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Abstract

Parameterindeterminaciesareinherentin 3D computervision. We show in this thesis

that how they aretreatedcanhave significantimpacton the accuracy of the estimated

3D structure.However, therehasnot beena generalandconvenientmethodavailable

for representingandanalyzingthe indeterminaciesandtheir effectson accuracy. Con-

sequently, up to the presenttheir effectsare usually ignoredin uncertaintymodeling

research.

In this work we a developgauge-baseduncertaintyrepresentationfor 3D estimation

thatincludesindeterminacies.Werepresentindeterminacieswith orbitsin theparameter

spaceandmodellocallinearizedparameterindeterminaciesasgaugefreedoms.Combin-

ing thisformalismwith first orderperturbationtheory, weareableto modeluncertainties

alongwith parameterindeterminacies.

Thekey to our work is a geometricinterpretationof theparametersandgaugefree-

doms.We solvetheproblemof how to compareparameteruncertaintiesdespiteindeter-

minaciesandaddedconstraints.This permitsusto extendtheCramer-Raolowerbound

to problemsthatincludeparameterindeterminacies.

In 3D computervision the basicquantitiesthat often cannotbe recoveredinclude

scale,rotationandtranslation.We useour methodto analyzethe local effectsof these

indeterminacieson theestimatedshape,andfind all thelocal gaugefreedoms.This en-

ablesusto expresstheuncertaintieswhenadditionalinformationis availablefrom mea-

surementsthatconstrainthegaugefreedoms.

Throughanalyticalandempiricalmeanswe gain intuition into the effects of con-

strainingthegaugefreedoms,for bothgeneralStructurefrom Motion andstereoshape

estimation.Weinclude,in ouruncertaintymodel,measurementerrorsandfeaturelocal-

izationerrors.Theseresultsalongwith our theoryallow us to find optimal constraints

on thegaugefreedomsthatmaximizetheaccuracy of thepartof theobjectwe seekto

estimate.
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1. Intr oduction

Reconstructionof thethreedimensional(3D) shapeof anobjectfrom multipleimagesis

oneof thecentralareasof computervision.Many new opportunitiesandtasksbecome

possiblewhen3D informationabouttheworld is available.Beingableto estimatethe

3D structureenablesan observer to assessits environmentandperformtasks,suchas

navigationandobstacleavoidance,thatdependon knowing distancesbetweenobjects.

It enablesvirtual 3D modelsto becreatedautomaticallyandusedby othertoolssuchas

CAD programs,or for mixedrealitywhererealandvirtual modelsaresuperimposed.In

theseandotherapplications,the moreaccuratethe 3D estimates,the morepowerfully

they can be used.The focusof this thesisis to investigatehow to evaluatethe accu-

racy of 3D estimateswhenindeterminaciesplay a role, andto find out how to remove

indeterminaciesin a waythatmaximizesaccuracy.

For our applications,3D reconstructioncanbeseenasa meansof obtainingaccu-

ratemeasurementsof the world. In this context, 3D imagingis viewedasa Euclidean

measurementtool for physicalobjects.Thetwo key propertiesthatmakecomputervi-

sionattractive for this arethat imagingcanbeperformedat a distancefrom thesubject

beingmeasured,andsecondlythat it is a passive tool that is non-invasiveanddoesnot

alter the objectbeingmeasured.Ancient civilizations noticedthis benefitof imaging,

andusedclever techniquesto makequantitative measurementsof the world. The clas-

sic exampleis trigonometry, whereelevationanglesand/ordistancemeasurementsare

usedto calculatetheheightof a difficult-to-measureobjectasillustratedin Figure1.1.

The field of photogrammetryhasbeendevelopedwith the goalof usingimagesto ob-

tain measurementsof the world. Cartographyis a clearexampleof imagesbeingused

directly to obtainmapsandhencemeasurementsof theworld.With theadventof digital

imaging,morepowerful 3D modelingtoolshavebecomeavailableenablingcomplicated

3D structuresto bemodeled,includingancientarcheologicalsites[58] to highaccuracy.

Thus3D vision is interpretedasa tool for obtainingaccurate3D estimatesor measure-

mentsof theworld from images.
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Fig. 1.1. Imagingmethodssuchasthatillustratedherehavebeenusedsinceancientcivilizationsto obtain
3D measurementsof theworld.Theshadow of anobjectactsasanimageof it. An estimateof theheightof
a tall towercanbeobtainedby comparingthelengthof its shadow to thelengthof theshadow of anobject
whoseheight is known. We would like to usemoderncomputervision methodsto obtainmoreaccurate
shapeandsizeestimation.

1.1 Uncertaintiesand Indeterminaciesin Computer Vision

Assumewe areableto make3D measurementsof the world, andthat thesemeasure-

mentsarenotperfectlyaccuratebut containerrors.Of importancealmostasgreat,if not

asgreat,asthe measurementitself, is an accuracy measureof the measurements.The

accuracy measuretells us how to interpretthe measurement.For instance,if someone

wereto reporthis heightassevenanda half feet,onemight recommendhim to a bas-

ketballteam.But if headdedthatthismeasurementis only accurateupto plusor minus

threefeet, thenonewould probablyfirst ask for a moreprecisemeasurement.In the

worstcaseif we know nothingabouttheaccuracy andwe assumeall errorsareequally

likely, thenthe measurementgivesus no information.Thuson a mostbasiclevel, an

accuracy measure,or synonymouslyuncertaintymodel, tellsusthe“meaningfulness”of

a measurement.1

Beyond a basicmeaningfulnessquestion,thereare further reasonsfor wantingan

uncertaintymodel.Theusefulnessof a measurementfor differentapplicationsdepends

very stronglyon the accuracy of themeasurement.This is clearly the casein the con-

structionandarchitectureindustrieswhich requireprecisemeasurements.But we can

only saythatameasurementis preciseif wehaveanideaof its uncertainty. Thusimplic-

itly all precisemeasurementscontainanuncertaintymodel,even if it is asroughasan

accuracy up to thenumberof significantfigures.�
Photogrammetristsoftendistinguish“precision,” which is measuredby variance,from true“accuracy”
which includeseffectsof systematicandgrosserrors.In this work, however, we assumesystematicand
grosserrorshavebeenremoved,andsouseprecisionandaccuracy synonymously.
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Uncertaintymodelsare also useful in comparingreliability of differentmeasure-

ments.They let usselectthemostaccuratemeasurement,or they mayenableusto ap-

propriatelycombinemultiplemeasurementsandobtaina moreaccurateestimate.

Let ussayourgoalis to mostaccuratelyestimateadimensionof anobjectgivenaset

of measurementsof theobjectandtheuncertaintiesof these.Therearevariousmethods

for combiningthe measurementsto obtaina final estimate.Let us definethe optimal

solutiontobetheonethatcombinestheseto obtainthemostaccuratefinalestimate.Now

theremaybemany optimalsolutiontechniques,but thereis only oneaccuracy bound,

and this accuracy boundis the uncertaintyof any optimal solutionmethod.Hencein

this senseuncertaintymodelingis independentof andmoregeneralthanany particular

solutiontechnique.

In imagingtherearesomeinherentaspectsthatmakeuncertaintyrepresentationof

3D reconstructiondifficult. This is dueto anumberof key quantitieseitherbeinglost in

theprojection,or elsebeingunknown.Light travelsin straightlinesandsoeverypixel in

animagecorrespondsto aray incidentontheimageplane.In asingleimage,thesource

of eachray of light canbeat any distancefrom the imageplanealongtheray. We say

thatthis3D pointhasapositionindeterminacyalongthisray. Whentwo or moreimages

of theselight sources,whichwecall features,areobservedfrom differentpositions,this

projectionindeterminacy is reduced,andthe3D pointscanbedetermined.That is, they

canalmostbedetermined;somebasicindeterminaciesstill remain.Theclassicindeter-

minacy is scale.It is alwayspossiblefor the imagesto have beenformedby a smaller

objectcloserto thecamerasor a largerobjectfurtherfrom thecameras,asillustratedin

Figure1.2.In addition,while relative positionsandorientationscanbeobtainedfor the

cameraandobject,theabsolutepositionandorientationremainunknown.Theselost or

unknown quantitiesshow upasindeterminaciesin theparameters.

The standardprocedurefor evaluatingaccuracy is first ordererror propagation.A

local linearizationof the equationsis performedaroundthe solution,andbiasandco-

variancetermsareestimated.But in orderto performerrorpropagation,indeterminacies

in the parametersmustbe removed by constrainingthe solution.For example,we can

affix thecoordinatesystemto pointson theobjectandnormalizethesizeof theobject.

However, thechoiceof normalizingconstraintswill significantlyaffect thefinal uncer-

tainty model.Figure1.3 illustratesin 2D how choiceof coordinatesystemsandscale

affectstheaccuracy of theestimatedobjectshapeandcameramotions.This is a prob-

lemalsofacedin otherdomains,including3D registration,whereuncertaintiesor errors

needto becompared,but wherenormalizingcanactto dramaticallyincreaseor decrease
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Fig. 1.2.( � ) A smallobject, 	�
 , projectsontotheimageplanesof two camerasto form images,�� and ��� .
( � ) A largeobject 	�� , but furtherfrom thetwo cameras,projectsontotheimageplanesto form thesame
images,�  and � � . Thisambiguityholdsfor all objectsof all sizesandfor multiplecameras,andthusresults
in thebasicscaleindeterminacy of Structurefrom Motion.

theerrordependinghow it is performed.Thereis thepotentialto cleverly chooseacoor-

dinatesystemthatnormalizesaway muchof theerrorandmakescomparisonsbetween

differentmethodsunfair.

In this thesiswe will look into how indeterminaciesaffect thesolution,andtheac-

curacy of the solution,for 3D shapereconstruction.We will borrow the term “Gauge

Theory” from physics,andextendandapplytheideasto thecomputervisiondomain,as

wasfirst doneby Triggs[70]. Thiswill allow usto treatindeterminaciesin aformalway,

andextractthe“true quantities”inherentin 3D modelsthatcontainindeterminacies.We

will show thatthesetruequantitiesareinvariantto theindeterminacies.Furthermore,we

will encodeconstraintsin thisformalism,anddemonstratetheirconsequencesontheun-

certainty. Sinceconstraintscanbeobtainedby makingmeasurementsof therealworld,

our representationwill give usa quantitativeguidefor how bestto eliminateindetermi-

nacies.

The approachin this thesiswill be to first give a theoreticalderivationandexpla-

nationof gaugetheoryin Chapter2. This will besufficiently generalto apply to many

estimationproblemscontainingindeterminacies.Thenin Chapter3 we will apply this

to thedomainof Structurefrom Motion, (SFM), andshow how its indeterminaciesare

encoded.In Chapter4 wewill derivetheconsequencesof addingconstraintsto thesolu-

tion,andshow how theseaffectaccuracy. Thiswill allow usto look atthestereoproblem

in Chapter5, andmakequantitativestatementsaboutits accuracy. Finally we will sum

upour theoryandits consequences.

Beforeweembarkonthisendeavor, wewill defineandexplainsomeof ourassump-

tions and formalisms.We will alsoplacethis work in its context of computervision

research.
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Fig. 1.3. Illustratedareeight pointswhosepositionsin the 2D planeareestimatedusing3 cameras.The
camerapositionsandorientations,shown by the “ � ” symbol,arealsoestimated.The ellipsesshow the
translationaluncertaintyof eachfeaturepointandeachcameraposition.This2Dreconstructionproblemhas
4 degreesof freedomcorrespondingto translationin theplane,scaleandrotation.To plot thereconstruction
anduncertaintiesrequiresusto choosea referenceby constrainingthesedegreesof freedom.Thechoiceof
coordinatesaffectstherelativepositionsof thefeatures,aswewouldexpect,however, theuncertaintiesmay
be affectedin non-intuitive ways,asillustratedby how the ellipsesvary betweenplots. ( � ) Shown is the
“normalcovariance”,( � ) herethecoordinatesystemis fixedto themiddlecamera,( � ) thecoordinatesystem
is fixedto theleft camera,and( � ) thecoordinatesystemis attachedto a point on theobject.In this thesis
we analyzehow thecoordinatesystem,or moregenerallythe referenceframe,affectstheseuncertainties,
andhow all four of theseplotscanbesaidto beequivalent.
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1.2 Object Modeling

Our startingpoint is to usemultiple imagesto estimatethe 3D structureof the world.

For conveniencewe shall call the portion of the world in which we areinterested,the

object. We shall useobjectshapeto meanthe 3D geometryof a set of pointson its

surface.Sincewe will usemultiple imagesof a staticobjectfrom differentview-points,

we will typically speakof a singlecameramoving betweenthe view-points,although

for our purposesit would beequivalentto have multiple camerasat thedifferentview-

points.Cameramotionwill thusmeanthesetof positionsandorientationsof thecamera

at which it took eachimageof theobject.We notethatour equationscanequallywell

describean objectmoving in front of a camera,and so we will interchangeablyuse

camera-centeredcoordinateswith amoving object,andobject-centeredcoordinateswith

a moving camera,asis convenient.

Of primary importanceis to definewhat we meanby “3D modeling.” We take a

modelof anobjecttomeanasetof statementsaboutthepropertiesof theobject.Thiscan

includestatementsaboutthe dimensionsof theobject,thepositionor relative position

of featureson it, surfacespecificationsincludingorientationandtexture,andsoforth. In

this thesiswe will dealwith purelygeometricquantities,andusepoint featuresasour

primitives.The work canbeextendedto otherprimitivessuchaslinesandplanes[51,

60, 65]. Surfacepropertiesincluding color and texture will not affect our geometric

statements,andsowe ignorethese.Sincewewill beusingacamerato imagetheobject,

wewill includethecamera,andits motionandorientation,in our3D model.Ourmodel

will thusconsistof a setof geometricstatementsaboutfeaturepointson theobject,and

themotionof thecamera.

Themorerestrictive theassumptionswe makeaboutour model,theeasierit will be

to estimate,but alsothe lessgeneralit will be. In orderto balancetheseconcerns,we

will follow the classicStructurefrom Motion approachandnot assumeany geometric

propertiesof the objectsurface,like smoothness,planarityor othershapemodels.We

will assumesimply that the object is rigid andhasa finite setof featurepointson its

surface.Ourmodelwill thuscontaina3D point-cloudof thesefeaturepoints.Theobject

will beviewedthroughmultiple view-points,of initially unknown positionsandorien-

tations.We will notassumeany particularprior arrangementof view-points,andsopart

of themodelwill includespecifyingthepositionandorientationof eachview-point.
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1.2.1 Parametrization

It is naturalto assumeaparametrizedmodelstructure.Theparameterspermitanefficient

encodingof thephysicalpropertiesof theobjectandcameraandtheir interaction.The

parameterscanalsobe usedto createan uncertaintymeasurefor the estimatedshape

andmotion.Themodelitself consistsof theparametersplusaphysicalinterpretationof

them.A modelconfigurationwill bespecifiedby thevaluesof all of theparameters.

Therearemany waysparameterscanbechosenfor amodel,but sinceultimatelythe

modelmustbeinterpretedphysically, it is naturalto chooseparametersthatdirectlycor-

respondto physicalquantities,or from which physicalquantitiescaneasilybeinferred.

For examplelengthsalongacoordinateaxismayrepresentthe3D positionof partof the

model.

Ourobjectrigidity assumptionnaturallyleadsto two typesof parameters:shapeand

motionparameters.Theshapeparametersdescribequantitiesthatremainconstantover

all theimages,while themotionparametersrestrictthechangesbetweenimagesto those

resultingfrom rotationsandtranslations.

Parameters,however, aresimplyintermediatequantities.They needto beinterpreted.

Let ussaythatourmodelis representedby � , a largevectorof parameters,andlet � be

our parameterspacesuchthatany point in this space,����� , is a valid model.The3D

estimationtaskcorrespondsto parametricfitting; namelyusingtheimagedatato find the

point in our space,����� , thatbestdescribesthis data.While theactualparameters,� ,

maynothavephysicalmeaning,ourmodelinterpretation,denoted�����! , makesourset

of geometricstatementsabouttheobjectfrom thesolutionparameters.The3D estimates

arethusobtainedby interpretingthesolutionusingthemodel: �����" . This is illustrated

in Figure1.4.

1.2.2 Over-parametrization

Thenumberof parametersmustbeconsidered.Givenafixed-sizeproblem,themorepa-

rametersused,typically themorecomputationallyexpensivetheoptimizationprocedure.

Thuswe wouldlike to usea minimalnumberof parametersto specifya model.

An importantquestionis what is the minimal numberof parametersfor a model?

This is lower-boundedby thenumberof physicaldegreesof freedomof theobjectalong

which a perturbationwould result in a new object.Sinceeachdegreeof freedomcan

be changedindependently, theremustbe at leastthat many parametersspecifyingthe

modelotherwisetherecouldbeachangein theobjectthatis notmodeled.Of coursewe
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Model parameter space:  #
$ $$ $$ $ % %% %% % & && && &

Images of object

3D object

θ

3D model

(b) (c)(a)

Cameras

Model interpretation: ' (θ)

Fig. 1.4. An illustrationof 3D vision asa parametricmodelingtask.( � ) A setof imagesaretakenof an
object.( � ) This whole measurementis encodedinto a parametervector, ( , which must lie in our model
parameterspace,(*),+ . ( � ) For this to be useful,we must have an interpretationof the point, ( , in
our model space.In this caseour model interpretationconsistsof a setof 3D points and the positions
and orientationsof the cameraview-points.We denoteour interpretationas: -/.0(�1 . It identifieswhich
parameterscorrespondto which 3D quantities,for example,3 elementsof ( may correspondto the 3D
positionof oneof thefeaturepoints,andsoforth.

maynotwishto modeleverydetailof anobject,but for all theaspectswewishto model

theremustbeat leastasmany parametersaslocaldegreesof freedom.Weareinterested

in systemsthat canbe linearizedaroundthe currentpoint, hence,at leastlocally, the

behavior canbemodeledby parametersequalin numberto the degreesof freedom.It

will suffice for usto considera systemasa collectionof linearsystemsdefinedat each

point in theglobalparameterspace,andsoa minimally parametrizedsystemwill have

exactly thesamenumberof parametersasdegreesof freedom.

It would thusbenice,for a givenmodelingtask,if we couldusea setof parameters

whosenumberis equalto the numberof degreesof freedomof the model.Thereare,

however, threemain reasonswhy this may not be possible,or why we may prefer to

over-parametrizethemodel.

Thefirst reasonfor over-parametrizingis to achieve simplicity in the model.There

maybesituationswhereanover-parametrizedsystemis muchsimplerthana minimally

parametrizedone.Imaginefirst that we have a minimally parametrizedsystemwith a

singleparameterfor eachdegreeof freedom.Now if a constraintis addedthatremoves

adegreeof freedomit is over-parametrized.However, theremaybenosimplewayto re-
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move aparameterfrom ourequations,andsoto maintainsimplicity wekeepthesystem

over-parametrized.

Thesecondreasonfollowsfrom thefirst. If we dofind a morecomplicatedminimal

parametrization,wemayintroducenon-linearitiesandevensingularitiesthatmakeopti-

mizationdifficult. A commonexampleof over-parametrizationis in describingrotations,

whichhave threedegreesof freedom,with rotationmatrices,having nineparameters,or

quaternions,having four parameters.Theseover-parametrizationsareoftenpreferredto

thethreeEuleranglesbecauseof their simplicity andtheeliminationof singularities.

Finally, it is oftenvery helpful that theparametersbephysicallymeaningful,or that

we caneasilyobtainthedesiredphysicallypropertiesfrom them.This allowsusto rea-

sonaboutthebehavior of analgorithmoperatingon theparameters,andto easilyinter-

pret theresults.However, makingtheparametersmeaningfulmaycauseusto describe

somephysicalaspectsthat arenot includedin the model.So, for example,giving 3D

coordinatesof asetof pointsis physicallymeaningful,but if ourmodeldoesnot include

theoverall scaleof thesepoints,thenthis is anover-parametrization.

1.3 Objectives

In this thesiswewill notproposeanew 3D estimationmethod,asmany adequatemeth-

odsandalgorithmshave beenproposedfor 3D estimationincluding SFM algorithms,

andstereoalgorithms.Ratherwewill assumethatanappropriate3D estimationmethod

hasbeenusedto obtainanoptimalsolution.

Ourfocuswill concernindeterminacies.Wewill ask:whenthereareindeterminacies,

whatdoesit meanto obtainanoptimalsolution?Thiswill involveextendingtheCramer-

Raolower bound.But thenwe will addressthemorefundamentalproblemof how we

representandinterpretparameteruncertaintieswhenthereareindeterminacies.We will

developa theoryto describetheseuncertainties.Wewill show practicalconsequencesof

thetheoryfor SFMandfor stereo,andhow it canbeusedto improve theaccuracy of 3D

estimationmethods.

1.4 RelatedWork

Our goal is to analyzeandunderstandthe effectsof indeterminacieson 3D estimation

by viewing theresultsasthesolutionto a non-linearparametricfitting problem.Para-

metricfitting is, of course,a well studiedarea.It wasGaussandLegendre[16, 17, 44]
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who around1800 inventedthe leastsquaresmethodfor estimationproblems.Gauss

showedthatleastsquaresgivesthebestunbiasedlinearestimator, andhiswork included

many new aspectsof probabilitytheoryincludingtheGaussiandistribution.TheGauss-

Newton iteration for non-linearoptimizationis basedon his matrix eliminationwork

(see[59] for an overview). In our casewe are interestedin the 3D geometryof the

camera-worldsystem,andsoposetheproblemasgeometricfitting, with parametersto

representthegeometry. Works by Kanataniin geometricfitting [32, 34] provide much

of theframework for ouranalysis.

Two fields in computervision thathave focussedon estimating3D shapeareStruc-

ture from Motion and Stereovision. The researchin SFM can be divided into three

areas.Thefirst areahasthegoalof simplicity of solution,which includesfindingclosed

form approximatesolutionssuchastheFactorizationmethodintroducedby Tomasiand

Kanadeandextendedby others[30, 43, 51, 57,60, 62, 68]. Thesecondareaof interest

is efficiency, whichincludesfindingfastor robustnumericalschemes[1, 21, 29, 69, 76].

Thethird area,in which we areinterested,is uncertaintyanalysis.Early work by Weng

et al. [73] found optimal motion and motion covarianceestimates.Young and Chel-

lappa[75] andSzeliskiandKang [64] analyzedambiguitiesin 3D shapeandmotion

estimationalongwith statisticalpropertiesof theestimates.Thomas,HansonandOlien-

sis[67] lookedattheeffectsof crosscorrelationin recursiveshapeestimation.Daniilidis

andSpetsakis[10] analyzednoisesensitivity in aspartof thevisualnavigationproblem.

Morris and Kanade[51], and Sun et al. [63] investigateduncertaintymodelsfor the

Factorizationalgorithm.While many aspectsof the3D uncertaintyproblemhave been

researched,theareathathasnot beenconsideredis theeffect of indeterminacies.All of

theseworkshave madearbitrarychoicesfor coordinatesystemsandscaleandignored

theeffect thischoicehason thefinal accuracy anduncertainty.

Stereovision alsoaimsto estimatethe 3D structureof the world, but usuallywith

just two images.Numerousalgorithmshavebeenproposed,many basedontheessential

matrix of Longuet-Higgins[45] or the fundamentalmatrix, for the uncalibratedcase,

introducedby Faugerasetal. [14, 15] andHartley etal. [20, 26]. Someearlyerrormod-

eling wasdoneby Matthiesand Shafer[46] on the fully calibratedcasewith known

baselineandcoordinatesystem.In this casethereareno indeterminacies.Wenget al.

[74] estimateda similar measure.More recentlythe uncertaintiesin the uncalibrated

casehave beenconsideredby Csurkaet al. [9] andKanatani[33, 37]. But without cal-

ibration, theresultingcovariancesfor the fundamentalmatrix do not leadto Euclidean

uncertainties,andratherarerestrictedto usein epipolarline matchingandcalibration.
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Our interestlies in the caseswhereEuclideanstructureis estimatedandwherescale

is not known andneedsto be estimatedusing the baselineor othermeasurement.In

thesecasestheunknown scaleis a gaugefreedomandit playsan importantrole in the

uncertaintymodeling.Yet noneof thepastworksin stereohave consideredthis issue.

Thethird areaof relatedwork is in geodesyandphotogrammetry. Photogrammetrists

have long beeninterestedin estimating3D structurefrom a sequenceof images.Typi-

cal applicationsincludeusingaerialor satelliteimageryandGPSto createtopographic

or elevationmaps.Thestandardbundle-adjustmentalgorithmwasdevelopedby Brown

andcoworkersin the 1950’s [5, 6]. It givesthe Maximum Likelihood estimatefor in-

dependent,isotropicGaussiannoise.The solution is obtainedusingleastsquares,but

in an efficient way that takesadvantageof the block-structurein the equations.Some

recentdescriptionsarereportedin theManualof Photogrammetry(Slamaed.) [61] and

by Hartley [21, 24].

The indeterminacy issueof translation,rotation and scalehave beenrecognized

in photogrammetryas early as 1965, when Meissl [48] introducedso called “inner

constraints”to remove theseindeterminacies.In 1973, Baarda[2] developedthe S-

Transformationasa meansto minimizetheseconstraints.Furtherwork by Ebner[13],

Granshaw [18], Koch[42], Pabo[54] andDermanis[12, 11] investigatedpossibleinner

constraints.Teunissen[66] givesan overview of the “zero orderdesign”problemfor

creatinggeodeticnetworksalongwith anuncertaintyanalysis.As initially proposedby

Baarda,theindeterminantparametersaretypically chosento optimizea globalmeasure

suchas the traceof a covariancematrix. While this definesthe minimum uncertainty

undercertaincriteria, it doesnot help in the practicalchoiceof which physicalmea-

surementsto makein orderto remove indeterminaciesandat thesametime maximize

accuracy.

Theseworksweremadepossibleby thedevelopmentof generalizedinverses,initially

by Moore[49, 50], Bjerhammar[3] andPenrose[55, 56] with theirapplicationto solving

linearequations.A goodoverview anddescriptionis providedby Bjerhammar[4], and

their applicationsto photogrammetryby CooperandCross[7, 8].

Gaugetheoryhasrecentlyenteredthevernacularof theComputerVisioncommunity.

Introducedby Triggs[70, 71], gaugeorbitswereshown to provide a convenientway to

speakof indeterminaciesin 3D estimation.McLauchlan[47] showedthat thechoiceof

gaugein projective SFM canaffect convergencerates.Thefirst analysison how gauge

freedomsandconstraintsjointly affectuncertaintieswasourworkwith Kanatani[39, 40,
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53]. This thesiswill presentthedevelopmentof theseideasandprogressof this theory

into optimizinggaugeconstraints.

Our goal is to developa methodfor understandingandevaluatinguncertaintywhen

thereareindeterminaciesin 3D estimation.Webuild agaugebasedtheoryfor modeling

the indeterminaciesand for incorporatingconstraints.The underlyingmathematicsis

linearalgebraandestimationtheory, andsomeof theresultsthatcomeoutof our theory

correspondto thegeodeticresults.In particular, Baarda’sS-Transformationsfollow from

our analysis.In the secondhalf of our thesiswe analyzevariousconsequencesof our

theoryfor SFM andstereo,andhow our theorycanguidethe choiceof measurements

for optimizingaccuracy.



2. Model Fitting and GaugeTheory

Many computervisiontasksareformulatedasparametricmodelfitting. In thisparadigm

thegoal is to find thepoint, in a potentiallylargeparameterspace,that is closestto the

true point. Both the resultingsolutionpoint andthe local uncertaintyof that point are

importantproperties.While therehave beenbeenmany formulationsof problemslike

this,therehasnotbeenacarefulanalysisof thecasewhenindeterminaciesexist.Wewill

considerparametricfitting anduncertaintyanalysiswhentheparameterspacecontains

indeterminacies.

By anindeterminacy wemeanthatthesolutionis not justasinglepoint in parameter

space,but rathera wholesetof points,or in our case,a manifoldof points.All points

onthismanifoldareequivalentandtogetherconstitutethesolution.Thequestionweare

facedwith then,is how do we describeandrepresentthe uncertaintyof this manifold

of points?A thoroughtreatmentof thisuncertaintyrepresentationproblemis theaim of

thischapter.

We first introduceour notationand generalframework by describingparametric

model fitting and first order error propagation.Then the problemof gaugefreedoms

is described.Wedevelopgaugetheoryto modeluncertaintieswhentherearegaugefree-

doms,andusemany toolsfrom Kanatani’sworks[31, 32,34]. Ourkey resultsincludean

obliqueprojectionoperatorfor perturbationsanda geometricequivalencerelationship

for covariances.Theseweredevelopedin joint work with Kanatani[39, 40, 53]. This

allows us to extend the Cramer-Rao lower boundto caseswith indeterminacies.The

treatmentin this chapteris generaland thus the theoryand interpretationsdeveloped

herecanbeappliedin any geometricproblemthatsatisfiesour basicassumptions.The

next chapterwill put SFMin this framework enablingusto obtainresultsthere.
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2.1 Parametric Fitting

Many estimationtaskscanbeformulatedasparametricfitting to dataobtainedby amea-

surementdevice.In orderto evaluatetheresultinguncertaintyof theresultingestimates,

it is necessaryto analyzetheparametricfitting process.For simplicity wewill first look

at caseswhenthereareno indeterminacies.Thenin latersectionsof this chapterthese

resultswill begeneralizedto applyto casescontainingindeterminacies.

2.1.1 Assumptions

Theparametricmodelingandfitting taskis illustratedin Figure1.4.Our goalis to esti-

matethepropertiesof somephysicalobjector process.To dothiswedefineapotentially

largeparameterspace,� , anda modelfunction, �����" , where �*�*� is a point in the

parameterspace.Themodelfunctionis reallyaninterpretationof theparameters,spec-

ifying what they imply aboutthephysicalobject.For example,threeparameterscould

be interpretedby the model function asthe 3D positionof the cornerof an object.A

particularmodelis an instantiationof this modelfunction.If, for instance,we estimate

a parametervector 2� , thenwe canalsosaywe have estimatedthemodel ���32�" , which

tells us all the dimensionsandotherpropertieswe wish to know aboutthe objectof

interest.The parametervector, 2�4�,576 ], completelyspecifiesthe model, ��� 2�" . Thus

the parameterspaceandmodelfunctionmustbesufficiently largeandgeneralenough

to captureall thequantitieswewish to know abouttheobjectswemodel.

Usually, only indirectaccessto theobjectmodelis available,andthis is throughthe

measurementprocess.A measurementoccurswhen,for example,an imageis takenof

anobject.We assumethatwe candescribethis measurementprocesswith a known set

of equations.First themeasureddataarecollectedinto a vector, 8 , containingall of the

individualmeasurements.A measurementis thendescribedby a vectorvaluedfunction

thattakesanobjectmodelandproducesthemeasurementdata:

8�9;:,</6=�����! ?> � (2.1)

In 3D vision, :/<@6BA > encodesthecameraprojectionequationsthat take3D pointsonto

theimageplane.For simplicity of bothnotationandcomputationwetypically mergethe

objectmodelandthemeasurementmodelinto a singlemodelto obtain:

8�9;:C6D�E> � (2.2)
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The projectionthenoperatesdirectly on whatever parameterswe usein describingthe

object.However, for indeterminacy analysisit will beusefulto distinguishthemeasure-

mentandobjectmodels,andto dothiswe will referbackto equation(2.1).

Now realworld measurementsaremuchmorecomplicatedandmayhave many mi-

noreffectsthatchangethevalueof ourmeasurement.Sincetheseeffectsoftencannotbe

exactly predicted,wewill useastochasticmodelto takeall of theseinto account.Let us

assumethat thedataformationprocesscanbeadequatelydescribedasbeinggenerated

by a“true” dataterm, F8 , givenby ourequations,anda noiseterm, GH8 , namely:

8�9 F8JIKGH8 � (2.3)

Throughoutthe thesiswe will assumethat thenoiseis small,andhencethatfirst order

perturbationanalysiswill capturethe importanteffects.While most real world vision

applicationsincludethechanceof outliersdueto trackingor registrationerrors,we will

assumethatapre-processingstephasbeenappliedto removeoutliers.Thisstepcouldbe

aninteractiveoperation,or anautomatedrobust-statisticmethodasdescribedin [69,76].

We will assumethatthesmallnoisetermis unbiased,andthusthatits expectationis

zero: � 6LGM8N>O9QP � (2.4)

Thecovariancewill bedenotedas:� 6LGM8RGH8TS!>U94VHWX/Y[Z V�W�\ � (2.5)

We assumethatwe have at leasta normalizedversionof thecovariance,V]W�\ , equalto

thetruecovariance,V]W , apartfrom anunknown scalefactor, Y Z .
Part of our small noiseassumptionis that the first non-zeroterm in the Taylor ex-

pansionof GH8 will dominate,namelythecovarianceterm.Hencewewill ignorehigher

orderterms.

2.1.2 Optimal Parametric Fitting

If therewereno noisein our measurementprocess,thengiven a sufficient numberof

truemeasurementdata, F8 , wecoulddeterminethetrueparametervector, ^� , by inverting

equation(2.2).However, therewill inevitably benoisein themeasurementsasgivenin

equation(2.3). Using the noise-corrupteddata,we will obtaina parameterestimate 2�
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which we would like to be ascloseto the true value, ^� , aspossible.This canbe for-

malizedby sayingthatwish to achieve anoptimalparameterestimatewhereoptimality

is definedto meanthesolutionachievestheCramer-Raolower bound.UnderGaussian

noiseandwithout indeterminacies,theoptimalsolutionfor this is known to correspond

to theMaximumLikelihoodsolution,andwepresentit here.Sinceall of thedataareas-

sumedto beavailablebeforesolutionestimation,wewill usea batchestimationprocess

ratherthana recursive method,suchasthe ExtendedKalmanFilter, which would give

suboptimalresults.

In orderto deriveanoptimalsolution,wewill assumezero-mean,Gaussiannoisefor

our measurements.Whenthe noiseis not Gaussian,our optimality statementwill not

apply, but therestof thestatisticswederive,namelythebiasandcovarianceresults,will

still bevalid descriptionsof oursolutionundersmallnoise.

Theprobabilityof ourdataandnoiseis givenby:_ ��GH8R `94aEb�c �dfe WEgihkj �l e W
94aEb�c �d�m�nW c W�opgqhkj �l m�nW c W�oEr (2.6)

wherea is theappropriateconstantto makethisaGaussian.Thiscanbeparametrizedin

termsof ourmodelparametersas:_ ���" `9QaEbsc �d�m W c"tvu wyx o?gihkj �l m W czt{u w|x o � (2.7)

TheMaximumLikelihoodsolutionis thusobtainedby minimizing thecost:} ���N `9~��8��*:C6D�E>� S V cN�W ��8��*:;6L�z>� X~� 8��*:C6D�E> � Z hEl (2.8)

to geta parameterestimate 2� . Herewe denotethe � Z norm,weightedby the inverseof

thecovarianceVHW , as � A � Z h"l . In 3D computervision,dependingon thecameramodel

involved,variousmethodscanbeusedto minimizethis costfunction.In theaffine case

the cameramodelis bilinear in shapeandmotion,anda globally optimalsolutioncan

be obtainedusingSVD[68]. Perspective cameramodelsarenonlinear, andso iterative

nonlinearoptimizationis typically needed.This opensthe hazardof beingtrappedby

local minima,or even that the minimumaroundthe true solutionhashighercostthan

otherminimaof incorrectsolutions.Nevertheless,we shallassumein this work thatwe

haveobtainedanestimate 2� ataglobalminimumof
}

whichis closeto thetruesolution,^� , andcanbewritten:

2��9 ^��I*G�� (2.9)
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Thequality of thesolutionwill bemeasuredby thestatisticsof theerroror noiseterm:G�� .

Conditions for Optimality

We now wish to estimatethebiasandcovarianceof this solution, 2� , andcomparethese

to the Cramer-Raolower bound.Our final resultsin this sectionwill applyonly when

thereareno indeterminacies,but theseresultsareextendedin section2.5 to caseswith

indeterminacies.

ThelowerboundrequirestheFisherinformationmatrix,whichweobtainasfollows.

Thescore,� w , is definedas:

� w 9Q� w ����� _ ���! 9������ w :C6D�E>� S V cN�W ��8���:�6L��>� � (2.10)

wherethenotation � w :C6L�z> indicatesthegradientmatrix:

� w :;6L�z>O9
���
�
� : � 6D�E>0� �N� � ���f� � : � 6L�z>0� �N���...

. ..
...� :K��6L��>�� �N� � ���f� � :,��6L�3>�� �N���

����
  r

(2.11)

giventhat � has ¡ elementsand :�6L��> has ¢ elements.

ThentheFisherinformationmatrix is thenobtainedas:£ w 9 � 6L� w � Sw > � (2.12)

Expandingthe right handsideof this equationandsubstituting GM8~9¤8K�/:¥6D�3> we

obtain£ w 9Q� w :C6L�z> S V cN�W � 6LGH8RGM8 S >�V cN�W � w :C6D�E>9Q� w :C6L�z> S V cN�W V]W¦V cN�W � w :C6L�z>9Q� w :C6L�z>pS�V cN�W � w :C6L�z> � (2.13)

Henceweseethat
£ w is symmetric.

Cramer-Rao theory statesthat the inverseof the Fisher informationmatrix,
£ cN�w ,

provides us with a lower boundon the covarianceof our solution.Henceif we can

show that a solution is unbiasedand that its covarianceis equalto the inverseFisher

informationmatrix, it mustbeoptimal.



18 2. ModelFitting andGaugeTheory

Maximum Likelihood Solution

Wenow seekto find expressionsfor thebiasandcovarianceof theMaximumLikelihood

solution,whichwewill referto as 2� . To dothiswefirst expandthecostin equation(2.8)

aroundthetruevalue:} � 2�N `9 } � ^��I*G��N `9 F} I,� w F} S§G��7I¤¨© G��ªS«� Zw F} G���I �f��� r (2.14)

where F} representsthecostat thetrueparametervalue:
} ��^�N . We would like to find the

biasandvarianceof � aroundthetruevalue ^� . Ignoringhigherordertermsof thenoise,

anddifferentiatingwith respectto G�� , we obtain:

� w F} I,� Zw F} G���9QP � (2.15)

InvertingtheHessian1, weobtainanexpressionfor G�� :

G��v9������ Zw F}  cO� � w F} � (2.16)

To solve for thiswewill needexpressionsfor thegradientandHessianterms.These

canbeobtainedas:

� w F} 9�� © � w :C6D�E> S V�cN�W ��8���:C6D�E>� 9 © � w r (2.17)

andaswe wouldexpectthegradientis just thescore.TheHessianis thegradientof the

score:

� Zw F} 9 © � w :C6L�z>pS�V cN�W � w :C6L�z>¬� © � Zw :C6L�z>�V cN�W ��8���:¥6D�3>� � (2.18)

Now if we assumethatour noiseterm GH8*9/8�®:C6L�z> is smallandof order ¯¬� Y  ,
thenthefirst termontheright of thisequationis ¯¬� ¨  andthesecondtermis ¯¬� Y  . Thus

to first orderwe candropthesecondtermandobtain:

� Zw F} 9 © � w :C6L�z>pS�V cN�W � w :C6L�z>9 © � 6L� w � Sw >9 © £ w � (2.19)

Thustheperturbationof oursolution, 2� , from thetruesolution, ^� , causedby noisein the

measurement,GM8 , asdescribedby equation(2.16),is foundto be:

G��v9�� £ cO�w � w � (2.20)�
WhenthereareindeterminaciestheHessianwill besingularandthegeneralizedinversemustbeusedas
describedin section2.5.
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We cannow find theexpectationof theerrorcomponentin our solution, G�� . From

ourassumptionthatthemeasurementnoiseis unbiasedin equation(2.4),weobtain� 6LG{��>U9;� � 6 £ cN�w � w >9 £ cN�w © :C6D�E> S V cN�W � 6 8U>9/P r (2.21)

andconcludethat theMaximumLikelihood solutionis unbiasedto first order. The co-

varianceof thesolutioncanbeestimatedasfollows:° w 9 � 6LG��!G��ªS">9 £ cO�w � 6L� w � Sw > £ c Sw9 £ cO�w � (2.22)

Weconcludethatwith no indeterminacies,andupto first order, thecovarianceof the

MaximumLikelihoodsolutionis just theinverseof theFisherinformationmatrixandso

achievestheCramer-Raolowerbound.It is thusanoptimalestimate.

Estimating the Unknown CovarianceScaleFactor

In many casesthedatacovariancemaybeknown only up to ascalefactor. For example

thenoisemaybe i.i.d., but with unknown globalmagnitude.Insteadof knowing thetrue

covariance,V�W¬9 � 6DGH8RGH8 S > , we assumethatwe know a normalizedform of it, V]W�\ ,
where V W 9 Y Z V W�\ and Y Z is anunknown scalefactor. Henceto obtaina solutionwe

minimizethemodifiedresidual:}E± ���N `9QGH8 S V cN�W�\ GH8 r (2.23)

wherewe have omittedthe unknown Y Z from
} ���N in equation(2.8). Minimizing this

of coursegivesus the samesolutionasminimizing the original residual
} ���N . But if

we wantto obtainthecovarianceof our solutionweneedto recover thisunknown scale

factor Y Z .
If the noiseis Gaussianthenthe residual

}
will be a ² Z variable.The expectation

of a ² Z variableis equalto its numberof degreesof freedom.Let ¢ be the lengthofGH8 andassumeits covariance,V�W , hasfull rank.We fit our measurementswith a set

of parametersin our parametervector � which we assumehaslength ¡ . Thusthe total

numberof degreesof freedomin theresidualare: ¢³��¡ , andsowecanwrite:� 6 } >"9 � 6 } ± >Y Z 9´¢³��¡ � (2.24)
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Whenwe actuallyrun experiments,we takeour recoveredresidual, µ} ± , asour estimate

for
� 6 } ± > , andthenobtaintheunknown scalefactoras:

Y Z 9 µ} ±¢³��¡ � (2.25)

Whenthereare indeterminacies,the effective numberof parametersis reduced.If

the indeterminaciesinvolve ¶ degreesof freedom,then the effective numberof fitted

parametersis ¡���¶ , andtheresidual,
}

, is thena ² Z variablewith ¢���¡�I�¶ degreesof

freedom.

2.2 GaugeTransformations: their Orbits and Freedoms

For variousreasonstheremay not be a uniquesolutionto the parameterestimateob-

tainedfrom equation(2.2).Rathertheremaybea rangeof solutionsthatall satisfythis

equation.Therangeof solutionsfor a givenproblemcanbedistinguishedinto two gen-

eralclasses:discreteambiguities,andcontinuousindeterminacies.For discreteambigu-

ities, thereis notanarbitrarilysmallneighborhoodof solutionsaroundagivensolution,

but rathertheseambiguitiescorrespondto fixedtransformationsof thesolutionsuchas

reflections.Theseambiguitiesdo not affect perturbationanalysisandso arenot con-

sideredin thiswork. Whentheseambiguitiesexist, othercuesbeyondthemeasurement

datamustbeusedto selectanappropriatesolution.Ourinterest,however, liesin thecon-

tinuousindeterminaciesthatdefinea manifoldof pointsaroundany givenpoint. These

correspondto caseswherethemeasurementequation(2.2)doesnot fully constrainthe

parametervector, � . Solutionsto this equationwill have local degreesof freedomof �
which wewill referto asthegaugefreedoms.

In physics,gaugefreedomsareusedto describesymmetriesfoundin theequationsof

quantummechanicsandelectricityandmagnetism.Theiruseis limited, andnotdirectly

parallelto our work. Sowhile we chooseto borrow the term,we will freely redefineit

for usein computervision.

As is the casefor discreteambiguities,gaugefreedomsresult in the solution not

beinguniquelydefined,andso additionalinformationmustbeemployedin specifying

the solution.But unlike discreteambiguities,perturbationsof the solutionareaffected

by the gaugefreedomsandby how a uniquesolutionis determined.Our goal in this

researchis to analyzehow gaugefreedomsaffect perturbationuncertaintiesof model

parameters.
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2.2.1 GaugeOrbits

Imaginethattherearetwo points, � and �!· in theparameterspace,� , thatbothgive the

samemeasurement::C6D� · >¸9¹:¥6L��> . We saythat thesepoint aregeometricallyequiva-

lent, sincethey cannotbedistinguishedby our equations.Let thesepointsberelatedto

eachotherby a gaugetransformation,º , suchthat

� · 9Kº"� � (2.26)

Now we assumethatall pointssatisfyingthis propertylie on a manifold,andhencethe

setof all suchgaugetransformationsform a group, » , which we denoteasour gauge

group.2 Thenfor any two points, � and � · , relatedby agaugetransformation,ºJ��» , we

denotetheirgeometricequivalenceby theexpression:� ·�¼ � .

Let us call the manifold in � , over which we have definedour equivalencerela-

tionshipfor all º½�4» , a gaugeorbit, ¾ w . The gaugeorbit containsall geometrically

equivalentvaluesof � , namely:¾ w 9;¿�� ·pÀ � · ¼ �«Á . Wefurtherassumethatall thepoints

of thegaugeorbit makeup a singleconnectedcomponent.Any point in thegaugeorbit

is completelyequivalentto any otherpoint for anoptimizationroutine.All pointsin the

parameterspacebelongto a gaugeorbit, andsotheoptimizationprocessonly needsto

operatein thequotientspace:�7��» of � . Eachelementof thisquotientspaceis agauge

orbit. Mathematicianscall gaugeorbits leafs, and the parameterspace,� , they call a

foliatedspace, or a foliation. Figure2.1 illustratessucha foliation. We notethatpertur-

bationsalongthegaugeorbit donotchangethecost,andsoall pointsonthegaugeorbit

mustberegardedasequivalent.

2.2.2 GaugeFreedoms

We will be interestedin doing perturbationanalysisin the neighborhoodof a point in

the parameterspace.For this we needa linearizationof the gaugetransformation.Let

us selecta gaugetransformationÂÃ�³» closeto the identity transformation,where

the identity transformationmapsa point onto itself. We call this an infinitesimalgauge

transformationandcanexpandit in aTaylorseriesas:

Â«��94��IKÄ®�Å�O NI �f�f� r (2.27)d
From the definition of a manifold it is easyto seethat Æ mustbe a group.If Ç and È arepatchesof
our manifoldsuchthat ( is in the imageof Ç and (�É is in the imageof È , then Ê andits inverseexist.
Moreover asequenceof gaugetransformationswill beassociative.
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Parameter space:  Ë
θ

Gauge orbits

Local
gauge

freedoms

Fig. 2.1.We illustratea foliatedparameterspace,+ . It is filled with gaugeorbits,or leafs,suchthatevery
point is onagaugeorbit. Thegaugefreedomsatagivenpointspanthetangentspaceto thegaugeorbit.

where Ä,��AL is a vectoroperatorwhich we termthe infinitesimalgaugegeneratorof Â .

The setof all suchinfinitesimalgaugegeneratorsform a linear space,Ì�Í����� , around

point � . It canbeprovedthatevery point in this space,Ä,��AL H��Ì Í ���� , correspondsto

aninfinitesimalgaugetransformation,Â , with Ä,��AL asits generator.

Wewill call thelinearspace,Ì�Í����7 , thecollectionof gaugefreedomsatpoint �Î�Ï� .

If ¶ is thedimensionof thisspace,thenthegaugeorbit, ¾ w , is a ¶ -dimensionalmanifold

in � , andthespace,� , has¶ gaugefreedoms.

2.2.3 Causesof GaugeFreedoms

Thereare two sourcesof gaugefreedomsthat we distinguish. The first sourceis an

over-parametrizationof the model.A gaugefreedomin this caseexists whenwe can

definea non-identitygaugetransformation,º�� , on the parametervector � to be any

transformationin � thatdoesnotchangethemodelinterpretation:

�����! X ���Ðº��]�N r¦Ñ ���Ï� � (2.28)

A commonexample of this occursin the useof homogeneousvectors.A homoge-

neousvector Ò,9Ã��Ó � r Ó Z r Ó�Ô r Ó�Õ� undera model interpretationmay definea point: Ö9;��Ó � ��Ó Õ r Ó Z ��Ó Õ r Ó Ô ��Ó Õ  . A gaugetransformationcorrespondingto arescalingof Ò will

not changethemodelinterpretation,revealinga gaugefreedom.We note,however, that

not all over-parametrizationsleadto to gaugefreedoms.For example,the spaceof ro-

tation matrices,often denotedas ×`ØJ�ÅÙ� , hasthreedimensionsand is describedby 9

parameters,but pointsnoton ×`Ø���Ù� arenotdefined,anddonotcorrespondto any valid

rotationmatrices.
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This typeof gaugefreedomis createdfor representationalor numericalconvenience.

In certainproblemsthesemaybeintroducedto reducenonlinearitiesor avoid singular-

ities in theestimationprocess.However, typically theextra parametersarepurelynon-

physical,andhencedo not affect themodel.Thuswe do not expecttheseto contribute

to changesin theuncertaintiesof physicalaspectsof themodel.We do,however, needa

mathematicalformalismfor treatingthesefreedomsin theoveralluncertaintymodel.

Model parameter space:  ÚÛ ÛÛ Û
Û Û Ü ÜÜ Ü

Ü Ü
Ý Ý ÝÝ Ý ÝÝ Ý Ý

Images of object

3D object

θ
gÞ θ

Fig. 2.2. 3D vision canbe understoodasmodelestimation.Given a setof imagemeasurements,andthe
equationsthatgovernthesemeasurements,thegoalis to find thepoint in themodelspacethatcorresponds
to the3D object.Ideallyasinglepointwill befound.If, however, therearegaugefreedomsin themeasure-
ments,thena possiblylarge subsetof themodelswill correspondto thesamemeasurements.Fromthese
measurementsalone,all of thesemodelsareequallylikely; if themeasurementshavegaugefreedomÊ , then(]ß{Êf( .

The secondsourceof gaugefreedomsoccursin the measurementprocess.Under

certaingaugetransformationsthemodelchangesbut themeasurementsremainthesame.

Let º�à besuchagaugetransformationwhere�����" �á9/���0º�àf�N , but:

:;6L�z>O9;:C6 º�à��z> r Ñ �Î�Ï� � (2.29)

Solongasourprojectioncanbedecomposedinto puremodelandpureprojectioncom-

ponents,asin equation(2.1),bothmodelandprojectiongaugetransformations,ºs� andº�à , will becoveredby ouranalysis.

Thissecondtypeof gaugefreedomcapturesbasicindeterminaciesresultingfrom the

measurementprocess.Dueto thephysicsof themeasurementprocess,certainphysical

propertiesof themodelarelost andindeterminant.Theclassicexampleof this in com-

putervision is scale.A small objectcloseto a cameramay appearidenticalto a large
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objectfartherfrom thecamera.If theparametervector � representstheshapeof anob-

ject,andthegaugetransformationº�à is a rescaling,thenwecanwrite � ¼ º�à�� . Weshall

show thathow thesegaugefreedomsaredealtwith canhave significantphysicaleffects

on thesolution.

2.2.4 Maximum Likelihood with Gaugefreedoms

To achieve our modelingtaskwe optimizea costfunctionover theparameterspace.To

achieve a MaximumLikelihood solutionwe will choosetheweightedreprojectederror

denotedas
} ���N in equation(2.8). It couldalternatively beexpressedas:

} �?:;6L�z>� , but

typically we incorporatetheprojectionfunctioninto thecostandcall it:
} �Å�O . Wedefine

agaugetransformation,º , on theparametersto beany transformationin � thatdoesnot

changethecostfunction:} ���N `9 } �0ºz�N r¦Ñ ���Ï� � (2.30)

Changingthe parametervectorby a gaugetransformationwill not affect thecost.The

setof all suchtransformationsform agroup, » , whichwecall thegroupof gaugetrans-

formations.So long asall degreesof freedomarecapturedby
} �?:C6D�E>� , andthusthe

costfunctionitself doesnot introduceany new freedoms,this groupwill consistof the

setof all gaugetransformationsdueto modelover-parametrization,º à , andthosedueto

themeasurementprocessº�� .

Optimizationwill proceedin a very similar mannerto that donewhenthereareno

gaugefreedoms.

2.3 Invariants

While thevaluesof our parameterswill vary over gaugeorbits,it is in generalpossible

to definefunctionsof theparametersthatdo not changeover thegaugeorbits.We call

theseinvariantsanddefinethemasfollows:

Definition 2.3.1. A function,â]��AL Tã��Cäæå is a gaugeinvariant if:â]���N `9*â��Ðºz�! Ñ º���» r (2.31)

We areassuminga singleconnectedcomponentfor thegaugeorbit.

Fromour definitionwe canconcludethat â]��AL is aninvariantif andonly if it is also

invariantto infinitesimalgaugetransformations.If Â is an infinitesimalgaugetransfor-

mationand Ä,��AL is its generator, thenwecanwrite:
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â����N `9â��çÂ«�" 9â����N «I*� Í â S Ä@���" ªI �f�f�y� (2.32)

Fromthisequationwecanseethatthefirst ordertermof thisexpansionmustbezero.If

we let Ä�è[���N for éê9 ¨ r �f��� r ¶ bea basissetof vectorsfor thespaceÌ�Í��Å�� , thenthese

vectorsspanthe tangentspace,5«Íf6D¾ w > , to the gaugeorbit ¾ w . From our equationwe

concludethat ��Í�âiSëÄ�è[���N `9QP , for é«9 ¨ r ���f� r ¶ . This leadsto thefollowing theorem:

Theorem 2.3.1. A functionâ]��AL iã��;äìå is gaugeinvariant if andonly if� Í âK��5 Í 6L¾ w >pí r (2.33)

where “ î ” refersto theorthogonalcomplement.

Intuitively this saysthat thegradientof an invariantis alwaysorthogonalto thegauge

orbit. Thisorthogonalityconstraintwill beusefulin ourperturbationanalysis.

Invariantsareimportantsincethey donotcontainindeterminaciesor gaugefreedoms,

andso they arethe“real” geometricpropertiesthatareestimatedby our equations.By

usingtheseasourbasicentities,in thenext sectionwewill beableto deriveexpressions

for how parametersandtheirperturbationsvaryalonggaugeorbits.

2.4 Perturbation Analysis

A solution, � , of our optimizationprocedurewill lie somewhereon a gaugeorbit, ¾ w .
The solutioncanbetransformedto any otherpoint on the gaugeorbit by selectingthe

appropriategaugetransformation,º , andthecostfrom equation(2.30)will remainthe

same.This makesperturbationanalysisin the full parameterspacearounda solution

point meaninglesssinceanarbitrarily large transformationof parameterson thegauge

orbit will resultin nochangein cost.To performperturbationanalysiswe will needour

solution to be at leasta locally unique.This is achieved by applyingconstraintsin a

processwewill call gaugefixing, asis illustratedin Figure2.3.

2.4.1 GaugeFixing

We canachievea uniquesolutionon thegaugeorbit by introducinga setof ¶ constraint

equationswhere¶ is thenumberof gaugefreedoms.Letï � ���N `9QP r �f�f� r ïyð �Å�O `94P (2.34)

denoteour ¶ constraintswith thefollowing assumptions.
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Gauge
  orbit, 
    ñ θ

θ

 ò θ

θ

 Gauge
manifold 
     ó

(a) (b)

Fig. 2.3. Plot ( � ) shows the contradictionwe obtainwhenwe usea full rankcovarianceto describeper-
turbationsof apoint on agaugeorbit. Ellipsesof differentprobabilitydensityintersectthegaugeorbit, all
of whosepointsareequivalentandhencehaveequalprobabilitydensity. Instead,we mustchoosea gauge
by imposinga constraintthat reducesour parameterspaceto thegaugemanifold, ô , which intersectsthe
gaugeorbit at a singlepoint, asshown in (b). Perturbationsarenow restrictedto the tangentplaneto the
gaugemanifold,shownby thedashedline. (Theseplotsaretwodimensionalfor clarity only. In ourcase,the
vector, ( , is õ dimensional,thegaugeorbit, ö�÷ , is ø dimensional,andthegauge,ô , is õkù�ø dimensional.)

ú Theequationsareindependentanddefinea manifold, û , of codimension¶ in � ,ú Themanifold û intersectsall of theleafs, ¾ w , transversallyandat asinglepoint,andú For any element����¾ w and �zü�94û{ýÎ¾ w , thereexistsa uniqueelementºÏ��» such

that �züþ9®ºz� .

Enforcing this setof constraintswe call gaugefixing or choosinga gauge. We let û
denoteourgaugemanifold, andfor shortcall it simply agauge.

Gaugefixing achievestwo importantfactorswhich will affect the solutionandthe

perturbationanalysis.Firstly it determinesauniquesolutionpoint, �zü , onthegaugeorbit

at theintersectionof thegaugemanifoldandthegaugeorbit, �zü�9/û¬ÿÏ¾ w . Secondlyit

determinesthe tangentplaneto thegauge,5«Íf6 ûN> , andthis will differ dependingon the

gaugeconstraints.Evenwhentwo gaugesintersectthegaugeorbit at thesamepoint the

tangentspacesmay be different.This is importantsinceperturbationsof our solution,G{�Eü , to first ordermust remainin our gauge,andhencemustbe the tangentplaneto

the gauge:G�� ü �/5 Í 6 ûN> . We would like to compareperturbationsin differentgauges

aroundthesolutionmanifoldandderivea relationshipbetweenthem.

2.4.2 JacobianTransformation

Therearetwo factorsthatwill affect perturbationsat differentpointson a gaugeorbit.

The first factor dependson the gaugetransformation,º , betweenthe local parameter

space,� , ateachpoint.Let � and � · betwo pointsona gaugeorbit suchthat



2.4 PerturbationAnalysis 27

� · 9Kº"� � (2.35)

We canthink of this � · asa functionof � . If we performa first orderexpansionof both

sidesof this relationshipweobtain:

G{� · 9 � � ·� � G�� r (2.36)

where
� �E·B� � � is our Jacobianmatrix that transformsperturbationsat onepoint on the

gaugeorbit, � , to perturbationsat anotherpoint, � · . This is illustratedin Figures2.4

and2.5.For example,if º rotatesthe parameters,thenthe Jacobianmatrix rotatesthe

perturbations,andhencecovariances,accordingly.

�
θ

∆θ

∆θ 
/

θ θ 
/

Fig. 2.4.Let ( É = Êf( beagaugetransformationof point ( onto ( É . Thiscanalsobethoughtof asachange
of variables.The changeof perturbationsfrom point ( to ( É aredescribedtheJacobianmatrix: ��( É�� ��( ,
suchthat �i( É = ��( É�� ��(��i( . Theseaffectsarequiteintuitive in realexamplesasillustratedin Figure2.5.

2.4.3 GeometricEquivalenceI

The secondfactoraffecting the covariancewhenchoosinga gaugeis lessintuitivebut

may have even strongereffects.This is the tangentspaceto the gaugeorbit. In order

to derive this effect, we must first considerwhat constitutesan equivalencebetween

perturbations.As wearguedin section2.3,it is invariants,ratherthanactualparameters,

that capturethe essentialgeometricinformation in the measurements.Furthermoreit

is the perturbationsof invariantsthat capturethe geometricinformationin parametric

perturbations.

Let usassumewe have two gauges,û and û · that intersecta gaugeorbit, ¾ w , at �zü
and � ü É respectively. Thesepointsare relatedby a gaugetransformation,denotedas�zü�9Kºz� ü É .

We canparametrizeaninvariantâ usingpointsin eitherof thesegauges:
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Fig. 2.5. Here we illustrate the effect of a Jacobianmatrix ��(3É � ��( on a syntheticexample.The gauge
transformation,(�É��ÎÊ|( , is a rotationof featurepointsandcamerapositions.TheJacobianthusalsoacts
asa rotation,andappropriatelyrotatestheellipsesaroundeachpoint.

â]��� ü  ê9®â]��� ü É  � (2.37)

Furthermorewe canparametrizeperturbationsof theinvariant â����N in termsof pertur-

bationsalongeitherof thesegaugetangentspaces.We obtain:

GHâ]�Å�Eü  `9Q�{Ípâ]�Å�EüE S G{�Eü r (2.38)

for gaugeû where G{�Eü¬� 5UÍ�6 ûN> . On theotherhand,in gaugeû · , we have:

GHâ]�Å� ü É  `9Q��Í�â]��� ü É  S G�� ü É9Q��Í�â]����ü� yS � �3ü� � ü É G�� ü É r (2.39)

where G{� ü É �*5«Í�6 û · > . If we think of the gaugetransformation�*9 º"�3ü , asa change-

of-variables,thenterm
� �zü � � � ü É is theJacobianmatrix transformingperturbationsac-

cordingto thischange-of-variables.

Now weknow thattheperturbationsof aninvariantarethesameirrespectiveof which

gaugethey areexpressedin, GHâ]���zü  = GMâ]���zü É  , andsosubtractingequation(2.39)from

(2.38),weobtain:

��Í?â]���zü� S ��G���ü�� � � ü� � ü É G�� ü É  T9QP � (2.40)

This equationexpressesanequivalencebetweenperturbationsG{�Eü and G��zü É . Both re-

sultedin the sameperturbationof the invariant â . We say that two perturbationsare

geometricallyequivalentif they give the sameperturbationfor any invariant.We note



2.4 PerturbationAnalysis 29

thatin thespecialcase,wherethegaugemanifoldsintersectthegaugeorbit at thesame

pointandso �zü = � ü É , theJacobianmatrix,
� ��ü�� � � ü É , is theidentity.

Fromequation(2.40)andTheorem2.3.1wecandeducethefollowing theorem:

Theorem 2.4.1. Givena point � in twogaugesû and û · , perturbationsin thesegauges,G��zü and G�� ü É , aregeometricallyequivalentif andonly if	 S �ÅG��züM� � �Eü� �3ü É G��zü É  `9QP r Ñ 	 ��5«Í�6L¾ w > í � (2.41)

Wedenotethis relationshipas:

G{�Eü X G��zü É mod ¾ w (2.42)

Intuitively thisstatesthatthedifferencebetweentwo geometricallyequivalentperturba-

tionsis in thetangentplaneto thegaugeorbit at thatpoint.This is illustratedin Figure

2.6.
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Fig. 2.6. Perturbationsin the tangentplanesto two gauges,ô and ô�É , areshown. Theseperturbationsare
geometricallyequivalentwhentheirdifference,�i(��ëù��i( ��� , is orthogonalto all vectors��)������=ö�÷���� as
statedin Theorem2.4.1.For simplicity, only thespecialcasewherethegaugesintersectonthegaugeorbit,
andsotheJacobianmatrix is theidentity, is illustrated.For thefull caseseeFigure2.7.

2.4.4 Oblique Projection

Now that we have a measurefor comparingperturbationsanddeterminingif they are

geometricallyequivalent,we would like a tool for transformingperturbationsfrom one

gaugeto anotherin a way that they remaingeometricallyequivalent.If we cando this,
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thenit will not matterin which gaugewe performanuncertaintyanalysis,sincewe can

alwaystransformit into any othergauge.

We poseour problemas follows. Given an arbitrary perturbation,G�� , at a point� , but in an unknown gauge,we would like to calculatethe geometricallyequivalent

perturbation,G{� ü , in a known gauge,û .

Let ¾ w be thegaugeorbit to which point � belongs.We cancalculatethe point �zü
at the intersectionof the orbit andthe gauge:�züQ�¥¾ w ÿ�û . This givesus the gauge

transformationº to thenew point: �zü = º"� , andtheJacobianmatrix,
� �3ü�� � � , thatmaps

perturbationG�� to anew perturbationwhichwe denoteas G�� · :
G��!·E9 � �Eü� � G�� � (2.43)
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Fig. 2.7. Given a perturbation,�i( , at a point ( on gaugeorbit ö ÷ , we want to find the geometrically
equivalentperturbation,�i( � , in gaugeô . Firstwefind thegaugetransformation:( � �{Êf( sothat ( � is in
gaugeô , andthenwefind theJacobiantransformation:��(�� � ��( . Thenweapplyanobliqueprojectiononto
thetangentspaceto thegaugemanifold ô : �i(�� = �i(�É%$'& = ()�i(�É , to giveusour final perturbation.

We cannow expressour unknown perturbationin termsof theoriginal perturbation

andanunknown vector * :G��zü�9 � � ü� � G���I+*9QG��z·�I,* (2.44)

In orderto ensurethat G���ü is geometricallyequivalentto G�� · , weconcludefrom Theo-

rem2.4.1thatwecanonly altertheperturbationG�� · by componentsin thetangentspace
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Fig. 2.8. Herewe illustratethe effect of an obliqueprojectionmatrix, ( , on perturbationsdefinedby a
covariancematrix. Thestatevector, ( , which includesshapeandmotion,is thesamein bothplots.In the
right plot, wehave defineda gauge,ô , which consistsof coordinatesystemandscaleon thesepoints.The
obliqueprojection,( , transformstheellipsesin theleft plot to thosein theright plot.

to thegaugeorbit at �zü . Thus * is a vectorin the tangentspaceto thegaugeorbit. Let

matrix - w � have ¶ columnsthatspanthelinearspaceof infinitesimalgaugegeneratorsÌ Í ���" from equation(2.27).Vector * mustbe in the columnspaceof - w � , andhence

canbewrittenas:*79.- w �0/ (2.45)

where / 9~�21 � r �f�f� r 1 ð  S is avectorof ¶ unknown coefficients.

If ourgaugeû is definedby ¶ equations,ï � �Å�" ê94P r ���f� r ïyð ���" T9QP , thentheorthog-

onalcomplementto the tangentspaceto thegaugeis spannedby thegradientsof each

of these:¿���Í ï � ���N r ���f� r �{Í ïyð �Å�O Á . Let
° w � bea matrix whose¶ columnsaremadeup

from these¶ gradients:° w � 943 ��Í ï � ���" r ���f� r ��Í ïyð ���! �5 r (2.46)

andsoit followsthat:° Sw � G��zü�9QP � (2.47)

Substitutingexpressionsfor G�� ü and * from equations(2.44)and(2.45),we get:° Sw � G��!·�I ° Sw � - w �6/ 9QP � (2.48)

Now solvingfor / wefind/ 9���� ° Sw � - w �  cN� ° Sw � G�� · r (2.49)

andfinally ournew perturbation
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G��zü�9QG�� · �+- w � � ° Sw � - w �  cN� ° Sw � G�� ·987 ü w G��!·987 ü w � �zü� � G{� (2.50)

where7 ü w 9897�:- w � � ° Sw � - w �  cN� ° Sw � � (2.51)

Thematrix 7 ü w is thusour obliqueprojectionoperator. It takesany vectorat �zü and

obliquely projectsit alongthe tangentspaceto the gaugeorbit, 5«Íf6L¾ w > , andonto the

tangentspaceto thegauge,5«Í�6 ûN> .
It turnsout thatBaarda’s S-Transformations[2] for free-networkanalysisareequiv-

alent to to this obliqueprojection.Our gauge-basedderivation of this transformation

givesus intuitive insight into theneedfor this transformation,andinto theeffectsof it

onparameterperturbations.

Theobliqueprojectionoperatoris usefulfor covariancetransformationaswell. If we

multiply bothsidesof equation(2.50)by its transposeandtakeexpectationswe obtain:

V ü 9;7 ü w � �3ü� � V w � �zü� � S 7 ü w S � (2.52)

This equationwill serve asour basictransformationbetweengauges.In orderto con-

firm thatit is thecorrecttransformationandthat it doesnot vary theinherentgeometric

propertiesof thevariance,wewill createanequivalencetest.

2.4.5 GeometricEquivalenceII

We have derived a geometricequivalencerelationshipfor perturbations,and now we

wouldlike onefor covariances.Assumethatweknow thecovarianceof thesolutionin a

particulargauge,û . Thecovariance,V¦ü¬9 � 6LG���ü¸G��züESN> , at a point �züJ�Îû is defined

in thetangentplaneto thegaugeG�� ü ��5 Í 6 ûO> . Let â���� ü  beaninvariantto thegauge

orbit. Thecovarianceof this invariantis givenby:

V=<]9 � 6DGHâ]��� ü  EGMâ]��� ü  S >94� w â]���zü  S � 6DG��3ü¸G��zü S >�� w â]���zü  94� w â]���zü  S V]ü¸� w â����3ü� � (2.53)

Now let V ü É bethecovarianceof thesolutionin anothergauge,û · containingthepoint� ü É 9Kº"�3ü . We canderive in anidenticalway thecovariancefor theinvariant:
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V < 9Q� w â]��� ü É  S�V ü É � w â]��� ü É  9Q� w â]��� ü  S � �zü� � ü É V ü É
� �zü� � ü É S � w â]��� ü  (2.54)

We seethatcovariancesdefinedin any gaugeonthegaugeorbit areequivalentin the

sensethat from any of themwe canobtainthesamecovarianceof any invariant.From

thisandTheorem2.4.1weobtainthefollowing corollary:

Corollary 2.4.1. Givena point � in two gaugesû and û · , their covariances,V ü andV ü É respectively, are geometricallyequivalentif andonly if	 S ��Vkü�� � � ü� ��ü É V¦ü É
� � ü� �zü É S  	 9QP r Ñ 	 ��5«Í�6L¾ w >?í � (2.55)

We denotethis relationshipfor covariancematricesas:

V¦ü X V�ü É mod ¾ w � (2.56)

We call thisourgeometricequivalencerelationshipfor covariances.

This criterion canbe usedto prove that our obliqueprojectionoperator, definedin

equation(2.51),maintainsgeometricequivalencefor covariances.Let V beacovariance

of ourparametervector � definedin anunknowngauge.Let usdefineanarbitrarygaugeû thatpassesthroughthispointsothat �zü�9Q� andsotheJacobianmatrix is theidentity.

Theobliquelyprojectedcovariancein gaugeû is thenobtainedas:

V¦ü�987 ü w V>7 ü w S � (2.57)

We canshow that thesecovariancesaregeometricallyequivalent, V¦ü X V mod ¾ w ,
asfollows. Expandingthis expressionfor V�ü , usingour definition for 7 ü w in equation

(2.51),weobtain:

V¦ü�9;V �:- w �0? �A@B- Sw � IC- w �ED - Sw � r (2.58)

where ? , @ , and D arematrix combinationsof V andcomponentsof 7 ü w . Thematrix- w � spansthe tangentplaneto the gaugeorbit, andhencethe right threeelementsof

thisequation,whicharelinearcombinationsof thesetangentvectors,will beeliminated

whenmultipliedby all 	 ��5«Í�6L¾ w > í . Thuswhenwe substituteinto equation(2.55),we

find that V�ü and V areequivalent,andsoconcludethattheobliqueprojectionmaintains

equivalence.Thisconfirmsthatourbasictransformation-of-covariancesequation(2.52)

givesthegeometricallyequivalentcovariancewithin a desiredgauge.
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2.4.6 The Normal Covariance

As we shallseein subsequentchapters,therearestill reasonsfor calculatingthecovari-

anceof theparametersdirectly (ratherthanjust invariants),andto do thiswemustwork

in particulargauges.We assumethenthatwe have achieved theMaximumLikelihood

solutionfor theresidual
} �Å�« . Wecanexpandthisaroundtheminimumandtakederiva-

tiveswith respectto perturbationsG�� asdonein equations(2.14)and(2.15)to getthe

following first orderequationgoverningperturbations:� w } I,� Zw } G���9QP � (2.59)

In solvingfor theperturbations,G�� , wemustfacetheissueof indeterminacieswhich

causetheHessian,� Zw } , to besingular. If � contains¡ parameters,andthereare ¶ local

degreesof freedom,the Hessianwill have rank ¡��Q¶ . A perturbationwill have two

components,oneperpendicularto the tangentplaneto thegaugeorbit andoneparallel

to thetangentplane,G��v9QG��GFIHHI*G�� í H r (2.60)

where G{�JFKH��5«Í�6L¾ª> and G�� í H ��5UÍ�6D¾ª> í . Now for any vector 	 ��5«Íf6D¾ª> í , we have	 S G�� FIH 9QP . And sofrom Theorem2.4.1we deducethefollowing corollary:

Corollary 2.4.2. Anyperturbationin the form: G���9~G��GFIH7I,G�� í H , where G��GFIH��5«Í�6L¾ª> and G�� í H ��5«Í�6L¾ª> í , is geometricallyequivalentto G�� í H . Namelywehave:G�� X G�� í H mod ¾ w � (2.61)

Thegradientof
}

mustbeorthogonalto thetangentspaceto thegaugeorbit, andso

applyingtheMoore-Penrosegeneralizedinverse3 to invertequation(2.59)wecansolve

for theorthogonalperturbation:G�� í H 9���� Zw }  c� c ð � w }9�� £ w  c� c ð � w (2.63)L
The Moore-Penrosegeneralizedinversewasdefinedby Penrose[56] for a real matrix M of rank N as
beingtheuniquematrix M jO satisfying:MPM jO MA�QMSRM jO MTM jO �QM jO R.UMPM jO 1 g �QMPM jO R.UM jO M`1 g �QM jO MSV (2.62)

It canbeobtainedby thefollowing procedure.If MW�QXPY[Z g by SVD, thentheMoore-Penroseinverse
is givenas M jO �>Z\Y jO X g , whereY jO hasthefirst N singularvaluesinvertedonthediagonal,andthe
restensuredto bezero.
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We call thecovarianceof this perturbationthenormalcovariance:

V í H 9 � 6LG�� í H G�� í H S!>9~� £ w  c� c ð � 6L� w � Sw >�� £ w  c� c ð9~� £ w  c� c ð £ w � £ w  c� c ð9~� £ w  c� c ð � (2.64)

Thenormalcovariancecanbethoughtof asagauge-independentcovariance.It depends

only on the parametrizationof the solution,not on any particularchoiceof gauge.Or

morecorrectlywe could say the normalcovarianceis in the gaugeorthogonalto the

gaugeorbit.Thenormalcovarianceisgeometricallyequivalenttoany covariancedefined

in any gaugemanifold.

We can calculatethe covariancein any gaugeby obliquely projectingthe normal

covarianceontothegaugetangentspace,asexplainedin section2.4.4.If V í H is defined

atpoint � , thenperformingthisprojectioninto gaugeû wefind:

V¦ü�987 ü w � �3ü� � V í H � �zü� � S 7 ü w S r (2.65)

but if V í H is definedat point �zü , thenthe Jacobianbecomesthe identity andwe have

simply:

V¦ü�987 ü w V í H 7 ü w S � (2.66)

Alternatively, if we wish to obtainthe normalcovarianceat point �zü , we simply need

to projectany covarianceat thatpointontotheorthogonalcomplementof thetangentto

thegaugeorbit:

V í H 9.] w V¦ü�] Sw r (2.67)

where ] w = ^��:- w � �_- Sw � - w �  cN� - Sw � .
We seethat if we choosea gaugewhosetangentspaceis orthogonalto the gauge

orbit, 5UÍ�6 ûN>O9/5«Í�6L¾ª> í , then 7 ü w = ] w , andthecovariancein thisgaugeis justthenormal

covariance.This is illustratedin Figure2.9.

Thenormalcovariancegivesusalowerboundontheglobalaccuracy of thesolution.

This is statedin thefollowing theorem:

Theorem 2.4.2. For anypositivesemidefinitecovariance,V�ü , andnormalcovariance,V í H , definedin equation(2.67),wehave:

Tr 6�V í H >T` Tr 6�V ü > Ñ û such that û¬ÿ�¾ w 9Q� ü (2.68)
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Fig. 2.9.A perturbationis projectedontothetangentplaneto gaugeô with ( �÷ , whereasit canbeprojected
ontothenormalgaugewith e ÷ .
Proof. Matrix V]ü canbedecomposedin theform: V]ü�9;f �èUg �ih è h Sè , andthenits trace

is givenby:

Tr 6�Vkü�>O9
�j èUg � h Sè h è � (2.69)

In asimilarway, thetraceof V í H canbeexpressedas:

Tr 6�V í H >O9 �j èUg � �I] w h è� S �_] w h è� � (2.70)

Now any projectionmatrix ] w canbedecomposedin theform:] w 9k^�� ðjl g � Ò l Ò Sl� Ò l � Z r (2.71)

whereÒ Sl Ò è 9QP for éiá9+m . Fromthisweobtain:] w h è«9 h èN� ðjl g � h Sè Ò l Ò l� Ò l � Z � (2.72)

andthenexpandingtheproduct �_] w h è� S �_] w h è� weget:

�_] w h è  S �_] w h è  `9 h Sè h è � ðjl g � � h Sè Ò l  Z� Ò l � Z � (2.73)

We seethat this is alwayslessthanor equalto h Sè h è for all é , and so concludethat

Tr 6�V í H >T` Tr 6�Vkü�> . no
We notethat the traceincludestranslationandrotationterms,andhenceif we usethis

lower boundwe shouldparametrizethemsuchthat the relative weightingof rotations

andtranslationsis appropriate.
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2.4.7 A Testfor GeometricEquivalence

A usefulpropertyof thenormalcovarianceis thatits nullspaceis thesameasthetangent

spaceto the gaugeorbit. This is not the casefor anarbitrarycovariancematrix, but is

truefor thenormalcovariancesinceit is definedin agaugeorthogonalto thegaugeorbit.

We canusethis fact to derivea geometricequivalencetestfor normalcovariances.

Now supposewe wish to testwhethermaxtrix, V>p is geometricallyequivalenttoV í H . Assumefirst that they arecalculatedat the samepoint, �zü , on the gaugeorbit,

andhencethattheJacobianmatrix is unity. If they arenot, thentransformVqp usingthe

Jacobianso it is definedat �Eü . The Moore-Penroseinverseof a positive semi-definite

matrix, V cí H , hasthesamenullspaceas V í H , andwenotethatit is exactly theHessian:V cí H =
£ w .

Theorem 2.4.3. CovarianceVWp definedat point �Eü is geometricallyequivalentto V í H
if andonly ifV cí H VqpêV cí H 9;V cí H � (2.74)

Proof. We canwrite matrix V p = V í H + r , where r = V p - V í H . Substitutingthis

expansioninto equation(2.74)we obtainV�cí H r V�cí H 9QP � (2.75)

Thisis trueonly if all therowsor all thecolumnsof r arein thenullspaceof V í H . If this

is thecase,thenwe seethatour geometricequivalencerelationship,equation(2.55),is

satisfied.Converselywe seethatthegeometricequivalencerelationshipis only satisfied

when 	 S r 	 = P for all 	 in thenullspaceof V í H . no
UsingtheHessian,

£ w , for V cí H in equation(2.74)givesustheequation:£ w V p £ w 9 £ w � (2.76)

This meansthatany generalizedinverse V>p 9 £tsw definedby this relationshipgivesa

covariancethatis geometricallyequivalentto V í H . Thiswaspointedoutby Triggs[71].

2.4.8 Alternative ConstrainedCovarianceMethods

Therearealternativemethodsfor calculatingthecovariancein agauge.Oneapproachis

tofind aminimalre-parametrizationbyeliminating¶ parameters.This,however, maynot

bepossiblefor thedesiredconstraint,or if it is possible,it mayinvolveverycomplicated

re-arrangementsof theequations.
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Somestandardapproachesinvolve useof Lagrangemultipliers to enforcethe con-

straintsduringerror propagationasdescribedby Haralick [19]. It turnsout that if the

Fisherinformationmatrix
£ w is calculatedat � ü , and

° w � whosedomainis orthogonal

to the gaugeû is known, thento calculatethecovarianceV�ü in this gaugewe canuse

theexpression:u
V�ü ?? S @wv 9

u £ w ° w �° Sw � Pxv cN� � (2.77)

Here ? and @ arepaddingrelatedto theLagrangemultipliers.

Thuswhile this andothercomputationalmethodscanfind the constrainedcovari-

ances,it is difficult to obtainanexplicit geometricinterpretationof them.But with the

gaugefreedomapproachwe caninterprettheconstraintsasanobliqueprojectionalong

thegaugefreedoms,andsointuitively understandtheeffect of theindeterminaciesand

theconstraints.We will examinethis morecloselyin thefollowing section.

2.4.9 An Interpr etation of the Oblique Projection

We have illustratedthe actionof the obliqueprojectionoperator, 7 ü w , on a singlevec-

tor G�� · , in Figure2.7. What we would like to understandbetteris how this operator

transformscovariancematricesasin ourbasictransformationequation(2.52)which we

summarizeas:

Vkü�987 ü w V>7 ü w S � (2.78)

Thecovariancematrix V is positivesemi-definite,andhencecanbedecomposedin

theform:

V 9 3 	 � AfA�A 	 � 5
���������
�

y Z� . .. y Z� c ð P
. ..

����������
  3 	 � AfAfA 	 � 5 S

943 h � A�AfA h � c ð 5 3 h � A�AfA h � c ð 5 S r (2.79)

wherematrix � 	 � AfAfA 	 �  is unitary. The vectors h è areall orthogonalandtheir mag-

nitudesaregivenby thestandarddeviation y è . They aretheradii of thehyper-ellipsoid

definedby covarianceV . Weseethatwhenwetransformthecovariancewith theoblique
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projectionoperatorasin equation(2.78),we actuallyindividually projecteachof these

radii: h ·è 987 ü w�h è r (2.80)

ontothetangentspace5«Íf6 ûO> . Doing this to all theradii will form a new hyper-ellipsoid,

representingV�ü , in this tangentspace.Theradii of this projectedellipoid areobtained

usingananalogousexpansionto thatin equation(2.79),but for V�ü .
Figure2.10 illustratesthe obliqueprojectionof covariancesalongthe gaugefree-

doms.All of the ellipsesrepresentinggeometricallyequivalentcovarianceslie on the

samecylinder, andareformedby planes,intersectingthiscylinder. Theseplanesarethe

tangentspacesto thegaugeconstraints.Theellipsewith smallestradii is theoneon the

planeorthogonalto thegaugefreedoms,andit representsthenormalcovariance.

Y

Z

X

Fig. 2.10.Weshow theactionof theobliqueprojectionoperatoralongthegaugefreedoms,� � � ö ÷ � , indicated
by thedashedlinesin the z direction.Ellipsesrepresentingcovariancesareformedon planesintersecting
acylinder. Thethick–ellipsecorrespondsto thenormalcovariance.



40 2. ModelFitting andGaugeTheory

2.5 Optimality with GaugeFreedoms

Theoptimalitycriterionfor parametricfitting whentherearegaugefreedomsissimilarto

thatwithout gaugefreedoms.But now insteadof therebeinga truesolutionpoint, there

is a truegaugeorbit or leaf.Any pointon thisgaugeorbit is a “true” setof parameters.

2.5.1 Free-GaugeOptimization

Our costfunction,
} ���N , is a non-linearfunctionof � andoptimizationrequiresa non-

linear method.We usedLevenberg-Marquardt,which combinesgradientdescentand

Gauss-Newton,to minimize
} ���N startingfrom aninitial approximatesolutionprovided

by a suboptimalmethodsuchasfactorization[68].

A choiceto bemadein optimizationis whetheror not to applythegaugeconstraints

duringoptimization.If indeterminacieshavebeeneliminatedfrom theparameters,there

is no choicebut to minimize the cost in this constrainedspace.If, however, we keep

thefull parameterspace,thenit is possibleto ignorethegaugeconstraintsandproceed

orthogonallyto thegaugeorbits in minimizing
} ���N , asillustratedin Figure2.11).An

advantageof this is thatminimizationstepsarenotconstrainedto bein thetangentspace

to theconstrainedspace.Stayingin theconstrainedspacecouldslow convergenceif this

spacewasincidentat anobliqueangleto thesolutionmanifold.A Gauss-Newtonstep4

alongthetangentto theconstrainedspaceis givenby:

G��zü�9��{7 ü w �Å� Zw F}  c� c ð � w F} r (2.81)

whereasasteporthogonalto thegaugeorbit is simply:

G��zü�9������ Zw F}  c� c ð � w F} � (2.82)

Thisturnsoutto beof moretheoreticalinterestthatpracticalinterest,sincewefound

from our examplesthat the numberof convergencestepsusingfree–gaugeminimiza-

tion andusinga fixedgaugeminimizationwereusuallythesame,beingaround6 or 7.

Hencefor our 3D ComputerVisionproblemtheconstraintsdo not sufficiently alterthe

parameterspaceto slow convergence,andsoeithermethodsuffices.Theremaybeother

examplesin which this is not the case,andfree-gaugeminimizationmay be advanta-

geous.|
Levenberg-Marquardtmodifiesthis slightly by addinga diagonalmatrix to the Hessianbeforeinvert-
ing it [59]. The actualimplementationdoesnot requireinversionof the full Hessianasexplainedby
Hartley [21].
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Fig. 2.11.In minimizing thecost �E.0(�1 , onecouldapply thegaugeconstraintsandproceedin the tangent
planeto thegaugemanifold � � � ôE� . Or onecouldtakea free-gaugeapproachandtakestepsorthogonallyto
thegaugeorbit.

2.5.2 Extensionof the Cramer-RaoBound

To testwhetherour solutionis optimal or not, we musthave a measureof optimality

whengaugefreedomsexist. To do this we will extendtheCramer-Raolower boundfor

estimatorswith uniquesolutionsto thecasewherethereareindeterminacies.

Let uswork in gaugeû , andassumewe haveanunbiasedestimator:

2�zü�9 ^�zü I*G{�Eü (2.83)

whereweassumeG��zü is smallandsoliesin thetangentspace5«Í�6 ûN> of dimension¡k��¶ .
Ourgoalis to find a boundon thevarianceof thisestimator.

Firstwenoticethatin thisgaugewecanlocally reparametrizethemodelpointswith

a ¡¬��¶ dimensionalvector � ,

2�*9 ^��IKG�� r (2.84)

where ^� correspondsto the true solutionpoint ^� , and 2� is the estimatorin this space.

In thisnew localparametrizationtheestimator, 2� , hasnogaugefreedoms,andhenceits

Cramer-Raolowerboundis simply:

V>�w� £ cO�� r
(2.85)

where
£ � is theFisherinformationmatrix in this parametrization,and ����� means� - � is positivesemi-definite.

We alsonotethat thereis a linearmappingbetweentheparametrizationsof ourper-

turbations,G�� and G��zü , in gaugeû . We denoteit as:

G{�Eü�9 � �� � G��*9;�CG�� r (2.86)
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where� will denotetheJacobianmatrixbetweentheseperturbations.Sincethecolumns

of � spanthetangentspace5UÍ�6 ûO> , wecanalsoincludetheobliqueprojectionin thisex-

pression:G�� ü 987 ü w �CG�� .

Theprobabilitydensity, _ ���N , is a gaugeinvariant,andsoit canbeexpressedin any

gauge,for example _ ����ü  , andalsoin the local gaugeparametrization,_ �2�ê . We can

expressthe score, � � , in this new parametrizationandrelateit to the scoreof the full

parametrization,� w asfollows:

� � 94� � ����� _ ���¸ 
9 � �� � S � w ����� _ �Å�3ü  (2.87)

9;��S«� w � �
TheFisherinformationmatrix,

£ � canberelatedto thefull parametrizationin a similar

way: £ � 9 � 6L� � � S� >98� S � 6D� w � � Sw � >2� (2.88)98� S £ w � � �
Theinverseof this is thensimply:

� £ �  cN� 9~�2� S £ w � �; cN� � (2.89)

Using our reparametrizationof perturbationsin gaugeû from equation(2.86),we

canexpressthecovarianceof perturbationsG��3ü as:

V w � 9 � 6LG{�3ü G��zü S >O98��V � � S � (2.90)

Now from the Cramer-Rao boundin equation(2.85), �?V>� -
£ cN��  is positive semi-

definite,and so the quantity �³�?V � � £ cO��  �� S must be positive semi-definite.Ex-

pandingthiswe obtain:�³�?V � � £ cN��  �� S 9¥V w � ���³� £ cN��  �� S9¥V w � ���³�2� S £ w � �; ycN��� S r (2.91)

andthe lastexpressionis thusalsopositive semi-definite.We canshow that the right-

mosttermof equation(2.91)is a generalizedinverseof
£ w � if thefollowing expression

is true:£ w � �2� ��� S £ w � �; cN� � S  £ w � 9 £ w � � (2.92)
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If we left multiply by � S we obtainwithout lossof rank:��� S £ w � �; f�2� S £ w � �; ycN��� S £ w � 98� S £ w � r (2.93)

and so concludethat it is a generalizedinverseof
£ w � . But therearemany possible

generalizedinverses,andthisexpressionis notanarbitraryone.Wenotethatits column

spaceand row spaceare spannedby the columnsof � andhenceit must lie in the

tangentspaceto the gauge,5«Íf6 ûO> . We have seenthat all the generalizedinverses,
£{sw �

aregeometricallyequivalentandwecanobtaintheonein thetangentspaceto thegaugeû by obliquelyprojectinganarbitraryoneto become:7 ü w £tsw � 7 ü w S . Thuswededucethat

��� �2� S £ w � �; cN� � S  ê987 ü w £tsw � 7 ü w S r (2.94)

for anarbitrarygeneralizedinverse
£ sw � .

Finally from equation(2.91)we obtainaboundonourcovarianceas:V w � �,7 ü w £tsw � 7 ü w S r (2.95)

where ����� implies �¤��� is positive semi-definite.This thenis the Cramer-Rao

lowerboundfor perturbationsof anestimator 2� ü in gaugeû . TheMoore-Penroseinverse

is aparticulargeneralizedinverseandcanbesubstitutedin thisexpression:V w � �,7 ü w � £ w �  yc� c ð 7 ü w S � (2.96)

2.5.3 Optimality of Maximum Likelihood Solution

Finally wewouldlike to confirmthataMaximumLikelihoodestimateis unbiasedupto

first orderandachievestheCramer-Raolower boundevenwhenthereareindetermina-

cies.We will work in gaugeû , andstartby expandingthe costfunction in the tangent

spaceof thisgauge:} � 2�zü� `9 } � ^�zü I*G��zü� `9 F} I*� w F} S G��zü]I ¨© G��3ü S � Zw F} G��zü]I ���f� r (2.97)

wherewe have denoted F} to representthe costat the true parametervalue:
} � ^�N . If a

perturbationof thedata, GH8 , hasnoise ¯¬� Y  , then G��zü is also ¯¬� Y  , andthefirst three

termsof the expansionin equation(2.97)are ¯¬� Y Z  . The restof the termsarehigher

order, soignoringthemanddifferentiatingwith respectto G��zü , weobtain:� w F} I,� Zw F} G��zü�9QP � (2.98)

The Hessianhasrank ¡��@¶ , andso in order to solve for a perturbationin the gauge

tangentspace,we multiply by thegeneralizedinverseandthenuse 7 ü w to transformthe

solution:
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G��zü�9��{7 ü w �Å� Zw F}  c� c ð � w F} � (2.99)

WecancalculatethegradientandtheHessianof F} asin section2.1.2,andwefind:

� w F} 9 © � w � r� Zw F} 9 © £ w � � (2.100)

Here � w � is ¯¬� Y  and
£ w � is ¯¬� ¨  . It is thusclearthattheMaximumLikelihoodsolution

is unbiased,� 6LG���ü�>O9 � � 6�7 ü w � £ w �  c� c ð � w � >O9QP r (2.101)

andthis is trueup to ¯¬� Y  , namelyfirst order. Thecovarianceis givenby° w 9 � 6LG�� ü G{� ü S >987 ü w � £ w �  c� c ð � 6L� w � � Sw � > � £ w �  c� c ð 7 ü w S987 ü w � £ w �  c� c ð 7 ü w S (2.102)

andhenceit achievestheCramer-Raolowerbound.

2.6 Summary

Someparameterfitting taskshave inherentindeterminaciesthat cannotbe eliminated

simply by collectingmoredata.As a resultsomeaspectof the modelcannotbe esti-

mated.Whenwe solve for a solutionparameterset,we could let this aspecttakeon a

randomvalue,or constrainits value,or eliminateit fromthesetof parameters.Wearein-

terestedin caseswherethelastoptionis notpossibleor notdesiredbecauseit introduces

non-physicalparameters.Henceour solutionthenwill containanarbitrarycomponent.

Theproblemwe arethusfacedwith is how to describetheuncertaintyof our estimated

parametersgiventhisarbitrarycomponentin thesolution.

In this chapterwe createda geometricinterpretationfor parametricconstraintsthat

eliminategaugefreedoms.The constraintspermit us to perform standardcovariance

analysis,but they alsoaffect the solutionand its uncertainty. We investigatedthe na-

ture of theseconstraintson the uncertainties,andshowedthat they involve a Jacobian

transformationto accountfor thechangeof positionon thegaugeorbit, andanoblique

projectionto locally satisfyall theconstraints.Neverthelessthis transformationdoesnot

affect uncertaintiesof gaugeinvariantsderived from theseparameters,which are the

basicentitiesobtainedin the measurement.This fact allowedus to derive a geometric
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equivalencerelationshipthat enablesus to comparecovariancessolely on their gauge

independentcomponents.

Thenormalcovariancewasderivedasaconvenientuncertaintydescriptionthatdoes

not requireus to specify gaugeconstraints,and is a lower boundon all covariances

definedat that point on the gaugeorbit. Finally we extendedthe Cramer-Rao lower

boundto casesthat includegaugefreedoms.Whenworking in a particulargauge,we

showed that the Maximum Likelihood solution is unbiasedandachieves the Cramer-

Raolowerboundto first order.
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Fromasetof imagesof anobject,takenatdifferentpositionsandorientations,Structure

from Motion (SFM) seeksto estimatethe shapeof anobjectandthe camerapositions

andorientationsfrom which the imagesweretaken.The methodoperateson a setof

featurepointsthatareregisteredin all theimages.Usingtheseknown featurepointsas

dataand the known projectionequations,the objectshapeandcameramotion canbe

representedasparametersof a functionthat is fit to thedata.SFM canthusbedirectly

posedasa parametricfitting task.In this chapterwe will takea parametricformulation

of SFM andderive the gaugefreedomscorrespondingto the indeterminaciesinherent

in SFM.Thetheorydevelopedin thepreviouschapterwill thenallow usto expressthe

uncertaintyof SFM estimatesdespitethegaugefreedoms.We will leave applicationsof

this theoryto subsequentchapters.

3.1 CameraEquationsand Assumptions

Supposewetrack � rigidly moving 3D featurepoints ��� , ���������E������� , in � images.

Let � � � �¢¡2£i� � ��¤0� �¦¥�§ betheimagecoordinatesof � � in the ¨ th image.

We identify thecameracoordinatesystemwith the ©wª=« world coordinatesystem,

andchooseanobjectcoordinatesystemfixedrelative to theobject.Let ¬�� betheorigin

of theobjectcoordinatesystemin the ¨ th frame, �� bea ®�¯A® rotationmatrix which

specifiesits orientation,and ° � bethecoordinatesof thefeaturepoint � � in theobject

coordinatesystem.Thus¬��±�³²´´µS¶ ��·¶ ��¸¶ ��¹
ºK»»¼ ����±�³²´´µS½ ��·½ ��¸½ ��¹

ºK»»¼ �¾° � �³²´´µÀ¿ � ·¿ � ¸¿ � ¹
ºK»»¼ � (3.1)

where ½ ��· , ½ ��¸ and ½ ��¹ arethe rows of �� andareunit orthonormalvectors.The 3D

positionof featurea point � � expressedin a camera–centeredcoordinatesystem,and

hencerelative to the ¨ th camera,is:
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andthis is illustratedin Figure3.1.

RΚ

tΚ

sα

f
Â

Fig. 3.1.Illustratedis ourcameracoordinatesystem.A 3D point is locatedwith respectto the Ã th camera’s
centerof projectionby theformula: Ä)ÅÀÆ>Ç)È%É%ÅËÊBÌKÈ .

We choseto work in a camera–centeredcoordinatesystem,althoughwe could

also have worked in an object–centeredsystem.If we were to do this, a convenient

parametrizationfor a 3D featurewould be given by: � � = Í�i¡�° �QÎ ¬�Ï� ¥ , with ¬�Ï � =Î  §� ¬�� now representingthe cameratranslationratherthanthe objectorigin. All the

equationswederivein this thesiscanbewrittenusingeithercoordinatesystem,although

for simplicityweworkonly in one,thecamera–centeredcoordinatesystem.It isstraight-

forwardto transformresultsto anobject–centeredsystem.

Assumewe have a projectionoperatorÐ���ÑUÒ ÓËÔÖÕ�×=ØÙÕWÚ which projectsa point in

3D to the2D imageplane.We canthenexpressthe imagecoordinates,� � � , of feature� � as:�Û� � �.ÐÜ��ÑÞÝ,��� � Ó�.ÐÜ��ÑÞÝ,�i¡IÍ��° �±Á ¬�� ¥ Ó¦� (3.3)

where ÐÜ�ßÑUÒ Ó is our projectionoperatorfor the ¨ th cameraand Ý,� is a ®q¯+® matrix

containinginternalcameraparameters.

We definethe following projectionoperatoron a vector ¡à©w��ªÀ��« ¥ § for perspective

cameramodelsas:Ð,á� Ñ ²´´µ © ª «
º »»¼ Óâ�¾ã ©�ä%«ªtä%«æå � (3.4)

For affineprojection,includingorthographyandweakperspective,weusethefollowing

projectionoperator:
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ÐCç� Ñ�²´´µ © ª «
º »»¼ Óâ�èã © ª+å � (3.5)

Theinternalcameraparametersencodedin Ý � mayvarybetweencameras.For per-

spectivecamerasa typical form of this matrix is [22]:Ý,�±�³²´´µêé � ¿ �ìë�·��í é �0î��=ë�¸��í í �
ºK»»¼ � (3.6)

where é � is the focal length, ¿ � is theskew, î � is theaspectratio, and ë ·�� and ë ¸�� are

thecoordinatesof thecenterof projection.

For anorthographiccameraÝ � is just the ®B¯w® identitymatrix:Ý � �.ï±� (3.7)

In somecaseswemaywith to addanoverallunknownscalefactorto orthography, since

thismoreaccuratelyreflectsthecasethatevenwhenweuseorthographywedonotknow

theactualscaleof theobject.Neverthelessfor theanalysisin thischapterwekeepto the

standardorthographicmodelwithout thisadditionalscalefactor.

Underweakperspectivewe letÝ,�±��ðJ��ï±� (3.8)

where ðJ� is a scalefactorequalto theinverseof thedepthof thecentroidof theobject

in eachimage.Hencewecanexpresstheinverseof this factoras:�ðJ� � ¶ ��¹ Á �� ñò � ½ ��¹ °��)� (3.9)

where¶ ��¹ is thedepthcomponentof translation,and ½ ��¹ is thethird row of therotation

matrix.Sinceweareprimarily interestedin the3D shaperatherthanthecameratransla-

tion, for simplicity wewill find it convenientto usethisdepthdirectlyandeliminate¶ ��¹ratherthaneliminateit in favor of ¶ ��¹ .Someor all of theseprojectionparametersin Ý � maybeknown,andtherestcanbe

solvedfor duringshapeandmotionestimation.Also, morecomplicatedcameramodels

canalsobecreated.For instancewideanglelensesmayhaveradialdistortionwhichcan

be modeledusingTsai’s or othermethods[28, 72]. It turnsout, however, that so long

as theseandany additionalparametersarecorrectlymodeledthey will not affect our

indeterminacy analysis,whichdependsonly onstructureandmotioncomponents.Since

in this work we aremostinterestedin effectsof indeterminaciesandlessinterestedin



50 3. GaugeFreedomsin Structurefrom Motion

cameraparameterswhich do not affect the indeterminacies,we assumethatmostor all

of theseparametershave beenpre-calibratedandso areknown. For thosethat arenot

known, suchasfocal lengths,we includethemin ourparametervector ó .

Now equation(3.3)canbeappliedto all featuresin all images,andthencombinedto

form onelargesetof equations:�A�.ÐôÑ�ó�Ó (3.10)

where�A�¢¡õ� §ö�ö �_� §ö Ú �_� §ö × �E�������÷� §ø ñ ¥�§ is avectorcontainingall theimagefeaturecoor-

dinatesin all images,and ó is avectorcontainingtheshapeandmotionparameters,�� ,° � , ¬�� , andpossiblyunknown internalcameraparameters,for all objectfeaturesandim-

ages,and ÐôÑUÒ Ó is theappropriatecombinationof theprojectionmatricesfrom equations

(3.4)and(3.5)for all featuresin all images.

3.2 The ParameterSpace

The shapeand translationcomponentsof the parametervector, ó , provide a straight-

forwardlinearparameterspace.Therotationparameterscontainedin therotationmatri-

ces, �� , however, arestronglyconstrainedasthecolumnsof eachrotationmatrixmust

remainunit orthogonalvectors.Eachrotationmatrix haslocally only threedegreesof

freedom.Let ù betheparametermanifoldcontainingall valid vectorsó . However, since

all of ouroperations,includingtheuncertaintyanalysis,will beperformedin thetangent

spaceto ù , we will use ù alsoto refer to thelocal parameterspacedefinedasthe tan-

gentto manifold ù , andonly distinguishthesewhennecessary. The manifold andthe

parameterspace,ù , have dimensionú , where ú is thenumberof parametersneededto

locally specifytheshapeandmotion,3 for eachrotation,3 for eachtranslation,and3 for

each3D featurepoint,plusany internalcameraparametersthatmustbeestimated.Soin

generalfor justmotionandshape,thenumberof unknownparametersis: úq�8®�� Á�û � .

3.2.1 Operator Definitions

We will find tensorproducts,andsomeidentitesbasedon them,usefulandso define

themhere.The product üA¯:ý of a threedimensionalvector þÿ��¡2î ö ��î Ú ��î × ¥ § anda® ¯A® matrix ý is definedto be thematrix whosecolumnsarethevectorproductof þ
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andthecolumnsof ý . In particulartheproduct,þ+¯Aï , with theunit matrix ï is given

by1:

þ:¯wï�� ²´´µ í Î î × î Úî × í Î î öÎ î Ú î ö í º »»¼ � (3.11)

Usingthiswecandefinethefollowing productsfor vectorsþ and
�

, andmatrix ý :þ:¯wý�� ¡àþ�¯wï ¥ ýq�ý�¯��=�ký�¡��B¯Aï ¥ § � (3.12)þ:¯wý�¯��=� ¡àþ�¯wï ¥ ý>¡���¯wï ¥ § �
Thefollowing identitieswhich wewill uselaterarederivedfrom theseformulae:¡�þ�¯wï ¥ ��� Î ¡��B¯æï ¥ þ�¡�þA¯Aï ¥  § �¢¡_Bþ ¥ ¯wï (3.13)

for a rotationmatrix  .

3.2.2 Rotation Parametrization

Our parametervector ó will containa numberof rotationmatrices;onefor eachimage.

The 9 parametersin a rotation matrix are highly constrainedwith only 3 degreesof

freedom.Perturbationsof a rotationmatrix mustbe,to first order, in the3 dimensional

tangentspaceto theparametermanifold.We choosenot to usequaternionssincethese

have 4 parametersandsodo not give a minimal representationof perturbations.Rather

we encoderotationperturbationswith avector, �	� , containingthreeelements,defined

asfollows.

If a rotationmatrix perturbationis written as ¾Ô  Ø  Á �  , then �  canbe

expressedas:�W��
�	�4¯A>� (3.14)

Thuswhile our parametervector ó will includerotationmatrices,perturbationsof it,��ó , will needonly threecomponentsfor eachrotationmatrix,andareencodedin terms

of ��� . For a fuller explanationof theseperturbations,seeAppendixA.�
The more commonnotationfor this is:  � ����� , but we believe our notationis simplerand easierto
understand.
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3.3 Optimal Solution Estimation

In orderto achievetheoptimalsolution,asdefinedby theCramer-Raolowerbound(see

section2.5),wemustmodelthenoiseappropriately, andthenuseanon-linearoptimiza-

tion methodto find it. We describeourchoicesfor thesein thissection.

3.3.1 NoiseModeling

Weassumethattheinversecovarianceof ourmeasurementdatais known at leastupto a

scalefactorandcalled ��� ö��� . Eachfeaturemeasurement,�Û� � is a2D vector, andif all the

featuremeasurementsareindependent,then � � ö��� is ablockdiagonalmatrixwith block-

sizeof 2. If thenoiseis ���������Ö� , then � � ö��� is theidentitymatrix (or a scaledversionof it).

Alternatively, more sophisticatedcovarianceestimatesof featureimagepositionscan

beobtainedasdonein [51] andtheseincludedin � ��� . Futhermore,a limited numberof

missingfeaturescanbemodeledashaving infiniteuncertaintyby makingtheappropriate

termsin theinversecovariance,� � ö��� , zero.

Usingthisnoisemodelwecanachieve theoptimalsolutionby minimizingtheresid-

ual: � ¡2ó ¥ � �K� Î ÐôÑ�ó�Ó!� Ú "$#&% (3.15)

wherewe substituteour projectionequationsandtheappropriateparametersfor ÐôÑ�óßÓ .
Oncewe find this solution,we canobtainthe unknown scalefactor in the covariance

usingthemethoddescribedin section2.1.2.

3.3.2 Non-linear optimization

Thegradientof theresidualis a non-linearfunctionof theparameters,andsowe must

rely on non-linearoptimizationtechniques.In our work we implementedLevenberg-

Marquardtto minimize the residual.This requiresan intitial startingpoint. For scenes

with only smallor moderateamountsof perspectivedistortion,weusedthefactorization

algorithm[68, 51] to give usa roughshapeandmotionestimate.With largeperspetive

effects,weusedtheeight-pointalgorithm[23,45] onpairsof imagestoobtainroughmo-

tion estimates.Combiningthesealongwith the imageswe canlinearly estimateshape,

andthentheseestimatesarefedinto aglobalnon-linearoptimizationprocedurethatused

anappropriatecameramodel,(orthographic,weakperspectiveor perspective),andalso

solvedfor focal lengthsif unknown.
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3.4 GaugeFreedoms

Thecameraequations(3.3)and(3.10)containa numberof indeterminacies.Theresult

of theseis to fill our parameterspaceù with gaugeorbits. In this sectionwe will first

definethegaugeorbits.Thenwe will useinfinitesimalgaugegeneratorsto identify all

the gaugefreedomsat any point on a gaugeorbit. Thesewill dependon the camera

projectionmodel,andsowewill derivethegaugefreedomsfor perspective,orthographic

andweakperspectivemodels.

3.4.1 GaugeTransformations and GaugeOrbits

Therearetwo reasonsfor indeterminaciesin thecameraequations:first theobjectcoor-

dinatesystemcanbeselectedarbitrarily, andsecondthecameraprojectionmodelmaps

many possiblescaledversionsof the 3D pointsonto the samesetof 2D pointsin the

images.Thesearespecifiedasfollows:

Coordinate SystemTransformations

If we rotateandthentranslatethecoordinatesystemby  and ¬ respectively, we obtain

thefollowing transformedshapeandmotionparameters:° Ï � �. § ¡2° �BÎ ¬ ¥ � Ï � �.���q� (3.16)¬ Ï � �.���¬ Á ¬��À�
We notethat  Ï � ° Ï � Á ¬ Ï � �.��0° �±Á ¬�� , andhenceirrespectiveof theprojectionmodel,

equations(3.3)and(3.10)mustbeambiguousto changesin coordinates.A globalrota-

tion andtranslationis thusagaugetransformation,andhencethisdefinesasetof orbits

in theparameterspace.

Whetherthecoordinatesystemindeterminacy isconsideredarealphysicalindetermi-

nacy or elsepurelya mathematicalindeterminacy dependson ourmodelinterpretation,' ¡2ó ¥ . If global translationandrotationarenot partof themodel,thenthis indetermi-

nacy is purelyamathematicalover-parametrization,andrealpropertiesof themodelare

notaffectedby it. Theproblemwith this is that3D featurescannolongerbeconsidered

asabsolutepointsin space.Insteadthebasicentitiesaredistancesandrelativepositions

of points,which provide morelimited descriptionsof themodel,althoughadequatefor

someuses.So,typically we do considerour shapemodelto bea setof fixedpointsin

space,andacceptthiscoordinateindeterminacy asalossof informationabouttheobject.
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Projection Transformations

Dueto thenatureof cameraprojection,many differentgeometricsolutionsprojectonto

the samepointsin all the images,asshown in Figure1.2.Perspective projectionhasa

scaleambiguitysuchthatif we transformtheshapeandtranslationby ascalefactor î :° Ï � �;î¦° � � and ¬ Ï � �8î�¬��¦� (3.17)

we obtainidenticalprojections:Ð á � ÑÞÝ,��¡_��0° Ï � Á ¬ Ï � ¥ Ó = Ð á � ÑõÝ �Ö¡_Í� ° �±Á ¬�� ¥ Ó . In or-

thographythedepthor « componentdoesnotaffect theimage,andhencetheprojection

is invariantto thetransformation:¬ Ï � �8¬�� Á �¦�)( (3.18)

for any value ��� , andvector (W�+* í±í �-, § . Wecanremovethesedegreesof freedomby

droppingthedepthcomponentof thetranslation,andsoworkingwith ¬ Ï ��·%¸ � * ¬�·=¬�¸ , .
Orthographyhasa discretereflectionambiguity, but sinceit is not continuousit will

not affect our perturbationanalysisandwedo not considerit. Finally, weakperspective

actsasa combinationof orthographyandperspective. It containsall of the degreesof

freedomof theorthography, plusanextra scalefreedomdueto the ðJ� parameters.We

find thatif werescaletheparameters:° Ï � �;î¦° � �¾¬ Ï� �8î¦¬�� and ð Ï � � ð �î � (3.19)

theimageprojectionsareidentical,andsowe seethat,justasin perspectiveprojection,

a scaledegreeof freedomis included.

In summary, the perspective cameramodel will give a solutionup to a similarity

transformation;thatis,uptoaglobalrotation,translation,andscale.Orthographydefines

thesolutionup to a rotation,translationanddepthin eachimage.We notethat thelack

of scalefreedomin orthographyis dueto the implicit assumptionin orthographythat

the imageplaneprojectionis the samesizeasthe real object.If the ðJ� parametersin

weakperspective are interpretedasinversedepths, ��ä�¬���¹ , thenweakperspective, like

perspective,obtainsthesolutionuptoasimilarity transformation.Theseindeterminacies

partitiontheparameterspaceinto a setof gaugeorbits.

3.4.2 CameraProjection GaugeFreedoms

At a point in the parameterspace,ó/.�ù , the gaugefreedomsspanthe tangentplane

to thegaugeorbit, 021 , containingpoint ó . Thesefreedomscanbefoundthrougha first
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orderexpansionof thegaugetransformationsaroundó . If ó is apointonthegaugeorbit0-1 , and ó Ï is a point very closeto ó andstill in 0-1 , we canexpressó Ï asanexpansion

aroundó :ó Ï �8ó Á43 ¡2ó ¥GÁ ���E� (3.20)

where 3 ¡KÒ ¥ is an infinitesimalgaugegeneratoracting in the tangentplaneof 0 1 . In

the following we will derive expressionsfor thesegeneratorsunderperspective, ortho-

graphicandweakperspectivecameramodels.

PerspectiveCamera

Let us assumethe perturbationsin the gaugeorbit for the perspective case,given by

equations(3.16)and(3.17),aresmall.Let  Ï , ¬ Ï , and î Ï besmallperturbationsfrom the

identitytransformationin eachof rotation,translationandscale.Thenwecanwrite their

expansionsin termsof their infinitesimalgaugegeneratorsas: Ï �.ï Á �	�4¯wïJ�¬ Ï �/��¬ � (3.21)î Ï ��� Á ��î{�
Wewill usethesetoderivethegaugegenerator, 3 ¡2ó ¥ for thecompletesetof parameters,ó . Firstwe substitutethese,andthefirst orderexpansions:° Ï � = ° � + 3 ¡�° ��¥ ,  Ï � = ��
+ 3 ¡_�� ¥ = �� + 3 ¡��q� ¥ ¯A�� , and ¬ Ï � = ¬�� + 3 ¡2¬�� ¥ , into thegaugeorbit equations

(3.16)to obtain:° �±Á53 ¡�° ��¥ �¢¡Iï Á ��� ¯wï ¥ ¡K¡K� Á ��î ¥ ° �BÎ ��¬ ¥ � Á63 ¡�� � ¥ ¯w � �. � ¡_ï Á �	�4¯wï ¥ (3.22)¬ � Á43 ¡2¬ � ¥ �. � ��¬ Á ¡K� Á ��î ¥ ¬ � �
Themiddleof theseequationsis simplifiedto become3 ¡��q� ¥ ¯w��±�.��i¡������ ¯wï ¥
andthenright multiplying by  §� weobtain:3 ¡��q� ¥ ¯wï��.���¡��	�4¯wï ¥  §� �¢¡_��7�	� ¥ ¯Aï±� (3.23)

wherewe haveusedidentitiesfrom section3.2.1.Finally we obtain 3 ¡��q� ¥ �.����	� .

In asimilarwaywesimplify therestof theseequationsto getthefollowing infinitesimal

gaugegeneratorsfor theperspectivecamera:
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3 ¡2° �¦¥ � ¡2° � ¯wï ¥ ��� Î ��¬ Á ° � ��îÖ�3 ¡�� � ¥ �k � ����� (3.24)3 ¡2¬ � ¥ �k � ��¬ Á ¬ � ��î)�
This tangentplaneto thegaugeorbit, 0-1 , hasthreerotationaldegreesof freedom,three

translationaldegreesof freedomandonescaledegreeof freedom,andhencehasdimen-

sion 8±�/9 .
To find a matrix thatspansthe tangentplane,let usexpressthe infinitesimalgauge

generatorfor all theparametersatpoint ó asfollows:

3 ¡2ó ¥ �
²´´´´´´´´´´´´´´´´´´´´µ

3 ¡2° ö ¥
...3 ¡�° ñ ¥3 ¡�� ö ¥
...3 ¡�� ø ¥3 ¡2¬ ö ¥
...3 ¡2¬ ø ¥

º »»»»»»»»»»»»»»»»»»»»¼ ö;: × ñ <-= ø
� >?1 ²´´µ �	���¬��î

ºK»»¼ ö;:A@ (3.25)

wherethesevencolumnsof matrix >B1 spanthe tangentspaceto thegaugeorbit. From

equations(3.24– 3.25),therowsof >B1 aregivenby:

>B1=�
²´´´´´´´´´´´´´´´´´´´´µ

° ö ¯wï Î ï ° ö
...

...
...° ñ ¯wï Î ï ° ñ ö í í

...
...

... ø í íí  ö ¬ ö
...

...
...í  ø ¬ ø

º »»»»»»»»»»»»»»»»»»»»¼ @�: × ñ <-= ø
� (3.26)

This will beusedalongwith theconstraintsto obtainmatrix C 1 thatobliquelyprojects

perturbationsandcovariancesalongthetangentspaceto thegaugeorbit.
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Orthographic Camera

Theorthographiccameracaseis similar to theperspective case,exceptthat thereis no

scalecomponent,andthedepthcomponentof translationdoesnot affect theprojection.

Following a similar derivation to the perspective case,andusingequations(3.16)and

(3.18),weobtainthefollowing gaugegenerators:3 ¡�° ��¥ �¢¡2° � ¯wï ¥ �	� Î ��¬E�3 ¡��q� ¥ �.����	�w� (3.27)3 ¡2¬�� ¥ �.�����¬ Á �D���)(=�
Thetangentspace,andhencegaugeorbit, 0-1 , hasdimension8)�8� Á�û . To simplify im-

plementationissues,we dropthedepthor « componentfrom translationin eachimage,

andsoreplacethetranslationgeneratorwith:3 ¡2¬���·%¸ ¥ �.���·%¸���¬T� (3.28)

where ¬���·%¸ and ���·%¸ referto thetwo top rowsof ¬�� and �� respectively. We thushave� lessparametersto calculate,and � lessdegreesof freedom,andso 8±� û .
Thegaugegenerator, 3 ¡�ó ¥ , andthe û ¯�®�� Á5E � matrix, >?1 , spanningthegauge

freedomsareencodedas:

3 ¡2ó ¥ �
²´´´´´´´´´´´´´´´´´´´´µ

3 ¡�° ö ¥
...3 ¡2° ñ ¥3 ¡�� ö ¥
...3 ¡�� ø ¥3 ¡2¬ ö ·%¸ ¥
...3 ¡2¬ ø ·%¸ ¥

º »»»»»»»»»»»»»»»»»»»»¼
�F>B1 ã �	���¬ å �G>?1=�

²´´´´´´´´´´´´´´´´´´´´µ

° ö ¯wï Î ï
...

...° ñ ¯wï Î ï ö í
...

... ø íí  ö ·%¸
...

...í  ø ·%¸

º »»»»»»»»»»»»»»»»»»»»¼
� (3.29)

Weak PerspectiveCamera

Under weak perspective we takeour orthographicresultsandadd the ðJ� parameters

which givesusascalefreedom.Thusfrom equations(3.16)and(3.19),weobtain:3 ¡�° ��¥ �¢¡2° � ¯wï ¥ �	� Î ��¬ Á ° � ��îi�3 ¡��q� ¥ �.��7�	�w�
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3 ¡2¬���·%¸ ¥ �;���·%¸���¬ Á ¬���·%¸���îÖ� (3.30)3 ¡àð � ¥ � Î ð � ��îê�
The gaugegenerator, 3 ¡2ó ¥ , andmatrix, > 1 , spanningthe gaugefreedomsareen-

coded:

3 ¡2ó ¥ �
²´´´´´´´´´´´´´´´´´´´´´´´´´´´´´µ

3 ¡2° ö ¥
...3 ¡2° ñ ¥3 ¡H� ö ¥
...3 ¡H� ø ¥3 ¡2¬ ö ·%¸ ¥
...3 ¡2¬ ø ·%¸ ¥3 ¡àð ö ¥
...3 ¡àð ø ¥

º »»»»»»»»»»»»»»»»»»»»»»»»»»»»»¼
�I>B1 ²´´µ �	���¬��î

º »»¼ �J>?1 �
²´´´´´´´´´´´´´´´´´´´´´´´´´´´´´µ

° ö ¯Aï Î ï ° ö
...

...
...° ñ ¯æï Î ï ° ñ ö í í

...
...

... ø í íí  ö ·%¸ ¬ ö ·%¸
...

...
...í  ø ·%¸ ¬ ø ·%¸í í Î ð ö

...
...

...í í Î ð ø

º »»»»»»»»»»»»»»»»»»»»»»»»»»»»»¼
� (3.31)

Summary

In this sectionwe have derivedall of thegaugefreedomsfor perspective,orthographic,

andweakperspective cameramodels.Thesearethe instantaneousdegreesof freedom

spanningthe tangentspaceto the gaugeorbit. We have encapsulatedthemin the ma-

trix >?1 . To obtain the gaugefreedomsat anotherpoint, say óLK , we simply substitute

the parametervaluesof óLK into >B1 andobtain >?1�M . We will useto obtainthe oblique

projectionoperator, C K 1 , which transformscovariancesbetweendifferentgauges.

Whenmoreparameters,suchasfocal lengths,areincludedin aSFMalgorithm,their

correspondingrows in the >B1 matrix will be zero,andhencethey do not changethe

gaugefreedoms.

3.5 GaugeConstraints

We maywishto expressoursolutionandits uncertaintyin aparticulargauge.To dothis

we mustfix thegaugeby defining 8 constraintsasdescribedin section2.4.1.Thereare

many possiblesetsof constraintswe could use,andwe analyzesomeof themin this
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section.We will neednot only theconstraints,but their gradientsin orderto transform

the covariances.We will work with theperspective cameraasthis is themostgeneral,

andbecauseorthographicandweakperspective solutionscanbe easilyobtainedfrom

theperspective results.

3.5.1 SatisfyingGaugeConstraints

Let usassumethatwehavefoundanoptimalsolutionpoint, ó , onagaugeorbit, 021 , and

having covarianceN-1 . Our goalis to expressour solutionandits covariancein gaugeO .
Thefirst stepis to find theintersectionof thegaugeorbit andthegaugemanifoldasthis

givesusour transformedsolutionpoint: óLK��P0-1RQ�O . Fromthis we derive thegauge

transformation,S , suchthat ó K �TSió . This will consistof a rotation,  , translation¬ ,
andscaleî , accordingto theequations:° Ï � �8îß § ¡2° �BÎ ¬ ¥ � Ï � �.���q� (3.32)¬ Ï � �8î ¡_��0¬ Á ¬�� ¥ �
Heretheinitial point, ó , containstheparameters � , ¬ � , and °¦� for all features,� , and

images,̈ . The transformedpoint, óLK , containsthe correspondingparameters: Ï � , ¬ Ï � ,
and ° Ï � . Thetransformedcovarianceis obtainedin ananalogousway to thatin equation

(2.65)andsois givenby:�UK �/C K1BV ó 1 MV ó$1 N-1 V ó 1 MV ó-1 § C K 1 § � (3.33)

To obtainthis we needboth the Jacobianmatrix, V óAK ä V ó , andthe obliqueprojection

operatorC K 1 . We will derive thesein thefollowing sections.

3.5.2 JacobianMatrix

TheJacobianmatrix, V óLK¦ä V ó , mapsaperturbationat ó to one óLK :��ó$K � V ó KV ó ��ó � (3.34)

Wecanderive this in termsof ourgaugetransformationquantities, , ¬ , and î , by afirst

orderexpansionof equations(3.32).Doing thisandthensimplifying we obtain:��° Ï� ��îß § ��° ���� Ï � �4�	�q�
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��¬ Ï� �8î ¡�� ��Û¬ Á ��¬�� ¥ (3.35)�8î ¡�¡��	� � ¯w � ¥ ¬ Á ��¬ � ¥�8î ¡ Î ¡_ � ¬ê¯wï ¥ �	� � Á ��¬ � ¥
In matrix form, wethusobtainthefollowing expressionfor ourJacobianmatrix:

V óLKV ó �
²´´´´´´´´´´´´´´´´´´´´µ

î� §
... î� § ï

. .. ïÎ î� ö ¬ê¯Aï îßï

. .. . ..Î î� ø ¬{¯æï îßï

º »»»»»»»»»»»»»»»»»»»»¼DW × ñ <-= øYX :
W × ñ <-= øYX

(3.36)

whereemptyelementsarezero,andwheretheelementsof ��ó arearrangedasin equa-

tion (3.25).

3.5.3 Constraints and Oblique Projection

Therearenumerouswaysby which we coulddefinea gaugemanifold, O , to uniquely

specify the solutionpoint ó$K . In the next chapterwe will seethat dependingon what

object informationwe have, we may wish to usevariousdifferentconstraintson our

gaugeorbit. In this sectionwe will considera few possibleconstraintsetsandderive

the correspondingmatrix N-1 M that spansthe spaceorthogonalto the tangentspaceof

thegaugemanifold O . Usingthis,andthegaugefreedomsspannedby >B1 from equation

(3.26),wewill beableto calculatetheobliqueprojectionoperatorC K 1 .
Centroid Constraints

A popularway to constrainshapeandmotion is by fixing the origin of the coordinate

systemto thecentroid,letting thefirst cameradefinetheorientation,andfixing thescale

usingtheaveragedistanceto thefeaturepoints.Thisgivesusthefollowing setof equa-

tions: ñò�7Z ö °����/[J�  ö �.ïJ� ñò�7Z ö �%°��\� Ú ���>� (3.37)
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We are interestedin infinitesimal perturbationsin the tangentspaceto the gauge

manifolddefinedby theseconstraints.The matrix N-1 M thatspansthe spaceorthogonal

to this is obtainedasthegradientof theseconstraints(seeequation(2.46)),andcanbe

expressedin a7-columnmatrixas:

N-1�M±� ã^] 1 ñò�7Z ö ° � ] 1 *  ö Î ï , ] 1 ã ñò�7Z ö �%°��_� Ú Î � å å
�
²´´´´´´´´´´´´´´´´´µ

ï í ° ö
...

...
...ï í ° ñí ï íí í í

...
...

...í í í
...

...
...

ºK»»»»»»»»»»»»»»»»»¼
� (3.38)

In orthographywecanusethesamegaugeconstraintequations,exceptthatwedonot

needthescaleconstraint,andhencewe simply dropthelastcolumnof N-1�M in equation

(3.38).Theperspectiveequationswork underweakperspective,andso N-1�M is thesame,

exceptthatthezerorowscorrespondingto ��¬���¹ now correspondto �Íð[� .
Camera-basedConstraints

Anotherusefulwayto fix thegaugeis to constrainonly thecameramotion.For instance

wecouldwrite: ö �.ïJ� ¬ ö � í � � ¬ Ú �À�/` � (3.39)

This makesthe first camerapositionthe origin of our coordinatesystemandthe fixes

the distanceto thesecondcamerapositionto somevaluedenotedas ` . This is a com-

monconstraintfor stereo,andso is usefulprimarily for theperspective cameramodel,

althoughit canalsobeusedin weakperspective.Thematrix N-1�M is givenby:
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N 1 M±�
²´´´´´´´´´´´´´´´´´´´´µ

í í í
...

...
...ï í íí í í

...
...

...í ï íí í ¬ Ú ä7aí í í
...

...
...

º »»»»»»»»»»»»»»»»»»»»¼
� (3.40)

Of coursemany morepossibleconstraintscanbedefinedandtheir gradientseasily

found.Usingany of these,ourobliqueprojectionoperator, from equation(2.51),is then

simply:C K 1 �/b Î >B1 M ¡cN §1�M >?1 M0¥ � ö N §1�M � (3.41)

andthecovariancein ourgaugeO is easilyfoundusingequation(2.52).

3.6 Fast CovarianceEstimation

So far we have determinedhow to transformcovariancesonto and betweengauges,

but have not discussedhow to initially estimatea covariance.SFM solutiontechniques

generallyavoid full calculationof the covariance[1, 22], and so we may achieve an

optimalsolutionwithouta full covarianceestimate.Onepossible,andsimple,technique

is to simply calculatethenormalcovariancefrom equation(2.64).As we have seenthis

is geometricallyequivalentto the covariancein any gauge,andso canbe transformed

to whichever gaugewe wantto work with. However, thecalculationof thegeneralized

inverseinvolvesuseof SVD, or equivalentmethod,taking dW¡��>× Á �8× ¥ operations,

which for many featurepointsor images,is slow.

TheHessian,though,hassparsestructureandthis is usedby photogrammetriststo

obtainefficientsolutionmethods.In thissectionweproposeafastcovarianceestimation

methodthattakesadvantageof thissparsestructure.

Let us assumethat our parametervector is divided into shapeandmotion compo-

nents,ó_e and ó-f , respectively, suchthat óq�x¡2ó §e ��ó §f ¥ § . TheHessianis thensplit into

its shapeandmotioncomponents:
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] Ú1 � � ã ] Ú17g � ] 1 gih �] 1 hjg � ]�Ú1�h � å � ã > kk § N å � (3.42)

Whennoisein eachfeaturepoint specifiedby thedatacovariance,� � , is non-zeroand

independentof others,matrices> and N arefull rankandsparsewith dq¡2� ¥ and dq¡2� ¥
non-zeroelementsrespectively, where� is thenumberof featuresand � is thenumber

of images[22, 61]. Thecross-termmatrix, k , is not sparsehowever, andsoapplyinga

standardsparsetechniqueswill notreducethecomplexity of determiningthegeneralized

inverse.Wethusproposethefollowing fastinversionmethod.

In thecasewherethenumberof imagesis smallerthanthe numberof features,we

definethefull rankmatrix, l , asfollows:

l,� ã ï íÎ k § >R� ö ï å (3.43)

andobtaintheblockdiagonalmatrix:

l ] Ú1 � l § �¾ã > íí N Î k § > � ö k å � (3.44)

Thenwedefinethecovariance�nm by:� m �4l § ¡ol ] Ú1 � l § ¥ �× ñ <-= ø �qp l (3.45)�4l § ã > � ö íí ¡�N Î k § > � ö k ¥ �= ø �qp å l)�
Thiscanbeobtainedin dq¡2�wÚ�� Á �;× ¥ operationswhich,whenthenumberof images

is small (i.e. � r � ), is muchfasterthanthe original SVD which is dW¡2� × Á � × ¥ .
Whentherearefewer featuresthanimages,ananalogoustransformationcanbecreated

to takeadvantageof this.

To illustratethepotentialspeed-upachievableby thismethod,wecreatedanexample

in which we calculatedthenormalcovarianceusingSVD andcomparedthis to our fast

methodfor calculating�sm . In ourexamplewehad500featuresand10images.Fromthe

analysisabove we would expectbetweenoneandtwo ordersof magnitudeincreasein

speed,andindeedour resultsreflectedthis.Calculating�Rt2u took 37 minutes,whereas

calculating� m tookonly 24seconds.

In order for this new covarianceexpression,�nm , to be a valid descriptionof the

uncertainty, we mustshow that it is geometricallyequivalentto thenormalcovariance,�vtLu . To do thiswerely on thefollowing theorem:
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Theorem 3.6.1. Let w bea square matrix whosenullspacecorrespondsto the tangent

spaceof thegaugeorbit 0-1 , and let l bea full ranksquare matrix of thesamesizeasw . Thenw � is geometricallyequivalentto l § ¡olxwyl §J¥ � l , which wewrite thisas:w4�4l § ¡olswUl § ¥ � l mod 0-1{� (3.46)

Proof. Considertheequation:wxzA�4{ (3.47)

where{ is in thecolumnspaceof w . Thegeneralsolutionis a combinationof a unique

particularsolution, z}|±�/w � { , in thecolumnspaceof w , anda homogeneoussolution,z�~ , which is any vectorin thenullspaceof w , i.e. wsz�~�� í . We left multiply equation

(3.47)by l andrearrangeto obtain:¡olswUl § ¥ l � § zA�4ly{)� (3.48)

Thenchangingvariables:���4l � § z , andsolvingfor � weobtain: � = ¡�lswyl § ¥ � lU{ +� ~ where ¡�lswyl §[¥ � ~ =
í
. Now transformingbackto z we candecomposethesolution

into theparticularandhomogeneousparts:zA�5l § ¡olxwyl § ¥ � ly{ Á l § �B~±�/z}| Á z�~�� (3.49)

where z}| �Fw � { is theparticularsolutionobtainedin equation(3.47).It is easyto see

that l § ��~ is in the nullspaceof w , andhencel § ¡olswUl §T¥ � ly{ = z}| + z Ï ~ for some

vector z Ï ~ in thenullspaceof w .

Wenow applythegeometricequivalencetestto � t2u �/w � and � m = l § ¡olswUl §[¥ � l .

TheJacobianmatrixis theidentity,andtheorthogonalcomponentto thetangentspaceto

thegaugeorbit 0 1 is spannedby thecolumnsof w andso { is any vectorin thecolumn

spaceof w . Applying theequivalencerelationshipweobtain:{ § ¡�w � Î l § ¡olswUl § ¥ � l ¥ {��4{ § ¡cz}| Î z}| Î z Ï ~ ¥ �5{ § ¡ Î z Ï ~ ¥ � í � (3.50)

for all { in thecolumnandrow spaceof w , since z Ï ~ is in thenullspace. ��
This theoremthuspermitsus to usea fastmethodfor estimatingthe covarianceof the

recoveredshapeandmotionin equation(3.45).
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3.7 Invariants

Absolutefeaturepositions,camerarotationsandtranslationsarenot invariantto gauge

transformations.The valuesof thesepropertiesand their uncertaintieswill dependon

thechoiceof gauge.To evaluatethesepropertiesandtheiruncertaintiesweneedto work

in a gauge.However, we canavoid thespecialchoiceof a gaugeby insteadconsidering

only gaugeinvariants.In SFM,thebasicquantitiesthatareinvariantto similarity trans-

formationsareratiosof lengthsandangles.It is easyto confirmthatchangingthescale,

rotation,andtranslationof two pairsof pointswill notaffect theratioof theirseparation

lengths.Similarly theanglebetweentwo linesintersectingatapoint,or twoplanesinter-

sectingata line will notchangeundersimilarity transformations.Othergaugeinvariants

canbedefinedin a similar fashionor by addingtogetherdifferentgaugeinvariants.The

valueof agaugeinvariantwill remainconstantalongall pointsonagaugeorbit.Further-

moreits covariancewill be thesameirrespective of thegaugein which it is calculated,

or if thenormalcovarianceis usedor if our fastcovariancemethodis used.

3.8 Experiments

Wepresentanumberof syntheticandrealexperimentsillustratingouruncertaintymod-

eling. In our first experimentwe considera simulatedobjectviewedfrom 11 positions

by a weakperspective cameraasillustratedin Figure3.2. A samplesetof imagesare

shown with noiseaddedaccordingto a known covariance.Finally thereconstructionof

theshapefrom theseimages,alongwith its uncertaintyellipsoids,is shown.

Weobtainouruncertaintyellipsoidsfor thisshapefrom thenormalcovariancewhich

is shown in Figure3.3. To confirm that this predicteduncertaintycorrespondsto the

actualcovarianceof theshapereconstructiongivenourdatacovariance,weperformeda

MonteCarlosimulation.Firstwe chosea gauge,givenby equations(3.37),in which to

expressour reconstructionsandtheiruncertainties.Transformingournormalcovariance

into thisgaugeweobtainthepredictedcovariancein Figure3.4.Thenweperformedaset

of 400SFM reconstructions.Thecovarianceof theresultingreconstructionparameters

is alsoshown in Figure3.4.Thepredictedandtheactualcovariancesconformverywell,

ascanalsobeseenin Figure3.5.

The problemwith the shapeand motion covarianceplots is their dependenceon

choiceof gauge,asis vividly illustratedby the differencebetweenthe normalcovari-

ancein Figure3.3andthegauge-constrainedcovariancein Figure3.4.Gaugeinvariants,
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1 4 8 11

Fig. 3.2. ( � ) Our simulatedexperimentalsetupwith 11 camerasviewing our syntheticobject is shown.
(The lines connectingpoints are only presentfor viewing.) ( � ) Four imagesof the 11 imagesequence
with addedGaussianareshown. ( � ) Finally anoptimal reconstruction,giventhenoiseestimates,is shown
with uncertaintyellipsoidsrepresentingthreetimesthestandarddeviation of eachfeaturepoint. The full
covariancematrix is shown in Figure3.4.

however, will giveusunambiguousmeasuresfor theuncertaintyof theresults.Wechose

two invariantson our syntheticobject:ananglebetweentwo linesandtheratio of two

lengths.Theirstatisticsareshown in Table3.1,confirmingverygoodmatchingbetween
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Fig. 3.3.Thepredictednormalcovariancematrix giving usthegeometricuncertaintyof thereconstructed
syntheticobject.Thescaledabsolutevalueis shown by thedarknessof theshading.Hereweakperspective
wasusedand � is therecoveredscalefor eachimage.We notethatit canbealteredby addingcomponents
in thetangentplaneto gaugeorbit withoutchangingtheunderlyinguncertainty, asweseein Figure3.4.
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Fig. 3.4.( � ) Thepredictedcovariancein anarbitrarygauge,seeequation(2.34).Wenotethatthevaluesand
correlationsaresignificantlydifferentfrom thenormalcovariancein Figure3.3,andyet it still containsthe
samegeometricuncertainty. ( � ) TheactualMonteCarlocovariancein this gauge.It showsclosesimilarity
to thepredictedcovariancein thisgaugeascanalsobeseenin Figure3.5.
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Fig. 3.5.Thesquarerootof thediagonalelementsof thecovariancesin Figure3.4areshownhere.Thisgives
thenetstandarddeviation of eachparameterin theexperimentalgauge(3.37)obtainedfrom thediagonal
of thecovariance.Thesolid line is theexperimentallymeasuredvalueandthedashedline is ourprediction
from theprojectednormalcovariance.

predicteduncertaintyandactualuncertainty. Sincethesepropertiesareinvariants,their

uncertaintiesareexact,andnot subjectto anunknown transformationlike scaling.Thus

thetrueerrorsarerevealed,ratherthanpossiblybeinghiddenin thechoiceof coordinate

system.We believe reportingthis uncertaintymeasureis essentialfor mostquantitative

analysesof theshape,andmustbedonefor gaugeinvariantproperties.

Table 3.1. Predictedand measuredvalues,along with their uncertaintiesin standarddeviations,of two
gaugeindependentpropertiesof thesyntheticobjectin Figure3.2: (left) theanglebetweentwo lines,and
(right) theratioof two lengths.

Angle Mean Uncertainty Ratio Mean Uncertainty
Predicted: �������&��� ����������� Predicted: 0.9990 � 0.0332
Recovered: ����� �;��� ����������� Recovered: 1.0005 � 0.0345

Next we illustrate3D reconstructionin differentgaugesfor anothersyntheticshape

underperspectiveprojection.Figure3.6showsthreeimagesfrom asix imagesequence,

andFigure3.7showstheoptimalreconstructiontogetherwith theuncertaintyellipsoids

in four differentgauges.Evidentlythechoiceof gaugesignificantlyaffectstheuncertain-

ties.Neverthelessif we considerinvariants,all of thesecovarianceswill give thesame

uncertainties.Somesampleinvariantsareillustratedin Table3.2.

Finally we show resultsfor a real imagesequenceof a chapelin Figures3.9 and

3.10alongwith thereconstructedshapefrom SFM. Thefeaturecorrespondenceswere

determinedmanually. Not only canwe obtaina texture-mappedreconstruction,we can

also obtain measurementsof similarity invariant propertiessuchas angleswith their
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Fig. 3.6.Threeimagesfrom a 6 imagesequenceof a syntheticobjectwith uniform Gaussianindependent
noiseadded.Thecirclesplottedareat twice thestandarddeviationof thenoise.

Table3.2.A setof invariantscreatedfrom thelinesmarkedin Figure3.8.Theseincludetheanglesbetween
two pairsof lines,andtheratio of thelengthsof two pairsof lines.Theuncertaintiesaregiven in standard
deviations.

Invariant Truevalue Estimatedvalue Uncertainty

Angle � ����� ��� �;��� � �?��� ���
Angle � ����� �;��� � �?��� ���
Ratio ����� � ��� �;� �?�����
Ratio ���;  � ��� �&� �?��� ��¡

uncertainties.We found the angleandits uncertainty(in standarddeviations)between

two wallsseparatedby abuttress:����97¢$£Q®���a7¢ , aswell astwo otheranglesonthechapel:¤ û ��a)¢B£¥a�� ��¢ and ¦�®���a7¢?£¥a�� û ¢ asdescribedin theFigurecaption.

3.9 Discussion

In SFM therearebasicindeterminaciesin theparameters.Underperspective andweak

perspectiveprojectionthesecorrespondto asimilarity transformation,andfor orthogra-

phy they correspondto a Euclideantransformation.In this chapterwe derivedexplicit

expressionsfor the gaugefreedomsof thesemodels,which permitsus to transform

the covarianceof the shapeandmotion parametersbetweenany gaugeconstraintswe

choose.We showed,througha numberof examples,how choiceof gaugecansignifi-

cantlyaffect thecovariancesof theparameters.

An importantuseof covarianceestimatesis to evaluatea methodfor estimating

parametrizedquantities,suchas3D positionof points.If a methodis unbiasedander-

rorsaresmall,thesmallerthecovariancethebetter. However, thechoiceof gaugemay

be critical in this evaluation.In somegaugesthe parametersmay have very small co-

varianceandin othergaugesthey have mayhave largecovariances.If thereis no prior

justificationof aparticulargauge,thenonecanbetemptedto choosea favorablegauge,
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( � ) ( � )

( � ) ( § )
Fig. 3.7.Thereconstructionof thesyntheticobjectfrom thesequencein Figure3.6in four differentgauges.
Thecoordinatesystemis shown at theorigin of each,anda thick solid line indicatingwhich distancewas
usedto fix the scale.The ellipsoidsgive the probability surfacesat threetimesthe standarddeviation of
thepositionof thefeaturepoints.( � ) A coordinatesystemat thecentroidandscalefixedusingtheaverage
distanceto thefeatures.( � ) Thecoordinatesystemis fixedto thecornerpoint,andashortlengthis usedto
fix thescale.( � ) Thecoordinatesystemis fixedto thecornerpoint,andalonglengthis usedto fix thescale.
( § ) Thecoordinatesystemis onthesecondcamera,andthedistancebetweentwo camerasis usedto fix the
scale.
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Fig. 3.8.Someanglesandlengthsaremarkedon theobject.Invariantscreatedfrom theseandtheir uncer-
taintiesarecalculatedandshown in Table3.2.

Fig. 3.9.Threeimagesfrom a6 imagesequenceof achapelwith featuresregisteredby hand.

andin doing this a significantportion of the noisecanbe “normalized” away. This is

badif realapplicationsdo not give usknowledgeof this gauge.Thesafestapproachto

comparinguncertaintiesfrom differentalgorithmsis to compareuncertaintiesof invari-

antproperties.Thesedo not dependon choiceof gaugeandsowill not beincreasedor

decreasedby arbitrarychoicesin theexperiment.Alternatively to working with invari-

antsonecouldchooseagaugeandjustify thischoiceby useof realmeasurementsof the

object.This leadsto thequestionof what is thebestway to choosea gauge,andthatis

thesubjectof thenext two chapters.
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Fig. 3.10.Theshapereconstructionfrom theimagesequencein Figure3.9.Wecanobtainquantitativemea-
suresanduncertaintiesof invariantsfrom thisreconstruction.In thiscaseweestimatedtheanglebetweento
wallsseparatedby abuttress,andtwo otheranglesasillustratedonthefar right. Thevalues(anti-clockwise
from thetop) are: ���H���2�D��� ��� , ¡���� ���L�¨������� and �&��� ���2�D��� ��� .

Finally, calculatingtheinverseof theFisherinformationmatrix to obtainthecovari-

ancecanbeverycomputationallyexpensive.To addressthiswedefinedanew inverseof

theFisherinformationmatrix thatcanbecomputedrapidly by takingadvantageof the

sparsenatureof thismatrix.Ourgeometricequivalencerelationshipenabledusto prove

that this inverseis geometricallyequivalentto the normalcovariance,andhencegives

usavalid covarianceestimateonceprojectedinto agauge.By reducingthecomputation

from cubic to quadraticin featurepointsfor many cases,this dramaticallyreducesthe

costof uncertaintyanalysis.
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We have shown that we can estimategaugeinvariantquantitiesexactly, andobtaina

uniquecovariancefor theseirrespectiveof gaugechoice.However, many quantitiesthat

wewouldlike to estimatearenotgaugeinvariant.For examplethesizeof anobjectis not

aninvariantasit dependsonscale.In orderto estimatenon-invariantquantitieswemust

useadditionalinformationto constrainour solution.But usingadditionalinformation

to constrainthe solution,which we call gaugefixing, will affect the accuracy of the

solution.It is this effect on accuracy thatwe would like to investigate.In particularwe

would like to know how to achieve thegreatestaccuracy with theleastinformation.

The non-invariantpropertythat we areparticularlyinterestedin is the lengthof an

object,or the distancebetweentwo pointson an object.Typically lengthis oneof the

key propertiesthat we want to know aboutanobjectwhoseshapewe have estimated.

It is moreuseful thanthe ratio of two lengths,which is an invariant.For example,in

analyzingtheshapeof a door, we couldobtaina full invariantthatspecifiestheratio of

theheightto thewidth of thedoor, but evidently this is lessusefulthanknowing what

theheightandthewidth actuallyare.

Lengthhasa specialpropertythat is usefulfor applicationsandis easierto analyze

thanothernon-invariantquantitiessuchas3D position.Lengthis invariantto rotations

andtranslations.We thuscall it a partial invariant.If we canfix scale,thenlengthbe-

comesaninvariant.And moregenerallypartialinvariantscanbemadeinto full invariants

of a reducedparameterspaceby fixing only a partialsubsetof thegaugefreedoms.For

lengthestimatestherestill remainstheproblemof how bestto constrainthescaleof the

parameterspace,but this is an easierproblemthantrying to fix scale,translationand

rotation.

In this chapterwe will applyour gaugeconstraintandgaugefreedomtheoryto the

estimationof partial invariants.We will considerlength measurementsas our partial

invariantsin theSFM domain.Our aim will beto seehow fixing scaleaffectstheaccu-
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racy of lengthestimates,andhow we maybeableto maximizethe accuracy of length

estimates.

4.1 Fixing Scale

In orderto obtainlengthestimateson a modelknown up to a similarity transformation,

we needto determinethescalefactor. Traditionallythisunknown scalefactorin 3D es-

timationhascausednogreatconcernin thecomputervision field. It is typically thought

thatwe canmeasurea lengthof therealobject,find theunknown scalefactor, andthen

usethis asa change-of-variablestransformationto rescaleboth the modelandthe co-

variance.We will show in thissectionthatthiswidely heldassumptionis false.Thenin

subsequentsectionswe will usegaugetheorywe have developedto derive the correct

transformationof acovariancematrix whenthemodelscaleis determined.

4.1.1 ProblemStatement

Let usrepresenttheshapeof ourobjectwith avector, ° , thatcontainsall of the £ , ¤ , and© coordinatesof all theindividualfeaturepoints:

°B�³²´´µ ° ö...° ñ
º »»¼ � where °Aªâ�³²´´µ £ ª¤�ª© ª

º »»¼ � (4.1)

Here, ° ª denotesthe3D positionof the � th featurepoint. Let usassumefurther thatwe

only know ° Ï , thetotalshapeup to anunknown scalefactor, î , where °��ôî�° Ï . We also

know that the uncertaintyof the shape,��° Ï , haszeromeananda covariancematrix,� Ï« �
¬�Ñ���° Ï ��° Ï § Ó .
In this chapterwe ignorerotationalandtranslationaldegreesof freedom,sinceour

goal is to obtaindistanceestimateswhich areinvariantto thesedegreesof freedom.A

setof 3D pointsimplicitly containsafixedrotationandtranslation,andsowechooseto

work in this defaultgauge.The lengthswe predictwill be invariantto changesin this

gauge.

Sinceour modelis known only up to a scalefactor, we mustperformanadditional

measurementin ordertospecifythemodelexactly. Saywemeasurethedistancebetween

featurepoints, � and  , on therealobjectandfind that its valueis � . We concludethat

for our model, ° Ï , to correspondto the trueobject,it mustberescaledby a scalefactor

givenby:
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Thenew modelis then:°B�8î�° Ï � (4.3)

Ourquestionis: Now thatweknow thescale,whatis thecovariance,� « , of therescaled

model?

4.1.2 NaiveSolution

A directanswermaybeobtainedasfollows.Perturbationsof thenew modelaregiven

by: ��°=�8îA��° Ï � (4.4)

with fixedscaleî , andsotheJacobianmatrix for a change-of-variablesis:V °V ° Ï �;î�ï±� (4.5)

Thecovariancefor thenew modelwouldthenbe:� « �4¬ Ñ���°^��° § Ó� « � V °V ° Ï ¬ Ñ���° Ï ��° Ï § Ó V °V ° Ï §��î Ú � « É � (4.6)

Thuswewouldconcludethatwe canrescalethecovariancewith thesquareof thescale

factor. This is exactly achange-of-variablestransformation.

4.1.3 Contradiction

It is easyto seethatthereis somethingwrongwith equation(4.6).Wehavemeasuredthe

distance,� , betweenpoints � and onour rescaledmodel,° . Assumetherearenoerrors

in themeasurementof � .1 Thenthis distancehasno uncertaintyandsomusthave zero

variance.However in ournew model, ° , wehave: � = �%°)ª Î ° ® � , andsoperturbationsof� areexpressed:�¯� = ] « � § ��°)� (4.7)�
We show in section4.2.3how to incorporatemeasurementuncertainties,but for simplicity we do not
considerthathere.
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Then,usingthecovariancein equation(4.6),thevarianceof � wouldbe:° Ú± � ] « � § � « ] « �ê� (4.8)

wherewehave definedthegradientof a scalarto be:

] « �=� ²´´µ V ��ä V ¿ · ö...V �¦ä V ¿ ¹ ñ
º »»¼ � (4.9)

Thiscalculatedvariance,° Ú± , will not bezeroin general,exceptfor a specialcovari-

ance,� « É , andchoiceof features.By assumption,however, it is zero,andsothereis a

contradiction.We concludethateventhoughwe have thecorrectscalefactor î , unless

thevariance,° Ú± , betweenthepointswe choseis zero,simply scalingthecovariancebyî Ú , asin equation(4.6),is thewrongtransformation.

4.2 GaugeFixing

The contradictionbetweenthe propertieswe expectedour covarianceto have andthe

propertiesof the rescaledcovariancewascausedby ignoring the gaugefreedomsand

gaugeconstraintsof the problem.The 3D pointsareknown up to a scalefactor, and

hencehaveagaugefreedom.While therescalingof thecovariancewascorrect,weought

to have regardedour measurementasa gaugeconstraint,and so appliedour oblique

projectionoperatoralongthegaugefreedomontothisconstraint.In thissectionweseek

to reinterprettheproblemwith gaugefreedomsin mindandderive thecorrectsolution.

4.2.1 ProblemReformulation

We startedwith a shape,° Ï , andcovariance,� « É , in anunknown gauge,O Ï . We madea

measurement,� , andwill usethisasa constraintonourmodel:� Î �%°7ª Î ° ® �À� í � (4.10)

and as suchit definesa new gauge,O . We obtaineda rescaledshape,°8� î¦° Ï , that

belongsto thesamegaugeorbit, 0 « , andalsosatisfiestheconstraintof this new gauge,O . Now we wantthecovariance,� « , at ° thatlies in thetangentspaceto O .



4.2 GaugeFixing 77

4.2.2 Oblique Projection

The transformedcovariance,� « , besidesbeingin the tangentspaceto O , mustbe ge-

ometricallyequivalentto the original covariance,� « É . The solutionto this problemis

to rescaleandprojectthe original covarianceinto the new gaugeasgivenby equation

(2.52)andexpressedin ourparametersas:� « �4C K« V °V ° Ï � « É V °V ° Ï § C K « § � (4.11)

Here V °¦ä V ° Ï is the rescalingJacobianfrom equation(4.5), and C K « obliquely projects

ontothetangentspaceto O while maintaininggeometricequivalence.This transformed

covariancethusgivesthe true uncertaintyof the shapeafter we makemeasurement� .
Now wesimplyneedto derivewhat C K « is.

Theobliqueprojection,C K « , will beof theform derivedin section2.4.4:C K « �/b Î > « ¡�N §« > « ¥ � ö N §« � (4.12)

Here > « spansthe tangentspaceto the gaugeorbit, and N « spanstheorthogonalcom-

plementof thegaugeO . We canderive thesefrom theinfinitesimalgaugegeneratorsas

donefor SFM in section3.4.2.

Perturbationsin thetangentspaceof thegaugeorbit, 0 « , aregivenby:° Á53 ¡2° ¥ �¢¡K� Á ��î ¥ ° (4.13)

which implies3 ¡2° ¥ �8°A��î (4.14)

andsoat ° , > « �;° .
Let N « = ² bea vectororthogonalto thegaugetangentspace,²³.´l=Ñ OâÓ t . Onesuch

vectoris givenby thegradientof theconstraint:

²>� ] « ë�¡2° ¥ � V?µ �%°)ª Î ° ® �V ° �
²´´´´´´´´´´´´´´´´´µ

í
...¡2°)ª Î ° ® ¥ ä7�í
...¡2° ® Î °)ª ¥ ä7�í
...

º »»»»»»»»»»»»»»»»»¼
� (4.15)
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Theconstraintë�¡2° ¥ � í wasdefinedin equation(4.10).Finally weobtainanexpression

for ourobliqueprojectionoperator:C K « �.ï Î °)² §² § ° � (4.16)

Thisobliqueprojectionoperatoris illustratedin Figure2.7.It takesany perturbation��° Ï
to a geometricallyequivalentperturbation��° in a new gaugeO . It canthusbeusedto

transformourcovariancein equation(4.11)to a covariancein ournew gaugeO .
4.2.3 MeasurementUncertainty

We cannow askwhathappenswhenthereis uncertaintyin themeasurementof length �
ontheobject,whichis oftenthecase.Weexpandourbasicscaleequation(4.3)including

a perturbationterm, ��î , onscaleitself:��°B�8îAC K « ��° Ï Á ° Ï ��î{� (4.17)

The secondterm is simplifiedasfollows. The scaleis î = �¦ä7� Ï where � Ï = �%°�Ïª Î °�Ï® � ,
andso ��î = �D��ä7� Ï . If � is measuredwith standarddeviation ° f , thensubstituting for��î into equation(4.17),andfinding thecovarianceweobtain:� « �8î Ú C K « � « É C K « § Á ° Úf ° Ï ° Ï §� Ï Ú �8î Ú C K « � « É C K « § Á ° Úf °�° §� Ú � (4.18)

We seethat the measurementcomponentto the varianceis inverselyweightedby the

lengthon theobjectthat is measured.Thusmeasuringlongerlengthsin theshapeoften

reducesthis componentof theerror. This is quiteintuitive.

4.3 Finding the BestGauge

The choiceof gaugeaffects the final accuracy of our results.It is naturalto want to

choosea gaugethat maximizesthe accuracy of the model.In this sectionwe consider

two measuresof final accuracy andhow gaugesshouldbechosento optimizethese.

4.3.1 Optimizing Overall Accuracy

One measurefor accuracy is the traceof � « , which is the sumof the individual 3D

feature-pointvariances.Reducingthis correspondsto improving the overall accuracy,

but ignoringcross-correlationeffects.If � « É includesoff-diagonalelements,theanalysis

becomescomplicated,andso we approximateit with uniform anduncorrelatednoise:
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� « É � ° Ú¶ ï . Now we ask:If we canmeasurethedistance,� = �%°)ª Î ° ® � , betweenany

two points � and , which two pointsshouldbeusedto minimizethetrace:Tr[ � « ]?
Thevector ² , from equation(4.15),is zeroexceptfor the � th and th elementswhich

are: ¡�°7ª Î ° ® ¥ ä)� and ¡2° ® Î °Aª ¥ ä7� respectively. Fromthisweget: ² § °B�/� and ² § ²��/a ,
and °)² § is asquarematrixwhoseonly two,non-zero,diagonalblocksare: ° ª ¡2° ª Î ° ® ¥ §
and ° ® ¡2° ® Î °)ª ¥ § . Usingthese,andsubstitutingfor C K « and � « É in equation(4.18),we

obtain:

Tr Ñ·� « Óâ�¢¡2®�� Î a ¥ î Ú ° Ú¶ Á ¡�a�î Ú ° Ú¶ Á ° Úf ¥ �%°\� Ú� Ú � (4.19)

We seethatgivenconstantmeasurementerror, ° f , the longerthe lengthon themodel

wechoose,� , thesmallerthetotaluncertainty.

4.3.2 Optimizing One-LengthAccuracy

For realmodels,thereis typicallystrongcorrelationbetweenfeaturesandsotheapproxi-

mationthat � « É is uncorrelatedmaybepoor. Also, wemaybeinterestedin theaccuracy

of only part of the model,andin somecasesjust onelength.Let us saythat our goal

is to estimatea certainlength, ¸ = � °º¹ Î °A»¼� , with the greatestaccuracy, andthat we

cansetthescalefactorby measuringanotherlength, � . Whatqualitiesshould � have to

minimizethevarianceof ¸ ?
Let ½ Ï = ¡�¸ Ï � Ï ¥ § and ½ = î7½ Ï , andsowecanwrite:�U¾ É � ] « É ½ Ï § � « É ] « É ½ Ï (4.20)�¾ã ° Ú¿ É ° ¿ É ± É° ± É ¿ É ° Ú± É å �

If wemeasure� with variance° Úf , we obtainfrom equation(4.18):�U¾ �8î Ú C K¾ � ¾ É C K¾ § Á ° Úf ½-½ §� Ú � (4.21)

Hereourscalefactorgivesusagaugefreedom:V ½Jä V î = ½iÏ , andourconstraintthat ���_�
is aconstantgivesusa local constraint:² = ¡ í � ¥�§ , andsoC K¾ �¾ã � Î ¸Eä7�í í å � (4.22)

We want to minimize the varianceof ¸ , which canbe obtainedalgebraicallyfrom

equation(4.21)as:° Ú¿ �;î Ú ¡ ° ¿ É Ú Î a ¸� ° ¿ É ± É ÁÁÀ ¸�}Â Ú ° Ú± É ¥JÁÃÀ ¸�}Â Ú ° Úf � (4.23)
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This is a quadraticin the ratio ¸�ä7� , andits minimum hastwo cases.The first is when

the noiseis uncorrelatedor anti-correlated,( ° ¿ É ± ÉvÄ í ). The variance,° Ú¿ , is reduced

whentheratio, ¸�ä)� , is reduced.Thusgivenconstantvariances,thelongerthelengthwe

measure,� , themoreaccurateourestimatefor ¸ is. Thesecondcaseis whenthenoiseis

positively correlated,° ¿ É ± É}Å í . Theratio thatminimizes° Ú¿ is then:¸� � î�Ú ° ¿ É ± Éî Ú ° Ú± É Á ° Úf � (4.24)

If the noiseis perfectlycorrelated,namely ° ¿ É ± É � ° ¿ É ° ± É , and ° Úf =
í
, andthe ratio,¸Eä7� , is givenby equation(4.24),thenthelength ¸ will beperfectlyestimatedwith zero

covariance.

But we canalsounderstandequation(4.21)geometricallyusingour obliqueprojec-

tion interpretation.Letusrepresent� ¾ É with a2Dellipsegivingthestandarddeviationof� and ¸ on two axes.Theobliqueprojectionoperator, C K¾ , projectsthis alongthegauge

freedomonto the ¸ axis. The gaugefreedomis a line whoseslopeis ¸�ä)� . Figure4.1

showshow themagnitudeof theresultingvariance,° Ú¿ , is obtainedby theprojectingthe

ellipse, � ¾ É , ontotheverticalaxis.Thesteepertheslope,or thesmaller� is comparedto¸ , thelargertheresultingvariance,° Ú¿ , is. Therelationshipbetweenratio � ÔA¸ and ° ¿ is
plottedfor thisexamplein Figure4.2.We notethatwhile it appearsthattherankof the

varianceis beingreducedfrom two to one,this is becausewe areconsideringonly two

dimensionsof a higherdimensionalspace,andif we lookedat thefull covarianceof all

theparametersits rankwouldnotchangeby theobliqueprojection.

A further interestingconsequenceof the projectionshown in Figure4.1(î ) is that

if the ratio, ¸�ä)� = � , thenthe gaugefreedomwill be at
¤ E ¢ , andthe projectionof the

ellipseonto the coordinateaxeswill be the sameif either � or ¸ is fixed. This means

thatif thelinesarethesamelength,thenholdingoneline fixedandpredictingtheother,

or holdingtheotherfixedandpredictingthefirst will giveexactly thesameuncertainty.

This symmetryproperty, dependingonly on thelength,givesintuition on theeffectsof

gaugefixing, andwill simplify gaugefixing calculationsfor linesof equallength.

4.4 Feature Localization Err or

In doing somereal experimentswe realizedthat thereis a systematicerror in 3D re-

constructionthat is often overlooked,but that cancreatesignificantbiaserrorsin the

predictionof 3D shape.We will refer to it as the feature localizationerror, andwill

distinguishit from correspondenceerror.
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Fig. 4.1. Illustratedaretheprojectionsof acovarianceÆ}Ç�È ontoasingleaxisto giveus É�ÊË , asdescribedin
equation(4.21)with É h =0. In ( � ) thegaugefreedomdirectionis givenby Ì&ÍÎ§ = 1, whereasin ( � ) Ì&ÍÎ§yÏ	� .
Noticethattheratioof lengthsÌ&ÍÎ§ , andhencegaugefreedomdirection,significantlyaffectsthemagnitude
of theprojectionontothe Ì axis.In generalthelarger § is comparedto Ì thesmallertheprojection,although
whenthereis positivecorrelation,thereis aminimumprojectionwhenthisratiois givenby equation(4.24).
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Fig. 4.2.Theplot showsthestandarddeviation, É Ë , of thepredictedline length, Ì , asa functionof theratio
of themeasuredline lengthto thepredictedline length, §Ð�&Ì . In generalthelarger § thebettertheestimate,
exceptbeyondacertainvalueafterwhich theuncertaintyincreasesmoderatelyto anasymptote.
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In the featurecorrespondenceproblem,we aregiven the projectionof a 3D point

in oneimage,andseekfor the correspondingpoint in the restof the images.It is this

problemthatis usuallydealtwith whenfeaturetrackingerrorsaremodeled.

Thefeaturelocalizationproblem,however, correspondsto identifyingtheactualpro-

jectionpoint of a 3D featurepoint. If imageswereof infinite resolution,this could be

obtained,but dueto thefinite resolutionof pixels,wecannotlocatetheexactpositionin

animagecorrespondingto a3D point.This is illustratedin Figure4.3.Hereweseethat,

if we look closelyat theimagearoundthecornerpoint, thecorneris fuzzy andit is not

possibleto give its precisecoordinates.Thebestwe cando is to give anestimatewith

someuncertaintyof a few pixels.

FromFigure4.3 we seethat featurelocalizationerror is not the sameasthecorre-

spondenceerror. To find correspondenceswe look at anotherimageof the corner, and

find theregion in it thatmostcloselyresemblestheregion identifiedin thefirst image.

This correspondencewill have someerrorsincethe intensitiesbetweenimageschange

andthe regionswarpdueto affine or perspective effects.This error is generallymod-

eledasanunbiasedperturbation,andwhenwe performSFM we canhopeto reduceit

asmuchaspossible,andobtainanunbiasedestimatealongwith a covarianceestimate

dependingon the amountof this noise.However, if we have an error in featurelocal-

ization, asshown in Figure4.3 andalso in Figure4.4, this will propagatethroughout

thecorrespondences,andall thecorrespondingimagepointswill incorporatethis local-

izationcomponent.As we will see,this will resultin a biasedfinal estimatefor the3D

point.

Wewill modelthelocalizationerrorasfollows.Let, ° , bethe3Dpointthatwewishto

estimate,and � beits projectioncoordinatesin theimagein which we initially selected

the features.Let us assumethat we have a localizationerror in which we measurea

point �?Ñ closeto � . Furtherlet usassumethatwhenwe find correspondingfeaturesin

theotherimages,theseall correspondto a 3D point, °AÑ , closeto ° . Whenwe do SFM

we will obtainanestimatefor °7Ñ , not for ° , andso will obtaina 3D biasequalto the

differencebetweenthesepoints: °AÑ Î ° .
Therearea few pointsto noteaboutthis localizationerror. First it only affectsthe

shapeparametersanddoesnot affect the motionparameters.Actually the localization

error in each2D point only affects the 3D estimateof that feature,andno other3D

feature,althoughevery3D pointmayhave its own localizationerror. In applicationsthat

simply needany 3D pointson or nearthesurfaceof anobject,this localizationerror is

unimportant.However, whenwe want to estimateanactual3D point on the object,or
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Fig. 4.3. We would like to find the imagepositioncorrespondingto the cornerof the roof-top shown in
thetop image,andthecorrespondingpositionsin all theimages.We seefrom theclose-upviews that it is
not easyto identify the exact coordinatesof thecorner. We could assumeit is thepoint in ( � ) in thefirst
image.Thenit is not too hardto identify thecorrespondingpoint in thefourth imageasshown in ( � ). But
alternatively wecouldestimatethepositionof thecornerto bethatshownin ( § ), andthenthecorresponding
point in the fourth imagewould bethat in ( Ì ). Thematchingerrorsbetween( � ) and( � ), andbetween( § )
and( Ì ), arecorrespondenceerrors,andweassumetheseareunbiased.Thedifferencebetween( � ) and( § ),
andalso( � ) and( Ì ), is the resultof image-localizationerror. This hasa 3D causeandwill resultin biased
3D estimates.
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Fig. 4.4.Shown above is anotherexampleof thedifficulty in featurelocalization.We wantour featureto
correspondto theprojectionof the3D point wherethebottomof thebridgeconnectsto thebuilding. But,
eventhoughwemaydo sub-pixel trackingbetweenimages,wecannottell wherethis truepoint is in image
1 to morethanacouplepixel accuracy.

actualline lengthson the object,this localizationerror will resultin unmodelederror,

namely, theerrorwill belargerthanourexpectederror.

We have two options:eitherminimizethe localizationerror, or incorporatea model

of it in our uncertaintyformulation.Therearevariousapproachestakenin minimizing

localizationerror. Oneapproachis to takeimagesof afeaturefrom all aroundit. But this

createsa muchhardertaskfor the imagetakerandfeaturematcher, andbesidesmany

featuresarenot visible from a largesetof angles.Furthermore,this shouldnot be just

a planarcircling of the feature,but a full 3D encircling.Evidently this is not feasible

for mostsituations.Otherapproachesto reducingthis error include, insteadof using

templatesto find corners,to look for theintersectionof lines.Thismayreducetheerror,
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but evenedgesarefuzzyascanbeseenin Figure4.3,andit is not clearif themiddleor

onesideof theimageedgecorrespondsto theprojectionof theactualedgein 3D. Hence

edgesthemselveswill have this localizationerror.

Sincewecannotremove localizationerror, wewill explicitly createamodelof it and

usethis to augmentour uncertaintymodelandremove the biasfrom the gaugefixing.

Oneapproachto incorporatinglocalizationerror is to increasetheimage-basedfeature

uncertainties,but thiswill notcorrectlyincorporatethiserrorinto ouruncertaintymodel

asit will affect thecameramotionuncertaintywhichis notaffectedby localizationerror.

Alternativelywecouldtreatthiseffectasaninter-framecorrelationbetweencorrespond-

ing features.While this approachmaywork, it is not clearwhattheappropriateamount

of correlationto addwouldbe.

Our approachfor incorporatinglocalizationerror in theuncertaintymodelis asfol-

lows.Firstwechooseoneimagein whichto expresstheimage-localizationerrors.A 3D

point, ° ª = ¡à© ª ��ª ª ��« ª ¥ , isprojectedontoanimagepoint, � ª , underperspectiveprojection

in theform:�?ªJ� é«Òª ã ©Dªª2ªÖå � (4.25)

where é is the focal lengthin pixels.Let us assumethat our image-localizationerror,�?Ñºª Î ��ª , hasauniform2D Gaussiandistributioncenteredat themeasuredpoint ��ÑqÓ and

with known variance° ÚÑ . Let usalsoassumethatthe3D localizationerror, °)Ñ Î ° , also

hasaGaussiandistributionwith uniform,but unknownvariance,° Ú« Ñ in all directions.It

is easyto seethatthesevariancesarerelatedby theformula:° Ú« Ñ � « Úªé Ú ° ÚÑ (4.26)

Thusgivenanimagedistributionof ourbias,we canestimatethe3D distributionof the

bias.We seefrom thisequationthatthestandarddeviationof apoint,dueto localization

error, is simplyproportionalto thedepthof thepoint.

Ourgoalis to predictthevarianceof anestimatedline length, �=� � °7ª Î ° ® � , dueto

localizationerror. Assumingthatall imagepointshaveequallocalizationerrorvariance,° ÚÑ , wefind thatthis3D lengthwill have avarianceof:° Ú± Ñ � ° ÚÑé Ú ¡2« Úª Á « Ú® ¥ � (4.27)

where «�ª and « ® arethedepthsof its end-points.

The localizationerror in line lengthgiven by equation(4.27) can be incorporated

into our uncertaintymodelthe sameway asthe measurementerror, ° f , wasaddedin
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Fig. 4.5. A 3D feature É�Õ will have a reconstructionbiaswhich we assumehasa Gaussiandistribution
representedby the spherearoundthe true 3D point É . We obtainthe radiusof this sphere,andhencethe
standarddeviation of this point by projectinga known image-basedbias likelihood onto this point using
equation¡����!� . Pointsfurther from the imagewill have a larger uncertainty. Thevarianceof a length § is
obtainedby addingthevariancesof its endpoints.

equations(4.18)and(4.21).Assumewearetrying to predictthelength ¸ = îA¸ Ï between

points °A¹ and °A» , by measuringthelength � betweenpoints °7ª and ° ® in thescene.Let½ Ï = ¡c¸ Ï � Ï ¥ § . Thenif weincorporatethelocalizationerrorinto equation(4.21),thenew

estimatefor thecovarianceof ½ = î)½ Ï becomes:�y¾ �;î Ú C K¾ �x¾ É C K¾ § Á ¡ ° Úf Á ° Ú± Ñ ¥ ½-½ §� Ú Á ã ° Ú¿ Ñ íí³í å � (4.28)

The varianceof the localizationerror, ° Ú± Ñ , on length � is addedto the measurement

varianceonthis length,° Úf , andthelasttermsimplyaddsthevarianceof thelocalization

error of length ¸ to ° Ú¿ . In addingthesecomponentsto the variancewe are implicitly

assumingthat they are independentof the other components,and this seemsto be a

reasonableassumption.Thefinal covarianceof ourpredictedlength, ¸ , is obtainedfrom

thisas:° Ú¿ �8î Ú ¡ ° Ú¿ É Î a ¸� ° ¿ É ± É Á À ¸� Â Ú ° Ú± É ¥Á À ¸� Â Ú ° Úf (4.29)ÁÖÀ ¸� Â Ú ° ÚÑé Ú ¡2« Úª Á « Ú® ¥ Á
° ÚÑé Ú ¡�« Ú¹ Á « Ú» ¥ �The termson the right in the first line are due to the gaugefreedomprojection.The

secondline containsthe measurementerror of � component.The third line is the lo-

calizationerrorof theend-pointsof lines � and ¸ . Onething to noticeis thatwhenthe

end-pointsof � have thesamedepth,thatis when «Òªâ�8« ® , then «�ª÷ä é �/��ä�× ± where× ±
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is theprojectedlengthof � in theimage.If line ¸ is alsoparallelto the image,thenthe

third line of equation(4.29)simplifiesto:a)¸ Ú ¡ ° ÚÑ×ÖÚ± Á ° ÚÑ× Ú¿ ¥ � (4.30)

Themagnitudeof localizationerrorof a pointdependson its depth;thefurtheraway

the point is from the camerasthe larger the expectedlocalizationerror. Whena line is

usedfor gaugefixing, weseefrom equation(4.29)thatthelocalizationerroris magnified

by theratio ¸Eä7� , andsoit will causeshorterlinesto generatemoreerror.

4.5 Experiments

Our goalsfor this sectionareto demonstrateempiricallythatour uncertaintymodeling

usinggaugefixing givesquantitatively correctresults,andalsoto obtaina qualitative

assessmentof theeffectsof gaugefixing onuncertainties.In real3D estimationtaskswe

mayhave to inserta measuringrod or otherdevice into a sceneto fix the scalebefore

taking the imagesanddoing reconstruction.This meanswe cannotusea computerto

optimizeits positionbasedon the 3D reconstructionbeforeinsertingit into the scene,

but rathermust rely on qualitative knowledgeof how its positionandorientationwill

affect 3D accuracy to guide its placement.Hencewe performa numberof synthetic

experimentsfrom which we derive a qualitativeunderstandingof how thepositionof a

line affectsits usefulnessin fixing scale.We validatetheseresultsandthosederivedin

thischapteron threerealsequences.

4.5.1 TV Reconstruction

First we illustrate,on a real 3D object,how model accuracy changeswhendifferent

objectmeasurementsareusedto fix thescale.We startwith a setof registeredfeatures

in animagesequenceasshown in Figure4.6.A batchStructurefrom Motion algorithm,

usingour free-gaugeoptimizationprocedurefrom Chapter2.5.1,wasusedto obtainthe

3D shape,° Ï andcameramotion.The covarianceof all the parameterswascalculated

usingour fast inversionmethodandthenthe shapecomponentsweretakenfrom this

to give us, � Ï« , the shapecovarianceof rank ®�� Î � dueto an unknown scalefactor.

Implicitly thereis alsoanunknown rotationandtranslation,but this doesnot matteras

we will only calculatedistancemeasureswhich areinvariantto rotationandtranslation.

Theshapeandcovarianceareillustratedin Figure4.7.
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Fig. 4.6.Threeimagesfrom aseven-imagesequencewith hand-registeredfeatures.
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Fig. 4.7. ( � ) The 3D reconstructionof point features,É É , from the imagesequencein Figure4.6 usinga
Structurefrom Motion algorithm.Lines aredrawn for clarity only. Ellipsoidsrepresentthe �nØn� blocks
of thecovariancematrix Æ ÉÙ , but scaledby a factorof 20 to aid viewing. Therecoveredcamerapositions
arealsoshown. ( � ) This is aschematicof thecovariance,Æ ÉÙ , whichcorrespondsto thenormalcovariance
of this shape.In calculatingthis, imagefeatureswereassumedto have uniform, identicalnoise.This plot
showsthatthereis astrongcorrelationbetweenthereconstructedfeatures.

Supposewe want to estimatethe diagonallengthof the television screen.How ac-

curatelycanwe know this length?Sincewe canrecover 3D shapeonly up to a scale

factor, the shapealonewill not determinethis length.We first have to find the overall

scaleof therecoveredshape.Now it maybethatwe know the lengthof anotherobject

in thescene,in whichcasethiscouldbeusedto obtainthescale.For thepurposeof this

experiment,wewill look atanumberof differentobjectsin thescenewhoselengthswe

know, andfind outwhich givesusthebestestimateof theTV diagonallength.

Consider, then,the13 lines,measuredin 3D, andshown in Figure4.8.We made13

separateestimatesof theTV diagonallength,in eachcaseusingoneof theselengthsto
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Fig. 4.8.Wewantto estimatethediagonallengthof theTV shown by theblackline. To do thisweneedto
know thelengthof oneof thewhite lines.

fix our gauge,O , andobtainthe scale.The effectsof fixing the scaleusingtheselines

areshown for somesamplelines in Figure4.9.Theabsoluteuncertaintiesof positions,

asshown by theellipsoidsin thisfigurearenotourgoalsincethesedependonchoiceof

coordinatesystem.Ratherwewantto estimatelengthsontheobjectandtheiruncertain-

ties.Figure4.10shows theseestimates,alongwith their predictedstandarddeviations,° ¿ , obtainedusingequation(4.18).We assumedno errorin themeasurementof the3D

line lengths,° f � í
, andno localizationerror, ° Ñ = 0. We notethat the actualerror

correspondswell with theuncertaintygivenby thepredictederror.

We notice,from Figure4.11,that thereis a largevariationin uncertaintyof theTV

diagonal,dependingon which line is usedto fix the scale.Figure4.11 shows that in

generallongerlines leadto betterestimates,andthe shortestlines,5 and11, give the

greatestuncertainty. The puzzleis lines 8 and9, which give moreaccurateestimates

thanline 3, which is longer. This is explainedby Figures4.12and4.13whichshow that

line 8 is morestronglycorrelatedwith theTV diagonallength,andthattheratiowith the

TV diagonallength,givenby equation(4.24),is closerto its optimalvaluefor line 8 than

for line 3. The main reasonfor this strongcorrelationbetweenline 8 andthediagonal
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( � ) ( � )

( � ) ( § )
Fig. 4.9.We illustratetheeffect of fixing thescaleon theuncertaintiesusingseveralgauges.In eachcase
theellipsoidsrepresent20timesthestandarddeviationof thefeatures.( � ) Line 1 is fixed,( � ) line 4 is fixed,
( � ) line 8 is fixed,and( § ) line 3 is fixed.

is that they shareoneof their end-points.So,in a sense,it is unfair to useline 8. In the

restof theexperimentswewill avoid usinglinesthatshareend-pointswith theline they

predict.We will alsoseekfor a betterunderstandingof why, besideslength,somelines

providebettermeasuresthanothersfor fixing thescale.

4.5.2 Sphere Reconstruction

We have seenthat line lengthis importantin the accuracy of gaugefixing. We would

also like to gain an intuition on how relative orientationof lines,both with respectto

the camerasand with respectto other lines, affects the uncertaintiesof the lines and

their relative correlation.To do this, we createda numberof syntheticsequences,and

investigatedthecorrelationeffects.For simplicity we eliminatedmeasurementerror ° f
andlocalizationerror ° Ñ from theseexperiments.
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Fig. 4.10.Thetruelengthof theTV diagonalis 20 inches.Thisplot showstheestimateweobtainedof this
lengthusingeachof thedifferentlinesto fix thescale.Thenumberon theabscissacorrespondsto theline
in Figure4.8.Theuncertainty, É Ë , givenby theerrorbars,variesgreatlydependingonwhich line wasused;
thelargestuncertaintywith standarddeviationof 1.3 inchesis obtainedusingline 5, andthesmallestwith
standarddeviationof 0.05inchesis obtainedusingline 8.
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Fig. 4.11.( � ) Plot of uncertaintyvs. line lengthusedto fix thescale.Lines8 and9 aremarkedwith an“o”
symbolasthey shareanend-pointwith theTV diagonalwhichweareestimating,andhencehaveanunfair
advantage.( � ) Actualerrorsin predictionvs. line length.
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0 1 2 3 4 5 6 7 8 9 10 11 12 13

Fig. 4.12.The black barsshow the standarddeviation, É Ó , for eachline length in Figure4.8, calculated
from theunscaledshapecovariance,Æ Ù . Bar 0 correspondsto theTV diagonal.Thescaleis arbitraryand
so left unmarked.Thewhite barsindicatetheproportionof cross-correlation,andarecalculatedas: ÚÜÛ Ó É Ó ,
whereÚ Û Ó = É Û Ó Í�É Û É Ó is thecorrelationcoefficient( Ý���ÞYÚ Û Ó Þ	� ). Whenperfectlycorrelatedwith theTV
diagonal,thewhitebarwill equaltheblackbar. Hence,apartfrom line 0 itself, weseethatlines8 and9 are
moststronglycorrelatedwith theTV diagonal.
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Fig. 4.13.Giventhecorrespondingvarianceandcross-correlationplottedin Figure4.12,we canuseequa-
tion (4.24) to calculatewhat the optimal lengthwould be for eachline. By “optimal” we meanit would
minimize thevarianceof theTV diagonalestimate.Herewe plot the ratio of theactualline lengthto the
optimal line lengthfor eachline. A valueof 1 meansthe line hasoptimal length.Line 8 is closestto its
optimal length.This is a bettermeasureto usethanlengthin selectinga line to fix thescale.While all of
theselinesareshorterthantheiroptimallengths,wefoundin otherexperimentsthatlinescanalsobelonger
thantheiroptimallengths.

Ourfirst sequenceis of aspherecreatedby orthogonallyintersecting3 circles.Lines

areformedby connectingantipodalpoints,andsoareall of thesamelength.Thecamera

facesthe sphereandtranslatesa distanceequalto the diameterof the sphereperpen-

dicularto theviewing directionalongwhich five imagesaretaken,asillustratedin Fig-

ure4.14.Uniform uncorrelatedGaussiannoiseis assumedfor eachpoint.Ourgoalis to

mostaccuratelypredictthefour of thediameterslabeled1, 4, 7 and18 in thefigure.For

eachcasewewill testto seewhich line providesthebestgaugeconstraintfor maximum

predictionaccuracy.
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Fig. 4.14.( � ) Viewsof aspherecreatedby intersecting3 circlesorthogonally, andfivecameras.Wearein-
terestedin predictingfour diameterslabeled1,4,7 and18,wherediameter1 is alongtheviewingdirection,
4 is at ¡�ß�� to this,and7 and18arein theplaneorthogonalto theviewing direction.To predicttheselengths
we will individually fix all of theotherdiametersmarkedwith solid lines.Thedashedcirclesareonly to
aid in viewing. ( � ) Imagesseenby thecameras.

As afirst stepin predictingline 1, thenormalcovarianceis calculatedwith theorigin

at thecenterof thesphere.Thestandarddeviation of eachline calculateddirectly from

this is plottedin Figure4.15.Only therelative magnitudesof thesevaluesarerelevant

asthescalehasnot beenfixedyet. In this figurethegoal is to predictline 1, andsowe

alsoshow the correlationbetweeneachof theselinesandline 1. We find the standard

deviationof theerrorin predictingline 1 usingeachof theselinesindividually to fix the

scaleasin equation(4.23).Sinceall the lines arethe samelength,this is the sameas

theuncertaintyof usingline 1 to predicteachof theotherlines.Figure4.16shows the

analogousuncertaintiesfor predictinglines4, 7 and18.
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Fig. 4.15.Wewantto predictline 1 with minimumvarianceby fixing oneof theotherlines.Theblackbars
in the top plot show thestandarddeviation of eachline calculatedfrom the normalcovariance.The light
barsshow thecorrelationfactorbetweeneachof theselinesandline 1, asdescribedin Figure4.12.Wecan
usethesecorrelationsto give theuncertaintyin predictingline 1, andthis is shown in thebottomplot for
eachline.Lines1–12arediametersof thecirclewith line 18asits axis.Lines1, 13–23arediametersof the
circle with line 7 asits axis,andlines7, 18, 24–33arediametersof thecircle with line 1 asits axis.The
four lineswith minimumerrorare:2, 12,13,and23,andthesecorrespondto thefour linesclosestto being
parallelto line 1.

Therearea numberof qualitativepatternswe canseein theseplots.First a general

comment.Wenotefrom Figure4.14thatall thecamerasarerelatively closetogetherand

have thesameviewing direction,andsowe will approximatethisasour singleviewing

line from centercamerato themid-pointof all thelinesat thecenterof thesphere.Then,

aswe would expect,lines thatarecloseto, andapproximatelyparallelto, theviewing

line havemuchgreateruncertainty, ascalculatedfrom thenormalcovariance,thanlines

thatarein theplaneorthogonalto this line.

Line 1 is alongthisviewing line andsohasa largeuncertaintyin thenormalcovari-

ance.Linescloseto beingparallelto line 1 have largeruncertaintiesthanperpendicular

lines,but they alsohave largercorrelationwith line 1. Fromtheuncertaintyplot in Fig-

ure 4.15, we seethat this correlationeffect overwhelmsthe additionaluncertaintyof

theselines,andresultsin lines thatarecloseto beingparallelto the viewing direction

beingbettermeasuresfor gaugefixing thanorthogonallines,whenwe wantto estimate

linesalongtheviewing direction.This is themainsurprisefrom thisexperiment.
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Fig. 4.16.Shown aretheerrorsobtainedwhenusingeachof thelineson thesphere(seeFigures4.14and
4.15)areusedto predictlines( � ) 4, ( � ) 7, and( � ) 18. In predictingline 4, thethreelineswith theminimum
error(apartfrom line 4 itself) arethethreeotherlineson the thesame¡;ß�� cone.In predictinglines7 and
18,we find thatall lineson theplaneorthogonalto theviewing directionareequallygood,irrespective of
direction.

From Figure 4.16 we seethat line 4 is bestpredictedby fixing anotherline with

the sameangleto the viewing directionasitself. This is becausetheselines aremore

stronglycorrelatedwith line 4 thanotherlines.

Lines 7 and 18 are in the planeorthogonalto the viewing line, and,as we might

expect,otherlinesin thisplanearebettermeasuresfor gaugefixing thanlinesoutof this

planeandcloserto theviewingdirection.An interestingfact is thattheorientationof the

line in thisplanedoesnotaffect its accuracy in predictingotherlinesin thisplane.
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A modelthatlinks all of theaboveresultsis to concludethatthepredictionaccuracy

dependson theanglebetweenthe line andtheviewing direction.The larger this angle

andcloserto beingorthogonal,the moreaccuratelya line canbepredicted.Moreover

the bestgaugeconstraintto selectin eachcaseis a line that hasthe sameanglewith

respectto theviewing direction.

4.5.3 Reconstructionof Sphere with Additional Features

Now in this exampleour sphereis the whole object.We would like to know how our

resultsmightchangewhenthelinesweareinterestedin areonlypartof theobjectthatwe

arereconstructing.Addingmorefeaturesonor closeto thespherewill not qualitatively

changethe results.This is shown in AppendixB. But if our object is large compared

to the sphere,the resultsmight change.In the next setof experimentswe investigate

how changingtheobjectdimensionswill affect therelativeaccuraciesof thelinesin our

sphere.

Weaddedonehundredrandomlypositionedfeatures,within arectangularparallelpi-

dedregion, thatareassumedto be rigidly attachedto thesphere.Figures4.17through

4.21show caseswith fivedifferentregionsof addedpoints.Theseadditionalpointsform

therestof thesyntheticobjectin eachcase.Ourgoalis to seeif theuncertaintypatterns

we elucidatedfor thesinglespherestill applywhenthefull objectis muchlarger.

In eachcasethepredictionof linesin theplaneorthogonalto theviewing directionis

thesame,namely, theselinesarealwaysmostaccuratelypredictedby otherlines in the

sameplane,andalsothey mostaccuratelypredictotherlinesin theplane.Hencewe do

not show plotsof these.

Themaindifferencebetweentheplotsis in theaccuracy of predictingline 1; theline

alongthe viewing direction.We seein Figures4.17,4.18and4.19 that line 1 is most

accuratelypredictedby measuringa line closeto parallel to it. On the otherhand,in

Figures4.20and4.21we find thatlinesin theplaneorthogonalto theviewing direction

becomethebestpredictors.In theselast two figurestheuncertaintypatternis inverted,

andlines in theperpendicularplanearealwaysbetterfor gaugefixing thanlinesalong

the viewing direction,irrespective of the line that is beingpredicted.We would like to

understandthisphenomenon,andbeableto predictwhenit will happen.

We canunderstandthe differencesin the uncertaintiesin predictingline 1 as fol-

lows. In Figures4.17,4.18and4.17,thereis a strongcorrelationbetweenlines close

to the viewing direction,whereasin Figures4.20and4.21this correlationdisappears.
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Fig. 4.17.( � ) A randomsetof 3D pointsareaddedto the3D sphere.( � ) Therotationuncertainty, àUá , and
translationuncertainty, àËÌ , for all five cameras,with the rotationin thefirst camerabeingfixed.( � ) The
normalcovariancefor eachline (dark) andthe correlationbetweeneachline andline 1 (white). ( § ) The
resultinguncertaintyin predictingline 1 wheneachof theotherlinesis fixed.
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Fig. 4.18.( � ) A randomsetof 3D pointsareaddedto the3D sphere.( � ) Therotationuncertainty, àUá , and
translationuncertainty, à^â , for all five cameras,with the rotationin thefirst camerabeingfixed.( � ) The
normalcovariancefor eachline (dark) andthe correlationbetweeneachline and line 1 (white). ( § ) The
resultinguncertaintyin predictingline 1 wheneachof theotherlinesis fixed.
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Fig. 4.19.( � ) A randomsetof 3D pointsin a rectangularparallelpidedregion areaddedto the3D sphere.
( � ) The rotationuncertainty, àUá , andtranslationuncertainty, à^â , for all five cameras,with the rotation
in thefirst camerabeingfixed.( � ) Thenormalcovariancefor eachline (dark)andthecorrelationbetween
eachline andline 1 (white). ( § ) Theresultinguncertaintyin predictingline 1 wheneachof theotherlines
is fixed.
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Fig. 4.20.( ã ) A randomsetof 3D pointsin a rectangularparallelpidedregion areaddedto the3D sphere.
( ä ) The rotationuncertainty, àUá , andtranslationuncertainty, à^â , for all five cameras,with the rotation
in thefirst camerabeingfixed.( å ) Thenormalcovariancefor eachline (dark)andthecorrelationbetween
eachline andline 1 (white). ( § ) Theresultinguncertaintyin predictingline 1 wheneachof theotherlines
is fixed.
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Fig. 4.21.( ã ) A randomsetof 3D pointsin a rectangularparallelpidedregion areaddedto the3D sphere.
( ä ) The rotationuncertainty, çUè , andtranslationuncertainty, ç^â , for all five cameras,with the rotation
in thefirst camerabeingfixed.( å ) Thenormalcovariancefor eachline (dark)andthecorrelationbetween
eachline andline 1 (white). ( æ ) Theresultinguncertaintyin predictingline 1 wheneachof theotherlines
is fixed.
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We seefrom equation(4.23) that without the correlationbetweenlines,fixing lines in

theplaneperpendicularto theviewing direction,whicharemoreaccuratelylocatedthan

otherlines,will resultin amoreaccurateestimatefor line 1.Now if weknew thecamera

motionexactly therewould beno correlationbetweenthe3D featurepoints2. It is pre-

ciselybecauseof theuncertaintiesin cameramotionthatthereis correlationbetween3D

points.And indeed,Figures4.17,4.18and4.17have largecameramotionuncertainty

anda largecorrelationbetweenline lengths,whereasFigures4.20and4.21have small

cameramotionuncertaintyandalsovery little line lengthcorrelation.We proposethat

thereasonfor theaccuratemotionestimatesof Figures4.20and4.21is thelargespanof

additionalfeaturepointsin heightandwidth. Or equivalentlywe cansaythatwhenthe

objecthasa largefield of view comparedto thelineswe areinterestedin, theaccuracy

in motionestimationis sufficient that it doesnot significantlycontribute to correlation

betweenlines.

Wearenow in apositionto explainwhy in somegaugesandfor someobjectswecan

predictlinesalongtheviewing directionmoreaccuratelythanlinesperpendicularto it.

Figure4.22illustratesthatwhenweestimatefeaturesfrom a setof cameraswith known

positionsandorientations,the uncertaintyis greateralong the viewing direction than

perpendicularto it, (seeMatthiesandShafer[46]). Line lengths,which arethedistance

betweentwo features,canthusbemoreaccuratelyestimatedperpendicularto theview-

ing directionthanalongit. This is thecasefor known motionandno indeterminacies.

Whenthecameramotion is unknown andthereis a scaleindeterminacy the individual

reconstructedfeatureswill have a qualitatively similar uncertainty, but in additionthe

motionwill have anuncertaintywhich causesthefeatureuncertaintiesto becorrelated.

Line lengthsin turn will be correlated,andparallel lines along the viewing direction

canbecomequitestronglycorrelated,dependingon theobjectsize.Whentwo linesare

stronglycorrelated,equation(4.23)shows thatfixing or measuringonewill leadto an

accurateestimateof theother.

We concludefrom this set of experimentsthat when our object is large in width

andheight,comparedto the setof lines we want to estimate,then irrespective of the

orientationof the line we areestimating,it is bestto measurelines orthogonalto the

viewing direction.On theotherhand,for objectswith linesall clusteredaroundasingle

point, lines in theplaneorthogonalto theviewing directionarebestpredictedby lines

alsoin this plane,but linesalongtheviewing directionarebestpredictedby otherlines

alongtheviewing direction.é
This is shown for thestereocasein Chapter5
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Fig. 4.22.Two featuresareestimatedfrom a setof imageswith known camerapositionsandorientation.
The uncertainty, illustratedwith ellipses,hasa characteristicform shown herewith its long axis along
theviewing direction;seeMatthiesandShafer[46]. Whenthereis no uncertaintyin cameramotion,and
whenmultiple featuresareestimated,they areuncorrolated.Hencelines,which arethedistancebetween
two points,areestimatedmoreaccuratelyperpendicularto the viewing directionthanalongthe viewing
direction.Whenthecameramotion is alsoestimated,featurepointsbecomecorrelatedandthis deduction
for linesno longerholds.Weshow in thissectionhow correlationaffectsline lengthestimation.

Therearemorefactorsthatmayaffect thesecorrelations.In AppendixB we inves-

tigatechangingthe numberof images,changingthe distanceto the objectandadding

morefeaturesaroundtheobject.We find thatvaryingthenumberof imagestakenof the

objectmay increaseor decreasethe total accuracy but doesnot affect the uncertainty

pattern.Similarly, addingmorefeaturesright aroundtheobjectincreasestheaccuracy,

but doesnot changethe uncertaintypattern.Hencewe expectour resultsto generalize

over sequenceswith differentnumberof imagesanddifferentnumberof features.

We did find a changein patterndueto varyingthedistanceto theobject.Increasing

thedistanceto theobjecttendsto accentuatethedifferencebetweentheuncertaintiesof

the linesalongtheviewing directionandthe linesorthogonalto theviewing direction,

anddecreasingthedistancereducedthedifference.This is not too surprisingsincethe

furthertheobjectthelessaccuratelythecameramotioncanbedeterminedandhencethe

morecorrelationwe expectbetweenline lengths.

A questionremainson how to interprettheviewing directionwhentheobjectis not

directlyin front of thecamera.Figure4.23illustratesanexamplewith asphereshiftedso
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Fig. 4.23.Oursphereis shiftedsothatthenew viewing directionis ê�ë�ì from theold one.Weareinterested
in predictingthediameterslabeled4, 7 and18.

that it is at 45 degreesfrom the forwarddirection.Theuncertaintiesin predictingthree

of the lines areshown in Figure4.24.From this we seethat if we definethe viewing

directionto bethedirectionfrom thecentercamerato thecenterof thesphere,thenwe

obtainthesamepatternof resultsasfor thesinglesphere.That is, the linesorthogonal

to thisnew directionaremostaccuratelyestimatedandtheline alongit leastaccurately

estimated.Sinceit is a smallobjectthe line alongtheviewing directionaremostaccu-

rately predictedby otherlines alongthe viewing direction.Hence,in general,we will

definetheviewingdirectionfor any line on theobjectto bethedirectionfrom thecenter

camerato themid-pointof theline.

In theseexampleswe have only consideredlines that passthroughthe samepoint.

We cannotsaywhat happensif linesareat differentdepthsor alongdifferentviewing

directions.

4.5.4 3D Multi-planar ShapeReconstruction

The next experimentwe performedinvolveda 3D multi-planarshapecontainingthree

lines in five parallelplanesthatwe wishedto predictasshown in Figure4.25.All lines

have thesamelengthin 3D, anduniform,uncorrelatedGaussiannoisein theprojected

imagesis assumed.Theparallelplanesareat differentdistancesfrom thecameras,and
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Fig. 4.24.Shown aretheerrorsobtainedwhenusingeachof the lineson thesphere(seeFigure4.23)are
usedto predictlines ( ã ) 4, ( ä ) 7, and( å ) 18. In predictingline 4, the threelines with the minimumerror
(apartfrom line 4 itself) arethethreeotherlinesonthethesameê�ë ì cone.In predictinglines7 and18,we
find thatall linesontheplaneorthogonalto theviewingdirectionareequallygood,irrespectiveof direction.

the goal is to seehow distancefrom the cameraaffectsaccuracy of reconstruction.In

addition,thelinesin eachplanedonot have mid-pointsdirectly in front of thecameras,

andwewould like to seeif thisaffectstheaccuracy of reconstruction.

Figure4.26shows theresultsin predictinglines1, 7 and13 usingeachof theother

lines.Sinceall line lengthsarethesame,from our symmetryrelationshipin Figure4.1,

wededucethattheseuncertaintiesarethesameasusinglines1, 7 and13respectively to

predicteachof theotherlines.

We canmakea numberof generalstatementsabouttheuncertaintiesresultingfrom

fixing differentlines.Firstly, ourobjectis small,thatis, all thelinesareclusteredaround

a singlepoint.Thusweexpectsignificantcorrelationbetweenlines.
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Fig. 4.25.Fiveviewsof 3D “ í ’ shapeareshown with line numberslabeled.Weareinterestedin predicting
lines1, 7 and13.
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Fig. 4.26.Theuncertaintyof line predictionis shown in ( ã ) for line 1, in ( ä ) for line 7, andin ( å ) for line
13.
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From the resultswe find that in general,to predicta line in oneof the planes,it is

bestto fix anotherline in thesameplane.Fixing linescloseto thecameragivesa poor

estimatefor linesfar from thecameraandviceversa.Figure4.27showsthatif ourgoal

is to minimize the total uncertaintyof all the lines, thenoneshouldusea line in the

middleof theobjectto fix thegauge.

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15
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100

200

300
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Fig. 4.27.Thetotal error in usinga line to predictall theotherlinesis shown for eachline. This indicates
thatif overall accuracy is our goal,fixing a line nearthecenterof theobjectis best.

To seehow theresultschangewhentheobjectis large,we addeda planeof random

3D pointsto theobjectasshown in Figure4.28,andFigure4.29showstheaccuraciesin

predictinglines1 and13. As in thesmallfield-of-view case,linescloseto thecameras

are bestpredictedby fixing other lines closeto the camera.But, reversingthe small

field-of-view pattern,lines far from the cameraareslightly betterpredictedby fixing

lines closeto the camera.Thuswe deducethat overall accuracy is maximizedwhena

line closestto thecamerais fixed,ratherthana middleline asin thesmallfield-of-view

case.However, we seethatdepthnow hasa relatively smalleffect on accuracy. Rather,

positionin the planeseemsto be a moredominanteffect. In our next experimentswe

will investigatethis.

4.5.5 Position in the Plane

Given that we have a set of lines in a planeorthogonalto the viewing direction,we

would like to know which line to chooseto fix thescale.In this experimentwe created

a syntheticobjectshown in Figure4.30.It hastwo planesto give it a 3D shape,but we

only lookedat lines in thefirst plane.It takesup a wide field of view comparedto the

lines.

Figure4.31shows theresultinguncertaintieswhena selectionof the linesareused

to fix thescale.We noticefirst thatirrespectiveof which line is usedto fix thescale,the

accuracy orderof the linesstaysthesame(of courseexcluding the line that is fixed in



108 4. DeterminingScale

25

11

3

8

4

6

11

77

9

14

10

12

1313

15

Fig. 4.28.Five viewsaretakenof anenlargedshapein width anddepthcomparedto Figure4.25.
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Fig. 4.29.Theuncertaintyof line predictionis shown in ( ã ) for line 1, andin ( ä ) for line 13.

eachcase).That is, lines 1, 4, 7, 10, 13 and16 arealwaysmostaccuratelypredicted,

lines2, 5, 8, 11,14 and17arenext, andlines3, 6, 9, 12,15and18 areleastaccurately

predicted.This resultappliesin reversetoo, that is, whenoneof thefirst setof lines is

usedto fix thescale,theresultsaremoreaccuratethantheresultsfor thesecondsetof

lineswhich in turnaremoreaccuratethantheresultsfor thethird setof lines.

A first guessat a factor that couldexplain or at leastpredictwhich linesarebetter

for gaugefixing, is theprojectedline lengthin theimages.However, this cannotbethe
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Fig. 4.30.Eighteenlinesof equallengthin a planearelabeled.Our goal is to discover which line or lines
provide thebestwayto fix thescale.

casesinceall thelinesin theplanehave thesameprojectedline lengthin all theimages.

This canbeeasilyderived from the perspective cameraequations.Thuswe mustlook

elsewherefor a predictivepropertyfor theline uncertainties.

Thecharacteristicthatis commonamongeachsetof lines,andthatalsodistinguishes

eachsetof lines,is thefollowing.Let point î denotethepointontheplaneclosestto the

centercamera,so thata line from it to thecamerais orthogonalto theplane,asshown

in Figure4.30.For eachline, ï , wedraw its perpendicularbisectorin theplane.Thenwe

measuretheshortestdistancefrom point î to line ï andlabel it ðAñ ò , asshown in Figure

4.32.Now all of thefirst setof lineshave ð ñ òôó õ , all of thesecondsetof lineshave a

equalbut larger ðAñ ò andall of thethird setof lineshaveanequalandevenlarger ðAñ ò . We

proposethatthesmallerð ñ ò is for a line, themoreaccuratelyit canbepredicted,andthe

betterit is asa tool for fixing thescale.Furtherevidencethatuncertaintymonotonically

increaseswith ð ñ ò is shown in Figure4.33.So far we have not provided a geometric

explanationfor why ð ñ ò of a line is indicative of its uncertainty, but even without an
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Fig. 4.31.Theuncertaintyof line predictionis shown for eachof thelabeledlines.

explanationthis is a usefulpropertyfor decidingwhich line in a sceneto measureor

whereto placeameasuringrodto maximizeaccuracy: namelytheline’s ð ñ ò valueshould

beassmallaspossible.Ournext experimentwill seekanexplanationfor this factor.

4.5.6 Viewing Dir ectionsand Perpendicular Lines

Considertherow consistingof lines1, 2, 3, 10, 13,and16 in Figure4.30.We find that

fixing any oneof the lines 10, 13 or 16, generatesequalaccuracy in predictingother
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Fig. 4.32.Theaccuracy of predictinga line, or usingit to predictotherlines,dependson thedistance,æ�ù ú ,
from its perpendicularbisectorto thepoint û , wheretheviewing directionline intersectstheplane.
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Fig. 4.33.( ã ) To testour hypothesisthat the length æ�ù ú in Figure4.32is an indicatorof how accuratelya
line canbepredicted,we createda syntheticobjectwith two planescontaininga setof equallengthlines.
( ä ) In threeseparateexperimentswe fixed a line in the front planeandobtainedanaccuracy estimatefor
eachof thelines.Plottedfor eachexperimentis theuncertaintyfor eachline againstits æ�ù ú value.
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lines, but that fixing oneof lines 1, 2 or 3, gives increasinglypoor accuracy. This is

modeledby our ð ñ ò measure,but we would like to understandthe causeof this effect

from a geometricstandpoint.Hencewe createdthefollowing experiment.

We took a row of linesfrom theparallelplanesexample,shown in Figure4.30,and,

keepingtheir mid-pointsfixed, we swivelled the lines so that eachone is orthogonal

to its viewing direction.Thuswe obtainedtheshapeshown in Figure4.34.Theresults

of predictinglines 1 and7 areshown in Figure4.35.We seefrom this plot that lines

thatsharea viewing direction,andareorthogonalto it andarethesamedistanceto the

cameras,have approximatelythesameuncertainty. We notethatwhile thisexamplehas

a largewidth comparedto theline lengths,its heightis small,andhencetheline lengths

arestronglycorrelatedwith eachother.

8
7

16

6

15

5

14

13

4

3

12

11

2

1

10

9

Fig. 4.34.Five views of a shapemadefrom two planes.The mid-pointsof lines 1 through8 areon one
planeandthereston theplanebehindthis.Lines2, 4, 6 and8 arefully on thefront plane,andlines1, 3, 5
and7 areof thesamelengthbut orientedsothatthey areorthogonalto theirviewing directions.

In orderto remove this correlation,andsomakeour setupanalogousto theprevious

parallel planeexample,we addeda set of randompoints to our shapeand obtained

the new objectshown in Figure4.36.The resultinguncertaintiesareshown in Figure

4.37.Sincetheobjectnow hasa largefield of view comparedto thelines,thereis little

correlationbetweenlines,andall lineswith mid-pointson thefront planehave thesame

uncertainty. The lines on the planebehindthis have slightly larger uncertainty. This
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Fig. 4.35.Theuncertaintyof theline predictionis shown in ( ã ) for line 1, andin ( ä ) for line 7.

confirmsourresultin sections4.5.4and4.5.2thatdistancealongtheviewingdirectionis

notsuchasignificantfactorfor line accuracy, but it is ratherline orientationwith respect

to theviewing directionplaysa determiningrole. In this caseall linesareorthogonalto

their viewing direction,andhencethey have verysimilaraccuracy.

This leadsus to our explanationfor thesignificanceof the ð ñ ò measurefor lines in

a plane.Noticethat lines in which ð ñ ò is zeroareorthogonalto their viewing direction.

Furthermorethe larger the valueof ðAñ ò the smallerthe anglebetweenthe line and its

viewingdirection.Henceð ñ ò is reallyameasureof how orthogonalaline is to its viewing

direction.We thusexpect that if all of the lines in Figure4.30 with non-zeroðAñ ò are

swivelled aroundtheir mid-points,eitherout of the planeor in the plane,so that they

becomeorthogonalto the viewing direction,their uncertaintieswill be reducedto the

sameuncertaintiesasthoselineshaving ð ñ ò = 0.

4.5.7 Bridge Reconstruction

Our next experimentinvolved the reconstructionof a bridge betweentwo buildings.

Seven imageswere takenof it usinga digital cameraand featureswereregisteredin

thesequenceasshown in Figure4.38.A 3D reconstructionwasthenperformedandthe

resultis in Figure4.39.

Now our goal is to estimatethe lengthof the bridgebetweenthe buildings.A line

representingthis is labeled1 thefigures.We wereableto measurea numberof lengths



114 4. DeterminingScale

8
7

16

6

15

5

14

4

13

3

12
11

2
1

10
9

Fig. 4.36.Five views of a shapemadefrom two planes.The mid-pointsof lines 1 through8 areon one
planeandthereston theplanebehindthis.Lines2, 4, 6 and8 arefully on thefront plane,andlines1, 3, 5
and7 areof thesamelengthbut orientedsothatthey areorthogonalto theirviewing directions.
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Fig. 4.37.Theuncertaintyof theline predictionis shown in ( ã ) for line 1, andin ( ä ) for line 7.
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in thescene,andthesearemarkedin theimages.Table4.1givestheir lengthsandrough

uncertainties.

In this exampleit is difficult to judgewhich of lines2 through5 wouldgive thebest

accuracy for predictingline 1. Noneof the measuredlines are in the planeof line 1,

althoughthey areall in parallelplanes.Thetwo mostlikely optionsareline 4 andline 3.

Line 4 is by far thelongestof these,but it is alsosignificantlyfurtherfrom thecameras

andhasgreatermeasurementuncertainty. Line 3 is thenext longest,andwhile closestto

thecameras,it is notascloseto line 1 aslines2 and5.

Theaccuracy resultsin thiscasearegivenin Figure4.40for thecasewhenweignore

localizationerrorandwhenwe includeit. For thefirst case,plot ( ü ) shows thestandard

deviation generatedby gaugefixing. Heregaugefixing with line 4 givesthe smallest

uncertainty, andhenceline lengthis thefactorthatdominates.However, noticethat the

standarddeviationsaretoo smallto accountfor thelargeactualvariations,with thetrue

resultbeing4 or morestandarddeviationsaway from the predictions.This we believe

is due to the localizationerror. If we assumean image-basedlocalizationerror of 1

pixel standarddeviation, thenwe obtainthe uncertaintiesin plot ( ý ). This resultsin a

significant increasein standarddeviations,and now line 3 hasthe smalleststandard

deviation,dueto its proximity to thecameras.
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Fig. 4.38.Thetwo end-imagesfrom asevenimagesequenceof abridge.Ourgoalis to estimatethelength
of thebridge,markedwith line 1, andto do thiswemeasuredthelengthsof lines2 through5.
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Fig. 4.40.Thepredictedbridgelengthis shown, alongwith its uncertaintyin standarddeviationsfor each
of thefive lines,calculatedusingequation(4.29).Theuncertaintiespredictedin ( ã ) usedthemeasurement
uncertaintiesfrom Table4.1 but assumedthe localizationerror þ)ÿ waszero.In plot ( ä ) we alsoincluded
theuncertaintyof localizationerror, assumingþ)ÿ = 1 pixel for all features.
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Table4.1.Themeasuredlengthof linesin thebridgesequenceof Figure4.38,andtheiruncertaintieswhich
wereestimatedwhile makingthemeasurements.

Line No. Length(m) Uncertainty(m)
1 32.40 0.05
2 1.60 0.01
3 2.77 0.02
4 9.77 0.04
5 1.68 0.02

4.5.8 DeskReconstruction

Our next experimentinvolvedthereconstructionof a computeranddesk.Sevenimages

weretakenof it usinga digital cameraandfeatureswereregisteredin thesequenceas

shown in Figure4.41.A 3D reconstructionwasthenperformedandtheresultis shown

in Figure4.42.

Thegoalfor thissequencewasto estimatethewidth of thecomputermonitorlabeled

asline 1 in theimages.We measureda numberof lengthsin thescenesoseehow each

of thesewould do in fixing the scalefor predictingline 1. Theselengthsaregiven in

Table4.2.All wereassumedto have thesameuncertainty.

11

22

33

44

55

66

77

88
99

1010

1111

1212

1313

11

22

33

44

55

66

77
88991010

1111

1212

1313

Fig. 4.41.Thetwo end-imagesfrom asevenimagesequenceof acomputeranddesk.Ourgoalis to estimate
thewidth of themonitor, markedwith line 1, andto do thiswemeasuredthelengthsof lines2 through13.

The mostpromisinglines for optimizing the accuracy of predictingline 1 through

gaugefixing are2, 4 and6 sincethey areall long andin thesameplaneasline 1. Next

is line 7 in a parallelplaneis also long. We expect3 and5 to be poor sincethey are
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Fig. 4.42.The3D reconstructionof thedeskis shown alongwith thecamerapositions.

Table 4.2.Themeasuredlengthof linesin thedesksequenceof Figure4.41,andtheir uncertainties.(We
assumedall measurementshadthesameuncertainty).

Line No. Length(cm) Uncertainty(cm) Line No. Length(cm) Uncertainty(cm)

1 36.51 0.05 8 27.94 0.05
2 36.51 0.05 9 15.56 0.05
3 21.11 0.05 10 45.72 0.05
4 31.27 0.05 11 46.99 0.05
5 23.65 0.05 12 19.05 0.05
6 25.24 0.05 13 14.21 0.05
7 21.59 0.05

orientedalongthe viewing directionand 9, 12 and13 also to be poor sincethey are

short.In termsof localizationerror, the linesareall aboutthe samedistancefrom the

cameras,andsothemaindistinguishingeffectswill bethattheshortlines,9, 12and13,

becomeevenworse.Figure4.43sustainsall of thesepredictions.We alsosee,asin the

bridgeexample,that if the localizationerror is ignored,thestandarddeviationsdo not

accountfor the variationsin prediction,indicatinga sourceof bias.Whenwe include

1 pixel localizationerror, thevariationin predictionsagreequitewell with thestandard

deviations.
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Fig. 4.43.Thepredictedmonitorwidth isshown,alongwith its uncertaintyin standarddeviationsfor eachof
thethirteenlines,calculatedusingequation(4.29).Theuncertaintiespredictedin ( ã ) usedthemeasurement
uncertaintiesfrom Table4.1 but assumedthe localizationerror þ)ÿ waszero.In plot ( ä ) we includedthe
uncertaintyof localizationerrorassumingþ)ÿ = 1 pixel for all features.

Now imaginethatinsteadof trying to estimatethemonitorwidth,wewantedto know

the lengthof thesub-woofer, indicatedasline 3 in the image.Thekey questionhereis

whetherit would bebetterto know line 5, which is parallelto line 3, or elseoneof the

linesorthogonalto theviewing direction.Sincethedeskhasalargefield of view in both

heightandwidth comparedto the line lengths,we expect that the lines are relatively

uncorrelatedandhencethat lines orthogonalto the viewing directionwould be better

thanline 5. This is confirmedin Figure4.44.

But let usconsideranothersituationin which the only featuresthat we trackedare

thosebelongingto lines2, 3, 4, 5 and6. We candoshapeestimationwith just this data,

andthenestimatethe sub-wooferlengthby measuringoneof the other lengths.With

pointsfrom just theselines,theobjecthasa relatively smallfield of view comparedto

theline lengths.Hencewemightexpectthatmeasuringline 5 wouldgiveusthegreatest

accuracy. We seein Figure4.45thatthis is indeedthecase.
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Fig. 4.44.Thepredictedlengthof thesub-wooferis shown,alongwith its uncertaintyin standarddeviations
for eachof the thirteenlines,calculatedusingequation(4.29).Theuncertaintiespredictedin ( ã ) usedthe
measurementuncertaintiesfrom Table4.1 but assumedthe localizationerror þ ÿ waszero.In plot ( ä ) we
includedtheuncertaintyof localizationerrorassumingþ ÿ = 1 pixel for all features.

4.6 Discussion

We have derivedanddemonstratedanunexpectedconsequenceof fixing thescaleof an

objectknown only up to a scalefactor. Thecovarianceof theresultingshapeis signifi-

cantlyaffectedby how thescaleis determined.Weassumethescaleis determinedby the

distancebetweentwo pointson theobject.Simply rescalingthecovariancematrix with

thesquareof thescalefactorleavestheindeterminacy in thematrixanddoesnotaccount

for themeasurement.Instead,thecovariancemustbetransformedsothatthemodelun-

certaintybetweenthemeasuredpointsis correctlydistributedover therestof thepoints.

Weusedgaugetheoryto derivethecovariancetransformation,whenthescaleis fixedby

makinga measurement,andshowedhow choosingdifferentgaugeswill affect thefinal

accuracy.

Our focuswasto developa qualitative understandingof the effectsof gaugefixing

on accuracy. This is importantfor usein real 3D modelingsituationswhereonemay

nothave timeor opportunityto measuremany lengthsin thescene.With agoodqualita-
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Fig. 4.45.Thepredictedlengthof thesub-wooferis shown,alongwith its uncertaintyin standarddeviations
for just lines2, 3, 4, 5 and6, calculatedusingequation(4.29).Theuncertaintiespredictedin ( ã ) usedthe
measurementuncertaintiesfrom Table4.1 but assumedthe localizationerror þ)ÿ waszero.In plot ( ä ) we
includedtheuncertaintyof localizationerrorassumingþ7ÿ = 1 pixel for all features.

tive understandingof theaccuracy effects,a close-to-optimallengthcanbeselectedfor

measurementbefore3D reconstructionis done.

A qualitativeanalysisof our resultsleadsto anumberof generalconclusions.� Whenthereis little or no correlationbetweenfeaturepointsandlengths,accuracy is

bestwhenthegaugeis fixedby measuringthelargestdistanceon theobject.� Theeffectof measurementerroron the3D lengthsis reducedfor longerlengths.� Whenthereis significantpositivecorrelationbetweenlengthsin themodel,thenmea-

suringa longerline is not necessarilybetter. Instead,theclosertheratio,of measured

to estimatedlength,is to theratio in equation(4.24),thebetterthefinal accuracy.

We alsolookedat correlationeffects,andfactoredout line lengtheffectsby using

lines of all the samelength.We consideredcasesin which therewasa predominant

viewing direction,andfoundanumberof factorsaffectinguncertaintiesandcorrelations

of lines.We divided reconstructioninto two classes.The first classconsistsof objects

that subtenda large field of view comparedto the line lengths,and the secondclass
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consistsof objectsin which the lines are clusteredaroundeachother and hencethe

objectsubtendsa relatively smallfield of view comparedto line lengths.

Objectssubtendinga large field of view comparedto the line lengthsresultedin

accuratemotionestimationandhencelow correlationbetweenline lengths.In choosing

a gaugeto fix wefoundthefollowing effects:� The propertythat dominatesaccuracy is the anglebetweenthe line andits viewing

direction.Linesthatareorthogonalto their viewing directioncanbebetterestimated

andalsoprovidebettergaugeconstraintsthanlinesatsmalleranglesto theviewingdi-

rection.Henceevenfor linesalongtheviewingdirection,thebestaccuracy is obtained

by measuringlinesorthogonalto theviewing direction.� Accuracy is lesssensitiveto depthin objectswith alargefield of view thanfor objects

with smallfield of view.� Givena setof lines in a plane,we createda measure,ð ñ ò , thatcanbeusedto predict

therelativeaccuracy of thelines.Thisvalueis effectivein indicatingrelativeaccuracy

becauseit is relatedto therelativeorientationof theline andits viewing direction.

Objectsconsistingof a clusterof lineswhosetotal field of view is not muchlarger

thanthatsubtendedby line have strongcorrelationin their line lengths.This leadsto a

numberof properties.� Theanglebetweentheviewing directionandtheline is key, andunlikethewidefield-

of-view case,lines with similar anglesaremorestronglycorrelatedthan lines with

differing angles,and so provide betterconstraints.This meansthat lines along the

viewing directionarebestpredictedby otherlinesalongtheviewing direction.� The distanceof the lines from the cameraplaysan importantrole. Lines of similar

distancetendto bemorestronglycorrelatedandhenceprovidebettergaugeconstraints

for eachother.� If overallaccuracy is desired,thebestoptionis a line nearthemiddleof thesceneand

in theplaneperpendicularto theviewing direction.

All of the resultsfor line lengthsare invariant to choiceof coordinateorigin and

orientation.

More questionsremainin uncertaintyunderstanding.Givena 3D scene,we would

like to be able to selectthe bestcameraviews for reconstructingit. If our views are

constrainedto be alonga singledirection,thenour resultsmay apply directly. But if

cameradirectioncanvary, then it remainsan openquestionfor how oneshouldbest

positionandorientthecamera.
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In additionto characterizinguncertaintiesdueto objectshape,wealsoproposedthat

a significantsourceof error in 3D estimationcomesfrom whatwe termedlocalization

error. Wecreatedamodelfor it andincludedit in ouraccuracy estimates.Thisresultedin

alargercovariancefor our line estimates,andsobetterpredictedtherealuncertaintiesof

ourresults.Ourestimateof onepixel standarddeviationfor imagelocalizationerrorwas

a roughapproximationandwewould like to obtaina morejustifiedestimateof this.We

showedthatlocalizationerroraffectsfurtherpointsfrom thecameramorestrongly, and

thatshorterline lengthsamplify this effect more.Moreover, while theeffect of tracking

error decreasesasmore imagesare taken,this is not the casewith localizationerror

which remainsconstantdespitetrackingfeaturesover moreimages.Hencewe expect

localizationerrorto have agreaterrelativeeffect themoreimagesaretaken.





5. Stereowith GaugeFreedoms

Stereovision is a well-studiedfield with numerousalgorithmsin use.Real time and

video-frame-ratedepthmapscanbegeneratedon a standardPC.Moreover, stereoof-

tengeneratesmoreaccurateanddenserdepthmapsthanareachievedby SFM. This is

largely dueto algorithmstaking advantageof the fixed epipolargeometryto simplify

andimprove featurematchinganddepthestimation.

However, usingjust the epipolargeometryandfeaturematches,depthcanonly be

estimatedup to a scalefactor. In order to obtainabsolutedepthmaps,the scalemust

somehow bedetermined.Typically this is achievedby knowledgeof thebaselinelength

whichitself is obtainedthroughacalibrationprocess.In somecases,however, it maynot

beeasyto obtainthismetricinformation.Whencalibrationis doneusingself-calibration

routines,asis oftenthecasein active-visionapplications,theremaybenometricinfor-

mation,andsowhile theepipolargeometrycanbeobtained,thebaselinelengthcannot

beestimated.

Thequestionwe askin this chapteris: Is it alwaysbestto have thebaselinelength,

or couldwe achieve asaccurateor even moreaccurate3D estimationby usingmetric

informationin thescene?Anotherwayto askthis is whetheror notthebaselineprovides

thebestgaugeconstraintfor determiningthescale.Thealternative is to usesomemea-

surementin the sceneaswasdonein chapter4. We will addressthis questionfor two

cases:whentheepipolargeometryis known,andwhenit is unknown.

5.1 Calibration Assumptions

It is importantto first identify our cameracalibrationassumptions.In generalwe will

work with a pin-holeperspective modelasgivenby equation(3.4).Theoptionswe are

facedwith dependon what we know aboutthe internal cameraparameters,equation

(3.6),andtheextrinsicparameters,namelytherelativepositionandrotationof thecam-

eras.
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Wewill identify arangeof possiblecalibration“modes”for stereo,basedontheprior

parameterknowledge.Oneclassificationdivision is betweenprojective stereomethods

andEuclideanstereomethods.Theotherdivision is betweenknown epipolargeometry

andunknown epipolargeometry. This leavesuswith four classesof algorithms,listedas

follows:� Projectivestereowithoutepipolargeometry. This is themostgeneralsituationwith no

assumedknowledgeof intrinsic or extrinsic cameraparameters.Projective shapecan

beobtained.It isalsopossibleto useself-calibrationtoestimatetheepipolargeometry.� Projectivestereowith knownepipolargeometry. Thefundamentalmatrix definesthe

epipolargeometryof thecamerapair, andenablesmoreefficient featureregistration.

Theprojectiveshapeof thefeaturepointscanbeestimated.� Euclideanstereowithoutepipolargeometry. The intrinsic cameraparametersareas-

sumedto bepre-calibrated,1 but the relative positionandorientationof the cameras

is unknown. This is analagousto thetwo-frameSFM case.Shapeup to a scalefactor

canbeestimated.It is alsopossibleto estimatetheepipolargeometry.� Euclideanstereo with known epipolar geometry. The essentialmatrix definesthe

epipolargeometryof the camerapair. Featuredepths,andhence3D positions,are

obtainedfrom disparitiesusinga triangulationmethod[25]. Without knowledgeof

thebaseline,3D pointscanbeestimatedonly up to a scalefactor, but with a known

baselinetheabsolutepositionscanbedetermined.

In this thesiswe areinterestedin uncertaintiesof physicalquantities,andhencewe

will only considerthe latter two classesdescribingEuclideanstereo2. Thesewill be

denotedasstereowith knownepipolargeometryor knownessentialmatrix
�

, andstereo

with unknown epipolargeometryor unknown
�

. With thesewe canobtainshapeand

depthup to a scalefactor, and if we fix the scalesomehow, we can obtain absolute

distancemeasurementsandtheiruncertainties.Stereoalgorithmstypicallyusethelength

of the baseline,betweenthe centersof projectionof the two cameras,to fix the scale.

Thisisdifficult tomeasurephysically,andsocalibrationmethodsusingobjectsof known

dimensionsareemployedto estimateboththebaselineandtheepipolargeometry.

Thetypeof calibrationin which thebaselineis foundtypically requirescarefulman-

ual designand measurementof a calibrationobject,as well as an interactive process�
Thefocal lengthsneednotbeknown asthesecanbesolvedfor [38].é
While it is possibleto estimateup to two internalcameraparametersfrom theepipolarequations,for
simplicity weonly considercasesin whichwealreadyknow all theinternalparameters.
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in which this objectis viewedby the stereopair from possiblymultiple directionsand

correspondancesareidentified.Fromthesecorrespondancesandtheknown calibration

objectgeometry, both the epipolargeometryandbaselineareestimated.The question

we askin this caseis, givenperfectknowledgeof the epipolargeometry, is scalebest

determinedby knowldegeof thebaselineor by knowledgeof somelengthin thescene?

While pre-calibratinga stereopair is useful if it will remainfirmly fixed in place,

it doesnot help for applicationsin which the camerasmay changerelative orientation

betweencalibrationin thelaboratoryandactualuse.This includes,for example,active

vision applicationswheretrackinganobjectmayentailzoomingor relative swivelling

of the camerasas the object moves towardsthe stereopair, just as our eyes start to

crosswhenwe focuson a nearbyobject.In thesecases,analternative approachthat is

moreautomatedandcloserto self calibrationis preferable.Self-calibrationusesonly

point matchesin the imagesto estimatethe epipolargeometry. Thebaseline,however,

generallycannotbeattainedthis way since,while anautomatedsystemmayfind point

correspondancesusing robust methods,it will not know lengthsin the scene.It thus

remainsfor a later stage,whenthe 3D datais analyzed,to imposemetric constraints.

We aska similarquestionin this case.While measuringthebaselinemaybephysically

difficult in thiscase,neverthelessoughtweto measureit to maximizeaccuracy, or could

weachieveequalor betteraccuracy by measuringa line in thesceneto determinescale?

5.2 Epipolar Geometry

Theeffectsof knowing internalandexternalparameterscanbebroughtout morefully

by definingtheepipolargeometry. Initially we will work in homogeneouscoordinates.

Let � be a 4-vectorspecifyingthe 3D positionof a featurepoint, and ��� and ��� be

3-vectorsgiving the imagepositionsof the featurein eachimage.Homogeneousper-

spectivecameraprojectiongivesus:��� ó
	 � �� ��������� ���� ó
	 � �� ��������� ��� (5.1)

In the remainingportion of this chapterwe will consideronly distancesrelative to the

stereohead,andarefreeto chooseanarbitrarygaugefor rotationandtranslation.Welet� � = � and ��� = � beour motionconstraints.Thenwe let
�

=
� � and � = ��� , andcan

rewrite ourequationsas:
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	 � � ����� � ���� ó
	 � ��� ��� � ��� (5.2)

Fromtheseequations,it is standard[27] to derive thefollowing epipolarrelationship:��!�#" �$� ó/õ&% (5.3)

where " is the '�()' fundamentalmatrix. Now " canbe written asa functionof the

motionandcalibrationparameters:
�

, � , 	 � , 	 � asfollows:" ó
	+* !� �,( � 	-* �� � (5.4)

wherethetensorproductis definedin section3.2.1.

Whentheintrinsic cameraparameters,	 � and 	 � , areknown, we canwork in nor-

malizedfeaturecoordinates,.��� = /102�435�7698 ! and .��� = /10��43��:698 ! , givenby: .�;� =	 * �� ��� and .��� = 	 * �� ��� . Theepipolargeometryis thendefinedby theequation.� !� � .��� ó/õ$% (5.5)

where
�

is theessentialmatrix.Thiscalibratedversionof thefundamentalmatrixequa-

tion (5.3)wasderivedby Longet-Higgensin 1981[45]. The essentialmatrix is related

to thefundamentalmatrixvia theinternalcameraparametermatrices:� ó
	 !�$" 	 � % (5.6)

andsomustbegivenby:� ó �&( � � (5.7)

While the essentialmatrix is a '<(=' matrix with nine parameters,it hasonly five

degreesof freedom.As we canseefrom equation(5.7), it encodestherelative rotation

betweenthe camerasandtherelative translation.However, from equation(5.5) we see

that it actuallyconstrainspointsonly up to a scalefactor, andhenceonly definestrans-

lationup to ascalefactor.

Whentheseequationsareappliedto multiple points,we canput theminto thesame

format and notationasprevious chapters.We write the vectorequationencodingthe

featureprojectionsas:> ó@?BADCFEHG � (5.8)

Here> is a vectorcontainingtheindividual /10 % 3�8 coordinatesof all thefeaturesin both

images, ?IAJCLK G encodesthe cameraprojectionequations(5.2) for all featuresin both

imagesand E is a vectorof theunknown parameters.In theunknown
�

case,thevector



5.3 Stereowith Known EpipolarGeometry 129E containstheunknown 3D featurepoints, M N , O ó 6 % �D�9� %�P , andtheessentialmatrix,�
, or equivalently, therotation,

�
, andtranslation� . In theknown

�
case,the3D feature

pointsareincluded,but theessentialmatrix is known andsois not included,while the

baseline,ý , whichmaybeunknown is includedin E .

Theresultis thatwehave thesamesetof equationsaswehadfor SFMin Chapter3,

exceptthatnow someof thepreviouslyunknown parametersareknown. We would like

to know how uncertaintiesareaffectedby gaugefixing in thismorerestricteddomain.

5.3 Stereowith Known Epipolar Geometry

Whenthe essentialmatrix is known, the only unknowns are the baselineand the 3D

featurepointpositions,andthesecanbeestimatedup to a scalefactor. Thequestionwe

wantto addressis whatis thebestwayto fix thescale?Thiswill bedoneasin Chapter4

by measuringa length.But is it bestto measurethebaselineor to measurea lengthon

theobject?We will usetheaccuracy of shaperesonstructionasa measurein comparing

theseoptionsanddeterminingwhich is best.

5.3.1 Parametrization

We start with our known essentialmatrix,
�

, or equivalently the rotation,
�

, and

unit translation,� , where QJ��Q ó 6 , sincethesecan be obtainedfrom
�

as explained

in [27, 45]. Theseparametersareincludedin our projectionequations,andtheremain-

ing unknown parametersfor P featuresandbaselineareencodedas:

E¨ó
RSSSSST
M �
...M5Uý
VXWWWWWY % (5.9)

where ý = QJ��Q is thebaseline.

5.3.2 Optimal Estimateand Accuracy

To solve for theseparameterswedefineacostasin equation(2.8):Z / E 8 ó Q >\[ ?BA9C]E G Q � ^�_ � (5.10)

In this chapterwe will assumethat, while 2D featuremeasurementsmay have their

individual covariances,all of the featuremeasurementsareindependent.Thus `�a can
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beencodedasa b,(cb blockdiagonalmatrix.Minimizing thecostin equation(5.10)will

give usanoptimalestimate,E , which will lie on a gaugeorbit determinedby thescale

factor.

The accuracy of our estimatedependson the covariance.To first order, the Fisher

informationmatrix is equalto the Hessianat the optimal solutionpoint, asderived in

equation(2.19):dfe ó
g �e Z / E 8 % (5.11)

andthenormalcovarianceis obtainedastheMoore-Penrosegeneralizedinverseof this:`�hi ó / dfe 8 *j U � (5.12)

5.3.3 Accuracy within Gauges

The covariancewithin a gauge,k , is givenby theobliqueprojectionof thenormalco-

varianceinto thetangentspaceto thegauge:`&l ó
m le ` hni m l e ! % (5.13)

wherewe have assumedthatour estimateE hasalreadybeentransformedto thecorrect

scale, E@o pE , so that the Jacobianmatrix is the identity. What remainsto calculate

is theprojectionoperator, m l e = � [rq e9s /ut !e s q evs 8 * � t !e s , which dependson thegauge

freedommatrix q evs andtheconstraintgradientmatrix t e�s .
Sincewe only needto consideronegaugefreedom,that of scale,let w = q e s bea

vectorencodingthis gaugefreedom,and x = t e s bea vectorencodingtheconstraints.

In ananalogousmannerto thatin Chapter4, wederive thegaugefreedomas:

w ó
RSSSSST
Mn�
...MyUý
VXWWWWWY � (5.14)

We will considertwo typesof gaugesor constraints.Let k{zF| be the gaugedefined

whenwe find thatthedistancebetweentwo points, M z and M | , is ð z]| . We write thecon-

straintas QJM z [ M | Q [ ð z]| ó/õ . Let k�} bethegaugedefinedwhenwemeasurethebaseline

as ð . We write thisconstraintas: ý [ ð ó/õ . Let thegradientsof thesebedenotedas x z]|
and x } respectively. They areobtainedexplicitly as:
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x z]| ó
RSSSSSSSSSSSSSSSSST

õ
.../1M z [ M | 8�~7ð z]|õ
.../1M | [ M z 8�~7ð z]|õ
...

VXWWWWWWWWWWWWWWWWWY
% x } ó

RSSSSST
õ
...õ 6
V WWWWWY % (5.15)

whereonly therows correspondingto the � th and � th pointsarenon-zeroin x z]| . Using

theappropriateconstraintvector, wecancalculatetheprojectionoperator, m l e , andhence

thecovariancein eitherof thesegauges.

Wewouldlike to comparethecovariancesin betweengaugesk z]| and k�} to seewhich

leadsto moreaccurateestimates.To do thiswewill examinecomponent-wisethestruc-

ture of the covariances.Our first observation is that the Fisherinformationmatrix has

thefollowing sparsestructure:

d�e ó
RSSSSST
g �� � Z õ g � � } Z

...
...õ g ���� Z g � � } Zg } � � Z KDK9K�g } � � Z g �} Z

V WWWWWY � (5.16)

It is '�(�' blockdiagonalexceptfor thelastrow andcolumncorrespondingto thebase-

line.Thenormalcovariancegivenby thegeneralizedinverseof
d e

will not,however, be

sparse.Thecorrelationtermsbetweenthebaselineandtheshapepoints(in thelastrow

andcolumn)conspireto fill the elementsof the normalcovariance.Neverthelessthere

is structurehiddenbelow the surface.We seethis if we calculatethecovariancein the

gaugeobtainedby fixing thebaseline:` } ó
m }e `�hi m }e ! % (5.17)

where m }e = � [ w�x !} ~�x !} w . This is exactly thesameassolvingfor all theshapecom-

ponentswith a known baseline.Its Fisherinformationmatrix will be the sameas
d$e

in equation(5.16)exceptwith the last row andcolumnzeroed.Hencethe covariance,

formedby invertingall but the last columnandrow of
dfe

musthave the '<()' block

diagonalform:
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` } ó
RSSSSST
` � � õ õ

.. .
...õ ` � � õõ KDK9K õ õ
V WWWWWY % (5.18)

Wherethe '�(�' blocksaregivenby: ` ���
= / g �� � Z 8 * � , andcorrespondto theindividual

featurecovariances.We seethat sincethe baselineis known, all elementscontaining

its correlationtermsarezero,andmoreover, unlike in thenormalcovariance,all of the

individualshapecovariancesarenow uncorrelatedwith eachother.

Since ` } canberelatedto thenormalcovariance,̀�hi , by equation(5.17),it must

be geometricallyequivalentto ` hi . Hencewe canobtainthe covariancein any other

gaugeby obliquelyprojecting̀ } , insteadof `�hni , asin equation(5.13).Let `�� � � bethe

covariancein thegaugedefinedby measuringdistanceð zF| . Again assuminganidentity

Jacobianmatrix, it canbeobtainedas:`�� � � ó
m � � �e ` } m � � �e ! � (5.19)

We canexpandthis in componentsof m � � �e asfollows:`�� � � ó ` } [ 6ý w�x !z]| ` } [ 6ý ` } x z]| w !�� 6ý � x !z]| ` } x z]| wfw ! � (5.20)

The secondterm on the right is a zeromatrix except for the � th and � th columns.The

third term is the transposeof this andso is zeroexceptthe � th and � th rows. The final

termis justaconstanttimesthepositivesemi-definitematrix w�w ! .

Sayour goalis to accuratelyestimatelength ð � ñ\ó QJM � [ M ñ Q . Canwe sayin which

gaugeit would bebestto work?Let ��}� ñ � bethevarianceof this in gaugek�} with mea-

suredbaseline,and � zF|� ñ � be the variancein gaugek z]| with measureddistanceð z]| . We

first obtainfor thebaselinegauge:� }� ñ � ó�g e ð !� ñ ` } g e ð � ñ�� (5.21)

Now in gaugek z]| it is clearthatif wewantto predictthesamedistancethatwemeasured,

theuncertaintywill bezero.Solet usassumethatthelengthwemeasure,ð z]| , is not the

lengthwe arepredicting, ð � ñ , andfurtherassumethat it doesnot shareendpointswith

the line we arepredicting,that is M z , M | , M�� , and M ñ areall distinct featuresdenotedas:� % ���ó��2% ï . Thenwe obtain:� z]|� ñ � ó
g e ð !� ñ ` � � � g e ð � ñó
g e ð !� ñ�� ` } [ 6 ý wfx !z]| ` } [ 6ý ` } x z]| w ! � 6ý � x !zF| ` } x z]| wfw !{� g e ð � ñ
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ó � }� ñ � � 6ý � /�x !z]| ` } x zF| 89/ g e ð !� ñ wf8D/�w ! g e ð�� ñ 8ó � }� ñ � � 6ý � /�x !z]| ` } x zF| 89/ g e ð !� ñ wf8 � (5.22)

Thesecondandthird termsof theexpansionof `�� � � dropoutsincetheir non-zerorows

andcolumnsdo not overlapthenon-zeroelementsof g e ð � ñ . The last termof equation

(5.22) is strictly greaterthanzeroso long asbothdistances,ð zF| and ð � ñ , arenon-zero,

and ` } is rank ' P . Hencewe candeducethefollowing theorem.

Theorem 5.3.1. Consideran object model reconstructedfrom a perfectlycalibrated

stereo pair. Let k zF| be the gaugedefinedby fixing distanceð z]| , and k�} be the gauge

definedby fixing thebaselineý sothat theobjectscaleis thesamein each gauge. Fur-

ther let ð � ñ be the lengthwe wish to estimatenot sharingfeature pointswith ð z]| , and� z]|� ñ � and �{}� ñ � beits variancesin gaugesk zF| and k�} respectively. Thenif thenormalco-

variance(or anygeometricallyequivalentcovariance)of theobjecthasa nullspaceof

rank 6 , wecanstate:� zF|� ñ ��� � }� ñ � � (5.23)

Thatis, for a stereopair with known
�

, if we canmeasurethebaselineperfectlyor any

otherlengthon the objectperfectly, we will obtaina moreaccurateestimateof lengthð�� ñ usingthebaselineto fix thegauge.

This resultdoesnotapplyif themeasuredandpredictedlengths,ð z]| and ð � ñ , sharea

featurepoint. Intuitively this is understandablefrom Chapter4 sincethentheselengths,

dependingontheir orientations,maybestronglycorrelatedandfixing onemaystrongly

reducetheuncertaintyon theother.

An intuitivereasonfor thistheoremisasfollows.Fromthestructureof theHessianor

theFisherinformationmatrix,we seethat the causeof thecorrelationbetweenfeature

points is only dueto their respective correlationwith the baseline.Whenthe baseline

is fixed they areuncorrelated.Hencewe can think of fixing a point as first affecting

thebaseline,andonly throughthis effect it thenaffectsotherpoints.Directly fixing the

baselinethushasamorepronouncedaffecton thefeaturepoints.

5.3.4 Sensitivity to MeasurementErr or

Theuseof theorem5.3.1in realapplicationsdependsonthegaugefixing measurements

having perfectaccuracy. If our measurementof length ð z]| or of thebaselineý haserror
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in it, thenfinal estimateof ð � ñ will have anadditionaluncertaintyterm.Thisuncertainty

termcorrespondspreciselyto thatwederivedin Chapter4, sections4.2.3and4.3.2.

Let � �} and � �zF| bethevariancesof themeasurementof thebaselineandthelength ð z]|
respectively. Thenit follows,from ananalogousderivationto that in Section4.3.2,that

in gaugek } thevarianceof ourestimatedlength ð � ñ becomes:� }� ñ � ó�g e ð !� ñ ` } g e ð�� ñ � � �} ð �� ñý � � (5.24)

In gaugek z]| , thevarianceis:� z]|� ñ � ó�g e ð !� ñ `�� � � g e ð�� ñ � � �z]| ð �� ñð �z]| � (5.25)

We seethattheadditionalerrortermis scaledby thesquareof theratioof thelengthwe

areestimatingto thelengthwemeasured.Thebaselineis treatedidenticallyto any other

length.Thustheerrorfor longerlengthsis reducedmorethanfor shorterlengths.Hence

if � �} = � �z]| andif we measurea lengthon the object that is longer thanthe baseline,

the error in its measurementwill be lesssignificantthan the error of the baselinein

predictinganotherlength.

5.4 Stereowith Unknown Epipolar Geometry

Our previousresultthatcomparestheaccuracy of knowing thebaselineversusanother

lengthsin thesceneappliesonly in thecaseof known epipolargeometry. We now want

to deriveasimilarcomparisonfor thecasewhentheepipolargeometryis unknown,and

itself mustalsobeestimatedalongwith theshapefrom matchedfeaturepoints.

5.4.1 Parametrization

We assumenow that the positionsof the P 3D points,the baselineand the essential

matrix areall unknown. Sincethe essentialmatrix containsonly five independentpa-

rameters,wechooseto encodeit usingthecamerarotationandtranslationasin equation

(5.7).Thetranslationwill only berecoveredup to a scalefactor. Thebaselineis conve-

niently encodedasthe the magnitudeof the translation:ý ó QJ�9Q . Perturbationsof our

parametersarethusencodedin the ' P ��� elementvector:
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� EYó
RSSSSSSSST
� M��

...� MyU� ����
VXWWWWWWWWY � (5.26)

Theoptimalsolutionandits accuracy arecalculatedanalogouslyto section5.3.2,but

therankof thenormalcovarianceis ' P ��  .
5.4.2 Accuracy within Gauges

In orderto calculatethecovariancewithin a gauge,we will usethegaugefreedomsand

constraints.Sinceoverall translationandrotationarefixed,thereis only ascalefreedom.

Thisgaugefreedomis encodedin vectorform as:

w ó
RSSSSSSSST
M �
...M U�õ
V WWWWWWWWY � (5.27)

Againweconsidertwokindsof constraints.Thefirst is whenthedistancebetweenpointsM z and M | is found to be ð z]| , andthesecondwhenthebaseline,givenby ý ó QJ��Q is of

length ð . In the sameform as equation(5.15), the gradientsof theseconstraintsare

respectively:

x z]| ó
RSSSSSSSSSSSSSSSSST

õ
.../1M z [ M | 8�~7ð z]|õ
.../1M | [ M z 8�~7ð z]|õ
...

VXWWWWWWWWWWWWWWWWWY
% x } ó

RSSSSSSSST
õ
...õ��~7ðõ
V WWWWWWWWY % (5.28)

In this casewe cannotprove thesameresultaswhentheessentialmatrix is known.

TheFisherinformationmatrixnow hastheform:
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dfe ó
RSSSSSSSST

g �� � Z õ g � �X¡ Z g � �£¢ Z
. ..

...
...õ g �� � Z g � � ¡ Z g ��� ¢ Zg ¡ � � Z K9KDK9g ¢ � � Z g �¡ Z g ¡¤¢ Zg ¢ � � Z K9KDK9g ¢ � � Z g ¢¥¡ Z g � ¢ Z

VXWWWWWWWWY � (5.29)

We seethatfixing thebaselinestill leavescorrelationtermsbetweenshapeandtheother

translationandrotationcomponents.Thuswe usethenormalcovariancein our uncer-

taintymodeling:` hi ó / d e 8 *j U§¦2¨ � (5.30)

This is transformedinto thegaugecorrespondingto our measurement,ð z]| or ý , andwe

obtainthepredictedvariance,� z]|� ñ � or � }� ñ � , of our estimatedlength, ©9� ñ asin equations

(5.24)and(5.25):

To compareknowledgeof thebaselinewith knowledgeof lengthson theobjectwe

will insteadrely on numericalanalysis.This modeof stereo,in which we solve for the

epipolargeometry, is preciselythe2-imageSFM problemwith known internalparame-

ters.Thusourresultsfrom Chapter4 applyandcanbeusedto determinewhichlengthin

thesceneit is bestto measure.Herewewouldalsolike to know how fixing thebaseling

affectsaccuracy in comparisonto lengthson theobject.

5.5 Experiments

We illustrateour error estimationmethodon stereoviews of a realobjectwith ground

truth,andasyntheticsequence.

5.5.1 StereoPairs of a Cube

Figure5.1showsastereopairof a ' õ (�' õ (c' õ cmcubewith asetof registeredfeatures.

Theimageshave beenrectifiedandareobtainedusinga pre-calibratedDigiclopsstereo

head.The featuresarehand-registeredfeaturesandwe assumethey have independent

anduniform error distribution, but with unknown overall variancemagnitude.The 3D

positionsof thesefeaturesonthecubeweremeasuredto ª õ �   mmaccuracy. Weselected

two lineson thecube,a long one « , anda shortone ¬ , which we will useto illustrate

theeffect of gaugefixing. An evenshorterline,  , is usedin someof ourexamples.
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Fig. 5.1.A stereopairof a ®�¯&°�®�¯&°�®�¯ cm cubewith 45 featuresmatchedby hand.Wemeasuredthe3D
ground-truthpositionof eachof thesefeatureson thecubeto ±#¯9²�ë mm accuracy. Threeof thelineson the
cubewill beusedfor gaugefixing, andthesearelabeled³ , ´ and µ .

Now the3D shapecanbeestimatedeitherassumingthestereoheadhasknownessen-

tial matrix,
�

, or unknown
�

. The3D reconstructionalongwith uncertaintyellipsoids

is shown for theknown
�

casein Figure5.2andtheunknown
�

casein Figure5.3.Not

surprisinglythe error is significantly larger when the relative rotationand translation

areunknown. In bothof theseFigurestheuncertaintiesareshown for the threegauges

correspondingto ( ü ) fixing the baseline,( ý ) fixing line « , and ( ¶ ) fixing line ¬ . The

variationin the ellipsesbetweenthe gaugesshows the significanteffect of the gauge.

Large ellipsesmay sometimeshide significantcorrelationbetweenfeatures.So while

Figure5.3( ý ) appearsto havesignificanterror, this is mostlydueto uncertaintyin object

position,andwhenthecoordinatesystemis placedon theobject,asin ( ð ), we seethat

the inter-featureerror is small.This illustratesour point thatwe canonly properlytalk

of estimatesthatareinvariantto theunknowns,namelyoverall rotationandtranslation,

andsowe cannotmeaningfullydefineabsolutefeaturepositionanduncertainty, but can

giveestimatesof lengthsandtheir uncertainties.
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( · ) ( ¸ ) ( ¹ )
Fig. 5.2.Theestimated3D shapewith ellipsoidsrepresentingstandarddeviationsis shown, alongwith the
two camerapositionsfor theknown º stereocase.A differentgaugeis chosenfor eachof theseplots.In
all of themthecoordinateorigin andorientationis fixedwith theright camera.In ( · ) thebaselineis usedto
fix thescale,in ( ¸ ) line ³ is usedto fix thescale,andin ( ¹ ) line ´ is usedto fix thescale.

On top of the3D reconstructionsin Figures5.2 and5.3we includea setof 40 lines

connectingfeaturesto aid in viewing. If we know thescaleof thecube,we canpredict

thelengthof eachof theselines,aswell asour uncertaintiesin thesepredictions,using

equations(5.24)and(5.25).Thelengthsandtheiruncertaintiesareinvariantto thetrans-

lation andorientationof thecoordinatesystemof the stereopair. Figure5.4 shows the

uncertaintiesin thepredictionsof eachof theselines for four gauges:known baseline,

known « , known ¬ , andknown  . We seethat when
�

is alreadyknown, knowing

the baselineis betterthanknowing « , ¬ or  , exceptin predictinga few lines which

correspondto thosethat shareendpointswith « or ¬ . But in the examplewhen
�

is

unknown, theoppositeis true;knowing thebaselineis generallytheleasthelpfulgauge,

alwaysgiving moreuncertaintythan « or ¬ , althoughbetterthan  .

To confirmthattheuncertaintymeasuresshown in Figure5.4doactuallycorrespond

to therealstandarddeviationsof thelinesgivenournoisemodel,weperformeda setof

MonteCarloexperiments.Theresultsshown in Figure5.5confirmthattheseuncertainty

measuresarecorrectindicatorsof thestandarddeviation.
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( · ) ( ¸ )

( ¹ ) ( æ )
Fig. 5.3.As in Figure5.2,theestimated3Dshapewith ellipsoidsrepresentingstandarddeviationsis shown,
alongwith thetwo camerapositions,but herefor theunknown º stereocase.A differentgaugeis chosen
for eachof theseplots.In ( · –¹ ) thecoordinateorigin andorientationis fixedwith theright camera.In ( · ) the
baselineis usedto fix thescale,in ( ¸ ) line ³ is usedto fix thescale,andin ( ¹ ) line ´ is usedto fix thescale.
Theplot in ( æ ) is similarto ( ¸ ) in thatline ³ is usedto fix thegauge,but theorigin of thecoordinatesystem
is fixed to the middle corner. The resultingdecreasein covarianceswhenan object–centeredcoordinate
systemis usedshows that the covariancesin ( · –¹ ) arestronglycorrelateddueto the uncertaintyof the
overall objectposition.We concludethat,at leastin this examplewith unknown º , stereoprovidesbetter
shapeestimationthandepthestimation.
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Fig. 5.4. Theline predictionuncertaintiesdueto gaugefixing areshown for ( · ) known º stereo,and( ¸ )
unknown º stereo.Theseplots show the standarddeviation of eachline whenoneof the line lengthsis
assumedto beknown. Thesolid line correspondsto theestimateobtainedwhenthebaselineis fixed, the
dashedline whenline ³ is fixed, thedot-dashedline whenline ´ is fixed,andthedottedline when µ is
fixed.
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Fig. 5.5.In ordertoconfirmthattheuncertaintiesplottedin Figure5.4actuallydocorrespondto thestandard
deviationsof a modelwith Gaussiannoiseassumption,we performeda Monte Carlo simulationof the
stereoalgorithm.Weusedthemodeloriginallyestimatedasour“truth”, andaddeduniformGaussiannoise.
We performed200simulationsandrecordedtheestimatedline lengthsfor each.Plot ( · ) is theknown º
caseandplot ( ¸ ) theunknown º case,andin bothcaseswe assumedthebaselinewasknown. The solid
line shows thepredictedstandarddeviation in theestimateof eachline, thedashedline is theempirically
measuredstandarddeviationfor 200runs,andthedottedline is themeanerror. As thenumberof simulations
increasesto infinity, we expectthemeasuredstandarddeviation to equalthepredictedstandarddeviation,
andthemeanerrorto bezero.Unitsarein centimeters.

We canalsousethegroundtruth of eachline asa way to fix the scale,andthento

estimateour lengths.Figure5.6shows this resultfor predictingline « . Thetruelength

is 30cm,andtheerrorin thepredictionscorrespondwell with theuncertainties.Wealso

show the predictionsanduncertaintywhen the baselineis known. We seethat in the

known
�

casethisprovidesa lowerboundonuncertainty, andin theunknown
�

caseit

is worsethanall thelineson thecube.

We have shown resultsat a singlebaseline,but would like to seehow the results

vary when the baselineis changed.Figures5.7, 5.8, and5.9 give resultsof prediting

line lengthsin differentgaugesandfour differentbaselines,usingequations(5.24)and
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Fig. 5.6. We show the predictedvalueof line ³ , usingeachof theotherlines to fix the scale,alongwith
the uncertaintyin standarddeviationsfor ( · ) stereowith known º and( ¸ ) stereowith unknown º . The
right-mosterror bar is thepredictionanduncertaintywhenthe baselineis usedto fix thescale.The true
lengthis 30cm.

(5.25).As we would expect for smallerbaselinesthe uncertaintyincreases,andlarger

baselinesgivemoreaccurateestimates.Throughouttherangeof thesethetrendis main-

tainedof fixing thebaselinebeingthebestoptionfor stereoknown
�

anda pooroption

for stereowith unknown
�

. Only for thevery smallbaselinedoesthis breakdown and

all gaugesaremoreor lessequivalentlypoor. We expectthis is becausetheerror is so

largeat thatpoint thatour first orderapproximationof our recoveredsolutionbeingat

thetruesolutionbreaksdown.

5.5.2 StereoPairs of a SyntheticSphere

In theorywehavesolvedthebaselineproblemfor stereowith known epipolargeometry,

andconfirmedempirically that knowing the baselineis betterthan lengthson the ob-

ject.However, in thecasein which we simultaneouslysolve for epipolargeometryand

objectshape,our resultsshow thatcomparedto somelinesfixing thebaselineis better,
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Fig. 5.7.Analogouslyto Figure5.9,we show theuncertaintiesin predictingeachof theline lengthsusing
thebaselinesfrom Figure5.8,but with acamerapair having known º . Thelengthof thebaselinefor each
plot is: ( · ) 1.2cm,( ¸ ) 10cm,( ¹ ) 32.5cm,and( æ ) 41.9cm.In eachcasethesolid line indicatestheuncertainty
whenthebaselineis fixed,thedashedline when ³ is fixed,andthedot-dashedline when ´ is fixed.(See
Figure5.1 for the imagesin the 10cmbaselinecase.)Plot ( · ) shows the casefor a very small baseline.
Heretheuncertaintiesarevery large andour claim thatfixing thebaselineis alwaysbestfails. For larger
baselines,though,we seethat indeedfixing the baselineis alwaysbetterthanfixing oneof theothertwo
lengthson the object,exceptwhenthat line includesoneor two of the endpointsof the line we want to
predict.
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( · ) ( ¸ )

( ¹ ) ( æ )
Fig. 5.8.Whichevergaugeis used,theuncertaintywill dependon thebaselineof thecamerapair. Herewe
show the3D uncertaintiesfor differentbaselinesof theunknown º camerapair andwith thebaselineused
to fix the scale.The lengthof the baselinein eachcaseis: ( · ) 1.2cm,( ¸ ) 10cm,( ¹ ) 32.5cm,( æ ) 41.9cm.
Figure5.9showstheuncertaintiesin predictinglengthsfor eachof these.
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Fig. 5.9. We show the uncertaintiesin predictingeachof the line lengthsusingthe baselinesfrom 5.8,
andan unknown º camerapair. In eachcasethesolid line indicatestheuncertaintywhenthebaselineis
fixed,thedashedline whenlenght ³ is fixed,andthedot-dashedline when ´ is fixed.(SeeFigure5.1 for
the imagesin the10cmbaselinecase.)Plot ( · ) illustratesthatwhenthebaselineis very small,theerrors
becomevery large,andin this casetoo largeto maketheresultsmeaningful.We noticethatasthebaseline
is increasedin plots ( ¸ –æ ), theuncertaintiesdecrease,but theuncertaintiesusingthebaselineto fix scale
alwaysremainlargerthantheuncertaintiesusingtheotherobject-basedgauges.
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but comparedto other lines fixing the baselineis worse.Thuswe would like a better

characterizationof whenknowing thebaselineis betterandwhenit is worse.

We give someempirical resultsfor stereopairson the syntheticspheredescribed

in section4.5.2.The two furthest-apartcamerasareusedfor stereo,andthesehave a

baselineexactly equalto the diameterof the sphere,asillustratedin Figure5.10.The

 b

14

7

Fig. 5.10.A spherecreatedby intersecting3 circles orthogonally. We are interestedin predictingthree
diameterslabeled1, 4 and7, aswell asthebaselinȩ whoselengthis onediameter. To predicttheselengths
we will individually fix all of the otherdiametersmarkedwith solid lines.The dashedcirclesareonly to
aid in viewing. Wecomparethis to SFMresultswith fivecamerasin Figure4.14.

uncertaintiesof predictingeachof these,or equivalently, dueto our symmetryrelation-

ship in Figure4.1, of theuncertaintiesin usingeachof theselines to predicttheother

lines,areshown in Figure5.11.We notice,first of all, that the uncertaintiesgenerated

by gaugefixing with lines1, 4 and7 have thesamepatternasin the multi-imagecase

of SFM shown in Chapter4, Figures4.15and4.16.The only significantdifferenceis

thatwith two camerastheuncertaintiesarelarger. As weanticipatedfrom theequations,

stereowith unknown
�

is aspecialcaseof SFM,andsotheresultswederivedin Chap-
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ter4 andournumericalanalysisfor theSFMcasewith asmallrangeof cameramotion,

will applyto this typeof stereo.

Figure5.11alsopermitsusto comparefixing thebaselinewith fixing otherlineson

theobjectthathave thesamelength.We seethat in almostall casesfixing thebaseline

givesgreateruncertaintythanfixing theotherlines.Theonly exceptionsarein compari-

sonto line 1,alongtheviewing direction.Fixing line 1 givesslightly greateruncertainty

in predictingthelinesin theplaneperpendicularto theviewingdirectionthantheuncer-

taintiesobtainedfor theselinesby fixing thebaseline.This resultif for acompactobject

with smallfield of view. With a largefield of view we would expectmoreaccuratees-

timationof thecameramotion,andhencemeasuringthebaselinewill not beaspoora

methodfor fixing thescale.

5.6 Discussion

In this chapterwe have examinedthe effectsof gaugefixing on lengthestimationfor

stereo.Two differentstereoconfigurationswereconsidered.In thefirst we assumethat

theepipolargeometryis perfectlyknown,but thebaselineis unknown. In thesecondwe

includeestimationof theepipolargeometryalongwith theshapeestimationfor feature

correspondances.The mainquestionwe askedwaswhetherit is betterto measureand

fix thebaselineor to measureandfix a lengthin thescenefor optimalaccuracy.

Our resultfor the caseof known epipolargeometryproved that it is alwaysbestto

know the baselineperfectly ratherthana line on the object.If the baselineandother

lengthscanonly be known up to a limited accuracy, thenthe longerthe lengthwe fix

thelessthis errorwill propagate.Henceit is feasiblethatif thebaselineis known up to

a limited accuracy that it maybebetterto measurea muchlongerline in the scene.In

general,though,this resultjustifiesthestandardapproachof pre-calibratingthebaseline

alongwith therestof thestereoparameters.

Unlike thepreviouscase,we foundnumericallythatwhentheepipolargeometryis

unknown andestimatedalongwith shape,fixing the baselineis oneof the worstmea-

suresin termsof final shapeaccuracy. This is a useful fact for active vision systems,

sinceit meansthatit is probablynot a goodideato try andcarefullymeasurethebase-

line of camerasthatswivel with respectto eachother. Ratherit is betterto obtainmetric

informationby usingaknown dimensionof anobjectin thescene.
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Fig. 5.11.Theuncertaintiesin line lengthsobtainedby fixing: ( · ) line 1, ( ¸ ) line 4, ( ¹ ) line 7, and( æ ) the
baseline.Column34 correspondsto the baselineuncertainty. Fixing the baselinegives the worst results
exceptfor someof thelinespredictedby fixing line 1. Theepipolargeometryis assumedto beunknown.



6. Discussion

We have investigatedtheproblemof parametrizedmodelfitting whenthereareindeter-

minaciesin thefittedparameters.Theproblemwefocussedonwas3D computervision.

Ourfirst goalwasto seewhatconsequencestheseindeterminacieshaveonperturbations

of thesolution,andhencehow theuncertaintyof thesolutionis impacted.Thiswasfol-

lowed by our analysisof the gaugefixing problemandhow to bestchoosegaugesto

optimizeaccuracy. This investigationhasproceededfrom a theoreticalto anempirical

analysisandsoughtto discover theimplicationsfor 3D estimationfrom imagesbothby

SFM andby stereo.We now wish to summarizethekey conceptsthatwe elucidatedin

thetheoryandin theempiricalanalysis.We will alsoidentify someof thelimitationsof

ouranalysis,andproposeideasfor continuedresearch.

6.1 Summary and Contrib utions

We usedthe ideaof conceptualizingindeterminaciesasgaugeorbits in a high dimen-

sionalparameterspace,asdescribedin Chapter2. All the pointson a gaugeorbit are

geometricallyequivalentgivenonly our measurements.Solving for the“true solution”

becomesfinding thecorrectgaugeorbit in this space.Usingthis asour framework, the

next stepwasto analyzetheuncertaintyof thesolution.

6.1.1 Uncertainty and Invariants

While all pointsona gaugeorbit aregeometricallyequivalentgivenourmeasurements,

their parametervaluesmayvary significantly. This meansthat theparametersthatvary

alongthe gaugeorbit arenot true geometricpropertiesof the solution.Ratherit must

begaugeinvariantsthatdescribetruegeometricentities,astheseremainconstanton a

gaugeorbit. Sowe couldconsiderusingonly gaugeinvariantsof our solutionandtheir

uncertaintiesasvalid descriptionsof our model.This would eliminatethe problemof

indeterminacies.
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Furthermore,invariantsareparticularlyusefulin evaluatingthequality of a method

for estimatingparametrizedquantities,suchas3D positionof points.If anestimatoris

unbiasedanderrorsaresmall,generallythesmallerthecovariancethebetter. But if non-

invariantpropertiesarepredictedby theestimator, the choiceof gaugemay becritical

in this evaluation.In somegaugestheparametersmayhave very smallcovariancesand

in othergaugesthey may have large covariances.If thereis no prior justification for

a particulargauge,onecanbe temptedto choosea favorablegauge,andin doing this

“normalize” away a significantportion of the noise.In comparisonsit is thussaferto

reportinvariantproperties.Thesedo not dependon choiceof gaugeandsowill not be

increasedor decreasedby arbitrarychoicesin theexperiment.

However, for the actualoperationof an algorithmand in the interpretationof the

results,it is generallynot feasibleto restrictour modelparameterset to includeonly

thoseparametersthataregaugeinvariant.An objectdescriptionof purelengthratiosand

anglesis noteasyto createor to interpret,whereasit is easyto interpretandmanipulate

a modelbasedon 3D point positionsandcamerarotations.But 3D point positionsand

camerarotationsarenotgaugeinvariant.Thuswewouldlike ourmethodsto work using

non-invariants,but to operateon themin a way suchthat whenthey areevaluatedor

comparedonly theessentialgeometricinformationthatis gaugeinvariantis considered.

6.1.2 Uncertainty and GeometricEquivalence

Our first goal, startingin Chapter2, wasto characterizethe uncertaintyof 3D model

estimationusingnon-invariants.We assumedthatoutliershave beenremoved andthat

thenoiseis small,andfocusedonfirst orderperturbationanalysisof thesolution.

GaugeFreedoms.A first stepof perturbationanalysisis to locally linearizetheparam-

eter spacearoundthe point of interest.If the parametersare invariant,and thereare

sufficient measurements,the solutionis locally uniqueandthe analysisbecomesstan-

dardcovariancepropagation.Whenthe solutionlies on a gaugeorbit, aswill happen

whentheparametersarenot invariant,we identify thegaugefreedomsasconsistingof

the tangentspaceto the gaugeorbit at that point. The factor that makesour analysis

interestinganddifferentfrom standardperturbationanalysisis preciselythe effectsof

thesegaugefreedomsonperturbations.

A perturbationalonga gaugefreedomis not detectableby our measurementsand

hencemustbeeliminated.Weeliminatethesegaugefreedomsby applyingasetof gauge

constraintsthatdefinea locally uniquesolution.Theseconstraintseffectively definelo-
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cally anew parameterspacewith nogaugefreedoms.Standardperturbationanalysiscan

beperformedin this parameterspace,but now theproblembecomeshow to relatethis

analysisto ouroriginalproblemparametersthathavegaugefreedoms.

GeometricEquivalence.Wederivedageometricequivalencetestwith whichtocompare

perturbationsof parametersin differentgauges.This links the uncertaintydescription

with any onesetof constraintsto the uncertaintydescriptionthat usesanothersetof

constraints.Only theessentialgeometricpropertiesthataffect theinvariantsareusedin

thiscomparison.

ObliqueProjection. We alsoderivedan operatorto transformperturbationsor covari-

ancesto differentpointsonthegaugeorbit andbetweendifferentgaugemanifolds.This

operatorinvolvesa changeof variablesstep,andthenan obliqueprojectionalongthe

tangentspaceto the gaugeorbit andonto the gaugemanifold.By this processthe ge-

ometricequivalenceof the uncertaintymodelsis maintainedbetweendifferentsetsof

gaugeconstraints.

Normal Covariance.If we wish to obtaina covarianceat a point on the gaugeorbit

without specifyinga setof gaugeconstraints,thencalculatingnormalcovarianceis a

convenientmethod.It is definedindependentof gaugeconstraintsandgivesusa lower

boundon thetotal covarianceat thatpoint. It cansubsequentlybetransformedinto any

particulargauge.Thenormalcovariancecanbethoughtof asbeingin thegaugemanifold

perpendicularto thegaugeorbit.

GaugeFreedomsin SFMandStereo. Now in 3D estimationfrom imagesthebasicin-

determinacy is asimilarity transformation.We arguedin Chapter3 thatthereis no“cor-

rect” coordinatesystem,andnooverallscale,asthesequantitiesarelostin theprojection

process,exceptin orthographywhich ideally keepsthecorrectscale.In orderto mean-

ingfully expresstheuncertaintyof theestimatedshapeandmotionparametersrequires

that we choosea gaugeto expressthe covariancein. We derived the gaugefreedoms

for perspective,weakperspectiveandorthographiccameramodels,andthenusingthese

freedoms,alongwith whicheversetof constraintswe like, we showedhow to transform

any covarianceinto any gaugewechoose.

FastCovarianceEstimationin SFM. As anestimatefor thecovariancein anarbitrary

gaugewe couldusethenormalcovarianceasthis canbeobtainedby simply takingthe

Moore-Penroseinverseof the Hessianat the solution.Alternatively, sincethis may be

computationallyexpensive,if eitherthenumberof imagesor featuresis small,wecould
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usethefastinversionmethodthatwederivedin Chapter3 andprovedwasgeometrically

equivalentto thenormalcovariance.

6.1.3 Uncertainty Within Gauges

Sometimeswe mayobtaininformationfrom anadditionalmeasurementto actuallyde-

terminethe gauge.If we aregiven freedomin selectingthis measurementfrom a set

of possibilities,we would like to know which optionwill give usthegreatestaccuracy.

Of coursethis dependsonwhich quantitiesonewantsto maximizetheaccuracy of. We

choseto look at line lengthsin a scene.Thesehave thepropertythat they areinvariant

to overall translationandrotation,andhencechoiceof gaugeinvolvesonly fixing the

scale.

GaugeFixing with Lines. In orderto calculatetheaccuracy of line lengths,in Chapter4

wederivedhow thevarianceof eachotherline will beobtainedwhenwefix oneline.We

theninvestigatedhow thegeometricpropertiesof a line, in particularits orientationwith

regard to the cameras,its positionand its length,affect its effectivenessin predicting

otherline lengths.Wedividedobjectsinto two classes:thosehaving a largefield of view

comparedto theline lengthswe arecomparing,andthosehaving a smallfield of view.

Objectswith a largefield of view resultedin therebeinglittle correlationbetweenlines,

andhencelines that arecloserto the cameras,longer, andorientedorthogonalto the

viewing directionaremostaccuratelyestimatedandgive thebestgaugeconstraints.On

theotherhand,objectswith a smallfield of view tendto have largecorrelationbetween

line lengths,andsochoosingthebestlengthandorientationof a line to fix dependson

which line onewantsto estimate.For example,unlike large field of view objects,we

showedthatlinesparallelto theviewing directioncanbemoreaccuratelyestimatedby

measuringotherlinesalsoparallelto theviewing direction.

LocalizationError. We identifiedfeaturelocalizationerror asan additionalsourceof

errorin 3D estimationfrom SFMandstereo.Standardmethodsdonotmodelthissource

of error. We createda modelof it andincorporatedthis in ouruncertaintyanalysis,thus

overcomingthe tendency of methodsthat ignorethis effect to underestimateerror. The

moreimagestherearein asequence,thegreatertheroleplayedby thelocalizationerror.

Stereo. Thestereoproblemwasalsoconsidered.Weexaminedstereowith knownepipo-

lar geometryand stereowith unknown epipolar geometry, and askedwhat the best

methodfor fixing scaleis. In the casewith known epipolargeometrywe proved that
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if we canmeasurethebaselinewith perfectaccuracy, that this resultsin themostaccu-

rate3D estimationprocedure.In thecasewheretheepipolargeometryissolvedfor along

with theshape,this resultdoesnot hold,andweshowednumericallythatmeasuringthe

baselineis amongtheworstmeasureswith which to fix thescale.

6.2 Limitations and Futur eWork

Thereareanumberof limitationsto ourapproach,andin ouranalyzes.Wewill identify

a numberof theselimitationsandfor someproposedirectionsfor futurework.

6.2.1 Large Err ors

Wehavenotdealtwith theoccurrenceof largenoiseor grosserrors.Grossmeasurement

errorswill biastheresults,andthecovariancewill thenonly giveaprecisionmeasureof

ourestimateandnotatrueuncertaintyestimate.Wedealtwith thisproblemby manually

removing bad matchesand correctingsomepoint coordinatesthat had severeerrors.

For realvision systemsit would bemuchpreferableif thesecouldberemovedthrough

automaticoutlier detection.We would like to seehow accuratea modelof a housea

purely automaticsystemcould create.Part of this shouldincludefailure evaluation.If

thenoiseis too largethenthe linearapproximations,to rotationsfor example,fail, and

our uncertaintiesarenot meaningful.But it maynot beeasyto decidewhat is simply a

largeerrorandwhatis ameaninglessresultbecausethelinearapproximationhasfailed.

6.2.2 Over-fitting and Under-fitting

A potentially difficult problemto diagnoseis over-fitting or under-fitting our model.

Both of theseproblemscould result in severely biasedresults.For example,usingan

orthographiccamerato estimatea scenehaving largefore-shorteningwill give skewed

resultsdueto under-fitting. But similarly usinga perspective camerato modela scene

thatis closeto orthographicmayoverfit andalsoproduceskewedresults.This is harder

to detectsincetheactualerrorwill besmall.Sometimesthis is revealedby theHessian

having morethantheexpectednumberof close-to-zerosingularvalues.But this is nota

reliabletestwhenthereis noise.Oneapproachto solvingthis is to usegeometricAIC

describedby Kanatani[34]. Wecanestimatetheshapeusingall possiblecameramodels

andcomparetheir informationcriterionnumbers.Theonewith thesmallestnumberhas

fit the databestwith the leastover-fitting. In actualpracticewe roughly emulatedthis
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approachsincewefit multiplecameramodelsto thedataandchosetheonethatgaveus

the“bestlooking” result.But having aquantifiablemeasureof thiswouldbepreferable.

6.2.3 Critical Configurations

Critical configurationscreatea difficulties for our uncertaintymodeling.We canthink

of theseasplacesin which gaugeorbits intersector split. They mayactuallyintroduce

additionalindeterminacies,andif theuncertaintymodelingis to becorrectwewill need

tomodeltheseadditionalindeterminacies.It maybefruitful to lookatadditionalpossible

indeterminaciesandcharacterizetheir gaugefreedoms.Thenonealsohasto detectthat

onehasentereda critical configuration,or elseis neara critical configuration.Being

neartheseconfigurationscould makeour linear approximationspoor. Hencethereis

muchwork to do for uncertaintymodelingnearcritical configurations.

6.2.4 Local Minima?

In order for our covariancemodel to correspondto the true uncertainty, our solution

mustbeat theglobalminimumof thecost.Henceouranalysisassumedthatwe always

achievedthis point. It waseasyto identify many of thelocal minimaby examiningthe

errorsafter convergence.For manualtrackingtheseerrorshada standarddeviation of

undera pixel, andif convergenceleadto a significantlylargererror thenwe concluded

that it wastrappedby a local minimum.Local minimawerecircumventedby changing

thestartingpoint or first applyinga differentcameramodel.All of this involvedsignif-

icantmanualintervention,andtherewasno ultimateguaranteethat theglobalsolution

hadbeenachieved.This,however, is aproblemcommonto many nonlinearoptimization

tasks,andoneapproachis to usesomethinglike SimulatedAnnealing.

6.2.5 Sourcesof Bias

Weidentifiedfeaturelocalizationasasourceof biasin thestandardSFMandstereoalgo-

rithms.Ourmethodin dealingwith thismadesomeroughapproximations,andassumed

thatwe knew thevarianceof image-basedfeaturelocalization.We thenguesseda num-

ber for imagelocalizationerror, but we would like to investigatethis further. It should

bepossibleto characterizethiserrorfor agivenfeaturedetectorusingsyntheticimages.

Thenwe could obtaina lessarbitraryvarianceestimatefor our localizationmodeling

scheme.
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Theremaybeothersourcesof bias.For examplethecameramodelmaynot bepre-

cise.For eachpossiblesourcewe shouldestimatethe magnitudeof its effect on our

solutionandfrom thisdecideif it is worthmodeling.

6.2.6 Line Fixing Correlations

We have numericallyanalyzedandcompareda few casesof gaugefixing usingdiffer-

ent lines.We identifieda numberof patternsin which somelinesprovide bettergauge

constraintsthanotherlines.We expecttherearemorepatternsto beidentified.Theonly

SFM caseswe consideredwerethosewherethereis a singleapproximateviewing di-

rection.If, however, thecameramotionis large,thentheconsiderationsfor determining

which line providesthebestgaugemaychange.

6.2.7 GaugeFixing and Stereo

We only lookedat two casesof stereo:known epipolargeometryandunknown epipolar

geometry. Therearea numberof intermediatecasesto consider. If only someof the

extrinsic parametersareunknown, for examplethecamerascantranslatebut not rotate,

it wouldbeniceto know whattheeffectsof gaugefixing for thesesystemsare,andhow

fixing thebaselinecomparesto fixing line lengthson theobject.





A. Exponential Mapping for Perturbations

Weneedtomakesmallperturbationsof ourparametervector E thatstayin theparameter

space» . This is not a purely linearoperationsincesomeof theparametersarehighly

constrained.In particularthenineparametersin arotationmatrixhaveonly threedegrees

of freedom.This is achievedthroughuseof anexponentialmap.If E is apoint in » , then

a perturbedpoint, E�¼ , is alsoin » if it is obtainedas:E�¼$ó�½J¾�¿ / � E 8 E#% (A.1)

Theexponentialmapsa perturbation,
� E , in the tangentspaceÀÂÁ C » G ontothespace»

itself [40]. This is necessarywhentheperturbation
� E is not in thespace» .

A.1 Translation Perturbations

Perturbationsof translationsareobtainedas:� ¼�Ã ½J¾H¿ / � ��8�� Ã � � � � % (A.2)

with higherordertermsbeingzero.

A.2 Rotation Perturbations

Perturbationsof rotationscanbeexpressedas:Ä ¼�Ã ½J¾�¿{Å � Ä�Æ�Ä ÃÈÇ£ÉJÊ5Ë �<Ì � � ÅXÍ [ ÉJÊyË Ì Æ�ÎÏÎXÐ �ÑË�ÒÔÓ Ì Î�Õ ��Ö Ä (A.3)

where × is a vectorwith threerotationparameters,
Ì ÃÙØ × Ø and

Î Ã ×�Ú Ø × Ø . This

is an exact expansionandis known asRodriguesformula. It ensuresthat our rotation

perturbation,givenby matrix ÛJÜ�Ý Å × Æ
, is avalid rotation.It rotatesanangle Ø × Ø around

axis × .

To first ordertheperturbationcanbewrittenas:Þ Ä Ã Þ × Õ-Ä�ß
(A.4)
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or alternatively in theform:Þ�à Ãâá Ð Þ × (A.5)

whereÄ Ã Ç à2ã9ä�àå�ä�à�æ Ö ä�Þ�à Ãèç Þ�à2ãÞ�à åné and á Ð Ã4êëç à2ã Õ �à å Õ � é ß
(A.6)

Thethird columnof therotationmatrix
Ä

canbeobtainedby thecrossproduct:
à æ Ãà�ã Õ àå

, andsoit sufficesto usejust
à2ã

and
à2å

to encodetheglobalrotation.Matrix á
is a changeof variablesmatrixandsocanbeexpressedas:áìÃîí àí × ß

(A.7)

This canbeusedin thechainrulewhenwe have a function ï Å à Æ andwantto obtainits

gradientwith respectto × parameters:ð<ñ ï Å à Æ Ãîí àí × í ï Å à Æí à Ã@á ðóò ï Å à Æ2ß (A.8)



B. Mor eStereoUncertainty Results

In thecaseof unknownepipolargeometry, stereoestimationis justthetwo-imagecaseof

SFM.It turnsout thatweobtainexactlythesamequaltitativeuncertaintyanalysisasthat

investigatedfor SFM with multiple imagestakenfrom a dominantviewing directionas

donein Chapter5. Thusall theresultsderivedin thatchapterapply. In thisappendixwe

analyzesomemorefactorsthatwehavenotconsideredandthatmightalterthepatterns.

Theseincludechangingthe distanceof the stereopair to the object,andaddingmore

featurepointsto theobject.

B.1 Varying the Distanceto the StereoPair

We will usethe syntheticsphereillustratedin Figures4.14and5.10,andusea stereo

camerapair asin thelatterfigure.Our first testis on theeffect of thedistancefrom the

stereopair to theobject.We would like to know if varyingthis might makeknowledge

of the baselinemoreor lesseffective in fixing the gauge.We will compareour results

herewith thosereportedin Figures4.15and5.10.

Firstweillustratethestereopairathalf anddoubletheoriginaldistanceto theobject

in FigureB.1.Thenin FiguresB.3andB.4weshow uncertaintiesfor bothof thesecases.

Comparingtheseto Figures4.15and5.10we seethatthepatternsof relativeaccuracies

in predictionsusingthebaselineandpredictionsusinglines1, 4 and7 all remainabout

thesame,althoughbeingfurtherfrom theobjecttendsto accentuatetheerrorsfor lines

alongtheviewing directionmorethanfor errorsin theperpendicularplane.Ontheother

handtheclosertheobject,thelargeranangleit subtends,andthemoresimilartheresults

becometo wide field of view objectsdescribedin section4.5.2.The main difference,

though,is thatthefurthertheobjectthegreatertheuncertaintiesin predictedlengths.
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Fig. B.1. Sphereviewedat half thedistanceanddoublethedistanceasin Figure5.10.

 b
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Fig. B.2. Additional randomfeaturesareaddedaroundthespherein Figure5.10.

B.2 Adding More Featuresto the Shape

Anotherconcernis thatif weaddmorefeaturesto ourshapethiswill changethepatterns

we found.Adding morefeatureswill increasethe accuracy, but we want to know if it

will changetherelativeaccuracies,whenthebaselineandotherlinesarefixed.

To testthiswecreatedasequencewith oursyntheticsphereanddoubledthenumber

of featurepointsby addingrandompointsaroundthe sphere,asshown in FigureB.2.

We then testedthe predictionaccuraciesobtainedby fixing the baselineand lines 1,

4, and7, andtheseareshown in FigureB.5. While the overall accuracy of the results
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Fig. B.3.Thestereopaircloseto theobject.Theuncertaintiesin predictingthethreelinesplusthebaseline
areshown above usingeachof theotherlines to fix thescale:( ô ) line 1, ( õ ) line 4, ( ö ) line 7, and( ÷ ) the
baseline.
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Fig. B.4.Thestereopair far from theobject.Theuncertaintiesin predictingthethreelinesplusthebaseline
areshown above usingeachof theotherlinesto fix thescale:( ô ) line 1, ( õ ) line 4, ( ö ) line 7, and( ÷ ) the
baseline.
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improvescomparedto thosein Figure4.15,thepatternsremainalmostidentical.Thus

we concludethatour resultsarenot significantlychangedwhenadditionalfeaturesare

includedin thereconstruction.
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Fig. B.5. Stereowith extra features.The uncertaintiesin predictingthe threelines plus the baselineare
shown above using eachof the other lines to fix the scale:( ô ) line 1, ( õ ) line 4, ( ö ) line 7, and ( ÷ ) the
baseline.
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