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Abstract

This paper presents alternatives to Lavine's algorithm, currently the most popular

method for calculation of expectation bounds induced by sets of probability distribu-

tions. The White-Snow algorithm is �rst analyzed and demonstrated to be superior to

Lavine's algorithm in a variety of situations. The calculation of posterior bounds is then

reduced to a fractional programming problem. From the unifying perspective of frac-

tional programming, Lavine's algorithm is identical to Dinkelbach's algorithm, and the

White-Snow algorithm is essentially identical to the Charnes-Cooper transformation. A

novel algorithm for expectation bounds is given for the situation where both prior and

likelihood functions are speci�ed as convex sets of distributions.



1 Introduction

This paper presents alternatives to Lavine's algorithm, currently the most popular

method for calculation of expectation bounds induced by sets of probability distri-

butions. Models based on convex sets of distributions have been advocated as more

realistic, meaningful and exible [15, 24, 42] than standard probability models.

The most important practical application of convex sets of distributions is robustness

analysis [3, 19]. The idea is employ sets of distributions to represent perturbations

and variations in a probabilistic model. The goal of robustness analysis is to produce

bounds on expected values. The interval between the upper and lower bounds induced

by a convex set of distributions reects the quality of model and data; small intervals

indicate robustness to perturbations.

Lavine has proposed a bracketing algorithm, aimed at robustness analysis, that has

captured great attention in recent years [23]. The purpose of this paper is to present

other algorithms, with better performance than Lavine's.

The White-Snow algorithm is �rst analyzed and demonstrated to be superior to

Lavine's algorithm in a variety of situations. The calculation of posterior bounds is

then reduced to a fractional programming problem. From the unifying perspective of

fractional programming, Lavine's algorithm is identical to Dinkelbach's algorithm, and

theWhite-Snow algorithm is essentially identical to the Charnes-Cooper transformation.

A novel algorithm for expectation bounds is given for the situation where both prior

and likelihood functions are speci�ed as convex sets of distributions.

2 Quasi-Bayesian theory

This section presents the basic technical results used in this paper. The mathematical

ideas are taken from Giron and Rios' axiomatization, which they refer to as Quasi-
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Bayesian theory [15]. Quasi-Bayesian theory employs a closed convex sets of distribu-

tions and a single utility function to represent the beliefs and to evaluate the prefer-

ences of a rational decision-maker. Several other theories use similar representations:

inner/outer measures [16, 18, 31, 39], lower probability theory [5, 8, 13, 36], convex

Bayesianism [17], probability/utility sets [34]. Some theories, like Dempster-Shafer the-

ory [35], use representations that can be recast in terms of convex sets of distributions

[18, 45].

A closed convex set of distributions is called a credal set [24]. A credal set containing

distributions p(X) for a set of variables X is denoted K(X). To simplify terminology,

the term credal set is used only when it refers to a set of distributions containing more

than one element.

2.1 Lower and upper envelopes

Given a credal set K, a probability interval is induced for every event A:

p (A) = min
p2K

p(A) p (A) = max
p2K

p(A): (1)

The set-functions p(A) and p(A) are called lower and upper envelopes respectively.

Lower envelopes can be obtained from upper envelopes through the expression p(A) =

1 � p(Ac).

A credal set always creates unique lower and upper bounds of probability, but a

set of lower and upper bounds of probability does not de�ne a unique credal set [42,

section 2.7].

2.2 Lower and upper expectations

Lower and upper expectations for a function f are de�ned as:

E [f ] = min
p2K

E[f ] E [f ] = max
p2K

E[f ]; (2)
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Lower expectations can be obtained from upper expectations through the expression

E [f ] = �E [�f ]. The lower envelope for event A is obtained by taking the lower

expectation for the indicator function �A(X), which is one if X 2 A and zero otherwise.

There is a one-to-one correspondence between lower (or upper) expectations and

credal sets. Any credal set generates a unique lower (or upper) expectation and vice-

versa [42].

2.3 Conditionalization

Credal sets are used to represent the beliefs held by a decision maker given an event. A

credal set containing conditional distributions p(XjY ) for sets of variables X and Y is

indicated by K(XjY ).

Quasi-Bayesian inference is performed by applying Bayes rule to each distribution

in a credal set; the posterior credal set is the union of all posterior distributions1. Two

well-known results about posterior credal sets are used in this paper. First, to obtain

a posterior credal set, one has to apply Bayes rule only to the vertices of a credal set

and take the convex hull of the resulting posterior distributions [15]. Second, to obtain

maximum and minimum values of posterior probabilities, one must look only at the

vertices of the posterior credal sets [42, section 6.4.2].

The functionals E [f jA] and E [f ] are closely related by the generalized Bayes rule

(�rst proposed by Walley [42, section 6.4.1]). For a non-null event A, E [f jA] is the only

solution of the equation:

E [(f � �) �A] = 0: (3)

In many situations, a joint credal set is not directly speci�ed; instead, marginal and

conditional credal sets are provided. The following result is important in this situation.

1An introduction to technical aspects of Quasi-Bayesian theory, with a larger list of references, can

be found at http://www.cs.cmu.edu/~fgcozman/qBayes.html.
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Suppose a marginal credal set K(X) and a collection of conditional credal sets

K(XjY ) are de�ned. De�ne the lower likelihood L(AjY ) = p (AjY ) and the upper

likelihood U(AjY ) = p (AjY ).

The following result shows that the lower and upper likelihoods summarize all the

information in K(XjY ):

Theorem 1 (Walley [42, section 8.5.3]). Consider a function f(Y ) and an event A

such that p (A) > 0. There is a number � such that the value of E [f jA] is attained when

p(AjY ) is:

p(AjY ) =

8<
: U(AjY ) if f(Y ) < �;

L(AjY ) if f(Y ) � �:

3 Probabilistic logic and robust Statistics

A Quasi-Bayesian model can be understood as a collection of constraints on probability

distributions. This is a view emphasized in probabilistic logic [28] and its variants

[2, 10, 14, 11, 25, 41]. The purpose of the work is to start from a collection of linear

constraints on the probability of propositions, and obtain probability bounds through

linear programming. Conditional and posterior constraints can be handled to a limited

extent [11, 26].

Another line of research has focused on the properties of 2-monotone and in�nite

monotone Choquet capacities; for those types of credal sets, closed-form expressions exist

for posterior quantities when a single measurement is performed [18, 46]. Chrisman has

modi�ed these closed-form expressions to handle sequences of measurements [7].

Most work in Bayesian robust Statistics focuses on a single conditional distribution

p(Xj�) and a prior credal set K(�) [3, 4, 22, 44]. Inference is equated to calculation

of the posterior credal set K(�jX) [4]. A number of results are available in special

but important cases: 2-monotone Choquet capacities [46], density ratio classes [4] and

unimodal and symmetric constraints [4].
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Posterior quantities can always be generated through the generalized Bayes rule

(expression (3); Walley has proposed an iterative descent algorithm to obtain posterior

quantities by calculating a series of upper expectations [43, page 17]. This idea is closely

related to Lavine's bracketing algorithm (section 4), the most well-known method for

calculation of upper posterior expectations.

Only a few authors consider the possibility that prior and conditional credal sets

be de�ned [23, 30, 42]. A solution for this problem is derived by linear fractional

programming methods in section 6.

4 Lavine's algorithm

The posterior upper expectation for a function f conditional on event A is:

E [f jA] = max

"P
X 62A f(X)p(X)P

X 62A p(X)

#
; (4)

where the maximization is with respect to all the distributions in the joint credal set.

To simplify the presentation, only upper expectations are considered; lower expectations

can be obtained through the similar computations.

Notice that E [f jA] > � if and only if:

max

2
4X
x62A

(f(x)� �)p(x)

3
5 > 0: (5)

The idea of the bracketing algorithm is the following. Pick a real number � and check

whether E [f jA] is larger, smaller or equal to �, and respectively increase �, decrease �

or stop. Repeat this until the bracketing interval is small enough.

Expression (5) is equal to:

maxEp[(f � �)�A] = E [(f � �)�A] ;

5



Lavine's algorithm is simply a bracketing iteration based on the generalized Bayes rule

(expression (3)).

Lavine's algorithm is a viable choice if the maximization in expression (5) is in fact

easier than the nonlinear maximization in expression (4). This happens for several spe-

cial models, such as density ratio classes and 2-monotone Choquet capacities [4]. Apart

from these special cases, Lavine's algorithm is advantageous when a single conditional

distribution p(Xj�) and a prior credal K(�) are speci�ed; in this case each iteration of

the algorithm (expression 5) becomes a linear program.

5 White-Snow algorithm

Despite its popularity, Lavine's algorithm is not the most e�cient way to obtain the

upper expectation for a function f when:

� a single conditional distribution p(Xj�) is speci�ed and

� a prior credal K(�) is speci�ed through linear constraints:

A[p(�1) : : : p(�n)]
T � B;

where A and B are matrices of appropriate dimensions.

A more e�cient algorithm, developed by White [47] and improved by Snow [37]

should be used in these cases. This fact has not been noticed before; the White-Snow

algorithm was developed in the context of expert systems and no connection to Lavine's

algorithm has been mentioned. The White-Snow algorithm is summarized below in

uniform notation.

De�ne:

� �i = p(�i) and �i = p(Xj�i);
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� fi = f(�i);

� the matrix C = A�B1, where 1 is a row vector of ones;

� the matrix D = A� diag
h
��1
1
; : : : ; ��1n

i
.

Suppose a measurement A is obtained. The calculation of the posterior upper ex-

pectation is:

E [f jA] = max
�

"P
i fi�i�iP
j �j�j

#
;

subject to:

C� � 0;
X
i

�i = 1; �i � 0:

White proposed the following change of variables [47]:

i =
�i�iP
j �j�j

;

which reduces the calculation of the posterior upper expectation to a linear program:

E [f jX] = max


"X
i

fii

#
;

subject to:

D � 0;
X
i

i = 1; i � 0:

To obtain the matrix D, all �i must be larger than zero. When �i = 0, set the

variable i to zero and discard it from the equations.

Snow has proved that the solution of this linear program produces the correct pos-

terior upper envelope [37]. Notice that this solution is much better than Lavine's since

it is exact and does not require multiple iterations.
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6 Linear fractional programming

The algorithms presented above were derived through special properties of upper expec-

tations. Both algorithms can be derived in a more direct and general way as algorithms

for linear fractional programming. This fact has not been previously noticed in the

literature. Only recent references associate linear fractional programs to upper expecta-

tions [21, 27, 48], but none connects linear fractional programming to previously known

algorithms.

Linear fractional programming studies the of maximization of ratios of linear func-

tions [33]. Consider the linear fractional program:

max
�

"P
i fi�i�iP
j �j�j

#
;

for given �i and fi, and �i subject to linear constraints.

There are two main algorithms for linear fractional programming [20]:

� Create a \parameterized" problem for a parameter �:

max
�

"X
i

(fi � �)�i�i

#
;

subject to the same constraints on the original problem; and search for the value

of � such that the maximum is zero. This method is variously called Dinkelbach

or Jagannatham algorithm, and dates back to the sixties [20]. Notice that this

method is identical to Lavine's algorithm.

� Transform the problem by a change of variables:

0i =
�iP
j �j�j

;

which reduces the calculation of the posterior upper expectation to a linear pro-

gram:

max
0

"X
i

fi�i
0
i

#
;
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subject to:

C0 � 0;
X
i

�i
0
i = 1; 0i � 0:

This is called the Charnes-Cooper method, and also dates back to the sixties [20].

Notice that this method is essentially identical to the White-Snow algorithm; the

only di�erence is that i = 0i�i. The Charnes-Cooper method has the advantage

of automatically handling the case �i = 0.

6.1 Posterior upper expectation for prior and conditional credal

sets

To illustrate the convenience of the linear fractional programming approach, consider

a situation where both prior and conditional credal sets, K(�) and K(Xj�) respec-

tively, are speci�ed. Assume that each K(Xj�) is separately speci�ed: no constraint

on K(Xj�k1) involves values K(Xj�k2) for k1 6= k2. This requirement is discussed in

section 7.

A simpli�ed version of this problem, where an interval is associated with each value

of p(Xj�), is studied by Snow [38]; his methods are used in the following derivation.

Approximate bounds for the same problem are provided by Salo [32] using di�erent

techniques.

Consider a direct, exact solution through fractional linear programming, which ex-

tends previous work by allowing for arbitrary linear constraints over each K(Xj�).

By theorem 1, the upper expectation is attained only by distributions that assume

either U(Xj�i) or L(Xj�i) for each �i [42, section 8.5.4]. The lower and upper likelihoods

are functions such that:

L(Xj�i) � p(Xj�i) � U(Xj�i):

De�ne two vectors, �0 and �00, with the same length as �. Consider the following linear
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fractional program:

max
�0;�00

"
fiL(Xj�i)�0i + fiU(Xj�i)�00iP
j(L(Xj�j)�

0
j + U(Xj�j)�00j )

#
;

subject to:

C(�0 + �00) � 0;
X
i

(�0i + �00i ) = 1; �0i � 0; �00i � 0:

For each �i, either �0i = 0 or �00i = 0. This automatically selects the correct likelihood

value. Now the Charnes-Cooper transformation can be applied and the lower expec-

tation can be obtained through a linear program. The �nal algorithm is slightly more

general than the procedure derived by Snow [38], and the derivation is shorter, simpler

and more elegant; notice that the algorithm automatically handles situations where the

likelihoods are zero, while Snow has to consider a variety of special cases.

To illustrate the method, consider the following example (taken fromWhite's original

paper [47]):

Example 1. Consider a variable X with four states f�1; �2; �3; �4g, and the following

constraints on the marginal (prior) distribution of X:

2:5p(�1) � p(�4) � 2p(�1); 10p(�3) � p(�2) � 9p(�3); p(�2) = 5p(�4):

Suppose the following lower and upper likelihoods are given:

L(Xj�1) = 0:9, L(Xj�2) = 0:1125, L(Xj�3) = 0:05625, L(Xj�4) = 0:1125,

U(Xj�1) = 0:95, U(Xj�2) = 0:1357, U(Xj�3) = 0:1357, U(Xj�4) = 0:1357.

Consider the calculation of p (X = �1jX):

p (X = �1jX) = min
�0;�00

(�0
1
+ �00

1
) ;

where �0 and �00 are vectors with four elements, subject to:
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� C[0:9�0 + 0:95�00] � 0, where the matrix C is:

C =

2
66666666666664

�2:5 0 0 1 �2:5 0 0 1

2 0 0 �1 2 0 0 �1

0 �1 0 5 0 �1 0 5

0 1 0 �5 0 1 0 �5

0 �1 9 0 0 �1 9 0

0 1 �10 0 0 1 �10 0

3
77777777777775
:

� [0:9; 0:1125; 0:0562; 0:1125]�0 + [0:95; 0:1357; 0:1357; 0:1357]�00 = 1,

� �0i � 0 and �00i � 0.

The value p (X = �1jX) = 0:2881 is obtained through linear programming. The mini-

mizing �0 is [0:3201; 0; 0; 0] and the minimizing �00 is [0; 4:0013; 0:4446; 0:8003].

The bounds obtained through linear fractional programming are only valid if the

conditional credal sets are speci�ed separately for each value of �. White's original

example speci�ed the conditional distributions through linear inequalities:

p(Xj�2) = p(Xj�4); p(Xj�3) � p(Xj�2) � 2p(Xj�3);

7p(Xj�2) � p(Xj�1) � 8p(Xj�2); p(Xj�3) � 0:01; 0:9 � p(Xj�1) � 0:95:

In this case the bounds produced by linear fractional programming are not tight, because

theorem 1 does not apply.

6.2 Interval-valued prior and conditional distributions

Suppose the prior credal set is de�ned by lower and upper bounds [43, page 18]. For a

prior credal set K(�) =
n
p(�)jp (�) � p(�) � p (�)

o
, such that:

p (�i) � 1 �
X
j 6=i

p (�j) ;

p (�i) � 1 �
X
j 6=i

p (�j)
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for all �i, de�ne:

� A distribution p0, generated by �xing p0(�i) = p (�i) and by placing as much

probability mass as possible in the values of � with largest upper likelihood.

� A distribution p00, generated by �xing p00(�i) = p (�i) and by placing as much

probability mass as possible in the values of � with smallest lower likelihood.

Then:

p (�ijX) =
L(Xj�i)p0(�i)

L(Xj�i)p0(�i) +
P

j 6=i U(Xj�j)p0(�j)
;

p (�ijX) =
U(Xj�i)p00(�i)

U(Xj�i)p00(�i) +
P

j 6=i L(Xj�j)p00(�j)
:

7 Conclusion

The algorithms presented in this paper can be divided in two groups. The �rst group

focuses on boolean variables, linked by logical propositions, and searches for bounds on

probability values. There is large freedom on the logical connections among variables,

but minimal expressivity in terms of probabilities. The other group of algorithms in-

volves a few variables, and concentrates on posterior quantities. Variables can be very

expressive, but reasoning chains are of limited length. In neither case are independence

relations handled. Together, these two groups of algorithms cover the majority of known

methods for Quasi-Bayesian inferences.

A di�erent, more general approach is to sketch a dependency structure among vari-

ables and specify conditional credal sets for this structure. The idea is to mimic graphical

methods for standard probability theory; this path has been pursued by several authors

in Arti�cial Intelligence [1, 6, 12, 9, 40, 48].

Two new results are noteworthy in this paper. First, a uni�ed perspective for

Lavine's algorithm and the White-Snow algorithm is derived, based on linear frac-
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tional programming. Second, the main contribution is the algorithm for calculation

of posterior quantities for prior and conditional credal sets presented in section 6.1. The

algorithm provides a complete solution for conditional credal under the assumption that

conditional credal sets separately speci�ed. The assumption is reasonable, since each

conditional credal set must be speci�ed given a particular, �xed value of the conditioning

variable.
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