
Regret Bounds for Prediction Problems

Geoffrey J. Gordon�

CMU Computer Science Department
5000 Forbes Avenue
Pittsburgh, PA 15213
ggordon@cs.cmu.edu

Abstract

We present a unified framework for reasoning about
worst-case regret bounds for learning algorithms.
This framework is based on the theory of duality
of convex functions. It brings together results from
computational learning theory and Bayesian statis-
tics, allowing us to derive new proofs of known
theorems, new theorems about known algorithms,
and new algorithms.

1 The inference problem

We are interested in the following kind of inference problem:
on each time stept = 1 : : : T we must choose a prediction
vectorwt from a set of allowable predictionsW . The inter-
pretation ofwt depends on the details of the problem, but for
examplewt might be our guess at the mean of a sequence of
numbers or the coefficients of a linear regression. Then the
loss functionlt(w) is revealed to us, and we are penalized
lt(wt). These penalties are additive, so our overall goal is
to minimize

PT

t=1 lt(wt). Our choice ofwt may depend on
l1 : : : lt�1, and possibly on some additional prior informa-
tion, but it may not depend onlt : : : lT .

Many well-known inference problems, such as linear re-
gression and estimation of mixture coefficients, are special
cases of this one. To express one of these specific problems
as an instance of our general inference problem, we will usu-
ally interpret the loss functionlt as encoding both a training
example and a criterion to be minimized: the location of the
set of minima oflt encodes the training example, while the
shape oflt encodes the cost of deviations in each direction.
This double role forlt means that the loss function will usu-
ally change from step to step, even if we are always trying to
minimize the same kind of errors. For example, if we wanted
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to estimate the mean of a population of numbers from a sam-
ple z1; z2; : : :, thenlt(w) might be(w � zt)

2. This choice
of lt encodes both the current training pointzt and the fact
that we are minimizing squared error. (See Figure 1 for more
detail.) Or, if we were interested in a linear regression ofyt
on xt, lt(w) might be(yt � w � xt)2. This choice encodes
both the current example(xt; yt) and the fact that we want
to minimize the squared prediction error. Or, if we were try-
ing to solve a mixture estimation problem,lt(w) might be
� ln(w � pt), wherew is the vector of mixture proportions
andpt;i is the probability of the current training point under
the ith model. (Here and below, the notationpt;i stands for
theith component of the vectorpt.) This choice of loss func-
tion encodes properties of the current example as well as the
fact that we want to maximize log-likelihood.

We want to develop an algorithm for choosing a sequence
of wts so as to minimize our total loss

PT

t=1 lt(wt), even
if the sequence of loss functionslt is chosen by an adver-
sary. Unfortunately this problem is impossible without fur-
ther assumptions: for example, the adversary could choose
loss functions with corners or discontinuities and make the
losses of two predictionsvt andwt arbitrarily different even
if vt andwt were close together. So, we will make two basic
simplifications. The first is that we will place restrictions on
the form of the functionslt that the adversary may choose.
The chief restrictions will be thatlt is convex and that a mea-
sure of the amount of information contained inlt does not
increase too quickly from trial to trial.

The second simplification is that we will seek a relative
loss bound rather than an absolute one. That is, we will de-
fine a comparison classU of predictions, and we will seek
to minimize our regret

PT

t=1(lt(wt)� lt(u)) versus the best
predictoru 2 U . (Often we will takeU = W , so that we
are comparing our predictions to the best constant predic-
tion. Sometimes, though, we will need to takeU � W in
order to prove a bound.) Sinceu can be chosen post hoc,
with knowledge of the loss functionslt, such a regret bound
is a strong statement.

The focus on regret instead of just loss is the chief place
where our results differ from traditional statistical estimation
theory. It is what allows us to handle sequences of loss func-
tions that are too difficult to predict: our theorems will still
hold, but since there will be no comparisonu that has small
loss, the theorems will not tell us much about our total lossPT

t=1 lt(wt).



Trial t 0 1 2 3 4
Predictionwt — 0 2 3 3

Training examplezt — 4 5 3 8
Error type — Squared Squared Squared Squared

Loss functionlt(w) w2 (w � 4)2 (w � 5)2 (w � 3)2 (w � 8)2

Loss ofwt — 16 9 0 25
Ttl loss ofw1 : : : wt 0 16 25 25 50

Best constantu 4
Loss ofu 16 0 1 1 16

Ttl loss ofu 16 16 17 18 34
Ttl regret -16 0 8 7 16

Figure 1: An example of the MAP algorithm in action, trying to minimize sum of squared errors. The prediction at trialt is the
mean of all examples up to trialt� 1, while the comparison vector is the mean of all examples.

Surprisingly, with only weak restrictions onlt andu, we
will be able to prove bounds that are similar to the best pos-
sible average-case bounds (that is, bounds wherelt is chosen
by some fixed probability law). Our theorems will unify re-
sults from classical statistics (inference in exponential fam-
ilies and generalized linear models) with those from com-
putational learning theory (weighted majority, aggregating
algorithm, exponentiated gradient).

This regret bound framework has been studied before
in [LW92, KW97, KW96, Vov90, CBFH+95] among others.
Also, some of our results are similar to results from classi-
cal statistics such as the Cramer-Rao variance bound [SO91].
Our theorems are more general than each of these previous
results in at least one of the following ways. First, they
apply to more general classes of convex loss functions, in-
cluding non-differentiable ones. Second, they apply to both
online (i.e., bounded computation per example) and offline
(unbounded computation) algorithms. Third, they apply to
all sequences of loss functions, not just on average. Finally,
they apply at all time steps, not just asymptotically. Our the-
orems are also less general than traditional statistical results
in some ways. For example, while the Cramer-Rao bound
requires differentiability of the loss functions, it does not re-
quire global convexity, just local convexity.

All of our theorems will concern variations on the follow-
ing simple and intuitively appealing algorithm, which takes
as input the loss functionsl1 : : : lt�1 observed on previous
trials plus one additional loss functionl0 which encodes our
prior knowledge before the first trial.

MAP ALGORITHM: Predict any

wt 2 argmin
w

t�1X
i=0

li(w)

The notationargminw f(w) means the set ofws that min-
imize f . We assume that the minimum is always achieved
so that a legal prediction always exists. Conditions which
ensure the existence are described below. The algorithm
is called “MAP” or “maximum a posteriori” because of its
Bayesian roots: if we want to apply the MAP algorithm
to the problem of estimating some population parameters
w from an i.i.d. samplez1; z2; : : :, then a good choice of
loss function is the negative of the log likelihoodlt(w) =

� ln p(ztjw). With this setting forlt the MAP algorithm al-
ways chooses the prediction with maximal posterior prob-
ability given the available information. Of course, we can
still use the MAP algorithm when we do not have i.i.d. sam-
ples; in this caselt will be unrelated to any likelihood, and
so “maximum a posteriori” may be a misnomer.

As the MAP algorithm is stated above it is not opera-
tional, since we may not know how to perform the required
minimization. A striking feature of the MAP algorithm is
that, despite the complicated machinery required to prove
its theoretical properties, it often has a simple and efficient
implementation. In fact, as we will see below, many well-
known inference algorithms are MAP algorithms.

One example of a specific implementation of the MAP
algorithm is shown in Figure 1. In this example, the learner is
trying to minimize the sum of squared distances between its
predictionswt and a sequence of training examplesz1 : : : z4.
For this problem the MAP algorithm will always predictwt

equal to the mean of all examples from trials0 : : : t � 1.
(By convention we setz0 = 0.) As shown in the figure,
the best possible constant prediction isu = 4, since that is
the mean ofz0 : : : z4. The total loss ofu = 4 is 34, so the
regret of the MAP algorithm is the difference between the
loss

P4
t=1 lt(wt) and34.

The rest of the paper is organized as follows. In Section
2 we will review some basic facts about convex analysis that
we will need later on. In section 3 we will outline our main
results and the strategy that we will use to prove them. In the
remaining sections we will prove specific results.

2 Convex duality

For the proofs below we will need some definitions and basic
results about convex functions. A convex function is any
functionf from a vector spaceX toR [ f+1;�1g which
satisfies

�f(x) + (1� �)f(y) � f(�x+ (1� �)y)

for all x; y 2 X and� 2 [0; 1]. A strictly convex function is
one for which we can replace� by> in the above inequality.
A proper convex function is one which is always greater than
�1 and not uniformly+1. The domain off , dom f , is the
set of points wheref is finite. Convex functions are contin-
uous onint dom f , and differentiable onint dom f except
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One solution is to pick a divergence arbitrarily and fixDf

to mean just that divergence. This solution is the one we have
been using implicitly so far, since we have definedf 0(y) to
be an arbitrary but fixed element of@f(y). A better solution
is to generalize the definition of Bregman divergence.

We can motivate our generalization by noticing that, while
a pointy does not define a unique tangent plane tof , a slope
a does. There is always at most one plane with slopea tan-
gent tof , and if it exists it is given by the equation

f((f�)0(a)) + (x� (f�)0(a))a

There is the same ambiguity in computing(f�)0 that there
was in computingf 0, but it doesn’t matter: if@f� is mul-
tivalued, then each value refers to a different point along a
linear segment off , and the tangent plane at any of these
points is the same.

So, we define the generalized Bregman divergence, which
measures the dissimilarity between a pointx and a slopea,
to be

D f (xja) def= f(x) + f�(a)� x � a
This definition is a generalization of the original Bregman
divergence since, ifa = f 0(y), thenDf (xjy) = D f (xja).
All of the properties of Bregman divergences given above
carry over straightforwardly toD f .

Generalized Bregman divergences satisfy a simple sym-
metry property: our assumption thatf is closed implies that

D f (xja) = D f� (ajx)
Another advantage of the new definition is thatD f (xja) is
defined for anyx anda (although it may be infinite) and
convex separately inx and ina (although it may not be con-
vex jointly in x anda). By contrast,Df (xjy) is undefined if
@f(y) is empty, and it may not be convex iny.

A function is called positively homogeneous iff(�x) =
�f(x) for all � � 0. A nonnegative, positively homoge-
neous, closed, convex function is called a gauge. Gauges are
a generalization of norms: a norm is a gauge that is symmet-
ric (f(x) = f(�x)) and strictly positive except at the origin
(f(x) = 0 , x = 0). The dual of a gauge is an indica-
tor function for a convex set containing the origin, and vice
versa.

Two gaugesg andg� are called polar to each other if

g�(y) = inff� � 0j(8x) x � y � �g(x)g
For example, theLp norm onRn is defined to be

jjxjjp def
=

 
nX
i=1

xpi

! 1
p

andjj � jjp andjj � jjq are polar to each other when1
p
+ 1

q
= 1.

Polar gauges satisfy a generalization of H¨older’s inequality:

x � y � g(x)g�(y)

for all x; y, with equality iff �y 2 @g(x) for some� � 0.
Polarity between gauges is related to duality between convex
functions: iff(x) = 1

2g(x)
2, thenf�(x) = 1

2g
�(x)2.

For more background on convex duality, see [Roc70] or
[OR70].

3 Proof strategy

Our main result is a bound on the total regret of the MAP
algorithm. It is stated below as Theorem 1, and an important
specialization is given as Theorem 2. There are three basic
steps in its proof and application.

Our proof is by an amortized analysis [CLR90]. So, the
first step is to define a potential function for the MAP algo-
rithm. This potential function will decrease on trials where
the algorithm suffers a large regret, and increase on trials
where it suffers a small or negative regret. That way, our
analysis will be able to handle trials with large regret by
averaging them out against other trials with smaller regret.
This kind of amortized analysis is a generalization of an idea
which was introduced in [LW92] and also used in many other
regret-bound proofs.

The second step is to sum the regret over all trials. In
order to perform this step, we will introduce some constants
that, roughly speaking, summarize the amount of informa-
tion available to the algorithm at the beginning of each trial.
These constants depend on the type of loss function we are
interested in, so we will leave them unspecified.

The third and final step is to calculate the values of the
constants for the specific algorithms we wish to analyze. We
will leave this step for subsequent sections.

3.1 Existence

Before we prove any regret bounds, we will look at when
the MAP algorithm is well-defined, that is, when the mini-
mum ofLt =

Pt�1
i=0 li is guaranteed to be attained. While

it is difficult to derive necessary and sufficient conditions for
attainment of the minimum, there are some sufficient condi-
tions which are easy to check. Throughout this section (and
the rest of the paper) we will assume that eachlt is closed
and convex. Because it will avoid extra notation, we will
adopt the convention that any prediction is legal ifLt is the
constant function+1.

The simplest condition to check is whetherdom l�0 is all
of W , since this condition does not depend onlt for t � 1.
Often this condition is the only one we can check. Exam-
ples of functions that satisfy this condition arel0(w) = w2

and l0(w) = w lnw. An example of a function that does
not satisfy this condition isl0(w) = jwj. Loosely speaking,
this condition captures functions such that the norm ofl00(w)
keeps increasing without bound asw approaches the border
of dom l0.

Another simple condition to check is whetherlt attains
its minimum for eacht. Examples of this kind of function
includelt(w) = (w � z)2 and lt(p) = DKL(pjq). Linear
functions (such as the loss functions used in generalized gra-
dient descent, described below) do not usually satisfy this
condition.

If lt is linear fort � 1, saylt(w) = w � xt, thenLt will
attain its minimum exactly when

Xt
def
=

t�1X
i=1

xt 2 �dom@l�0

since this condition is true iff there is somew so that

0 2 @Lt(w)



�Xt 2 @l0(w)

w 2 @l�0(�Xt)

We can combine and generalize these conditions into the
following lemma.

Lemma 1 Suppose that the functionsl0; l1; : : : are convex
and closed. Letm1;m2; : : : be closed convex functions, each
of which attains its minimum, such thatlt � mt is convex.
Suppose there is a point!t for eacht so that

�
t�1X
i=1

(li �mi)
0(!t) 2 dom @l�0

Then the MAP algorithm applied to the lossesl0; l1; : : : pro-
duces a legal prediction at each trialt.

PROOF: Fix a trial t and writexi = (li � mi)
0(!t) for

1 � i < t. The functionM(w) = l0(w) + w �Pt�1
i=1 xi

achieves its minimum, since it is closed and convex and since
the condition0 2 @l0(w) +

Pt�1
i=1 xi is equivalent tow 2

@l�0(�
Pt�1

i=1 xi).
The functionsli(w)�mi(w)�w � xi also achieve their

minima, since0 2 @(li�mi)(!t)�xi. ButLt is the sum of
M(w), li(w)�mi(w)�w � xi, andmi(w) for i = 1 : : : t�
1. So, since the sum of closed convex minimum-achieving
functions is also a closed convex minimum-achieving func-
tion,Lt achieves its minimum. 2

3.2 One-step regret

Our potential function will be a generalized Bregman diver-
gence involving the comparison vectoru, the loss functions
lt, and the MAP algorithm’s current predictionwt. The rea-
son we use a divergence involvingu andwt is that we want
to prove that, on trials where the MAP algorithm suffers a
large regret compared tou, it will move its next prediction
closer tou. That way, we can conclude that if it sees the
same loss function again, it will incur a smaller regret.

Let Lt =
Pt�1

i=0 li, so that thewt chosen by the MAP
algorithm will beargminw Lt(w). We define our potential
function to beD Lt

(uj0). The potential change on each time
step is given by the following lemma.

Lemma 2 On trial t, the change in potential is

D Lt+1
(uj0)� DLt

(uj0) = lt(u)� L�t (0) + L�t+1(0)

PROOF: The potential on stept is

D Lt
(uj0) = Lt(u) + L�t (0)

So, the difference in potential between trialst andt+ 1 is

(Lt+1 � Lt)(u)� L�t (0) + L�t+1(0)

ButLt+1 � Lt is justlt, so the result follows. 2

The functionL�t is important, since it encodes both the
best possible loss so far and the MAP algorithm’s next pre-
diction: Theorem 27.1 in [Roc70] states

L�t (0) = �Lt(wt)

wt 2 @L�t (0)

Most of the work in applying Theorem 1 to specific problems
will come in analyzingL�t . For example, in the Weighted
Majority proof below,L�t (0) will be the log of the sum of the
unnormalized weights, and the main part of the proof will be
to connect the change in this quantity to the algorithm’s loss.

3.3 Amortized analysis

In order to complete the proof of our bound, we need to re-
late the quantityL�t (0) � L�t+1(0) to the loss of the MAP
algorithm. Since the relationship depends on the type of loss
function we are using, for now we will just assume that there
are constantsc1 � c2 � : : : > 0 so that

ct(L
�
t (0)� L�t+1(0)) � ~lt(wt) (1)

Here~lt is some function related tolt. Often we will just use
~lt = lt, but we will sometimes need the extra generality. The
smaller we takect, the better our bounds will be.

We can think of1=ct as a lower bound on how much
information is available to the algorithm at the beginning of
trial t. The best allowable value ofct will depend on how
convexLt is when compared tolt. For example, if everylt
is quadratic with the same second derivative, we will show
below that we can take1=ct proportional to the sample size
t.

With the assumption (1), Lemma 2 becomes

D Lt
(uj0)� D Lt+1

(uj0) � 1

ct
~lt(wt)� lt(u)

or
~lt(wt) � ctlt(u) + ctD Lt

(uj0)� ctD Lt+1
(uj0) (2)

If we now apply lemma 2 to trialt+ 1, we get
~lt+1(wt+1) � ct+1lt+1(u) + ct+1D Lt+1

(uj0) (3)

�ct+1D Lt+2
(uj0)

Notice thatD Lt+1
(uj0) appears in both Equation 2 and 3,

once with coefficient�ct and once with coefficientct+1.
Sincect+1 � ct and since Bregman divergences are nonneg-
ative, the two terms together are less than or equal to zero;
so, we can drop them from our bound on total regret.

But now we have proven

Theorem 1 Letl0; l1; : : : satisfy the assumptions of Lemma 1,
so that the MAP algorithm produces a predictionwt at trial
t. DefineLt =

Pt�1
i=1 lt. Let the constantsct and the func-

tions~lt be such thatct(L�t (0) � L�t+1(0)) � ~lt(wt). Then
the for allu total regret of the MAP algorithm is bounded by

TX
t=1

~lt(wt) �
TX
t=1

ctlt(u) + c1D l0 (uj0)

PROOF: Sum lemma 2 over all trials, then cancel terms as de-
scribed above. Finally, ignore the term containing the ending
potentialD LT +1

(uj0). 2

3.4 Specific bounds

All that remains is to evaluate the constantsct for specific
types of loss functions. In the following sections we will
do just that. The next section analyzes the Weighted Major-
ity algorithm. Theorem 2, proved in Section 6, covers cases
in which the one-step losses can be represented as Bregman
divergences. In particular, Sections 5 and 7 cover general-
ized gradient descent algorithms, and Sections 8 and 9 cover
generalized linear regression algorithms including linear re-
gression and exponentiated gradient.

Another interesting problem is inference of the natural
parameter in an exponential family. We will not have space
to cover this problem here, but see [Gor99] for more detail.



4 Weighted Majority

One of the simplest MAP algorithms is Weighted Majority,
described in [LW92]. For a more detailed analysis of WM in
our framework, see [Gor99]; here we will only give a brief
review.

The legal predictions for WM are the vectors in the unit
simplexP = fwjw � 0^Pw = 1g. Theith component of
wt is interpreted as the weight given to theith expert on step
t. The loss functions fort � 1 arelt(w) = xt �w, wherext;i
is the prediction error of theith expert at stept.

Since we already knowlt for t � 1, the only decision
we need to make to interpret WM as a MAP algorithm is to
choose the initial loss functionl0. To derive WM, we will
pick

l0 =
1

� ln�
H(w)

where� 2 [0; 1) is a parameter of the algorithm, andH is
defined as

H(w)
def
= �(wjP ) +

X
i

wi lnwi

where�(�jP ) is the function which is1 outside ofP and0
inside ofP . It is easy to verify that

H�(x) = ln
X
i

exp(xi)

d

dxi
H�(x) = exp(xi)=

X
j

exp(xj)

This choice ofl0 means that our prediction on stept will
bewt = (H�)0(Xt ln�), or

wt;i = �Xt;i=
X
j

�Xt;j

whereXt =
Pt�1

i=1 xt. This update is identical to the one
given in [LW92]. In fact, the analysis of that paper shows
that we can takect = � ln�=(1� �) for all t, and applying
Theorem 1 with this choice ofct yields their Corollary 6.1. A
similar application of Theorem 1 bounds the regret of a WM-
like algorithm which uses the log loss� ln(w �xt) instead of
a linear loss.

The fact thatl0 is infinite outside ofP ensures that our
predictionwt is always inP . A look at the update equations
shows how WM translates this requirement into practice:
first it computesvt, which is what we would have predicted if
l0 did not have the indicator term�(wjP ), and then it scales
each element ofvt proportionally to find the perspective pro-
jection ofvt ontoP . Since scalingvt is equivalent to adding
a constant to each element ofXt, the projection step is equiv-
alent to finding a constantk so that

P
i �

Xt;i+k = 1. This
behavior does not depend on the entropy term inl0. In fact,
if we replacel0 with any function of the form�(wjP ) +P

i l(wi), our prediction will bewt;i = (l�)0(Xt;i+k), with
k chosen to ensure thatwt 2 P .

5 Generalized gradient descent

In the previous section we analyzed a simple MAP algorithm
in which all of the loss functions except the prior were linear.

Because of the linearity of the loss functions, it was easy to
compute the predictionwt on each time step: the update rule
for WM is of the formwt = f(��Xt), whereXt is the
sum of the gradients of the previous loss functions andf is a
function that we can compute efficiently. The variant of WM
for log loss has a similar update rule; in fact, we can derive it
by replacing the log loss function by a linear approximation.

We would like to be able to play the same trick for an
arbitrary convex loss functionlt. That is, we would like to
replacelt by a linear functionmt, then apply the MAP al-
gorithm to the functionsmt instead oflt so that it will run
more efficiently. Of course, the predictions will be different
if we usemt in place oflt, and so the regret may be larger.
But, we may have to do significantly less work per trial, and
we will still be able to bound the regret.

The key inequalities which will allow us to replacelt by
mt are

lt(wt) � mt(wt)

lt(u) � mt(u) 8u 2 U (4)

If U = W then these inequalities forcemt to be tangent
to lt at wt; if U � W thenmt may be a secant tolt that
passes above(wt; lt(wt)). Subtracting the second inequality
from the first giveslt(wt) � lt(u) � mt(wt) � mt(u) for
all u 2 U , so that when we apply Theorem 1 to bound the
differencemt(wt)�mt(u) we also get a bound on the regret
lt(wt)� lt(u).

If we setmt to be a tangent tolt atwt,mt(w) = lt(wt)+
(w � wt) � l0t(wt), and then feed the sequence of loss func-
tions l0;m1;m2; : : : to the MAP algorithm, the result is an
algorithm called generalized gradient descent or GGD. It is
“generalized” because, whenl0 is quadratic, the update rule
reduces to ordinary gradient descent. We can write the GGD
update rule as follows:

GGD ALGORITHM: Predict any

wt 2 argmin
w

"
l0(w) + w �

t�1X
i=1

l0i(wi)

#

The GGD algorithm is often written in an additive form
that looks different from its statement above. If we write
Xt =

Pt�1
i=1 l

0
i(wi) then the additive form of the GGD pre-

diction rule iswt = f(��Xt). Here� is a learning rate and
f is a function fromR

n to R
n satisfying appropriate con-

ditions. For example, choosingf to be the identity yields
ordinary gradient descent. The advantage of this form of
the prediction rule comes from the fact it may be difficult to
computel0 fromf , while it is often easier to computef from
l0; so, if we are givenf , we can use the additive form of the
GGD rule without needing to computel0.

We can prove that the two forms of the GGD algorithm
are equivalent: if� = 1, then we can setf = (l�0)

0. For
different learning rates we can just multiplyl0 by a con-
stant, since( 1

�
l0)

�(x) = 1
�
l�0(�x) and so(( 1

�
l0)

�)0(x) =

(l�0)
0(�x).
The functionf(x) (or equivalently(l�0)

0(x
�
)) is called a

link function. Figure 4 shows some useful link functions and
their corresponding loss functions. The one-dimensional link
functions in Figure 4 can easily be generalized to multiple
dimensions by applying them separately to each coordinate.



Name Link (l�0)
0 Lossl0

Identity a 1
2w

2

Logistic 1
1+exp(�a) w lnw + (1� w) ln(1� w)

Inverse logistic ln a
1�a ln(1 + exp(w))

Exponential exp a w lnw � w
Logarithmic ln a expw
Normalized
exponential

expaiP
i
expai

P
i wi lnwi � 1 + �(wjPi wi = 1)

Figure 4: Some examples of link functions.

Some examples of GGD algorithms are ordinary gradi-
ent descent, the perceptron learning rule, and the Exponenti-
ated Gradient algorithm of [KW97]. We will examine some
of these algorithms in more detail below. But first, we will
prove regret bounds for a class of algorithms that includes
GGD.

6 General regret bounds

6.1 Preliminaries

In many common MAP algorithms, each individual loss func-
tion can be written as a Bregman divergence. For exam-
ple, in linear regression, the loss functions are of the form
(yt � wt � xt)2, which we may think of as a scaled Eu-
clidean distance betweenwt and any of the infinitely many
perfect predictionsw satisfyingyt = w � xt. (The scaling
is such that all directions perpendicular toxt have weight
zero.) For a more general example, in GGD, if we adopt
the convention thatinfw lt(w) = 0, then the lossmt(wt)
is lt(wt) = D lt (wtj0). In this section we will derive regret
bounds that hold when the loss functions are divergences.

To that end, assume that we are running the MAP algo-
rithm with loss functionsl0;m1;m2; : : :, and thatmt(wt) =
D lt (wtjat). Also assumemt(w) � D lt (wjat) for all w.
(These inequalities are a tangency condition similar to (4).)
Write Lt = l0 +

Pt�1
i=1 mt. This notation is similar to the

notation from the section on GGD, but in this section we are
not assuming that the functionsmt are linear. In particular,
we may takemt = lt.

In order to bound the loss of the MAP algorithm, we have
to make sure that the prior lossLt before each trialt is suf-
ficiently convex. To see why, consider what would happen
if we took l0 = L1 to be 1

�
�(wj[0; 1]). With this choice

of prior loss, our predictedw can change discontinuously
from 0 to 1 even when the one-step loss has only a small
gradient. So, for example, if we seem1 = w=2 and then
m2;m3; : : : = (1 � w); w; (1 � w); w; : : :, our predictions
will alternate between 0 and 1 no matter how small� is. In
fact, we will always choose the worst possiblew, and so our
loss will be twice that of the comparison vectoru = :5.

We also have to make sure that the one-step divergence
functionslt for t � 1 are not too convex. If they are, we
can cause the MAP algorithm to suffer an arbitrarily large
regret per trial: the more convexlt is as compared toLt, the
more of an advantage it is to pick the comparison vector after
knowingmt. For example, ifl0(w) = w2 (so thatw1 = 0),
then the loss functionm1(w) = 106(w � 1)2 will cause the

MAP algorithm a loss of106, while the optimal comparison
vector 1

1+10�6 will suffer a loss of approximately10�6 even
though itsl0-divergence fromw1 is less than 1.

So, to ensure thatLt is sufficiently convex, we will pick
a gaugeg and constants�g 2 (0; 1) and require that

�tD Lt
(vja) � 1

2
(g(v � w))2

for all v andw anda 2 @Lt(w). And, to ensure thatlt is not
too convex, we will require that

D l�t
(atjw) � 1

2
(g�(at � a))2

for all w anda 2 @lt(w).
A consequence of the first assumption is that

Lt(w)� Lt(wt) � 1

2
(g(w � wt))

2

since the LHS is equal toD Lt
(wj0) and0 2 @Lt(wt). A

consequence of the second assumption is that

mt(wt) � 1

2
(g�(�m0

t(wt)))
2

as long as@mt(wt) is nonempty, since

mt(wt) = lt(wt)

= D lt (wtjat)
� 1

2
(g�(at � a))2

for anya 2 @lt(wt), and since@lt(wt)� at � @mt(wt).
Scaling the gaugeg will scale�t inversely. So, in order to

make the constant�t as small as possible in the first assump-
tion, it is important to takeg to be as shallow as possible
while still satisfying the second assumption.

6.2 Examples

To interpret our assumptions, it will help to compute the best
gaugeg and learning rate� for some examples. First suppose
thatLt and lt are both quadratic, sayLt(w) = k

2w
TMw

andlt(w) = 1
2w

TMw for some symmetric positive definite
matrixM . (This choice oflt means thatmt(wt) =

1
2 (wt �

zt)
TM(wt � zt), wherezt = M�1at.) Then we can choose

�t =
1
k

andg(w) =
p
wTMw, since

1

k
D Lt

(vja) = 1

2
(v � w)TM(v � w) =

1

2
g(v � w)2



wherew = kM�1a, and

D l�t
(atjw) = 1

2
aTt M

�1at+
1

2
wTMw�at�w =

1

2
g�(at�a)2

wherea =Mw.
Or suppose thatlt is quadratic butLt is proportional to

the entropy function. In particular, let

lt(w) =
1

2
jjwjj22

Lt(w) = kH(w)

H(w)
def
=

nX
i=1

wi lnwi + k ln n

It is well known thatDH(vjw) � 2jjv � wjj22 for anyv; w.
So, 1

4kDLt
(vjw) � 1

2 jjv � wjj22. And just as in the previous
exampleD l�t (atjw) � 1

2 jjat � wjj22. So, we can chooseg to
be Euclidean distance and let�t = 1

4k .
These two examples show thatg and� together provide

a global analog to the Fisher information matrix. When the
Fisher informationL00t (w) is constant over all possible pa-
rameter valuesw, as it is in the first example, the local and
global information measures are the same. On the other
hand, when the Fisher information varies, as it does in the
second example, the global measure may be much more con-
servative. This conservatism is necessary: in the average
case we can count on having our estimates stay near the op-
timal value, while in the worst case our opponent can cause
our estimates to wander into a region with lower information.

Finally, suppose thatlt(w) = 1
2 (yt � w � xt)2, and let

at = 0 so thatmt(wt) = lt(wt). This choice of loss function
is appropriate for linear regression problems. It depends on
w only throughw �xt, so any change inw perpendicular toxt
leaveslt constant. That means that we can representl�t as the
sum of two components, one of which depends only onw �xt
and the other of which depends only onwnxt def= w� w�xt

xt�xt
xt.

A little algebra shows

l�t (x) = �(xjx n xt = 0) +
x � xt
xt � xt y +

1

2

�
x � xt
xt � xt

�2

In other words,l�t is infinite everywhere except along the line
throughxt, and along that line it is quadratic. The quadratic
term (the last term in the expression above) is scaled so that
it is equal to1

2 atxt and�xt. So, to boundl�t , we will need
to make some assumption aboutxt.

If we suppose that the gaugeg is symmetric and scaled
so thatg�(xt) � 1, then it is not hard to see that

D l�t
(0jw) = lt(w) � 1

2
(g�(x))2

since the latter expression is also quadratic along the line
throughxt and scaled so that it is no larger than12 at�xt.
So, for example, ifjjxtjj1 � X , we can takeg(w) to be
X jjwjj1.

Now, sincejjwjj1 � jjwjj2, we haveDH(vjw) � 2jjv �
wjj21. So, ifLt = kH , we can take�t = X2

4k .

6.3 The bound

We will now prove our regret bound.

Theorem 2 Suppose that the loss functionsl0;m1;m2; : : :
satisfy the conditions of Lemma 1, so that the MAP algorithm
applied to these loss functions always produces a prediction
wt at each trial. Suppose that for allt, @mt(wt) is nonempty,
mt(wt) = D lt (wtjat), andmt(w) � D lt (wjat) for all w.
WriteLt = l0+

Pt�1
i=1 mt. Suppose that there exists a gauge

g and constants1 > �1 � �2 � : : : > 0 so that for allt we
have

�tD Lt
(vja) � 1

2
(g(v � w))2

for all v andw anda 2 @Lt(w) and

D l�t
(atjw) � 1

2
(g�(at � a))2

for all w anda 2 @lt(w). Then the loss of the MAP algo-
rithm is bounded by

TX
t=1

mt(wt) �
TX
t=1

1

1� �t
mt(u) +

1

1� �1
D l0 (uj0)

PROOF: We have

Lt(w) � 1

2�t
(g(w � wt))

2 + Lt(wt)

mt(w) � mt(wt) + (w � wt) �m0
t(wt)

Lt+1(w) � 1

2�t
(g(w � wt))

2 + Lt(wt) +

mt(wt) + (w � wt) �m0
t(wt)

L�t+1(x) � 1

2�t
(g�(�t(x �m0

t(wt))))
2 +

x � wt � Lt(wt)�mt(wt)

L�t+1(0)� L�t (0) � 1

2�t
(g�(��tm0

t(wt)))
2 �mt(wt)

� (�t � 1)mt(wt)

The fourth line above is true because the dual ofaf(w �
c) + b � (w � c) is af�((x � b)=a) + x � c. The fifth is true
becauseL�t (0) = �Lt(wt). The last line is true because
g�(��tm0

t(wt))
2 = �2t g

�(�m0
t(wt))

2.
The desired result now follows by applying Theorem 1 to

the loss functionsl0;m1;m2; : : :, taking~lt = mt andct =
1

1��t
. 2

The way it is stated, this theorem bounds the loss in terms
of the functionsmt; it is just as easy to give a bound in terms
of lt by substitutingmt(wt) = D lt (wtjat) andmt(u) �
D lt (ujat).

7 GGD examples

Perhaps the simplest use of GGD is to approximate the mean
of a population of vectors by looking at a samplez1; z2; : : :.
This application of GGD corresponds to the prior lossl0(w) =
kjjwjj2 and the one-step losseslt(w) = jjw � ztjj2. With
these loss functions, GGD will predictwt+1 = wt +

1
k
(zt �



wt). We saw above that we can takeg to be Euclidean dis-
tance and� = 1

k
; so Theorem 2 tells us that our loss is

bounded by

TX
t=1

jjwt � ztjj2 � 1

1� 1
k

TX
t=1

jjzt � �zjj2 + k

1� 1
k

jj�zjj2

where�z = 1
T+k

PT

t=1 zt is the optimal constant prediction.
The first term on the right-hand side of the above inequal-

ity depends on the training exampleszt only through their
variance; the second depends on the examples only through
their mean. So, the inequality tells us that even if the training
examples are chosen by an adversary, as long as they have
bounded mean and variance, we can still achieve bounded
average regret per trial. More specifically, suppose that as
T ! 1 the mean ofz1 : : : zT approaches� and the covari-
ance approaches�2I . Then for large enoughT the second
term becomes negligible, and our average loss per trial will
approach�2

1�� . So, our average regret per trial will approach
�2�
1�� .

By way of comparison, we can compute the asymptotic
average case regret per trial for this variant of GGD: sup-
pose that the training exampleszt are independent indenti-
cally distributed random variables that follow a normal dis-
tribution with mean� and covariance�2I . Then the optimal
prediction will approach� for sufficiently largeT , and its ex-
pected loss on each trial will approach�2. On the other hand,
by solving the recurrencesEwt+1 = (1 � �)Ewt + �Ezt
andVarwt+1 = (1� �)2Varwt+ �2Var zt, we can see that
Ewt ! � andVarwt ! �

2���
2I . So, the expected loss per

trial of the GGD algorithm approaches

(Ewt � �)T(Ewt � �) +E((wt � �)T(wt � �))

! �2
�
1 +

�

2� �

�
=

�2

1� �
2

and the average regret per trial approaches�2�
2�� . That means

that as� ! 0 there is a difference of approximately a factor
of two between the worst-case and average-case regret for
this algorithm. This gap appears to be necessary: at least
for small learning rates, the sequence ofzts1;�1; 1;�1; : : :
forces nearly as much regret as our bound.

For another example, takel0 to be a multiple of the en-
tropy function on the unit simplex. That is, supposel0 = kH
with

H(w) =
NX
i=1

wi lnwi + lnN + �(wj
X

w = 1)

The resulting update is

wt+1;i =
wt;i exp(�xt;i=k)PN

i=1 wt;i exp(�xt;i=k)
wherext = l0t(wt). This is the Exponentiated Gradient al-
gorithm of [KW97]. (If the loss functionslt for t � 1 are
linear, it is also the same as the WMC algorithm.)

If now lt(w) =
1
2 (w � zt)

2 for t � 1, we saw above that
we can take� = 1

4k . So Theorem 2 tells us that our loss is

bounded by

TX
t=1

jjwt� ztjj2 � 1

1� 1
4k

TX
t=1

jju� ztjj2+ k

1� 1
4k

DH (uj0)

for any u. This bound is not the same as any bound in
[KW97] or [KW96], since those papers consider only re-
gression problems; so, we defer a comparison until Section 9
below.

8 Regression problems

A common type of prediction problem is generalized lin-
ear regression [MN83, LW92, KW97], which includes lin-
ear regression, logistic regression, other generalized linear
models, perceptron learning, and many other problems. In
generalized linear regression, on each time stept we must
predict a vector of regression coefficientswt. We are then
given an input vectorxt, from which we form a prediction
ŷt = f(xt � wt). The monotone functionf is called the
prediction link function, since it provides a link between the
coefficientswt and the prediction̂yt. Finally, we find out the
desired outputyt and receive a losslt(w) = l(ŷt; yt). Re-
gression problems are a special case of our general prediction
problem, since they differ only in that we have specified a
particular form for the loss functionlt: for example, the loss
functions for linear regression are of the form(yt�w �xt)2.

We should not confuse the prediction link function, which
is a mapping fromR to R that connectsw � xt with the pre-
diction ŷ, with the link function described earlier, which is
a function fromW to W . In designing an algorithm, we
can choose the two kinds of link functions separately. When
there is a danger of confusion, we will call the latter the pa-
rameter link function. All of the one-dimensional parameter
link functions in Figure 4 are also possible choices for the
prediction link function.

8.1 Matching loss functions

In order to apply our theory, we need the one-step losses
lt(w) to be convex. This is a condition on the relationship
between the prediction link functionf and the loss function
l(ŷ; y). It turns out that, given a monotone link function, we
can always define a matching loss function so thatlt(w) is
convex. Iff is invertible, we follow [AHW96] and define its
matching loss function to be

l(ŷ; y) = DF�(yjŷ)
whereF is any convex function withf = F 0.

If f is not invertible (that is, ifF has a linear segment,
so thatF � has a corner) then the above definition no longer
works. Intuitively, the problem is that our predictions get
“stuck” as they cross the corner inF �: there is a whole range
of p with the samef(p) and therefore the same loss, produc-
ing an extraneous flat spot inlt.

We can fix the problem by allowinglt(w) to depend on
pt = xt � w directly, rather than just onf(pt). More specifi-
cally, we generalize the definition of [AHW96] and set

m(p; y) = D F� (yjp) = D F (pjy) = F (p) + F �(y)� y � p
With this definition, it is easy to see thatm(p; y) is convex
as a function ofp, solt(w) = m(xt � w; yt) is convex inw.



Intuitively, what we have done is allow ourselves to specify
not just whichy will give us zero loss, but also what the
derivative ofF � is at that point. WhenF � is smooth, there
is only one possible choice of derivative for each prediction,
so we have not changed anything; but when our prediction
is at a corner ofF � we can choose from a range of possible
derivatives.

We will use the derivative of the loss function below. It
turns out that the prediction error is a derivative ofm with
respect top:

f(p)� y 2 @F (p)� y = @pm(p; y)

So, a derivative oflt(w) is (f(xt � w)� yt)xt.

8.2 Regret bounds

In order to bound the regret of the MAP algorithm for re-
gression problems, we need to find a gaugeg so thatlt(w) �
1
2 (g

�(�l0t(w)))2. We have already done so for the special
case of the identity link with squared loss: in section 6.2, we
showed that the allowable choices forg are the symmetric
gauges such thatg�(xt) � 1 for all t. (Symmetric gauges
are also called seminorms.)

The situation is similar for general link functions and
their matching loss functions. In this case, though, we must
make one additional assumption: we must bound how quickly
the prediction̂yt changes when we change the raw prediction
pt.

So, we will assume thatD F (pjy) � �2

2 (y � f(p))2 for
some� > 0. (This is essentially a Lipschitz condition onf .)
With this assumption, we can write

lt(w) = D F (xt � wjyt)
� �2

2
(yt � f(xt � w))2

But we saw above thatl0t(w) = (f(xt � w) � yt)xt. So, if g
is a symmetric gauge such that�g�(xt) � 1, then

(yt � f(xt � w))2 � 1

�2
g�(l0t(w))

2

lt(w) � 1

2
g�(l0t(w))

2

But now we have proven

Theorem 3 LetF be a closed convex function with

D F (pjy) � �2

2
(y � f(p))2

Suppose that the functionsl1; l2; : : : are of the formlt(w) =
D F (ytjw � xt) for given vectorsxt and scalarsyt. Pick a
prior loss l0 and functionsm1;m2; : : :, and suppose that
l0;m1;m2; : : : satisfy the conditions of Lemma 1, so that
the MAP algorithm applied to these loss functions always
produces a predictionwt at each trial. Suppose that for all
t, @mt(wt) is nonempty,mt(wt) = lt(wt), andmt(w) �
lt(w) for all w. WriteLt = l0 +

Pt�1
i=1 mt. Let the symmet-

ric gaugeg be so that�g�(xt) � 1 for all t. Finally, let the
constants1 � �1 � �2 � : : : > 0 be such that

�tD Lt
(vja) � 1

2
(g(v � w))2

for all v andw anda 2 @Lt(w). Then

TX
t=1

lt(wt) �
TX
t=1

1

1� �t
lt(u) +

1

1� �1
D l0 (uj0)

for all u.

PROOF: Apply Theorem 2 to the functionsl0; l1; : : : and
m1;m2; : : :, with at = 0, using the gaugeg and the learning
rates�t. 2

While the size of the input vectorsxt doesn’t appear ex-
plicitly in this bound, it affects the choice ofg and therefore
the allowed values of�t. For example, depending on the
size of the input vectors, we might need to setg(w) to either
jjwjj1 or 10jjwjj1. At the cost of introducing an extra pa-
rameter, we could have written the theorem to allow us to set
g(w) = jjwjj1 no matter the scale of the input vectors. For
examples of the application of this theorem, see Section 9.

8.3 Multidimensional outputs

So far in our regression problems we have assumed that the
targetyt is one-dimensional. Our proofs work equally well,
though, ifyt is selected from an arbitrary vector spaceY . In
that case, the parameter matrixwt will be a linear mapping
that takesxt to pt 2 Y . The prediction link functionf will
be the derivative of some convex functionF onY , and the
matching loss will beD F (ptjyt), so the derivative oflt(w)
will be (f(wxt)� yt)x

T
t .

The only part of the proof that requires some modifica-
tion is the definition of the gaugeg. Sincew is a matrix and
xt andyt are vectors of possibly different lengths, we need
different gauges to measure the size of each one. (Previously
we had usedg for w, g� for xt, and j � j for yt.) So, we
will assume that we have symmetric gaugesr ands so that
r�(xt) � 1 andD F (pjy) � 1

2s(y � f(p))2. Then we will
defineg by the relation

g(w) = sup
fujr(u)�1g

s(wu)

This g is called the matrix gauge forr ands. Sincer and
s are symmetric, so isg. Also, if x andy are vectors with
r�(x) = 1 ands(y) = 1, theng(yxT) = 1, sinces(yxTu) =
s(y)xTu � s(y)r�(x)r(u), with equality for an appropri-
ately chosenu.

With this choice ofg, we have

1

2
g(l0t(w))

2 =
1

2
g((f(wxt)� yt)x

T
t )

2

= r�(xt)
2 1

2
s(f(wxt)� yt)

2

� D F (wxtjyt)
= lt(w)

so Theorem 3 applies with� = 1. (To achieve the effect of
varying� we can simply rescale the gauges.)

For example, iff is the identity prediction link (so that
F (y) = 1

2y
Ty and we can takes to be Euclidean distance)

andjjxtjj2 � 1 (so that we can taker to be Euclidean dis-
tance also), theng(w) will be the matrix 2-normjjwjj2. If we
now takel0(w) = k

2

P
i;j w

2
ij , then 1

k
Dl0(vjw) � 1

2g(v �
w)2, so we can take�1 = 1

k
.



Often we will take each coordinate off to be one of
the one-dimensional link functions described above. This
kind of link function decomposes the multiple-output pre-
diction problem into several single-output problems which
share a parameter vector. On the other hand, sometimes
we may know about dependencies among the components
of the output vector. In this case we can take advantage
of our knowledge by picking a prediction link function that
encodes these dependencies. For example, if we have rea-
son to believe that the output vector has covariance matrix
�, we can select the link̂y = �p with its matching loss
1
2 ŷ

T��1ŷ � ŷTp+ 1
2p

T�p.

9 Linear regression algorithms

In this section we will analyze two gradient-descent-like al-
gorithms for linear regression: standard gradient descent and
the exponentiated gradient algorithm from [KW97]. These
algorithms are both generalized linear regression algorithms,
and therefore MAP algorithms.

In linear regression problems, the loss on trialt � 1 is
lt(w) = D lt (wj0) = 1

2 (yt�xt �w)2. This is the loss function
for a generalized linear regression model using the identity
prediction link with its matching loss function, the squared
error. The algorithms differ only in their choice of prior loss
l0.

We will bound the regret of each algorithm by applying
Theorem 3. Becauselt for t � 1 always has the form given
above, we can take� = 1 in Theorem 3; so the main part
of the analysis of each algorithm will be to find appropriate
seminormsg andg� with which to measure the parameter
vectorswt and the input vectorsxt.

First consider the gradient descent algorithm for linear
regression, defined by the update

wt+1 = wt + �(yt � wt � xt)xt
Gradient descent is a GGD algorithm, given by the choice
l0(w) =

1
2� jjwjj22 (or l0 = 1

2� jjw�w1jj22 if we want a starting
weight vectorw1 6= 0). We showed above that ifjjxtjj2 � X
for all t then we can takeg�(x) = 1

X
jjxjj2 and�t = X2� in

Theorem 3. The result is that

TX
t=1

lt(wt) � 1

1�X2�

TX
t=1

lt(u) +
1

�(1�X2�)
jjujj22

Next consider the exponentiated gradient algorithm. EG
is a GGD algorithm given by the choicel0(w) = 1

�
H(w), so

its update is

vt+1;i = wt;i exp(�(y � wt � xt)xt;i)

wt+1;i =
vt+1;iP
j vt+1;j

To analyze EG, we will setX to be the maximum span of
any of the input vectors, that is,jjxtjjsp � X where

jjxjjsp = max
i

xi �min
i
xi

It is easy to check thatjj � jjsp is a seminorm. We can bound
the polar of the span seminorm by splitting its argument
vector into components parallel and perpendicular toe =

(1; 1; : : : ; 1)T. We havejjejjsp = 0, so jjejj�sp = 1. On the
other hand, ifx has no component alonge, then jjxjjsp �
jjxjj1, sojjxjj�sp � jjxjj1 � jjxjj2. That means that, for any
v andw anda 2 @H(w),

DH (vja) � 2(jjv � wjj�sp)2

To see why, remember that we have assumed that@H(w) is
nonempty, sow must be in the unit simplex. So, depending
on whetherv is in the plane containing the unit simplex, ei-
therv � w has a nonzero component alonge, in which case
DH (vja) is infinite, orv � w is perpendicular toe, in which
caseDH � 2jjv�wjj22. In either case the result follows. So,
we can takeg�(x) = 1

X
jjxjjsp and�t = 1

4X
2� in Theorem 3

and conclude that

TX
t=1

lt(wt) � 1

1� 1
4X

2�

TX
t=1

lt(u) +
1

�(1� 1
4X

2�)
H(u)

The above results can be compared to to Lemmas 5.2 (for
GD) and 5.9 (for EG) in [KW97]. Unfortunately, our bounds
here are slightly weaker than the ones in [KW97]. We do
not believe that this is due to a weakness in our framework;
instead we believe that with some additional work our theo-
rems could be sharpened so that they are a strict generaliza-
tion of the known results for linear regression with GD and
EG.

After deriving the results mentioned above, the authors
of [KW97] perform an additional step: they adjust the learn-
ing rate� so that the two terms in the regret bound have
comparable coefficients. We have not taken a similar step.

As a final example consider the EG� algorithm. Just as
in [KW97], we could prove bounds on EG� by reducing it
to EG. Instead, we will sketch how to find the priorl0 that
yields the EG� algorithm. Finding this prior is important
both because it increases our understanding of EG� and be-
cause it is a good first step towards a direct proof of the regret
bound for EG�.

The EG� algorithm can be defined by its parameter link
function, which is (up to scaling) given by the mappingw =
f(x) defined as

vi = exp(xi)� exp(�xi)

wi =
viP
j vj

The prior loss functionl0 for EG�, and its convex duall�0,
are determined up to scaling by this link function. We can
find l�0(x) by integratingf along any path from the origin to
x.

A plot of the resulting function for two-dimensional in-
puts is shown in Figure 5; it looks like a rounded-off version
of theL1 norm. The characterization ofl�0(x) as a rounded-
off version ofjjxjj1 makes sense, since EG� restrictswt to
have boundedL1 norm and the dual of�(x j jjxjj1 � 1) is
theL1 norm.

10 Conclusion

We have presented a unified framework for deriving worst-
case regret bounds for a wide class of learning algorithms.
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Figure 5: The dual of the potential function for EG�.

These algorithms include weighted majority; gradient de-
scent and generalizations of gradient descent such as expo-
nentiated gradient; linear and logistic regression; and infer-
ence of the natural parameter in an exponential family. Be-
cause we have wherever possible avoided assumptions such
as differentiability of the loss functions, our framework also
includes a wide variety of new algorithms which we have not
fully explored.

Our unified treatment clarifies the relationships among
these methods, and it provides a recipe for designing and
studying new learning algorithms. For example, we showed
that both the gradient descent and exponentiated gradient al-
gorithms for linear regression are MAP algorithms. By cast-
ing them in this common framework, we revealed that the
only difference between these two algorithms is their choice
of prior loss function. In addition to allowing a common
proof of the regret bounds for these algorithms, this analy-
sis suggests that we can design new linear regression algo-
rithms simply by picking new priors. These priors can ex-
press known bounds on the parameter vector (for example,
the priorkw2 + �(wjC) yields the gradient projection algo-
rithm with domainC) or preferences for particular kinds of
parameter vectors (for example, the prior of the EG� algo-
rithm prefers vectors with lowL1 norm).

Our results also suggest new applications for old algo-
rithms. By avoiding assumptions such as independence of
training examples, we have justified the use of these algo-
rithms in situations where they might not have been consid-
ered before.
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