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Abstract

Odometry can be modelled as a nonlinear dynamical system. The linearized

error propagation equations for both deterministic and random errors in the
odometry process have time varying coefficients and therefore may not be easy

to solve. However, the odometry process exibits a property here called “commut-
able dynamics” which makes the transition matrix easy to compute.

As a result, an essentially closed form solution to both deterministic and random
linearized error propagation is available. Examination of the general solution

indicates that error expressions depend on a few simple path functionals which
are analogous to the moments of mechanics and equal to the first two coeffi-
cients of the power and Fourier series of the path followed.

The resulting intuitive understanding of error dynamics is a valuable tool for
many problems of mobile robotics. Required sensor performance can be com-
puted from tolerable error, trajectories can be designed to minimize error for
operation or to maximize it for calibration and evaluation purposes. Optimal esti-
mation algorithms can be implemented in nearly closed form for small footprint
embedded applications, etc.
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1. Introduction

Students of optimal estimation and Kalman filtering know how to propagate random error through
adifferential equation. The general solution in the absence of measurements of state is given by
the linear variance equationl:

B(t) = F(P(1) + P(HE(H) +L(E)Q(OL(t)"

Similarly, students of linear system theory know how to linearize a differential equation to produce
itsfirst order behavior. For the general nonlinear differential equation X = f(X, U), thefirst order
linearized dynamics are:

0 0
ox(t) = —f| ox(t) +_=_f| ou(t
X(t) 6>_<"X x(t) au-‘ u(t)

So the genera solution for the propagation of systematic error is also well known.

Unfortunately, however, the use of numerical techniques to model error propagation tends to rob
the user of an intuitive grasp of the behavior of the system. As wonderful as it is to have such
genera solutions, few of us can integrate matrix differential equations in our heads. Yet, it turns
out that alot can be said in general about uncertainty propagation in odometry. This report will
investigate error propagation in odometry in order to develop an intuitive grasp of its fundamental
behavior.

1.1 Motivation as Calibration Tool

Closed form error propagation expressions can have great practical value in addition to their aid to
our understanding. For example, external behavior can be used to determine whether an error
source is systematic or random. If systematic, error models can be used to calibrate the error out
because the model itself is an extremely sensitive observation of the underlying error.

Generally, if aset of observations Z are supposed to depend on calibration parameters P and state
X through an observer relationship such as:

z = f(x,p)

then it is possible, given observations and state to determine the value of the parameters which
predictsthe observationsin abest-fit sense. Hence, many of the results of thisreport also have great
value in the calibration of systematic error models and the elimination of the associated error.

1.2 Analvtical Results

As a motivation to read the rest of the report, its main results are introduced here. Consider the
scenario where a vehicle is travelling on a linear trgectory and computing its position from
odometry. Suppose the linear trgjectory that is nominally aligned along the x axis called the

1. Thisbecomes nonlinear with the addition of a —PH' R *HP term due to the addition of measurements. It
isthen known as the matrix Ricatti equation - a much studied equation that is central to the theory of the Kal-
man filter becauseit isthe basis of error prediction.

Some Useful Resultsfor the Closed Form Propagation of Error in Vehicle Odometry  page 1



alongtrack direction and let y be called the crosstrack direction. Let S represent distance (for this
trajectory aso equal to x) and let V' represent velocity. In the balance of the report, three cases of
odometry implementation are evaluated for this trajectory, the general case, the linear case, and a
constant curvature trgjectory, but only the linear trgjectory caseis presented here.

1.2.1 Direct Heading Odometry

This is the case where a compass is used to indicate heading directly and a transmission or
equivalent encoder is used to measure differentia distance travelled. Let O represent the
magnitude of a scale factor error on the encoder expressed as a fraction of distance. Let A
represent the amplitude of the sinusoidal heading error on the compass whichisdueto the magnetic
field generated by thevehicleitself. Let O ss scale velocity onto the noi se amplitude on the encoder
andlet O pg represent the variance of the noise on the compass. If we ignore initial conditions on
the errors, t%e expected evolution of error in computed position and orientation is as follows:

Table 1. Odometry Error for Linear Trajectory, Direct Heading Odometry

Systematic Expression Random Error Expression
Error
OX(s) as O,y (S) .S
oy (S) As oyy(s) OgglVIs

Constant velocity was assumed for the crosstrack variance expression. For this case, al systematic
errors and variances are linear in distance.

1.2.2 Integrated Heading Odometry

Thisisthe case where agyro is used to indicate angular velocity and a transmission or equivalent
encoder is used to measure differential distancetravelled. Let 0 represent the magnitude of ascale
factor error on the encoder expressed as a fraction of distance. Let b represent a bias on the gyro
output. Let O ¢ scale velocity onto the noise amplitude on the encoder and let O, represent the
variance of the gyro noise. If we ignore initial conditions on the errors, the expec(‘]['gd evolution of
error in computed position and orientation is as follows:

Table 2: Odometry Error for Linear Trajectory, | ntegrated Heading Odometry

SysEtematic Expression Random Error Expression
rror
ox(t) as(t) O,y (1) o S(t)
2
oy (t) bst/ 2 oyy(t) OggS t/3

Some Useful Resultsfor the Closed Form Propagation of Error in Vehicle Odometry
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Table 2: Odometry Error for Linear Trajectory, | ntegrated Heading Odometry

Systematic Expression Random Error Expression
Error
36(t) bt Tge(t) Oggt

Hence both X (t) and 0., (t) arelinear in distance while both 88(t) and O gg(t) arelinearin
time. Systematic crosstr )?é error QY (t) is quadratic in time whereas random crosstrack error
variance 0,,,,(t) iscubic intime. Constant velocity was assumed in the solutions for &y (t) and

yy
oyy(t).
1.2.3 Differential Heading Odometry

This is the case where encoders on two separated wheels are used to indicate both incrementa
changein heading (through their difference) aswell asincremental distancetravelled (through their

average). Let O | and O, represent the magnitude of scale factor errors on the left and right wheels
respectively - again expressed as a fraction of distancéM_et represent the “tread” or length of
the axle joining the wheels. Further define the derived constants:

a’ = (a,+0a,)/2 b’ = (a,—q)

Let ., andO(” scale velocity onto the noise amplitude on the encoders for each wheel. Also
define for convenience:

| 13 —_ ] 2
Ogs = (arr+all) B ss = 0(ss/W

If we ignore initial conditions on the errors, the expected evolution of error in computed position
and orientation is as follows:

Table 3: Odometry Error for Linear Trajectory, Differential Heading Odometry

Systematic Expression Random Error Expression
Error
OX(S) a’s Oy (9) a..8/4
: 2 y 3

oy(s) (b/W)s /2 oyy(s) a".s/3

00(s) (B/W)s+a’'6 Ogg(S) a”.S
This result is similar to the previous one except that time dependence, where it existed, has been
replaced with distance dependence. Now kxi{s) (s) as well a®B68) and
Og (S) are linear in distance. Systematic crosstrack is quadratic in distance whereas
random crosstrack error varlanoe,y(s) IS cubic in distance.

Some Useful Resultsfor the Closed Form Propagation of Error in Vehicle Odometry  page 3



13 Summary

As amotivation to read the balance of the report, some of its theoretical content is repeated here.
Section 2 discussesthe dynamical system from the perspective of its utility asamodel of odometry.
From this perspective, certain properties become important. The conditions under which errors are
erased by driving backwards, stop accumulating when motion stops, and cancel out on closed
trajectories, among others, are discussed.

Section 3 defines the three cases of odometry which will be studied. These are chosen so as to
expose the most issues in least time but virtualy any type of odometry can be treated with the
results of the report. The genera behavior of the odometry equations is cast in the context of
Section 2 and special test tragjectories are defined for use in the balance of the report. A short
analysis of nonlinear odometry error propagation revealswhy it isso hard to solve. Instantaneously
equivalent relationships between error sources in different types of odometry are also devel oped.

Section 4 is a tutorial on the aspects of linear systems theory, perturbation theory, and stochastic
calculus which will be relevant to achieving our goals. Essentially, the vector convolution integral
isthe solution to the linear perturbation equation and the matrix convolution integral isthe solution
to the linear variance equation. A particular condition called commutable dynamics happens to
apply to the linearized odometry error propagation equations and because of this fact, the general
solutions developed in the rest of the report are possible.

Section 5 develops the main results of the report. These include the general solutions for error
propagation for the three cases studied, for any error model, and any trgjectory. These results could
be used as the basis of humerical smulation but they are most useful when particular errors and
trajectories are substituted analytically. The results can be understood in graphical terms. Also,
important behaviorsin terms of responseto initial conditions and inputs, aswell as path dependent
and path independent error propagation become obvious.

Section 6 develops a set of functionals known as moments which are as central to odometry error
propagation as the Laplace transforms are to control theory. These moments can be tabulated once
and then used to convert error propagation problems expressed as differential equationsinto much
easier equivalent problems expressed as algebraic and transcendental equations. Moments exhibit
interesting properties of zeros, extrema, monotonicity, and conservation which are the underlying
sources of the behavior of odometry systems. Momentsfor linear and arc trajectories are tabul ated.

Sections 7 and 8 use the moments developed earlier to immediately write the solutions for
particular cases of error models on two test trgectories. Significantly, these results can be written
by inspection using moments whereas an appendix demonstrates that it takes many pagesto derive
just one of the six results from scratch.

Section 9 uses al of the previous results to generate interesting analyses and graphs which
demonstrate the utility of the resultsin practical applications.
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2. Dynamical Systems

The nonlinear dynamical system is perhaps the closest approximation available to an engineering

“theory of everything”. It applies to processes as diverse as chemical reactions, growth of bacteria,
financial markets, and motion of the planets. For our purposes, it is the governing theory of the
process of odometry. This section introduces some notation that will be used throughout the
document and it mentions some properties of dynamical systems which will be important to us later
on.

2.1 TheContinuous-Time Nonlinear System

2.1.1 Nonlinear Sate Equations

A fairly general expression for a nonlinear dynamical system takes the form:

z(t) = h(x(1), u(t), v(t), 1)

These equations will be called the nonlinear “state equations”. The first equation is sometimes
called the process model or system dynamics. The process or system is described by the time

varying “state”X(t) of the system. The controllable input vect() captures any controllable
forcing functions. The uncontrollable input vecter(t) captures any uncontrollable forcing
functions (deterministic or random). The general nonlinear funé(on captures the manner in

which the state derivative depends on the state itself and both forms of input.

The second equation is often called the observer or measurement equation. It comes into play
because we will be interested also in the process by which various sensory devices can be used to
observe the system state. The measurement vegtpr captures the information that is obtained
from the sensors. The uncontrollable input vecw(t) captures any uncontrollable forcing
functions (deterministic or random). The general nonlinear funduipr) models the indirect
process by which the measurements are related to the underlying dthte and both forms of
input.

2.1.2 Solution tothe Nonlinear Sate Equations

While alot is known about the solution to linear systems - particularly in the constant coefficient
case - general results for the nonlinear case are not available. Indeed, unlike in the linear case, there
IS ho guarantee that an explicit solution to such nonlinear differential equations exists at all.
Practical numerical solutions are available, however, by direct integration of the first eJquation

t

x(t) = x(0) +It(>_<(T), u(t), w(t), T)dt @
0

1. Throughout the document we will use the standard |oose notation of where integrals and (formally nonex-
istent) derivatives of random processes will be written in lieu of more formal methods which generate the
same results.
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Also, the technique of generating an approximate linear solution is well known - but we must be
careful not to assume that the conclusions for the linearized system apply to the origina nonlinear
one. While little can be said about the genera nonlinear case, we will see that odometry is
nonlinear, so it will be important to try to learn as much as possible about the nonlinear case.
However, since the nonlinear case subsumes the linear one, any conclusions that apply to the
above system will apply to linear systems.

2.2 Relevant Derivative Properties of the Nonlinear Dynamical System

Certain properties of dynamical systems that will be very important to us later are discussed here.
Later, it will be shown that the controllable and uncontrollable inputs can be treated separately. For
this section, the uncontrollableinput W (t) will be suppressed in the discussion to avoid confusion.

2.2.1 Special Casesof Controllability

Generally, controllability isthe property of being ableto drive the system state to a particular place
in state space by adjusting the inputs. We will be interested in several specia cases of how the
system responds to achange in itsinputs. Suppose that at a particular point in time, theinput to the
systemis U(t) . Suppose further that we change thisinput to a new input by operating on theinput
in a manner symbolized by the function g( ) :

u(t) - glu(t)]

We are interested in how the state derivative changes in response to this change in the input. The
following specia cases will be defined.

22.1.1  Nullability

A system isnullable if zeroing the input zeros the state derivative:
f(x(1),0,1) = 0 ©

Such systems do not remember what they were doing when the input is removed, so we will also
call them memoryless. A memoryless system must have no zeroth order term in its Taylor Series
over itsinputs. Systems with nullable error dynamics are easier to analyze.

2212 Reversibility

A system isreversible if switching the input sign switches the sign of the state derivative:
F(x(1), —u(t), t) = — f(x(t), u(t), 1) )

A sufficient condition for reversibility is the condition that the system dynamics f( ) be an odd
function of the input. Equivalently, f( ) should have no even powers in its Taylor series over the
input. By continuity, reversible systems are also nullable because f( ) must be reversible even
when it has vanishingly small magnitude. Systems with reversible error dynamics can have their
error erased by replaying the opposite inputs backwards.
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2213  Scalability

A system will be caled scalable if it is possible to scale the derivative by scaling only the
controllable input:

f(x(t), k x u(t), t) = kxf(x(t), u(t), t) (5)

Clearly, such a system is aso reversible and therefore is also nullable. A sufficient condition for
scalability isthe condition that the system dynamics f( ) belinear intheinput. Systemswith error
dynamics scalable in the coordinates of the reference trajectory have errors which are independent
of the path followed.

22.14  Factorability

A system will be called factorable if it can be written in the form:
F(x(1), u(t), 1) = @(x(1), u(t), 1) x glu(t)] ©

where a factor dependent only on the input can be isolated. Depending on the form of g[ |, this
system can be scalable or only reversible, or only nullable.

2.2.2 Motion Dependence

Let S represent a general position variable such as distance, cartesian coordinates x,y,z or angles
such as pitch, yaw, and roll. A change of variable from time t to S is possible if the system
dynamics can be divided by the time derivative of S without creating a singularity:

x(1) _ (1), u(t), )
ds/ dt ds/ dt
d

d—s>_<(S) = @(x(s), u(s), s)

Clearly, a sufficient condition for motion dependence is that it be possible to factor a motion
derivative out of the original system:

f(x(), u(®), 1) = @(x(s), U(s), 9) . a ™)

An equivalent integral condition can be generated by substituting this into equation (2).

This property can be defined for each scalar element of the state vector and each need not have the
same motion derivative as a factor. Motion dependence is important because, when the system
dynamics are a model of error propagation, this property indicates that error accumulation halts
whenever motion stops. When the position derivative chosen can be identified with an input, the
motion dependent systemis also memoryless because setting ds/ dt = O setsthe sate derivative
to zero.
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2.3 Relevant Integral Properties of the Nonlinear Dynamical System

Other important properties can be expressed in terms of a solution integral for the state. Assuming
that the “initial” conditions are known at time zero, a general solution for the system state will take
the form of an integral which depends on the input thus:

{

x(1) = x(0) + [E(u(1), Dk ®)

0
2.3.1 Closure

Certain inputs have the property that they return the state to its initial value after sonhe time  has
elapsed. Substituting(T) = Xx(0) into the above gives the trajectory closure condition:
T

[F(u(r), Dy = 0 ©
0

Closure is a necessary condition for repetition and periodicity of the state because a continuous
system can only be in the state where it started the first cycle and where it ended the first cycle at
the same time if they are the same place.

This property can be defined for each scalar element of the state vector. Closure is important
because, when the system dynamics are a model of error propagation and the input represents a
particular error model, this property indicates that the cumulative effect of the input errors vanishes
under certain conditions.

2.3.2 Symmetry

One of the ways in which the trajectory closure condition can be satisfied is when the integrand is
symmetric on the intervdlO, T] . Suppose for example that the intgdyal | can be partitioned
into two sets of times where each tiltrle in the first set can be paired with a uniqﬂg time inthe
second set and the following condition holds:

F(u(ty), tp)dt = — E(u(ty), t)dt

Under these conditions, the trajectory closure condition will be satisfied by the associated input.
One way to guarantee that the integral vanisheor ) is to make the palt/atter equal to
the negative of the half before/2 . The second half can be repeated in the same order or the
opposite order to the first, so there are two cases. The two cases are functions that are “odd” and
functions that are “aperiodic” about the center of the interval.
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An odd function about the center of (0, T) anditsintegra isillustrated below.
f(T/72+t) = —f(T/2-1)

Ot [0, T/ 2]
Xk ka/\
L/'\j—= | | '1I'=
Figure 1 Odd Symmetry

Note that continuity requires that such a function pass through zero at T/ 2. Also, the integral of
such afunction (and only of such afunction) is even about the point T/ 2 so the second half of
theintegra isjust the first half played back in reverse.

An aperiodic function about the center of (O, T) and itsintegral is illustrated below. Note that
continuity requires that such a function achieve the negative of itsinitial valueat T/ 2. Also, if
the area under the function happensto vanishat T/ 2, theintegral of the functionis also aperiodic
asillustrated.

f(t+T/2) = —f(t) Ot0 [0, T/2]

Xy Xy

| /_\I > /\| L
\\/—\_f T v
Figure 2 Aperiodic Symmetry

Of coursg, if theinterval (O, T) can be covered by any number of functions exhibiting one of these
two symmetries on their respective interval, the associated trgjectory closureintegral still vanishes.

This property can be defined for each scalar element of the state vector. Symmetry is an important
sufficient condition for closure.

2.3.3 Path Independence

Thereisaso acasewhere the trgjectory closure condition will be satisfied for any input. When the
integrand can be written as.

F(u(), Ddt = 2p(u)+ du = dp(u) (10

the middle expression is a Jacobian matrix (gradient of a vector) of some potential over the input.
The right had side is a total differential which is integrable immediately. Under these conditions,
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the solution is of the form:

x(t) = p(u(t)) (1)

Here, the state is a closed-form function of the input. In this case, the state is totally dependent on
the present value of the input, not its history, so such systems are caled path independentl.
Whenever the input returnsto itsinitial value, the state will aswell, so any closed input trajectory
will have an associated closed state trgectory.

This property can be defined for each scalar element of the state vector. Path independence is an
important sufficient condition for closure where the only condition imposed on the input is that it
also be closed.

1. In vector field theory, all of the following notions are provably equivalent:

- A lineintegral is path independent if the value of the integral does not depend on the path from the start to
the endpoint (it depends only on the position of the endpoint).

- Theline integral over an arbitrary closed path is zero.

- Theintegrand is atota differential.

- Theintegrand can be derived from an underlying potentia field.

- The curl of the associated vector is zero everywhere within a closed path.
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3. Odometry Processes and Error Models

This section devel ops the equations of odometry with reference to the nonlinear dynamical system
model presented in the last section. The resulting equations are solved for two ssimple trgectories.
Models of error are presented for typical sensor modalities and closed form solutions for error
propagation are computed for these ssmple cases.

3.1 Odometry Models

Odometry is the process of computing vehicle position and orientation by integrating differential
indications of trandational and rotational motion. In certain cases, the integral takes place over
time; in others over space. Various sensors can be used and there are aso various degrees of
sophistication of the odometry process.

3.1.1 Coordinate Conventions

The coordinate system that will be used throughout the analysis is presented in Figure 1. The
vehicle will be assumed to move in the plane and the zero heading direction will be defined to be

aong the x axis.
A

Figure 3 Coordinates for Odometry

In two dimensions, the typical state vector includes two position and one orientation component.
For a continuous-time representation, thisis:

T
X() = [x(t) y(t) 8(1) a2
For a discrete-time representation, the state vector is:
T
Xk = [Xk Yk ekJ (13

There are at least two ways that the former nonlinear dynamical system of equation (1) can be used
to model this process:

» Forced Dynamics: We can use the input vector to represent the measurements and compute
the associated response. We have the option of including velocity states in the state vector in
order to model the system dynamics.

» Observer: We can associate the measurements with the  vector in the observer equation.
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We will use a combination of these two methods. The forced dynamics formulation will be used
when the inputs are the linear and angular velocity. The observer formulation will be used when
inputs other than these are to be modeled. To save space, the continuous time formulation will be
used throughout but an equivalent discrete-time version of every result in the document can be
generated as well.

3.1.2 Direct Heading Odometry

This scenario is the simplest because the heading is an input rather than a state. M easurements of
linear velocity and heading are assumed to be available. The state equations are:

d(x(t)| — [V(t)cosb(t) (14)
dtly(t)] | V(t)sinB(t)
and there are no observer equations. The state and input vectors are:
T
x(t) = [x(t) y(t)]T u(t) = [v(t) ()

where the input vector consists of the linear velocity and heading of the vehicle.

3.1.3 Integrated Heading Odometry

This is the case where measurements of linear and angular velocity are presumed to be available.
The state equations are:

g [X(O [V (t)coss(t)
gilY(D] = |V(1)sin6(t) (15)
o(t) w(t)

and there are no observer equations. The state and input vectors are:
T

.
X(t) = [x(t) y(t) 8(t)] u(t) = [v(t) a(t)

where the input vector consists of the linear and angular velocity of the vehicle and the state vector
now includes heading.

3.1.4 Differential Heading Odometry

This is the case where direct linear and angular velocity are derived from the linear velocities of
two or more points on the vehicle. For example, let there be aleft wheel and aright wheel on either
side of the vehicle reference point. This common case of differential heading odometry, based on
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two separated wheels isindicated bel ow:

| W |
Figure 4 Differential Heading

W is the wheel separation or “tread”. Encoders can be considered velocity measurement devices
if we suppose that velocity is computed by dividing incremental distance over a small time interval
by the length of the interval.

While it is possible in this simple case to solve for the equivalent integrated heading(bput

and use the previous result, or to consider the wheel velocities to be the inputs, we will formulate

this form of odometry with an observer to illustrate the more general case where the measurements
z(t) may depend nonlinearly on both the state and the input, and may even overdetermine the
input. As before the state and input vectors are:

x(®) = [ y( o]

Let the measurement vector be the velocities of the two wheels:

2 = [V, V(0]

u(t) = [v(t) oo(t)]T

The relationship between these and the equivalent integrated heading inputs is:

z(t) = Mu(t)
Vi@ _ 1 w2l v (16)
Vi) 1 -wr2) )

This is a particularly simple version of the more general form of the observer in equation (1). The
inverse relationship is also immediate:

u(t) = M71z(t)

-
w(t)

(17)
V,()

V(1)

Sl NIk
Y
Sl NP

Some Useful Resultsfor the Closed Form Propagation of Error in Vehicle Odometry  page 13



3.2 Properties of Odometry
Odometry as formulated here possesses many of the properties described earlier.

3.2.1 Underactuation, Coupling, and Nonlinearity

The integrated and differential models are under actuated since two inputs control three outputs.
Note also that heading is not independent of the direction of velocity. Such a system has to move

in the direction it is pointing:
V() = Jx°+y?
tan6 = y/x

The fact that the equations are differential equations also means that when the equations are
integrated it islikely that position will depend on the entire time history of heading state aswell as
the input speed. The heading state appearsinside atrigonometric function so the equations are also
nonlinear.

Sincethe position derivatives depend on the heading state, the equationsare coupled. The coupling
Is also asymmetric. While position derivatives depend on heading, heading does not depend on
position. This difference between position and heading error dynamics will show up many times
later.

3.2.2 Echelon Form

Fortunately, the equation dependencies of odometry are in echelon form, meaning that each state

variable derivative depends only on others “below” it in the ordering of the equations as listed here.
As a result, a solution can be generated by solving for the heading first and then substituting the
result into the position equations before solving them.

3.2.3 Factorable

All forms of odometry mentioned above possess no terms involving state variables which are not
multiplied by an input. If we make the substitution:

w(t) = K()V(1)

whereK (t) is the instantaneous curvature, then it becomes clear that all forms of odometry above
are both input factorable and linear in the velocity. Hence, they are memoryless, reversible, and
scalable.

3.2.4 Motion Dependent

It also turns out that the input is velocity in this case, so these equations are motion dependent.
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3.3 Solutionsfor Simple Traijectories

Although the odometry equations are nonlinear, their echelon form makesit possible to solve them
easily. We can solve for heading and then substitute the solution into the position equations and
solve those. This processisillustrated below for two important ssimple trgjectories.

3.3.1 Sraight LineTrajectory

Consider the simple case of straight line motion w(t) = O at any speed V (t) along the x axis
starting from the origin. The trgjectory is given by the solution to equation (15) which can be
written by inspection:

x(t) = s(t)
y(©) = 0 -
8(t) = 0

where S(t) isthetotal distance travelled.
3.3.2 Congtant Curvature Trajectory
A constant curvature tragjectory can be described by:

w(t) = KV(t) \g(% - % - R

for some constant curvature K or radius of curvature R. This type of trajectory is a circular arc.
Note that the two velocities need not be constant in time - the trgjectory is circular so long as their
ratio is constant. L et the vehicle start out from the origin pointing along the x axis.

The solution to equation (15) is obtained as follows:

t t s
0(s) = Ioo(t)dt = IKV(t)dt = Ide = ks(t) = g
0 0 0
t s (19)
x(s) = IVcos(o)t)dt = Icos%%%ds = Rsin%%% = Rsin(ks)
P d
y(s) = IVsin(o)t)dt = Isin%%%js = R[l—cos%%%} = R[ 1- cos(Ks)]
0 0

Some Useful Resultsfor the Closed Form Propagation of Error in Vehicle Odometry  page 15



It was not necessary to assume constant linear or angular velocity above. In the specific case when
the linear and angular vel ocities! are known to be constant we also have:

t
B(t) = fw(t)dt = wt

e

P

x(t) = [V cos(wt)dt = %D in(wt) = Rsin(wt) (20)

P
[Vsinetdt = %Hl—cos(oot)] - R[1- cos(cwt)]
0

y(t)

Clearly the analogy between distance and time is perfect when curvature is substituted for angular
velocity.

3.4 Nonlinear Error Dynamics

It will be important for our purposes to be able to model the behavior of a small “perturbation”
about a known solution to the state equations because doing so models the behavior of errors as
they propagate through the system dynamics. The notdtion is standard for perturbations and
necessary because it will often be necessary to write expressions involvingoth which is
“small” anddX which is “infinitesimal”.

3.4.1 Nonlinear Perturbation

Let us therefore assume that any of the earlier nonlinear odometry models applies. We will neglect
the uncontrollable inputv(t) and deal with its impact separately later. Assume that a nominal
input u(t) and the associated nominal solutit) are known. That is, they satisfy:

x(t) = £(x(t), u(t), 1 )
Suppose now that solution is desired for a slightly different input.
u'(t) = u(t) +du(t)

We will call U'(t) the “perturbed input”, andu(t) the “input perturbation”. Let us designate the
solution associated with this input as follows:

X'(t) = x(t) +ox(t)

1. If either one is constant, the assumption of constant curvature requires the other to be.
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This expression amounts to a definition of the state perturbation X (t) as the difference between
the perturbed and the nominal state. The time derivative of this solution is clearly the sum of the
time derivatives of the nominal solution and the perturbation. This dightly different solution also,
by definition, satisfies the original state equation, so we can write:

X'(t) = x(t) +ox(t) = f(x(t) +0x(t), u(t) + ou(t), 1)

The state perturbation can be obtained by the difference between the perturbed and unperturbed
responses.

ox(t) = f(x(t) +ox(t), u(t) + ou(t), t) —f(x(t), u(t), t)

In other words, we can assess the impact of errors on dynamical systems by solving the system
differential equationswith the error, then solving them without the error and taking the difference.

Of course, numerical techniques can be aways be used to integrate the equations and compute
perturbed trajectories, nominal trajectories, and the difference between them. However, while the
numerical technigue is completely generd, it is not very illuminating.

3.4.2 Exact Error Dynamics

We have seen that odometry, though nonlinear, can often be solved in closed form for specific
Inputs because the equations are in echelon form. Hence, it seemslike it might be possible to solve
for the exact error dynamics under certain conditions. This turns out not to be so except in trivial
cases.

For example, recall again the equations of integrated heading odometry:
q x(t) V (t) cosO(t)

gily(®] = | V(t)sinB(t)
B(t) w(t)

Let the inputs be corrupted by errors as follows:
V'(t) = V(t) +3V(t)

w(t) = w(t) + ow(t)
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The perturbed heading is:
t t

B'(t) = 8(0) + [w(t)ct = ©'(0) + [e(t) + Bo(t)]

0 0
h ¢ (22

6'(t) = 6(0) + [w(t)dt +30(0) + [(t)dt = 6(t) +86(1)
0 0

Hence, the resulting heading error isjust the integral of the input angular velocity error:

t

30(t) = 36(0) + [dw(t)cl (23)
0
The perturbed x coordinate can be expressed as:
t t
X'(t) = x'(0) +IV’(t)cose’(t)dt = x'(0) +I[V(t) + 0V (t)] cos[B(t) + &6(t)]dt
b 0 (24)
X'(t) = x'(0) +I[V(t) + 0V (1)]{ cosB(t) cosdO(t) —sinB(t)sndO(t)} dt
0
Similarly, the perturbed y coordinate can be expressed as:
t t
y'(t) = y'(0) +IV’(t)sin9’(t)dt = y'(0) +I[V(t) + 0V (t)]sn[O(t) + d6(t)] dt
0 0
' (25
y'(t) = y'(0) +I[V(t) + OV (1)]{ sinB(t) cosdb(t) + cosB(t)sindO(t)} dt
0

Discovering closed-form solutions to the exact position perturbation equations above can be
difficult. When one or both of the perturbative inputs are constant or null functions of time, the
above integrals can become straightforward. In most cases, the exact solutions are integrals of
trigonometric functions, so they are also trigonometric functions. We will investigate these
eguations for specific tragjectories and error models once the error models are specified next.

A general closed-form solution for any trgjectory and error model is not available in the nonlinear
case, but later, we will linearize the equations and then it will be possible to generate aclosed form
general solution. A second reason for exploring linearization is that stochastic error propagation
results are often available only for linearized equations.
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3.5 Error Modelsfor Odometry Sensors

This section will present deterministic and random error models for typical sensors used in
odometry.

3.5.1 Direct Heading Odometry

Suppose that acompassis used to measure heading directly and that atransmission encoder is used
to measure the linear velocity of the vehicle reference point - the point whose pose is considered
to be that of the vehicle.

3511  Systematic Error

One of the more common types of error for a compass is the response of the compass to the field
generated by the vehicle itself. Without loss of generality, let the earth magnetic field point along
the x axis:

Eo = Ci
The field generated by the vehicle will be constant in the vehicle frame:
EV = RbcosG)iAb+ RbsinG)jAb
When the vehicleis at orientation 8, this field can be expressed in the earth frame as:
Ey = R, COS(O +6)i + R sn(O +8)]
The compass will respond to the total field:
Br = Eo+By

The angle of thetotal field is:
0 R,SN(®+6) O
0’ = 0+ atan b [
Ef: +R,cos(0O + 0)

If we assume that the vehicle field is small, then the argument is small and if Rb « C we have:
_R,sin(©+6)
C

so the error isasinusoid of constant amplitude and phase. We will use a scale error for the encoder

00 = AcosO + Bsin®
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30 thetotal error model is;
oV = aV where (a « 1) (26)
00 = Acosb +Bsinb

3512 Random Error

For encoders, we will have a process linear in distance rather than time because encoder error
accumulation stops when motion stops. A constant spectral probability density for the compass
leads to a random walk contribution to the position coordinates. These considerations lead to the
following models’;

0-VV = GSJ\/' (27)

0'99 = const

3.5.2 Integrated Heading Odometry

Suppose that a gyro is used to measure angular velocity and that a transmission encoder is used to
measure the linear velocity of the center of the rear axle of the vehicle.

3521  Systematic Error

Let there be a constant bias error on the gyro and a scale error on the encoder. These errors can be
represented as follows:

oV = aV where (a « 1) (28)
ow =D

35.2.2 Random Error

If the spectral probability density of the encoder error is constant, it results in a random walk
process. However, because we are considering an encoder, it makes more sense to have a process
linear in distance rather than time because encoder error accumulation will stop when motion stops.
Constant variance of the gyro signal (constant bias stability) is a typical model, and it resultsin a

“random walk” heading process whose variance grows linearly with time. These errors will be

assumed to be uncorrelated. These considerations lead to the following models:

Ow = O(SJV| (29)
Oww = Ggg
Ovp =

1. A negative variance is impossible so we must interpret all velocity dependent expressionsin terms of the
(unsigned) magnitude of the velocity vector.
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3.5.3 Differential Heading Odometry
Let there be awheel encoder mounted on each of the left and right wheels.

3531  Systematic Error

One of the most commonly occurring errors in this type of sensor is a scale error due to a poor
estimate of effective wheel radius caused by tirewear, uneven floors, or some other source. We will

model errors in the two encoders for this case as scale errors®:

oV, = o,V where (0, «1)

oV, = a,V, where(a, « 1)

(30)

35.3.2 Random Error

If the spectral probability densities of the encoder errors are constant, the measurement noise
processes are equivalent to a random walk since a single integration renders them linear in time.
We would like to model random walk sensors but, because we are considering encoders, it again
makes more sense to have a process linear in distance rather than time because encoder error
accumulation stops when motion stops. These errors will be assumed to be uncorrelated. These
considerations lead to the following models:

Grr = arr|vr| (31)
o = ay|Vvy
Grl =0

Hence, it will be understood that error accumulation stopswhen V' = 0 and that the variance of
the integrated encoder readings increases linearly with distance whether travelling forward or
backward.

3.6 Treatment of Arithmetic Sign

Itisclear from that |ast section that it is often convenient to model thefact that sensor error variance
should be monotone in some velocity by requiring the use of the magnitude of the velocity. When
these expressions occur inside integrals later we will be required to consider writing expressions
like:

dsl = |V]dt
|dB| = |w|dt
in order to capture the fact that, if velocity is to be unsigned, the associated differential position

coordinates must be unsigned. Rather than invent a special notation, we will refer to these cases as
integrals over unsigned variables. In practice, such integrals can be evaluated by separating them

1. Whereas scale errors make sense for encoders, constant errorsis probably a better model of visual odom-
etry.
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into regions of constant sign of velocity and reversing the signs of those for which velocity is
negative.

A more subtle case occurs when we encounter integralslike:
t

2
1(t) = I V “dt
0
and desire a change of coordinates from time to distance. In such a case, we can write:
S
1(s) = IIVI ds
0

where the differential ds is also required to be unsigned.

3.7 Error Propagation for Simple Cases

This section will derive closed form error propagation solutions for some cases where it is smple
enough to derive them. Such cases will be limited here to deterministic errors with no initia
conditions.

3.7.1 Direct Heading
This case will be investigated on a straight trgjectory. The perturbed input is given by:

V'(t) = (1+a)V(t)
(32)
0'(t) = AcosB + Bsin@

Substituting into equations (23) through (25), the perturbed trgjectory is given by:
t

X'(t) = I[V(t) +aV (t)] cos®’(t)dt

0 (33)

Y(t) = [IV() +aVv()lsne(t)d:
0
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Thisis already too complicated to integrate because we have expressions like:
t

Icos(A cos8 + BsinB)dt
0

3.7.2 Integrated Heading

First, consider alinear trgjectory. The perturbed input is given by:
Vi(t) = (1+a)V(t)

34
W(t) = b (34

When the velocity is constant, the perturbed trgectory is clearly a constant curvature arc. Its
curvature is given by:

o o b _b/V(1)
K'(t) = w(t)/V'(t) = (1+a)V(t) a (1+a)

We would expect the state perturbation to reflect the differences in position of two points - one
moving on a line and one moving on a constant curvature arcs. The state perturbations are
immediate:

50(t) = O(t)—0(t) = [w(t) —w(t)]t = bt
5x(1) = x'(t) =x(t) = R'snw(t) =Vt (35)
oy(t) = y'(t) —y(t) = RT1-cosw|(t)]

Next, consider a constant curvature trgjectory. The perturbed input is given by:
Vi(t) = (1+a)V(t)

(36)
w(t) = w()+b

When the velocity is constant, the perturbed trajectory is clearly another constant curvature arc. Its
curvature is given by:
K'(t) = w(t)/V'(t) = wt)+b _ kM) +b/V(1)

(1+a)V(D) (1+a)

We would expect the state perturbation to reflect the differences in position of two points moving
on two different constant curvature arcs. The state perturbations are therefore immediate:
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00(t) = O'(t)—0(t) = [w(t) —w(t)]t = bt
ox(t) = x'(t) —x(t) = R'sinw'(t) —Rsinw(t)
oy(t) = y'(t) —y(t) = RT1-cosw(t)] —R[1- cosw(t)]

(37)

3.7.3 Differential Heading

Rather than solve this case from first principles, the next section will reveal a method to turn any
constant curvature differential heading error propagation problem into an equivalent integrated
heading problem.

3.8 Instantaneous Differential Error Equivalent of Integrated Heading

Equations (16) and (17) outline how the inputs in differential heading are related to those of
integrated heading. Given this relationship, an equivalent rel ationship between errors seemslikely.

3.8.1 Systematic Error
Differentiating equation (17) leads to:

T
t
V()| - |2 2 V) (38)
So(t) 1 1]l8v ()
W w
Substituting our error modelsinto this gives:
11
V() _ [2 2 |[9V(D)
So(t) 1 1f|aVv,@®)
W wi
Moving the scale factors into the matrix isolates the velocities:
(Xr cxl
oV(t)| - |2 2 Vi) (39)
Su(t) a, oVt
W W,
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Substituting equation (16) into this gives:

(Xr Gl_
{6V(t)} _ 12 2 {1 W/Z} {V(t)}
30(t) a, a1 -W/2[o(t)
WW,
Multiplying the matrices:
_O(r+0(| (ar—al)W
V)| - | 2 4 V(t)
ow(t) o, -0 o+ w(t)
. W 2 -
If we define:
v a,+a )
a’ = > b= (a,—q))
Then thisis:
o bW
SV (1)| _ 4 [|V(D) @)
30(t) b L)
_W -

Written out and substituting for angular velocity in terms of curvature gives.

{6V(t)}
ow(t)

o+ Zwi () ()
[ [

Db’+ K(t t
i ax()é{/()_

(40)

(42)
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Substituting our integrated heading error model in the left hand side gives:

av(t) = o+ 2wk vy
0 0 (43)

O
b=p"V(t) = K(t t
BV = G+ ) /0

Where the motion dependent equivalent of gyro bias (that is, gradient of error with distance) is:

o 0, 00
b=t R@C @

and R(t) isthe instantaneous radius of curvature. Equating coefficients of V (t), the equivalent
error parameters are:

a’(t) = o+ 2W
4R(t) (45)

") = B -, o
(1) = BV = G5+ g ©

Clearly these are time dependent expressions but when curvature is constant, 0 (t) and [3(t) are
also constant. Under this assumption, there exits a pair of constants (0", b”) derivable from
(o, o) and R(t) which are the motion dependent equivalent of the integrated heading error
parameters (0, b).

3.8.2 Random Error
Equation (38) leads to:

c.0O

w Ovel| _ re =l (46)

VW - WwW Grl GII

Q
a
Sl NIk
Y
Sl NP
Sl NIk
Y
Zle NP
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This gives three scalar equations:

i 1 1
] 4 4 2 | [~ |
Oyv Oy
_|L_1
Ovw| = |2W 2w Oy
© 0 1 1 2 |1%n
w? w? o w?
Substituting our error model:
i 1 1
] 4 4 2
vy O(rrVr
_|1L_1
Ovw| T [2W 2w oV
O 1 1 21| 0
W w? w2
Moving the scale factors into a matrix isolates the velocities:
11 1 O %
] 4 4
Oyv : ‘ ? Oy 0 Vv V
o | =|x-L o A TN
vo| T [2W 2w ° Ally | T 2w 2w |v,
—Gw(*l L L 2 00 O 9y
Wt " W
Substituting equation (16) into this gives:
i %
] 4 4
Oyv
5 | = G Opf|1 W/2]|V(t)
v 2W  2W| |1 -wW/?2 w(t)
-Gw(*l Oy O
L2 2
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Multiplying the matrices:

0 —— ———
Vo 2W 2W w(t)

o
Y _ O‘rr_O(II e Q) V(1)
4
o
we O Oy %W pw
2 2 2

AN
_W2 W2 .
If we define:
Ogg = Oy Q) Ggg’ (arr O(II) el
Then thisis:
Oss Tgg W
G 4 4 2
w Ouhg %ss ||V(t 48
g | =[98 Zss (1) (49)
v 2W 4 w(t)
_0-(*)(*1 ass’ ojﬂ’w
_W2 W2 2_

H o W
2t 20
o
'A% G’ GSS,
Oy, = E%+TK(t) V(t)

(0) ’ '
@ Oﬁ+c_)-99.v_vK(t)

Substituting our integrated heading error model in the left hand side gives:

Ogs  IggW
ss , ~9g W
+ 7 2K(t)

oV 4

o ’ GSS’
Oy, | = E%V9+TK(t) V(t)
(o]

ag a.] O,
SS+_9%\A/K(t)
_W2 W 2

Some Useful Resultsfor the Closed Form Propagation of Error in Vehicle Odometry  page 28



Equating coefficients of V (t), the equivaent error parameters are:

O OnqW
9’ = 2 3RO
Oy . O
50 = 0 VI = Dl + 2 () )

oty =« mypy = Pss . Ogg
Ogg (1) = GWV(t) = EWZ + 2WR(t)§/(t)

Clearly these are time dependent expressions but when curvature is constant, o .."(t), 0, "(t)
and 0.."(t) are aso constant. Under this assumption, there exits a set of constants
(O(SS”,%JV ", 0 ") derivable from (o, o) and R(t) which are the motion dependent
equivalent i the Hilegrated heading error parameters (o ss Over Faad)-

g9
3.8.3 Treatment of Arithmetic Sign

Strictly speaking, the previous result is not entirely correct because it has not accounted for the
requirement to use the absolute value of the left and right wheel velocities. Consider again the

observer relationship:
VO _ |1 w2 ||va) (50)
Vl(t) 1 -W/2||w(t)

Taking the absolute value:
V()] = ‘V(t)+VEVm(t)‘ - ‘V(t)%l+v—2vK(t)a - |V(t)|‘%[+v—2\/|<(t)a

Vi) = Vo -For)| = |V(t)|‘%l—VEVK(t)a = |V(t)|‘%t—"gvx(t)a

If the axle velocity V (t) hasagiven arithmetic sign, then the wheel velocities will have the same
sign up to the point where the path curvature exceeds:

k()] >2/W

which is the same as saying when the turn radius falls bel ow:

R(t) <W/2 (51)

This condition only occurs when the instantaneous center of rotation is inside the footprint of the
wheels, and intuitively thisis when the two wheels have velocities of opposite sign. In particular,
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one of the wheels has a velocity opposite in sign to the axle velocity.

When the substitutions of equation (49) are used, the quantities V (t) and V (t) will be
eliminated from the variance expressions, in favor of the expressmns V(1) ano, w(t). The
practical question is whether there isaway to modulate the signs of the linear and angular velocity
in order to ensure that the absolute value of the wheel velocitiesis effectively being computed

The difficulty isthat switching only the sign of V (t) (equivalent to treating the differential ds as
an unsigned quantity) will also change the sign of the other wheel velocity - which is not what we
want. Also, switching the sign of curvature changes the magnitude of both wheel velocities, so it
cannot be used at all.

Fortunately, there is another technique available. Recall equation (31):

Orr = arr|vr| (52)
o = ay|Vvy
Grl =0

If we adjust the signs of O - and O | o always be equal to the sign of the associated wheel, the
variances will always come out positive:

Oy = |arr| sgn(V,)

(53)
|0(”|sgn(V|)

a

When these expressions occur insdeintegrals, it will be necessary to split theintegral s at the points
of discontinuity of the “constanti - amd” so that they can be treated as constants within the
intervals of integration.
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4. Relevant Ildeasfrom Linear Systems Theory

Thelast section has madeit clear that exact nonlinear solutions for odometry error propagation are
not generally available. By contrast, this section will develop linearized methods which will be
applicable to both deterministic and random errors and these methods will also provide aroute to
general solutions for any trgjectory and error model.

4.1 TheContinuousTimelL inear System

The continuous-time linear lumped-parameter dynamical system is one of the most generally
useful representations of applied mathematics. While not as expressive as the nonlinear case, the
linear system has the advantage that general solutions exist. It is used to represent some real or
Imagined process whose behavior can be captured in atime-varying vector.

4.1.1 Linear Sate Equations

Many variations on the theme are used, but for our purposes, we will beinterested in the form with
no “output” but with an added “observer”. This form is just complicated enough for our purposes.
In continuous time, this representation is of the form:

X(t) = F()x(t) + G(Hu(y + L(t)w(t)
z(1) = H(H)x(t) + M(t)u(1) + N(t)v (1)

(54)

These equations will be called the linear “state equations”. The process or system is described by
the time varying “state’x(t) of the system. The matFixt) , the system dynamics matrix,
determines the unforced response of the system. The controllable inputwgtor captures any
controllable forcing functions which are mapped onto the state vector through the input
transformation matrixG(t) . The uncontrollable input veatoft) captures any uncontrollable
forcing functions (deterministic or random) which are mapped onto the state vector through the
transformation matrit (t) .

The second equation comes into play because we will be interested also in the process by which
various sensory devices can be used to observe the system state. The measuremeft vector
captures the information that is obtained from the sensors and the measuremenHiidtrix
models the process by which the measurements are related to the underlyirx(iState . On
occasion, it will be necessary to model the manner which the inf)t is observed indirectly
through the transformatioll (t) . The measurement no(¢¢ is used to model the manner in
which observations are corrupted by random noise.

The special case where the coefficient matrices are not time dependent is the theoretically
important “constant coefficient” case. Note that the equations are still linear even in the time
dependent case given above since the matrices do not depend on the state.
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4.1.2 SolutiontotheLinear State Equations

We will for the moment, restrict attention to the case where there is no uncontrollable input W(t).
It iswell known that under such conditions the above linear time-dependent system has a genera
solution known as the vector convolution integral:

t
Vector Convolution Integral.

X(t) = ®(t, ty)x(ty) +J'cb(t, T)G(T)u(t)dt CCiByenn;rL?(I:;riL;/tsl(t)gn"[lo the linear (595)
to

where the matrixP(t, T) , called the “transition matrix” is clearly the only unknown guantity. One
can verify by substitution that the above expression satisfies the state equations if the transition
matrix has two properties:

The first property is that the matrix is a direct mapping (or “transition”) of states from one time to
any other time:

X(t) = o(t, 1)x(7)
The second property, often considered the definition, is that it satisfies the unforced state equation:
56
%Cb(t, 1) = F()o(t, 1) ot t) = | (0

In the constant coefficient case, the transition matrix takes the particularly elegant form of the
“matrix exponential” of the constant dynamics matrix:

ot 1) = e 7Y 0

The matrix exponential is defined for any matrix and can be interpreted as an infinite matrix series:

2 3
eA=exp(A):|+A+%+%+__ (58)

In our case, the time dependent coefficient céd, T) is known to exist but it may not be easy
to find.

Some Useful Resultsfor the Closed Form Propagation of Error in Vehicle Odometry  page 32



4.1.3 Solution For Commutable Dynamics

Consider the following generalization of the solution to the constant coefficient case:
0! 0
W(t, 1) = expg F(Q)dlD (59)
T O
Differentiating leads to:
%w(t, 1) = W(t, T)F(Y) (60)

which almost satisfies the definition except that the order of the multiplication on the right hand
side is switched. Therefore, in the case where the product commutes:

Commutable  Dynamics  Condition.

_ Necessary condition for equation (59) to (61)
YL DR = FOWET1) define the transition matrix for given
system dynamic(t)

the matrix W(t, 1) satisfies the conditions for a transition matrix. We will need a name for this
property, so let it be called the property of “commutable dynamics”. Some cases where the product
commutes are whelR(t) is constant or diagonal, but one particular case concerns us here.

4.1.4 Special Case for Commutable Dynamics

Suppose the dynamics matrix can be partitioned as follows:

0 M(t)
F(t) = [[nxnl [nxm] (62)
0
[mxn] |[mxm]

For such matrices, it is easy to show that all powels(d) vanish. In particular:
F(t)F(t) = O

The product of any two such matrices of conformable structure also vanishes. Also, because the
integrals involved are definite integrals, the associated exponential argument for a transition matrix
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obeying equation (59) is:

t t
R(t, T) = I F(Q)dl = OIT'V'(Z)OIZ - {8 N(g T)} (63)
T
0 0

Recalling the infinite series for the matrix exponential and the vanishing higher power property,
the exponential is.

W(t, 1) = exp[R(t, T)] = | +R(t, 1) (64)

and its easy to show that becausethe product F(t)R(t, T) also vanishes, equation (61) also holds:
Wit O)F(®) = [1+R((t, D]F(t) = F(t) = F(O)[I +R(t, 1)] = F()W(t, 1)

Thus, systems satisfying equation (61) have commutable dynamics and their transition matrix is
given by equation (64).

4.1.5 An Equivalent Condition for Commutable Dynamics

The condition for commutable dynamicsis again:

W(t, TE() = F()W(t, T) (63)
where:
Y, 1) = exp[R(t, 1)]
and:
t
R(t, 1) = I F({)dC (66)
T
Writing out the series,
R R
exp(R) = I+R+E+§+
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Substituting into the commutativity condition:

H 2 3 0 2 3 0
H+r+R R, H-orH+Rr+R R,
o 23 ' g 23 g
Or:
2 3 2 3
F+RF+RE4RFL o pepr+ER L ER
] o 3
Notethat if
RF = FR (67)
then:

R°F = R(RF) = R(FR) = (RF)R = (FR)R = FR®

and al higher powers of R commute with F by induction. Hence, if equation (67) holds, so does
eguation (65). Hence, a system has commutable dynamics when the system Jacobian commutes
with its own definite integral as defined by equation (66).

4.2 Perturbation Theory

It is generally possible to produce a “linearized” version of a nonlinear system which applies to
small perturbations about a reference trajectory. This technique can be used as a substitute for the
exact nonlinear perturbations discussed in the last chapter. Let us consider again the nonlinear
system:

x(t) = f(x(t), u(t), t) (68)

We have again neglected the uncontrollable ing(t) . Assume that a nominali(iiput and
the associated nominal solutigf{t) are known. That is, they satisfy equation (68). As we did in
the last chapter, suppose now that solution is desired for a slightly different input.

u'(t) = u(t) +ou(t)

We will call U'(t) the “perturbed input”, andu(t) the “input perturbation”. Let us designate the
solution associated with this input as follows:

X'(t) = x(t) +ox(t)

This expression amounts to a definition of the state perturbatidi) as the difference between
the perturbed and the nominal state. The time derivative of this solution is clearly the sum of the
time derivatives of the nominal solution and the perturbation, and this slightly different solution
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aso, by definition, satisfies the original state equation, so we can write:
X'(t) = x(t) +dx(t) = f(x(t) +dx(t), u(t) +du(t), t)

An approximation for Ox(t) will generate an approximation for X’(t). We can get this
approximation from the Taylor series expansion as follows:

f(x(t) +0x(1), u(t) + du(t), t) = £(x(t), u(t), t) + F(t)ox(t) + G(t)ou(t)

where the two new matrices are the Jacobians of  with respect to the state and input - evaluated
on the nominal trgjectory:

0 d
F(t) = —f t) = —f
M) = 2 G(H) = Of

X - X

At this point, we have:
X(t) +0x(t) = f(x(t), u(t), t) + F(t)ox(t) + G(t)ou(t)

Finally, by cancelling out the original state equation (68), there results a linear system which
approximates the behavior of the perturbation.

Linear Perturbation Equation.

Expresses first order dynamic behavior
ox(t) = F(t)ox(t) + G(t)ou(Y) of psystematic error %‘or linear and (69

nonlinear dynamical systems.

All of the solution techniques for linear systems can now be applied to determine the behavior of
this perturbation. In particular, a transition matrix for the above equation must exist because it is
linear, so thefirst order propagation of systematic error in adynamical system isasolved problem
once the transition matrix is computed.

42.1 Perturbation with an Observer

Consider now a situation where an observer is present. Perturbing the observer in equation (1) we
have by analogy:

5z(t) = H(1)3x(t) + M(t)3u(t) (70)

Where the observer Jacobians are:
If du(t) isnot known directly but dz(t) is, we can solve the above equation for du(t) by first
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H© = 2h M(©) = 2h )

X X

writing:
M(t)du(t) = dz(t) —H(t)dx(t)

In the event that the measurements determine or overdetermine the inputs, the left pseudoinverse
applies.

M- = M oM@ MY 72
and we can write:
su(t) = M*'[52(t) - H()Bx(1)] "
Thisisthe input which minimizes the residual:.

or(t) = oz(t) — (H(t)ox(t) + M(t)ou(t))

Substituting this back into the state perturbation equation we have:
5%() = F(1)3x(t) + G(H{M" ' [52(t) ~H(1)5x(D)]}

Which reduces to:

5x(t) = {F(t) =G(OM" H(H)} 3x(t) + G(HM"'52(1) (74)

This is of the same form as the original perturbation equation with modified matrices and the
measurements acting as the input:

5x(t) = F(t)8x(t) + G(1)5z(1) (75)

4.3 TheError Augmented Dynamical System

When our error descriptions result from linearization of some associated dynamical system, they
can always be written in the form:

OX(t) = F(x, u)dx(t) + G(x, u)du(t) (76)

It is natural to consider that the input to this new set of equationsisthe input perturbations du(t) .
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For the purpose of modeling error dynamics, we can often assume and even specify the manner in
which the input perturbation depends in some way on the input and the state:

du(t) = g(x, u) (77)

In this case, we can view the original equations and the perturbation equations as an augmented
system where both dX(t) and X (t) are controlled through the input u(t):

X(t) | _ F(x, u) = f(x,u) (78)
ST R(x u)8x(1) + G(x, u)g(x, u)

Thisisanonlinear dynamical system of the same form as the original system - but with twice as
many states. The important conceptual point isthat once the input U(t) to the system is specified,
both the state trajectory and itserror are determined by the above equation.

It is also possible under certain circumstances to express the state perturbations entirely in terms
of the states by effectively substituting the first set of equations into the second. Here the view is
the natural expectation that the error should depend only on the trgjectory followed. In summary,
the input to the perturbation equations can be considered to be the input perturbations, the original
inputs, or the states depending on which dependencies between them are introduced and which are
emphasi zed through substitution.

Theerror statesin thisnew set of equations can be evaluated in terms of the integral and derivative
properties of dynamical systems mentioned earlier.
43.1 Memoryless

The error equations are memoryless when the system Jacobian F(X, U) is zero.

4.3.2 Motion Dependence

The error equations are motion dependent when they can be divided by a postion variable
derivative without creating a singular point at zero. A singularity means intuitively that there is

error accumulation happening when the system stops which is “hidden” by the singularity. Motion
dependence can also be considered a property of each term. The state Jacobian of odometry will
turn out to be motion dependent. Encoder errors, for example, are motion dependent whereas gyro
bias is not.

4.3.3 Input Reversibility

When the system is not memoryless, the state perturbation deridat{(it¢ IS not a reversible
function of the input perturbatiodu(t)  because its memory prevents it from being dddtih

However, this point is not so important because sensory errors are largely outside of our control. A
more important question is under what conditions is the state perturbation derdfit)e a
reversible function of the input(t)

Note that if the original nonlinear dynamics are odd in the input, then the Taylor sefig9 of
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involves only the odd termsin u(t)

f™(x,0)u
f(x,u) = £'(x, 9)u+3—,-

+ ...

Under this assumption, it is easy to show that:

» the state Jacobidn( )  must also be odd(ih)
« the input Jacobiaf( ) must be everuift)

So, if the original dynamics were input reversible, the first term in equation (76) is odd in the input
and the second is even. For such a system, we can achieve input reversibility if the input errors are
an odd function of the input (because the product of an odd and even function is odd) as follows:

du(t) = q(x, u) (79)

So, if the original dynamics are input reversible, the perturbation dynamics are input reversible
provided equation (79) is also satisfied.

4.3.4 Input Scalability

This property is of interest in the context of a perturbation input. If we again assume that the
perturbation depends itself on the input, then the question rests on the response of equation (76) to
a rescaling of the input perturbation.

435 Closure

Closure of the state perturbation is achieved when the vector convolution integral (in equation (55))
for the perturbed dynamics vanishes on an interval of interest:

T
ICD(t, 1)G(1)du(t)dt = 0
0

As always, symmetry of the integrand on the interval is one way to achieve closure.

4.3.6 Path Independence

Path independence can be expressed as an integral or differential property. When the solution

1. The notation () etc. is used avoids explicit tensor notation for the cubic and higher order terms. Also,
oddness of f is a sufficient, not a necessary condition.
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integral can be expressed in either of the following forms:
t t t t

dx(t) = I%p(g)dg = Id@(g) Ox(t) = I;—XQ(X)dX = Id9(>_<)
0o 0 0 0

The errorsin question are path independent and the above integrals vanish on any closed trgectory
of u(t) or x(t) respectively.:

4.4 Sochastic Error Propagation for the Continuous-Time Nonlinear System

In much the same way that deterministic error propagation satisfies a differential equation,
stochastic error propagation also follows adifferential equation.

441 Nonlinear Sate Equations

As before, a continuous time system can be described by:

X(t) = f(x(t), u(t),t)

4.4.2 Random Perturbations

Suppose now that a solution to this equation is desired for a dightly different input.
u(t) = u(t) +ou(t) +ow(t)

wheredw (t) is a random vector, often called the process noise. We wif (5l the “perturbed
input”, anddu(t) the “input perturbation”. Let us designate the solution associated with this input
as follows:

X'(t) = x(t) +0x(t)
The linearized state equations are given by equation (69) with an additional randodwir{ijit

3%(t) = F(H3x(t) + G()BU(t) + L ()dw(t) (80)

1. It isinteresting to note that formulas for position coordinates are intrinsically path independent - and they
should be because the endpoint coordinates of apath should not depend on the path used to get to the endpoint.
Consider the x coordinate in the integrated heading case:
t t
X = J’V cosfdt = J'dx
0 0

This expression satisfies the conditions for path independence intrinsically. Indeed, other than the null inte-
grand, the constants (the integrand above is unity) are the simplest integrands that are path independent.
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Where the Jacobians are:

d
—f G(t) = L(t) = —f
6>_<'X ®) ®) ou’

F(t) =

It can be shown by taking expected values that the average solution to this equation is unchanged
if the process noise is unbiased. Similarly, the deterministic input du(t) has no effect on the
resulting variance of the state. Hence, deterministic and random inputs can be treated separately.
For the purpose of evaluating stochastic error propagation, we can consider the case where the only
error input to the system is arandom one:

Ox(t) = F(t)dx(t) + L(t)dw(t) (81)

4.4.3 Linear Variance Equation

Let us therefore reinterpret the state perturbation &X(t) as a random variable and define the
covariances:

P = Exp(3x(1)dx(t)") Q= Exp(dw(t)dw(t) " )3(t—1)

The delta function &(t —T) is used to indicate that the process noise is uncorrelated in time, or
“white”. For small values ofAt and for slowly varying(t) a@{t) , the relationship between
the spectral density matrl)  and the equivalent discrete time covariance matrix is:

Q1 OL(t)QtIL(t) At

Which is to say that former is the derivative of the |Atter

It is tempting to square equation (81) and take its expectation to get:

P = Exp(3x()dx(t)") = F()PF (1) +L(t)QLT (1

While the second term is a correct expression of the effect of the input noise, the first is not. In
general, the square of the derivative is not equal to the derivative of the square:

P = QExp(x(DBX(D)) # Exp(Bx()5x() )

We must instead write an expressionfor  and take its derivative, or write an expresdi(tjor

1. Assumingthat Q, _, isindependent of At canlead to someinteresting dilemmas. For example, if 1 count
of noise exists on an encoder, the total variance over atime period t is proportional to ./t/ At - so reading the
encoder faster actually increasesthe error for afixed interva t. This behavior is areality. The only limit on
theerror isany practical limitson how small At can be made. Similar commentsapply to spatially dependent
errors. For example, in the absence of image distortion, computed distance errors are reduced in visual odom-
etry by waiting until subsequent images barely overlap.
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and take its expectation and derivative. Thisis derived in several textsincluding [4] and the result
is known as the linear variance equation:

Linear Variance Equation.

. T T| Expresses first order dynamic (82)
P(t) = F(YP(t) + P(YF(t) +L(t)Q(t)L(t) |behavior of random error for linear

and nonlinear dynamical systems.

Notethat while individual components of the state covariance may increase or decrease, the overall
character of the equation is such that the third term requires the norm of P to increase over time.

444 Vectorization

The covariance matrix is symmetric by construction. It will be convenient to recast the linear
variance equation in terms of a vector of variablesinstead of a matrix. This can be easily done by
reorganizing the equations. Clearly, there isa scalar equation generated for each element of P. All
but the diagonal elementswill be repeated twice, so we need only write out the diagonal and all of
the elements either above or below it. For an N X N matrix, there are N+ N(N—1)/2 unique
eguations.

We can represent this equivalent system as follows:
.2 ~ 2 ~ 2 83
Gy (t) = F(Dog(t) + L(1)a, (1) ®39

The new Jacobians are based on the earlier ones but are now larger and they contain more zeros.

445 Sochastic Error Propagation with a Process Noise Obser ver

Consider now a situation where an observer is present. Perturbing the observer in equation (1) we
have by analogy™;

5z(t) = H(t)dx(t) + N(t)dw(t) (84)

Where the observer Jacobians are:

H) = 2h N = 2h (85)

X X

If the statistics of dwW/(t) are not known directly but those of dz(t) are, we can solve for the
measurement covariance Q in terms of the covariance in the observations R and the state P.

1. Note that thisformulation is not the standard noise corrupted observer of the Kalman filter. Here we are
assuming that the process noise is observable. In fact, because we are using the input u to model the sensors,
it is perhaps more appropriate to consider dw(t) to be the measurement noise instead of the process noise.
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First, let us define:

R = Exp(8z()52(t)")

And then take the second moment of equation (84) suppressing the time dependence notation
temporarily:

R = Exp{8z5z'} = Exp{[Hdx + N&v][Hdx + Noy] '}

Writing out the right hand side:

R = HExp{ 5>_(6>_<T} H' + HEXxp{ 5)_(5\/_VT} N+ NExp{ 6v_v5>_(T} H' + NExp{ 5v_v6v_vT} NT

If the process noises are uncorrelated with the state noise:
R = HPH' +NON'
This matrix equation can be solved for Q as follows:
NON' = R—HPH'
NONT[R—HPH'] " = |
NONT[R—HPHT] N = N
ONT[R—HPHT] N = | 1

Q = [NT[R—HPHT]_lNJ

Substituting this into the linear variance equation we have:
-1

. -1
P=FP+ PFT+L[NT[R—HPHT] NJ L' (86)
When N is square this becomes:
P = FP+ PF +L[N “[R=HPH'IN'JL'
(87)

B=FP+ PP +LN RN L LN HPHINTTLT
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And when H isthe zero matrix we have:
P=FP+PF +LN'RN'L' (88)

This is of same form as the origina variance equation with modified matrices and the
measurements acting as the input:

P(t) = F()P(1) + P()F(t) +L(t)Q(t)L(t)" (89)
where:

Q(t) = NIRN' (90)

By sequentially writing out only the unique equations in each matrix, this can also be written in
vector form as:

oy, = N(t)o? (91)

4.4.6 SolutiontothelLinear Variance Equation

Whileit is possible to vectorize the linear variance equation, compute the vectorized Jacobians, the
transition matrix, and ultimately the solution, a more direct route is available [6]. If D(t, to) IS
the transition matrix for the original deterministic system dynamics, then the stochastic equivalent
of equation (55) is:

t

P(t) = B(t, t)P(t)® (1, 1) + ICD(t,T)L(T)Q(T)LT(T)CDT(t,T)dT (92)

[

Matrix Convolution Integral. General solution to the linear variance equation.

The heuristic derivation proceeds by taking the expected value of the second moment of the
origina deterministic solution where the state is considered a random variable as a result of the
random forcing function w(t). A rigorous derivation requires the use of stochastic calculus but
the result is an ordinary matrix integral which expresses the time evolution of the system
covariance matrix as afunction of theinitial conditions and the inputs.
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45 TheDiscrete-Timel inear System

Often, asystem needsto be expressed in adiscrete-time form in order to represent it in acomputer.
Sometimes the state equations are given in discrete form and other times they are generated by
discretizing a continuous system.

451 Linear Sate Equations

If we are interested in a discrete-time representation, then the values of the vectors and matrices
are known only at discrete times and the state equations take the form.

X +1 = FiXe * Gy

Z, = Hxe + My

Here, the equations have smilar form and similar meaning to the continuous case - with one
exception. Note that F(t) maps a state onto a state derivative while F, maps a state onto a state.
Also, whereas the continuous-time equations are differential equations, ltﬁ1e discrete-time equations
are recurrence equations.

45.2 SolutiontotheLinear State Equations

The solution to the state recurrence equations can be easily discovered by inspection by writing out
thetermsas k increases from 0 to some general value n and noticing the pattern. The result of this
tedious but straightforward exerciseis.

dﬂ—l 0 n n-1
- U
xn = a[ Fro* Y| [ FolCuu
q =0 U k=0Lp=k+1
By analogy to the earlier continuous-time result, the discrete-time transition matrix is:
n-1
ch,k = |_| Fp
p=k
So the solution can be written as:
n
Xn = ch, %o ™ Z ch,k+1Gkuk
k=0
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45.3 Solution for Commutable Dynamics

It is always possible to rewrite the system dynamics matrix as follows:

F, = 1+R,

by simply solving for Rk' If we suppose that Rk Is of the same structure as equation (62), then
al powers and cross-products for any two values of k will vanish. Note, in particular that under
these conditions:

n-1

n-1
ch,k: |_|(I+Rp):(|+Rk)(|+Rk+l)“':|+ ZRD
p=k p=k

and we have converted a product into a sum as aresult. Let this specia transition matrix and sum
be denoted as follows:

n-1
Tok = +Ryc= 1+ 5 Ry
p=k

4.6 TheDiscrete-Time Nonlinear System and its Linear Perturbation
Nonlinear discrete-time systems are similar to their continuous-time counterparts.

4.6.1 Nonlinear Sate Equations

The nonlinear form of the state equationsis:
X+ 1 = F(X0 U, K)
z, = b(x,. k)

Even though a closed-form result for the nonlinear case is not available, numerical solutions are
available by direct recurrence on the first equation:.

Xq = f(Xg Ug 0)
Xy, = f(xq, U5, 1)
f(x,, Uy, 2)

X3

4.6.2 Perturbation Theory

We can also model the behavior of a small “perturbation” about a known solution to the discrete-
time state equations. Assume that a nominal imwt and the associated nominal )_;Qlution are
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known. That is, they satisfy:
X +1 = f(X Uy K) ®3
Suppose now that solution is desired for aslightly different input.
Uy = U+ Oy
Designate the solution associated with this input as follows:
X = X+ Ox,
The state perturbation is again the difference between the perturbed and nominal state. Thisdightly

different solution, by definition, also satisfies the original state equation, so we can write:

Xir1 = Xea 1+ 0% g = TX +0X,, Uy +0Uy, k)

An approximation for 6)_(k will generate an approximation for )_(’k . We can get thisapproximation
from the Taylor series expansion as follows:

(X + O Uy + 0Uy, K) =1(Xy, Uy, K) + F 0% + Gyouy

where the two new matrices are the Jacobians of f with respect to the state and input - evaluated
on the nominal trgjectory:

=9
k a)_( -
At this point, we have:

X1+ ¥y g 71Xy Uy K) + FOXy + Gyouy

Finally, by cancelling out the original state equation (93), there results a linear system which
approximates the behavior of the perturbation.

N 11 = PO + GOy,

All of the solution techniques for linear systems can now be applied to determine the behavior of
this perturbation.
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4.7 Sochastic Error Propagation for the Discrete-Time Nonlinear System
Discrete time systems can be modeled deterministically as:

X = P Xp_ g M qU g+ AWy

The corresponding covariance propagation equation when W is awhite noise sequenceis:

_ T T
Py = PP 1Pr 1+ A _1Qu 1M1

where:

T _ T
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5. Approximate Error Dynamicsin Odometry Processes

Systems that have “dynamics” are described by differential equations. It is fundamental that such
systems behave in a manner that is described by the solutions to those equations - by integrals. As
a result, such systems are also said to have “memory” because the state at any given time depends
on the entire time history of inputs presented to it. Similarly, we have seen that errors influence
such systems in a manner that is also described by a differential equation and so errors themselves
possess dynamics.

Odometry is a process for which errors behave in this manner. Error propagates in such a way that
the current error depends not only on the current input errors, but also on the entire time history of
errors since the point at which the state was last known directly (the initial conditions). Once an
error is injected into the system, its effects may be felt forever unless some other future error
happens to cancel its effects. This section determines the linearized error dynamics of odometry for
the most general case.

5.1 Odometry Error Propagation

We can use perturbation theory to model the propagation of systematic error in linear systems and
even in nonlinear systems such as odometry. Unlike the exact solution discussed in the previous
section, however, perturbative techniques provide only first order behavior. So long as the errors
remain “small” however, the linearized solution is an excellent one.

In order to reduce the complexity of expressions, the following notation will be used throughout:

Ax(t, T) = [x(t) —x(1)]
Ay(t, 1) = [y(t) —y(1)]

(94)

The process to generation of solutions is as follows. First, the nonlinear state equations are
linearized to produce the relevant Jacobians to appear in both the linear perturbation equation and
the linear variance equation. The differential equations are repeated here for reference:

X(t) = f(x(t), u(t), w(t),t) Nonlinear Process Dynamics
z(t) = h(x(t), u(t), v(t),t) Nonlinear Observer

Ox(t) = F(t)dx(t) + G(t)du(t) + L(t)dw(t) Linearized Process Dynamics
oz(t) = H(t)dx(t) + M(t)du(t) + N(t)dv(t) Linearized Observer

The relevant Jacobians are

F(t) = %f G(t) = L(1) = %t
D¢ D¢

H(t) = aih M(t) = N(t) = aiwh
<, W
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The process Jacobian F(t) is used to derive the transition matrix for the system. Then, using this
and the Jacobians, the solution equations are the vector and matrix convolution integrals:

t
X(t) = ®(t, ty)x(to) + [Pt )G(N)uU(T)dr

t, .
P(t) = B(t, ty)P(tg) P (t, tg) + [ LE)QE)L (1)@ (¢, T)dr
Lo

In al cases considered, the echelon form of the equations means that they can be solved in closed
form by back substitution. However, the process is tedious and not very illuminating and it does
not eliminate al self-references as adoes atransition matrix solution, so we will pursueatransition
matrix solution.

5.1.1 Direct Heading Odometry
We will consider first the direct heading case of equation (14).:

E{X(t)} _ {V(t)cose(t)}
dtiy(t))  [Vv(t)sinB(t)

The Jacobians arel:

F(t) = {Oﬂ G(t) = L(t) = {Ce(t) —V(t)se(t)} (95)
00 sB(t) V(t)se(t)

The transition matrix istrivial for this memoryless case:

Ot 0
d(t, 1) = expg F(Q)dZO = exp[0] = |
. 0

1. Throughout the rest of the document we will at times use the notation €6 = cos®  sB = sin6 and
explicit expression of dependence on time will at times be suppressed to reduce clutter.

Some Useful Resultsfor the Closed Form Propagation of Error in Vehicle Odometry  page 50



So the matrix form of the general solution is:

t

0

t

P(Y) = P(0)+j{

Lo

3x(t) = 3x(0) +I{

C
s Vco

cO -VsO||dV dr
sO Vco

06

0 —VSG} Oyv Ove {CG -Vs
Oye %00 sB Vco

-
6} dt

(96)

Here, because the system is memoryless, we could have written this solution by inspection.
Multiplying out the matrix expressions and vectorizing leads tol;

t t

[ 3V ch)| of VB3| .
5V's8 Vc6s8

0 0

5x(t) = {&((O)} +
3y(0)
0,,(0)]

0x(t) = |o,, ()] + [
_oxy(O)_ 0

c26 -Vs20 V2526
326 Vs20 V2c26

0-VV

Gve

cBs6 Vc26 —Vzcese_

%60

dt

(97)

Substituting the original differential equations into this allows us to make the substitutions:

dx = V(1)cosb(t)dt

dy = V(1)sn6(t)dt

1. Throughout the document second order expressions in the trig functions like c29, 329, c0s6 and double
angle trig functions like ¢20, s26 will be freely intermixed athough either form can be converted to the

other. Compactness of expression will normally drive the choice.
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Separating contributions from various error sources leads to:

t
_ |3x(0)| , r|8Vce —50dy
Bx(t) = d
*0 Ly(oj gl LVSG} | L’)edx}

0 X
2 2
) oxx(0)|  t] c2g tvs26 tl vise (98)
(1) = |0y, (0)] +[| 24 |0y dT+ | Vs28 |Oyedt+ [| 2.2 |Ogellt
0,y (0)|  0lcosp o[ Vc28 0| _\/%cos0

All three forms are the genera (linearized) solution for the propagation of systematic and random
error in 2D direct heading odometry for any trajectory and any error model.

5.1.2 Integrated Heading Odometry

We will consider next the integrated heading case of equation (15):
q x(t) V (t) cosO(t)
gt y(t)| = | V(t)sinB(t)

B(t) (1)
The Jacobians are:
0 0 —V(t)sB(t) cO(t) 0 (©9)
F(t) = |0 0 V(t)co(t) G(t) = L(t) = |sB(t) O
00 0 0 1

This F matrix is of the form of equation (62) and it therefore has two extremely important
properties. Firgt, its second power vanishes. Second, it satisfies the commutative dynamics
condition.

The dynamics integral matrix is:

t 0 0 -Ay(t, 1)
R(t,T) = I F(Q)dL = |0 0 Ax(t, 1)
T 00 O
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Next, the transition matrix is:

10 -Ay(t, 1)
P(t, 1) = exp[R(t, T)] = 1 +R(LT) = |01 Ax(t, 1)
00 1

The matrix ®(t, 1) is just the Jacobian of the transformation relating changes in the pose
[x(1),y(t),0(t)] to emors [OX(T),dy(T),d0(T)] occurring a the pose
[x(1), y(1), 6(T)].

Therefore, we have the product:

10 -Ay(t, 1) |cO(t) O cO -Ay(t, 1)
P, T)G(t) = [0 1 Ax(t, 1) |[sB(t) O] = |sB Ax(t, 1)
00 1 0 1 0 1

Henceforth we will use the following notation to save space:

10 —y(t) 1 0 —y(1)] | Txx(0) Txy(0) Oyg(0)|[1 g _y(p)|"
ICy = 01 x(t) [8%(0)  1Cg = |0 1 x(1) ||Oxy(0) 0,,(0) 0,6(0)[{0 1 x(t)

00 1 00 1 J]6,4(0) 0,4(0) 0gq(0) (00 1
10 0-2¢(H) 0  y(1)?2 1]9)
oyy(O)

010 0 2X) x(1)?
ic =001 ) —y(t) Xy [T
% 1000 1 0 -y} |[o,p(0)
000 0 1 X} |lo,(0
000 0 O 1 Gg6(0)

The matrix form of the general solutionis:

t cO -Ay(t, 1) 5V
ox(t) = Ed’LI s Ax(t, 1) { }dT

ol O 1 (100)
tlco Ayt g o cO —Ay(t, 1) !
P(t) = 1Cs+[|s8 Ax(t, 1) [ W V(ﬂ sB Ax(t,t)| dr
0| 0 1 Vo Twwl |0 1
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Multiplying out the matrix expressions and vectorizing leads tol;

t t
cO -Ay(t, 1)
ox(t) = §d+I sgldVdr +I Ax(t, T) | Ot
oLO 0 1
- - (101)
029 —2Ay(t, 1)cO Ayz(t, 1)
t| s°0 2Ax(t, 1)sO sz(t,r) Oyy
o)z((t) = E:S+I cOsB Ax(t, T)cB —Ay(t, T)sb —Ax(t, T)Ay(t, 1) |0, T
i ol O co —-Ay(t, 1)
0 0 AX(t, T) we
e 0 1 |
Separating contributions from various error sources leads to:
t t
cO -Ay(t, 1)
ox(t) = §d+I sg|dVdr +I Ax(t, T) |dwdt
0l0 0 1
S i . - , q (102)
c o —2Ay(t,T)cH Ay~ (t, 1)
t| %0 i 2Ax(t, 1)s0 t sz(t,r)
Ou(t) = IC -+ [|c8sB| o, ar + [|AX(ETICO—AY(LTIO 6 ar + [l -Ax(t, T)AY (1 1)] 0 0
of O 0 c0 o| —Ay(tT1)
0 s0 AX(t, T)
L 0 - - 0 - L l -

All three forms are the genera (linearized) solution for the propagation of systematic and random
error in 2D integrated heading odometry for any trajectory and any error model.

5.1.3 Differential Heading Odometry

We will consider next the integrated heading case. There are several potential routes to a solution.
The most tedious is to define a new input vector and associated new F and G matrices, and
recompute the result from scratch. Next, we could use the states of the integrated heading case and
solve for an equivalent set of integrated inputs. This last case is an ad hoc approach to using an
observer, so instead this case will be used to illustrate the use of the observer formulation.

1. Throughout the document second order expressions in the trig functions like c29, 329, c0s6 and double
angle trig functions like ¢20, s26 will be freely intermixed athough either form can be converted to the
other.
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The system dynamics are therefore the same as the integrated heading case given in equation (15):
q x(t) V (t) cosO(t)
gily(®) = | V(1)sinB(t)
0(t) (1)

The observer is of the form of equation (16):

Vi@ _ 1 w2l v (103)
Vi) [1-w/2) )
The relevant Jacobians are:
0 0 —V(1)s8(t) co(t) 0
F() = [0 0 V(H)ch(t) G = L1 = 1so(t) 0
00 0 0 1
(104)
H(t) = {0 Oj M(t) = N(t) = {1 W/Z}
00 1-W/2

The left pseudoinverse reduces to the inverse in this case of a square M matrix:

1/W -1/W

Referring to equation (74), the F matrix is unchanged whereas the new G matrix is:
G(t) = (hm"!

Using this allows us to treat the measurement vector 0Z(t) astheinput.

Similarly, following equation (90), we can use the measurement covariance R instead of the
process noise covariance Q if we substitute the following for L :

1

L(t) = LN"" = G(t)
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These new matrices are:

c60 c6/2 cB/2
~ — 1 ) — 172 1/2 | _
G(1) = L) = |s8 0 = |s8/2 s8/2
/W -1/W
01 /W -1/W
Therefore we have the product:
. 10-Ay(t,1)||cB O 1/9 1/9 cO —Ay(t, 1) % %
D(t, T)G(t) = |0 1 Ax(t, 1) ||sB O { } = 1B Ax(t, 1)
/W -1/W 1 1
00 1 01 0 1 ARTY
The matrix form of the general solutionis:
oo —ayt || 2 215y
ox(t) = ICd+I s Ax(t, 1) 2 2 "l dt (105)
B o 1 ||V
0 W VV_ ;
tlco =Ay(t, 1) 11 11 cO —Ay(t, 1) !
— 2 2 0-rr 0-rI 2 2
P(t) = 1Cs+[|s8 Ax(t, 1) s Ax(t,1)| dt
oo 1 Vi\/_vi\/ Oy Oy V%/_i 0o 1

11 .
5V _ |2 2|9V
oW _ 1 1|9V,
equiv vy i
q W w (106)
r . B 1T
11 11
W UV _ |2 2 O Oyl 2 2
Ovw ww _ 1 _1 Gy Oy 1 1
equiv. W W W w|

Multiplying out the matrix expressions and vectorizing leads to:
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_@_Aygt,rz_ _@+Aygt,q_
t] 2 W t| 2 W
8x(t) = 1C + |2+ BXLT) gy g + |20 _AX(LT) 5y dr
—d JI2 w 2 W
o1 I
W W
o : - o (107)
c’e —2Ay(t,1)cH Ayz(t,r) 1 1 1
t| s°0 2AX(t, T)s8 AX(t, )2 4 2 4 Oy
oi(t) = §S+I c0sB Ax(t, 1)cB —Ay(t, 1) —Ax(t, T)Ay(t, 1) %v 0 —ﬁv o,|dt
ol O co —Ay(t, 1)
1 -2 1 ||
0 s0 AX(t, 1) — 5 3
0 0 1 (W™ W™ W |
Separating contributions from various error sources leads to:
t t
cO -Ay(t, 1)
ox(t) = §d+_[ s6 6V|equivdT +I AXx(t, 1) e-)(*)|equivdT
(108
olL0 oL 1 _ _
%0 [ —2Ay(t,T)cH | Ayz(t, 1)
t| 20 t 20X(t, T)s6 t sz(t, 1)
2 _ Ax(t, T)cO —Ay(t, T)sO _
O, (1) = E:S+J' c6sb|a,, equivdr +J’ - ovm‘equivdr +J' Axft, T)Ay(t, 1) oww‘equivdr
of O 0 0 Ay(t, 1)
0 s0 AX(t, 1)
L 0 . - 0 - L l .
Where:
+ —
sV = (0V, +dV)) 50 _(8v,-dv)
equiv 2 |equiv W
s _ (0 +20,+0y) _ (0420, *0y) _ (@ —9y)
‘ 4 ww‘equiv W2 V(*)‘equiv 2W

Vv .

equiv

All forms above are the general (linearized) solution for the propagation of systematic and random
error in 2D differential heading odometry for any trgectory and any error model.
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5.2 Discussion

The integrated heading case will be used to illustrate some general conclusions. The solutions are
repeated here for reference:

10 —y(t) ‘o —ay(t, 1) "y
Ox(t) = |01 x(t) 6>_<(0)+j sO Ax(t, 1) L }dT
00 1 ol 0 1

10 —y ()] | Txx(®) G4y (0) 0,6(0)|[1 0 —y(p]" t[co —ay(t, 1) o o 1lce _ay(t, o)
P(t) = |01 x(1) ||Tyx,(0) 0,,(0) 0,(0){0 1 x(t)| *[[s® Ax(t 1) [ w V‘ﬂ 0 Ax(t,T) | dt

00 1 O'Xe(o) oye(O) O'ee(O) 00 1 ol 0 1 vo Ywal | g 1

5.2.1 General Interpretation

Each solution consists of a state (initial conditions) response as well as an input response. The
solutions are vectors and matrices consisting of scalars which are line integrals evaluated on the
reference trajectory. These line integrals are also functionals which may or may not be integrable
in closed form. In the event they are, path independent errorsresult. In the event they are not, path
dependent errors result.

5.2.2 Path Independence

Recall that path independent terms must vanish upon return to the start point. The termsinvolving
the initial conditions in all solutions are path independent. In the case of a large initial heading
error, for example, all traces of arbitrarily large errors during excursions which are linear in
excursion will be gone when returning to the start.

5.2.3 Path Dependence

For path dependent errors, their influence can be likened to moments of error evaluated over the

trgectory. Integrals like:
t

I[x(t) —X(1)]dw(1)dt
0

are equivalent to the first moment of rotation error evaluated on the path. Integrals like:
t

I5V(T)COSG(T)dT
0

are equivalent to the first coefficient of the Fourier series of linear velocity error. Such moments
(at least the first order ones) can potentially vanish on symmetric trgectories. The integrals in
stochastic results are similar but of second order.
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When the indicated errors are constant, the functionals become properties of the state traectory
itself. Such functionals can, of course be treated with the calculus of variations to compute
tragjectories for which error is maximized an minimized.

5.3 Derivation by Inspection

Now that the solution is written out, it is clear that it could have been written by inspection. The
initial conditions affect the endpoint error in a predictable manner and the remaining terms amount
to an addition of the effects felt at the endpoint at time t of the linear and angular errors occurring
at each time T between the start and end as illustrated below:

Sty = [cosB(T)i + SinB(T)j]3V (T)dt
Sty = [=Ay(L 1) + AX(L, T)j]56(T)dr

AXx(t, 1)

-~ o=

X Figure5 Error Convolution

Linear velocity errors are projected onto the x and y axes and shifted to the endpoint. Angular
velocity errors are projected to the endpoint by multiplying by the component of radius
perpendicular to the associated axis. The matrix relating input errors occurring at time T to their
later effect at timet is:

ox(t) cO -Ay(t, 1)
\
Sy(t)| = [s6 Ax(t,1) Emgﬂ dt
36(t) 0 1
And this is exactly what equation (100) is integrating. The extension to covariance is also clear.

Using this geometric formulation of error propagation, it is clear how it might be extended to 3D
and higher order approximations beyond the linear.

Some Useful Resultsfor the Closed Form Propagation of Error in Vehicle Odometry  page 59



6. Momentsof Error

Themain results of the last section include integrals which cannot be solved in closed form because
there is no such thing as the general solution of an integral for an arbitrary integrand. These
integrals are functionals evaluated on the reference trgjectory and they are responsible for the path
dependent components of error in odometry. They will be called moments of error because they
are analogous to the moments of mechanics (moment of inertia), statistics (variance) and calculus
(Fourier coefficients).

Just as they are used in these other fields, moments are convenient concepts that permit the
suppression of explicit integrals in our results while notationally encapsulating integral properties
of functions, curves, areas and volumes into an equivalent quantity. Just as the transition matrix
was tantamount to a general solution to odometry error propagation, knowledge of these moments
Is tantamount to a specific solution for a given error model and a given trajectory.

6.1 General Moment of Error

The main moments are easy to isolate in equations (98), (102), and (108). All moments take the
form:

t
U = [ 8y (1 T cos8(r) ‘sine(n) ‘surr - (19

0

where a, b, ¢, and d are integers and the error model dU(T) may be deterministic or statistics of a
probability distribution. Asin earlier sections, the following notation is used:

Ax(t, ) = [x(t) —x(1)] (110)
Ay(t, 1) = [y(t) —y(1)]

The moments of mechanics are volume or areaintegralsof differential mass multiplied by distance
coordinates. Error moments are path integrals of error multiplied by distance coordinates or
trigonometric functions of the path.

They arise as elemental scalar equations of the vector and matrix convolution integralswhich form
the total solutions to deterministic and stochastic error propagation respectively. Each moment
compuites, for adifferential error dU(T) suffered along thetrajectory, the contribution of that input
error to the total state error OX(t) resulting at the endpoint.

In the case of errorsin heading, the expressions AX(t, T) and Ay(t, T) compute the projections
of the radius vector to the endpoint onto the x and y axes. In the case of errors in distance, the
expressions C0SO(T) and SINB(T) compute the projections of the differential translation error
vector onto the x and y axes.
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6.1.1 Order of a Moment
The order of the moment is defined as:
O[U(t)] = a+b+c+d

We will only need moments of the first and second order. First order moments apply to
deterministic errors and second order moments apply to stochastic errors.

6.1.2 Momentsof Duration, Excursion, and Rotation

When the error model Ou(T) takes simple forms, error moments become intrinsic properties of
reference trgjectories. In this case, they are also analogous to the integral transforms of calculus
like the Laplace and Fourier transforms - and they can be tabulated for any trajectory.

When the error model is proportional to time, we have:

du(t)dt = kxdrt

Ignoring the constant factor, the associated moment will be called a duration moment and takes
the form:
t

T(t) = IAXa(t, T)Ayb(t, T) cose(r)csi ne('[)dd'[ (111)
0

When the error model is proportional to linear velocity d&/ dt, we have:

du(t)dt = kx (d§/dt) xdt = kxd¢

Ignoring the constant factor, the associated moment will be called an excur sson moment and takes
the form:
S

S(s) = IAxa(s, £)Ay (s, £)cosB(£)Csing (&) de (112)
0

When the error model is proportional to angular velocity d{/ dt, we have:

du(t)dt = k x (dZ/dt) xdt = kx di

Ignoring the constant factor, the associated moment will be called a rotation moment and takes
the form:
0

o) = [ Ax3(8, )AYP(8, 7) costCsingdde (113)
0
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6.1.3 Moment Notation

Following standard notation for the moments of mechanics and statistics, we will write strings of
potentially repeated subscripts to indicate the exponents a, b, ¢ and d. For example, a first order
excursion moment is:

S

Sy = [Ix(9)-x(8)]dg
0

Whereas two second order excursion moments are:

S S
Syy = [Iy(s) = y(&)]) ek Syo = [1x(s) ~x(£)] cosB(E)
0 0

The moment at the left is a principal second order moment because its subscripts are equal. Such
moments have specia properties. The one on the right is a cross moment.

6.1.4 Classes of Moments

We will differentiate three different classes of moment:

« spatial moments: depend only on the spatial coordinafes(t, T) Anydt, T) :
« Fourier moments: depend only on the rotation coordinate throagis0(T) gnd (1)
 hybrid moments. depend on both spatial and rotation coordinates.

Spatial moments are related to power series coefficients of the path whereas Fourier moments are
actually equal to the coefficients of the discrete Fourier series of the error model.
6.1.5 Treatment of Dummy Variables

The dummy variables of integratioh ¢  afd must be treated correctly. They are used to
differentiate the variable of integration from the variable appearing in the limits of integration.

For example, the spatial moments incorporate the projections of the radius frvestothe
endpoint rather than from the initial position, and this means a second dummy variable is needed
to distinguish the endpoint from the integration variable. The first spatial moment is evaluated as
shown in the following example:

t t t

3x(t) = [Ax(t Dt = [[x()-x(D]dr = tx(1) - [x(V)cr (H4)
0 0 0

Such moments can, as shown above, be converted to moments from the initial position by
subtracting the total moment of the endpotixt((t) in the example) from the initial point moment.
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6.2 Moment Definitions

This section provides explicit definitions for al first and second order moments that we will
require.

6.2.1 Spatial Moments of Trajectories

The spatial excursion, rotation, and duration moments are:

s 0 t
S, = [Ax(s &)de O, = [Ax(8,{)dC Te = [Ax(t D)dt
: 8 ?
S, = [By(s §)ck Oy = JAy(8, Ok T, = [Ay(t )du
0 Og 0, (115)
Sex = [AX(s,E)°CE O = [BX(8,0)°aC T = [Ax(t 1)
0 d 0
Syy = [By(s &) Oy, = [AY(8,0)°d T,y = [Ay(L )
% 6 0
Sxy - _[Ax(s,E)Ay(s,E)dE G)Xy = IAX(G,Z)Ay(G,Z)dZ TXy = IAx(t, T)Ay(t, T)dt
0 0 0

The second order rotation moments are plotted below for a constant curvature arc trgjectory in
order to illustrate the behavior of the spatial moments.

Spatial Moments
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Figure 6 Spatial Moments

In the figure the letter Q is the plotter’s rendition of the syntBol . Clearly, these moments are not
monotone over a trajectory, so they can exhibit local extrema. The two principal moments seem to
trade places in achieving local maxima and minima.
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6.2.2 Fourier Moments of Trajectories

The Fourier excursion, rotation, and duration moments are:

s 9 t

S, = Icoseds = X(s) o, = IcosGdG T, = Icosedt
s 3 0

S = [sinbds = y(s) O, = [sin6de Ts = [sinfdt
G 0, 0,

Sy = fe'6ds O = [c°0de Tee = [0t (116)
2 Q 0

S = | s"6ds O = Iszede T = J'SZGO't
2 9 Q

S = Iseceds o, = Isecede T = Isecedt
0 0 0

The second order rotation moments are plotted below for a constant curvature arc trgjectory in
order to illustrate the behavior of the Fourier moments.
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Figure 7 Fourier Moments

The principa moments here are monotone as would be expected because their integrands are
aways positive.

Some Useful Resultsfor the Closed Form Propagation of Error in Vehicle Odometry  page 64



Certain double angle moments can also be defined for convenience, but they are not independent

of the above moments:

S

S

Sy, = Isin(ze)ds = ZIseceds = 28

0
0

O, = [sin(28)de
G
Ty = [sin(28)ct

0
s

Sep = [cos(20)ds = I[cze—sze]ds

0
0

O, = [cos(20)d0 = I[cze—sze]de

0
t

T, = [cos(26)dt = [[c’6—s"B]dt = T, —T

0

6.2.3 Hybrid Moments

0
0

2[0cOd0 = 20

P
2[sBcOdt = 2T

0
s

1
w

0
0

I
O]

0
t

ss
0

The Hybrid excursion, rotation, and duration moments are:

S
Sic = IAx(s, &)code

0
s

S = IAx(s, &)sbde

9

Syc = IAy(s,E)cedE
0
S

Sys = IAy(s,E)sedE
0

0
Oyc = [OX(8,{)cous

8

Oys = [AX(8,7)s00

8

Oyc = [By(8,{)cods

%
Oy = [Ay(8,{)s0d8
0

t
Tye = IAx(t, T)cOdt

0
t

T, = IAx(t,r)sedT
P
Tye = IAy(t,r)cedr

0
t

Tys = IAy(t, T)s0dt
0

(117)
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The second order rotation moments are plotted below for a constant curvature arc trgjectory in
order to illustrate the behavior of the Hybrid moments,

Hybrid Moments
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Figure 8 Hybrid Moments

None of these moments are monotone. They exhibit harmonic behavior resulting in distortions of
the pure input frequency.

6.3 Interrelationships

We can expect error moments to be related to each other in all of the diverse ways that Fourier
coefficients are related to each other. Some important relationships are outlined below. In order to
save space, only the excursion moments will be covered but analogous relationships exist for the
duration and rotation moments.

6.3.1 Time-Space-Angle Relationships

When linear or angular velocity is constant with respect to the integration variable, many obvious
relationships exist between these moments. When curvature is constant, the following relationship
holds for any rotation and excursion moment with equal subscripts:

— 118
Oy = KSy (118)

Similarly, when linear velocity is constant, the following relationship holds for any duration and
excursion moment with equal subscripts:

Sy (119)
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6.3.2 Rotation Moments

The rotation moments require no assumptions to integrate their trigonometric integrands so they
areinterrelated in diverse ways. For example:

) ) 0
O = Iczede = Icecede = cBsh +Isesed9 = cBs6 + O
0 0 0

6.3.3 Special Trajectories

Also, when linear or angular velocity or curvature are constant with respect to the integration
variable, many moments yield to integration by parts in a manner that is intrinsic to the rotation
moments. For example, when curvature is constant

S S
Sec = Icecedé = RchG—IchGdE = RSB + S,
0 0

6.3.4 Double Angle Related to Fourier

A relationship between double angle Fourier moments and second order moments was mentioned
earlier. It isrepeated here:

S S
Sy, = Isin(ze)ds = ZIseceds = 2S¢
0 0
S S
Sep = [cos(26)ds = [[c°0-s6]ds = S, —Sg
0 0

6.3.5 Derivativesof First Order Spatial Moments

Consider thefirst order spatial excursion moments. These can be written:
S S S

S, = [AX(s, )& = [[x(9) ~x(E)IcE = sX(9 — [x(&)ck
0 0

0
Sy = [Ay(s €)de = [[y(s)-y(&)]de = sy(9) —[y(&§)dg
0 0 0
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Using Leibnitz rul el on the second terms, the first derivatives are:

d_SX = X(S) +sx'(s)—x(s) = sx(9 = scos6

ds (120)
ds :

g5 = V(8) +sy(9-y(s) = sy(9 = ssind

In general then, the first moment gradient is the projection of distance travelled onto the axis
associated with the moment. Increase occurs fastest when travelling parallel to that axisand critical
points occur when travelling normal to the axis associated with the moment.

The second derivatives evaluated at critical points are:

— = {cose—Kssin9}|COSe:0 = +KS

cosd =0

(121)

— = {sn@ +KscosB} | o, = *KS

sne=0
Hence, the sign of the second derivative at critical points depends on the sign of the curvature.

6.3.6 Derivativesof First Order Spatial Fourier Moments

Consider now the first order spatial Fourier moments. The first derivatives are:

S
dSc d
— el SI cosOds = cosB
ds d

0 (122)

S
s _ dero ,
—[snBds = sin6
asl
0

ds
ds

These behave identically to the spatial excursion moments in terms of directions where the first

1. Leibnitz rule gives how to differentiate an integral. A simple form needed hereis:
X

%J’f(u)du = f(x)
0
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derivative vanishes. The second derivatives evaluated at critical points are:

2
d S, _
N = —Kssm9| _ = %KS
2 cos6 =0
ds B
cos8 =0 (123)
2
d S
S = Kscose| .= *KS
d 2 sin6 =0
S lsne=0

Again, the sign of the second derivative at critical points depends on the sign of the curvature.

6.3.7 Derivatives of Second Order Spatial Excursion Moments

Consider now the second order spatial excursion moments. These can be written:
S S

Sex = [AX(s.8)°dE = [[x(s) —x(8)]"cE
9 0

Sy = [Ay(s O = [Iy(9)-y(D)]ck
9 0 s

Sy = JAX(s €)Ay(s €)dE = [[x(s)—x(&)I[y(s) —y(&)]d&
0 0

Leibnitz rulet applied here gives the first derivatives as:

ds > °
d—sxx = J2x(8) =x(&)]X'(s)dE = 2cosB[[x(s) =x(&)]dE = 200sS,(s)
9 9
ds _ _ (124)
) = [2Y(9-y(®)]y (9)de = 2sinBf[y(s) -y (E)]dE = 2sinBS(s)
9 0
das
= = [IX(8) =x()Y(S) * [y(5) ~y(©)]X(5)dE = SinBS,(s) + cosBS, (5)
0

So the first derivatives of second order spatial excursion moments are related to the first order
gpatial excursion moments. Critical points occur when travelling normal to the associated axes or

when the associated first moment vanishes.

1. A more complicated version of the rule, applicable here, is:
S S

(s &) = [21(s )& +1(s.9)
0 0
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Lets consider just the principal moments SX and S, . Consider the case where the first moment
vanishes. The second derivatives of the principal mo¥r¥ents evaluated at these critical points are:

2
dSs
_ XX = 29 coses (s) = 2[-ksinBS,(s) +scos(92] = scosb’
<2 ds X _ X S, =0
_ S, =0 .
S, =0 x
(125)
dZS
_2yy = Zﬂsinesy(s) = 2[kcosBS, (s) + 5562 = ssing?
ds” | _, ds S,=0 Sy =0

Both of these are nonnegative. When one is increasing most rapidly, the other is zero. This result
says that the moments achieve maxima at points where the first moment vanishes.

Now lets consider just the case when travelling normal to the associated axis. The second
derivatives of the principal moments evaluated at these critical points are:

2
d S, _ 5d _ - 2 _
— = 2—cos0S,(s) = 2[-KsinBS,(s) + scosb" ] = +2kS,(S)
dS _ dS COSG = O COSB = O
cosB =0
(126)
2
d
_Syy = 29 4nes (s) = 2[kcosBS, (s) +ssin92]‘ = +2k S (s)
d52 ds y sne=0 sn=0
sn=0

This result says that either maxima or minima may be achieved when travelling normal to the
associated axis, at points where the first moments do not vanish, provided curvature is not zero. In
other words, the second moments are always critical at alocal extremity of the associated axis.

6.3.8 Derivatives of Second Order Spatial Fourier Moments

The second order spatial Fourier moments again are:

S [ S
— (2 2
See = I ¢ 0as Ss = IS Ods Sy = ISGCGdS (127)
0 0

0
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Thefirst derivatives are:

S

ds d,.2 2
¢ =2 (c"0ds = c“B
ds ds[
0
ds ° (128)
Ss dq2 2
— > = _—[s06ds =560
ds ds[
ds ¢
sc _ d
— > = —[cBsBds = cOsO
ds ds[
0
Critical points occur when travelling normal to the associated axis.
The principal second derivatives evaluated at the critical points are:
dZS
_ ¢c = Ecze = —2KcOsH)| =0
2 ds cosB =0
ds _ cos@ =0
cosB =0
dZS (129)
" s - 4% = 2ks8CB| . _, =0
2 ds ) snB=0
ds o sne=0
sn6=0

so the critical points may be saddle points as earlier graphs have suggested. The third derivatives

evaluated at the critical points are:

3
ds
_SCC = —dESZKcese
ds cos6=0
dSS
__SS = 9okcoso
d53 ds
sin6=0

= —2[K'(s)cOsO + K(cze—sze)]‘Cose _o = 2K529

cosd =0

(130)

= 2[K'(s)cese+K(cze—sze)]‘smezo = 2K029

sn6 =0

These are always positive on non-straight trgjectories, so they are indeed saddle points.
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6.4 Propertiesof Trajectory Moments

The behavior of error moments determines the behavior of errors associated with them. This
section will present some general conclusions about the behavior of errors on arbitrary, reversed,
closed and symmetric trgjectories.

6.4.1 Reversibility and Irreversbility

While time advances monotonically, the differentials ds and dB get their signs from the signs of
the associated linear and angular velocities because:

ds = Vdt do = wdt

For first order moments, in situations where the moment integrand is an even function of distance
or angle and the variable of integration reverses at the midpoint, the associated moment will vanish
upon return to the start point.

For principal second order moments, the differentials are usually considered positive in both
directions of motion in reflection of the fact that the associated sensor variances must remain
positive. Hence, reversal for such momentsisimpossible.

6.4.2 Monotonicity

The principal second order Fourier moments have integrands that are always positive, so these
moments are monotonic over intervals where the variable of integration does not change sign. As
aresult, any variances that are wholly dependent upon them never decrease. Covariances tend to
depend on cross moments and these may vary in sign.

6.4.3 Zerosand Centroids

Moments will be said to have zer os at places where they have avalue of zero. For thefirst spatial
moments, define the spatial trajectory centroids as follows:

X(s) = [x(8)de/[dE = S,/s y(s) = [y(§)de/[dE = S)/s
0 0 0 0

Then, the first spatial moments can be written purely in terms of the path length and distance from
the centroid:

S, = [AX(s, )& = [[X(9) -x(E)Ick = sX(9— [X(E) = L X(9—X(S)]
0 0 0

S, = [Ay(s ©)d& = [[¥(9)-Y(E)IE = sy(9-[y(E)dE = LU -Y(S)]
0 0 0

We can conclude that all first spatial excursion moments have a zero point at the centroid of the
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coordinate signal when expressed as a function of distance. Clearly, centroids for the first rotation
X(8) and duration X(t) spatial moments can also be defined. Some examples for a zero of the x
coordinate moment occurring at the endpoint are shown below:

X X X

Figure9 Some Casesfor zerosof S

The first Fourier moment zeros are immediate because they are just the trgectory spatid
coordinates themselves:

S S
S, = Icoseds = x(s) S = Isineds = y(9)
0 0

These moments clearly have zeros on the coordinate axes and both vanish at the origin.

6.4.4 Behavior on Symmetric Trajectories

Appropriate symmetry is a sufficient (not a necessary) condition for the origin to be a zero of the
first spatial moments. As a result, systematic error components which can be reduced to such
moments will vanish on any path which is symmetric about the origin. The second order cross
moments of all classes will also vanish on closed symmetric paths.

6.45 Loca Extrema

Critical points of the principal second spatial moments S, ,, and , occur at local extremes of
the trgjectory in the direction of the associated coordinate axes and a¥ zeros of the associated first
moments. As aresult, random error (in one direction) that is wholly dependent on such moments
can be expected to exhibit such local extrema.

These conditions are satisfied in particular at the point of closure of any path which is tangent to
an axisand at the point of closure of a symmetric path regardless of axistangency.

The principal second Fourier moments SCC and SSS do not exhibit extrema but the hybrid

moments SXC, SyC’ st and Sys and the cross moments Sxy and Ssc do.
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6.4.6 Conservation

In the next section, we will see that many corresponding pairs of moments have similar terms of

opposite signs - at least on constant curvature tragjectories. Thisis a hint that combinations have
simple forms. For example:

0
Oc;+ Ogs = [[cos8” + sin6”Jde = 6

0

So, these moments tend to trade value back and forth while conserving their sum so that it grows
precisaly linearly for any trgectory.

Another example:
8 ogd 7
O, +0% = gcosﬁdﬁg - gsinedeg = 2(1 - cosh)
0 0

6.5 Momentsof Straight Trajectories

This section tabul ates the moments for the straight line trgjectory developed in equation (18). The
detailed derivations are provided in the Appendices. The trajectory is given by:

x(t) = s(t) y(t) =0 (t) =0
X(s) = s y(s) =0 B(s) =0
X(8) = s(0) y(8) =0 8(6) =0
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The following table gives expressions for the spatial moments

Table 4. Spatial Moments of Sraight Trajectory

Moment Excursion Moment Duration Moment Rotation Moment
S T e
2 2 2
s X vt , Xt
Mx 2 > > | S0 0 0
My 0 0 0 0 0 0
3 3 2.3 2
= X Vi * X_t *
Ilex 3 3 *) 6 *) 0 0
M vy 0 0 0 0 0 0
M Xy 0 0 0 0 0 0
(*) means constant linear velocity assumed
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The following table gives expressions for the Fourier moments

Table 5: Fourier Moments of Straight Trajectory

Moment Excursion Moment Duration Moment Rotation Moment
S T e
X
M, S X t(*) v *) 0 0
M, 0 0 0 0 0 0
M., s X t(*) \5/(*) 0 0
M 0 0 0 0 0 0
M. 0 0 0 0 0 0
(*) means constant linear velocity assumed
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The following table gives expressions for the Hybrid moments

Table 6: Hybrid Moments of Straight Trajectory

Moment Excursion Moment Duration Moment Rotation Moment
S T e

52 x2 st x2

—_— —_— — (* AN £ 3
M ye 0 0 0 0 0 0
M s 0 0 0 0 0 0
M vs 0 0 0 0 0 0

(*) means constant linear velocity assumed

6.6 Moments of Arc Trajectories

This section tabulates the moments for the arc line trgjectory developed in equation (19). The
detailed derivations as well as a convenient table of trigonometric integrals is provided in the
Appendices. The tragjectory is given by:

0(s) = Ks
x(s) = Rsn(ks)
y(s) = R[1-cos(kS)]

K [

pull
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The following table gives expressions for the spatial excursion moments

Table 7. Spatial Excurson Moments of Arc Trajectory

Excursion Moment
Moment S
S, RZ[KSSin(KS) + (cos(ks) —1)] sx(s) —Ry(s)
S, R2[sin(ks) —Kscos(Ks)] Rx(s) + 9[y(s) —R]
2
Sex RYZ[KSEL——COSZZKSE+ i—glsinZKs—ZSin(KS)J S%*'XZE_ RX%_%E
2 2
R cos2ks_ 3 (R 20 (R_yO
Syy - [KS%{ + TD_4S'n2KSJ Sy * (R-y) D_SXREE —%D
2
R[_KSy _3 _1 _ B,2_Rryd
Sxy . [ > sin(2ks) 4cos(2Ks) + cos(KS) 4} xs(y—-R) + R[Qx RyD
(*) means constant linear and angular velocity assumed
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The following table gives expressions for the spatial rotation moments

Table 8: Spatial Rotation Moments of Arc Trajectory

Moment Rotation Moment
O, R[Bsin(B) + (cos(6) —1)] 0x(8) —y(0)
Oy R[sin(B) —0Bcos(0)] x(0) +0[y(0) —R]
2
5 cos20r7, 3. , R, .20 R_3yO
Oy | RYOHL- B2+ Jsin20 -25in6 | of +x2H-xEE -2
cosZGD 3 R 20_ 4y R _YyO
o, [e%u anGJ {e +(R-y)'H-3x -
S RY - Zsin(26) — 3cos(26) + cos(0) - L x0(y —R) + E*3x2—RyD
Xy [ 2 4 4} y [P O
(*) means constant linear and angular velocity assumed
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When linear and angular velocity are constant, the trgjectory is:

B(t) = wt
. _V _
x(t) = Rsin(wt) W=57

=l

y(t) = R[1- cos(wt)]

8(8) = 0
x(8) = Rsin(@)
y(0) = R[1-cos(0)]

Under this assumpti ont, the followi ng table gives expressions for the spatial duration moments.

Table 9: Spatial Duration Moments of Arc Trajectory

Mom Duration Moment
ent T
T, g[wtsin(oot) + (cos(wt) —1)] (*) tx(t) = Ty(t) (*)
Ty g[sin(wt)—ootcos(wt)] *) Tx(t) +t[y(t) —R] (*)
R2 3
Toy [wt%L Coszzwtg4-)45|n2wt—25an( tﬂ:‘; +x25 TxDZ §YD(*)
R2
3
Tyy [wt%L cosZth 4S|n2wt} *) t[R +(R- y) 20_ 3Tx%§ %E(*)
T R—2 —gsin(Z(ot)—gcos(Z(ot)+ cos((ot)—l *) xt(y —R) +TE§X2—RyD(*)
xy (o[ 2 4 4J y (p O
(*) means constant linear and angular velocity assumed

1. The situation with regard to the constant assumptions required to integrate sinusoids like cos(ks) and
cos(wt) isasymmetric. Theassumption w = const (and hence V = const ) must be explicitly mentioned
here while the assumption k = const is built into the constant curvature trajectory so it does not require

mention.
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The following table gives expressions for the Fourier moments

Table 10: Fourier Momentsof Arc Trajectory

Mo Excursion Moment Duration Moment Rotation Moment
ment S T O]
M RsO X Ts0(*) IX 4y s0 X
c R R
M, R(1-cH) y T(1-cO)(*) %(*) (1-cB) é
0,207 | s, X0y _yO| 7[€,8207*y | Trs,.Xg _yO(xy | 8,820 | 8, X[ _yO
Mce R[2+ 4J 2+2 RU T[2+ 4J() 2[R+R RDJ() 2+ 4 2+2R RU
0_s207 | s_Xmy_yO| 1[0_s207(xy | ITs_Xoy _yd* B_s26 | 6_XxX0_yOo
Mss R[z 4J 2 2 RU T[z 2J() Z[R R RDJ() 2 4 2 2R RU
Rs’0 x> 5260, T%ZD . $0 x>
Mgc T2 7R TDZ D( ) > ZD( ) B >
(R0 (2R")

(*) means constant linear and angular velocity assumed

Some Useful Resultsfor the Closed Form Propagation of Error in Vehicle Odometry  page 81



The following table gives expressions for the Hybrid Excursion moments

Table 11: Hybrid Excursion Moments of Arc Trajectory

Excursion Moment
Moment S
2
1.2 2 X
M, . §R sn(ks) >
2lks sin(2ks)C X(R_ BN
M, R @% - E S(R=y) +REH
20 ks, sin(2ks) 0s,,0_X
M, R E— > + 9n(Ks) i 0 RD 2+XD 2(R Y)
2 2
R 2 Y
MyS > { cos(ks) -1} >
(*) means constant linear and angular velocity assumed
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The following table gives expressions for the hybrid rotation moments

Table 12: Hybrid Rotation Moments of Arc Trajectory

Rotation Moment
Moment
C]
2
1.2 . 2 1x
Mye 2R sin(8) >R
MyC R %— i E 2(R—y)+RE2D
20 9, . Siﬂ!ZG!D s, .0 X
M, R E—2+sn(9) 4 U Re 2+XD 2(R y)
R 2 v
Mys 5{ cos(ks) — 1} o=
(*) means constant linear velocity assumed

The following table gives expressions for the Hybrid Duration moments

Table 13: Hybrid Duration Moments of Arc Trajectory

Duration Moment
Moment T
1 2 x2
= ] * —_— (%
M, . 2TRsm(oot) ™) 2V( )
y TRER! - SNt ¢y oo (R=y) + TE)
ye 0 4 C 2V (o0l
M TRE- 2t + sin(eot) — SN20t TS+ x- X (R-y) (%)
xs o 2 4 0 02 "0 2v
2
IR 2 Y
Mys > { cos(wt) -1} () v )
(*) means constant linear and angular velocity assumed
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7. Error Propagation For Specific Error Models

Once specific error models are chosen, error propagation in our earlier general solutions becomes
dependent only on the reference trgectory. When the error models are constant or motion
dependent, errors become expressible in terms of the trgjectory moments of the last section. This
section will re-express earlier results in terms of trgjectory moments.

7.1 Direct Heading Odometry
Substituting the error models of equations (26) and (27) into equation (98) leads to:

= Odometry error
S.(s) —-AS_.(s) —BS_.(s)]] for direct
ox(s) = FX(O)} +a| ¢+ S+ 5S heading case for
oy (0) Sq(s) BS,.(s) AS.(9) || an arbitrary
~ _ ~ _ o ~ trajectory  with
scale factor (131)
5 Oxx(0) Sec(S) Ses(S) tranglation errors
o, (t) = ny(o) + 0| So(S)| + IVIOgg| See(s) and  sinusoidal
COMpass error.
_ny(O)_ _SSC(S)_ _—SSC(S)_

Clearly, since the first order moments are the endpoint coordinates, the second order Fourier
momentstell us everything thereisto know about error propagation in this case. The second order
Fourier excursion moments (both terms) in the second equation must be evaluated for unsigned
distance and constant velocity was assumed in the last term.

The second result can be written in matrix form as:

S5clS) Sec(s)]

V|ogg Sss(s) _Ssc(s)
Sgc(S) Sge(S)

T
P(t) = d(t,0)P(0)P (t,0) +a
> _Ssc(s) Ssc(s)
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7.2 Integrated Heading Odometry

Substituting the error models of equations (28) and (29) into equation (102) gives.

ox(1) = [Cq*alsyn)] *b) Ty (1)
L0 ot
Sec(t) Ty
Ss(1) Tix(D)
al(t) = IC + | SsclD| + 0 Ty (®)
) B 0 _Ty(t)
0 T, (1)
0 t

Odometry error for integrated
heading case for an arbitrary
trgjectory with scale factor
trandation errorsand gyro bias.

(132)

In this case, first order moments determine systematic error whereas second order moments
determine random error. Careful scrutiny of equation (102) indicatesthat all 3 second order Fourier
moments S (1), S (), and S ((t) must be evaluated for unsigned distance.

The second result can be written in matrix form as:

Sce(S) Se(s) 0

Ty () =Ty (1) =T, (1)

P(1) = ®(t, 0)P(O)P (1, 0) + ([ S_(s) S.(5) 0| * Tgg| Ty Tee(® Ty()

0 0

ST (D) Tt
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7.3 Differential Heading Odometry

Substituting the error models of equations (30) and (31) into equation (108) and substituting
equations (41) and (48) into the result gives:

4 O

O
co =Ay(t, 1)
: b'W
ox(t) = E:d+ I e %} ds + =~ doH+ AX(t, 1) |Gy ds+0( dG%

path({ O 1 0

|
g c™6 —2Ay(t, T)cO
E 20 2Ax(t,1)s8
' o, W ! o '
o)z((t) =I1C+ | Ecese g%ds+ —"-g—de% Ax(t, 1)cO - Ay(t, T)s6 D%adsJ,ﬁdeE (133)
h o d o ch 4
pathE|
o o s6
H o i 0 ]
_ , - .
Ay~ (t, 1) E
sz(t,'[)

O Oy O
+ |-Bx(t DAY (L, T)| G2 ds + Egv%dBDD
_Ay(t,'[) DA/ DD

O
AX(t, 1) g
1 0

The second integral is subject to the sign rules of equation (53). However, over intervals where the
wheel velocities do not change sign, we can move the constants outside the integrals in order to
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isolate some familiar moments:

x(s) —S,(s) W ©.(6) —0,(6)
0x(s) = IC + & \y(s)| Ty | Si(s) | T 71 |©4(8)| +U'| ©,(8)
0 S 0 0
See(®) 25,9 | Syy(s)
S«(9) 2S,(9) Syx(9)
0')2((8) = GS—F% Scs(s) +Zj\/\% ch(s)_sys(s) +G—SZ - Xy(s)
. 0 x(s) W™ -S,(s)
0 y(s) Sy(s) (134)
-0 - - _O - LS JOdometry error for
[0,.(0) —20,,(6) 9,,(6) differential  heading
+ 208" 0. (8)] 4 L5 [O4c(0) = Oy(8)) , Tag |=0,(0) sign of velocity and
8 4 0.(8 2W| _o (8
0 (6) —0,(6) scale factor errors on
0 04(6) 0,(8) both encoders.
L 0 | | 0 | . 8 |

When curvature is constant, the expressions involving o’ and b’ can be collapsed into the
congtants a” and 3" as defined in equation (45).
b'W
4R(t) (135)

a’(t) = a'+

") = B -, o
(1) = BV = G5+ gon O©

When curvature is constant and vel ocity does not change sign, the expressionsinvolving 0 .. and
" as defined in equation &?9).

Ggg can be collapsed into the constants Oss Oy , and ogg
O O W
o n(t) — SS + [o]9]
ss 4 8R(t)
[:p. ) GSS’
o, () =g, "V(t) = + t
W0 = 0, VO = [ E A (130

"y = @ _ Mss . Y999
Ogg (1) = Oy V(D) = sz ¥ 2WR(t)§‘/(t)
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Under these substitutions, equation (133) is:

°|co *1-0y(s )
0x(s) = 1C,+a"[|se|dl +b"[| Ax(s, 7) |
0,0 0 1
) [ —2ny(s)ce ] 2y*(s, Q)
s| s2@ s 2Ax(s, {)sO s sz(s, )
0%(s) = IC_+ ag'[|cBs8|dT + 0, ' Ax(s, Q)b - Ay(s 0)sO) +0,,[ |-AX(s, )AY(s )|
o| O 0 Zg 0 -Ay(s ()
0 Ax(s, ¢)
o | I 0 | i 1 (137)
Odometry error for differential heading case for arbitrary trajectory with constant
sign of velocity and scale factor errors on both encoders.
Isolating familiar moments:
Sc(s) _Sy(s)
ox(s) = E:d ta Sy(s) B S(9) Odometry error for
0 s differential
- - r 1 r 1 | heading case for
Sce(S) —25c(8) Syy(s) arbitrary trgectory (138)
S(S) 25,4(s) Sx(8) | | with constant sign
2a = 5 [S..(S) »|Sxc(8) —Sy(9) | =Sxy(s)| |of velocity and
IC
Ox(8) = IC+ s S; O s.(s) "o -s,(s)| |scale factor errors
0 S(9) S,(9) on both encoders.
L 0 | L 0 ] L s |

Clearly this result is identical to equation (132) except for the new cross moments and the
conversion of duration momentsto excursion moments.

The second result can be written in matrix form as:

Sce(8) Se(s) 0
P(t) = ®(t, 0)P(0)®' (1, 0) + a|S_(s) S_(s) O

0 0 O
_ZSyc(S) ch(s) - Sys(s) Sc(s) Syy(s) _Sxy(s) _%/(S)
o g ch(s) - Sys(s) 2%(3(5) Ss(s) + GW“ _Sxy(s) Sxx(s) Sx(s)
S:(9) S(s) 0 —Sy(s) S (s) S
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8. Error Propagation On Specific Trajectories

We have seen that once the error model is specified, error propagation depends only on theinitial
conditions and the moments of error evaluated on the trgjectory. For the error models we have
chosenin our three examples, the error moments reduce to trajectory moments- intrinsic properties
of thetrajectory itself. In such cases, fixing the trgectory followed completely determinesthe error
experienced along the trgjectory. This section will derive the propagation of error on straight and

constant curvature trajectories.

8.1 Sraight Trajectory

Expressions for astraight line trajectory were given in equation (18):

x(t) = s(t)
X(s) = s
x(0) = s(0)

8.1.1 Direct Heading Odometry

y(t) =0
y(s) =0
y(0) =0

8(t) = 0
6(s) = 0
8(0) = 0

Substituting the trgjectory moments for this trgjectory into equation (131) gives the result:

O

_oxy(O) 0

.

o £ B
dy(0) o] [0 |A

0

0

Odometry error for direct heading
case for a straight trgjectory with
scale factor trandation errors and
sinusoidal compass error.

(139)

For systematic error, both trandational errors are linear in distance - but for different reasons. The
x error is due to the translational scale error while they error is due to the constant heading error

that exists for a straight trajectory.

For random error, the covariance matrix remains diagonal. Alongtrack variance increases linearly
with distance. Crosstrack variance also increases linearly under the assumption that velocity is

constant.
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8.1.2 Integrated Heading Odometry
Substituting the tragjectory moments for this trgjectory into equation (132) gives the result:

S 0
ox(t) = IC +ajo| +b|(st)/2
0 t

Odometry error for integrated

B 0 heading case for a straight (140)
0 (szt) /3 trajecto_ry with scale fa_ctor
5 0 translation errors and gyro bias.
0, (t) = 1C +ag| | +0y, 0
A —S O O
0 (st)/2
0 t

For systematic error, constant velocity was assumed for the T, and Txx duration moments.
Alongtrack error islinear in distance while heading error islinear in time. Crosstrack error includes
aterm linear in distance and another term proportional to the duration moment which is quadratic
in time or distance, or proportional to the product of time and distance, for constant vel ocity.

For stochastic error, heading variance is linear in time as was intended. Constant velocity was
assumed forthe T, and T . duration moments. Heading covariance with crosstrack islinear in
distance and time ()ér guadratic in either for constant velocity) in a manner identical to crosstrack
in the deterministic case. Notice that the alongtrack variance is (to first order) linear in distance
rather than time whereas crosstrack variance is cubic in time (or distance for constant velocity).
Thisresult echoes are earlier resultsfor systematic error inthat crosstrack error growswith ahigher
order polynomial than alongtrack.
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8.1.3 Differential Heading Odometry
Substituting the tragjectory moments for this trgjectory into equation (134) gives the result:

0 -
ox(s) = IC +0(’S+E 2 +b’—WO+0(’0
z 4 Ol "wls~72 "2 |0 0
0 S 0 0
B 0| 0 0] 0] 0]
0 0 $/3 0 0 0
o%(s) = 1c_+ 25|0| , Jaa|s’/2 , Gss| 0 | Qe Wlo, Issi0] , Qa0 (141)
X =s 4o 2W| ¢ | w?| o 8 Jo| 4o 2W|o
0 0 2/ 0 0 0
0] | 0 s 0] 0] 0]
Odometry error for differential heading case for arbitrary trgectory with scale
factor errors on both encoders.

For systematic error, all terms are motion dependent. Asin the integrated heading case, alongtrack
error islinear in distance. However, in this case the heading error isalso linear in distance (rather
than time). The crosstrack error involves an excursion moment term so it is quadratic in distance.

Recall that O g’ vanishes when both encoders have identical error statistics so some of theseterms
are due only t% adifferential in the characteristics of the encoder noises. When the encoders have
identical noises, this solution is analogous (after replacing time with distance) to the integrated
heading case. Heading variance and along track variance are linear in distance whereas crosstrack

variance is cubic.
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8.2 Constant Curvature Trajectory
Expressions for a constant curvature trgjectory were given in equation (19):

0(s) = Ks
Xx(s) = Rsn(ks)
y(s) = R[1-cos(kS)]

1
KDR

8.2.1 Direct Heading Odometry
Substituting the tragjectory moments for this trgjectory into equation (131) gives the result:

3x(s) = {6x(0)} H{x(s)} +R _Asin(ks)* +J_{-B[s—sin(2KS)/2]}

3y (0) y(s) Bsin(ks)? 2| A[s+sin(2ks)/ 2] »
B ] 1
0 _
OO gl[8+520/21 y; pI[6-520/2]
o)_((t) = oyy(O) + > [6—5226/2] +T [6+s§6/2]
oxy(O) s 0 -s 0

Odometry error for direct heading case for an constant curvature trgectory with
scale factor trandation errors and sinusoidal compass error.

For systematic error, in addition to linear terms relating to position coordinates and distance
travelled, there are pure oscillation terms that depend only on the distance travelled aong the arc
but which cycle twice per orbit.

For stochastic error, the x-y covariance cycles at twice the frequency of the original trajectory but

does vanish 4 times per orbit (at the top, bottom, left and right “edges” of the circular trajectory).
The variances are composed of linearly increasing terms with additional oscillatory second
harmonic components impressed on the steady growth. Overall, the character of the result is that a
constant probability ellipse will steadily increase in size while rotating twice per orbit of the
original trajectory. The overall influence of each source of error is clear from the constants in each
term. There is a particular case Whﬁgs = |V|099 where the principal variances become
purely linear because the oscillations cancel.
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8.2.2 Integrated Heading Odometry
Substituting the tragjectory moments for this trgjectory into equation (132) gives the result:

- . -
——| sin(wt) — wtcos(wt
o | ot - oteos(an)]
ox(t) = IC +a +b _
—a "y B[(otsm((ut) + cos(wt) — 1]
0 w
- t - ] (143)
sz W+ 29 2]
. mt—SiHZZ(*)t . R[wt%[_coszzm%_ i—isiant—ZsinmtJ
ORNIRE S I PR S 5 .
: —s 2 sinwt w R[Esin(th) +7,c05(2wt) — cos(wt) + ZJ
0
0 —[ sin(wt) — wtcos(wt)]
0 [wtsin(wt) + cos(wt) — 1]
- - L (wt)/R ]

Odometry error for integrated heading case for a constant curvature trajectory with
scale factor tranglation errors and gyro bias.

Constant velocity was assumed for al duration moments. For deterministic error, the heading error
is linear in time whereas the position errors are oscillations of increasing amplitude as time
increases. The linear increase in amplitude is afirst order approximation to the true behavior of a
beat frequency derived in equation (37). Eventually, the amplitude decreases again for the exact
solution. They error also includes alinear growth with time.

For stochastic error, heading variance O 00 increases linearly with time as was intended. The
covariances of translation with heading O 0 and O X include a pure oscillation plus another
oscillation at the fundamental frequency” whose amplitude increases linearly with heading,
distance, or time. Translational covariance O X includes pure oscillations at the fundamental and
second harmonic frequencies. Onetermisa sg:ond harmonic oscillation whose amplitude grows
linearly with heading, distance, or time. The trandational variances O y and O,,,, include terms
of similar character to O X (but there is no fundamental term) but the¥ also incm)ée apure linear
termin distance, heading, gr time which does not oscillate. Both the gyro and the encoder variances
cause these linear termsin the trand ational variances.
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8.2.3 Differential Heading Odometry
Substituting the trgjectory moments for this trgjectory into equation (138) gives the result:

X(s) —R2[sin(ks) —kscos(Ks)]
0x(s) = ICy+a|y(s)| +B R%[kssin(ks) + (cos(ks) —1)]
0 _ . _
] ] 0 sin(2ks)0
Sin2Ks —Rxs- 30 ZZKS 0
ST 0 0 (144)
o KS—%ZKS RE—KS+ Zsin(Ks)——(—ZSin ZZKS E
o) = 1IC+—5—| 5, |+oy,R| T
Smgs %R(Sin(KS)z—{ cos(ks)—1}%)| | Odometry error for
. S (ks differential
o | 1 cos(ks) heading case for

0 arbitrary trgjectory
- - with scale factor

errors  on  both
COSZKS|:| 3
|:KSD1+ 4sm2KsJ encoders.

0, Cos2kKs, 3 o
R|:KSD1——2 D+4sm2Ks ZSII’](KS)J

Loy D

K KS 3 _ 1
R[ > Sln(2K8)+4COS(2KS) cos(Ks) +4J

—[sin(ks) —kscos(Ks)]
[kssin(ks) + cos(ks) —1]
(ks)/(R)

All terms are motion dependent. For deterministic error, the heading error is linear in distance
whereas the position errors are entirely oscillatory but of increasing amplitude as distance
increases. In order to see the analogy with the integrated heading case. Again, some of these terms
are due only to adifferential in the characteristics of the encoder noises.

For stochastic error, heading variance Og mcreases linearly with distance as was intended. The
covariances of trandation with heading G and O, mcl ude apure oscillation aswell asanother
oscillation at the fundamental frequene/y whose amplltude increases linearly with heading,

distance, or time. Translational covariance O, includes pure oscillations at the fundamental and
second harmonic frequencies. Onetermisa s&/:ond harmonic oscillation whose amplitude grows
linearly with heading, distance, or time. The trandational variances 0,,,, and O, include terms
of similar character to 0., (but there is no fundamental term) but the¥ also mcf()ée apure linear
term in distance, heading, or time which does not oscillate. These linear terms arise from both the
mean and differential encoder variances.
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9. Selected Analyses

This section provides afew short analyses which demonstrate the practical utility of our results.

9.1 Local Behavior on Curved Trajectory

Refer to the deterministic error result for integrated heading on a circular trgjectory given as
equation (143):

x(t) —T[sin(wt) — wtcos(wt)]
ox(t) = IC +a|y(t)| +b|T[wtsin(wt) + cos(wt) — 1] (145)
0 t

The reference trgjectory isacircle of radius R centered at the point (0, R) . Thistrajectory has a
vanishing x duration moment at the origin but the y duration moment is finite at the origin. The
solution reflects this asymmetry. To first order, the y error vanishes upon return to the origin
whereas the x coordinate of the perturbed trgjectory lags or leads the unperturbed trgjectory by an
additional distance of Rbt = 21MR(b/ w) for each orbit of the unperturbed trajectory. Thislag
or lead is equal to the gyro bias times the value of the y duration moment for asingle orbit.

For small excursions (0 small), and no initial errors, the trandational errors reduce to:

Bx(1) = [G—QJRsineﬂbt]Rcose - [G—QJR6+[bQJR - aRO = as
W W W

= [a-BTR(1- 0= [q_Plre?+ [h8Tre = &2

Sy(t) = [0( QJR(l c0s8) + [bt]RsiNG = [0( UJRG +[bw}R6 = Zs

which echoes the linear alongtrack and quadratic crosstrack errors of the straight trgectory case.

9.2 Calibrating Integrated Heading Odometry
The two systematic results for integrated heading on known trajectories are:

S 0
ox(t) = Ed+0( ol th (st)/2 Straight Trajectory
0 t
x(t) —T[sin(wt) — wtcos(wt)] Arc Trajectory
ox(t) = IC +aly(t)| +P|T[wtsin(wt) + cos(wt) —1]
0 t

Dependence on initial conditions can be eliminated by defining the start point as the origin.
Calibrating gyro bias can be easily accomplished by integrating the heading output for null input
(stationary vehicle) over along time period and dividing by the time period. The simplest way to
calibrate the scale factor seems to be the x equation from the straight line trgjectory case.
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9.3 Calibrating Differential Heading Odometry
The two systematic results for integrated heading on known trajectories are:

S w| | ow|?. 0 B
ox(s) = §d+o(’ 0 +V_V 32/2 +T ol +a'lo Straight Trajecton
0 S 0 S
_X(S) —R[Rsin(ks) —scos(ks)] _
: . Arc Traject
3x(s) = IC,+a”|y(s)| +B"|R[ssin(ks) + R(cos(ks) ~1)]| o)
0 S

For the linear case, the endpoint errors are indicated in the figure below:

—» a’s -~

Figure 10 Differential Heading Odometry

A vehicle can be driven on astraight trajectory and actual crosstrack Oy and alongtrack &X errors
can be measured. When these values are avail able, we can solve:

Ox = a's = (o, +0a,)s/2 FX} s 1 1 a,
2 = =
_ bs” _ 2 2|3 _S
dy = i (a,—0a)s ™/ (2W) 0 W a,
Inverting the matrix is easy:
W
a _ 1 1 S {5X}
a g _W|[oy
— S_
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9.4 Emergence of Quadratic Behavior

When do the quadratic crosstrack systematic error terms become important? For integrated
heading, if we equate the alongtrack and crosstrack terms we have:

os = bst/2

Solving for time:

t =2a/b
If a = 0.01 and b is3 degrees per hour (typical of MEMS gyros today), it takes 23 minutes for
the crosstrack term to exceed the alongtrack term.

For differential heading, if we equate the alongtrack and crosstrack terms we have:

Solving for distance:
s = 20W/b’

Ifa’ = 0.0l and b’ = 0.0025, and the wheel tread is 1 m, it takes just 8.2 meters of motion
for the crosstrack term to dominate.

9.5 |nstantaneous Gyro Equivalent

Given aparticular gyro bias and transmission encoder scale error and aparticular set of differential

encoder scale errors, which is better? Consider systematic error only. The answer is contained in
equation (45). The instantaneous “integrated heading equivalent” of a particular set of differential
encoder scale errors is:

b'wW

a’(t) = G’+TK('[) (146
() = 5+ ak (O (0

Hence, there is no definitive answer because the result depends on curvature and velocity.
Differential heading is most competitive on a straight trajectory because error grows at the slowest
rate. For this trajectory, we get:

a’(t) = o' = (a,+0a,)/2
() = BEV (1) = (@, - o) (V(1)/W)

So, considering the impact of translational error only, the differential setup is better for
translational error if the average of the two scale errors is smaller than the transmission encoder
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scale error.

The impact of rotational error still depends on velocity. Wider wheel tread helps, but an encoder
can beat any gyro in a runoff by sufficiently reducing the speed - requiring the gyro error to be
integrated over alonger period of time. For realistic speeds, however, the gyro isthe clear winner.

The figure below illustrates a simulated runoff between the two options on a straight trgjectory at
a speed of 0.25 meters/sec. At even this slow speed, the gyro is the clear winner using the specs
from the quadratic behavior analysis.

Gyro vs Differential
18
16
0 14
E12 —+— W0
£ 10 —= differential
£ g
o
= 0
w 4
g
0
Dmhmwm-rc:mhmtrmrmo:-@m
e W A o — = b o O W 00— s k= 3 Wy 00
e Y N B et B oY IRt (R o I i S Y 't B e nE o
Time in secs

Figure 11 Integrated - Differential Runoff
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9.6 Circular Test Trajectory
The closed-form results contained in equation (144) for random error in differential heading
odometry can be rewritten as derived in the Appendix in equation (167):

_ , M s200 ass[sze 0 8,52
Pox = ZR[(aS s S 02 ~6c29 }'ass [ 4J

M. 829 O, 55[526 0 0 s20
2R[(a "W+ 38 - sel =[P 9026}+aSSR[ 4}

Oyy

Oxy [ A= b ss% 8+a 9826 "ss D) (1- CQ)J + aSSR[SZG] (247,

O, = —(@'gg—Db"s)sO + a', 6ch
Oyg = (a'qg—Db"s)(cO-1) +a" BB
Ogg = @S

In order to verify the conclusions of the report, these equations were compared against a direct
numerical integration of the linear variance equation for this case. The resulting trajectories agreed
to within expected numerical integration error. The above equations are the exact solution. these

are plotted below:

Exact Uncertainty

25

-10

Figure 12 Simulated Differential Heading Test Run

In the figure Sqq is the plotter’s rendition of the symb@e . In order from lowest equation to
highest the behaviors are linear ﬁiﬁ first harmonic Wlth linearly increasing amplitude for
andG %0 , second harmonic wit (?lnearly increasing amplltudejg&r and second harmonic

uB/on Ilnearly increasing amplitude foryy aagi(x
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9.7 Asymmetric Test Trajectory

Because so many sources of error cancel on closed and symmetric trajectories, the following
arbitrary trajectory was chosen to assess the linearization error on deterministic errors. This case
was done for integrated heading odometry at a speed of 0.25 m/sec with error characteristics:

3V = 0.01V 3w = 3deg/ hr

In the figure below, the nominal trajectory is black and the perturbed is white. They can barely be
distinguished at full scale.

r-J

Figure 13 Simulated Integrated Heading Test Run

The exact nonlinear error was computed by corrupting the inputs, solving the nonlinear system
numerically, and subtracting the reference trajectory. Estimated error was computed using the
vector convolution integral. According to it, error propagates according to equation (132).

S |-Ty(0)
3x(1) = IC +alsyn)| *+b| T ()
0 t
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This can be written for null initial conditions as:

x() [y [y
ox(t) = aly(t)| +bt| x(t) +bI _x(7)|dT
0 0 ol t

This equation illustrates how to use the general results for a trajectory which is not analytically
known. We simply compute the moments which appear (in this case, the last term) numerically.
Figure 14 shows the true and estimated error curves. Again, the two cannot be distinguished.

0.08
0.06 .\ ;

Ezi /{/ »f \t:ixmx Error Compariso:ﬁ% /
;ﬁﬁ’gﬁe

Y 7Y,
e 7N\ 7
- DDU -+ \\,"‘ @3& i’.-r

5 0.02 A / /
£ -0 AN 7 ff,
T \\fx / K/%

_D:Dg — ) \EH / ~

-0.08 —aocs NI

oy iy Est e

Lol Time

Figure 14 Simulated Integrated Heading Test Run State Errors

The only way to see the difference between the true and estimated error signals (that is, the
linearization error) isto display their difference directly. As shown in X, the linearization error is
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less than 0.2 mm throughout the test run.

Linearization Error

0.0003
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& 0.0oo
w
w ¥
=1 0
4
E=
—=' -0.00M
g —+— dxErrt)
2 0000z  ayEn
1T}

-0.0003

Time

Figure 15 Simulated Integrated Heading Test Run Linearization Error

The fact that the error models used are representative of real odometry systemsindicatesthat linear
error are so good that nonlinear techniques are hardly worth the effort in most applications.

Some Useful Resultsfor the Closed Form Propagation of Error in Vehicle Odometry page 102



10. Summary and Conclusions

One of the most important distinctions in position estimation is the distinction between
triangulation and dead reckoning. These names are no longer as descriptive asthey were when they
were coined centuries ago before mathematics devel oped past geometry. The essential difference
from a mathematics perspective is whether the available observations project onto the states of
interest, or onto their derivatives.

Odometry isaform of dead reckoning and it can be described by anonlinear system of differential
equations. A related distinction between dead reckoning and triangulation is that errors in
triangulation are felt when they occur whereas errors in dead reckoning are felt forever thereafter.
This is equivalent to saying that errors in odometry have dynamics - that error propagation in
dynamical systemsis also described by adifferential equation.

The precise description of thiserror propagation isanother nonlinear differential equation, and this
Is bad news because very few such equations are solvable in general. The goal of thisreport isto
understand the behavior of odometry error for any error model while moving over any trajectory.
This goal isincompatible with the mathematical reality that solutionsto the equations formally do
not exist.

When faced with such issues, a practical alternative isto linearize. A new system of equationsis
generated which islinear and which approximates the behavior of the original system. Using this
tool, we have found that a surprising amount can be said about the general case, as outlined below.

Linear systematic error propagates according to the linear perturbation equation and random error
propagates according to the linear variance equation. Even in the case of time-varying coefficients,
the solutions to these equations are known to exist and to be given by the vector and matrix
convolution integrals respectively. Elaboration of both of these solution integrals rests on
determining a special matrix caled the transition matrix.

Fortunately, the equations of odometry as formulated here have two key propertiesthat allow usto
find approximate sol utions through the process of linearization. First, thelinearized equations have
commutable dynamics. This meansthat the transition matrix is given by a particular infinite matrix
series, called the matrix exponential, evaluated on an argument given by a particular definite
integral of the system Jacobian. Thisisthe key to the results of this report.

From a convenience perspective, it is also important that the odometry equations are in echelon
form because this property impliesthat the infinite matrix series cannot exceed three additive terms
in length. Both properties taken together mean that a solution to our linearized problem not only
exists, but is easy to find.

Certain other properties of systems are important. Motion dependence means that errors evolve as
distance increases instead of as time increases. In odometry, this means that errors stop
accumulating when motion stops. Reversibility means that errors can be erased by driving back
over the path that caused the error. Some systematic errors are reversible whereas the principal
variances tend to be monotone.

Given that ageneral linearized solution exists for any set of sensors, any trajectory, and any error
model, we have elaborated the solution for three cases of odometry called direct, integrated, and
differential heading. The genera solutions for each of these cases are given respectively in
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eguations (96), (100), and (105).

In elaborating the solution for the general case, other properties appear that are important.
Response to initial conditions (initial error) is aways path independent in both the deterministic
and the random case, but the response does depend on the endpoint of the trgjectory. Response to
one particular type of input - translational scale errors - is path independent and there are many
other path independent integrals. The accumulated effect of path independent errors vanishes on
any closed trgjectory.

Most other errors have a path dependent influence meaning they are not integrable in closed form.
When these errors have smple forms, their influence can be reduced to constant multiples of path
functionals eval uated on the reference trgectory. These functionals are called moments by analogy
to the moments of mechanicsand statistics. They can be tabulated for commonly useful tragjectories
once and for all so that the difficulty of integration is removed from the problem. First order
moments determine the path dependent propagation of systematic error whereas second order
moments determine the propagation of random error.

Moments have properties of interest too. Most important is the fact that many first order moments
vanish at the centroid of the trajectory they are evaluated on. This means that sometimes the only
remaining nonvanishing error component of systematic error will vanish on closed symmetric
trajectories. The Fourier second order principal moments are monotone while the spatial and
hybrid moments and all cross moments can exhibit local maxima and minima.

Second order principal moments often have critical points at the zeros of the first moments and at
local coordinate extremities of the axis associated with the moment. Certain corresponding pairs
of moments exchange magnitude while their combination grows in a simple way. Now that error
propagation has been reduced to path functionals, the calculus of variations can, of course, now be
used to design trgjectories which are

All of these results have multiple practical uses. The goal has been to provide the tools necessary
to answer many important questions on paper without resorting to numerical simulation. Using the
results of this report, answers can be obtained to questions like the following:

» which of two sets of sensors will provide better position estimation accuracy

» what error can be expected on a given trajectory

* how to specify sensor performance in order to meet a given localization specification
» how can systematic error source X be calibrated

» what trajectory maximizes or minimizes exposure to error source X
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11. Appendix A - Drawing Covariance

A multivariate normal distribution for an unbiased random variable U of dimension N and
covariance C isgiven byl:

P(u) = —expm—%u C ud (148

where |C| isthe determinant of the covariance matrix.

When n exceeds 1, a contour of constant probability isan-1 degree of freedom surface embedded
inan ndimensional space. When n = 2, the contour isan ellipse. An algorithm for drawing such
ellipses has been presented in [1], but it has been difficult to debug, so a hopefully smpler
algorithm has been developed and presented here which is based on diagonalization of the
covariance matrix.

11.1 Rotating Covariance

Suppose frame X is a counterclockwise rotation of frame U. The the matrix:

u
ROR,

convert the coordinates of points from their expression in frame X to their expression in frame U:

u[ _ RX[ y Ay
R = cO —s6 X 449
sb cO 0

u

X
Let X = I beanunbiased random vectoaof covariance CX which isexpressed in frame X. The
covariance Cu of thesamevector U = I expressed in frame U is:

_ T, _ TT, _ T 150
C, = Exp(uu’) = Exp(Rxx R") = RC,R (150)

We can interpret the R matrix either as an operator on X which produces U or as a conversion of
coordinates. The result means that covariance is dependent on the choice of coordinate system. In
the latter (coordinate conversion) case, note that both Cu and CX designate the same uncertainty

region.

1. Besureto distinguish exp() - the exponential function, from Exp() - the expectation operator. The near col-
lision of notation, both of which occur on this page, is regrettably standard in probability theory.
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11.2 Diagonalizing Covariance

Due to their definition, all covariance matrices are symmetric. All symmetric matrices can be
diagonalized with a matrix similarity transform based on an orthonormal (rotation) matrix R. This
means that there is always a rotation of coordinates which renders a covariance matrix diagonal.
Using the above result for rotating covariance, lets requireL}hat covariance be diagona in the U
frame and search for the necessary rotation matrix R = RX:

C = Oyu O _ {CG —SG} Oxx Oxy {CG SG} _ RCXRT (151)

u
0 Oyy s@ cO ny ny —s0 cO

Multiplying out the matrices leads to:

o, 901 _ {ce —se} oxxce—oxyse 0,,S8 + oxyce

0 Oyy s cO oxyce —onyG oxySG + oyyce (152)

0 o

vV

[ouu 0 l _ { oxxc26 - Zoxycese + oyy329 0,,COsO + ny029 - 0Xy329 - oyycesﬂ
o

2 2 2 2
«xCOs6 + O,y C 0-— OyyS 0-— oyycese 0,,C 6+ Zoxycese + OyyS 0

From the off-diagonal equation at location (0,1) we have:

2 2 _
C G—GX s0-0o ycese =0

oxxcese +0, y y

y
Which reduces using the double angle trig identities to:

1 _
oxycze + é(oxx—oyy)SZG =0

Giving the required rotation angle as.

_1 (153)
0 = 2atan2(20xy, oyy—oxx)
Note that:
o if ny = 0, the matrix is already zero ati = O is correctly computed.

o if Gy = Oyyo then® = T/ 4 regardless of the value @f,
o if bot% arguments are zer8, is arbitrary, so detect this case dd set  to zero.

o if C(I)yy = Oy = ny = 0, this perfect certainty case must be detected Gnd
zero.
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The diagonal covariances are related to the major and minor axes of constant uncertainty ellipses:
2 2
= - +
Ouu = OxxC © Zoxycese OyyS 0 (150

2 2
ww = OyxyC 0+ Zoxycese + oyys %)

0)

11.3 Drawing Equiprobability Ellipses

Let us concentrate now on a diagonal covariance matrix C = diag(o
Equiprobability contours of a multivariate normal distribution, such as eguation (1455 are so
contours of the exponent:

u'Cu = K(p)
For n = 2 the constant value of the exponent is:
2
k™(p) = —2In(1-p)

where p isthe value of the probability density (not the area under it) on the contour.

Since the covariance is diagonal by assumption, we can write:

0'20 u 2
[uv} UZH=k
OGVV

Q |C
c b
+
Q |<
<Nl
I
=~

Dividing by k2 gives an unrotated ellipse in standard form:

2 2
u +. v -4 (155)
22 22
kO'u kO'V

Consider the U frame to be the model frame of the ellipse. In this frame, the parametric equations
of the ellipse are:

U = acos@ vV = asing

Points (U, V) can be converted to world coordinates by using the rotation matrix determined from
the negative of the angle given by equation (153) when applied to the origina (nondiagonal)
covariance matrix.
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11.4 Function diag_covariance()
Following is a C code fragment for the diagonalization function:

int diag_covariance(dbl matrix cov, double *theta, double *Suu, double *Svv)
{

doubl e Sxx, Syy, Sxy;

double Ct,Ctt, St, Stt;

doubl e Yarg, Xar g;

doubl e epsilon = 1.0e-27;

Sxx = mel (cov, 0, 0);
Sxy = mel (cov, 0, 1);
Syy = mel (cov, 1,1);
Yarg = 2. 0* Sxy;
Xarg = Syy - Sxx;

/*

** Detect if all are zero

*/
i f(Sxx < epsilon && Sxy < epsilon && Syy < epsilon)
{*theta = 0.0; *Suu = Sxx; *Svv = Syy; return(0);}
/*
** Detect if circle
*/
i f( fabs(Sxx-Syy) < epsilon)
{*theta = 3.14159/2.0; *Suu = Sxx; *Svv = Syy; return(l);}
/*
** Ceneral case
*/
*theta = 0.5 * atan2(Yarg, Xarg);
Ct = cos(*theta); Gt = C*Ct;
St = sin(*theta); Stt = St*St;
*Suu = Sxx*Ctt-2. 0*Sxy*Ct *St +Syy* St t ;
*Svv = Sxx*Stt+2. 0*Sxy*Ct * St +Syy*Ct t ;
return(l);

}

11.5 Function diag_covariance()
Following is aC code fragment for the ellipse drawing function:

voi d renderEllipse(doubl e x, double y, dblmatrix cov, double pr)
{

doubl e a, b, kk;

doubl e th, Suu, Svv;

doubl e xx[40], yy[40];

i nt ff[40];
i nt i;
i nt debug = O;

diag_covariance( cov, &t h, &Suu, &Svv) ;

kk = -2.0*1og(1.0-pr);
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a sqrt (kk*Suu);

b sqrt (kk*Svv);

/1 Thin ellipses do not draw,

/'l so nake sure they are large and wi de enough to see.
if( a<0.05) a=0.05;

if( b <0.05) b = 0.05;

for(i=0 ; i<40 ; i++)

{
xx[i] = a * cos(2*A Pl *i/39.0);
yy[i] = b * sin(2*A Pl *i/39.0);
}

render _pol yline(x,y, -th, xx,yy, 40);

}
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12. APPENDIX B - Scratch Derivation of Differential
Heading Stochastic Error on Arc Trajectory
This section provides a verification of equation (144). It is shown that the same result can be

achieved by back substitution of individual solutions to the scalar elements of the linear variance
eguation.

12.1 Derivation from the L inear Variance Equation
Consider the case of differential heading on a constant curvature arc.

12.1.1 Linear Variance Equation

The linear variance equation for this case can be developed from the Jacobians of the nonlinear
system. The variance equation is:

B(t) = F()P(t) + P(OF(D) " +L()Q(HL ()" (156)
The nonlinear odometry systemiis:
J[x ((V, () + V,(t))/2) cosB(t)]
G| = [((V,(0) +V(1)/2)sinB(1) (157)
6(t) ((V (1) =V, (1))/ W)
We will use the following substitution for compactness:
1 1 (158)
{V(t)} _ 12 2|V
w(t) 1 1 V|(t)

The Jacobians for this case, considering the left and right wheels astheinputs U(t) (rather than as
measurements Z(t)) are;

_cose(r) cose(r)_
2 2

0 0 -V () sin6(t)

F(H) = |00 v(eoso(ry| G = |S030 S0} aso
00 0 ) .
wow
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For odometry, the covariance matrix expresses the second moment of the state uncertainty:

Oxx ny Oxg

P =
O%y Oyy Oye

RECRCICL]
Let us assume that the measurement errors are uncorrelated® so that Q(t) is diagonal:

0-I’I’
0 0-I’I’

Q(t) =

The first term of the covariance propagation equation becomes:

00 -V (1)sinB(t)| |[Oxx Oxy Oxe|  |-VsB0,q —VsBO, g —VOggsh
F(OP(M) = 10 0 V(t)cosb(t) | [0y Oyy Oyg| = | Vcba,gq Vclo g Vogech
00 0 Oxe Oye Y00 0 0 0

Hence, since P(t) F(t)T = [F(t)P(1)] Tthe first two terms of the variance equation are:

—2VsBo, 4 V(ceoxe—sﬁoye) —V0ggso

F(H)P(t) + P()F(t) = V(cOo,5-s80,5)  2VCBOq VGgqcH
—V0ggsO Vogech 0

1. This assumption implies that the equivalent integrated heading covariance matrix will not be diagonal.
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Thelast termiis;

co c] c0 B
T 1 o, 0 W
LOQOL(Y = 5|30 S0 ,
2 2110 0)flcgep-2
wow : ]
co c]

T 1 c.c00.,.0 20, /W
L(t)Q(t)L(t) — Z sb sB rr rr rr

2 2||0,cb os6 —20,/W

W wi

[0, + 0”]029 [0, +0,]cOsb 2[c, —0)]cO/W

L(t)Q(t)L(t)T:%r [0, +0,]cOsb [o”+o”]529 2[0,, —0,]s8/W

2
_2[0”—0”]09/W 2[o,,—0,1s8/W 4o, +0,]/W |

Now the state covariance is a symmetric matrix, so there are really only 6 scalar differential
eguations here:

: 2

' 2

Oyy = 2VC60y9+ [0, +0,]s8/4

Oxy = V(cB0,g—580,4) + [0, + 0)]cOSB/4 (160)
Gyg = —V0ggesh + [0, —0}1c6/ (2W)

Oye = Vceece + [Grr _G||]Se/(2W)

: 2

These equations express the general (linearized) covariance propagation dynamics for 2D
integrated heading odometry for any trajectory and any error model. They can be solved by direct
integration in the reverse order of the listing above once expressions for O I and O r and the
trgjectory are determined.
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12.1.2 Solution For General Trajectory

Recall our error model from equation (31):
0]

rr GI'I'VI' (161)

o) = o,V

where the absolute value was suppressed for clarity. Recall also that:

Vi@ _ 1 w2 v
v, [1-w/2)|e)

Based on these expressions, we can write the variance sum:

0+ 0y = Ao+ ayVy = ag V() + B3] +ay [V - B |

g, +0) = [0( Ogg 2K(t)}V(t) = 4a_V(t)

and the variance difference:

oy = oV, —aVy = a [V + B Hem | -ay Vo) - 5w |

chS'V—ZVK(t)JV(t) = b V(1)

Oy —

O =0y = [oggl +

Where we have defined:

. =0, +a Ogg = (Apr=0yy)
ss e 99 el (162)
(XSS' -
% = %995 K(t) bss = Ogg * Uss 2 K(t)
Also define:
] — 2 —_= 2
d = (4a)/W”" = (o, +0,)/ (VW) (163)
bss = bsy/ (2W) = (0,,—0})/(2VW)
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Then the variance equations become:
Oxx = —2VsBo,q+ aSSVCZG
Oyy = 2Vcbo g+ aSSVSZG
Oxy = V(cbo,g—s00,q) + a;VCOSO (164)
Oxg = —V0ggs6 + b, Vch
Oyg = VOgqacB+b' VsH
Ogp = AV

Solving them in reverse order for null initial conditions leads to:

Ogg = g Ods = a .S (165)
Stochastic odometry error for
g . =4 scOds + b’ sBds differential heading case for
y6 SS_I; SSJo arbitrary trgjectory with motion

dependent random walk distance
error on both encoders.

Oy = J';(ceoxe—seoye)ds+ aSSJ';ceseds
Oyy = ZJZ ceoyeds+ aSSJ';szeds

2
Oyy = —212560X9d5+ aSSJ';c 0ds

Oyg = —a’SSJ';sseds+ b'SS Oceds

These equations express the general (linearized) solution to covariance propagation for 2D
differential heading odometry for any trajectory and our motion dependent encoder random walk
error model.
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12.1.3 Solution For Arc Trajectory
Integrating the last equation gives O 06"

Ogg = aSSJ';ds = aS

Next comes O

yO

Gye = a’SSJ';sceds+ b’SSJ';seds

— 1 2 1
yo = AsgR’[0c0a0 + b R[  sHale

= &' (cB—1+658) +b" (1-ch)

o)

Oyg

Oyg = (2" —b")(cO—-1) +a’  Bsb
Then comes O, g:

Oyg = —a'SSJ';sseds+ b'SSJ';ceds

0 = -a R Jﬁ 000 + b’ R Jﬁ codo

Oyg = — @' (s0—6ch) + b"(s6)

O, = — (2"~ b")s0+ a’, Bch

Where we have defined yet another pair of derived constants:

RDb , 4’

1 —_ ] —_ SS 79 —_ |l —_ SS
bss_bssR_ 2 ass_assR - 2

(166)
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The trand ational covariance ny is

Oy = J'; (c0,9— seoye)ds + aSSJ'; cOs0ds

o, = Ra’ J'B ch Ell b"SSEBG 6co |— B Eﬂ. P s cO—1)+06s0|do + Rj'ecesede
Xy ~ ssjo D_aTSSD - - D_Tssg -1 As 0
B ., O bHSSD 2 O bI'SSD 2
Oyy = Ra SSJ'g{—Z%l—aTSS%CGSG+GC 0+ %IL—aTSS%se—es 0 d9+aSSRJ'gcesed9
B ; 0 b"SSD 0 b"SSD aS_SR
Oyy = Rassjg{—zgl—aTSS%bese+ecze+%ﬂ_—aTSS%sG daoe + > Oszede
_ " b" U2 . es29 O Db’ 2
Oyy = Rass{—g—aTssgs e+T +%{L—aTSS§1—c9) +a, R[s 0]
The principal trandational variance O y is:
Oyy = ngceoyeds+ assjgs 0ds
_ 2
0y, = 2R[, 00, 408 + a R[ 0
n n n 2
ny = ZRJg ®d[(a ss_b SS)(CG— 1)+a SSGSG] do + assRJgS 0doe
= 2Ra__(*c6| Hl - —SSC(co—1) + 056 |d0 + a_R [ Lode
Oyy = aSS,oC —aTuc —-1)+0s agg Os
U ssl
oo OB PO 2 0 s
Oy = 2Ra[ | 0 - —(c°0~c0) +0cOSH |db +aR E_TJ
U ssl L
0 b Op. 20 o1, 1520 o000 6_s2
Oyy = 2Ra’ E{L—@ 5+ = —sot ZDT_GCZGD + aSSR[E—T}
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The principal trandational variance O XX

_ 2
Oyy = —2]2590X9d5+ aSSJ';c 0ds

_ 2
Oy = —2R[ B0,400 + A R[ 008

_ e . 2
o, = ZRJSSG[ (@' ~b" S8 +a 606]d6+a55RJ'gc6d6

XX

D
Oyy = 2Ra"SJ'SSG [IL——[SG 0co d6+aSSRJ'9 c26d6
a'gs] 0

O b'. O 2
O, = 2Ra"SSJ'S [IL—T[S 6 —06cOs6 d6+aSSRJ'§c 6do6

XX 0 0 assD
. 8 b's s20] 1326 0 0, s20
GXX = 2Rass|:%ﬂ.—aTSS% —TD—ZDT —eCZGD + aSSR|:§ + T}

12.2 Derivation from Trajectory Moments and Matrix Convolution Integral
Here, the solution derived from trgjectory moments is rewritten for comparison purposes.

12.2.1 Moment Solution

Refer now to equation (144). The solutions here, ignoring initial conditions are:

o 3, 2 —L[G%HCZGD jszeJ +(ag R + 222

xx_( ZoAmR)%__ )

_ w2\ | s20 g.o 'R’ c20, 3 w0 $200
0y = (-20,'R) G + 5 -0 o[ -2+ 3520 - 290 | + (0 R) ) - 250

n 2 "
_meRO o 2, 9w Rre .. 3 1 o (2
Oyy = BT%{ 6" —(cO-1)"} + =~ [5529+3}329—09+3j +(ags'R) (s 6)

o,.'R
Oyg = Op R ———[s0-0ch]
o,.'R
Oyg = Oy R(1- ) +—\0KL[ese+ce—1]

o, R
Ogp = ——((ks)/(R))
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The O XX

XX

Q
|

XX (_20)\0; R )[E

w2

Oyy = (=20, ,'R")

_ «[B
Oy = 2R|:—O')\w EE_

XX

Oy = (=20 w"RZ)%g

o :2R|:(O'W"R =05 R)EB s

result can be written as:

0, s260
4 U

$2007 029|:| 3 .
=g —\LL[ %H 529J+(o(SS R,

SZBD ﬂ [%L 029|:| 1 29_3_29}4_( R)@ s200)
Ss

20 K 2 08 4 0
SZBD 0 s200 1320 0 SZBD
22 —LK -2 e eczeDJ +(ag R)Ejz
s200] P s200 1120 0 0, s260
225+ (o R )[ B -2 2B —ec20 ﬂ+(o( "R+ 220

s200 l

@29 d 9, s200
G W ROH 9029}+(cx R + 22

4 U

The ny result can be written as:
= (20, RO + 220 SBD+—L[9%L S0+ 2528 - 20 + (o R -2
= (-20)¢" RZ)Eg 2 SBD Z—OL[ %L CZBD+ g2 - sBJ+(cx R)E9 si@g
0y, = (20,5 R + 20— s0+ Z—O‘f(;[Eg e i 6c26] + (o R 220

o :ZR[—GM) R 4 S 220 S _ s+ (o, R)[Eﬁ s28 seD+1E529—eczeDﬂ+(a Ry _s20

yy ) ) 4l D 40
e 1 20 20
Oy = [(o R*-a, R)Ejz ~s0f+ 7(0,'R )EB —BCZBDJ+(0( R)Ee =20
The ny result can be written as:
Lo, 0s20 , 3
Oyy = E_E{SB ~(cB-1) }+—1L[ 2 +3020-c0+3 J+(cx 'R)(s°0)
2
_ Oy, R yy 0s20 3rp29 10 N 2
Oy = ETD{SB —c6” + 200 -1} + L [ 2+ 58S D—CB+1J+(0(SSR)(S 0)
2
Y
0y = D“*’Tm{se — 0%+ 200 -1} +—L[95229 ge cB+1}+(cx 'R)(s°6)
2
o
Oy = DmTD{SB 0?2002+ 1} +—L[95229 36° —c9+1J+(or "R)(s°6)
0

Oyy = (Op'RO)(0%+cO-1) +—1L[95229 350 —cB+lJ+(cx "R)(s%6)

29329
Oyy = R|:—EEO‘ "R? -0 R% 0+ (o W RY)

+(0,"R=0y'R) (1~ cB)J+(cx 'R)(s°0)
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The Gxe resultis:

o, 'R
Oyg = Oy RSB ——1—[s0—6c6]

Oyg = —(O'W"RZ—O')\U)"R)SB+ oyy"R29c9
The Gye result is:
o, 'R
Oyg = Oy R(1-cB) + —\GKL[ese +c0-1]
w2 " 2
Oyg = (O'W R™ =0, 'R)(c6-1) + (0W R™)6s6

The 099 resultis:

Ogg = O'W"S

12.3Comparison

Both solutions are written here for comparison purposes. From the linear variance equation:

Oy = ZR[(a"SS R 220 a:sgsge_ eczeﬂ} ra[2+ 52

Oyy = 2R|:(a"ss SS)EQ + ﬁ - BD 4555559 BCZBD} + aSSR[Q - STZ,BJ

Oxy = [ a'y—b' 55% B+a'y 9829 + (' —b" ) (1~ ce)J + aSSR[sze] (167
Oy = — ('~ b"s) O + a’,,Bch

Oyg = (A~ b"sg)(cO—1) +a" 86

Ogg = @S

From the matrix convolution integral:

_ " M s200 1 520 0 oy [0, 2000
Oy = 2R[(0,R* =0, RIE - 200 20, R P22 —6c26f] + (a RO + 2291
Oyy = ZR[(OW"R ~Oxey R)Eﬁ*'ﬁ—se%' i( )I:529 9c29%}+(cx )[9—%9%
Oy = R[— EEOW"RZ_OM)"R%ZB*'(GW' Rz)esze+(o 'R-0,,"R)(1- cB)J+(cx 'R)(s°0)  (168)

Oyg = —(oyy"Rz—o)\w"R)se+GW"R29c9

w2 " o2
Oy = (O'W R"-0,,'R)(c6-1) +(0W R™)6s6
Ogg = O'W"S

The solutions are equivalent provided that the constants are the same. Recalling equations (162),
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(163), and (166), aswell as equation (49), we can write the constantsin two columnswith allegedly
corresponding expressions in the same row:

ass = GZS | Og99g R0 Oss'(t) = GZS’+ c;%(\t/;/
b = ogg’+0(55’v—2vK(t)
= (4a0/W? O = O\:CZ ¥ 2v(\j/€i]:(ijj(t)
A = a’sst = %S GW”RZ
W
b, = %S - RE%QS'V\;-FGSS’K(D% R = RE%QV% 4R('[)E

Clearly, these expressions do indeed correspond. This result verifies, for the most complicated
result of the report, that our trajectory moments and the matrix convolution integral give the same

result as direct integration of the linear variance equation - but with aot less work.
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13. Appendix C - Trig Integrals

The following double angle trig identity is useful:
2 2 2 2
c20 =c6-s06=1-2s6 =2cH6-1

The following trigonometric integrals are provided for reference

X

_ 1. 1.
Icosaxdx = [—smax} = =snax
a a
0 0
X
. r1 1
Ismaxdx = [——cosax} = =[1- cosax]
a a
0
X
Ixcosaxds = [lmosax+xsinaxg = [l[(w+xsinaxg}
aD a 1] aD a
0 0
X
. [lrsinax X 1[5|nax
I Xxsinaxds = %5' —XCcosa J [ xcosax%}
Lal a al
0
X ) . X .
Icosaxzds _ [X, sn2ax]| _ [>_<+ sm2ax}
L2 4a | 2 4a
0
X X
. 2 X sin2ax X sin2ax
snax ds = [— J = [ J
| 2" 4a 2" 4a (169)
0
Q " ,
Icosaxsinaxds = [smaxJ = Shax
2a 2a
0
0
X r 2 . X 2 .
Ixcosaxzds — | X +XSIr;2aaX +00522ax} _ X +Xswzrzaax +coszzax_ iz
0 L4 8a 4 8a 84
0
X
r.2 . 2 .
Ixsinaxzds - X__X5m42aax_ coszzax} _ )(__Xsr;rzaax_ 005223X+i2
0 L4 8a 4 8a 84
0
X X
i _ [LlEn2ax_ _ 1rsn2ax_
Ixcosaxsnaxjs— [46@ >a Xcos2a J‘ = 230 24 xcosZaxg
0

Some Useful Resultsfor the Closed Form Propagation of Error in Vehicle Odometry page 121



14. Appendix D - Trajectory Moments
14.1 Sraight Trajectory

This section derives the moments for the straight line trgjectory developed in equation (18):

x(t) = s(t) y(t) = 0 0(t) = 0
X(s) = s y(s) =0 B(s) =0 (170)
x(0) = s(0) y(6) = 0 8(6) = 0

14.1.1 Spatial Moments

The spatial excursion moments are:

2 2
= — = S_ = X_ =
S, = [ls-1dE = 5 =5 S, =0
0 s (a71)
3 3 —
2 S X S 0
S, :I[s_g] dg = 3 = 3 yy
0 Syy = 0
Since W is zero, thereis no rotation and the spatial rotation moments are:
— — — — — 172
©,=0,=0,, =0,=06, =0 (172)
When velocity is constant, the spatial duration moments are:
t 2
— _ Vt~ _ st _xt T =0
T, = [[s(t)—s(1)]dt = — == ==
« = [ls)-s@ldt = - =5 =2 y
0t
2,3 2 2
2 VTt st _ x't T,.,=0 (173)
T, = [[s()=s(T)] dl = — = — = —
wx = [[s(9-s(0)] =5 T vy
0
TXy =0

Some Useful Resultsfor the Closed Form Propagation of Error in Vehicle Odometry page 122



14.1.2 Fourier Moments

The Fourier excursion moments are;

S S
S = Icoseds =s=x S, = Isineds =0
OS S 0 S
2
S.. = Iczeds =s=x Sg= Iseceds =0 S, = Is 8ds = 0
5 0 0 (174)
Ssz = ZScs =0 SCZ = Scc_sss =sS=X
Since W is zero, there is no rotation and the Fourier rotation moments are:
— — — — _ _ _ (175)
G)c_G)s_G)cc_G)ss_@sc_@sz_@cz_o
When velocity is constant, the Fourier duration moments are:
S S
T e _C = t = l - _S =
C V V TS V 0
S Sss
T - _CC _ t = 5 T =0 T ===90
cc oy v Xy SV (176)
S S
_ S2 _ o LZ - = l
Te = VAR 0 Te2 Vv t vV
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14.1.3 Hybrid Moments

The hybrid excursion moments are:

S s
2 2

Sye = [Ax(s €)c8ds = [[sE]eBdE = 5 =%

0 0

S
Ss = [BX(s,&)s0CE = 0

g (177)
Sys = [Ay(s §)sBdE = 0

0

S

Syc = IAy(s, £)cOdE = 0
0

Since W is zero, there is no rotation and the Fourier rotation moments are:

Oy = Oy = Oyg = O = 0 (178)

When velocity is constant, the hybrid duration moments are:

T = i: = S_t = X_2 T = SLS =0
XC V 2 2V XS V
S (179)
= YC _ — S _
TyC V 0 Tys - §\\/L =0
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14.2 Arc Trajectories

14.2.1 Spatial Moments
Consider the constant curvature arc trgectory developed in equation (19):

0(s) = Ks .
x(s) = Rsin(ks) KUz (180)
y(s) = R[1-cos(KS)]
When linear and angular velocity are constant, the trgjectory is:
B(t) = wt 8(6) =6
. woVo1 R s
x(t) = Rsn(wt) "R T x(0) = Rsin(8)
y(t) = R[1- cos(wt)] y(0) = R[1-cos(8)]
Some useful expressions, valid on this trgjectory are:
“/R = B x2/R? = %0 = 1-¢20 = (1-c2)/2
2,.2 2 2 (182)
y/R = 1-cB y/R" = (1-cB)" =1-2c8+cCcH

(xy)/R% = sB(1—cB) = sB—s0cO = —H—520/2

Also, some reverse sense expressions are:

c6=1-y/R
y %0 = 1-5%0 = 1—(X/R)?
s6 = x/R
5 c®0 = (y/R)>+2c6—1 = more (183)
€26 = 1-2x ,
_ 2
s20 = 2x(1-Yy) s8=(x/R)

The SX moment is;
S

S, = R[[sin(ks) - sin(k€)] & = R[ssin(Ks)+&Sl(<K—QJ

S

° (184)

S, = R%[KSSin(KS) + (cos(ks) —1)] = sx(s) —Ry(9)

The Sy moment is:
The S,, moment is:
Using earlier rewritesin terms of the endpoint coordinates, we can write:
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_ _ - r/Sn(kE) _ °
Sy RI[cos(KE) cos(ks)]d¢ R[ - scos(Ks)J0

0
sy = Rz[sin(KS)—KSCOS(KS)] = Rx(s) +s[y(9) —R]

S, = RZI[Sin(KS)—Sin(KE)]ZdE
oS 0
S,, = Rzér[sin(KS)z—ZSin(KS)Sin(KE)+ sin(k&)%de O
0

: S
S,y = R?:E[E)Kssin(r(s)2 + 2sin(Ks) cos(KE) + K_ZE — LZK?}
0

4
S,, = R—2 Kssm(Ks) +23n(Ks)cos(KS) — 25|n(Ks)+KS M}
XX K L 2 4
_ R_2 J(1+2sin(ks) ) 3
Sy = i > 45|n2Ks an(Ks)J
_R?r COS2KS[], 3. :
Six = < _KS%l—TD+ 45|n2Ks—25|n(Ks)J
S, = R—Z_KSSIFI(KS) + 2sin(Ks)cos(Ks) — Zsm(Ks)+K—S—MJ
XX K 2 4
S, = R—2_—(1+ 2sn(Ks) )+§sinKscos(Ks)—25in(Ks)
Xx Tk |2 2 J
2_
Six = R?_9(1+ Zsinez) +gsinecose—25in9J
_ R?/e0 xZD 33X yo
Six = Jz% 2D ZR%L RU 2R
_R? xZD x(l, 3yQ
5 _
_ 1R, 20 (R_3y0
Sy = K{GD—+X D_XEE_ >0

5 _
_ | R 20y R _3yO
SXX = {SDZ + X 0 RxDZ >0

(185)

(186)

(187)
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The Syy moment is:
S

Syy = RZI[cos(KE)—cos(Ks)]sz
Us 0
o0 2 2. .U
Syy =R %[[COS(KE) —2co0s(k¢&)cos(ks) + cos(KS) ]dE%
By O
2 ; S
Syy = R?[KES+ %ZKS—ZSM(KE)COS(KS)+KSCOS(KS)2JO
_R? [—ﬂ_+ZCOS(KS) n 3
Syy = [KSD 5 0 45|n2KsJ
R2 Ccos2Ks] 3
Syy = ?[ngl+ TD—anZKsJ

R’ COSZKS{] 3
Syy— [ %1 0 45|n2KsJ

Using earlier rewritesin terms of the endpoint coordinates, we can write:

_R? |j]_+ZCOS(KS) 3
Syy = [KSD 5 D 45|n2KsJ

2
Sy = S0 0 Y00 30y
Sy = o SR +2R-yD) - 2x(R-)]

2
{S%R? +(R- y)ZE—SXR[B —%E}

Syy

[p

(188)

(189)
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The SXy moment is:

S

S, = RZI[sin(Ks) —sin(k&)][cos(k¢) — cos(ks)]d¢

Xy
US 0
_ ooldec . . . 0
SXy =R %[[SIFI(KS)COS(KE)—SIFI(KS)COS(KS)—SIFI(KE)COS(KE)+ sm(KE)cos(Ks)]dEE
Y O
S,, = Rz[sm(Ks)sm(KE) KsSin(KS)cos(Ks) — Sin—KEZ—cos(KE)cos(Ks)JS (190)
Xy K 2 0
2 .2
SXy = R?[Sin(KS)Sin(KS)—KSSin(KS)COS(KS)—SmZKS — cos(Ks)cos(Ks) + cos(Ks)J
2 .2
SXy = R?[—%Ssin(ZKs)—smsz — cos(2Ks) + COS(KS)J
2
SXy = R?[— KESSII‘I(ZKS) M cos(2ks) + COS(KS)J
R2 KS
SXy = ?[ ) sn(2ks) — —COS(2K5)+COS(KS)—3—'J

Using earlier rewritesin terms of the endpoint coordinates, we can write:
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Py,
N
1

_ R [ _KS _SNKS™
SXy "2 sin(2ks) > cos(2ks) + COS(KS)J
2r 2 2
R X 0 X [ x U 0
S, =—|-ozb- YO X _fm_o%m by Y
Xy K | R RD 2R2 0 RZD %L RD
2r 2
s, =X+ 43X 140 Y (191)
Xy K R R2 oR? R

SXy = [y(xs— Rz) +xREEx—sEJ
SXy = xs(y—R) + REEXZ—RyE
The spatial rotation moments are:
O, = KS; = R[0sin(0) + (cos(6) —1)] = 6x(6)-y(6)

ey = KSy = R[sn(B) —Bcos(0)] = x(8) +0[y(8) —R]
2
0,, = KS,, = RZ[G%L—COEZGE+ §sin29—25in9} = o8- +xx

4
Oyy = KSyy

]

R §Y

b~ 20 (192
R

B

2 cos20] 3 ER 20_ _yd
R[e = D‘45‘“29J {e +(R—y) H-3x5 -

Xy KSXy = Rz[—gsin(ze)—ﬁcos(ze)+ cos(e)—ﬂ = x9(y—R)+E§2x2—Ry%

When linear and angular velocity are constant, the spatial duration moments are:

wn

T, === —[wtsn(wt)+(005(wt) 1)] = tx(t) = Ty(t)

N
T = %Y = g[gn(wt) wtcos(wt)] = Tx(t) +t[y(t)—R]

S R? cosZootD 3 [R o0+, [R_3y0
Ty = 7 = w[wt% — 45|n2wt—25mth =15 07 + X TXDE— > 0(193)

§zy _ cosZootD 3 [R 2 MR _yOo

Tyy il w[wt% o 4S|n2wt} {t +(R- y) 3TXD2 50
S R oo 8,2 ya

Xy - | _ X _= —=| = - —
TXy v oo[ > sn(2wt) cos(2wt) + cos(wt) 4} xt(y—R) + TEQ R o
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14.2.2 Fourier Moments

The Fourier excursion moments are;

S 0
S, = Iceds = RIcede = RSO = x
9 ® (194)
S, = Iseds = RIcede = R(1-0) =y
Os 0 0
_ (c%ds = R(c26de = RCD+50C80 - ([0, 5207 _ s, X
Sec = [c°8ds = Rfc’8d8 = RE + 220 R[2+ 4} 2+ 5r(R=Y)
0 0
S 0
- (Pods = RfLods = RP_ 0000 _ g[8 5207 S X o
Sy = [s8ds = Rfsede = REE - 20200 [2 4J >—3Rr(R—Y)
0 0
S 0 5 5
- = - Rs® _ prl_c260_ x_
SSC—Iseceds— RIseceds— > %20 2R
0 0 )
_ _ 2n _ c20] _ X
S, = 25, =50 = %_TE'E
Sgz = Sec— Sy = ReBe8 = B2 = X(R-y)
The Fourier rotation moments are:
- - _ X
G)C = KSC =sO = F_Q
Oy = KSg = (1-c6) = X
_ _[06,s207 _ 6, X Vim
= = |-4+2=| = 24+ =4 _
Oce = K3 [2 4 J 2 2RO RO (195)
O_ = kS :[Q_Sﬁ}:g_i _yo
ss s 2 4 2 2RO RU
526 x2
G)sc = KSsc = 2 = 2
(3R")
_ _ 2n _ X
R
_ _S20 _ X N
Oco = KSCZ_T R _qulj
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When linear and angular velocity are constant, the Fourier duration moments are:
T, =S/V =TsO = TF;‘

C
_ _ T
Tg=SyV =T(1-c6) = 2
— _ 1[6,s20
Tee = SV = T3+ 7] = 5[ 3 +RA-H]
_ _ [8_s28 S_Xg_yOo
T =SV = T[ J [R = RDJ (196)
2g O
_ — [L T
Tee = So/V = TES 2%25

T, = So/V = T(s%0) = (T)%D

_ _ ﬁ)_m_m& yO
TCZ_SCZ/V_TZ T [pORO RO

14.2.3 Hybrid Moments

The SX c moment is:

S, = IAX(S,E)cedE = RI[sin(Ks)—sin(KE)]cos(KE)dE
0 S o S

S.c = Rsin(Ks)Icos(KE)dE—RIsin(KE)cos(KE)dE
(297)
S, = Ran(ks)S,(s) —RS,(s) = R[Sin(KS)RSin(KS)—RSin(KS)Z/Z]

N

1.2 2 _ X
ch‘éR sn(ks) =5
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The st moment is:

S S
S,s = IAx(s,E)sedE = RI[sin(Ks)—sin(KE)]sin(KE)dE
S 0 S
Sis = Rsin(Ks)Isin(KE)dE—RIsin(KE)sin(KE)dE = Rsin(ks)Sy(s) —RS,(s)
0 0
Sis = RSin(KS)R(l—COS(KS))—RZ(KS—Sin(KS)COS(KS))/Z (198)
Sis=R ESII‘I(KS) sin(ks)cos(Ks) — KS Sm(KS)ZCOS(KS)D
O O
Sis=R %——+sm(|<s) —SII‘I(KS)COS(KS)D R %— + sin(ks) — —n(ZLS)D
0 2 O O 2 g
Sys = RE‘E"' X~ E(R—y)
The Syc moment is:
S S
= IAy(s,E)cedE = RI[cos(KE)—cos(Ks)]cos(KE)dE
0 0
S S
Syc = —Rcos(Ks)Icos(KE)dE + RIcos(KE)cos(KE)dE
0 0
SyC = —Rcos(ks)S,(s) + RS..(9)
SyC = R[-cos(ks)Rsin(ks) + R(ks+ sin(ks) cos(ks))/ 2]
SyC = Rzgﬁ—lsin(Ks)cos(Ks)E: RZ%@—ME (199)
02 2 0 02 4 0
Sye = 5(R-Y) +REH
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The Sys moment is:

S S
SyS = IAy(s,E)sedE = RI[cos(KE)—cos(Ks)]sin(KE)dE
0 S 0 s
Sys = —Rcos(Ks)Isin(KE)dE + RIcos(KE)sin(KE)dE
SyS = —Rcos(Ks)%S(s) + RSSC(S)O
SyS = —Rcos(ks)R(1— cos(ks)) + RZSin(KS)Z/Z
(200)
. 2
Sys = RZE—COS(KS) + cos(ks) + ME
O 2.0
R’ 2 2
SyS = 7{—20050(5) +2cos(ks)” + sin(ks)}
R’ 2
SyS = 7{ cos(ks) —2cos(ks) + 1}
2 2
_R 2 _
SyS = 7{ cos(ks)—1}" = yE
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The hybrid rotation moments are:

O = KS = Rsinng)2 _ x2
xc ~ K9 = 2 T
O =KkS =R®4+gney_Sn208_ ~0s, .0 X
Xs — K s %_5 Sln( )_ %_ D_é XD_Z( _y)
(201)
_ _ p0 sn2e)d _ x B0
G)yC KSyC = R%_Z_ 7] %— 2(R—y)+REizD
R 2 _y°
G)yS = KSyS = E{ cos(ks)—1}" = R
The hybrid duration moments are:
1= Sxe _ TRsin(wt)’ _ x°
XC \% 2 2V
S O i O
= 2Xs _ Wt | g _Sn2wt-_ 708, ,0 X p_
Tys v TR%— > + sin(wt) 7 % Th 2+x[j 2V(R Y)
(202)
S Oot S 0
= 2yc t_sn(2wh)=_ X p_ (80
Tyc v TRE? A % 2V(R y)+TEQD
S;s _ TR 2 2
TyS v > { cos(wt) —1} v
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