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   ABSTRACT

Microresonator layouts are synthesized such that their
preferred mode of oscillation is well-separated from the
higher order in-plane and out-of-plane modes. Building on
our previous work, we have incorporated models for four
out-of-plane modes. All these modes are modeled as spring-
mass systems. The spring constants and the effective masses
of these modes are analytically derived. Synthesis is accom-
plished by encoding a design quality metric as the design
objective while simultaneously constraining the design to
meet user specifications. These constraints require that the
resonant frequency in the preferred direction is sufficiently
lower than (and, hence, dominates over) the resonant fre-
quency of other modes of vibration of the structure. The
models are verified by comparison with 3D FEM simula-
tions and also with experimental measurements on fabri-
cated resonators. The usefulness of these models is
illustrated by comparing the oscillation modes of layouts
synthesized with and without these models. This exercise
also shows that such mode-separation can be achieved only
if the microresonators have a structural thickness larger than
flexure width.

Keywords: CAD, resonator, synthesis

INTRODUCTION
Designers of surface micromachined MEMS are

showing an increasing demand for CAD tools to aid in rapid
design. System-level designers integrating many similar but
not identical MEMS devices into sensing and actuation sys-
tems,  are constrained by the lack of MEMS cell libraries.
To overcome this design bottleneck, we have been focusing
on a design tool to generate MEMS component layouts from
engineering specifications. For our initial example, we have
chosen the surface-micromachined MEMS resonator [1],
shown in Figure 1. This device is commonly used for pro-
cess characterization, and is chosen because its behavior is
well-understood.

Automatic layout generation allows the MEMS
designer to focus on designing new topologies and system-
level design issues rather than on sizing individual devices
to meet the specifications. Layout generation from user
input of physical device dimensions [2][3] and device-level
trade-offs for optimality [4] have been reported. Our previ-
ous work has demonstrated a full-fledged layout synthesis
approach [5]. This approach combines lumped-parameter
electromechanical models with optimization for the rapid

synthesis of MEMS layout. We now enhance our synthesis
tool by incorporating additional models that capture the 3D
nature of MEMS devices by considering both out-of-plane
and in-plane device behavior. This enables us to synthesize
resonators which have well-controlled modes of oscillation.
To ensure this, we model the resonator in all its principal
modes of oscillation. This lumped-parameter-based
approach to synthesis will be a viable source for on-the-fly
MEMS cell generation only if the predictions of device per-
formance match actual device performance. The develop-
ment of accurate models within an arbitrary design space is
a difficult problem, which we overcome by ensuring that our
models are adequately accurate in the region they expect to
be used. Therefore, instead of random verification of our
models, we have resorted to ensuring that the synthesized
layouts actually perform as desired by comparison to finite
element analysis and experimental measurements of fabri-
cated devices.

The layout synthesis approach is outlined initially, fol-
lowed by a discussion of the models and their derivation. We
then describe the synthesis results, and verify our models via
simulation and fabrication experiment.

SYNTHESIS APPROACH
The goal of layout synthesis is to find a “good” design

which meets the design specifications. In order to achieve
this goal, the synthesis is formulated as a non-linearly con-
strained optimization problem with the design mask geome-
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FIGURE 1. Layout of the lateral folded-flexure comb-
drive microresonator. The black areas are the places
where the polysilicon structure is anchored to the
bottom layer. The rest of the structure is suspended 2

m above the bottom layer.



try parameterized into design variables as shown in
Figure 2. We now have to find a set of values for these
design variables which minimize a design quality metric,
such as, device area, and satisfy certain performance-ensur-
ing constraints. The knowledge about the physics, geometry
and processing is captured in these constraints as lumped-
parameter models which are functions of the design vari-
ables.

The non-linear constrained optimization formulation
can be written as:

where  is the vector of independent variables given in

Table I;  is a set of objective functions that codify

design quality metrics, e.g., area;  and  are

each a set of functions that implement the geometric and
functional constraints.

The geometric constraints limit the overall size of the
resonator and also prevents the movable resonator shuttle
from crashing into the stationary parts. These constraints
can be written as mostly linear functions of the mask geom-
etry variables.

The functional design constraints are listed in Table II.
The resonant frequency constraint ensures that the user-
specification on frequency (fspec) is met. The next two con-
straints ensure that the resonator moves adequately at reso-
nance and has a quality factor greater than 5, respectively.
The two stability constraints are required to prevent the

moving comb fingers from snapping to the stationary comb
fingers, due to an electrostatic imbalance force in the y-
direction or an imbalance torque about z. The imbalance
force and torque may be caused by small displacements
away from the center (the equilibrium position), for exam-
ple, due to manufacturing mismatch.

The mode decoupling constraints (there are seven of
them) are necessary to ensure that the x-mode resonant fre-
quency dominates. The three in-plane resonant frequencies
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FIGURE 2. Parameterized microresonator elements.
(a) shuttle mass, (b) folded flexure, (c) comb drive with
N movable ‘rotor’ fingers, (d) close-up view of comb
fingers.
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Table I. Design variables for the microresonator.
Upper and lower bounds are in units of m except N

and V.

var. description min. max.

Lb length of flexure beam 2 400
wb width of flexure beam 2 20
Lt length of truss beam 2 400
wt width of truss beam 2 20
Lsy length of shuttle yoke 2 400
wsy width of shuttle yoke 10 400
wsa width of shuttle axle 10 400
wcy width of comb yoke 10 400
Lcy length of comb yoke 2 700
Lc length of comb fingers 8 400
wc width of comb fingers 2 20
g gap between comb fingers 2 20
xo comb-finger overlap 4 400
N number of rotor comb fingers 1 100
V voltage amplitude 1 V 50 V
wba width of beam anchors 11 11
wca width of stator comb anchors 14 14

Table II. Functional Constraints.

Constraint Description Expression min max

resonant frequency fx/fspec 0.99 1.01

stroke at resonance xdisp 2 m 100 m

quality factor Qx 5 105

y-axis stability ke,y/ky 0 1/3

z stability ke, z/k z 0 1/3

in-plane mode
decoupling

fx/fi 0 1/3

out-of-plane mode
decoupling

fx/f 0 1/2

ky accuracy ky/ky,axle 0 1/10

kx accuracy xdisp/Lb 0 1/10

buckling Lb/Lcr 0 1/2



(fi) are constrained to be at least thrice that of the x-mode
while the out-of-plane resonant frequencies (fo) are con-
strained to be at least twice that of the x-mode. These sepa-
rations are sufficient to ensure that the secondary
displacements are small enough so as not to couple with the
primary displacement direction.

Since higher-order effects are not completely mod-
eled, the synthesis is prevented from searching in those
regions of the design space where they may be significant.
This is achieved through the accuracy constraints. Finally,
the beams are constrained to be shorter than the critical
buckling length through the last constraint in Table II.

MODELING
Models required for synthesis include resonant fre-

quencies of the oscillation modes, damping in the funda-
mental mode and the electrostatic comb-drive force.

Each oscillation is described by a lumped second-
order equation of motion. For any generalized displacement
, we can write:

  (1)

where Fe,  is the external force (in the x-mode this force is
generated by the comb drives), m  is the effective mass, B

is the damping coefficient, and k  is the spring constant.
Now, for example, the x-mode frequency is given by

x = 2 fx = . The other modes are modeled simi-

larly.
Linear equations for the spring constants are derived

using energy methods. A force (or moment) is applied to the
free end(s) of the spring, in the direction of interest, and the
displacement is calculated symbolically (as a function of the
design variables and the applied force). In these calculations
different boundary conditions are applied for the different
modes of deformation of the spring.

When forces (moments) are applied at the end-points
of the flexure, the total energy of deformation, U, is calcu-
lated as:

  (2)

where, Li is the length of the i’th beam in the flexure, Mi is
the bending moment transmitted through beam i, E is the
Young’s modulus of polysilicon and Ii is the moment of
inertia of beam i, about the relevant axis. The bending
moment is a linear function of the forces and moments
applied to the end-points of the flexure. The displacement of
an end-point of the flexure in any direction is given as:

  (3)

where, F  is the force applied in that direction at that end
point [6]. Similarly, angular displacements can be related to
applied moments.

Our aim here is to obtain the displacement in the direc-
tion of interest as a function of the applied force in that
direction. Applying the boundary conditions, as shown in
Figure 3, we obtain a set of linear equations in terms of the
applied forces and moments. and the unknown displace-
ment. Solving the set of equations yields a linear relation-
ship between the displacement and applied force in the
direction of interest. The constant of proportionality gives
the spring constant as a function of the physical dimensions
of the flexure.

FIGURE 3. Forces and moments applied on the free
ends of a half folded-flexure (with y-axis of symmetry).
Boundary conditions to calculate the spring constants in
the two out-of-plane rotational modes are also shown.

The out-of-plane models for the spring constants and
effective masses augment other similarly derived in-plane
models and equations derived in [7], to form the complete
set of mode-separation constraints used in the synthesis.

Viscous air damping dominates the energy dissipation
mechanisms in microresonators in atmospheric pressure.
The total damping force in the x-direction is mainly com-
posed of the forces due to Couette flow below the resonator,
Stokes flow above the resonator and air flow in the gap
between comb-fingers. The expression for the damping
coefficient is [8]:

  (4)
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where  is the viscosity of air, d is the fixed spacer gap of
2 m,  is the penetration depth of airflow above the struc-
ture, g  is the gap between comb fingers, and As, At, Ab, and
Ac are layout areas for the shuttle, truss beams, flexure
beams, and comb-finger sidewalls, respectively. In order to
take into account edge and finite-size effects, these areas are
calculated after extending each length by 4 m. Damping
factors of the other modes do not enter into the design con-
straints and are not calculated.

General analytic equations for the lateral comb-drive
force, Fx, as a function of comb-finger width (wc), g, struc-
ture thickness (t), and sacrificial spacer thickness (d) are
derived in [10]. For the special case of equal comb-finger
width, gap, thickness, and spacing above the substrate (wc =
g = t = d), each comb-drive generates a force that is propor-
tional to the square of the voltage, V, applied across the
comb fingers:

  (5)

where o is the permittivity of air.

SYNTHESIS RESULTS
Previously, we have synthesized layouts which were

optimized for different objective functions such as minimize
microresonator area, minimize applied voltage, minimize a
normalized sum of microresonator area and applied voltage
and maximize microresonator displacement at resonance
[5]. These resonators were fabricated in the MUMPS pro-
cess [9]. All these devices are 2 m thick. Representative
layouts are shown in Figure 4 (a) and (b). After the incorpo-
ration of the out-of-plane mode-separation constraints in the
synthesis tool, an attempt was made to synthesize layouts as
before. However, it was found that the thickness of 2 m

was not sufficient to meet these new constraints. With higher
structural thickness the springs would be stiffer in the out-
of-plane modes and, therefore, these modes would have
higher resonant frequencies. Hence, we introduced the
structural thickness as a new design variable and imple-
mented a new objective function: minimize a normalized
sum of microresonator area, applied voltage and structural
thickness. The layouts generated are shown in Figure 4(c).
The thicknesses range from 3.7 m to 9.1 m. The mode-
separation constraints are more significant near the design
corners, i.e., for the 300 KHz resonator. It is seen that the
300 KHz resonator in Figure 4 (b) has the least number of
fingers and, therefore, has a smaller moment of inertia about
the z-axis (pointing out of the plane of the paper). This is
necessitated by the rotation-about-z mode separation con-
straint. On the other hand, the 300 KHz resonator in
Figure 4(c) has more comb-fingers. However, since the
design has a much thicker and wider truss beam, the mode-
separation constraint can still be met even though the
moment of inertia is relatively large.

VERIFICATION
The synthesized microresonators were simulated

with FEA using  3D beam elements and the frequencies of
the out-of-plane modes were compared to the frequencies
predicted by the analytical models. As seen in Figure 6, the
model for fz is accurate to about 10% even at 100 KHz.

However, as seen in Figure 7 and Figure 8, the models
for the out-of-plane rotational modes, f x and f y, are accu-
rate only at lower frequencies. It is expected that, if second-
order effects such as axial tension and shear stress are also
considered, the models’ accuracy can be improved.

In order to verify whether the mode-separation con-
straints were actually met, the first 5 modes of a newly syn-
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3kHz                                  10kHz                       30kHz         100kHz        300kHz

5.5 m 3.7 m                  5.9 m       8.8 m          9.1 m

Varying thickness

2 m thick
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FIGURE 4. Comparison of layouts generated using increasing number of mode-separation constraints for five
frequencies. (a) 1 mode-separation constraint (b) 3 in-plane mode-separation constraints (c) 3 in-plane and 4 out-of-
plane mode-separation constraints. Layouts are optimized for area, voltage and thickness.
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thesized resonator were compared to those of a previously
synthesized resonator of the same frequency.

As shown in Figure 5, the new resonators have the pre-
ferred x-translation mode as the lowest frequency mode.

EXPERIMENTAL VERIFICATION
 Resonators were fabricated in MUMPS and the reso-

nant frequency and the quality factor were measured. These

measured results were compared with analytical model
results. The fabricated resonators were affected by beam
over-etching, resulting in a trapezoidal cross-section with
beam widths being smaller than the designed values. Models
for trapezoidal cross-section were incorporated in the syn-
thesis tool and the synthesized designs were evaluated tak-
ing measured over-etch parameters into account, for one-to-
one verification with measured functional performance data.
As seen in Figure 9, these analytical models are quite accu-

FIGURE 5. Simulated vibration modes of two 10 KHz resonators. (a) Modes for the resonator synthesized with the in-
plane mode-separation constraints only. The dominant mode in this case is the z-translation mode at 6.9 KHz. (b) Modes
for the resonator synthesized with the out-of-plane mode-separation constraints as well. The thickness of this resonator
is 3.7 m. The dominant mode is the pr eferred x-translation mode and all the other vibration modes ar e well-separated
from the dominant mode.
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FIGURE 6. Comparison of model with FEM simulation
(frequency of the z-translation mode) for resonators in
Figure 4(c)
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FIGURE 7. Comparison of model with FEM
simulation (frequency of the rotation-about-x mode,
f x) for resonators in Figure 4(c)



rate. The measured resonant frequency matches to within
4% of the model. This implies that, if we were to have a pro-
cess that has a well-characterized over-etch, we would be
able to synthesize layouts whose performance will be
exactly as expected.

The quality factor is accurate to about 20% at high
frequencies (at 20kHz, the model is accurate to within 5%).
The quality factor model depends primarily on the damping
models used. At higher frequencies, when the dimensions
are small, the edge and finite-size damping effects become
more significant. Hence, we see more error in the quality
factor model at higher frequencies. We are currently using
numerical simulation to understand the sources of damping
at the different frequencies to discern the actual cause of
inaccuracy.

CONCLUSIONS
Microresonators with well-controlled modes of oscil-

lation have been synthesized. The models used can predict
the frequencies for the out-of-plane modes with accuracies
sufficient for synthesis purposes. We have shown that these
out-of-plane modes are significant, and need to be consid-
ered during synthesis. The experimental measurements also

confirm that the models for spring stiffness, effective mass
and damping in the preferred, x-mode of motion, are accu-
rate. In order to extend the range of validity of models,
higher order effects should be considered. With these exten-
sions the approach described can be used effectively for
rapid synthesis of suspended microstructures.
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