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Abstract to estimate the mean of a population of numbers from a sam-
ple z1, 22, . . ., thenl;(w) might be(w < z;)%. This choice

of [; encodes both the current training potatand the fact
that we are minimizing squared error. (See Figure 1 for more
detail.) Or, if we were interested in a linear regression;of

on z;, I;(w) might be(y; <w - z;)?. This choice encodes
both the current exampler;, y:) and the fact that we want

to minimize the squared prediction error. Or, if we were try-
ing to solve a mixture estimation problem(w) might be
<ln(w - p), wherew is the vector of mixture proportions
andp; ; is the probability of the current training point under
theith model. (Here and below, the notatipy; stands for

. theith component of the vectgg.) This choice of loss func-

1 The inference problem tion encodes properties of the current example as well as the

We are interested in the following kind of inference problem: fact that we want to maximize Igg—llkellhood. _

on each time step = 1...T we must choose a prediction We want to develop an algorithm for choosing a sequence
vectorw, from a set of allowable prediction®. The inter-  of w;S S0 as to minimize our total 10S8),_, I;(w;), even
pretation ofw; depends on the details of the problem, but for if the sequence of loss functiodgis chosen by an adver-
examplew, might be our guess at the mean of a sequence ofsary. Unfortunately this problem is impossible without fur-
numbers or the coefficients of a linear regression. Then thether assumptions: for example, the adversary could choose
loss functionl;(w) is revealed to us, and we are penalized loss functions with corners or discontinuities and make the
I;(w;). These penalties are additive, so our overall goal is losses of two predictions andw; arbitrarily different even

to minimizezz’zl I,(w;). Our choice ofw, may depend on if v; andw, were close together. So, we will make two basic
li ...1;_1, and possibly on some additional prior informa- Simplifications. The first is that we will place restrictions on
tion, but it may not depend da. . . 7. the form of the function$, that the adversary may choose.

Many well-known inference problems, such as linear re- The chief restrictions will be thdf is convex and that a mea-

gression and estimation of mixture coefficients, are special SUré of the amount of information containedlindoes not

cases of this one. To express one of these specific problemdcrease too quickly from trial to trial.

as an instance of our general inference problem, we willusu- ~ The second simplification is that we will seek a relative
ally interpret the loss functioh as encoding both a training  |0ss bound rather than an absolute one. That is, we will de-
example and a criterion to be minimized: the location of the fine a comparison clags of predictions, and we will seek
set of minima ofl; encodes the training example, while the to minimize our regreEthl(lt(wt) <l (u)) versus the best
shape of; encodes the cost of deviations in each direction. predictoru € . (Often we will takel/ = W, so that we
This double role fol; means that the loss function will usu- are comparing our predictions to the best constant predic-
ally change from step to step, even if we are always trying to tion. Sometimes, though, we will need to takeC )V in
minimize the same kind of errors. For example, if we wanted order to prove a bound.) Sinaecan be chosen post hoc,

- with knowledge of the loss functiorig, such a regret bound
*This research was sponsored in part by the DARPA HPKB pro- s g strong statement.

gram under contract F30602-97-1-0215. The focus on regret instead of just loss is the chief place
where our results differ from traditional statistical estimation
theory. It is what allows us to handle sequences of loss func-
tions that are too difficult to predict: our theorems will still
hold, but since there will be no comparisernhat has small
loss, the theorems will not tell us much about our total loss

S L (wy).

We present a unified framework for reasoning about
worst-case regret bounds for learning algorithms.
This framework is based on the theory of duality
of convex functions. It brings together results from
computational learning theory and Bayesian statis-
tics, allowing us to derive new proofs of known
theorems, new theorems about known algorithms,
and new algorithms.



| Trial ¢ | 0] 1 | 2 3 | 4

Predictionw; — 0 2 3 3

Training example; || — 4 5 3 8
Error type — | Squared| Squared| Squared| Squared

Loss function; (w) || w? | (w<4)? | (w<5)? | (we3)? | (we8)2
Loss ofwy — 16 9 0 25
Ttl loss ofw; ... w; 0 16 25 25 50
Best constani 4

Loss ofu 16 0 1 1 16

Ttl loss ofu 16 16 17 18 34

Ttl regret -16 0 8 7 16

Figure 1: An example of the MAP algorithm in action, trying to minimize sum of squared errors. The predictionzasttied
mean of all examples up to triak=1, while the comparison vector is the mean of all examples.

Surprisingly, with only weak restrictions dpandu, we ©ln p(z¢|w). With this setting for, the MAP algorithm al-
will be able to prove bounds that are similar to the best pos- ways chooses the prediction with maximal posterior prob-
sible average-case bounds (that is, bounds whé&hosen ability given the available information. Of course, we can
by some fixed probability law). Our theorems will unify re-  still use the MAP algorithm when we do not have i.i.d. sam-
sults from classical statistics (inference in exponential fam- ples; in this casé; will be unrelated to any likelihood, and
ilies and generalized linear models) with those from com- so “maximum a posteriori” may be a misnomer.
putational learning theory (weighted majority, aggregating As the MAP algorithm is stated above it is not opera-
algorithm, exponentiated gradient). tional, since we may not know how to perform the required

This regret bound framework has been studied before minimization. A striking feature of the MAP algorithm is
in [LW92, KW97, KW96, Vov90, CBFH 95] among others.  that, despite the complicated machinery required to prove
Also, some of our results are similar to results from classi- its theoretical properties, it often has a simple and efficient
cal statistics such as the Cramer-Rao variance bound [SO91]implementation. In fact, as we will see below, many well-
Our theorems are more general than each of these previougnown inference algorithms are MAP algorithms.
results in at least one of the following ways. First, they One example of a specific implementation of the MAP
apply to more general classes of convex loss functions, in-algorithmis shown in Figure 1. In this example, the learneris
cluding non-differentiable ones. Second, they apply to both trying to minimize the sum of squared distances between its
online (.e., bounded computation per example) and offline predictionsw; and a sequence of training examples. . z4.
(unbounded computation) algorithms. Third, they apply to For this problem the MAP algorithm will always predict
all sequences of loss functions, not just on average. Finally,equal to the mean of all examples from tridls. .t < 1.
they apply at all time steps, not just asymptotically. Our the- (By convention we set, = 0.) As shown in the figure,
orems are also less general than traditional statistical resultghe best possible constant predictioruis= 4, since that is
in some ways. For example, while the Cramer-Rao boundthe mean oty ... z4. The total loss ofs = 4 is 34, so the
requires differentiability of the loss functions, it does not re- regret of the MAP algorithm is the difference between the
quire global convexity, just local convexity. |OSSZ?71 l;(w;) and34.

All of our theorems will concern variations on the follow- The rest of the paper is organized as follows. In Section
ing simple and intuitively appealing algorithm, which takes 2 we will review some basic facts about convex analysis that
as input the loss functions ...[;_; observed on previous e will need later on. In section 3 we will outline our main
trials plus one additional loss functidgwhich encodes our  results and the strategy that we will use to prove them. In the
prior knowledge before the first trial. remaining sections we will prove specific results.

MAP ALGORITHM: Predict any
t—1
w; € arg n&nZli(w)
i=0

2 Convex duality

For the proofs below we will need some definitions and basic
results about convex functions. A convex function is any
function f from a vector spac&’ to R U {+o0, <00} which

The notatiomarg min,, f(w) means the set abs that min- satisfies

imize f. We assume that the minimum is always achieved

so that a legal prediction always exists. Conditions which M)+ (1 eNf(y) 2 Oz + (1 eA)y)

ensure the existence are described below. The algorithmfor all z,y € X andX € [0, 1]. A strictly convex function is

is called “MAP” or “maximum a posteriori” because of its one for which we can replace by > in the above inequality.
Bayesian roots: if we want to apply the MAP algorithm A proper convex function is one which is always greater than
to the problem of estimating some population parameters<oo and not uniformlytoco. The domain off, dom f, is the

w from an i.i.d. samplez, 2o, ..., then a good choice of set of points wherg is finite. Convex functions are contin-
loss function is the negative of the log likelihoddw) uous onint dom f, and differentiable ofnt dom f except
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One solution is to pick a divergence arbitrarily andZix 3 Proof strategy
to mean just that divergence. This solution is the one we have

been using implicitly so far, since we have definédy) to Our main result is a bound on the total regret of the MAP
be an arbitrary but fixed element&f (y). A better solution ~ &/gorithm. Itis stated below as Theorem 1, and an important
is to generalize the definition of Bregman divergence. spemglgaﬂon is given as _Thgorem 2. There are three basic

We can motivate our generalization by noticing that, while St€PS in its proof and application. .

a pointy does not define a unique tangent plangta slope ~_ Our proofis by an amortized analysis [CLR90]. So, the

a does. There is always at most one plane with stopen- fl_rst step is to deflr_1e a pot_entlal_ function for the MAP algo-

genttof, and if it exists it is given by the equation rithm. Th_|s potential function will decreasg on trials whe_re
the algorithm suffers a large regret, and increase on trials

F((f) () + (z<(f") (a)a where it suffers a small or negative regret. That way, our

: L e analysis will be able to handle trials with large regret by
There is the same ambiguity in computiog)’ that there  ayeraging them out against other trials with smaller regret.
was in computingf’, but it doesn’t matter: iDf* is mul-  Thjs kind of amortized analysis is a generalization of an idea
tivalued, then each value refers to a different point along a \yhich was introduced in [LW92] and also used in many other
linear segment off, and the tangent plane at any of these regret-bound proofs.

points is the same. _ _ _ The second step is to sum the regret over all trials. In
So, we define the generalized Bregman divergence, whichyger to perform this step, we will introduce some constants

measures the dissimilarity between a pairdnd a slope, that, roughly speaking, summarize the amount of informa-

to be def tion available to the algorithm at the beginning of each trial.
Dy (zla) = f(z) + f*(a) &7 -a These constants depend on the type of loss function we are

This definition is a generalization of the original Bregman interested in, so we will leave them unspecified.

divergence since, i = f'(y), thenD(z|y) = Dy (]a). The third and final step is to calculate the values of the

All of the properties of Bregman divergences given above constants for the specific algorithms we wish to analyze. We

carry over straightforwardly t&; . will leave this step for subsequent sections.

Generalized Bregman divergences satisfy a simple sym-

metry property: our assumption thais closed implies that 3.1 Existence

Before we prove any regret bounds, we will look at when
Dy (z]a) = Dy« (alz) the MAP algorithm is well-defined, that is, when the mini-

t—1 . . .
Another advantage of the new definition is tfigt(z|a) is mum of L, = 3_;_, l; is guaranteed to be attained. While
defined for anyz anda (although it may be infinite) and it is difficult to derive necessary and sufficient conditions for
convex separately in and ina (although it may not be con- attainment of the minimum, there are some sufficient condi-
vex jointly in = anda). By contrastD ;(z|y) is undefined if tions which are easy to chepk. Throughout this section (and
f(y) is empty, and it may not be convexgn the rest of the paper) we will assume that ecis closed

A function is called positively homogeneousfifAz) = and convex. Because it will avoid extra notation, we will
Af(z) for all A > 0. A nonnegative, positively homoge- adopt the convention that any prediction is legalifis the
neous, closed, convex function is called a gauge. Gauges ar&onstant functiontoo. . ..
a generalization of norms: a norm is a gauge that is symmet- _ 1€ simplest condition to check is whethiemn [; is all
ric (f(z) = f(<w)) and strictly positive except at the origin  Of V. since this condition does not dependipffor £ > 1.
(f(z) = 0 & = = 0). The dual of a gauge is an indica- Often this condition is the only one we can check. Exam-

. \ [ € <=
tor function for a convex set containing the origin, and vice PI€S Of functions that satisfy this condition dgw) = w
andly(w) = wlnw. An example of a function that does

versa. , _ LV ,

Two gaugeg andg® are called polar to each other if not satisfy this condition i%(w) = |w|. Loosely speaking,

this condition captures functions such that the norri} @f)

9°(y) = inf{A > 0|(Vz) z -y < Ag(x)} keeps increasing without bound asapproaches the border
) . of dom .

For example, the.;, norm onR" is defined to be Another simple condition to check is whethgrattains
1 its minimum for eacht. Examples of this kind of function

def (= )" includel;(w) = (w <2)? andl;(p) = Dkr(plg). Linear

l2ll, = (D functions (such as the loss functions used in generalized gra-
i=1

dient descent, described below) do not usually satisfy this

and||- ||, and|| - || are polar to each other whent & = 1. condition.

Polar gauges satisfy a generalization @fi¢t’s inequality: attalifnlittslsnl:i?\?rirufr%rééé’lf\?vwé(nw) = w -z, thenL, will

z-y < g(x)g°(y)

t—1

def *

for all z, y, with equality iff \y € dg(z) for someX > 0. X2 ) a € wdom Ol
Polarity between gauges is related to duality between convex i=1

functions: if f (z) = 1g(x)?, thenf*(z) = 1¢°(x).

For more background on convex duality, see [Roc70] or
[OR70Q]. 0 € OLy(w)

since this condition is true iff there is someso that



aX, € aly(w)
w € 613(<:>Xt)

3.3 Amortized analysis
In order to complete the proof of our bound, we need to re-

We can combine and generalize these conditions into thelate the quantityL; (0) < L7, (0) to the loss of the MAP

following lemma.

Lemma 1 Suppose that the functiofig [, ... are convex
and closed. Lein;, ms, ... be closed convex functions, each
of which attains its minimum, such that< m; is convex.
Suppose there is a poiat for eacht so that

t—1

<:>Z(l, em;) (we) € dom Al

i=1
Then the MAP algorithm applied to the losdgd, . .
duces a legal prediction at each trial

. pro-

PROOFE Fix a trial ¢ and writex; = (I; & m;) (w;) for

1 < i < t. The functionM (w) = lp(w) +w - Y\ x;

algorithm. Since the relationship depends on the type of loss
function we are using, for now we will just assume that there
are constants;, > c > ... > 0 so that

cr(Ly(0) &L, (0) > Iy (wy) 1)

Herel; is some function related tip. Often we will just use
l; = I, but we will sometimes need the extra generality. The
smaller we take;, the better our bounds will be.

We can think ofl/c; as a lower bound on how much
information is available to the algorithm at the beginning of
trial ¢. The best allowable value @f will depend on how
convexL; is when compared th. For example, if every;
is quadratic with the same second derivative, we will show
below that we can také/c; proportional to the sample size

achievesits minimum, since it is closed and convex and sincet,

the conditiond € dlo(w) + 3 '~} ; is equivalent toaw €
5 (302, ).

The functiond;(w) <m;(w) ©w - z; also achieve their
minima, since) € 9(l; &m;)(w;) ;. But L is the sum of
M (w), l;(w) ©m;(w) ©w - z;, andm;(w) fori=1...t &
1. So, since the sum of closed convex minimum-achieving
functions is also a closed convex minimum-achieving func-
tion, L; achieves its minimum. O

3.2 One-step regret

Our potential function will be a generalized Bregman diver-
gence involving the comparison vectorthe loss functions
l;, and the MAP algorithm'’s current predictian. The rea-
son we use a divergence involvingandw;, is that we want

to prove that, on trials where the MAP algorithm suffers a
large regret compared tg, it will move its next prediction
closer tou. That way, we can conclude that if it sees the
same loss function again, it will incur a smaller regret.

Let L, = Y.'_}1;, so that thew; chosen by the MAP
algorithm will bearg min,, L;(w). We define our potential
function to beDy, (u|0). The potential change on each time
step is given by the following lemma.

Lemma 2 On trial ¢, the change in potential is
Dr,,, (u]0) D, (u|0) = li(u) <L (0) + L1, (0)
PROOF The potential on stepis
Dy, (u|0) = Le(u) + L; (0)
So, the difference in potential between triandt + 1 is
(Ltt1 & Le)(u) <L (0) + Ly, (0)

But Ly 1 <L, is justl;, so the result follows. O
The functionL; is important, since it encodes both the

best possible loss so far and the MAP algorithm’s next pre-

diction: Theorem 27.1 in [Roc70] states
L (0) = L (w)
wy € OLY(0)

Most of the work in applying Theorem 1 to specific problems
will come in analyzingL;. For example, in the Weighted
Majority proof below,L; (0) will be the log of the sum of the
unnormalized weights, and the main part of the proof will be
to connect the change in this quantity to the algorithm’s loss.

With the assumption (1), Lemma 2 becomes
1-
Dz, (ul0) &Dr,,, (ul0) 2 —lp(we) Sle(u)
t
or

li(wy) < cily(u) + eDy, (u|0) <Dy, , (u|0)
If we now apply lemma 2 to trial + 1, we get

2

livi(wer1) < cpalipr(u) + 1 Dp,y, (u]0)  (3)
<:>ct+1]D)Lt+2 (u|0)
Notice thatDy,, ., (u|0) appears in both Equation 2 and 3,
once with coefficientse, and once with coefficient, ;.
Sincec;+1 < ¢; and since Bregman divergences are nonneg-
ative, the two terms together are less than or equal to zero;
so, we can drop them from our bound on total regret.
But now we have proven

Theorem 1 Letly, !y, . .. satisfy the assumptions of Lemma 1,
so that the MAP algorithm produces a predictiop at trial

t. DefineL; = Zf;} l;. Let the constants; and the func-
tions!; be such that,(L;(0) &Ly, ,(0)) > l;(w;). Then
the for allu total regret of the MAP algorithm is bounded by

T T
Z th(’U)t) S Z Ctlt(u) + Cl]D)lO (U|O)
t=1 t=1

ProoOFE Sumlemma 2 over all trials, then cancel terms as de-
scribed above. Finally, ignore the term containing the ending
potentialDy, ., , (u|0). m|

3.4 Specific bounds

All that remains is to evaluate the constantgor specific
types of loss functions. In the following sections we will
do just that. The next section analyzes the Weighted Major-
ity algorithm. Theorem 2, proved in Section 6, covers cases
in which the one-step losses can be represented as Bregman
divergences. In particular, Sections 5 and 7 cover general-
ized gradient descent algorithms, and Sections 8 and 9 cover
generalized linear regression algorithms including linear re-
gression and exponentiated gradient.

Another interesting problem is inference of the natural
parameter in an exponential family. We will not have space
to cover this problem here, but see [Gor99] for more detail.



4 Weighted Majority

One of the simplest MAP algorithms is Weighted Majority,
described in [LW92]. For a more detailed analysis of WM in
our framework, see [Gor99]; here we will only give a brief
review.

The legal predictions for WM are the vectors in the unit
simplexP = {w|w > 0A Y w = 1}. Theith component of
wy IS interpreted as the weight given to thi expert on step
t. The loss functions far > 1 arel;(w) = z; - w, wherez, ;
is the prediction error of thigh expert at step.

Since we already know for ¢ > 1, the only decision
we need to make to interpret WM as a MAP algorithm is to
choose the initial loss functioky. To derive WM, we will
pick
)

&g

wheres € [0,1) is a parameter of the algorithm, adfl is
defined as

lo

H(w) défé(w|P) + Zwi In w;

whered(-| P) is the function which iso outside ofP and0
inside of P. It is easy to verify that

H*(z) =In Z exp(z;)

dim,H*(x) = exp(z;)/ ZGXP(%')

This choice of, means that our prediction on stepill
bew; = (H*)'(X¢1ng), or

wi = G102 B
J

whereX; = Y'"] #;. This update is identical to the one

given in [LW92]. In fact, the analysis of that paper shows
that we can take; = <ln 3/(1 <) for all ¢, and applying
Theorem 1 with this choice @f yields their Corollary 6.1. A
similar application of Theorem 1 bounds the regret of a WM-
like algorithm which uses the log lossin(w - ;) instead of

a linear loss.

The fact thatly is infinite outside ofP ensures that our
predictionw; is always inP. A look at the update equations
shows how WM translates this requirement into practice:
firstit computes,, which is what we would have predicted if
lo did not have the indicator terd{w|P), and then it scales
each element af; proportionally to find the perspective pro-
jection ofv; onto P. Since scaling is equivalent to adding
a constant to each elementXf, the projection step is equiv-
alent to finding a constarit so thaty_, 3Xi** = 1. This
behavior does not depend on the entropy teriy.irin fact,
if we replacel, with any function of the form¥(w|P) +
>, l(w;), our prediction will bew; ; = (1*)"(Xy,; + k), with
k chosen to ensure that € P.

5 Generalized gradient descent

In the previous section we analyzed a simple MAP algorithm
in which all of the loss functions except the prior were linear.

Because of the linearity of the loss functions, it was easy to
compute the predictiom, on each time step: the update rule
for WM is of the formw; = f(<nX;), whereX, is the
sum of the gradients of the previous loss functions Asla
function that we can compute efficiently. The variant of WM
for log loss has a similar update rule; in fact, we can derive it
by replacing the log loss function by a linear approximation.

We would like to be able to play the same trick for an
arbitrary convex loss functioh. That is, we would like to
replacel; by a linear functionn,, then apply the MAP al-
gorithm to the functionsn, instead ofl; so that it will run
more efficiently. Of course, the predictions will be different
if we usem; in place ofl;, and so the regret may be larger.
But, we may have to do significantly less work per trial, and
we will still be able to bound the regret.

The key inequalities which will allow us to replateby
my are

le(we) < my(wy) @)
le(u) > my(u) Yu e U

If 4/ = W then these inequalities force; to be tangent
tol; atwy; if U4 C W thenm; may be a secant th that
passes abovev;, [; (w;)). Subtracting the second inequality
from the first gived;(w;) <l (u) < my(we) <my(u) for
all w € U, so that when we apply Theorem 1 to bound the
differencemn; (w; ) <m.(u) we also get a bound on the regret
It (wt) =" (U)

If we setm, to be atangentth atw;, m(w) = l;(w;)+
(w &wy) - I3 (we), and then feed the sequence of loss func-
tionsly, my, mo, ... to the MAP algorithm, the result is an
algorithm called generalized gradient descent or GGD. It is
“generalized” because, whénis quadratic, the update rule
reduces to ordinary gradient descent. We can write the GGD
update rule as follows:

GGD ALGORITHM: Predict any
t—1
wy € argmin |lp(w) +w - Zl;(wz)
w
i=1

The GGD algorithm is often written in an additive form
that looks different from its statement above. If we write
X ij I!(w;) then the additive form of the GGD pre-
diction rule isw; = f(<nX;). Heren is a learning rate and
f is a function fromR"™ to R™ satisfying appropriate con-
ditions. For example, choosinfto be the identity yields
ordinary gradient descent. The advantage of this form of
the prediction rule comes from the fact it may be difficult to
computd, from f, while it is often easier to compujefrom
lp; S0, if we are givery, we can use the additive form of the
GGD rule without needing to compulg

We can prove that the two forms of the GGD algorithm
are equivalent: ifp = 1, then we can sef = (I§)’. For
different learning rates we can just multiply by a con-
stant, since(1.l0)*(z) = 1l5(nz) and so((;l)*)'(z)
(5) (nz). _ _

The functionf(z) (or equivalently(i5)'(;)) is called a
link function. Figure 4 shows some useful link functions and
their corresponding loss functions. The one-dimensional link
functions in Figure 4 can easily be generalized to multiple
dimensions by applying them separately to each coordinate.



| Name [ Link (I§)" | Lossly |

Identity a Fw?
Logistic TTensa) wlnw + (1 ©w)In(1 Sw)
Inverse logistic| In % In(1 + exp(w))
Exponential expa wlnw Sw
Logarithmic Ina exp w
exponential | oham | Xawilnw 1+ 6] Xy = 1)

Figure 4: Some examples of link functions.

Some examples of GGD algorithms are ordinary gradi- MAP algorithm a loss 010°, while the optimal comparison
ent descent, the perceptron learning rule, and the Exponentivectorﬁ will suffer a loss of approximately0—% even
ated Gradient algorithm of [KW97]. We will examine some though itsly-divergence fromu; is less than 1.
of these algorithms in more detail below. But first, we will So, to ensure that; is sufficiently convex, we will pick
prove regret bounds for a class of algorithms that includes a gaugegy and constants, € (0,1) and require that
GGD.

(9(v &w))?

N | =

WtDLt (’U|(],) >
6 General regret bounds
for all v andw anda € L;(w). And, to ensure thdt is not

6.1 Preliminaries : ;
) o too convex, we will require that
In many common MAP algorithms, each individual loss func-

~—

tion can be written as a Bregman divergence. For exam- Dy: (ag|w) > l(g"(at &a))?

ple, in linear regression, the loss functions are of the form ¢ -2

(ye ©w; - 2,)°, which we may think of as a scaled EU-  for gl 4 anda € 91, (w).

clidean distance between, and any of the infinitely many A consequence of the first assumption is that
perfect predictionsv satisfyingy; = w - z;. (The scaling )

is such that all directions perpendicular:tp have weight I I s = 2
zero.) For a more general example, in GGD, if we adopt t(w) & Li(wy) 2 5(9(w Swy))

the convention thainf,, l;(w) = 0, then the lossn; (w;) since the LHS is equal t®;, (w|0) and0 € OL(w:). A
is [;(w;) = Dy, (w|0). In this section we will derive regret  ;,nsaquence of the second assumption is that
bounds that hold when the loss functions are divergences.

To that end, assume that we are running the MAP algo-
rithm with loss functiongy, m,, ma, . . ., and thatn, (w;) =
Dy, (wi|ag). Also assumen:(w) < Dy, (wl|as) for all w.
(These inequalities are a tangency condition similar to (4).)
Write L; = Ip + _._} m;. This notation is similar to the mi(we) = li(wy)

) > 3 g° (o w0))?

as long a®m; (w;) is nonempty, since

notation from the section on GGD, but in this section we are = Dy, (wela)
not assuming that the functioms, are linear. In particular, 1
we may taken; = I;. > —(¢°(a; ©a))?
In order to bound the loss of the MAP algorithm, we have 2
to make sure that the prior logs before each triat is suf- for anya € 0l;(w;), and sincedl;(w;) <ar D Omy(wy).

ficiently convex. To see why, consider what would happen Scaling the gaugewill scalen; inversely. So, in order to

if we tookly, = L; to be %6(w|[0, 1]). With this choice make the constam as small as possible in the first assump-
of prior loss, our predicteay can change discontinuously tion, it is important to takey to be as shallow as possible
from 0 to 1 even when the one-step loss has only a smallwhile still satisfying the second assumption.

gradient. So, for example, if we see; = w/2 and then 6.2 Examples

ma,ms,... = (1 w),w, (1 ©w),w,..., our predictions

will alternate between 0 and 1 no matter how smjal. In To interpret our assumptions, it will help to compute the best
fact, we will always choose the worst possibleand so our  gaugey and learning ratg for some examples. First suppose
loss will be twice that of the comparison vector= .5. that L, andl, are both quadratic, saf;(w) = fw™Muw

We also have to make sure that the one-step divergenceandl,(w) = 3w Mw for some symmetric positive definite

functionsl; for ¢ > 1 are not too convex. If they are, we  matrix A7. (This choice of, means thatn, (w;) = Lw, &
can cause t_hg MAP algorithm to suffer an arbitrarily large %) M (w; ©2), wherez; = M a,.) Then we can choose
regret per trial: the more convéxis as compared td;, the ~ 1 and B a7 .

more of an advantage it is to pick the comparison vector after 7t = % &N g9(w) = Vw' Mw, since
knowingm;. For example, ify(w) = w? (so thatw; = 0), 1

1 1
then the loss functiom; (w) = 10(w «<1)2 will cause the 7Dr, (vla) = 5(v sw)TM(v sw) = 59 Sw)?



wherew = kM ~la, and

1 1 1,
g+ (at|w) = 0 Ty~ at+§wTMw<:>at-w =39 (area)?

wherea = Mw.
Or suppose thal; is quadratic buf’.; is proportional to
the entropy function. In particular, let

1
li(w) = §||w||§

Li(w) = kH(w)

n
def Zwilnwi + klnn

i=1

H(w)

It is well known thatD g (v|w) > 2||v ©wl|3 for anyv, w.
S0, = Dp, (v|w) > §|lv ©wl||3. And just as in the previous
exampleD;: (a;|w) > £||a; ©w|[3. So, we can choosgto
be Euclidean distance and lpt= -

These two examples show thatindn together provide
a global analog to the Fisher information matrix. When the
Fisher informationL} (w) is constant over all possible pa-
rameter values, as it is in the first example, the local and

6.3 The bound
We will now prove our regret bound.

Theorem 2 Suppose that the loss functiohsmy, mo, ...
satisfy the conditions of Lemma 1, so that the MAP algorithm
applied to these loss functions always produces a prediction
w at each trial. Suppose that for all 0m, (w;) is nonempty,
mi(we) = Dy, (we]ag), andmg(w) < Dy, (w]az) for all w.
Write L; = Iy + Zf;} my. Suppose that there exists a gauge
g and constantd > n; > n, > ... > 0 so that for allt we
have

(9(v &w))?

l\')l»—l

1Dz, (v]a) >

for all v andw anda € 0L (w) and

Dy (ae|w) > 5 (g°(ar a))?

N | =

for all w anda € 0l;(w). Then the loss of the MAP algo-
rithm is bounded by

T

T
; my (wt Z

1
—D
me(u) + 157Dl (ul0)

global information measures are the same. On the otherproor \We have
hand, when the Fisher information varies, as it does in the

second example, the global measure may be much more con- Li(w) > 1 (g(w ©wp))? + Ly(we)
servative. This conservatism is necessary: in the average - 2
case we can count on having our estimates stay near the op- mi(w) > me(wy) + (w Swy) - mh(wy)

timal value, while in the worst case our opponent can cause 1

our estimates to wander into a region with lower information. Livi(w) > —(g(w &wy))? + Li(wy) +
Finally, suppose thal(w) = 1(y <w - 24)?, and let 20
a; = 050 thatn, (w;) = I;(w;). This choice of loss function mi(we) + (w Swe) - my(w;)
is appropriate for linear regression problems. It depends on . 1, 9
w only throughw-z;, SO any change i perpendicular ta; Lia(z) < 2_7715(9 (e (z &mi(wr))))” +
leaved,; constant. That means that we can reprekeas the cwp o Ly (wy) Smy(wr)
sum of two components, one of which depends onlyen, xl We = L4 {Wt) MWt
and the other of which depends onlymmxt = w@%xt L 1(0) L (0) < 2—(g°(<:>)7tm,'5(wt)))2 omi(we)
A little algebra shows 't
< (e e )my(wy)

The fourth line above is true because the duakffw <
¢)+b-(wece)isaf*((x <b)/a) + z - c. The fifthis true
becausel;(0) = <L:(w:). The last line is true because

=0(z|z \ z: =0)

N T - Ty 1/ x x; 2

lt(x) +l't'1'ty+2<l't'$t>

In other words!; is infinite everywhere except along the line 0 ; 2 2ty / 2

throughz,, and along that line it is quadratic. The quadratic ((?zmét(“ft))d = 77t|g (@'fnt”(wt))b' wina Th 1

term (the Iast term in the expression above) is scaled so that e desired result now follows Yy applying theorem o

it is equal to} atz; and<w;. So, to bound;, we will need the loss functiongy, my,my, .. ., takingl; = m; ande;

to make some assumption abaut -
If we suppose that the gaugeis symmetric and scaled

so thatg®(z;) < 1, then it is not hard to see that

. |
nThe way it is stated, this theorem bounds the loss in terms
of the functionsn,; it is just as easy to give a bound in terms
of I; by substitutingm(w;) = Dy, (we]az) andmy(u) <
Dy, (ulat).

Di; (Ofw) = le(w) > 5(g°(x))”
since the latter expression is also quadratic along the line
throughz; and scaled so that it is no larger tharat +x;.
So, for example, if|z:||.c < X, we can takegy(w) to be
Xfwlly.

Now, sincel|w||1 < ||w]||2, we haveD g (v|w) > 2||v &
wl||?. So, if Ly = kH, we can takey, =

7 GGD examples

Perhaps the simplest use of GGD is to approximate the mean
of a population of vectors by looking at a sample z,, . . ..

This application of GGD corresponds to the prior lags) =
k||w||? and the one-step losségw) = |jw < z|>. With
these loss functions, GGD will prediat. ;1 = w; + 1 (2¢ <



w). We saw above that we can takdo be Euclidean dis-  bounded by

tance andy = % so Theorem 2 tells us that our loss is T
bounded b
Y D llwe szl < ¢ Z 52+ 7D )
T t=1 4k t=1
2 =112
Z lwe Sz||” < tial 1211 for any u. This bound is not the same as any bound in
= k

[KW97] or [KW96], since those papers consider only re-
gression problems; so, we defer a comparison until Section 9

- - _ ] -
wherez = T > 1 # is the optimal constant prediction. below.

The first term on the right-hand side of the above inequal-
ity depends on the training examplegsonly through their .
vgrianljt:e; the second depegnds onﬁhe exgmples%nly througﬁ3 Regression problems
their mean. So, the inequality tells us that even if the training A common type of prediction problem is generalized lin-
examples are chosen by an adversary, as long as they havear regression [MN83, LW92, KW97], which includes lin-
bounded mean and variance, we can still achieve boundecear regression, logistic regression, other generalized linear
average regret per trial. More specifically, suppose that asmodels, perceptron learning, and many other problems. In
T — oo the mean ot ...z approacheg and the covari-  generalized linear regression, on each time steg must
ance approaches’I. Then for large enougl the second predict a vector of regression coefficients. We are then
term becomes negligible, and our average loss per trial will glven an input vectox,, from which we form a prediction
approachl— So, our average regret per trial will approach 9: = f(z; - w¢). The monotone functiorf is called the
o prediction link function, since it provides a link between the
1-n coefficientsw, and the predictiofj;. Finally, we find out the

By way of comparison, we can compute the asymptotic gesjred outpuy; and receive a losk (w) = (3, y:). Re-
average case regret per trial for this variant of GGD: sup- gressjon problems are a special case of our general prediction
pose that the training examplesare independent indenti- problem, since they differ only in that we have specified a
cally distributed random variables that follow a normal dis- particular form for the loss functioh: for example, the loss
tribution with meary and covariance?I. Then the optimal  fynctions for linear regression are of the fofgp <w - ;).

prediction will approaciu for sufficiently largel’, and its ex- We should not confuse the prediction link function, which
pected loss on each trial will approach Onthe otherhand, g g mapping fronR to R that connects - z; with the pre-
by solving the recurrenceéSw, 1 = (1 <n)Ew; + nEz diction g, with the link function described earlier, which is

andVar w1 = (1<n)?Varw; +1?Var z;, we canseethat 3 function fromW to W. In designing an algorithm, we
Ew; — pandVarw; — 52-0%1. So, the expected l0ss per  can choose the two kinds of link functions separately. When
trial of the GGD algorithm approaches there is a danger of confusion, we will call the latter the pa-
T T rameter link function. All of the one-dimensional parameter
(Bwy &p) (Bwy p) + E((we <) (wr &p)) link functions in Figure 4 are also possible choices for the
o2 prediction link function.
(1 + L) —

20n) 1ol 8.1 Matching loss functions

and the average regret per trial approacf@% Thatmeans In order to apply our theory, we need the one-step losses
that asy — 0 there is a difference of approximately a factor s(w) to be convex. This is a condition on the relationship
of two between the worst-case and average-case regret foFetween the prediction link functiofiand the loss function

this algorithm. This gap appears to be necessary: at leas (9,y). It turns out that, given a monotone link function, we

for small learning rates, the sequence a1, <. 1, <1, . can always define a matching loss function so that) is
forces nearly asgmuch regret ag our bcﬁnd T convex. Iff is invertible, we follow [AHW96] and define its

For another example, taklg to be a multiple of the en- matching loss function to be
trg)tﬂy function on the unit simplex. Thatis, suppdse- kH 1(9,y) = Dp-(y|9)
wi
whereF is any convex function withf = F”.
If fis not invertible (that is, ifF" has a linear segment,

H(w) =Y wilnw; + 1N +d(w| Y w=1) so thatF™* has a corner) then the above definition no longer
i=1 works. Intuitively, the problem is that our predictions get
The resulting update is “stuck” as they cross the corner ifi*: there is a whole range
of p with the samef (p) and therefore the same loss, produc-
s = Wt exp(&wy,i/k) ing an extraneous flat spotin
e SN wy; exp(eny i /k) We can fix the problem by allowing(w) to depend on

pr = zy - w directly, rather than just ofi(p;). More specifi-
wherexz; = lj(w;). This is the Exponentiated Gradient al- cally, we generalize the definition of [AHW96] and set
gorithm of [KW97]. (If the loss functiong, for ¢ > 1 are .
linear, it is also the same as the WMC algorithm.) m(p,y) = Dp- (ylp) = Dr (ply) = Fp) + F*(y) <y -p

If now I;(w) = §(w <2)? fort > 1, we saw above that  With this definition, it is easy to see that(p, y) is convex

we can take; = 4L So Theorem 2 tells us that our loss is as a function op, sol;(w) = m(z; - w,y:) iS convex inw.



Intuitively, what we have done is allow ourselves to specify for all v andw anda € 0L, (w). Then
not just whichy will give us zero loss, but also what the - -
derivative of F'* is at that point. Wher#™* is smooth, there / < 1 ! 1
is only one possible choice of derivative for each prediction, Z t(we) < Z = ¢(u) + =
so we have not changed anything; but when our prediction =1 =1
is at a corner of"™* we can choose from a range of possible for all u.
derivatives.

We will use the derivative of the loss function below. It PROOF Apply Theorem 2 to the functions, [y,... and
turns out that the prediction error is a derivativerefwith mi,ms, ..., Witha; = 0, using the gaugg and the learning

respect tg: ratesr; . _ _ O
While the size of the input vectors doesn’t appear ex-

f(p) &y € OF(p) &y = Opm(p,y) plicitly in this bound, it affects the choice gfand therefore
the allowed values of;;. For example, depending on the
size of the input vectors, we might need to g@b) to either

8.2 Regret bounds [|lw||y or 10]|w||;. At the cost of introducing an extra pa-
rameter, we could have written the theorem to allow us to set
g(w) = |Jw||; no matter the scale of the input vectors. For
examples of the application of this theorem, see Section 9.

Dy, (u]0)

So, a derivative of;(w) is (f(z+ - w) Syi)zs.

In order to bound the regret of the MAP algorithm for re-
gression problems, we need to find a gagige thatl; (w) >
3(g° (&l (w)))?. We have already done so for the special
case of the identity link with squared loss: in section 6.2, we g 3 Multidimensional outputs
showed that the allowable choices fprare the symmetric
gauges such that®(z;) < 1 for all t. (Symmetric gauges
are also called seminorms.)

The situation is similar for general link functions an
their matching loss functions. In this case, though, we must
make one additional assumption: we must bound how quickly
the predictionj; changes when we change the raw prediction

Pt-
So, we will assume thabg (ply) > A;(y & f(p))? for

So far in our regression problems we have assumed that the
targety; is one-dimensional. Our proofs work equally well,
g though, ify, is selected from an arbitrary vector spa¢eln
that case, the parameter matuaix will be a linear mapping
that takese; to p, € Y. The prediction link functiory will
be the derivative of some convex functiéhon ), and the
matching loss will béDg (p:|y:), so the derivative of;(w)
will be (f (wzy) i)zt
2 X . . L The only part of the proof that requires some modifica-
some > 0. (This is essentially a Lipschitz condition ¢in) tion is the d)(/efri)nition of th% gauge Singew is a matrix and
With this assumption, we can write z; andy, are vectors of possibly different lengths, we need
Li(w) = Dz wly) different gauges to measure the size of each one. (Previously
\2 we had used; for w, ¢° for z;, and| - | for y;.) So, we
> (g o f(z-w))? will assume that we have symmetric gaugesnds so that
2 r°(z) < 1andDr(ply) > Ls(y & f(p))?. Then we will
But we saw above thadt(w) = (f(z; - w) ©y)z;. SO, ifg defineg by the relation
is a symmetric gauge such thgg°(x;) < 1, then

o) = { \S(ur))< }S(MU)
1 ulr(u)<1
. 2 > o 2
(e & flae-w)™ 2 35970 (w) This ¢ is called the matrix gauge forands. Sincer and
Lw) > 1 s are symmetric, so ig. Also, if x andy are vectors with
t =

oyl 2
99 (1t (w)) r°(z) = lands(y) = 1, theng(yz™) = 1, sinces(yz'u) =
s(y)xTu < s(y)r°(z)r(u), with equality for an appropri-
ately chosem.

With this choice ofy, we have

But now we have proven

Theorem 3 Let F' be a closed convex function with

1 . 1
2 Lo 2 _ = T\2
_ o 2 2
Suppose that the functiohs I, . . . are of the form, (w) = = () §s(f(th) SYt)
Dp (yt|w - x;) for given vectorse, and scalarsy;. Pick a < Dp(wzely)
prior loss Iy and functionsmy, ms,..., and suppose that ;

lo, m1, ma, ... satisfy the conditions of Lemma 1, so that r(w)

the MAP algorithm applied to these loss functions always so Theorem 3 applies with = 1. (To achieve the effect of
produces a predictiom; at each trial. Suppose that for all  varying\ we can simply rescale the gaugg

t, Omy(wy) is nonemptym(w;) = l;(wg), andmy(w) < For example, iff is the identity prediction link (so that
l(w) for all w. Write L, = lo + ¥.'_} m,. Letthe symmet-  F(y) = 55"y and we can take to be Euclidean distance)
ric gaugeg be so that\g®(z;) < 1for all . Finally, letthe ~ and||z|]> < 1 (so that we can take to be Euclidean dis-

constantd > n; > 1, > ... > 0 be such that tance also), theg(w) will be the matrix 2-norm|wl||». If we
_ k 2 1 1
1 now takelp(w) = 3 >, ;wi;, theng Dy, (v|w) > 39(v =
n:Dr, (v]a) > 5(9(11 sw))? w)?, so we can takeg; = +.



Often we will take each coordinate ¢f to be one of

(1,1,...,1)T. We have|e||s, = 0, so]le||3, = co. On the

the one-dimensional link functions described above. This other hand, ifz has no component along then||z||s, >

kind of link function decomposes the multiple-output pre-
diction problem into several single-output problems which
share a parameter vector.

of the output vector.
of our knowledge by picking a prediction link function that

[|7]|oos SO[|2|IS, < [l2]l1 < [|7||2. That means that, for any
v andw anda € 0H (w),

On the other hand, sometimes
we may know about dependencies among the components
In this case we can take advantage

Dy (v]a) > 2(|jv &wll3,)*

To see why, remember that we have assumeddf&tw) is

encodes these dependencies. For example, if we have regionempty, sav must be in the unit simplex. So, depending
son to believe that the output vector has covariance matrix0n Whethew is in the plane containing the unit simplex, ei-

¥, we can select the ling = Xp with its matching loss
50T g e+ 5p" D,

9 Linear regression algorithms

In this section we will analyze two gradient-descent-like al-

gorithms for linear regression: standard gradient descent and

the exponentiated gradient algorithm from [KW97]. These

algorithms are both generalized linear regression algorithms,

and therefore MAP algorithms.
In linear regression problems, the loss on ttiat 1 is
li(w) = Dy, (w]0) = 3(y ©m-w)?. Thisis the loss function

therv <w has a nonzero component alofign which case
Dy (v]a) is infinite, orv <w is perpendicular te, in which
caseDy > 2||v <w||3. In either case the result follows. So,
we can take® (z) ||z||sp andn, = + X?nin Theorem 3
and conclude that

T
th(wt) <

t=1

X

1

n(le1X2n) Hw

1 T
— T 2 l(w) +
1 <:>iX277 ;
The above results can be comparedto to Lemmas 5.2 (for
GD) and 5.9 (for EG) in [KW97]. Unfortunately, our bounds
here are slightly weaker than the ones in [KW97]. We do

for a generalized linear regression model using the identity not believe that this is due to a weakness in our framework;

prediction link with its matching loss function, the squared
error. The algorithms differ only in their choice of prior loss
lo.

We will bound the regret of each algorithm by applying
Theorem 3. Becaudeg for ¢t > 1 always has the form given
above, we can také = 1 in Theorem 3; so the main part
of the analysis of each algorithm will be to find appropriate
seminormsg andg® with which to measure the parameter
vectorsw; and the input vectors;.

First consider the gradient descent algorithm for linear
regression, defined by the update

Wiy = w + (Y Swy - T4) T4

instead we believe that with some additional work our theo-
rems could be sharpened so that they are a strict generaliza-
tion of the known results for linear regression with GD and
EG.

After deriving the results mentioned above, the authors
of [KW97] perform an additional step: they adjust the learn-
ing raten so that the two terms in the regret bound have
comparable coefficients. We have not taken a similar step.

As a final example consider the EGalgorithm. Just as
in [KW97], we could prove bounds on EGby reducing it
to EG. Instead, we will sketch how to find the prigrthat
yields the EG algorithm. Finding this prior is important
both because it increases our understanding of B&d be-

Gradient descent is a GGD algorithm, given by the choice cause itis a good first step towards a direct proof of the regret

lo(w) = 5||w||3 (orly = 5 [[wew|[3 if we want a starting
weight vectonw; # 0). We showed above that|ifr||» < X
for all t then we can takg® () = +||z||, andn; = X7 in
Theorem 3. The result is that

- X
T L) < — L
thl - leX?y

Next consider the exponentiated gradient algorithm. EG
is a GGD algorithm given by the choi¢g(w) %H(w), so
its update is

T

1
;lt(u) Ttexmy)

llull3

Vit1,i = wy,; exp(n(y Swy - )74 ;)
Ut41,i
PIFEEEW

To analyze EG, we will seX to be the maximum span of
any of the input vectors, that ifz;||sp < X where

W41, =

[|z||sp = max z; ©min z;
(3 (2

Itis easy to check thdt - ||sp is @ seminorm. We can bound
the polar of the span seminorm by splitting its argument
vector into components parallel and perpendiculae te:

bound for EG".

The EGF algorithm can be defined by its parameter link
function, which is (up to scaling) given by the mappinng=
f(z) defined as

v; = exp(z;) exp(E;)
Zj Uj

The prior loss functiori, for EG*, and its convex dudl;,

are determined up to scaling by this link function. We can
find I (x) by integratingf along any path from the origin to
Z.

wj

A plot of the resulting function for two-dimensional in-
puts is shown in Figure 5; it looks like a rounded-off version
of the L., norm. The characterization ¢f(x) as a rounded-
off version of||z||., makes sense, since EGestrictsw; to
have bounded; norm and the dual of(z | ||z||s < 1) is
the L, norm.

10 Conclusion

We have presented a unified framework for deriving worst-
case regret bounds for a wide class of learning algorithms.
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Figure 5: The dual of the potential function for EG

These algorithms include weighted majority; gradient de-

scent and generalizations of gradient descent such as exXpo \W92]
nentiated gradient; linear and logistic regression; and infer-

ence of the natural parameter in an exponential family. Be-

cause we have wherever possible avoided assumptions such

as differentiability of the loss functions, our framework also \iNg3)
includes a wide variety of new algorithms which we have not

fully explored.

Our unified treatment clarifies the relationships among [0R70]
these methods, and it provides a recipe for designing and
studying new learning algorithms. For example, we showed
that both the gradient descent and exponentiated gradient al{roc70]
gorithms for linear regression are MAP algorithms. By cast-
ing them in this common framework, we revealed that the [5091]
only difference between these two algorithms is their choice
of prior loss function. In addition to allowing a common
proof of the regret bounds for these algorithms, this analy- (\oy90]
sis suggests that we can design new linear regression algo-
rithms simply by picking new priors. These priors can ex-
press known bounds on the parameter vector (for example,
the priorkw? + §(w|C) yields the gradient projection algo-
rithm with domainC') or preferences for particular kinds of
parameter vectors (for example, the prior of the*Eg&go-
rithm prefers vectors with lowl; norm).

Our results also suggest new applications for old algo-
rithms. By avoiding assumptions such as independence of
training examples, we have justified the use of these algo-
rithms in situations where they might not have been consid-
ered before.
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