyanobliqueprojectiononto
thetangentspaceo the gaugemanifoldC: A8 = A8’ + b=Q A, to give usour final perturbation.

We cannow expressour unknown perturbationin termsof the original perturbation
andanunknawn vectorb:
00¢
A = —A0+b
c 90 +

= A0 +b (2.44)

In orderto ensurehat A8 is geometricallyequivalentto A8’, we concludefrom Theo-
rem2.4.1thatwe canonly altertheperturbationA8’ by components thetangenspace
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Fig. 2.8. Herewe illustrate the effect of an oblique projectionmatrix, @, on perturbationglefinedby a
covariancematrix. The statevector, 8, which includesshapeandmotion,is the samein bothplots.In the
right plot, we have defineda gauge(, which consistof coordinatesystemandscaleon thesepoints.The
obliqueprojection,@Q, transformgheellipsesin theleft plot to thosein theright plot.

to the gaugeorbit at 8.. Thusb is a vectorin the tangentspaceto the gaugeorbit. Let
matrix Ug, have r columnsthatspanthe linear spaceof infinitesimalgaugegenerators
Dy () from equation(2.27).Vectorb mustbe in the columnspaceof Uy, andhence
canbewritten as:

b= U,z (2.45)

wherez = (z1,...,2,) " isavectorof r unknovn coeficients.
If ourgaugeC is definedby r equations¢; (6) = 0,.. ., ¢.(8) = 0, thentheorthog-
onal complemento the tangentspaceto the gaugeis spannedy the gradientsof each

of these{Vyc1(0), ..., Vg, (0)}. Let Vg, beamatrix whoser columnsaremadeup
from theser gradients:
Vgc = (Vé’cl (0)7 s Vﬁcr(e)) ) (246)

andsoit followsthat:
T —
Vo, Abc = 0. (2.47)
Substitutingexpressiongor A8 andb from equationg2.44)and(2.45),we get:
Vo, A0’ + Vg Ug.z = 0. (2.48)
Now solvingfor  we find
x=—(Vy Us.) 'V AF, (2.49)

andfinally our new perturbation
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Abe = AO' — Ug,. (Vg Us,) ™' VgAY

= Q510
s %‘;c (2.50)
where
Q5 =1-Us. (Vg Us.) ' Vg.. (2.51)

Thematrix Q5 is thusour obliqueprojectionoperator|t takesary vectorat. and
obliquely projectsit alongthe tangentspaceto the gaugeorbit, 73[Gg], and onto the
tangentspaceo thegauge 1|[C].

It turnsoutthatBaardas S-Transformation$2] for free-networkanalysisareequi-
alentto to this oblique projection.Our gauge-basederiation of this transformation
givesusintuitiveinsightinto the needfor this transformationandinto the effectsof it
on parameteperturbations.

Theobliqueprojectionoperatoiis usefulfor covarianceransformatioraswell. If we
multiply bothsidesof equation(2.50) by its transpos@ndtakeexpectationsve obtain:

06 00
Ve=Q5=5 Voo Q5 - (2.52)

This equationwill serne asour basictransformatiorbetweengauges!n orderto con-
firm thatit is the correcttransformatiorandthatit doesnot vary theinherentgeometric
propertieof thevariancewe will createanequivalenceest.

2.4.5 Geometric Equivalencell

We have derived a geometricequivalencerelationshipfor perturbationsand now we
wouldlike onefor covariancesAssumethatwe know the covarianceof thesolutionin a
particulargauge(. Thecovariance, Ve = E[Af: Af: ], atapoint@. € C is defined
in thetangentplaneto the gaugeAl: € Tj[C]. Let Z(6¢) beaninvariantto thegauge
orbit. The covarianceof thisinvariantis givenby:

Vi = E[AZ(0c) AZ(6c)7]
= VoI(0c)" E[AO: AB:"|VeI(6c)
= VoZ(0c)" Ve VeI(6c). (2.53)

Now let V¢/ bethe covarianceof the solutionin anothergauge’ containingthe point
6. = gB:. We canderive in anidenticalway the covariancefor theinvariant:



2.4 PerturbatiorAnalysis 33

Vi =VeIZ(0c)" VerVeI(6cr)
900 < 06,

= VoZ(6c) VeZ(6c) (2.54)

We seethatcovarianceslefinedin arny gaugeonthe gaugeorbit areequivalentin the
sensdghatfrom ary of themwe canobtainthe samecovarianceof ary invariant.From
thisandTheorem?2.4.1we obtainthefollowing corollary:

Corollary 2.4.1. Givena point @ in two gaugesC and(’, their covariancesV, and
V¢ respectivelyare geometricallyequivalenif andonly if
00, 00¢ T

.
ve - ey,
u (Ve 900 ' ' 060,

Ju=0,  Vu e ThGe]*. (2.55)

We denotethis relationshipfor covariancematricesas:
Ve=Ve mod Gg. (256)

We call this our geometricequivalencerelationshipfor covariances.

This criterion canbe usedto prove that our oblique projectionoperatoy definedin
equation2.51),maintainggeometricequivalenceor covariancesLet V beacaovariance
of our parametevector@ definedn anunknonvn gaugelLet usdefineanarbitrarygauge
C thatpasseshroughthis pointsothat@. = € andsothe Jacobiarmatrixis theidentity.
Theobliquelyprojectedcovariancein gaugeC is thenobtainedas:

Ve=Q5vaQs'. (2.57)

We canshaw thatthesecovariancesare geometricallyequivalent, Ve = V mod Gg,
asfollows. Expandingthis expressionfor V¢, using our definition for Q$ in equation
(2.51),we obtain:

Ve =V —Ug,A— BUg, +Ug.CUy,, (2.58)

where A, B, andC' arematrix combination®f V' andcomponent®f Qg. The matrix

Us, spansthe tangentplaneto the gaugeorbit, and hencethe right three elementsof

this equationwhich arelinearcombinationf thesetangentvectorswill beeliminated
whenmultiplied by all w € T;[Gg]*. Thuswhenwe substituteénto equation(2.55),we

findthatV; andV areequivalent,andsoconcludethattheobliqueprojectionmaintains
eguialenceThis confirmsthatour basictransformation-of-ceariancegquation(2.52)
givesthegeometricallyequivalentcovariancewithin a desiredgauge.
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2.4.6 The Normal Covariance

As we shallseein subsequenthapterstherearestill reasongor calculatingthe covari-
anceof the parametersdlirectly (ratherthanjustinvariants) andto do this we mustwork
in particulargaugesWe assumehenthatwe have achievzed the Maximum Likelihood
solutionfor theresidual/ (8). We canexpandthis aroundthe minimumandtakederiva-
tiveswith respecto perturbationsAf asdonein equationg2.14)and(2.15)to getthe
following first orderequationgoverningperturbations:

Vo + V2JAO = 0. (2.59)

In solvingfor theperturbationsA8, we mustfacetheissueof indeterminaciegvhich
causehe Hessian,VGQJ, to besingular If & contains: parametersandtherearer local
degreesof freedom,the Hessianwill have rank n — r. A perturbationwill have two
componentspneperpendiculato the tangentplaneto the gaugeorbit andoneparallel
to thetangentplane,

A= Abg + A, g, (2.60)

whereAf) g € T3[G] and A0 g € Ty[G]*. Now for ary vectoru € 15[G]*, we have
uTA(?Hg = 0. And sofrom Theorem2.4.1we deducehefollowing corollary:

Corollary 2.4.2. Any perturbationin theform: A8 = A6 g + A0, g, whee Afg €
Ty[Gland A8 g € T,[G]*, is geometricallyequivalento A8, ;. Namelywehave:

A@ = A0, modGe . (2.61)

Thegradientof .J mustbe orthogonato the tangentspaceo the gaugeorbit, andso
applyingthe Moore-Penrosgeneralizednversé to invertequation(2.59)we cansolve
for the orthogonaperturbation:

2 —
AOJ_Q = (VG J)n—rve‘]
= (Jo)nrlo (2.63)
? The Moore-Penrosgeneralizednversewasdefinedby Penrosg56] for areal matrix A of rank N as
beingthe uniquematrix Ay satisfying:

AARA = A,
A;VAAJ;V = Ay,

(445)T = A45,
(AjyA)" = AGA.

(2.62)

It canbe obtainedby thefollowing procedurelf A = UAV T by SVD, thenthe Moore-Penros@verse
isgivenasAy = VARUT, whereAy, hasthefirst N singularvaluesinvertedon the diagonal andthe
restensuredo be zero.
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We call the covarianceof this perturbatiorthe normalcovariance
Vig=FE[A0,5A0,5"]
= (Jo)n_r Elle 15] (Jo),_,
=(Jo)nrJo(J6),_,
= (Jo)-s (264

Thenormalcovariancecanbethoughtof asa gauge-independentvariancelt depends
only on the parametrizatiorof the solution,not on ary particularchoiceof gauge.Or
more correctlywe could say the normal covarianceis in the gaugeorthogonalto the
gaugeorbit. Thenormalcovariances geometricallyequivalentto ary covariancedefined
in ary gaugemanifold.

We can calculatethe covariancein ary gaugeby obliquely projectingthe normal
covarianceontothegaugeaangenspaceasexplainedin section2.4.4.1f V, ¢ is defined
atpoint8, thenperformingthis projectioninto gaugeC wefind:

. . T
Ve = Qg% Vig %
butif V', ¢ is definedat point 8., thenthe Jacobiarbecomeghe identity andwe have
simply:

Qs (2.65)

.
Ve=QgVigQy (2.66)

Alternatively, if we wish to obtainthe normalcovarianceat point 8., we simply need
to projectary covarianceat thatpoint ontothe orthogonaktomplemenbf thetangento
the gaugeorbit:

Vig= PV Pj, (2.67)

wherePg =1 — UGC(UGTCUGC)—lUJC.

We seethat if we choosea gaugewhosetangentspaceis orthogonalto the gauge
orbit, Ty[C] = Ty[G]*, thenQ§ = Py, andthecovariancen this gauges justthenormal
covarianceThisis illustratedin Figure2.9.

Thenormalcovariancegivesusalowerboundontheglobalaccurag of thesolution.
Thisis statedn thefollowing theorem:

Theorem 2.4.2. For any positivesemidefinitecovariance V¢, and normal covariance,
V¢, definedn equation(2.67),wehave:

Tr[V.ig] < Tr[Ve] VC sudthatC NG = O¢ (2.68)
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Fig. 2.9.A perturbatioris projectedontothetangenplaneto gaugeC with Q$, whereast canbeprojected

ontothenormalgaugewith Pg.

Proof. Matrix V. canbedecomposeth theform: Ve =5 'UZ-UZT, andthenits trace

is givenby:
TI’[VC] = Z’U;r’vi.
=1

In asimilarway, thetraceof V| g canbeexpresseds:

n

TrVig]l =) (Pgvi) (Pguv;).

=1

Now ary projectionmatrix Pg canbedecomposeih theform:

Ty T
a]a]-

szl—i

2 a2

wherea]TaZ- = 0 for ¢ # j. Fromthis we obtain:
T

r
v, aa;
Povi=vi= 2 T

i=1

andthenexpandingthe product( Pev;) " (Pgv;) we get:
r T ) 2
(Pevi)T(ngi) = ,UZT,UZ' _ Z M.

2 laj?

(2.69)

(2.70)

(2.71)

(2.72)

(2.73)

We seethat this is alwayslessthanor equalto v;—vi for all 7, and so concludethat

Tr[Vig] < Tr[Ve].

ad

We notethatthe traceincludestranslationandrotationterms,and hencef we usethis
lower boundwe shouldparametrizéhem suchthat the relative weighting of rotations

andtranslationgs appropriate.
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2.4.7 A Testfor Geometric Equivalence

A usefulpropertyof thenormalcovariances thatits nullspacds thesameasthetangent
spaceto the gaugeorbit. This is not the casefor an arbitrary covariancematrix, but is
truefor thenormalcovariancesinceit is definedn agaugeorthogonato thegaugeorbit.
We canusethisfactto derive ageometricequivalenceestfor normalcovariances.
Now supposeve wish to testwhethermaxtrix, V' 4 is geometricallyequivalentto

V1g. Assumefirst that they are calculatedat the samepoint, 8., on the gaugeorbit,
andhencehatthe Jacobiarmatrixis unity. If they arenot, thentransformV” 4 usingthe
Jacobiarsoit is definedat 8.. The Moore-Penros@verseof a positive semi-definite
matrix, Vig hasthe samenullspaceasV | ¢, andwe notethatit is exactly the Hessian:
VIQ = Jg.
Theorem 2.4.3. CovarianceV 4 definedat point@. is geometricallyequivalento V', ¢
if andonly if
Proof. We canwrite matrixV 4 =V, + D, whereD =V 4 - V. Substitutingthis
expansioninto equation(2.74)we obtain

VigDVi;=0. (2.75)
Thisistrueonlyif all therowsor all thecolumnsof D arein thenullspaceof V g. If this
is the case thenwe seethatour geometricequivalencerelationship equation(2.55),is
satisfied Corverselywe seethatthe geometricequivalencerelationshipis only satisfied
whenwu " Du =0 for all  in thenullspaceof Vi . 0
UsingtheHessian,J g, for V| ; in equation(2.74)givesustheequation:

JoVade = Jg. (2.76)

This meanghatary generalizednverseV 4 = JL definedby this relationshipgivesa
covariancehatis geometricallyequivalentto V', ¢. Thiswaspointedoutby Triggs[71].

2.4.8 Alter native Constrained Covariance Methods

Therearealternatve methoddor calculatingthe covariancein agauge Oneapproachs

tofind aminimalre-parametrizatiohy eliminatingr parametersr his,however, maynot

bepossiblefor thedesiredconstraintor if it is possiblejt mayinvolve very complicated
re-arrangementsf the equations.
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Somestandardapproacheivolve useof Lagrangemultipliersto enforcethe con-
straintsduring error propagatioras describedoy Haralick[19]. It turnsout thatif the
Fisherinformationmatrix J¢ is calculatedat 8¢, and Vs, whosedomainis orthogonal
to the gaugeC is known, thento calculatethe covarianceV, in this gaugewe canuse
theexpression:

-1
Ve|A\ [ Ja Ve, @77
AT|B V| 0 ' '

Here A and B arepaddingrelatedto the Lagrangemultipliers.

Thuswhile this and other computationaimethodscanfind the constraineccovari-
ancesit is difficult to obtainan explicit geometridnterpretatiorof them.But with the
gaugefreedomapproactwe caninterpretthe constraintsasanobliqueprojectionalong
the gaugefreedomsandsointuitively understandhe effect of theindeterminaciesand
the constraintsWe will examinethis morecloselyin thefollowing section.

2.4.9 An Interpr etation of the Oblique Projection

We have illustratedthe actionof the obliqueprojectionoperator Q5, on a singlevec-

tor A@’, in Figure2.7. What we would like to understandetteris how this operator
transformscovariancematricesasin our basictransformatiorequation(2.52)which we

summarizeas:

Ve=Q5vaQs'. (2.78)

The covariancematrix V' is positive semi-definiteandhencecanbe decomposeth
theform:

(o1 vaer ) (o ...,,n_r)T , (2.79)

wherematrix (u, - - -u,,) is unitary. The vectorswv; are all orthogonalandtheir mag-
nitudesaregivenby the standardeviation o;. They arethe radii of the hyperellipsoid
definedby covarianceV . We seethatwhenwe transformthecovariancewith theoblique
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projectionoperatorasin equation(2.78),we actuallyindividually projecteachof these
radii:
v, = Qgvi, (2.80)

ontothetangentspacely[C]. Doingthis to all theradii will form anew hyperellipsoid,
representind/¢, in this tangentspace Theradii of this projectedellipoid areobtained
usingananalogousxpansiorto thatin equation(2.79),but for V.

Figure 2.10illustratesthe oblique projectionof covariancesalongthe gaugefree-
doms.All of the ellipsesrepresentinggeometricallyequivalentcovariancedie on the
samecylinder, andareformedby planesjntersectinghis cylinder. Theseplanesarethe
tangentspacego the gaugeconstraintsThe ellipsewith smallestradii is theoneonthe
planeorthogonato the gaugefreedomsandit representghe normalcovariance.

Fig. 2.10.We shaw theactionof theobliqueprojectionoperatoalongthegaugdreedomss [Gs ], indicated
by thedashedinesin the Z direction.Ellipsesrepresentingovariancesareformedon planesntersecting
acylinder. Thethick—ellipsecorrespond$o the normalcovariance.
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2.5 Optimality with GaugeFreedoms

Theoptimalitycriterionfor parametriditting whentherearegaugdreedomss similarto
thatwithout gaugefreedomsBut now insteadof therebeinga true solutionpoint, there
is atruegaugeorbit or leaf. Any pointon this gaugeorbitis a“true” setof parameters.

2.5.1 Free-GaugeOptimization

Our costfunction,./(8), is a non-linearfunction of @ andoptimizationrequiresa non-
linear method.We usedLevenbeg-Marquardt,which combinesgradientdescentand
Gauss-Nerton,to minimize.J (@) startingfrom aninitial approximatesolutionprovided
by a suboptimamethodsuchasfactorization68].

A choiceto bemadein optimizationis whetheror not to applythe gaugeconstraints
duringoptimization.If indeterminaciebave beeneliminatedfrom theparameterghere
is no choicebut to minimize the costin this constrainedspace.lf, however, we keep
thefull parametespacethenit is possibleto ignorethe gaugeconstraintsandproceed
orthogonallyto the gaugeorbitsin minimizing .J (@), asillustratedin Figure2.11).An
advantageof thisis thatminimizationstepsarenotconstrainedo bein thetangenspace
to theconstrainedpace Stayingin theconstrainedgpacecouldslow cornvergencef this
spacewasincidentat anobliqueangleto the solutionmanifold. A Gauss-Neton ste
alongthetangento theconstrainesgpaces givenby:

Abc = -Q4(V3J),_. Ve , (2.81)
whereasa steporthogonalo the gaugeorbit is simply:
A = —(V3J),_. Vel . (2.82)

Thisturnsoutto beof moretheoreticainterestthatpracticalinterestsincewe found
from our examplesthat the numberof corvergencestepsusing free—gaugeninimiza-
tion andusinga fixed gaugeminimizationwere usuallythe same beingaround6 or 7.
Hencefor our 3D ComputerVision problemthe constraintglo not sufficiently alterthe
parametespaceo slow corvergenceandsoeithermethodsufiices. Theremaybeother
examplesin which this is not the case and free-gaugeminimization may be adwanta-
geous.

M-Marquardmodiﬁesthis slightly by addinga diagonalmatrix to the Hessianbeforeinvert-

ing it [59]. The actualimplementatiordoesnot requireinversionof the full Hessianas explainedby
Hartley [21].
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Tic) .

Fig. 2.11.1n minimizing the cost J(#), onecould apply the gaugeconstraintsandproceedn the tangent
planeto thegaugemanifold 75 [C]. Or onecouldtakea free-gaug@pproachandtakestepsorthogonallyto
thegaugeorbit.

2.5.2 Extensionof the Cramer-Rao Bound

To testwhetherour solutionis optimal or not, we musthave a measureof optimality
whengaugefreedomsexist. To do this we will extendthe CramerRaolower boundfor
estimatorsvith uniquesolutionsto the casewherethereareindeterminacies.

Let uswork in gaugeC, andassumeve have anunbiasedestimator:

0c = 6; + A6 (2.83)

wherewe assumeAf. is smallandsoliesin thetangentspacel »[C] of dimension: —r.
Ourgoalis to find a boundon the varianceof this estimator

Firstwe noticethatin this gaugewe canlocally reparametrizéhe modelpointswith
an — r dimensionalectorg,

d=0+ Ag, (2.84)

where correspondso the true solutionpoint 8, andé is the estimatorin this space.
In this new local parametrizatiomheestimato,r(;B, hasno gaugefreedomsandhencets
CramerRaolower boundis simply:

Vo= J5b, (2.85)

whereJ 4 is the Fisherinformationmatrix in this parametrizationand A > B means
A - B is positive semi-definite.
We alsonotethatthereis alinearmappingbetweerthe parametrizationsf our per
turbations, A¢ and Af¢, in gaugeC. We denoteit as:
00
Al; = £A¢ =MA®, (2.86)
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whereM will denoteheJacobiammatrixbetweertheseperturbationsSincethecolumns
of M spanthetangenspacel[C], we canalsoincludetheobliqueprojectionin this ex-
pression: A8 = Q5M A.

Theprobability density p(8), is agaugeinvariant,andsoit canbe expressedn ary
gauge for examplep(6c), andalsoin the local gaugeparametrizationp(¢). We can
expressthe score,l, in this new parametrizatiorandrelateit to the scoreof the full
parametrizationjg asfollows:

lg = Vglog p(9)

20"
=~ Vglogp(6c) (2.87)

¢

=MTlg, .
TheFisherinformationmatrix, J 4 canberelatedto thefull parametrizatiom a similar
way:

Jo = Bllply]

= M"E[lo,lg M (2.88)

=M"Je M.
Theinverseof thisis thensimply:

(Jo)™ = (MT g, M) (2.89)

Using our reparametrizatioof perturbationdn gaugeC from equation(2.86), we
canexpressthecovarianceof perturbationsA8. as:

V.= E[AO:A0: T = MV 4M . (2.90)

Now from the CramefRao boundin equation(2.85), (V¢ - J;l) is positive semi-
definite, and so the quantity M (V ¢ — J(;SI)MT must be positive semi-definite Ex-
pandingthis we obtain:
M(Ve—Jz Y MT =Ve, — M(J)MT
=Ve, -~ MM " Jg . M) *MT (2.91)
andthe last expressionis thusalso positive semi-definite We canshaw thatthe right-

mosttermof equation(2.91)is ageneralizednverseof J g, if thefollowing expression
is true:

Jo. (M(MTJo.M)™'M") Jo. = Jo. (2.92)
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If we left multiply by A T we obtainwithoutlossof rank:
(M"Jg, M)(M"Jg, M) *MT Jg. = M" Jg,, (2.93)

and so concludethat it is a generalizednverseof Jg.. But thereare mary possible
generalizednversesandthis expressioris notanarbitraryone.We notethatits column
spaceand row spaceare spannedoy the columnsof M andhenceit mustlie in the
tangentspaceto the gauge,7;[C]. We have seenthatall the generalizednversesJ;C

aregeometricallyequivalentandwe canobtaintheonein thetangenspacedo thegauge
C by obliquelyprojectinganarbitraryoneto becomeQSJ;CQST. Thuswe deducehat

(M(MTJe M) MT) = Q575 Q5" (2.94)

for anarbitrarygeneralizednverseJ LC .
Finally from equation(2.91)we obtainaboundon our covarianceas:

h
Vo, = Q515 Q5 (2.95)

where A > B implies A — B is positive semi-definite This thenis the CramerRao
lowerboundfor perturbationsf anestimatod¢ in gauge’. TheMoore-Penrosiverse
is aparticulargeneralizednverseandcanbe substitutedn this expression:

Ve, - Q5(Ja.)7 Q5 - (2.96)

2.5.3 Optimality of Maximum Likelihood Solution

Finally we would like to confirmthata MaximumLikelihood estimatds unbiasedipto
first orderandachiezesthe CramerRaolower boundevenwhenthereareindetermina-
cies.We will work in gaugeC, andstartby expandingthe costfunctionin the tangent
spaceof thisgauge:

~ — _ _ 1 _
J(0c) =J(0c + A0:) =J +VeJ ' Abc + §AOCTV92JABC +..., (297

wherewe have denoted/ to representhe costat the true parametewalue: J (). If a
perturbatiorof the data,Ap, hasnoiseO(¢), then A8 is alsoO(¢), andthefirst three
termsof the expansionin equation(2.97) are O(e?). The restof the termsare higher
order soignoringthemanddifferentiatingwith respecto A8, we obtain:

Vo +V3JAO: =0. (2.98)
The Hessianhasrank» — r, andsoin orderto solve for a perturbationin the gauge

tangentspacewe multiply by the generalizednverseandthenuseQ$ to transformthe
solution:
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Abc = -Q5(V4]),_. Ve . (2.99)
We cancalculatethe gradientandthe Hessiarof J asin section2.1.2,andwe find:

Ve = 2lg,. ,
ViJ =2Jg, . (2.100)

Herelg, is O(€) andJ g, is O(1). It is thusclearthatthe MaximumLikelihood solution
is unbiased,

E[A6c) = —E[Qg(T6.)5—rlo.] = 0, (2.101)
andthisis trueupto O(e), namelyfirst order The covariances givenby
Vo = E[A: A6 ]
= Q5(Jo.)i Elle1d,)(Jo.)7 Q5"
= Q5(J6)7 Q5 (2.102)

andhenceit achievesthe CramerRaolower bound.

2.6 Summary

Someparametefitting taskshave inherentindeterminacieshat cannotbe eliminated
simply by collecting more data.As a resultsomeaspectof the modelcannotbe esti-
mated.Whenwe solve for a solutionparameteset,we could let this aspectakeon a
randomvalue,or constrairits value,or eliminateit from thesetof parametersiearein-
terestedn casesvherethelastoptionis notpossibleor notdesiredbecausét introduces
non-physicaparametersdenceour solutionthenwill containan arbitrarycomponent.
The problemwe arethusfacedwith is how to describethe uncertaintyof our estimated
parametergiventhis arbitrarycomponentn the solution.

In this chapterwe createda geometricinterpretatiorfor parametricconstraintshat
eliminate gaugefreedoms.The constraintspermit us to perform standardcovariance
analysis,but they also affect the solutionandits uncertainty We investigatedhe na-
ture of theseconstraintson the uncertaintiesand shoved that they involve a Jacobian
transformatiorto accountfor the changeof positionon the gaugeorbit, andanoblique
projectionto locally satisfyall the constraintsNeverthelesshis transformatiordoesnot
affect uncertaintief gaugeinvariantsderived from theseparametersyhich are the
basicentitiesobtainedin the measuremenilhis fact allowed us to derive a geometric
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eguialencerelationshipthat enablesus to comparecovariancessolely on their gauge
independentomponents.

Thenormalcovariancewasderivedasa corvenientuncertaintydescriptionthatdoes
not requireus to specify gaugeconstraintsandis a lower boundon all covariances
definedat that point on the gaugeorbit. Finally we extendedthe CramefRao lower
boundto caseghat include gaugefreedomsWhenworking in a particulargauge we
shaved that the Maximum Likelihood solutionis unbiasedand achievesthe Cramer
Raolowerboundto first order






3. GaugeFreedomsan Structur efrom Motion

Froma setof imagesof anobject,takenat differentpositionsandorientationsStructure
from Motion (SFM) seekgto estimatethe shapeof an objectandthe camerapositions
and orientationsfrom which the imageswere taken.The methodoperatesn a set of

featurepointsthatareregisteredin all theimages.Usingtheseknown featurepointsas
dataandthe known projectionequationsthe objectshapeand cameramotion canbe
representedsparametersf a functionthatis fit to the data.SFM canthusbe directly
posedasa parametriditting task.In this chaptemwe will takea parametridormulation
of SFM andderive the gaugefreedomscorrespondindo the indeterminaciesnherent
in SFM. Thetheorydevelopedin the previous chaptemwill thenallow usto expressthe

uncertaintyof SFM estimateslespitethe gaugefreedomsWe will leave applicationsof

thistheoryto subsequenthapters.

3.1 CameraEquationsand Assumptions

Supposevetrack NV rigidly moving 3D featurepoints P, « = 1, ..., N,in M images.
Letpro = (Tra, ¥na) | betheimagecoordinate®f P, in the xthimage.

We identify the cameracoordinatesystemwith the XY Z world coordinatesystem,
andchoosean objectcoordinatesystemfixedrelative to the object.Let £,. bethe origin
of the objectcoordinatesystemin the xth frame, R,, bea 3 x 3 rotationmatrix which
specifiedts orientation,ands, bethe coordinate®f thefeaturepoint P,, in the object
coordinatesystem.Thus

Lz L Sazx
t, = tﬁy ) R, = Try |+ Sa= | Say ) (31)
iz Trz Saz

wherer,, r, andr,, aretherows of R, andareunit orthonormalvectors.The 3D
positionof featurea point P, expressedn a camera—centerezbordinatesystem,and
henceelative to the xth camerajs:
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P,=—R.s,+t,, (3.2)

andthisis illustratedin Figure3.1.

(A

Fig. 3.1.lllustratedis our cameracoordinatesystemA 3D pointis locatedwith respecto the xth cameras
centerof projectionby theformula: P, = R.sa + tx .

We choseto work in a camera—centeredoordinatesystem,althoughwe could
also have workedin an object—centeredystem.If we wereto do this, a corvenient
parametrizatiorfor a 3D featurewould be given by: P, = R, (s, — t..), with ¢/, =
— Rt now representinghe cameratranslationratherthanthe objectorigin. All the
equationsve derivein thisthesiscanbewritten usingeithercoordinatesystemalthough
for simplicity wework only in one thecamera—centerambordinatesystemlt is straight-
forwardto transformresultsto anobject—centeredystem.

Assumewe have a projectionoperatorfl .[-] : R® — R? which projectsa pointin
3D to the 2D imageplane.We canthenexpressthe imagecoordinatesp,,,, of feature
P, as:

Pro = HHI:KHPOZ]
= MK (Resa+ )], (3.3)

where IT . [-] is our projectionoperatorfor the xth cameraand K is a 3 x 3 matrix
containinginternalcamergparameters.

We definethe following projectionoperatoron a vector (X, Y, Z) T for perspectie
cameramodelsas:

X

. (X2
oy Z ]_(Y,/Z). (3.4)

For affine projection,includingorthographyandweakperspeciie, we usethefollowing
projectionoperator:
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X x
A - —

Theinternalcamergparameterencodedn K ,, mayvary betweercameraskor per
spectve camerastypical form of this matrixis [22]:

fe Sk Con
K.=| 0 feag cys | - (3.6)
0 0 1
where f,; is thefocal length, s, is the skew, a, is theaspectatio, andc,, andc,, are
thecoordinate®f the centerof projection.
For anorthographiccameral ,; is justthe3 x 3 identity matrix:

K.=1. (3.7)

In somecaseave maywith to addanoverall unknovn scalefactorto orthographysince

thismoreaccuratelyeflectshecasahatevenwhenwe useorthographywe do notknow

theactualscaleof theobject.Neverthelesdor theanalysidn this chaptemwe keepto the

standardrthographianodelwithout this additionalscalefactor.
Underweakperspectiewe let

K, =pu.l, (3.8)

wherey,, is a scalefactorequalto the inverseof the depthof the centroidof the object
in eachimage.Hencewe canexpresstheinverseof thisfactoras:

1 1 X

H_n =tlgs + N za:rﬁzsoz ) (3.9)
wheret,,, is thedepthcomponentf translationandr,, is thethird row of therotation
matrix. Sincewe areprimarily interestedn the3D shapeatherthanthecameraransla-
tion, for simplicity we will find it corvenientto usethis depthdirectly andeliminatet,,,

ratherthaneliminateit in favor of ¢,.,.

Someor all of theseprojectionparameterin K , maybeknown, andtherestcanbe
solvedfor duringshapeandmotion estimation Also, morecomplicateccameramodels
canalsobecreatedFor instancavide anglelensesnay have radial distortionwhich can
be modeledusing Tsai’s or othermethodg28, 72]. It turnsout, however, thatso long
astheseandary additionalparametersre correctly modeledthey will not affect our
indeterminag analysiswhich depend®nly on structureandmotioncomponentsSince
in this work we are mostinterestedn effects of indeterminaciesndlessinterestedn
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camergparametersvhich do not affect theindeterminaciesye assumehatmostor all
of theseparametersiave beenpre-calibratedandso are known. For thosethat are not
known, suchasfocallengthswe includethemin our parametewvectoré.

Now equation(3.3) canbeappliedto all featuresn all imagesandthencombinedo
form onelarge setof equations:

p = II[6] (3.10)

wherep = (p{1, P15 Pis: - - -, Py ) | IS avectorcontainingall theimagefeaturecoor
dinatesn all imagesand@ is avectorcontainingthe shapeandmotionparametersR,.,
Sa, bk, andpossiblyunknown internalcamergparameterdpr all objectfeaturesandim-
agesandII|-] is theappropriateeombinationof the projectionmatricesfrom equations
(3.4)and(3.5)for all featuredn all images.

3.2 The Parameter Space

The shapeand translationcomponentf the parametewector 6, provide a straight-
forwardlinearparametespace Therotationparametersontainedn therotationmatri-
ces,R,, however, arestronglyconstrainedsthe columnsof eachrotationmatrix must
remainunit orthogonalvectors.Eachrotation matrix haslocally only threedegreesof
freedomLet7 betheparametemanifoldcontainingall valid vectorsd. However, since
all of our operationsincludingtheuncertaintyanalysiswill beperformedn thetangent
spaceto 7, we will use7 alsoto referto thelocal parametespacedefinedasthe tan-
gentto manifold 7, andonly distinguishthesewhennecessaryThe manifold andthe
parametespace;/ , have dimensionn, wheren is the numberof parameterseededo
locally specifytheshapeandmotion,3 for eachrotation,3 for eachtranslationand3 for
each3D featurepoint, plusary internalcamergarameterthatmustbeestimatedSoin
generafor justmotionandshapethenumberof unknovn parameters: n = 3N +6M.

3.2.1 Operator Definitions

We will find tensorproducts,and someidentitesbasedon them, usefuland so define
themhere.The producta x A of athreedimensionalectora = (ay, az,a3)" anda
3 x 3 matrix A is definedto be the matrix whosecolumnsarethe vectorproductof a



3.2 TheParameteSpace 51

andthe columnsof A. In particularthe product,a x I, with the unit matrix I is given
by!:

0 —as3 ap
axI=| a3 0 —a|. (3.11)
—ay a1 0

Usingthis we candefinethefollowing productsfor vectorsae andb, andmatrix A:

axA=(axI)A,
Axb=AbxI)", (3.12)
axAxb=(axAMbxI)".

Thefollowing identitieswhich we will uselaterarederivedfrom theseformulae:

(axDb=-(bx Ia
R(ax I)R" = (Ra) x I (3.13)

for arotationmatrix R.

3.2.2 Rotation Parametrization

Our parametewector@ will containa numberof rotationmatrices,ponefor eachimage.
The 9 parametersn a rotation matrix are highly constrainedwith only 3 degreesof
freedom.Perturbation®f a rotationmatrix mustbe, to first order in the 3 dimensional
tangentspaceto the parametemanifold. We choosenot to usequaternionsincethese
have 4 parameterandso do not give aminimal representationf perturbationsRather
we encodeotationperturbationsvith avector Af2, containingthreeelementsdefined
asfollows.

If arotationmatrix perturbatioris writtenasR : R — R + AR, then AR canbe
expresseds:

AR= AN x R. (3.14)

Thuswhile our parameterector @ will include rotation matrices,perturbation9f it,
A6, will needonly threecomponent$or eachrotationmatrix,andareencodedn terms
of Af2. For afuller explanationof theseperturbationsseeAppendixA.

! The more commonnotationfor this is: [a]x I, but we believe our notationis simplerand easierto
understand.
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3.3 Optimal Solution Estimation

In orderto achieve the optimalsolution,asdefinedby the CramerRaolowerbound(see
section2.5),we mustmodelthe noiseappropriatelyandthenusea non-linearoptimiza-
tion methodto find it. We describeour choicedor thesen this section.

3.3.1 NoiseModeling

We assumehattheinversecovarianceof our measuremertatais known atleastupto a
scalefactorandcalledV;ol. Eachfeaturemeasuremen,., isa2D vector andif all the
featuremeasuremema‘r,reindependemt,henV;C,1 is a block diagonalmatrix with block-
sizeof 2. If thenoiseis:.i.d., thean—o1 is theidentity matrix (or a scaledversionof it).
Alternatively, more sophisticatedcovarianceestimatef featureimage positionscan
beobtainedasdonein [51] andtheseincludedin V.. Futhermorealimited numberof
missingfeaturecanbemodeledashaving infinite uncertaintypy makingtheappropriate
termsin theinversecwariance,vp—ol, zero.

Usingthis noisemodelwe canachieve theoptimalsolutionby minimizingtheresid-
ual:

J(0) = |p - I[6]|l%,, (3.15)

wherewe substituteour projectionequationsandthe appropriategparametersor 17[6)].
Oncewe find this solution,we canobtainthe unknavn scalefactorin the covariance
usingthe methoddescribedn section2.1.2.

3.3.2 Non-linear optimization

The gradientof the residualis a non-linearfunction of the parametersand sowe must
rely on non-linearoptimizationtechniquesin our work we implemented_evenbeg-
Marqguardtto minimize the residual. This requiresanintitial startingpoint. For scenes
with only smallor moderatemountsof perspectie distortion,we usedthefactorization
algorithm[68, 5]] to give us aroughshapeandmotion estimate With large perspetie
effects,weusedtheeight-pointalgorithm[23, 45] onpairsof imagedo obtainroughmo-
tion estimatesCombiningthesealongwith the imageswe canlinearly estimateshape,
andthentheseestimatesirefed into aglobalnon-lineamptimizationproceduredhatused
anappropriatecameramodel,(orthographicweakperspectie or perspectie), andalso
solvedfor focal lengthsif unknown.
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3.4 GaugeFreedoms

The cameraequationq3.3) and(3.10) containa numberof indeterminaciesThe result
of theseis to fill our parametespace] with gaugeorbits. In this sectionwe will first
definethe gaugeorbits. Thenwe will useinfinitesimalgaugegeneratorso identify all
the gaugefreedomsat ary point on a gaugeorbit. Thesewill dependon the camera
projectionmodel,andsowewill derivethegaugdreedomdor perspectre,orthographic
andweakperspectie models.

3.4.1 GaugeTransformations and GaugeOrbits

Therearetwo reasondor indeterminacief the cameraequationsfirst the objectcoor

dinatesystemcanbe selectedarbitrarily, andsecondhe camergprojectionmodelmaps
mary possiblescaledversionsof the 3D pointsonto the samesetof 2D pointsin the
imagesThesearespecifiedasfollows:

Coordinate SystemTransformations

If we rotateandthentranslatehe coordinatesystemby R andt respectiely, we obtain
thefollowing transformedshapeandmotionparameters:

Sla = RT(sa — 1),
R = R.R, (3.16)
t =R.t+t,..

We notethat R, s/, + t/. = R,s, + t., andhencerrespectve of the projectionmodel,
equationg3.3) and(3.10) mustbeambiguougo changesn coordinatesA globalrota-
tion andtranslationis thusa gaugetransformationandhencethis definesa setof orbits
in the parametespace.

Whetherthecoordinatesystenindeterminag is considereérealphysicalindetermi-
nag or elsepurelya mathematicaindeterminag depend®n our modelinterpretation,
M (6). If globaltranslationandrotationarenot partof the model,thenthis indetermi-
nag is purelyamathematicabverparametrizatiorandreal propertief the modelare
notaffectedby it. Theproblemwith thisis that3D featurescannolongerbeconsidered
asabsolutepointsin spacelnsteadthe basicentitiesaredistancesandrelative positions
of points,which provide morelimited descriptionof the model,althoughadequatdor
someuses.So, typically we do considerour shapemodelto be a setof fixed pointsin
spaceandaccepthiscoordinaténdeterminag asalossof informationabouttheobject.
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Projection Transformations

Dueto thenatureof camergprojection,mary differentgeometricsolutionsprojectonto
the samepointsin all theimages,asshowvn in Figure1.2. Perspectie projectionhasa
scaleambiguitysuchthatif we transformthe shapeandtranslatiorby ascalefactora:

s, =as,, and t. = at,, (3.17)

o

we obtainidenticalprojections:IT [ K . (R,s!, + t.)] = IT[K . (R,s, + t.)]. In or-
thographythedepthor Z componentoesnotaffecttheimage,andhenceheprojection
is invariantto thetransformation:

t=t.+d.k (3.18)

-
for ary valued,, andvectork = (0 0 1) . We canremove thesedegreesof freedomby

droppingthe depthcomponenbf thetranslationandsoworkingwith ¢, = (tx t, )
Orthographyhasa discretereflectionambiguity but sinceit is not continuousit will

not affect our perturbatioranalysisandwe do not consideriit. Finally, weakperspectie
actsasa combinationof orthographyand perspectie. It containsall of the degreesof
freedomof the orthographyplus an extra scalefreedomdueto the u,, parametersie
find thatif werescaleheparameters:

s, =as,, t.=at. and p. = &, (3.19)
a

K

theimageprojectionsareidentical,andsowe seethat, justasin perspectre projection,
a scaledggreeof freedomis included.

In summary the perspectie cameramodelwill give a solutionup to a similarity
transformationthatis, upto aglobalrotation translationandscale Orthographydefines
the solutionup to arotation,translationanddepthin eachimage.We notethatthelack
of scalefreedomin orthographyis dueto the implicit assumptiorin orthographythat
the imageplaneprojectionis the samesize asthe real object.If the . parameterén
weak perspectie areinterpretedasinversedepths,1/t,.., thenweakperspectie, like
perspectie,obtainsthesolutionupto asimilarity transformationThesdndeterminacies
partitionthe parametespacento a setof gaugeorbits.

3.4.2 CameraProjection GaugeFreedoms

At a pointin the parametespacef € 7T, the gaugefreedomsspanthe tangentplane
to the gaugeorbit, Gg, containingpoint 8. Thesefreedomscanbe foundthrougha first
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orderexpansionof thegaugeransformationaroundd. If 8 is apointonthegaugeorbit
Ge, and@’ is a point very closeto @ andstill in Gg, we canexpressf’ asan expansion
arounde:

0 =60+DO)+... (3.20)

where D(-) is an infinitesimal gaugegeneratoractingin the tangentplaneof Gg. In
thefollowing we will derive expressiongor thesegeneratorainderperspectie, ortho-
graphicandweakperspectie cameramodels.

PerspectiveCamera

Let us assumehe perturbationgn the gaugeorbit for the perspectie case,given by
equationg3.16)and(3.17),aresmall.Let R', ¢', anda’ be smallperturbationgrom the
identity transformatiorin eachof rotation,translatiorandscale Thenwe canwrite their
expansionsn termsof their infinitesimalgaugegeneratorss:

R =I+AN X1,
t' = At, (3.21)
o =1+ Aa.
Wewill usetheseto derivethegaugegeneratarD () for thecompletesetof parameters,
6. Firstwe substitutehese andthefirst orderexpansionss’, = s, + D(s,), R, = R,
+ D(R,) =R, + D(2,) x R, andt.. = ¢t, + D(t,.), into the gaugeorbit equations
(3.16)to obtain:
Sa+D(sy)=(I+ AN XI) ((1+ Aa)s, — At)
R.+ D(2,) x R, = R (I + A2 x I) (3.22)
t.+ D(t.) = R. At + (14 Aa)t, .

Themiddleof theseequationss simplifiedto becomeD(§2,.) x R, = R, (A2, x I)
andthenright multiplying by R we obtain:

D(R)xI=R. (AR x )R] = (R.AN) x I, (3.23)

wherewe have usedidentitiesfrom section3.2.1.Finally we obtainD(2,.) = R, Af2.
In asimilarway we simplify therestof theseequationgo getthefollowing infinitesimal
gaugegenerator$or the perspectre camera:
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D(s,) = (54 x I)AR2 — At + s, Aa,
D(R2,) = R.AD, (3.24)
D(t,) = R.At + t,Aa.

This tangentplaneto the gaugeorbit, Gg, hasthreerotationaldegreesof freedom three
translationablegreesof freedomandonescaledegreeof freedom andhencehasdimen-
sionr = 7.

To find a matrix that spanshe tangentplane,let us expresstheinfinitesimalgauge
generatofor all the parameterat point @ asfollows:

D(s1)
D(;N)
D(f) Af2
D(9) = : — Us| At (3.25)
D(‘QM) Aa 1x7
D(t)
D(tum)

1X3N+6M

wherethe seven columnsof matrix Ug spanthe tangentspaceo the gaugeorbit. From
equationg3.24— 3.25),therows of Ug aregivenby:

81 X I -1 S1

syxI —1I sy
Ry 0 0
Us = : L : (3.26)
Ry 0 0
0 R t
0 Ry tar

Tx3N+6M

Thiswill beusedalongwith the constraintgo obtainmatrix Q4 thatobliquely projects
perturbationsndcovarianceslongthetangentspaceo the gaugeorbit.
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Orthographic Camera

The orthographiccameracaseis similar to the perspectie case gxceptthatthereis no
scalecomponentandthe depthcomponenbf translationdoesnot affect the projection.
Following a similar derivationto the perspectie case,and usingequationg3.16) and
(3.18),we obtainthefollowing gaugegenerators:

D(s,) = (5o x I)AR2 — At,
D(02,) = R, A2, (3.27)
D(t,) = R, At + Adk.
Thetangenspaceandhencegaugeorbit, Gg, hasdimension: = M +6. To simplify im-
plementatiorissueswe dropthe depthor Z componenfrom translationin eachimage,
andsoreplacethetranslationgeneratowith:
D(t.zy) = Ruzy At (3.28)

wheret,.., and R, referto thetwo top rows of ¢,, and R, respectrely. We thushave
M lessparameter$o calculateand M lessdegreesof freedomandsor = 6.

The gaugegeneratarD(6), andthe6 x 3N 4+ 5M matrix, Ug, spanninghe gauge
freedomsareencodedhs:

D(Sl) sy x I —TI
D(sn) syxI -1
D(Ql) Rl 0
: A2 : :
D(0) = : :Ue( At) , Us = : : . (3.29)
D(2x) Ry 0
D(tlﬂsy) 0 ley
D (trrzy) 0 Ryrzy
Weak PerspectiveCamera

Underweak perspectie we take our orthographicresultsand add the u, parameters
which givesusa scalefreedom Thusfrom equationg3.16)and(3.19),we obtain:

D(s,) = (54 X I)AR2 — At + s, Aq,
D(R2,) = R.AD,
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D(tizy) = Ripy At + L.z Aa,
D(px) = —pnAa.

(3.30)

The gaugegeneratar D (@), and matrix, Ug, spanningthe gaugefreedomsare en-

coded:

AN
DO)= | =2 — vy | At

Summary

7

Us

.(3.31)

81 X I I S1
sy X I I SN
Ry 0 0
Ry 0 0
0 Rlz?y tlzy
0 RMa:y thy
0 0 —H1
0 0  —um

In this sectionwe have derivedall of the gaugefreedomdor perspectie, orthographic,
andweak perspectre cameramodels.Thesearethe instantaneoudegreesof freedom
spanningthe tangentspaceto the gaugeorbit. We have encapsulatethemin the ma-
trix Ug. To obtainthe gaugefreedomsat anotherpoint, say 8., we simply substitute
the parametenaluesof 8¢ into Ug andobtainUs .. We will useto obtainthe oblique
projectionoperatoy Q$, which transformscovariancesbetweerdifferentgauges.
Whenmoreparameterssuchasfocal lengths areincludedin a SFMalgorithm their
correspondingows in the Ug matrix will be zero,andhencethey do not changethe

gaugefreedoms.

3.5 GaugeConstraints

We maywishto expressour solutionandits uncertaintyin a particulargauge To dothis
we mustfix the gaugeby definingr constraintsasdescribedn section2.4.1.Thereare
mary possiblesetsof constraintsve could use,andwe analyzesomeof themin this
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section.We will neednot only the constraintsput their gradientsn orderto transform
the covariancesWe will work with the perspectie cameraasthis is the mostgeneral,
and becauserthographicandweak perspectie solutionscanbe easily obtainedfrom
the perspectie results.

3.5.1 Satisfying GaugeConstraints

Let usassumehatwe have foundanoptimalsolutionpoint, 8, onagaugeorbit, Gg, and
having covarianceVy. Our goalis to expressour solutionandits covariancein gaugeC.

Thefirst stepis to find theintersectiorof the gaugeorbit andthe gaugemanifoldasthis

givesusour transformedsolutionpoint: 8¢ = Gg N C. Fromthis we derive the gauge
transformationg, suchthat8: = ¢6. Thiswill consistof a rotation, R, translationt,

andscalea, accordingto theequations:

s, =aR" (s, - t),
R, = R.R, (3.32)
t = a(Rut+t,).

Heretheinitial point, 8, containsheparameter®,, t.., ands,, for all featuresp, and
images . The transformedooint, 8¢, containsthe correspondingparametersi’,, ¢/,

ands’,. Thetransformedovarianceis obtainedn ananalogousvay to thatin equation
(2.65)andsois givenby:

Ve =@§5r o a"ec Q5. (3.33)
To obtainthis we needboth the Jacobiamrmatrix, 6. /96, andthe oblique projection
operatorQ$. We will derive thesein thefollowing sections.

3.5.2 JacobianMatrix

TheJacobiammatrix, 96: /06, mapsa perturbatiorat @ to oneéc:
00;

Al = ——A0. 3.34
e = (3:34)

We canderive thisin termsof our gaugetransformatiorguantities,R, ¢, ande, by afirst
orderexpansionof equationg3.32).Doing this andthensimplifying we obtain:

As' =aR" As,
A2 = AR,
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At = a(AR, L + At,) (3.35)
=a((AR2; x R,) t+ At,)
=a(— (Rt x I) AR, + At,,)
In matrix form, we thusobtainthe following expressiorfor our Jacobiarmatrix:

aRT

aRT

06c
20

—aRit x I al

—aRpyt x I al

whereemptyelementsarezero,andwherethe elementof A@ arearrangedsin equa-
tion (3.25).

3.5.3 Constraints and Oblique Projection

Therearenumerouswvaysby which we could definea gaugemanifold, C, to uniquely
specifythe solutionpoint 8¢. In the next chapterwe will seethatdependingon what
objectinformationwe have, we may wish to usevariousdifferent constraintson our
gaugeorbit. In this sectionwe will considera few possibleconstraintsetsand derive
the correspondingnatrix Vg, that spansthe spaceorthogonalto the tangentspaceof
thegaugemanifoldC. Usingthis, andthe gaugefreedomsspannedy Uy from equation
(3.26),we will beableto calculatethe obliqueprojectionoperatorQs.

Centroid Constraints

A popularway to constrainshapeand motion is by fixing the origin of the coordinate
systemto the centroid letting thefirst cameradefinethe orientation andfixing thescale
usingthe averagedistanceto the featurepoints. This givesusthe following setof equa-

tions:
N N
Y sa=0, Ri=I > |s.f*=N. (3.37)
a=1 a=1

(3N +6M)x (3N +6M)

(3.36)
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We are interestedn infinitesimal perturbationdn the tangentspaceto the gauge
manifold definedby theseconstraintsThe matrix Vg, thatspansthe spaceorthogonal
to this is obtainedasthe gradientof theseconstraintgseeequation(2.46)),andcanbe
expressedn a7-columnmatrix as:

N N
Vo, = (ng.sa Vo (Ri—1) VG(Z”%H?_N))
a=1 a=1

I 0 S1

I 0 sy

0 I 0 3.38
10 0 0 ) (3.38)

0 0 0

In orthographywe canusethesamegaugeconstrainequationsexceptthatwe donot
needthe scaleconstraintandhencewe simply dropthelastcolumnof Vj,. in equation
(3.38).Theperspectie equationsvork underweakperspectie,andso Vg, is thesame,
exceptthatthezerorows correspondingo At,., how correspondo Ap,.

Camera-basedConstraints

Anotherusefulwayto fix the gaugds to constraironly the cameramotion.For instance
we couldwrite:

Ri=1I, =0 |tf=kt. (3.39)

This makesthe first camerapositionthe origin of our coordinatesystemandthe fixes
the distanceto the secondcamerapositionto somevaluedenotedask. Thisis a com-
mon constraintfor stereo,andsois usefulprimarily for the perspectie cameramodel,
althoughit canalsobe usedin weakperspectre. Thematrix V., is givenby:
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0 0 0
I
0
Veo=|: ¢ |, (3.40)
I 0
0 ty/2
0 0

Of coursemary morepossibleconstraintcanbe definedandtheir gradientseasily
found.Usingary of thesepur obliqueprojectionoperatorfrom equation(2.51),is then
simply:

Qg =1 — Up. (Vo Us:) ™' Ve

c

(3.41)

andthecovariancein our gaugeC is easilyfoundusingequation(2.52).

3.6 Fast CovarianceEstimation

So far we have determinedhow to transformcovariancesonto and betweengauges,
but have not discussedhow to initially estimatea covariance SFM solutiontechniques
generallyavoid full calculationof the covariance[l, 22], and so we may achieze an
optimalsolutionwithoutafull covarianceestimateOnepossible andsimple,technique
is to simply calculatethe normalcovariancefrom equation(2.64).As we have seerthis
is geometricallyequivalentto the covariancein ary gauge,andso canbe transformed
to whichever gaugewe wantto work with. However, the calculationof the generalized
inverseinvolvesuseof SVD, or equivalentmethod,taking O(N3 + M3) operations,
which for mary featurepointsorimagesijs slow.

The Hessianthough,hassparsestructureandthis is usedby photogrammetrists
obtainefficient solutionmethodsin this sectionwe proposea fastcovarianceestimation
methodthattakesadvantageof this sparsestructure.

Let us assumehat our parametewnectoris dividedinto shapeand motion compo-
nents @, and@,,, respectiely, suchthatd = (8,6 )T. TheHessiaris thensplitinto
its shapeandmotioncomponents:
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V2 J|Ve. J U w
W F A A M S T (3.42)
Vo,.J|V2 J wT Vv

Whennoisein eachfeaturepoint specifiedby the datacovariance,V,, is non-zercand
independendf othersmatrices/ andV arefull rankandsparsewith O(N) andO (M)
non-zercelementsespectiely, whereN is thenumberof featuresandM is thenumber
of imageq22, 61]. Thecross-ternmatrix, W, is not sparsenowever, andsoapplyinga
standaragsparseechniquesvill notreduceghecompleity of determininghegeneralized
inverse We thusproposehefollowing fastinversionmethod.

In the casewherethe numberof imagesis smallerthanthe numberof featureswe
definethefull rankmatrix,7’, asfollows:

o () ar

andobtainthe block diagonalmatrix:

Ul 0
TV2JTT = ) 3.44
o (O\V—WTU—WV) (3.44)

Thenwe definethe covarianceVr by:

Ve =TT (TVeJT ) snreni—r T (3.45)
-1
=77 v ‘ 0 T.
0 |V WU Wiy,

This canbeobtainedn O(N2M + M?) operationsvhich, whenthe numberof images
is small(i.e. M < N), is muchfasterthanthe original SVD which is O(N® + M?3).
Whentherearefewer featureghanimagesananalogougransformatiorcanbecreated
to takeadwvantageof this.

Toillustratethepotentialspeed-umchievableby thismethodwe createcanexample
in which we calculatedhe normalcovarianceusingSVD andcomparedhis to our fast
methodfor calculatingVr. In ourexamplewe had500featuresand10imagesFromthe
analysisabore we would expectbetweeroneandtwo ordersof magnitudeincreasen
speedandindeedour resultsreflectedthis. CalculatingV', ¢ took 37 minutes whereas
calculatingV took only 24 seconds.

In orderfor this new covarianceexpression,Vr, to be a valid descriptionof the
uncertaintywe mustshaow thatit is geometricallyequivalentto the normalcovariance,
V1¢. Todothiswerely onthefollowing theorem:
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Theorem 3.6.1. Let A bea squae matrix whosenullspacecorrespondgo the tangent
spaceof the gaugeorbit Gg, andlet 7' bea full rank squae matrix of the samesizeas
A. ThenA~ is geometricallyequivalento 7" (T AT T)~T, which wewrite this as:

A=TT(TAT")™T mod Gs. (3.46)

Proof. Considertheequation:
Az — u (3.47)

wherew is in thecolumnspaceof A. The generakolutionis a combinationof a unique
particularsolution,z,, = A~ u, in the columnspaceof A, andahomogeneousolution,
xj, whichis ary vectorin thenullspaceof A, i.e. Az;, = 0. We left multiply equation
(3.47)by T andrearrangéeo obtain:

(TATT T = Tu. (3.48)

Thenchangingvariablesy = 7~ Tz, andsolvingfor y weobtain:y = (AT T)~Tu +
yr, Where(T AT ")y, = 0. Now transformingbackto = we candecomposg¢he solution
into the particularandhomogeneouparts:

=T (TAT") Tu+ T y, =z, + x, (3.49)

wherez, = A~ u is theparticularsolutionobtainedn equation(3.47).It is easyto see
that 7 "y}, is in the nullspaceof A, andhencel " (TAT ")~ Tu = z, + ), for some
vectorz), in thenullspaceof A.

We now applythegeometricequivalencaesttoV, g = A~ andVyr =TT (TATT)~T.
TheJacobiammatrixis theidentity, andtheorthogonacomponento thetangenspaceo
thegaugeorbit Gg is spannedy the columnsof A andsow is ary vectorin thecolumn
spaceof A. Applying the equivalencerelationshipwe obtain:

w (A~ =TH(TAT ) Thu=u"(z, —x, — z}) =u' (-z}) =0, (3.50)
for all w in thecolumnandrow spaceof A, sincez}, is in thenullspace. 0

This theoremthuspermitsus to usea fast methodfor estimatingthe covarianceof the
recoreredshapeandmotionin equation(3.45).
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3.7 Invariants

Absolutefeaturepositions,camerarotationsandtranslationsare not invariantto gauge
transformationsThe valuesof thesepropertiesand their uncertaintieswill dependon
thechoiceof gaugeTo evaluatethesepropertiesandtheir uncertaintiesve needto work
in agauge However, we canavoid the specialchoiceof a gaugeby insteadconsidering
only gaugeinvariants.In SFM, the basicquantitiesthatareinvariantto similarity trans-
formationsareratiosof lengthsandangleslt is easyto confirmthatchanginghescale,
rotation,andtranslationof two pairsof pointswill notaffecttheratio of their separation
lengths Similarly theanglebetweertwo linesintersectingata point, or two planesnter-
sectingataline will notchangaindersimilarity transformationsOthergaugenvariants
canbedefinedin a similar fashionor by addingtogetherdifferentgaugeinvariants.The
valueof agaugeanvariantwill remainconstantalongall pointsonagaugeorbit. Further
moreits covariancewill bethe sameirrespectve of the gaugein whichiit is calculated,
or if thenormalcovarianceis usedor if our fastcovariancemethodis used.

3.8 Experiments

We presentnumberof syntheticandrealexperimentsllustratingour uncertaintymod-
eling. In our first experimentwe considera simulatedobjectviewed from 11 positions
by a weak perspectie cameraasillustratedin Figure3.2. A samplesetof imagesare
showvn with noiseaddedaccordingo a known covariance Finally the reconstructiorof
theshapdrom theseimages alongwith its uncertaintyellipsoids,is shavn.

We obtainour uncertaintyellipsoidsfor this shapdrom the normalcovariancewhich
is shavn in Figure 3.3. To confirm that this predicteduncertaintycorrespondso the
actualcovarianceof theshapereconstructiomgivenour datacovariance we performeca
Monte Carlosimulation.Firstwe chosea gauge givenby equationg3.37),in whichto
expressour reconstructionandtheir uncertaintiesTransformingour normalcovariance
into thisgaugewe obtainthepredictecdcovariancdn Figure3.4. Thenwe performecdaset
of 400 SFM reconstructionsT he covarianceof the resultingreconstructiorparameters
is alsoshavnin Figure3.4. Thepredictedandthe actualcovariancesonformverywell,
ascanalsobeseenin Figure3.5.

The problemwith the shapeand motion covarianceplots is their dependencen
choiceof gauge,asis vividly illustratedby the differencebetweenthe normal covari-
ancein Figure3.3andthegauge-constrainetbvariancan Figure3.4.Gaugenvariants,
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Fig. 3.2. (@) Our simulatedexperimentalsetupwith 11 camerasviewing our syntheticobjectis shavn.
(The lines connectingpoints are only presentfor viewing.) (b) Four imagesof the 11 image sequence
with addedGaussiarareshown. (¢) Finally anoptimal reconstructiongiven the noiseestimatesis shovn
with uncertaintyellipsoidsrepresentinghreetimesthe standarddeviation of eachfeaturepoint. The full
covariancematrixis showvnin Figure3.4.

however, will give usunambiguousneasurefor the uncertaintyof theresults We chose
two invariantson our syntheticobject:an anglebetweenwo lines andthe ratio of two
lengths.Their statisticsareshovn in Table3.1, confirmingvery goodmatchingbetween
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Fig. 3.3. The predictednormal covariancematrix giving us the geometricuncertaintyof the reconstructed
syntheticobject. Thescaledabsolutevalueis shavn by thedarknes®f the shadingHereweakperspectie
wasusedandy is therecoveredscalefor eachimage.We notethatit canbe alteredby addingcomponents
in thetangentplaneto gaugeorbit without changingthe underlyinguncertaintyaswe seein Figure3.4.
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Fig. 3.4.(a) Thepredictedcovariancan anarbitrarygauge seeequation2.34).We notethatthevaluesand
correlationsaresignificantlydifferentfrom thenormalcovariancen Figure3.3,andyetit still containghe
samegeometriauncertainty(b) TheactualMonte Carlo covariancein this gaugelt shows closesimilarity
to the predictedcovariancen this gaugeascanalsobeseenin Figure3.5.
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Fig. 3.5.Thesquareaootof thediagonaklement®f thecovariancesn Figure3.4areshavn here Thisgives
the net standardieviation of eachparametein the experimentalgauge(3.37) obtainedfrom the diagonal
of thecovarianceThesolidline is the experimentallymeasuredalueandthe dashedine is our prediction
from the projectedhormalcovariance.

predicteduncertaintyandactualuncertainty Sincethesepropertiesareinvariants their

uncertaintiegreexact,andnot subjectto anunknown transformatiorike scaling.Thus
thetrueerrorsarerevealed ratherthanpossiblybeinghiddenin thechoiceof coordinate
systemWe believe reportingthis uncertaintymeasureas essentiafor mostquantitatve

analyse®f theshapeandmustbe donefor gaugeinvariantproperties.

Table 3.1. Predictedand measuredralues,along with their uncertaintiedn standarddeviations, of two
gaugeindependenpropertiesof the syntheticobjectin Figure3.2: (left) the anglebetweentwo lines,and
(right) theratio of two lengths.

Angle Mean Uncertainty | Ratio Mean Uncertainty
Predicted: 90.11° +2.10° Predicted: 0.9990 +0.0332
Recorered: 90.02° +2.10° Recoered: 1.0005  +0.0345

Next we illustrate 3D reconstructiorin differentgaugedor anothersyntheticshape
underperspectie projection.Figure3.6 shavs threeimagesrom a six imagesequence,
andFigure3.7 shavsthe optimalreconstructioogethemith the uncertaintyellipsoids
in four differentgaugesEvidentlythechoiceof gaugesignificantlyaffectstheuncertain-
ties. Neverthelessf we considerinvariants,all of thesecovarianceswill give the same
uncertaintiesSomesamplenvariantsareillustratedin Table3.2.

Finally we shawv resultsfor a realimage sequencef a chapelin Figures3.9 and
3.10alongwith the reconstructedhapefrom SFM. The featurecorrespondencesere
determinednanually Not only canwe obtaina texture-mappedeconstructionwe can
also obtain measurementef similarity invariant propertiessuchas angleswith their
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Fig. 3.6. Threeimagesfrom a 6 imagesequenc®f a syntheticobjectwith uniform Gaussianndependent
noiseaddedThe circlesplottedareattwice the standardieviation of the noise.

Table 3.2.A setof invariantscreatedrom thelinesmarkedn Figure3.8. Thesencludetheanglesbetween
two pairsof lines,andtheratio of thelengthsof two pairsof lines. Theuncertaintiesregivenin standard
deviations.

Invariant ~ Truevalue Estimatedvalue Uncertainty

Anglea 31.9° 32.3 +0.6°
Angleg 90° 87.6 +6.3°
Ratioa : b 1 0.92 +0.2
Ratioc : d 1 0.96 +0.04

uncertaintiesWe found the angleandits uncertainty(in standarddeviations)between
two walls separatedy a buttress:117° + 3.2°, aswell astwo otheranglesonthechapel:
46.2° £+ 2.1° and93.2° £+ 2.6° asdescribedn the Figurecaption.

3.9 Discussion

In SFM therearebasicindeterminacies the parametersnderperspectie andweak
perspectie projectionthesecorrespondo a similarity transformationandfor orthogra-
phy they correspondo a Euclideantransformationin this chapterwe derived explicit
expressiondor the gaugefreedomsof thesemodels,which permitsus to transform
the covarianceof the shapeand motion parameterbetweenary gaugeconstraintsve
choose We shawved, througha numberof examples,how choiceof gaugecan signifi-
cantlyaffectthe covariancef the parameters.

An importantuse of covarianceestimatess to evaluatea methodfor estimating
parametrizedjuantities suchas3D positionof points.If a methodis unbiasedander-
rorsaresmall,the smallerthe covariancethe better However, the choiceof gaugemay
be critical in this evaluation.In somegaugegshe parametersnay have very small co-
varianceandin othergaugegshey have may have large covarianceslf thereis no prior
justificationof aparticulargauge thenonecanbetemptedo choosea favorablegauge,



70 3. GaugeFreedomsn Structurefrom Motion

Fig. 3.7. Thereconstructiomf thesyntheticobjectfrom thesequencén Figure3.6in four differentgauges.
The coordinatesystemis showvn at the origin of each,anda thick solid line indicatingwhich distancewas
usedto fix the scale.The ellipsoidsgive the probability surfacesat threetimesthe standardieviation of
the positionof thefeaturepoints.(a) A coordinatesystemat the centroidandscalefixedusingthe average
distanceo thefeatures(b) The coordinatesystemis fixedto the cornerpoint, anda shortlengthis usedto
fix thescale(c) Thecoordinatesystenis fixedto thecornerpoint,andalong lengthis usedto fix thescale.
(d) Thecoordinatesystems onthe seconccameraandthe distancebetweertwo camerags usedto fix the
scale.
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Fig. 3.8. Someanglesandlengthsaremarkedon the object.Invariantscreatedrom theseandtheir uncer
taintiesarecalculatecandshowvn in Table3.2.

Fig. 3.9. Threeimagesrom a 6 imagesequencef achapelwith featuregegisteredby hand.

andin doingthis a significantportion of the noisecanbe “normalized” awvay. This is
badif realapplicationdo not give us knowledgeof this gauge The safestapproactio
comparinguncertaintiesrom differentalgorithmsis to compareuncertaintie®f invari-
antpropertiesThesedo not dependon choiceof gaugeandsowill notbeincreasecbr
decreasetby arbitrarychoicesin the experiment.Alternatively to working with invari-
antsonecouldchoosea gaugeandjustify this choiceby useof realmeasurementsf the
object.This leadsto the questionof whatis the bestwayto choosea gauge andthatis
the subjectof the next two chapters.
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Fig. 3.10.Theshapeeconstructiofirom theimagesequencé Figure3.9.We canobtainquantitatve mea-
suresanduncertaintie®f invariantsfrom thisreconstructionln this casewe estimatedheanglebetweerto

walls separatedy a buttress andtwo otheranglesasillustratedon thefar right. Thevalues(anti-clockwise
fromthetop)are:117° + 3.2°,46.2° + 2.1° and93.2° + 2.6°.

Finally, calculatingthe inverseof the Fisherinformationmatrix to obtainthe covari-
ancecanbevery computationallyexpensve. To addresshis we definedanew inverseof
the Fisherinformationmatrix that canbe computedapidly by taking advantageof the
sparsenatureof this matrix. Our geometricequivalencerelationshipenabledusto prove
thatthis inverseis geometricallyequivalentto the normalcovariance and hencegives
usavalid covarianceestimateonceprojectednto agauge By reducingthe computation
from cubicto quadraticin featurepointsfor mary casesthis dramaticallyreduceghe
costof uncertaintyanalysis.
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We have showvn that we can estimategaugeinvariantquantitiesexactly, and obtaina
uniquecovariancefor theserrespectie of gaugechoice.However, mary quantitieghat
wewouldlike to estimatearenotgaugednvariant.For examplethesizeof anobjectis not
aninvariantasit depend®n scaleIn orderto estimatenon-invariantquantitiesve must
useadditionalinformationto constrainour solution.But using additionalinformation
to constrainthe solution, which we call gaugefixing, will affect the accurag of the
solution.lt is this effect on accurag thatwe would like to investigateln particularwe
would like to know how to achieve thegreatesticcurag with theleastinformation.

The non-irvariantpropertythat we are particularlyinterestedn is thelengthof an
object, or the distancebetweentwo pointson an object. Typically lengthis oneof the
key propertiesthat we wantto know aboutan objectwhoseshapewe have estimated.
It is more usefulthanthe ratio of two lengths,which is an invariant. For example,in
analyzingthe shapeof a door, we could obtaina full invariantthatspecifieghe ratio of
the heightto the width of the door, but evidently this is lessusefulthanknowing what
theheightandthewidth actuallyare.

Lengthhasa specialpropertythatis usefulfor applicationsandis easierto analyze
thanothernon-invariantquantitiessuchas 3D position.Lengthis invariantto rotations
andtranslationsWe thuscall it a partial invariant.If we canfix scale thenlengthbe-
comesaninvariant.And moregenerallypartialinvariantscanbemadeinto full invariants
of areducedparametespaceby fixing only a partialsubsebf the gaugefreedomsFor
lengthestimategherestill remainghe problemof how bestto constrairthe scaleof the
parametespace but this is an easierproblemthantrying to fix scale,translationand
rotation.

In this chapterwe will apply our gaugeconstraintand gaugefreedomtheoryto the
estimationof partial invariants.We will considerlength measurementas our partial
invariantsin the SFM domain.Our aimwill beto seehow fixing scaleaffectsthe accu-
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ragy of lengthestimatesandhow we may be ableto maximizethe accurag of length
estimates.

4.1 Fixing Scale

In orderto obtainlengthestimate®n a modelknown up to a similarity transformation,
we needto determinehe scalefactor Traditionallythis unknovn scalefactorin 3D es-
timationhascausedo greatconcernn thecomputewisionfield. It is typically thought
thatwe canmeasure lengthof therealobject,find the unknovn scalefactor, andthen
usethis asa change-of-ariablestransformatiorto rescaleboth the modelandthe co-
variance We will shaw in this sectionthatthis widely heldassumptioris false.Thenin
subsequensectionsve will usegaugetheorywe have developedto derive the correct
transformatiorof a covariancematrix whenthe modelscaleis determined.

4.1.1 Problem Statement

Let usrepresentheshapeof our objectwith avector s, thatcontainsall of thez, y, and
z coordinate®f all theindividualfeaturepoints:

S1 T;
s = |, where s;=1]uwy|. (4.2)
SN 2

Here,s; denoteghe 3D positionof the ith featurepoint. Let us assumdurtherthatwe
only know s, the total shapeup to anunknown scalefactor, a, wheres = as’. We also
know that the uncertaintyof the shape,As’, haszeromeananda covariancematrix,
V! = E[As' As'T].

In this chapterwe ignorerotationalandtranslationadegreesof freedom,sinceour
goalis to obtaindistanceestimateswhich areinvariantto thesedegreesof freedom.A
setof 3D pointsimplicitly containsafixedrotationandtranslationandsowe choosdo
work in this defaultgauge.The lengthswe predictwill be invariantto changesn this
gauge.

Sinceour modelis known only up to a scalefactor, we mustperforman additional
measuremerih orderto specifythemodelexactly. Saywe measurehedistancebetween
featurepoints,: andj, on the real objectandfind thatits valueis d. We concludethat
for our model, s’, to correspondo the true object,it mustbe rescaledcby a scalefactor
givenby:
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d
a=—. 4.2)
l|si — st
Thenew modelis then:
s=as'. 4.3)

Ourquestionis: Now thatwe know the scale whatis thecovariance V, of therescaled
model?

4.1.2 Naive Solution

A directanswermmay be obtainedasfollows. Perturbation®f the nev modelaregiven
by:

As = aAs', (4.4)
with fixedscalea, andsothe Jacobiammatrix for a change-of-ariabless:
Os
9s = al . (4.5)
The covariancefor thenew modelwouldthenbe:
Vs, = E[As As']
- 0s ’ )T 0s T
Vs = @E[AS As ]@
=ad’Vy . (4.6)

Thuswe would concludethatwe canrescalehe covariancewith the squareof thescale
factor Thisis exactly achange-of-ariablegransformation.

4.1.3 Contradiction

It is easyto seethatthereis somethingvrongwith equation4.6). We have measuredhe
distanced, betweerpoints: and;j onourrescalednodel,s. Assumehereareno errors
in the measuremertf d.! Thenthis distancehasno uncertaintyandso musthave zero
variance Howeverin ournevw model,s, we have: d = ||s; — s;||, andsoperturbation®f
d areexpressed:

Ad=Vd" As. 4.7)

! We shaw in section4.2.3how to incorporatemeasurementncertaintiesbut for simplicity we do not
considetthathere.
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Then,usingthe covariancein equation(4.6), thevarianceof d would be:
02 =Ved'VyVsd, (4.8)
wherewe have definedthe gradientof a scalarto be:

8d/85$1
Ved = : . (4.9)
dd/ds,N

This calculated/ariancepfl, will notbezeroin generalgxceptfor a specialcovari-
ance,V,, andchoiceof featuresBy assumptionhowever, it is zero,andsothereis a
contradiction We concludethat eventhoughwe have the correctscalefactora, unless
thevariance g3, betweerthe pointswe choseis zero,simply scalingthe covarianceby
a?, asin equation(4.6),is thewrongtransformation.

4.2 GaugeFixing

The contradictionbetweenthe propertieswe expectedour covarianceto have andthe
propertiesof the rescaledcovariancewas causedy ignoring the gaugefreedomsand
gaugeconstraintsof the problem.The 3D pointsare known up to a scalefactor, and
hencehave agaugdreedomWhile therescalingof thecovariancevascorrectwe ought
to have regardedour measuremenas a gaugeconstraint,and so appliedour oblique
projectionoperatoalongthe gaugefreedomontothis constraintln this sectionwe seek
to reinterprethe problemwith gaugefreedomsan mind andderive the correctsolution.

4.2.1 Problem Reformulation

We startedwith a shapes’, andcovariance, V., in anunknovn gauge(’. We madea
measurement],, andwill usethis asa constrainonour model:

d—|lsi — 54| =0, (4.10)

and assuchit definesa new gauge,C. We obtaineda rescaledshape,s = as’, that
belongsto the samegaugeorbit, G, andalsosatisfieghe constraintof this newv gauge,
C. Now we wantthe covariance Vg, at s thatliesin thetangentpaceo C.
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4.2.2 Oblique Projection

The transformedcovariance,V, besideseingin the tangentspaceto C, mustbe ge-
ometrically equivalentto the original covariance,V:. The solutionto this problemis
to rescaleand projectthe original covarianceinto the new gaugeasgivenby equation
(2.52)andexpressedn our parameterss:
CG_SV ,a_ST ct
s9s' T os! °
Hereds/ds' is the rescalinglacobiarfrom equation(4.5), and Q¢ obliquely projects
ontothetangentspaceo C while maintaininggeometricequivalence This transformed
covariancethusgivesthe true uncertaintyof the shapeafter we makemeasurement.
Now we simply needto derve what Q¢ is.

Theobliqueprojection,Q¢, will beof theform derivedin section2.4.4:

V,=Q (4.11)

Q=1-U,(V,,U) V. (4.12)

HereU, spanghetangentspaceto the gaugeorbit, andV, spansthe orthogonalcom-
plementof the gaugeC. We canderive thesefrom theinfinitesimalgaugegeneratorgas
donefor SFMin section3.4.2.

Perturbationén thetangenspaceof thegaugeorbit, G5, aregivenby:

s+ D(s) = (14 Aa)s (4.13)
whichimplies
D(s) =sAa (4.14)

andsoats, Ug = s.
Let V, = v beavectororthogonato the gaugetangentspacep € T[C]*. Onesuch
vectoris givenby the gradientof the constraint:

0
(s —s5)/d
dv/llsi = sill 0
v = Vge(s) = B Fe——— : . (4.15)
(s —si)/d
0
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Theconstraini(s) = 0 wasdefinedin equation(4.10).Finally we obtainanexpression

for our obliqueprojectionoperator:

-
c _
Q,=1- g g (4.16)
Thisobliqueprojectionoperatoiis illustratedin Figure2.7.1t takesary perturbationAs’
to a geometricallyequivalentperturbationAs in anew gaugeC. It canthusbe usedto

transformour covariancein equation(4.11)to a covariancein our nenv gaugeC.

4.2.3 MeasurementUncertainty

We cannow askwhathappensvhenthereis uncertaintyin themeasuremerdf lengthd
ontheobject,whichis oftenthecaseWe expandourbasicscaleequation4.3)including
aperturbatiorterm, Aa, on scaleitself:

As =aQSAs' + s'Aa. (4.17)

The secondermis simplified asfollows. The scaleis a = d/d’ whered' = [|s; — s’
andso Aa = Ad/d'. If d is measuredvith standarddeviation o,,, thensubstitutng for
Aa into equation(4.17),andfinding the covariancewe obtain:

A

!
2C cT 288 2C cT
Ve=a"Q;VaQ, +o,, 77 =a"Q,VsQ, +o0

T
2 SS
m d2 *

(4.18)

We seethat the measurementomponento the varianceis inverselyweightedby the
lengthon the objectthatis measuredThusmeasurindongerlengthsin the shapeoften
reduceghis componenbf theerror. Thisis quiteintuitive.

4.3 Finding the BestGauge

The choiceof gaugeaffectsthe final accurag of our results.It is naturalto wantto
choosea gaugethat maximizesthe accurag of the model.In this sectionwe consider
two measuresf final accurag andhow gaugeshouldbe choserto optimizethese.

4.3.1 Optimizing Overall Accuracy

One measurdor accurag is the traceof Vg, which is the sumof the individual 3D
feature-pointvariancesReducingthis correspondgo improving the overall accurag,
butignoringcross-correlatioeffects.If V. includesoff-diagonalelementstheanalysis
becomesomplicatedand so we approximatet with uniform anduncorrelatedoise:
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Vs = o2I. Now we ask: If we canmeasurehedistanced = ||s; — s;||, betweenary
two points: andyj, whichtwo pointsshouldbe usedto minimizethetrace:Tr[V]?
Thevectorv, from equation(4.15),is zeroexceptfor theith andjth elementsvhich
are:(s; — s;)/d and(s; — s;)/d respectiely. Fromthisweget:v 's = d andv " v = 2,
andsv ' is asquarematrixwhoseonly two, non-zerodiagonablocksare:s;(s; — sj)T
ands;(s; — s;)T. Usingtheseandsubstitutingfor Q¢ andV s in equation(4.18),we
obtain:
Is|)?
d2
We seethat given constanimeasuremergrror, o,,,, the longerthe lengthon the model
we choose(, thesmallerthetotal uncertainty

Tr[Vs] = BN — 2)a*op + (2d%03 + 02) (4.19)

4.3.2 Optimizing One-Length Accuracy

For realmodelsthereis typically strongcorrelationbetweerfeaturesandsotheapproxi-
mationthatV, is uncorrelateanaybepoor. Also, we maybeinterestedn theaccurag
of only partof the model,andin somecasegust onelength.Let us saythatour goal
is to estimatea certainlength,e = [|s; — s||, with the greatesaccuray, andthatwe
cansetthe scalefactorby measuringanothedength,d. Whatqualitiesshouldd haveto
minimizethevarianceof e?

Letg’ = (¢’ d')T andg = ag’, andsowe canwrite:

Vg =Veg' VaVeg (4.20)

“\oww 02, )
If we measurel with variances? , we obtainfrom equation(4.18):

2 QQT

.
Ve =dQSVyQS + O (4.21)

Hereour scalefactorgivesusagaugereedom:dg /da = g’, andour constrainthat |||
is aconstangivesusalocal constraintw = (0 1), andso

c [1—e/d
(7). oo

We want to minimize the varianceof e, which canbe obtainedalgebraicallyfrom
equation(4.21)as:

02—a2(0 2—230 + ¢ 202)—}— ¢ 202 (4.23)
. = e P eld! p 4! d " .



80 4. DeterminingScale

This is a quadraticin theratio e/d, andits minimum hastwo casesThefirst is when
the noiseis uncorrelatecr anti-correlated(c..;» < 0). The variance,s?, is reduced
whentheratio, e/d, is reducedThusgivenconstantariancesthelongerthelengthwe

measured, themoreaccurateur estimateor e is. Theseconctasas whenthenoiseis

positively correlatedg.,y > 0. Theratiothatminimizess? is then:

€ a206/d,

7= W . (4.24)
If the noiseis perfectlycorrelatednamelyo.y = o.04, ande?, = 0, andtheratio,
e/d, is givenby equation(4.24),thenthelengthe will be perfectlyestimatedvith zero
covariance.

But we canalsounderstangquation(4.21) geometricallyusingour obliqueprojec-
tioninterpretationLetusrepresenV g with a2D ellipsegiving thestandardaleviation of
d ande ontwo axes.TheobliqueprojectionoperatorQ¢, projectsthis alongthegauge
freedomonto the e axis. The gaugefreedomis a line whoseslopeis ¢/d. Figure4.1
shaws how the magnitudeof theresultingvarianceg?, is obtainedby the projectingthe
ellipse,V,/, ontotheverticalaxis. Thesteepetheslope,or thesmallerd is comparedo
e, theIargertheresultingvariancepg, is. Therelationshipbetweerratiod : e ando, is
plottedfor this examplein Figure4.2.We notethatwhile it appearshattherankof the
varianceis beingreducedrom two to one,thisis becauseve areconsideringonly two
dimension®f a higherdimensionakpaceandif we lookedatthefull covarianceof all
the parametergts rankwould not changeby the obliqueprojection.

A further interestingconsequencef the projectionshowvn in Figure4.1() is that
if theratio, ¢/d = 1, thenthe gaugefreedomwill be at 45°, andthe projectionof the
ellipse onto the coordinateaxeswill be the sameif eitherd or e is fixed. This means
thatif thelinesarethesameength,thenholdingoneline fixedandpredictingthe other,
or holdingthe otherfixedandpredictingthefirst will give exactly thesameuncertainty
This symmetryproperty dependingonly on the length,givesintuition on the effectsof
gaugefixing, andwill simplify gaugefixing calculationdor linesof equallength.

4.4 Feature Localization Err or

In doing somereal experimentswe realizedthat thereis a systematicerrorin 3D re-
constructionthat is often overlooked,but that can createsignificantbias errorsin the
predictionof 3D shapeWe will referto it asthe feature localization error, and will
distinguishit from correspondencerror.
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@ ®

Fig. 4.1.lllustratedarethe projectionsof a covarianceV,: ontoasingleaxisto give uso?Z, asdescribedn
equation4.21)with ¢,,=0. In (a) thegaugereedomdirectionis givenby e/d = 1, whereasn (b) e/d > 1.
Noticethattheratio of lengthse /d, andhencegaugefreedomdirection,significantlyaffectsthe magnitude
of theprojectionontothee axis.In generathelargerd is comparedo e thesmallerthe projection although
whenthereis positive correlationthereis aminimumprojectionwhenthisratiois givenby equation(4.24).

Fig. 4.2. Theplot shonvsthe standardleviation, o, of the predictedine length,e, asafunctionof theratio
of themeasuredine lengthto the predictedine length,d : e. In generathelargerd thebetterthe estimate,
exceptbeyonda certainvalueafterwhich the uncertaintyincreasesnoderatelyto anasymptote.
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In the featurecorrespondencproblem,we are given the projectionof a 3D point
in oneimage,andseekfor the correspondingpoint in the restof theimages.t is this
problemthatis usuallydealtwith whenfeaturetrackingerrorsaremodeled.

Thefeaturelocalizationproblem,however, correspond$o identifyingtheactualpro-
jection point of a 3D featurepoint. If imageswereof infinite resolution this could be
obtainedput dueto thefinite resolutionof pixels,we cannotlocatethe exactpositionin
animagecorrespondingo a 3D point. Thisis illustratedin Figure4.3.Herewe seethat,
if we look closelyat theimagearoundthe cornerpoint, the corneris fuzzy andit is not
possibleto give its precisecoordinatesThe bestwe cando is to give an estimatewith
someuncertaintyof afew pixels.

From Figure4.3 we seethatfeaturelocalizationerroris not the sameasthe corre-
spondencerror. To find correspondencese look at anotherimageof the corner and
find theregion in it thatmostcloselyresemblesheregion identifiedin thefirstimage.
This correspondenceill have someerror sincethe intensitiesbetweenmageschange
andtheregionswarp dueto affine or perspectie effects. This error is generallymod-
eledasanunbiasedperturbationandwhenwe perform SFM we canhopeto reduceit
asmuchaspossible andobtainan unbiasecdestimatealongwith a covarianceestimate
dependingon the amountof this noise.However, if we have an errorin featurelocal-
ization, asshavn in Figure4.3 andalsoin Figure 4.4, this will propagateghroughout
the correspondenceandall the correspondingmagepointswill incorporatehis local-
izationcomponentAs we will see thiswill resultin a biasedfinal estimatefor the 3D
point.

Wewill modelthelocalizationerrorasfollows.Let, s, bethe3D pointthatwewishto
estimateandp beits projectioncoordinatesn theimagein which we initially selected
the features.Let us assumehat we have a localizationerror in which we measurea
point py, closeto p. Furtherlet usassumehatwhenwe find correspondindeaturesn
the otherimagestheseall correspondo a 3D point, sz, closeto s. Whenwe do SFM
we will obtainan estimatefor sy, not for s, andsowill obtaina 3D biasequalto the
differencebetweerthesepoints:sy, — s.

Therearea few pointsto note aboutthis localizationerror. First it only affectsthe
shapeparametersind doesnot affect the motion parametersActually the localization
error in each2D point only affectsthe 3D estimateof that feature,and no other3D
feature althoughevery 3D pointmayhave its own localizationerror. In applicationghat
simply needary 3D pointson or nearthe surfaceof anobject,this localizationerroris
unimportantHowever, whenwe wantto estimatean actual3D point on the object,or
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Fig. 4.3. We would like to find the imageposition correspondindo the cornerof the roof-top shavn in
thetop image,andthe correspondingositionsin all theimagesWe seefrom the close-upviews thatit is
not easyto identify the exact coordinatef the corner We could assumeat is the pointin (b) in thefirst
image.Thenit is not too hardto identify the correspondingpointin the fourthimageasshowvnin (c). But
alternatvely we couldestimatahepositionof thecornerto bethatshavnin (d), andthenthecorresponding
pointin the fourth imagewould bethatin (e). The matchingerrorsbetween(b) and(c), andbetween(d)
and(e), arecorrespondencerrors,andwe assumeaheseareunbiasedThe differencebetweent) and(d),
andalso(c) and(e), is the resultof image-localizatiorerror This hasa 3D causeandwill resultin biased

3D estimates.
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(b) Imagel (c) Imaged

Fig. 4.4.Shavn above is anotherexampleof the difficulty in featurelocalization.We want our featureto
correspondo the projectionof the 3D point wherethe bottomof the bridgeconnectgo the building. But,
eventhoughwe maydo sub-piel trackingbetweerimageswe cannottell wherethis truepointis inimage
1to morethanacouplepixel accurag.

actualline lengthson the object, this localizationerror will resultin unmodelederror,
namely theerrorwill belargerthanour expectederror.

We have two options:eitherminimizethe localizationerror, or incorporatea model
of it in our uncertaintyformulation. Therearevariousapproacheskenin minimizing
localizationerror Oneapproacthis to takeimagesof afeaturefrom all aroundit. But this
createsa muchhardertaskfor the imagetakerandfeaturematcherandbesidesanary
featuresarenot visible from alarge setof angles.Furthermorethis shouldnot be just
a planarcircling of the feature,but a full 3D encircling. Evidently this is not feasible
for mostsituations.Other approacheso reducingthis error include, insteadof using
templateso find cornersto look for theintersectiorof lines. Thismayreducetheerror,
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but evenedgesarefuzzy ascanbe seenn Figure4.3,andit is not clearif themiddleor
onesideof theimageedgecorrespond$o theprojectionof theactualedgein 3D. Hence
edgeghemseleswill havethislocalizationerror.

Sincewe cannotremore localizationerror, we will explicitly createa modelof it and
usethis to augmentur uncertaintymodelandremove the biasfrom the gaugefixing.
Oneapproacho incorporatinglocalizationerroris to increaseheimage-basefeature
uncertaintieshbut thiswill notcorrectlyincorporatehis errorinto our uncertaintymodel
asit will affectthecameramotionuncertaintywhichis notaffectedby localizationerror.
Alternatively we couldtreatthis effectasaninter-framecorrelationbetweercorrespond-
ing featuresWhile this approachmaywork, it is not clearwhatthe appropriateamount
of correlationto addwould be.

Our approacHor incorporatinglocalizationerrorin the uncertaintymodelis asfol-
lows. Firstwe chooseoneimagein whichto expressheimage-localizatiorerrors. A 3D
point,s; = (X, Y;, Z;), is projectecbntoanimagepoint, p;, underperspectieprojection
in theform:

pi=2 (f) , (4.25)
where f is the focal lengthin pixels. Let us assumeéhat our image-localizatiorerror,
PL: — Pi, hasauniform 2D Gaussiamlistributioncenteredgtthemeasuregointpy,, and
with known variances# . Let usalsoassumehatthe 3D localizationerror, s;, — s, also
hasa Gaussiaristributionwith uniform, but unknovnvarianceg?; in all directions It
is easyto seethatthesevariancesrerelatedby theformula:

o = i—goj% (4.26)
Thusgivenanimagedistribution of our bias,we canestimatethe 3D distribution of the
bias.We seefrom this equatiorthatthe standardieviation of a point,dueto localization
error, is simply proportionalto the depthof the point.

Ourgoalis to predictthevarianceof anestimatedine length,d = ||s; — s;||, dueto
localizationerror Assumingthatall imagepointshave equallocalizationerrorvariance,

a,%, wefind thatthis 3D lengthwill have avarianceof:
_ 9

whereZ; andZ; arethedepthsof its end-points.
The localizationerror in line length given by equation(4.27) can be incorporated
into our uncertaintymodelthe sameway asthe measuremenrgrror, o,,,, wasaddedin
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Fig. 4.5. A 3D features; will have a reconstructiorbiaswhich we assumehasa Gaussiardistribution
representetby the spherearoundthe true 3D point s. We obtainthe radiusof this sphereandhencethe
standarddeviation of this point by projectinga known image-basediaslikelihood onto this point using
equation4.26. Pointsfurtherfrom theimagewill have a larger uncertainty The varianceof a lengthd is
obtainedby addingthevariancef its endpoints.

equationg4.18)and(4.21).Assumewe aretrying to predictthelengthe = ae’ between
pointss; ands;, by measuringhelengthd betweerpointss; ands; in the scenelLet

g’ = (¢’ d')T.Thenif weincorporatehelocalizationerrorinto equation(4.21),thenew

estimateor thecovarianceof g = ag’ becomes:

T 2
T ag o; 0
Vy=d*Q5VyQS + (o2 + aflL)—al2 T ( OL 0) ) (4.28)

The varianceof the localizationerror, aflL, on length d is addedto the measurement
varianceonthislength,c?2 , andthelasttermsimply addsthevarianceof thelocalization
error of lengthe to 2. In addingthesecomponentgo the variancewe areimplicitly
assumingthat they are independentf the other componentsand this seemsto be a
reasonablassumptionThefinal covarianceof our predictedength,e, is obtainedrom
thisas:

2 2/ 2 € eN?
0, = a (Uel _2306'd'+ E Ud')

Z Um "
€ 2 0 21/ Z? Z? 0 21/ Z? ZZ
—I_(_l) _Fg(i"i_ j)—l__f-g( kT l)'

The termson theright in the first line are dueto the gaugefreedomprojection.The
secondline containsthe measuremengrror of d componentThe third line is the lo-
calizationerrorof the end-pointof linesd ande. Onething to noticeis thatwhenthe
end-pointof d have thesamedepth thatiswhenZ; = Z;,thenZ;/ f = d/p; wherep,
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is the projectedengthof d in theimage.If line e is alsoparallelto theimage,thenthe
third line of equation(4.29)simplifiesto:

2 2
2¢2(ZL 4 ILy, 4.30
(p?z pi) (4.30)

The magnitudeof localizationerrorof a pointdepend®n its depth;thefurtheravay
the pointis from the cameraghe larger the expectediocalizationerror Whenalline is
usedfor gaugedixing, we seefrom equation4.29)thatthelocalizationerroris magnified
by theratioe/d, andsoit will causeshorterinesto generatenoreerror.

4.5 Experiments

Our goalsfor this sectionareto demonstratempirically that our uncertaintymodeling
usinggaugefixing givesquantitatively correctresults,andalsoto obtaina qualitative
assessmeialf theeffectsof gaugefixing on uncertaintiesln real3D estimatiortaskswe
may have to inserta measuringod or otherdevice into a sceneto fix the scalebefore
taking the imagesanddoing reconstructionThis meanswe cannotusea computerto
optimizeits positionbasedon the 3D reconstructiorbeforeinsertingit into the scene,
but rathermustrely on qualitative knowledgeof how its positionand orientationwill
affect 3D accurag to guideits placementHencewe performa numberof synthetic
experimentsrom which we derive a qualitatve understandingf how the positionof a
line affectsits usefulnessn fixing scale.We validatetheseresultsandthosederivedin
this chapteronthreerealsequences.

4.5.1 TV Reconstruction

First we illustrate, on a real 3D object, how modelaccurag changeswvhen different
objectmeasurementgre usedto fix the scale.We startwith a setof registeredfeatures
in animagesequencasshavn in Figure4.6.A batchStructurerom Motion algorithm,
usingour free-gaugeptimizationprocedurdrom Chapter2.5.1,wasusedto obtainthe
3D shape,s’ andcameramotion. The covarianceof all the parametersvas calculated
usingour fastinversionmethodandthenthe shapecomponentsvere takenfrom this
to give us, V', the shapecovarianceof rank 3N — 1 dueto an unknown scalefactor
Implicitly thereis alsoanunknawn rotationandtranslation but this doesnot matteras
we will only calculatedistancaneasuresvhich areinvariantto rotationandtranslation.
The shapeandcovarianceareillustratedin Figure4.7.
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Fig. 4.6. Threeimagesfrom a seven-imagesequenceavith hand-rgisteredeatures.

S

=) a As
(a) ®)

Fig. 4.7. (a) The 3D reconstructiorof point features,s’, from the imagesequencén Figure 4.6 usinga
Structurefrom Motion algorithm.Lines aredrawn for clarity only. Ellipsoidsrepresenthe 3 x 3 blocks
of the covariancematrix V', but scaledby a factor of 20 to aid viewing. The recoveredcamerapositions
arealsoshaown. (b) Thisis aschematiof the covariance V', which correspondso the normalcovariance
of this shapeln calculatingthis, imagefeaturesvereassumedo have uniform, identicalnoise.This plot
shavsthatthereis a strongcorrelationbetweerthereconstructedeatures.

Supposeave wantto estimatethe diagonallengthof the television screenHow ac-
curatelycanwe know this length?Sincewe canrecaser 3D shapeonly up to a scale
factor, the shapealonewill not determinethis length. We first have to find the overall
scaleof the recoveredshapeNow it may be thatwe know the lengthof anotherobject
in the scenejn which casethis couldbe usedto obtainthe scale For the purposeof this
experimentwe will look atanumberof differentobjectsin the scenevhoselengthswe
know, andfind outwhich givesusthe bestestimateof the TV diagonallength.

Considerthen,the 13lines, measuredn 3D, andshowvn in Figure4.8.We madel3
separatestimate®f the TV diagonallength,in eachcaseusingoneof theselengthsto
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Fig. 4.8.We wantto estimatethe diagonallengthof the TV shown by the blackline. To do thiswe needto
know thelengthof oneof thewhite lines.

fix our gauge, andobtainthe scale.The effectsof fixing the scaleusingtheselines
areshownn for somesampléinesin Figure4.9. The absoluteuncertaintie®f positions,
asshown by the ellipsoidsin this figurearenot our goalsincethesedependn choiceof

coordinatesystemRathemwe wantto estimatdengthson the objectandtheir uncertain-
ties. Figure4.10shows theseestimatesalongwith their predictedstandardieviations,
o, Obtainedusingequation(4.18).We assumeaho errorin the measuremerdf the 3D

line lengths,o,,, = 0, andno localizationerror, o7, = 0. We notethatthe actualerror
correspondsvell with theuncertaintygivenby the predictederror.

We notice,from Figure4.11,thatthereis a large variationin uncertaintyof the TV
diagonal,dependingon which line is usedto fix the scale.Figure 4.11 shaws thatin
generallongerlines leadto betterestimatesandthe shortestines,5 and 11, give the
greatestuncertainty The puzzleis lines 8 and 9, which give more accurateestimates
thanline 3, whichis longer This is explainedby Figures4.12and4.13which shaw that
line 8is morestronglycorrelatedvith the TV diagonalength,andthattheratiowith the
TV diagonalength,givenby equation4.24),is closerto its optimalvaluefor line 8 than
for line 3. The mainreasorfor this strongcorrelationbetweerline 8 andthe diagonal
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Fig. 4.9. We illustratethe effect of fixing the scaleon the uncertaintiesisingseveralgaugesin eachcase
theellipsoidsrepresen0timesthestandardleviation of thefeatures(a) Line 1isfixed,(b) line 4 is fixed,
(c) line 8is fixed,and(d) line 3 is fixed.

is thatthey shareoneof theirend-pointsSo,in a senseijt is unfairto useline 8. In the
restof theexperimentsve will avoid usinglinesthatshareend-pointswith theline they
predict.We will alsoseekfor a betterunderstandingf why, besidedength,somelines
provide bettermeasureghanothersfor fixing thescale.

4.5.2 Sphere Reconstruction

We have seenthatline lengthis importantin the accurag of gaugefixing. We would
alsolike to gain anintuition on how relative orientationof lines, both with respecto
the camerasand with respectto otherlines, affects the uncertaintieof the lines and
their relative correlation.To do this, we createda numberof syntheticsequencesand
investigatedhe correlationeffects.For simplicity we eliminatedmeasuremergrror o,,,
andlocalizationerroro;, from theseexperiments.
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Fig. 4.10.Thetruelengthof the TV diagonalis 20inches.This plot shovsthe estimatene obtainedof this
lengthusingeachof the differentlinesto fix the scale.Thenumberon the absciss@orrespondso theline
in Figure4.8.Theuncertaintyo., givenby theerrorbars,variesgreatlydependingnwhichline wasused;
thelargestuncertaintywith standarddeviation of 1.3 inchesis obtainedusingline 5, andthe smallestwith

standardleviation of 0.05inchesis obtainedusingline 8.
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Fig. 4.11.(a) Plotof uncertaintys. line lengthusedto fix thescale Lines8 and9 aremarkedwith an“o”
symbolasthey shareanend-pointwith the TV diagonalwhichwe areestimatingandhencehave anunfair
adwantage(b) Actual errorsin predictionvs. line length.



92 4. DeterminingScale

LT IHLLIH

0O 1 2 3 4 5 6 7 8 9 10 11 12 13

Fig. 4.12. The black barsshaw the standarddeviation, o;, for eachline lengthin Figure4.8, calculated
from the unscaledshapecovariance V. Bar O correspondso the TV diagonal.The scaleis arbitraryand
soleft unmarkedThe white barsindicatethe proportionof cross-correlatiorandarecalculatedas:rq; o,

wherero; = 00i /00 0; is thecorrelationcoeficient(—1 < ro; < 1). Whenperfectlycorrelatedvith the TV

diagonal thewhite barwill equaltheblackbar Hence apartfrom line O itself, we seethatlines8 and9 are
moststronglycorrelatedwvith the TV diagonal.

0.8

0.6

0.4r

0.2

1 2 3 4 5 6 7 8 9 10 11 12 13

Fig. 4.13.Giventhe correspondingarianceandcross-correlatioplottedin Figure4.12,we canuseequa-
tion (4.24)to calculatewhat the optimal lengthwould be for eachline. By “optimal” we meanit would
minimize the varianceof the TV diagonalestimate Herewe plot the ratio of the actualline lengthto the
optimal line lengthfor eachline. A valueof 1 meansthe line hasoptimallength.Line 8 is closestto its
optimallength.This is a bettermeasurdo usethanlengthin selectinga line to fix the scale.While all of
thesdinesareshortetthantheiroptimallengthswe foundin otherexperimentghatlinescanalsobelonger
thantheir optimallengths.

Ourfirst sequencés of aspherecreatedoy orthogonallyintersecting3 circles.Lines
areformedby connectingantipodalpoints,andsoareall of thesamdength.Thecamera
facesthe sphereandtranslatesa distanceequalto the diameterof the sphereperpen-
dicularto theviewing directionalongwhich five imagesaretaken asillustratedin Fig-
ure4.14.Uniform uncorrelatedsaussiamoiseis assumedor eachpoint. Ourgoalis to
mostaccuratehpredictthefour of the diameterdabeledl, 4, 7 and18in thefigure.For
eachcasewe will testto seewhichline providesthe bestgaugeconstrainfor maximum
predictionaccurag.
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Fig. 4.14.(a) Views of aspherecreatedy intersecting3 circlesorthogonally andfive camerasWe arein-
terestedn predictingfour diameterdabeledl, 4, 7 and18,wherediameterl is alongtheviewing direction,
4is at45° tothis,and7 and18arein theplaneorthogonato theviewing direction.To predictthesdengths
we will individually fix all of the otherdiameteranarkedwith solid lines. The dashectirclesareonly to
aidin viewing. (b) Imagesseerby the cameras.

As afirst stepin predictingline 1, thenormalcovarianceds calculatedwith theorigin
at the centerof the sphere The standardleviation of eachline calculateddirectly from
thisis plottedin Figure4.15.0nly the relatve magnitudeof thesevaluesarerelevant
asthe scalehasnot beenfixedyet. In this figurethe goalis to predictline 1, andsowe
alsoshaw the correlationbetweeneachof theselinesandline 1. We find the standard
deviation of theerrorin predictingline 1 usingeachof thesdinesindividually to fix the
scaleasin equation(4.23).Sinceall the lines arethe samelength, this is the sameas
the uncertaintyof usingline 1 to predicteachof the otherlines. Figure4.16shows the
analogousincertaintiegor predictinglines4, 7 and18.
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Fig. 4.15.We wantto predictline 1 with minimumvarianceby fixing oneof the otherlines. Theblackbars
in thetop plot show the standarddeviation of eachline calculatedrom the normalcovariance . The light
barsshaw the correlationfactorbetweereachof thesdinesandline 1, asdescribedn Figure4.12.We can
usethesecorrelationgo give the uncertaintyin predictingline 1, andthis is shavn in the bottomplot for
eachline. Lines1-12arediameter®f thecircle with line 18 asits axis.Lines 1, 13—23arediameter®f the
circle with line 7 asits axis,andlines 7, 18, 24—33arediametersof the circle with line 1 asits axis. The
four lineswith minimumerrorare:2,12,13,and23, andthesecorrespondo thefour linesclosesto being
parallelto line 1.

Therearea numberof qualitative patternsnve canseein theseplots. First a general
commentWe notefrom Figure4.14thatall thecameragrerelatively closetogetheand
have the sameviewing direction,andsowe will approximatehisasour singleviewing
line from centercamerao themid-pointof all thelinesatthe centerof thesphereThen,
aswe would expect, lines thatare closeto, and approximatelyparallelto, the viewing
line have muchgreatemncertaintyascalculatedrom the normalcovariance thanlines
thatarein the planeorthogonato thisline.

Line 1is alongthis viewing line andsohasa large uncertaintyin the normalcovari-
ance.Linescloseto beingparallelto line 1 have largeruncertaintieshanperpendicular
lines,but they alsohave larger correlationwith line 1. Fromthe uncertaintyplot in Fig-
ure 4.15, we seethat this correlationeffect overwhelmsthe additionaluncertaintyof
theselines, andresultsin linesthatare closeto beingparallelto the viewing direction
beingbettermeasure$or gaugefixing thanorthogonalines,whenwe wantto estimate
linesalongtheviewing direction.Thisis the mainsurprisefrom this experiment.
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Fig. 4.16.Shavn arethe errorsobtainedwhenusingeachof the lines on the sphereg(seeFigures4.14and
4.15)areusedto predictlines(a) 4, (b) 7,and(c) 18.In predictingline 4, thethreelineswith theminimum
error (apartfrom line 4 itself) arethe threeotherlines on the the same45° cone.In predictinglines7 and
18, we find thatall lineson the planeorthogonatlto the viewing directionareequallygood,irrespectie of
direction.

From Figure 4.16 we seethat line 4 is bestpredictedby fixing anotherline with
the sameangleto the viewing directionasitself. This is becauseheselines aremore
stronglycorrelatedwith line 4 thanotherlines.

Lines 7 and 18 arein the planeorthogonalto the viewing line, and, as we might
expect,otherlinesin this planearebettermeasurefor gaugdixing thanlinesout of this
planeandcloserto theviewing direction.An interestingactis thatthe orientationof the
line in this planedoesnot affectits accurayg in predictingotherlinesin this plane.
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A modelthatlinks all of theabore resultsis to concludethatthe predictionaccurag
dependon the anglebetweenthe line andthe viewing direction. The larger this angle
andcloserto beingorthogonal the moreaccuratelya line canbe predicted Moreover
the bestgaugeconstraintto selectin eachcaseis a line that hasthe sameanglewith
respecto theviewing direction.

4.5.3 Reconstructionof Sphere with Additional Features

Now in this exampleour spheres the whole object.We would like to know how our
resultsmightchangevhenthelineswe areinterestedn areonly partof theobjectthatwe
arereconstructingAdding morefeatureson or closeto the spherewill not qualitatively
changethe results. This is shavn in AppendixB. But if our objectis large compared
to the sphere the resultsmight changeIn the next setof experimentswe investigate
how changinghe objectdimensionswill affecttherelative accuraciesf thelinesin our
sphere.

We addedonehundredandomlypositionedeaturesyithin arectangulaparallelpi-
dedregion, thatareassumedo berigidly attachedo the sphere Figures4.17through
4.21shawv casewith five differentregionsof addedpoints. Theseadditionalpointsform
therestof the syntheticobjectin eachcase Ourgoalis to seeif theuncertaintypatterns
we elucidatedor the singlespherestill applywhenthefull objectis muchlarger.

In eachcasethe predictionof linesin the planeorthogonato theviewing directionis
the same phamely thesdines arealwaysmostaccuratelypredictedby otherlinesin the
sameplane,andalsothey mostaccuratelypredictotherlinesin the plane.Hencewe do
not show plotsof these.

Themaindifferencebetweertheplotsis in theaccurag of predictingline 1; theline
alongthe viewing direction.We seein Figures4.17,4.18and4.19thatline 1 is most
accuratelypredictedby measuringa line closeto parallelto it. On the otherhand,in
Figures4.20and4.21we find thatlinesin the planeorthogonalto the viewing direction
becomethe bestpredictorsin theselasttwo figuresthe uncertaintypatternis inverted,
andlinesin the perpendiculaplanearealwaysbetterfor gaugefixing thanlinesalong
the viewing direction,irrespectie of the line thatis beingpredicted We would like to
understandhis phenomenorandbeableto predictwhenit will happen.

We canunderstandhe differencedn the uncertaintiesn predictingline 1 asfol-
lows. In Figures4.17,4.18 and4.17,thereis a strongcorrelationbetweenlines close
to the viewing direction,whereasn Figures4.20and4.21this correlationdisappears.
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Fig. 4.17.(a) A randomsetof 3D pointsareaddedo the 3D sphere(b) Therotationuncertainty A£2, and
translationuncertainty At, for all five cameraswith the rotationin the first camerabeingfixed. (¢) The
normal covariancefor eachline (dark) andthe correlationbetweeneachline andline 1 (white). (d) The
resultinguncertaintyin predictingline 1 wheneachof the otherlinesis fixed.
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Fig. 4.18.(a) A randomsetof 3D pointsareaddedo the 3D sphere(b) Therotationuncertainty A£2, and
translationuncertainty At, for all five cameraswith the rotationin the first camerabeingfixed. (¢) The
normal covariancefor eachline (dark) andthe correlationbetweeneachline andline 1 (white). (d) The
resultinguncertaintyin predictingline 1 wheneachof the otherlinesis fixed.
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Fig. 4.19.(a) A randomsetof 3D pointsin arectangulaparallelpidedegion areaddedo the 3D sphere.
(b) Therotationuncertainty A£2, andtranslationuncertainty A¢, for all five cameraswith the rotation
in thefirst camerabeingfixed. (¢) The normalcovariancefor eachline (dark) andthe correlationbetween
eachline andline 1 (white). (d) Theresultinguncertaintyin predictingline 1 wheneachof the otherlines

is fixed.
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Fig. 4.20.(a) A randomsetof 3D pointsin arectangulaparallelpidedegion areaddedo the 3D sphere.
(b) Therotationuncertainty A2, andtranslationuncertainty A¢, for all five cameraswith the rotation
in thefirst camerabeingfixed. (¢) The normalcovariancefor eachline (dark) andthe correlationbetween
eachline andline 1 (white). (d) Theresultinguncertaintyin predictingline 1 wheneachof the otherlines

is fixed.
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Fig. 4.21.(a) A randomsetof 3D pointsin arectangulaparallelpidedegion areaddedo the 3D sphere.
(b) Therotationuncertainty A£2, andtranslationuncertainty A¢, for all five cameraswith the rotation
in thefirst camerabeingfixed. (¢) The normalcovariancefor eachline (dark) andthe correlationbetween
eachline andline 1 (white). (d) Theresultinguncertaintyin predictingline 1 wheneachof the otherlines

is fixed.
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We seefrom equation(4.23) that without the correlationbetweenines, fixing linesin
theplaneperpendiculato theviewing direction,which aremoreaccurateljfocatedthan
otherlines,will resultin amoreaccuratestimateor line 1. Now if we knew thecamera
motion exactly therewould be no correlationbetweerthe 3D featurepoints’. It is pre-
ciselybecausef theuncertaintie$h cameranotionthatthereis correlationbetweer8D
points.And indeed,Figures4.17,4.18and4.17 have large cameramotion uncertainty
andalarge correlationbetweenine lengths wheread-igures4.20and4.21 have small
cameramotion uncertaintyandalsovery little line lengthcorrelation.We proposethat
thereasorfor theaccuratenotionestimate®f Figures4.20and4.21is thelarge spanof
additionalfeaturepointsin heightandwidth. Or equivalentlywe cansaythatwhenthe
objecthasa largefield of view comparedo thelineswe areinterestedn, theaccurag
in motion estimationis sufficient thatit doesnot significantlycontribute to correlation
betweerines.

We arenow in apositionto explainwhy in somegaugesandfor someobjectswe can
predictlines alongthe viewing directionmoreaccuratelythanlines perpendiculato it.
Figure4.22illustratesthatwhenwe estimatdeaturedrom a setof camerasvith known
positionsand orientations the uncertaintyis greateralongthe viewing directionthan
perpendiculato it, (seeMatthiesandShafer{46]). Line lengths which arethe distance
betweenwo featurescanthusbe moreaccuratelyestimatecerpendiculato the view-
ing directionthanalongit. This is the casefor known motion andno indeterminacies.
Whenthe cameramotionis unknovn andthereis a scaleindeterminag the individual
reconstructedeatureswill have a qualitatively similar uncertainty but in additionthe
motionwill have anuncertaintywhich causeghefeatureuncertaintiego be correlated.
Line lengthsin turn will be correlatedand parallellines along the viewing direction
canbecomequite stronglycorrelateddependingon the objectsize.Whentwo linesare
stronglycorrelated equation(4.23) shaws thatfixing or measuringonewill leadto an
accurateestimateof the other

We concludefrom this setof experimentsthat when our objectis large in width
and height,comparedo the setof lines we wantto estimate thenirrespectve of the
orientationof the line we are estimating,it is bestto measurdines orthogonalto the
viewing direction.Onthe otherhand for objectswith linesall clusterecaroundasingle
point, linesin the planeorthogonatto the viewing directionarebestpredictedby lines
alsoin this plane,but linesalongthe viewing directionarebestpredictedby otherlines
alongtheviewing direction.

2 Thisis shown for the stereocasein Chaptels
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Fig. 4.22. Two featuresare estimatedrom a setof imageswith known camergpositionsandorientation.
The uncertainty illustratedwith ellipses,hasa characteristidorm shovn herewith its long axis along
the viewing direction; seeMatthiesand Shafer[46]. Whenthereis no uncertaintyin cameramotion, and
whenmultiple featuresare estimatedthey are uncorrolatedHencelines, which arethe distancebetween
two points,are estimatedmore accuratelyperpendiculato the viewing directionthanalongthe viewing

direction.Whenthe cameramotionis alsoestimatedfeaturepointsbecomecorrelatedandthis deduction
for linesnolongerholds.We shaw in this sectionhow correlationaffectsline lengthestimation.

Therearemorefactorsthat may affect thesecorrelationsin AppendixB we inves-
tigate changingthe numberof images,changingthe distanceto the objectandadding
morefeaturesaroundtheobject.We find thatvaryingthe numberof imagegakenof the
objectmay increaseor decreasehe total accurag but doesnot affect the uncertainty
pattern.Similarly, addingmorefeaturesight aroundthe objectincreaseshe accuray,
but doesnot changethe uncertaintypattern.Hencewe expectour resultsto generalize
over sequencewith differentnumberof imagesanddifferentnumberof features.

We did find a changen patterndueto varyingthe distanceo the object.Increasing
thedistanceo the objecttendsto accentuatéhe differencebetweerthe uncertaintieof
thelines alongthe viewing directionandthe lines orthogonalto the viewing direction,
anddecreasinghe distancereducedhe difference This is not too surprisingsincethe
furthertheobjectthelessaccuratelythe cameramotioncanbedeterminedndhencehe
morecorrelationwe expectbetweerine lengths.

A questiorremainson how to interpretthe viewing directionwhenthe objectis not
directlyin front of thecameraFigure4.23illustratesanexamplewith a sphereshiftedso
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Fig. 4.23.0ur spherds shiftedsothatthe new viewing directionis 45° from theold one.We areinterested
in predictingthe diameterdabeled4, 7 and18.

thatit is at 45 degreesfrom the forwarddirection. The uncertaintiesn predictingthree
of thelines are shawvn in Figure 4.24. From this we seethatif we definethe viewing
directionto bethedirectionfrom the centercamerao the centerof the spherethenwe
obtainthe samepatternof resultsasfor the singlesphereThatis, thelinesorthogonal
to this new directionaremostaccuratelyestimatedandtheline alongit leastaccurately
estimatedSinceit is a smallobjectthe line alongthe viewing directionaremostaccu-
rately predictedby otherlines alongthe viewing direction.Hence,in generalwe will
definetheviewing directionfor ary line ontheobjectto bethedirectionfrom the center
camerao themid-pointof theline.

In theseexampleswe have only consideredines that passthroughthe samepoint.
We cannotsaywhat happensf lines areat differentdepthsor along differentviewing
directions.

4.5.4 3D Multi-planar ShapeReconstruction

The next experimentwe performedinvolved a 3D multi-planarshapecontainingthree
linesin five parallelplanesthatwe wishedto predictasshownn in Figure4.25.All lines
have the samelengthin 3D, anduniform, uncorrelatedsaussiamoisein the projected
imagesis assumedThe parallelplanesareat differentdistancegrom the camerasand
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Fig. 4.24.Shown arethe errorsobtainedwhenusingeachof the lines on the spherg(seeFigure4.23) are
usedto predictlines (a) 4, (b) 7, and(c) 18. In predictingline 4, the threelines with the minimum error
(apartfrom line 4 itself) arethe threeotherlinesonthethe same45° cone.In predictinglines7 and18,we
find thatall linesontheplaneorthogonato theviewing directionareequallygood.,irrespectie of direction.

the goalis to seehow distancefrom the cameraaffectsaccurag of reconstructionin
addition,thelinesin eachplanedo not have mid-pointsdirectly in front of the cameras,
andwe wouldlike to seeif this affectstheaccurag of reconstruction.

Figure4.26shows theresultsin predictinglines 1, 7 and13 usingeachof the other
lines.Sinceall line lengthsarethe same from our symmetryrelationshipin Figure4.1,
we deducehattheseuncertaintiesrethe sameasusinglines1, 7 and13respectiely to
predicteachof theotherlines.

We canmakea numberof generalstatementsboutthe uncertaintiesesultingfrom
fixing differentlines.Firstly, our objectis small,thatis, all thelinesareclusterecaround
asinglepoint. Thuswe expectsignificantcorrelationbetweerines.
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Fig. 4.25.Five views of 3D “F’ shapeareshonvn with line numberdabeled We areinterestedn predicting
lines1, 7 and13.

Fig. 4.26.The uncertaintyof line predictionis shovn in () for line 1, in (&) for line 7, andin (c) for line
13.
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Fromtheresultswe find thatin generalto predicta line in oneof the planesiit is
bestto fix anothedine in the sameplane.Fixing lines closeto the cameragivesa poor
estimateor linesfar from the cameraandvice versa.Figure4.27showvsthatif ourgoal
is to minimize the total uncertaintyof all the lines, thenone shouldusea line in the
middle of the objectto fix thegauge.

8 9 10 11 12 13 14 15

Fig. 4.27.Thetotal errorin usingaline to predictall the otherlinesis shavn for eachline. This indicates
thatif overall accurag is our goal,fixing aline nearthe centerof the objectis best.

To seehow theresultschangewvhenthe objectis large, we addeda planeof random
3D pointsto theobjectasshown in Figure4.28,andFigure4.29shonstheaccuraciesn
predictinglines1 and13. As in the smallfield-of-view case lines closeto the cameras
are bestpredictedby fixing other lines closeto the cameraBut, reversingthe small
field-of-view pattern,lines far from the cameraare slightly betterpredictedby fixing
lines closeto the cameraThuswe deducethat overall accurag is maximizedwhena
line closesto thecameras fixed, ratherthana middleline asin the smallfield-of-view
case However, we seethatdepthnow hasa relatively small effect on accurag. Rathey
positionin the planeseemdo be a moredominanteffect. In our next experimentswe
will investigatahis.

4 5.5 Positionin the Plane

Given that we have a setof lines in a planeorthogonalto the viewing direction, we
would like to know which line to chooseto fix the scale.In this experimentwe created
a syntheticobjectshovn in Figure4.30.It hastwo planesto give it a 3D shapebut we
only lookedat linesin thefirst plane.lt takesup a wide field of view comparedo the
lines.

Figure4.31shaws theresultinguncertaintiesvhena selectionof thelinesareused
to fix the scale We noticefirst thatirrespectve of whichline is usedto fix thescale the
accuray orderof thelines staysthe same(of courseexcluding theline thatis fixedin
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Fig. 4.28.Five views aretakenof anenlagedshapdn width anddepthcomparedo Figure4.25.
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Fig. 4.29.Theuncertaintyof line predictionis shavnin () for line 1, andin (b) for line 13.

eachcase).Thatis, lines 1, 4, 7, 10, 13 and 16 are alwaysmostaccuratelypredicted,
lines2,5,8,11,14and17 arenext, andlines 3, 6, 9, 12,15and18 areleastaccurately
predicted.This resultappliesin reversetoo, thatis, whenone of thefirst setof linesis
usedto fix the scale theresultsaremoreaccuratehantheresultsfor the secondsetof
lineswhichin turnaremoreaccuratéhantheresultsfor thethird setof lines.

A first guessat a factor that could explain or at leastpredictwhich lines are better
for gaugefixing, is the projectedine lengthin theimagesHowever, this cannotbethe
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Fig. 4.30.Eighteenlinesof equallengthin a planearelabeled.Our goalis to discover which line or lines
provide thebestwayto fix thescale.

casesinceall thelinesin theplanehave thesameprojectedine lengthin all theimages.
This canbe easilyderived from the perspectie cameraequationsThuswe mustlook
elsavherefor a predictive propertyfor theline uncertainties.

Thecharacteristithatis commonamongeachsetof lines,andthatalsodistinguishes
eachsetof lines,is thefollowing. Let point p denotethepointonthe planeclosesto the
centercamerasothataline from it to the cameras orthogonalto the plane,asshown
in Figure4.30.For eachline, [, we draw its perpendiculabisectorin theplane. Thenwe
measurehe shortestistancefrom point p to line I andlabelit d;,, asshowvn in Figure
4.32.Now all of thefirst setof lineshave d;, = 0, all of the secondsetof lineshave a
equalbut largerd;, andall of thethird setof lineshave anequalandevenlargerd;,. We
proposethatthesmallerd;, is for aline, themoreaccuratelyit canbe predictedandthe
betterit is asatool for fixing the scale Furtherevidencethatuncertaintynonotonically
increasewwith d;, is shawvn in Figure 4.33. So far we have not provided a geometric
explanationfor why d;, of aline is indicative of its uncertainty but even without an
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Fig. 4.31.Theuncertaintyof line predictionis shavn for eachof thelabeledines.

explanationthis is a usefulpropertyfor decidingwhich line in a sceneto measureor
whereto placeameasuringodto maximizeaccurag: namelytheline’sd;, valueshould
be assmallaspossible Our next experimentwill seekanexplanationfor thisfactor.

4.5.6 Viewing Dir ectionsand Perpendicular Lines

Considertherow consistingof lines1, 2, 3,10, 13,and16 in Figure4.30.We find that
fixing ary oneof the lines 10, 13 or 16, generategqualaccurayg in predictingother
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Fig. 4.32.Theaccuray of predictingaline, or usingit to predictotherlines,depend®n the distanced;,,
from its perpendiculabisectorto thepoint p, wherethe viewing directionline intersectgheplane.
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Fig. 4.33.(a) To testour hypothesighatthe lengthd;,, in Figure4.32is anindicatorof how accuratelya
line canbe predictedwe createda syntheticobjectwith two planescontaininga setof equallengthlines.
(b) In threeseparatexperimentswe fixed a line in the front planeand obtainedan accurag estimatefor
eachof thelines. Plottedfor eachexperiments the uncertaintyfor eachline againsits d;,, value.
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lines, but that fixing one of lines 1, 2 or 3, givesincreasinglypoor accurag. This is
modeledby our d;, measureput we would like to understandhe causeof this effect
from a geometricstandpointHencewe createdhefollowing experiment.

We took arow of linesfrom the parallelplanesexample,shovn in Figure4.30,and,
keepingtheir mid-pointsfixed, we swivelled the lines so that eachoneis orthogonal
to its viewing direction. Thuswe obtainedthe shapeshawvn in Figure4.34.Theresults
of predictinglines 1 and7 areshawvn in Figure 4.35.We seefrom this plot thatlines
thatsharea viewing direction,andareorthogonato it andarethe samedistanceto the
camerashave approximatelythe sameuncertainty\We notethatwhile this examplehas
alargewidth comparedo theline lengths,ts heightis small,andhencetheline lengths
arestronglycorrelatedwith eachother

Fig. 4.34.Five views of a shapemadefrom two planes.The mid-pointsof lines 1 through8 areon one
planeandthe reston the planebehindthis. Lines2, 4, 6 and8 arefully onthefront plane,andlines1, 3,5
and?7 areof thesamdengthbut orientedsothatthey areorthogonato theirviewing directions.

In orderto remove this correlation andso makeour setupanalogougo the previous
parallel plane example,we addeda set of randompointsto our shapeand obtained
the new objectshawvn in Figure 4.36. The resultinguncertaintiesare shovn in Figure
4.37.Sincethe objectnow hasalargefield of view comparedo thelines, thereis little
correlationbetweerines,andall lineswith mid-pointson thefront planehave thesame
uncertainty The lines on the plane behindthis have slightly larger uncertainty This
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Fig. 4.35.Theuncertaintyof theline predictionis shovnin () for line 1, andin (b) for line 7.

confirmsourresultin sectionst.5.4and4.5.2thatdistancealongtheviewing directionis
notsucha significantfactorfor line accurag, but it is ratherline orientatiorwith respect
to theviewing directionplaysa determiningrole. In this caseall linesareorthogonalto
their viewing direction,andhencethey have very similar accurag.

This leadsusto our explanationfor the significanceof the d;, measurdor linesin
aplane.Noticethatlinesin which d;, is zeroareorthogonato their viewing direction.
Furthermorethe larger the value of d;, the smallerthe anglebetweenthe line andits
viewing direction.Henced;, is reallyameasur®f how orthogonahline is to its viewing
direction. We thus expectthatif all of the linesin Figure4.30 with non-zerod;, are
swivelled aroundtheir mid-points,eitherout of the planeor in the plane,so that they
becomeorthogonalto the viewing direction, their uncertaintiesvill be reducedto the
sameuncertaintiessthoselineshaving d;, = 0.

4.5.7 Bridge Reconstruction

Our next experimentinvolved the reconstructiorof a bridge betweentwo buildings.
Seven imageswere takenof it using a digital cameraand featureswere registeredin
thesequencasshavn in Figure4.38.A 3D reconstructiowasthenperformedandthe
resultis in Figure4.39.

Now our goalis to estimatethe length of the bridge betweerthe buildings. A line
representinghis is labeledl the figures.We wereableto measurea numberof lengths
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Fig. 4.36. Five views of a shapemadefrom two planes.The mid-pointsof lines 1 through8 areon one
planeandthe reston the planebehindthis. Lines2, 4, 6 and8 arefully onthefront plane,andlines1, 3,5
and?7 areof thesamdengthbut orientedsothatthey areorthogonato theirviewing directions.

Fig. 4.37.Theuncertaintyof theline predictionis shovnin () for line 1, andin (b) for line 7.
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in thesceneandthesearemarkedn theimages.Table4.1 givestheirlengthsandrough
uncertainties.

In this exampleit is difficult to judgewhich of lines 2 through5 would give the best
accurag for predictingline 1. None of the measuredines arein the planeof line 1,
althoughthey areall in parallelplanesThetwo mostlikely optionsareline 4 andline 3.
Line 4 is by far thelongestof theseut it is alsosignificantlyfurtherfrom the cameras
andhasgreatemeasuremenincertaintyLine 3 is thenext longestandwhile closesto
thecamerasit is notascloseto line 1 aslines2 and5.

Theaccurag resultsin this casearegivenin Figure4.40for thecasewhenweignore
localizationerrorandwhenwe includeit. For thefirst caseplot (a) shovsthe standard
deviation generatedy gaugefixing. Here gaugefixing with line 4 givesthe smallest
uncertaintyandhenceline lengthis the factorthatdominatesHowever, noticethatthe
standardleviationsaretoo smallto accountfor the large actualvariationswith thetrue
resultbeing4 or more standarddeviationsaway from the predictions.This we believe
is dueto the localizationerror If we assumean image-basedocalizationerror of 1
pixel standarddeviation, thenwe obtainthe uncertaintiesn plot (). This resultsin a
significantincreasein standarddeviations,and now line 3 hasthe smalleststandard
deviation, dueto its proximity to thecameras.

Fig. 4.38.Thetwo end-image$rom a sevenimagesequencef a bridge.Our goalis to estimatehelength
of thebridge,markedwith line 1, andto do thiswe measuredhelengthsof lines 2 through5.
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Fig. 4.39.The 3D reconstructiorof the bridgeis showvn alongwith the camergpositions.
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Fig. 4.40.The predictedbridgelengthis shavn, alongwith its uncertaintyin standardleviationsfor each
of thefive lines, calculatedusingequation(4.29). The uncertaintiepredictedn (a) usedthe measurement
uncertaintie§rom Table4.1 but assumedhe localizationerror o, waszero.In plot (b) we alsoincluded
theuncertaintyof localizationerror, assumingr;, = 1 pixel for all features.
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Table4.1. Themeasuredengthof linesin thebridgesequencef Figure4.38,andtheiruncertaintiesvhich
wereestimatedvhile makingthe measurements.

Line No. | Length(m) Uncertainty(m)
1 32.40 0.05
2 1.60 0.01
3 2.77 0.02
4 9.77 0.04
5 1.68 0.02

4 5.8 DeskReconstruction

Our next experimentinvolvedthereconstructiorof a computeranddesk.Sezenimages
weretakenof it usinga digital cameraandfeatureswvereregisteredin the sequenceas
shavn in Figure4.41.A 3D reconstructiorwasthenperformedandthe resultis shavn
in Figure4.42.

Thegoalfor thissequencevasto estimateghewidth of thecomputemonitorlabeled
asline 1 in theimages We measure@ numberof lengthsin the scenesoseehow each
of thesewould do in fixing the scalefor predictingline 1. Theselengthsare givenin
Table4.2. All wereassumedo have the sameuncertainty

Fig. 4.41.Thetwo end-imagefrom asevenimagesequencef acomputeanddesk.Ourgoalis to estimate
thewidth of themonitor, markedwith line 1, andto do this we measuredhe lengthsof lines 2 through13.

The mostpromisinglines for optimizing the accurayg of predictingline 1 through
gaugefixing are2, 4 and6 sincethey areall long andin the sameplaneasline 1. Next
is line 7 in a parallelplaneis alsolong. We expect3 and5 to be poor sincethey are
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Fig. 4.42.The 3D reconstructiorof the deskis shavn alongwith the camergpositions.
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Table 4.2. The measuredengthof linesin the desksequencef Figure4.41,andtheir uncertainties(\We
assumeall measurementsadthe sameuncertainty).

Line No. | Length(cm) Uncertainty(cm) || Line No. | Length(cm) Uncertainty(cm)

1 36.51 0.05 8 27.94 0.05
2 36.51 0.05 9 15.56 0.05
3 21.11 0.05 10 45.72 0.05
4 31.27 0.05 11 46.99 0.05
5 23.65 0.05 12 19.05 0.05
6 25.24 0.05 13 14.21 0.05
7 21.59 0.05

orientedalongthe viewing directionand 9, 12 and 13 alsoto be poor sincethey are
short.In termsof localizationerror, the lines areall aboutthe samedistancefrom the
camerasandsothemaindistinguishngeffectswill bethattheshortlines,9, 12and13,
becomeavenworse Figure4.43sustainsall of thesepredictions We alsosee asin the
bridgeexample,thatif the localizationerroris ignored,the standarddeviationsdo not
accountfor the variationsin prediction,indicatinga sourceof bias. Whenwe include
1 pixel localizationerror, thevariationin predictionsagreequite well with the standard

deviations.
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Fig. 4.43.Thepredictedmonitorwidth is showvn,alongwith its uncertaintyin standaraleviationsfor eachof
thethirteenlines,calculatedusingequation4.29).Theuncertaintiepredictedn («) usedthemeasurement
uncertaintiefrom Table 4.1 but assumedhe localizationerror o;, waszero.In plot (b) we includedthe
uncertaintyof localizationerrorassumingr;, = 1 pixel for all features.

Now imaginethatinsteadof trying to estimateghe monitorwidth, we wantedto know
thelengthof the sub-woofefindicatedasline 3 in theimage.Thekey questionhereis
whetherit would be betterto know line 5, which is parallelto line 3, or elseoneof the
linesorthogonato theviewing direction.Sincethe deskhasalargefield of view in both
heightand width comparedo the line lengths,we expectthat the lines are relatively
uncorrelatedand hencethat lines orthogonalto the viewing directionwould be better
thanline 5. Thisis confirmedin Figure4.44.

But let us consideranothersituationin which the only featureshat we trackedare
thosebelongingto lines 2, 3, 4,5 and6. We cando shapeestimationwith justthis data,
andthen estimatethe sub-wooferlength by measuringone of the otherlengths.With
pointsfrom just theselines, the objecthasa relatively smallfield of view comparedo
theline lengths Hencewe might expectthatmeasurindine 5 would give usthegreatest
accurag. We seein Figure4.45thatthisis indeedthecase.
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Fig. 4.44.Thepredictedengthof the sub-woofeiis shovn, alongwith its uncertaintyin standardleviations
for eachof the thirteenlines, calculatedusingequation(4.29). The uncertaintiegpredictedin («) usedthe
measuremenincertaintiesrom Table4.1 but assumedhe localizationerror o ;, waszero.In plot (b) we
includedthe uncertaintyof localizationerrorassumingr;, = 1 pixel for all features.

4.6 Discussion

We have derivedanddemonstratedn unexpectedconsequencef fixing the scaleof an
objectknown only up to a scalefactor. The covarianceof the resultingshapeis signifi-
cantlyaffectedby how thescaleis determinedWe assumehescales determinedy the
distancebetweenwo pointson the object.Simply rescalingthe covariancematrix with
thesquareof thescalefactorleavestheindeterminag in thematrixanddoesnotaccount
for the measurementnsteadthe covariancemustbetransformedothatthe modelun-
certaintybetweerthemeasuregbointsis correctlydistributedover therestof the points.
We usedgaugetheoryto derive thecovariancdransformationwhenthe scaleis fixedby
makinga measuremengndshovedhow choosingdifferentgaugeswill affectthefinal
accurag.

Our focuswasto develop a qualitative understandingf the effects of gaugefixing
on accurag. This is importantfor usein real 3D modelingsituationswhereone may
not have time or opportunityto measurenary lengthsin the sceneWith agoodqualita-
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Fig. 4.45.Thepredictedengthof the sub-woofeiis shovn, alongwith its uncertaintyin standardleviations
for justlines 2, 3, 4, 5 and6, calculatedusingequation(4.29). The uncertaintiepredictedin («) usedthe
measuremenincertaintiesrom Table 4.1 but assumedhe localizationerror o ;, waszero.In plot (b) we
includedthe uncertaintyof localizationerrorassumingr;, = 1 pixel for all features.

tive understandingf the accurag effects,a close-to-optimalengthcanbe selectedor
measuremeriiefore 3D reconstructioris done.
A qualitative analysisof our resultsleadsto a numberof generakonclusions.

e Whenthereis little or no correlationbetweernfeaturepointsandlengths,accuray is
bestwhenthe gauges fixed by measuringhelargestdistanceon the object.

e Theeffectof measuremerdrroronthe3D lengthsis reducedor longerlengths.

e Whenthereis significantpositive correlationbetweerengthsin themodel,thenmea-
suringalongerline is not necessarilypetter Insteadthe closerthe ratio, of measured
to estimatedength,is to theratioin equation(4.24),the betterthefinal accurag.

We alsolookedat correlationeffects,andfactoredout line lengtheffects by using
lines of all the samelength.We considerectasesin which therewasa predominant
viewing direction,andfoundanumberof factorsaffectinguncertaintiesndcorrelations
of lines. We divided reconstructionnto two classesThe first classconsistsof objects
that subtenda large field of view comparedo the line lengths,and the secondclass
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consistsof objectsin which the lines are clusteredaroundeachother and hencethe
objectsubtends relatively smallfield of view comparedo line lengths.

Objectssubtendinga large field of view comparedto the line lengthsresultedin
accuratemotionestimatiorandhencedow correlationbetweerine lengths.In choosing
agaugeto fix we foundthefollowing effects:

e The propertythat dominatesaccurag is the anglebetweenthe line andits viewing
direction.Linesthatareorthogonalto their viewing directioncanbe betterestimated
andalsoprovide bettergaugeconstraintshanlinesatsmalleranglego theviewing di-
rection.Henceevenfor linesalongtheviewing direction,thebestaccurag is obtained
by measurindines orthogonato theviewing direction.

e Accurag islesssensitveto depthin objectswith alargefield of view thanfor objects
with smallfield of view.

o Givenasetof linesin aplane,we createda measured;,, thatcanbe usedto predict
therelative accurag of thelines.This valueis effectivein indicatingrelative accurayg
becausdt is relatedto therelative orientationof theline andits viewing direction.

Objectsconsistingof a clusterof lines whosetotal field of view is not muchlarger
thanthatsubtendedby line have strongcorrelationin their line lengths.This leadsto a
numberof properties.

e Theanglebetweertheviewing directionandtheline is key, andunlike thewide field-
of-view case lines with similar anglesare more strongly correlatedthanlines with
differing angles,and so provide betterconstraints.This meansthat lines along the
viewing directionarebestpredictedoy otherlinesalongtheviewing direction.

e The distanceof the lines from the cameraplays animportantrole. Lines of similar
distanceendto bemorestronglycorrelatecandhenceprovide bettergaugeconstraints
for eachother

o If overallaccuray is desiredthebestoptionis aline nearthemiddleof thesceneand
in the planeperpendiculato the viewing direction.

All of the resultsfor line lengthsare invariantto choiceof coordinateorigin and
orientation.

More questiongemainin uncertaintyunderstandingGivena 3D scenewe would
like to be ableto selectthe bestcameraviews for reconstructingt. If our views are
constrainedo be alonga single direction, then our resultsmay apply directly. But if
cameradirection canvary, thenit remainsan openquestionfor how one shouldbest
positionandorientthe camera.
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In additionto characterizingincertaintieslueto objectshapewe alsoproposedhat
a significantsourceof errorin 3D estimationcomesfrom whatwe termedlocalization
error We createca modelfor it andincludedit in ouraccurag estimatesThisresultedn
alargercovarianceor ourline estimatesandsobetterpredictedherealuncertaintie®f
ourresults Our estimateof onepixel standardieviation for imagelocalizationerrorwas
aroughapproximatiorandwe would like to obtaina morejustified estimateof this. We
shonvedthatlocalizationerroraffectsfurtherpointsfrom the cameramorestrongly and
thatshorterline lengthsamplify this effect more.Moreover, while the effect of tracking
error decreasegas more imagesare taken, this is not the casewith localizationerror
which remainsconstantdespitetrackingfeaturesover moreimages.Hencewe expect
localizationerrorto have agreaterelative effectthe moreimagesaretaken.






5. Stereowith GaugeFreedoms

Stereovision is a well-studiedfield with numerousalgorithmsin use.Realtime and
video-frame-ratalepthmapscanbe generatedn a standard?C. Moreover, stereoof-
tengeneratesnoreaccurateanddensemdepthmapsthanareachieved by SFM. Thisis
largely dueto algorithmstaking advantageof the fixed epipolargeometryto simplify
andimprove featurematchinganddepthestimation.

However, usingjust the epipolargeometryand featurematchesdepthcanonly be
estimatedup to a scalefactor. In orderto obtainabsolutedepthmaps,the scalemust
somehav bedeterminedTypically thisis achieved by knowledgeof thebaselindength
whichitself is obtainedhroughacalibrationprocessln somecaseshowever, it maynot
beeasyto obtainthis metricinformation.Whencalibrationis doneusingself-calibration
routines,asis oftenthecasein active-visionapplicationstheremaybe no metricinfor-
mation,andsowhile the epipolargeometrycanbe obtainedthe baselindengthcannot
beestimated.

The questionwe askin this chapteris: Is it alwaysbestto have the baselindength,
or couldwe achiere asaccurateor even more accurate3D estimationby usingmetric
informationin thesceneAnotherway to askthisis whetheror notthebaselingrovides
the bestgaugeconstraintfor determiningthe scale. The alternatve is to usesomemea-
surementn the sceneaswasdonein chapterd. We will addresghis questionfor two
caseswhentheepipolargeometryis known, andwhenit is unknowvn.

5.1 Calibration Assumptions

It is importantto first identify our cameracalibrationassumptionsin generalwe will
work with a pin-holeperspectie modelasgivenby equation(3.4). The optionswe are
facedwith dependon what we know aboutthe internal cameraparametersequation
(3.6),andthe extrinsic parametersjamelytherelative positionandrotationof the cam-
eras.
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We will identify arangeof possiblecalibration“modes”for stereobasedntheprior
parameteknowledge.One classificatiordivision is betweerprojective stereomethods
andEuclideanstereomethodsThe otherdivision is betweerknown epipolargeometry
andunknown epipolargeometry This leavesuswith four classe®f algorithmsJistedas
follows:

e ProjectivestereowithoutepipolargeometryThisis themostgenerakituationwith no
assumedknowledgeof intrinsic or extrinsic camergparametersProjective shapecan
beobtainedlIt isalsopossibleo useself-calibratiorto estimategheepipolargeometry

e Projectivestereowith knownepipolargeometry The fundamentamatrix definesthe
epipolargeometryof the camergpair, andenablesnoreefficient featureregistration.
The projective shapeof thefeaturepointscanbe estimated.

e Euclideanstereowithoutepipolargeometry Theintrinsic camergparametersreas-
sumedto be pre-calibrated, but the relative position and orientationof the cameras
is unknavn. This is analagouso the two-frameSFM case Shapeup to a scalefactor
canbeestimatedlt is alsopossibleto estimatehe epipolargeometry

e Euclideanstereo with known epipolar geometry The essentialmatrix definesthe
epipolargeometryof the camerapair. Featuredepths,andhence3D positions,are
obtainedfrom disparitiesusing a triangulationmethod[25]. Without knowledge of
the baseline 3D pointscanbe estimatedbnly up to a scalefactor, but with a known
baselingheabsolutepositionscanbedetermined.

In this thesiswe areinterestedn uncertaintie®f physicalquantitiesandhencewe
will only considerthe latter two classesdescribingEuclideanstered. Thesewill be
denotedasstereowith known epipolargeometryor known essentiaimatrix £, andstereo
with unknowvn epipolargeometryor unknovn E. With thesewe canobtainshapeand
depthup to a scalefactor, and if we fix the scalesomehav, we can obtain absolute
distanceneasuremenendtheiruncertaintiesSterecalgorithmstypically usethelength
of the baseline betweenthe centersof projectionof the two camerasto fix the scale.
Thisis difficult to measurehysically andsocalibrationrmethodsisingobjectsof known
dimensionsareemployedo estimateboththebaselineandthe epipolargeometry

Thetypeof calibrationin whichthebaselinds foundtypically requirescarefulman-
ual designand measuremendf a calibrationobject,aswell as an interactive process
mlengthsneednotbe known asthesecanbe solvedfor [38].

2 While it is possibleto estimateup to two internalcameraparametersrom the epipolarequationsfor
simplicity we only considercasesn whichwe alreadyknow all theinternalparameters.
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in which this objectis viewed by the stereopair from possiblymultiple directionsand
correspondancemeidentified. Fromthesecorrespondancemndthe known calibration
objectgeometryboth the epipolargeometryand baselineare estimated The question
we askin this caseis, given perfectknowledgeof the epipolargeometryis scalebest
determinedy knowldegeof the baselineor by knowledgeof somelengthin thescene?
While pre-calibratinga stereopair is usefulif it will remainfirmly fixedin place,
it doesnot help for applicationsn which the camerasnay changerelative orientation
betweenrcalibrationin the laboratoryandactualuse.This includes for example,active
vision applicationsvheretrackingan objectmay entailzoomingor relative swivelling
of the camerasas the object moves towardsthe stereopair, just as our eyes startto
crosswhenwe focuson a nearbyobject.In thesecasesan alternative approactthatis
more automatedand closerto self calibrationis preferable Self-calibrationusesonly
point matchesn theimagesto estimatethe epipolargeometry The baseline however,
generallycannotbe attainedthis way since, while anautomatedystemmayfind point
correspondancessing robust methods,it will not know lengthsin the scene.lt thus
remainsfor a later stage whenthe 3D datais analyzedio imposemetric constraints.
We aska similar questionin this case While measuringhe baselinenay be physically
difficult in this case hevertheles®ughtwe to measuret to maximizeaccurag, or could
we achieve equalor betteraccurag by measurin@line in thescendo determinescale?

5.2 Epipolar Geometry

The effectsof knowing internalandexternalparameterganbe broughtout morefully
by definingthe epipolargeometry Initially we will work in homogeneousoordinates.
Let X be a 4-vector specifyingthe 3D positionof a featurepoint,andz; andz, be
3-vectorsgiving the imagepositionsof the featurein eachimage.Homogeneouper
spectve camergprojectiongivesus:

21 =K1 (R |t) X
2y =Ky (Ry|t2) X (5.1)

In the remainingportion of this chapterwe will consideronly distancegelative to the
sterechead andarefreeto chooseanarbitrarygaugefor rotationandtranslationWe let
R, = I andt; = 0 beour motionconstraintsThenwe let R = R, andt = £, andcan
rewrite our equationsas:
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z =K (I]0)X

zo=K; (R|t) X, (5.2)
Fromtheseequationsit is standard27] to derive thefollowing epipolarrelationship:

x, Fey =0, (5.3)

whereF' is the 3 x 3 fundamentamatrix. Now F canbe written asa function of the
motionandcalibrationparametersR, ¢, K, K asfollows:

F=K;"tx RK{'. 5.4
2 1

wherethetensoiproductis definedin section3.2.1.

Whentheintrinsic camergparametersk’y; and K5, areknown, we canwork in nor
malizedfeaturecoordinatesg; = (z; y; 1)' and@, = (5 y, 1), givenby: &, =
K{'z, andz, = K; 'x,. Theepipolargeometnyis thendefinedby theequation

&) B2, =0, (5.5)

whereF is the essentiamatrix. This calibratedversionof thefundamentaimatrix equa-
tion (5.3) wasderived by Longet-Higgengn 1981[45]. The essentiamatrix is related
to thefundamentamatrix via theinternalcamergarametematrices:

E =K, FKy, (5.6)
andsomustbegivenby:
E=txR. (5.7)

While the essentialmatrix is a 3 x 3 matrix with nine parametersit hasonly five
degreesof freedom.As we canseefrom equation(5.7),it encodeghe relative rotation
betweenhe camerasndthe relative translation However, from equation(5.5) we see
thatit actuallyconstraingointsonly up to ascalefactor, andhenceonly definestrans-
lation up to a scalefactor.

Whentheseequationsareappliedto multiple points,we canputtheminto thesame
format and notationas previous chaptersWe write the vector equationencodingthe
featureprojectionsas:

p=1I1,0]. (5.8)

Herep is avectorcontainingtheindividual (z, y) coordinate®f all thefeaturesn both
images,I1 ;[-] encodeghe cameraprojectionequations(5.2) for all featuresin both
imagesand@ is avectorof the unknovn parameterdn theunknowvn F casethevector
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6 containshe unknowvn 3D featurepoints,s,, « = 1, ..., N, andthe essentiamatrix,
FE, orequivalently, therotation, R, andtranslatiort. In theknown E casethe3D feature
pointsareincluded,but the essentiamatrix is known andsois notincluded,while the
baselinep, whichmaybeunknavn is includedin 6.

Theresultis thatwe have the samesetof equationaswe hadfor SFMin Chapter3,
exceptthatnow someof the previously unknavn parametergareknown. We would like
to know how uncertaintiegreaffectedby gaugefixing in this morerestricteddomain.

5.3 Stereowith Known Epipolar Geometry

Whenthe essentialmatrix is known, the only unknowns are the baselineand the 3D

featurepoint positions,andthesecanbe estimatedip to a scalefactor The questionwe

wantto addresss whatis thebestwayto fix thescale?Thiswill bedoneasin Chapter

by measuringa length.But is it bestto measurehe baselineor to measurealengthon

theobject?We will usetheaccurayg of shapaesonstructiomsa measurén comparing
theseoptionsanddeterminingwhichis best.

5.3.1 Parametrization

We start with our known essentialmatrix, ¥, or equialently the rotation, R, and
unit translation,t, where||t|| = 1, sincethesecan be obtainedfrom £ asexplained
in [27, 45]. Theseparametergreincludedin our projectionequationsandtheremain-
ing unknonvn parameter$or N featuresandbaselineareencodedas:

81

o—| |, (5.9)

whereb = ||¢|| is thebaseline.

5.3.2 Optimal Estimate and Accuracy

To solve for theseparametersve definea costasin equation(2.8):
J(0) = llp — IL,[0]|[3, - (5.10)

In this chapterwe will assumethat, while 2D featuremeasurementsiay have their
individual covariancesall of the featuremeasurementareindependentThusV, can
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beencodedsa?2 x 2 blockdiagonaimatrix. Minimizing the costin equation(5.10)will
give usanoptimal estimatef#, which will lie on a gaugeorbit determinedy the scale
factor

The accurag of our estimatedepend®n the covariance.To first order the Fisher
informationmatrix is equalto the Hessianat the optimal solution point, asderivedin
equation(2.19):

Jo =V3.J(0), (5.11)
andthenormalcovariances obtainedasthe Moore-Penrosgeneralizednverseof this:

VJ_g = (JG);;N- (5.12)

5.3.3 Accuracy within Gauges

The covariancewithin a gauge(, is given by the oblique projectionof the normalco-
varianceinto thetangentspaceo thegauge:

.
Ve =Q5Vi5Q5 (5.13)

wherewe have assumedhatour estimated hasalreadybeentransformedo the correct
scale,0 «+ g8, sothatthe Jacobiammatrix is the identity. What remainsto calculate
is the projectionoperatoy Q5 = I — Uec(VgTC Uec)_lVch, which depend®nthegauge
freedommatrix Ug, andtheconstrainigradientmatrix Vg,..

Sincewe only needto consideronegaugefreedom that of scale,letw = Ug, bea
vectorencodingthis gaugefreedom,andwv = Vg, be avectorencodingthe constraints.
In ananalogousnannetrto thatin Chapte, we derive the gaugefreedomas:

81

u = ol (5.14)
SN
b

We will considertwo typesof gaugesor constraintsLet C*/ be the gaugedefined
whenwe find thatthe distancebetweertwo points,s; ands;, is d;;. We write the con-
straintas||s; — s;|| — d;; = 0. LetC® bethegaugedefinedwhenwe measurehebaseline
asd. We write this constraintas:b — d = 0. Letthegradientof thesebedenotedasw;;
andwv; respectiely. They areobtainedexplicitly as:
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0
(8i — s;)/dij 0
0 :
v = ) , vy=| |, (5.15)
: 0
(sj — si)/d; 1
0

whereonly therows correspondingo the:th andjth pointsarenon-zeroin »;;. Using
theappropriateonstrainivector we cancalculateheprojectionoperator@$, andhence
thecovariancen eitherof thesegauges.

We wouldlike to comparehecovariancesn betweergauge€” andC’ to seewhich
leadsto moreaccurateestimatesTo do this we will examinecomponent-wiséhestruc-
ture of the covariancesQOur first obsenrationis that the Fisherinformationmatrix has
thefollowing sparsestructure:

e 0 |Vl
Jg = - : . (5.16)

0 V2 T | Vaud
Vie, -+ Viayd| V2J

It is 3 x 3 block diagonalexceptfor thelastrow andcolumncorrespondingo the base-
line. Thenormalcovariancegivenby thegeneralizednverseof Jg will not,however, be
sparseThe correlationtermsbetweerthe baselineandthe shapepoints(in thelastrow

andcolumn)conspireto fill the elementof the normalcovariance Neverthelesghere
is structurehiddenbelow the surface We seethis if we calculatethe covariancein the

gaugeobtainedoby fixing the baseline:

.
Vy=Q4VieQp | (5.17)

whereQ} = I — uv] /v] u. Thisis exactly the sameassolving for all the shapecom-
ponentswith a known baselinelts Fisherinformationmatrix will be the sameas.Jg

in equation(5.16) exceptwith the lastrow andcolumnzeroed.Hencethe covariance,
formedby inverting all but the lastcolumnandrow of Jg musthave the3 x 3 block
diagonalform:
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Ve, 0 |0
V= h |, (5.18)
0 Vg,lo
0 0 |0

Wherethe3 x 3 blocksaregivenby: V5, = (VﬁiJ)—l, andcorrespondo theindividual
featurecovariancesWe seethat sincethe baselineis known, all elementscontaining
its correlationtermsarezero,andmorewer, unlike in the normalcovariance all of the
individual shapecovariancesrenow uncorrelatedvith eachother

SinceV, canberelatedto the normalcovariance,V, ¢, by equation(5.17),it must
be geometricallyequivalentto V, ¢. Hencewe canobtainthe covariancein ary other
gaugeby obliquelyprojectingV'y, insteadof V', g, asin equation(5.13).Let V4, bethe
covariancein the gaugedefinedby measuringlistanced;;. Again assuminganidentity
Jacobiammatrix, it canbeobtainedas:

\74 . dij dz‘]T
i = QaViQy . (5.19)
We canexpandthis in componentsf Qg“ asfollows:
1 1 1
Vi, =Vy— gufviTij — gvbvzjuT + b—zviTijvijuuT . (5.20)

The secondtierm on theright is a zeromatrix exceptfor the :th and jth columns.The
third termis the transposef this andsois zeroexceptthe ith and jth rows. Thefinal
termis justaconstantimesthe positive semi-definitematrix ww ' .

Sayour goalis to accuratelyestimatdengthdy, = ||sx — s;||. Canwe sayin which
gaugeit would be bestto work? Let 0212 bethe varianceof thisin gaugeC® with mea-
suredbaselineandUZQ be the variancein gaugeC* with measurediistanced;;. We
first obtainfor thebaselinegauge:

2
ol = Ved; Vi Vedy . (5.21)

Now in gaugeC¥ it is clearthatif wewantto predictthesamedistancehatwe measured,
theuncertaintywill bezero.Solet usassuméhatthelengthwe measured;;, is notthe
lengthwe are predicting,dy;, andfurther assumehatit doesnot shareendpointswith
theline we arepredicting,thatis s;, s;, s;, ands; areall distinctfeaturesdenotedas:
1,j # k,l. Thenwe obtain:

ij2
oy = Vedly Va, Vedy
1 1
= Ved}, <vb - —uv [V — 5

1
b vaijuT + —’UT'Vb’UZ']"LLuT) Ve dii

p2 i
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1

b?
1
b?
Thesecondandthird termsof the expansionof V4, dropoutsincetheir non-zerarows
andcolumnsdo not overlapthe non-zercelementof Vgdy;. The lastterm of equation
(5.22)is strictly greaterthanzeroso long asboth distancesd;; anddy;, arenon-zero,
andV; isrank3N. Hencewe candeducehefollowing theorem.

2
= Uzl + (viTijvij)(ng,Ilu) (UTVGdk[)

2
= UZZ + (viTijvij)(ng,Ilu)Q (522)

Theorem5.3.1. Consideran object model reconstructedrom a perfectly calibrated
stereo pair. Let C* be the gaugedefinedby fixing distanced;;, and C® be the gauge
definedby fixing the baselineb sothat the objectscaleis the samein ead gauge Fur-
ther let dy; be thelengthwe wish to estimatenot sharingfeatute pointswith d;;, and
afjf ando?,” beits variancesin gauge<’* andC? respectivelyThenif thenormalco-
variance(or any geometricallyequivalentcovariance)of the objecthasa nullspaceof

rank 1, wecanstate:

UZZ > 0212. (5.23)

Thatis, for asteregpair with known F, if we canmeasurehe baselingperfectlyor ary
otherlengthon the objectperfectly we will obtaina moreaccuratesstimateof length
dy; usingthebaselingo fix thegauge.

This resultdoesnotapplyif themeasure@ndpredictedengths,d;; anddy;, sharea
featurepoint. Intuitively this is understandabl#om Chapterd sincethenthesdengths,
dependingntheir orientationsmaybe stronglycorrelatecandfixing onemay strongly
reducetheuncertaintyon the other

An intuitivereasorfor thistheoremis asfollows.Fromthestructureof theHessiaror
the Fisherinformationmatrix, we seethatthe causeof the correlationbetweerfeature
pointsis only dueto their respectie correlationwith the baseline Whenthe baseline
is fixed they are uncorrelatedHencewe canthink of fixing a point asfirst affecting
thebaselineandonly throughthis effectit thenaffectsotherpoints.Directly fixing the
baselinghushasa morepronounceaffecton thefeaturepoints.

5.3.4 Sensitivity to MeasurementErr or

Theuseof theorenb.3.1in realapplicationgdepend®nthegaugefixing measurements
having perfectaccurag. If our measuremerdf lengthd;; or of the baselineb haserror
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in it, thenfinal estimateof d; will have anadditionaluncertaintyterm.This uncertainty
termcorrespondgpreciselyto thatwe derivedin Chapter, sectionst.2.3and4.3.2.

Leto; ando?; bethevarianceof themeasuremertf thebaselineandthelengthd;;
respectiely. Thenit follows, from ananalogouglerivationto thatin Section4.3.2,that
in gaugeC® thevarianceof our estimatedengthdy, becomes:

2 d?
ol = Ved; Vi Vody + afb—’;’ : (5.24)
In gaugeC™, thevarianceis:
ij2 T 2 diz
Op = Vedkl th.] Vedkl + Uijﬁ . (5.25)
%]
We seethattheadditionalerrortermis scaledby the squareof theratio of thelengthwe
areestimatingo thelengthwe measuredThebaselinds treateddenticallyto ary other
length.Thustheerrorfor longerlengthsis reducednorethanfor shortedlengths Hence
if of = afj andif we measurea lengthon the objectthatis longerthanthe baseline,
the error in its measuremenyill be lesssignificantthan the error of the baselinein
predictinganothedength.

5.4 Stereowith Unknown Epipolar Geometry

Our previousresultthatcompareghe accurag of knowing the baselineversusanother
lengthsin the sceneappliesonly in the caseof known epipolargeometryWe now want
to derive a similar comparisorfor the casewhentheepipolargeometryis unknovn, and
itself mustalsobe estimatedalongwith the shapegrom matchedeaturepoints.

5.4.1 Parametrization

We assumenow that the positionsof the N 3D points,the baselineand the essential
matrix are all unknown. Sincethe essentiaimatrix containsonly five independenpa-

rametersye choosdo encodet usingthecameraotationandtranslatiorasin equation
(5.7). Thetranslatiorwill only berecoreredup to a scalefactor The baselinds corve-

niently encodedasthe the magnitudeof the translation: = ||¢||. Perturbation®f our

parameterarethusencodedn the3N + 6 elementvector:
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ASl

A60=| asy | - (5.26)
At
AR

Theoptimalsolutionandits accurag arecalculatedanalogouslyo section5.3.2,but
therankof thenormalcovarianceis 3N + 5.

5.4.2 Accuracy within Gauges

In orderto calculatethe covariancewithin a gaugewe will usethe gaugefreedomsand
constraintsSinceoveralltranslatiorandrotationarefixed,thereis only ascalefreedom.
This gaugefreedomis encodedn vectorform as:

Againwe considetwo kindsof constraintsThefirstis whenthedistancebetweerpoints
s; ands; is foundto be d;;, andthe secondvhenthe baselinegivenby b = ||t|| is of
length d. In the sameform as equation(5.15), the gradientsof theseconstraintsare
respectiely:

0
: 0

(8i — s;)/dij
0 .

v = : , v=| 0 |, (5.28)

' t/d

(85 — si)/dij 0
0

In this casewe cannotprove the sameresultaswhenthe essentiamatrix is known.
TheFisherinformationmatrix now hastheform:
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v2.J 0 |Veed | Vet

Je=1| 0 V2. J \Veytd|Vayad | - (5.29)
Vis,J - VasyJ| ViJ | VigJ
VasJ  VasyJ|Vadl | V4]

We seethatfixing thebaselinestill leavescorrelationtermsbetweershapeandtheother
translationandrotationcomponentsThuswe usethe normalcovariancein our uncer
tainty modeling:

Vig=(Je)snys- (5.30)

This is transformednto the gaugecorrespondingo our measurementi;; or b, andwe
obtainthe predictedvariance,afj)2 or 0212, of our estimatedength,e;; asin equations
(5.24)and(5.25):

To compareknowledgeof the baselinewith knowledgeof lengthson the objectwe
will insteadrely on numericalanalysis.This modeof stereo,in which we solve for the
epipolargeometryis preciselythe 2-imageSFM problemwith known internalparame-
ters.Thusourresultsfrom Chapte#t applyandcanbeusedo determinavhichlengthin
thescendt is bestto measureHerewe would alsolike to know how fixing thebaseling

affectsaccurag in comparisorio lengthson the object.

5.5 Experiments

We illustrate our error estimationmethodon stereoviews of a real objectwith ground
truth, anda syntheticsequence.

5.5.1 StereoPairs of a Cube

Figure5.1shovsasteregpairof a30 x 30 x 30cmcubewith asetof registeredeatures.
Theimageshave beenrectifiedandareobtainedusinga pre-calibratedigiclopsstereo
head.The featuresare hand-rgisteredfeaturesandwe assumehey have independent
and uniform error distribution, but with unknown overall variancemagnitude The 3D
positionsof thesefeaturesonthecubeweremeasuredo +0.5mmaccurag. We selected
two linesonthe cube,along one L, anda shortone S, which we will useto illustrate
theeffect of gaugefixing. An evenshorterline, T', is usedin someof our examples.



5.5 Experiments 137

Fig. 5.1. A stereopairof a30 x 30 x 30cm cubewith 45 featureamatchedby hand.We measuredhe 3D
ground-truthpositionof eachof thesefeatureson the cubeto +0.5mm accurag. Threeof thelineson the
cubewill beusedfor gaugefixing, andthesearelabeledL, S andT.

Now the3D shapecanbeestimatectitherassumindghesterecheadhasknown essen-
tial matrix, £/, or unknonvn E. The 3D reconstructioralongwith uncertaintyellipsoids
is shavn for theknown E casen Figure5.2andtheunknavn F casein Figure5.3.Not
surprisinglythe error is significantly larger whenthe relative rotation and translation
areunknown. In both of theseFiguresthe uncertaintiesare shown for the threegauges
correspondingo () fixing the baseline,(b) fixing line L, and(c) fixing line S. The
variationin the ellipsesbetweenthe gaugesshows the significanteffect of the gauge.
Large ellipsesmay sometimedide significantcorrelationbetweenfeatures.So while
Figure5.3(b) appearso have significanterror, thisis mostlydueto uncertaintyin object
position,andwhenthe coordinatesystemis placedon the object,asin (d), we seethat
the inter-featureerroris small. This illustratesour point thatwe canonly properlytalk
of estimateghatareinvariantto the unknovns,namelyoverall rotationandtranslation,
andsowe cannotmeaningfullydefineabsoluteeaturepositionanduncertaintybut can
give estimate®f lengthsandtheir uncertainties.
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(@) (®) ©)

Fig. 5.2. TheestimatedD shapewith ellipsoidsrepresentingtandardieviationsis shovn, alongwith the
two camerapositionsfor the known E stereocase A differentgaugeis choserfor eachof theseplots.In
all of themthe coordinateorigin andorientationis fixedwith theright cameraln («) thebaselinds usedto
fix thescalejin (b) line L is usedto fix thescale,andin (c) line S is usedto fix thescale.

Ontop of the 3D reconstructionin Figuresb.2 and5.3we includea setof 40 lines
connectingfeaturedo aid in viewing. If we know the scaleof the cube,we canpredict
thelengthof eachof theselines,aswell asour uncertaintiesn thesepredictionsusing
equationg5.24)and(5.25).Thelengthsandtheiruncertaintiegreinvariantto thetrans-
lation andorientationof the coordinatesystemof the stereopair. Figure5.4 showns the
uncertaintiesn the predictionsof eachof theselines for four gaugesknown baseline,
known L, known S, andknown T'. We seethat when F is alreadyknown, knowing
the baselines betterthanknowing L, S or T, exceptin predictinga few lines which
correspondo thosethat shareendpointswith L or S. But in the examplewhen £ is
unknawn, the opposites true; knowing the baselinds generallytheleasthelpful gauge,
alwaysgiving moreuncertaintythan L or S, althoughbetterthanT'.

To confirmthattheuncertaintyneasureshavnin Figure5.4do actuallycorrespond
to thereal standardleviationsof the lines givenour noisemodel,we performeda setof
MonteCarloexperimentsTheresultsshavnin Figure5.5confirmthattheseuncertainty
measuresirecorrectindicatorsof the standardieviation.
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(©) ()

Fig. 5.3.Asin Figure5.2,theestimatedBD shapewith ellipsoidsrepresentingtandardleviationsis shavn,

alongwith thetwo camergpositions but herefor theunknown E stereocase A differentgaugeis chosen
for eachof theseplots.In (a—) thecoordinateorigin andorientationis fixedwith theright cameraln (a) the

baselinds usedto fix thescalejn (b) line L is usedto fix thescaleandin (c) line S is usedto fix thescale.
Theplotin (d) is similarto (b) in thatline L is usedto fix thegauge but the origin of thecoordinatesystem
is fixed to the middle corner The resultingdecreasén covariancesvhenan object—centeredoordinate
systemis usedshows that the covariancesn (a—) are strongly correlateddueto the uncertaintyof the

overall objectposition.We concludethat, at leastin this examplewith unknavn E, stereoprovidesbetter
shapeestimationthandepthestimation.
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Fig. 5.4. Theline predictionuncertaintieslueto gaugefixing areshown for (a«) known E stereoand(b)
unknown E stereo.Theseplots shav the standarddeviation of eachline whenone of the line lengthsis
assumedo be known. The solid line correspondso the estimateobtainedwhenthe baselineis fixed, the
dashedine whenline L is fixed, the dot-dashedine whenline S is fixed, andthe dottedline whenT is
fixed.
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Fig. 5.5.In orderto confirmthattheuncertaintieplottedin Figure5.4actuallydo correspondo thestandard
deviations of a modelwith Gaussiamoise assumptionwe performeda Monte Carlo simulationof the
sterecalgorithm.We usedthemodeloriginally estimatecsour “truth”, andaddeduniform Gaussiamoise.
We performed200 simulationsandrecordedthe estimatedine lengthsfor each.Plot («) is the known £
caseandplot () the unknovn E caseandin both casesve assumedhe baselinewasknown. The solid
line shows the predictedstandarddeviation in the estimateof eachline, the dashedine is the empirically
measuregtandardieviationfor 200runs,andthedottedine is themearerror As thenumberof simulations
increaseso infinity, we expectthe measuredtandardieviation to equalthe predictedstandardieviation,
andthemeanerrorto bezero.Unitsarein centimeters.

We canalsousethe groundtruth of eachline asa way to fix the scale,andthento
estimateour lengths Figure5.6 shavs this resultfor predictingline L. Thetruelength
is 30cm,andtheerrorin the predictionscorrespondvell with the uncertaintiesWe also
show the predictionsand uncertaintywhenthe baselineis known. We seethatin the
known F casethis providesalower boundon uncertaintyandin theunknowvn E caseit
is worsethanall thelinesonthecube.

We have shownn resultsat a single baseline but would like to seehow the results
vary whenthe baselineis changedFigures5.7, 5.8, and 5.9 give resultsof prediting
line lengthsin differentgaugesandfour differentbaselinesysingequationg5.24)and
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Fig. 5.6. We show the predictedvalueof line L, usingeachof the otherlinesto fix the scale,alongwith
the uncertaintyin standarddeviationsfor (a) stereowith known £ and(b) stereowith unknovn E. The
right-mosterror bar is the predictionand uncertaintywhenthe baselines usedto fix the scale.The true
lengthis 30cm.

(5.25).As we would expectfor smallerbaselineghe uncertaintyincreasesand larger
baselinegive moreaccurateestimatesT hroughoutherangeof thesethetrendis main-
tainedof fixing the baselineébeingthe bestoptionfor steredknown £ anda pooroption
for stereowith unknowvn E. Only for the very small baselinedoesthis breakdown and
all gaugesaremoreor lessequialently poor. We expectthis is becausehe erroris so
large at that point that our first orderapproximatiorof our recoreredsolutionbeingat
thetrue solutionbreaksdown.

5.5.2 StereoPairs of a Synthetic Sphere

In theorywe have solvedthebaselingoroblemfor stereowith known epipolargeometry
and confirmedempirically that knowing the baselineis betterthanlengthson the ob-
ject. However, in the casein which we simultaneouslsolve for epipolargeometryand
objectshapepur resultsshav thatcomparedo somelinesfixing the baselines better
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Fig. 5.7. Analogouslyto Figure5.9,we shawv the uncertaintiesn predictingeachof theline lengthsusing
thebaselinedrom Figure5.8, but with a camergpair having known E. Thelengthof the baselingfor each
plotis: (@) 1.2cm,(b) 10cm,(c) 32.5cmand(d) 41.9cm.n eachcasehesolidline indicatesheuncertainty
whenthebaselings fixed, the dashedine when L is fixed,andthe dot-dashedine when S is fixed. (See
Figure5.1 for the imagesin the 10cmbaselinecase.)Plot (¢) shows the casefor a very small baseline.
Herethe uncertaintiesarevery large andour claim thatfixing the baselineis alwaysbestfails. For larger

baselinesthough,we seethatindeedfixing the baselinds alwaysbetterthanfixing oneof the othertwo

lengthson the object, exceptwhenthatline includesoneor two of the endpointsof the line we wantto

predict.
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Fig. 5.8.Whichevergaugeis used theuncertaintywill dependonthebaselineof the camergpair. Herewe
shav the3D uncertaintiedor differentbaseline®f theunknovn £ camergpair andwith thebaselineused
to fix the scale.The lengthof the baselinein eachcaseis: () 1.2cm,(b) 10cm,(c) 32.5cm,(d) 41.9cm.
Figure5.9 shavstheuncertaintiesn predictinglengthsfor eachof these.
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Fig. 5.9. We show the uncertaintiesn predictingeachof the line lengthsusingthe baselinedfrom 5.8,

andanunknavn E camerapair. In eachcasethe solid line indicatesthe uncertaintywhenthe baselineis

fixed,thedashedine whenlenght L is fixed,andthe dot-dashedine when S is fixed. (SeeFigure5.1 for

theimagesin the 10cmbaselinecase.)Plot () illustratesthatwhenthe baselines very small, the errors
becomevery large,andin this casetoo large to maketheresultsmeaningful We noticethatasthebaseline
is increasedn plots (b—), the uncertaintieslecreasebut the uncertaintieaisingthe baselineto fix scale
alwaysremainlargerthanthe uncertaintiesisingthe otherobject-basedauges.
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but comparedo otherlines fixing the baselineis worse.Thuswe would like a better
characterizatiof whenknowing the baselinds betterandwhenit is worse.

We give someempirical resultsfor stereopairson the syntheticspheredescribed
in section4.5.2. The two furthest-apartamerasare usedfor stereo,andthesehave a
baselineexactly equalto the diameterof the sphereasillustratedin Figure5.10.The

Fig. 5.10.A spherecreatedby intersecting3 circles orthogonally We areinterestedn predictingthree
diameterdabeledl, 4 and7, aswell asthebaseliné whosedengthis onediameterTo predictthesdengths
we will individually fix all of the otherdiameteramarkedwith solid lines. The dashectirclesareonly to
aidin viewing. We comparethisto SFM resultswith five camerasn Figure4.14.

uncertaintie®f predictingeachof these or equivalently, dueto our symmetryrelation-
shipin Figure4.1, of the uncertaintiesn usingeachof theselinesto predictthe other
lines,areshowvn in Figure5.11.We notice,first of all, thatthe uncertaintiegenerated
by gaugefixing with lines 1, 4 and7 have the samepatternasin the multi-imagecase
of SFM shown in Chapter4, Figures4.15and4.16. The only significantdifferenceis
thatwith two camerasheuncertaintiegrelarger. As we anticipatedrom theequations,
stereowith unknown F is aspecialcaseof SFM, andsotheresultswe derivedin Chap-
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ter4 andour numericalanalysisor the SFM casewith asmallrangeof cameranotion,
will applyto thistype of stereo.

Figure5.11alsopermitsusto compardixing the baselinewith fixing otherlineson
the objectthat have the samelength.We seethatin almostall casedixing the baseline
givesgreatemncertaintythanfixing theotherlines. Theonly exceptionsarein compari-
sonto line 1, alongtheviewing direction.Fixing line 1 givesslightly greatemuncertainty
in predictingthelinesin theplaneperpendiculato theviewing directionthantheuncer
taintiesobtainedor thesdinesby fixing thebaselineThis resultif for acompacibject
with smallfield of view. With a largefield of view we would expectmoreaccuratess-
timation of the cameramotion,andhencemeasuringhe baselinewill notbe aspoora
methodfor fixing thescale.

5.6 Discussion

In this chapterwe have examinedthe effects of gaugefixing on length estimationfor
stereo.Two differentstereoconfigurationsvereconsideredin the first we assumehat
theepipolargeometnyis perfectlyknown, but thebaselindgs unknowvn. In thesecondve
includeestimationof the epipolargeometryalongwith the shapeestimationfor feature
correspondance$he main questionwe askedwaswhetherit is betterto measureand
fix thebaselineor to measurandfix alengthin the scenefor optimalaccurag.

Our resultfor the caseof known epipolargeometryprovedthatit is alwaysbestto
know the baselineperfectlyratherthana line on the object.If the baselineand other
lengthscanonly be known up to a limited accurayg, thenthe longerthe lengthwe fix
thelessthis errorwill propagateHenceit is feasiblethatif the baselindgs known upto
a limited accurag thatit may be betterto measurea muchlongerline in the sceneln
generalthough this resultjustifiesthe standardapproachof pre-calibratinghe baseline
alongwith therestof the steregparameters.

Unlike the previous case we found numericallythat whenthe epipolargeometryis
unknavn andestimatedalongwith shapefixing the baselineis one of the worstmea-
suresin termsof final shapeaccurag. This is a usefulfact for active vision systems,
sinceit meanghatit is probablynot a goodideato try andcarefully measurghe base-
line of camerashatswivel with respecto eachother Ratherit is betterto obtainmetric
informationby usingaknown dimensionof anobjectin thescene.
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Fig. 5.11.The uncertaintiesn line lengthsobtainedby fixing: (a) line 1, (b) line 4, (c) line 7, and(d) the
baseline.Column 34 correspondgo the baselineuncertainty Fixing the baselinegives the worstresults
exceptfor someof thelinespredictedby fixing line 1. The epipolargeometryis assumedo beunknown.



6. Discussion

We have investigatedhe problemof parametrizednodelfitting whenthereareindeter
minaciedn thefitted parametersThe problemwe focussenwas3D computewision.
Ourfirst goalwasto seewhatconsequencdableseandeterminaciefave on perturbations
of the solution,andhencehow the uncertaintyof the solutionis impacted-This wasfol-
lowed by our analysisof the gaugefixing problemand how to bestchoosegaugedo
optimizeaccurayg. This investigationhasproceededrom a theoreticalto an empirical
analysisandsoughtto discover theimplicationsfor 3D estimationfrom imagesbothby
SFM andby stereoWe now wish to summarizehe key conceptghatwe elucidatedn
thetheoryandin theempiricalanalysis We will alsoidentify someof thelimitations of
our analysisandproposedeasfor continuedresearch.

6.1 Summary and Contrib utions

We usedthe ideaof conceptualizingndeterminaciess gaugeorbitsin a high dimen-
sional parametespace asdescribedn Chapter2. All the pointson a gaugeorbit are
geometricallyequivalentgiven only our measurementsolvingfor the “true solution”
becomedinding the correctgaugeorbit in this space Usingthis asour framework, the
next stepwasto analyzethe uncertaintyof the solution.

6.1.1 Uncertainty and Invariants

While all pointson a gaugeorbit aregeometricallyequivalentgivenour measurements,
their parameteraluesmay vary significantly This meanghatthe parametershatvary
alongthe gaugeorbit are not true geometricpropertiesof the solution. Ratherit must
be gaugeinvariantsthatdescribetrue geometricentities,astheseremainconstanion a
gaugeorbit. Sowe could considerusingonly gaugeinvariantsof our solutionandtheir
uncertaintiesaasvalid descriptionsof our model. This would eliminatethe problemof
indeterminacies.
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Furthermoreinvariantsare particularlyusefulin evaluatingthe quality of a method
for estimatingparametrizedjuantities suchas3D positionof points.If anestimatoris
unbiasednderrorsaresmall,generallythesmallerthecovariancehebetter But if non-
invariantpropertiesare predictedby the estimatoy the choiceof gaugemay be critical
in this evaluation.In somegaugeghe parametersnay have very smallcovariancesand
in othergaugesthey may have large covarianceslf thereis no prior justification for
a particulargauge,one canbe temptedto choosea favorablegauge andin doingthis
“normalize” away a significantportion of the noise.In comparisonst is thussaferto
reportinvariantpropertiesThesedo not dependon choiceof gaugeandsowill not be
increasedr decreasedy arbitrarychoicesn the experiment.

However, for the actualoperationof an algorithmandin the interpretationof the
results,it is generallynot feasibleto restrictour modelparametessetto include only
thoseparameterthataregaugenvariant.An objectdescriptiorof purelengthratiosand
angleds noteasyto createor to interpret,whereast is easyto interpretandmanipulate
a modelbasedon 3D point positionsandcameraotations.But 3D point positionsand
cameraotationsarenot gaugenvariant.Thuswe wouldlike our methodgo work using
non-invariants,but to operateon themin a way suchthat whenthey are evaluatedor
comparednly theessentiajeometridnformationthatis gaugenvariantis considered.

6.1.2 Uncertainty and Geometric Equivalence

Our first goal, startingin Chapter2, wasto characterizeéhe uncertaintyof 3D model
estimationusingnon-invariants.We assumedhat outliershave beenremored andthat
thenoiseis small,andfocusedon first orderperturbatioranalysisof the solution.

GaugeFreedomsaA first stepof perturbatioranalysisis to locally linearizethe param-
eter spacearoundthe point of interest.If the parametersre invariant,andthereare
sufficient measurementshe solutionis locally uniqueandthe analysisbecomestan-
dard covariancepropagationWhenthe solutionlies on a gaugeorbit, aswill happen
whenthe parameterarenotinvariant,we identify the gaugefreedomsasconsistingof
the tangentspaceto the gaugeorbit at that point. The factor that makesour analysis
interestingand differentfrom standardperturbationanalysisis preciselythe effects of
thesegaugefreedomsn perturbations.

A perturbationalong a gaugefreedomis not detectabléby our measurementand
hencemustbeeliminated We eliminatethesegaugefreedomdy applyinga setof gauge
constraintghatdefinea locally uniquesolution. Theseconstrainteffectively definelo-
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cally anew parametespacewith nogaugereedomsStandargerturbatioranalysiscan
be performedin this parametespace put now the problembecomeshow to relatethis
analysigto our original problemparametershathave gaugefreedoms.

Geometricequivalence We derivedageometricequivalencdestwith whichto compare
perturbationsof parametersn differentgaugesThis links the uncertaintydescription
with ary one setof constraintgo the uncertaintydescriptionthat usesanotherset of
constraintsOnly the essentiajeometrigpropertieghataffect theinvariantsareusedin
this comparison.

Obligue Projection. We alsoderived an operatorto transformperturbationsor covari-
ancedo differentpointsonthegaugeorbit andbetweerdifferentgaugemanifolds.This
operatorinvolvesa changeof variablesstep,andthenan oblique projectionalongthe
tangentspaceto the gaugeorbit and onto the gaugemanifold. By this procesghe ge-
ometric equivalenceof the uncertaintymodelsis maintainedbetweendifferentsetsof
gaugeconstraints.

Normal Covariance.If we wish to obtaina covarianceat a point on the gaugeorbit
without specifyinga setof gaugeconstraintsthen calculatingnormal covarianceis a
corvenientmethod.It is definedindependendf gaugeconstraintsandgivesusa lower
boundon thetotal covarianceat thatpoint. It cansubsequentlpe transformednto ary
particulargauge Thenormalcovariancecanbethoughtof asbeingin thegaugananifold
perpendiculato the gaugeorbit.

GaugeFreedomsn SFMand Steeo. Now in 3D estimationfrom imagesthe basicin-
determinayg is a similarity transformationWe amguedin Chapter3 thatthereis no“cor-
rect” coordinatesystemandno overallscale asthesequantitiesarelostin theprojection
processexceptin orthographywhich ideally keepsthe correctscale.In orderto mean-
ingfully expressthe uncertaintyof the estimatedshapeandmotion parametersequires
that we choosea gaugeto expressthe covariancein. We derived the gaugefreedoms
for perspectie,weakperspectie andorthographicameranodels andthenusingthese
freedomsalongwith whichever setof constraintave like, we shavedhow to transform
ary covarianceinto ary gaugewe choose.

Fast CovarianceEstimationin SFM. As an estimatefor the covariancein an arbitrary
gaugewe could usethe normalcovarianceasthis canbe obtainedby simply takingthe
Moore-Penros@verseof the Hessiamat the solution. Alternatively, sincethis may be
computationallyexpensve, if eitherthenumberof imagesor featureds small,we could
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usethefastinversionmethodthatwe derivedin Chapter3 andprovedwasgeometrically
eguivalentto thenormalcovariance.

6.1.3 Uncertainty Within Gauges

Sometimesve may obtaininformationfrom anadditionalmeasuremertb actuallyde-
terminethe gauge.If we aregiven freedomin selectingthis measuremenfrom a set
of possibilities,we would like to know which optionwill give usthe greatesaccurag.
Of coursethis depend®n which quantitiesonewantsto maximizetheaccurag of. We
choseto look at line lengthsin a scene Thesehave the propertythatthey areinvariant
to overall translationand rotation,and hencechoiceof gaugeinvolvesonly fixing the
scale.

GaugeFixing with Lines. In orderto calculategheaccurag of line lengthsjn Chapted

we derivedhow thevarianceof eachotherline will beobtainedvhenwefix oneline. We

theninvestigatedhow thegeometriqpropertieof aline, in particularits orientatiorwith

regardto the camerasits positionandits length, affect its effectivenesdn predicting
otherline lengths We dividedobjectsinto two classesthosehaving alargefield of view

comparedo theline lengthswe are comparingandthosehaving a smallfield of view.

Objectswith alargefield of view resultedn therebeinglittle correlationbetweerlines,

and hencelines that are closerto the cameras|onget and orientedorthogonalto the
viewing directionaremostaccuratelyestimatedandgive the bestgaugeconstraintsOn

the otherhand,objectswith a smallfield of view tendto have large correlationbetween
line lengths,andso choosingthe bestlengthandorientationof a line to fix depend®n

which line one wantsto estimate For example,unlike large field of view objects,we

showvedthatlines parallelto the viewing directioncanbe moreaccuratelyestimatedy

measuringtherlinesalsoparallelto theviewing direction.

LocalizationError. We identifiedfeaturelocalizationerror as an additionalsourceof
errorin 3D estimationfrom SFM andstereo Standardnethodslo notmodelthis source
of error. We createda modelof it andincorporatedhisin our uncertaintyanalysisthus
overcomingthe tendeng of methodghatignorethis effect to underestimaterror The
moreimagegherearein asequencehegreateitherole playedby thelocalizationerror.

Steeo. ThesteregroblemwasalsoconsideredWe examinedstereawith known epipo-
lar geometryand stereowith unknovn epipolar geometry and askedwhat the best
methodfor fixing scaleis. In the casewith known epipolargeometrywe proved that
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if we canmeasurehe baselinewith perfectaccuray, thatthis resultsin the mostaccu-
rate3D estimatiorprocedureln thecasewvheretheepipolargeometnyis solvedfor along
with the shapethisresultdoesnot hold, andwe shavednumericallythatmeasuringhe
baselinds amongtheworstmeasuresvith whichto fix thescale.

6.2 Limitations and Futur e Work

Thereareanumberof limitationsto our approachandin our analyzesWe will identify
anumberof thesdimitationsandfor someproposedirectionsfor futurework.

6.2.1 Large Errors

We have notdealtwith theoccurrencef largenoiseor grosserrors.Grossmeasurement
errorswill biastheresultsandthe covariancewill thenonly give a precisionmeasuref
ourestimateandnotatrueuncertaintyestimateWe dealtwith this problemby manually
remw/ing bad matchesand correctingsomepoint coordinateghat had severe errors.
For realvision systemst would be muchpreferabldf thesecouldberemovedthrough
automaticoutlier detection.We would like to seehow accuratea modelof a housea
purely automaticsystemcould create.Part of this shouldinclude failure evaluation.If
the noiseis too large thenthe linear approximationsto rotationsfor example,fail, and
our uncertaintiegarenot meaningful.But it may not be easyto decidewhatis simply a
largeerrorandwhatis a meaninglessesultbecausé¢helinearapproximatiorhasfailed.

6.2.2 Over-fitting and Under-fitting

A potentially difficult problemto diagnoseis over-fitting or undeffitting our model.
Both of theseproblemscould resultin severely biasedresults.For example,usingan
orthographiccamerato estimatea scenehaving large fore-shorteningvill give skeved
resultsdueto undeffitting. But similarly usinga perspectie camerato modela scene
thatis closeto orthographianayoverfit andalsoproduceskevedresults Thisis harder
to detectsincethe actualerrorwill be small. Sometimeghis is revealedby the Hessian
having morethanthe expectednumberof close-to-zersingularvalues.But thisis nota
reliabletestwhenthereis noise.Oneapproacho solvingthis is to usegeometricAIC
describedy Kanatani34]. We canestimateheshapeausingall possiblecameranodels
andcompareheirinformationcriterionnumbersTheonewith thesmalleshumberhas
fit the databestwith the leastover-fitting. In actualpracticewe roughly emulatecthis
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approachsincewe fit multiple cameramodelsto thedataandchosethe onethatgave us
the“bestlooking” result.But having a quantifiablemeasuref thiswould be preferable.

6.2.3 Critical Configurations

Critical configurationscreatea difficulties for our uncertaintymodeling.We canthink

of theseasplacesin which gaugeorbitsintersector split. They may actuallyintroduce
additionalindeterminaciesandif theuncertaintymodelingis to be correctwe will need
to modeltheseadditionalindeterminaciedt maybefruitful tolook atadditionalpossible
indeterminacieandcharacterizéheir gaugefreedomsThenonealsohasto detectthat
one hasentereda critical configuration,or elseis neara critical configuration.Being
neartheseconfigurationscould makeour linear approximationgpoor. Hencethereis

muchwork to do for uncertaintymodelingnearcritical configurations.

6.2.4 Local Minima?

In orderfor our covariancemodelto correspondo the true uncertainty our solution
mustbe atthe globalminimum of the cost.Henceour analysisassumedhatwe always
achievedthis point. It waseasyto identify mary of the local minimaby examiningthe

errorsafter corvergence.For manualtrackingtheseerrorshada standarddeviation of

undera pixel, andif corvergenceleadto a significantlylargererrorthenwe concluded
thatit wastrappedby alocal minimum.Local minimawerecircumwentedby changing
the startingpoint or first applyinga differentcameramodel.All of this involvedsignif-

icantmanualintervention,andtherewasno ultimate guaranteehatthe global solution
hadbeenachieved. This, however, is aproblemcommonto mary nonlinearoptimization
tasks,andoneapproacthis to usesomethindike SimulatedAnnealing.

6.2.5 Sourcesof Bias

We identifiedfeaturdocalizationasasourceof biasin thestandarcsFM andsterecalgo-
rithms.Our methodin dealingwith this madesomeroughapproximationsandassumed
thatwe knew thevarianceof image-basetkaturelocalization.We thenguessed num-
ber for imagelocalizationerror, but we would like to investigatethis further. It should
bepossibleto characteriz¢his errorfor agivenfeaturedetectorusingsyntheticimages.
Thenwe could obtain a lessarbitrary varianceestimatefor our localizationmodeling
scheme.
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Theremaybe othersourceof bias.For examplethe cameranodelmay not be pre-
cise. For eachpossiblesourcewe shouldestimatethe magnitudeof its effect on our
solutionandfrom this decideif it is worth modeling.

6.2.6 Line Fixing Corr elations

We have numericallyanalyzedandcompareda few casef gaugefixing usingdiffer-

entlines. We identifieda numberof patterndn which somelines provide bettergauge
constraintghanotherlines.We expecttherearemorepatterndo beidentified. The only

SFM caseswe consideredverethosewherethereis a singleapproximateviewing di-

rection.If, however, thecameramotionis large,thenthe considerationfor determining
which line providesthe bestgaugemaychange.

6.2.7 GaugeFixing and Stereo

We only lookedat two case®f stereoknown epipolargeometryandunknownn epipolar
geometry Thereare a numberof intermediatecasesto consider If only someof the
extrinsic parametersreunknownn, for examplethe cameragsantranslatebut not rotate,
it would beniceto know whatthe effectsof gaugefixing for thesesystemsare,andhow
fixing thebaselinecompareso fixing line lengthson theobject.






A. Exponential Mapping for Perturbations

We needto makesmallperturbation®f ourparametevectoré thatstayin theparameter
space’ . Thisis nota purely linear operationsincesomeof the parametersrehighly
constrainedin particularthenineparameters arotationmatrix have only threedegrees
of freedomThisis achiezedthroughuseof anexponentialmap.If @ isapointin 7', then
aperturbedpoint, @', is alsoin 7 if it is obtainedas:

0’ = exp(A06)0, (A1)

The exponentialmapsa perturbation A8, in the tangentspacely[ 7] ontothe space]
itself [40]. Thisis necessarywhenthe perturbationA@ is notin thespaceT .

A.1 Translation Perturbations

Perturbation®f translationsireobtainedas:
t' = exp(At)t =t + At, (A.2)

with higherordertermsbeingzero.

A.2 Rotation Perturbations

Perturbationsf rotationscanbe expresseds:
R =exp(AR)R = (cos AQT+ (1 —cos )T +sin 21 x I) R (A.3)

where {2 is a vectorwith threerotationparameters(? = ||$2|| andl = $2/||£2||. This
is an exact expansionandis known asRodriguesformula. It ensureghat our rotation
perturbationgivenby matrixexp($2), is avalid rotation.It rotatesanangle|| £2|| around
axis 2.

To first orderthe perturbatiorcanbewritten as:

AR= AN x R. (A.4)
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or alternatively in theform:
Ar=HTAN (A.5)

where

A I
R:(m,m,m), Ar:( Tl) and HT:—(T1>< ) (A.6)

AT‘Q r9 X I

Thethird columnof the rotationmatrix R canbe obtainedby the crossproduct:rs =
r1 X 19, andsoit sufficesto usejustr; andr, to encodeheglobalrotation.Matrix H
is achangeof variablesmatrix andso canbe expresseds:
or

H = EYTR (A.7)
This canbe usedin the chainrule whenwe have a function 7 (r) andwantto obtainits
gradientwith respecto 2 parameters:
_ Or 0F(r)

a2 or

VaF(r) = HV,F(r). (A.8)



B. Mor e StereoUncertainty Results

In thecaseof unknown epipolargeometrysterecestimatioris justthetwo-imagecaseof

SFM.It turnsoutthatwe obtainexactly the samequaltitative uncertaintyanalysisasthat
investigatedor SFM with multiple imagestakenfrom a dominantviewing directionas
donein Chapter5. Thusall theresultsderivedin thatchapterapply In this appendixwe

analyzesomemorefactorsthatwe have notconsidere@ndthatmightalterthepatterns.
Theseinclude changingthe distanceof the stereopair to the object,andaddingmore
featurepointsto the object.

B.1 Varying the Distanceto the StereoPair

We will usethe syntheticsphereillustratedin Figures4.14and5.10,andusea stereo
camergpair asin thelatterfigure. Our first testis on the effect of the distancefrom the
stereopair to the object.We would like to know if varyingthis might makeknowledge
of the baselinemore or lesseffective in fixing the gauge We will compareour results
herewith thosereportedn Figures4.15and5.10.

Firstweillustratethe steregpair at half anddoublethe original distanceo the object
in FigureB.1. Thenin FiguresB.3 andB.4 we shav uncertaintiegor bothof thesecases.
Comparingheseto Figures4.15and5.10we seethatthe patternof relative accuracies
in predictionsusingthe baselineandpredictionsusinglines 1, 4 and7 all remainabout
the same althoughbeingfurtherfrom the objecttendsto accentuatéhe errorsfor lines
alongtheviewing directionmorethanfor errorsin theperpendiculaplane.Ontheother
handtheclosertheobject thelargeranangleit subtendsandthemoresimilartheresults
becometo wide field of view objectsdescribedn section4.5.2. The main difference,
though,is thatthe furtherthe objectthe greateithe uncertaintiesn predictedengths.
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Fig. B.2. Additionalrandomfeaturesareaddedaroundthe spheran Figure5.10.

B.2 Adding Mor e Featuresto the Shape

Anotherconcerris thatif we addmorefeaturedo ourshapehiswill changehepatterns
we found. Adding morefeatureswill increasehe accurag, but we wantto know if it
will changeherelative accuraciesyhenthebaselineandotherlinesarefixed.

To testthiswe createda sequenceavith our syntheticsphereanddoubledthe number
of featurepoints by addingrandompointsaroundthe sphereasshowvn in FigureB.2.
We thentestedthe predictionaccuracieobtainedby fixing the baselineandlines 1,
4, and7, andtheseare shovn in FigureB.5. While the overall accurag of the results
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Fig. B.3. Thestereqgpair closeto theobject. The uncertaintiesn predictingthethreelinesplusthebaseline
areshawn above usingeachof the otherlinesto fix the scale:(a) line 1, () line 4, (c) line 7, and(d) the
baseline.
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Fig. B.4. Thesteregpair far from the object.The uncertaintiesn predictingthethreelinesplusthebaseline
areshawn above usingeachof the otherlinesto fix the scale:(a) line 1, (b) line 4, (¢) line 7, and(d) the
baseline.
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improvescomparedo thosein Figure4.15,the patterngemainalmostidentical. Thus
we concludethat our resultsarenot significantlychangedvhenadditionalfeaturesare
includedin thereconstruction.
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