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Abstract

This paper presents two di�erent algorithms for
reconstructing 3D points from two sets of noisy
2D image points without knowing point corre-
spondences given the corresponding poses from
the two images. We �rst present a new way to
form a 2D similarity function between two points
from two images via 3D pseudo-intersection.
Based on principles of proximity and exclusion,
the �rst algorithm uses a new a�nity measure
between 2D image points from two di�erent im-
ages and a competition scheme to establish im-
age point correspondences and recover their cor-
responding 3D points simultaneously. Based on
an optimal graph theoretic approach, the second
algorithmuses the similarity function to construct
a bipartite graph, builds a corresponding ow net-
work, and �nally �nds a maximum network ow
that determines the correspondences between two
images. The two proposed algorithms have been
applied to aerial images from the ARPA RADIUS
project. Experimental results have shown that
the proposed algorithms are robust.

1 Introduction

A fundamental and important problem in com-
puter vision is to build 3D models of objects and
scenes from a sequence of images. So far, exten-
sive research has been done to develop robust al-
gorithms in this area [1-16], including monocular
motion sequences, stereo pairs, and a set of dis-
tinctive views. The basic principle to deal with
this problem is a triangulation process. For a gen-
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eral triangulation process, it is assumed that the
intrinsic (lens) parameters and extrinsic (pose)
parameters of each camera are known, or that the
3�4 projective transformation matrix which rep-
resents a relationship between a 3D point and its
corresponding 2D point is known (as in the RA-
DIUS project). Usually, 2D features are extracted
�rst such as corners, curvature points, and lines
from each frame of an image sequence. Then, the
correspondence of these features is established be-
tween any two successive frames, i.e., the corre-
spondence problem. Finally, the 3D information
is recovered from these 2D correspondences in the
image sequence. The two most extensively used
triangulation algorithms are point-based triangu-
lation and line-based triangulation. The reason to
use image lines as an alternative to image points
is that lines provide a more stable image feature.

Unfortunately, this basic triangulation process as-
sumes the correspondence problem has been re-
solved. This has caused criticism and doubts
about feature-based methods because the process
of �nding 2D image feature correspondences is
time consuming and is di�cult to implement re-
liably. This paper addresses this problem.

In recent years, much work has been done on a
variety of correspondence problems [5-16]. Many
researchers have worked on the problem of mo-
tion estimation without correspondences [5-9,12-
16]. Aggarwal et al [8] gave an excellent review
of the correspondence problem. Aloimonos, et al.
[11], presented an algorithm to estimate 3D mo-
tion without correspondences by combining mo-
tion and stereo matching. Recently, Huang and
his research group [7,15-16] presented a series of
algorithms to estimate rigid-body motion from
3D data without matching point correspondences.
Goldgof et al. [7] presented moment-based algo-



rithms for matching and motion estimation of 3D
points or lines sets without correspondences and
applied these algorithms to object tracking over
the image sequences. Lee et al. [9] proposed an
algorithm to deal with the correspondence prob-
lem in image sequence analysis.

Objects in the world can be nonrigid, and an ob-
ject's appearance can deform as the viewing ge-
ometry changes. Consequently, much work has
also been done that addresses the problem of cor-
respondence and description by using deformable
models[10-11,17-19]. Scott and Longuet-Higgins
[10] developed an algorithm to determine the pos-
sible correspondences of 2D point features across
a pair of images without any other information
(in particular, they had no information about
the poses of the cameras). They �rst incorpo-
rated a proximity matrix description which de-
scribes Gaussian-weighted distances between fea-
tures (based on inter-element distances) and a
competition scheme allowing candidate features
to contest for best matches. Then they used the
eigenvectors of this matrix to determine corre-
spondences between two sets of feature points.
Shapiro and Brady [11] also proposed an eigen-
vector approach to determining point-feature cor-
respondence based on a modal shape description.
Recently, Sclaro� and Pentland [19] described a
modal framework for correspondence and descrip-
tion.

In this paper, we �rst investigate the problem of
determining image point correspondences given
the poses of two images while simultaneously com-
puting the corresponding 3D points. Here, cam-
era pose consists of an orientation Rl and a 3D
position �l which map the world coordinate sys-
tem to the camera coordinate system. The prob-
lem can be formulated as follows:

Given two sets L and R of 2D image points
from two images Il and Ir: L = fpli(ui; vi) j
pli 2 Il; i = 1; 2; :::; nlg and R = fprj(uj ; vj)
j prj 2 Ir ; j = 1; 2; :::; nrg; and two correspond-
ing poses (Rl; �l) and (Rr; �r) for the two images
Il and Ir , the goal is to compute a set of 3D points
Pq(xq; yq; zq) (q = 1; 2; :::; n; n � minfnl; nrg)
representing n correspondences between L and R

without knowing in advance the image point cor-
respondences.

First we present a new way to form a 2D similar-
ity function between two points from two images
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Figure 1: A triangulation process for a pair of images.

via 3D pseudo-intersection. Then we present two
di�erent algorithms for reconstructing 3D points
from noisy 2D image points without knowing the
point correspondences. The �rst algorithm uses
a new version of an a�nity measure to extend
the work in [10] via the principles of proximity
and exclusion. Our second algorithm is based
on an optimal graph theoretic approach using the
similarity function to construct a bipartite graph,
build a corresponding ow network, and �nally
�nd a maximumnetwork ow that determines the
correspondences between two images. The two
proposed algorithms have been applied to aerial
images from the ARPA RADIUS project. Ex-
perimental results have shown that the proposed
algorithms are robust.

2 2D similarity function via 3D
pseudo-intersection

Given two poses (Rl; �l) and (Rr; �r) from two im-
ages Il and Ir , for any pair of 2D points pli and
prj (i = 1; 2; ... ,nl; j = 1; 2; ... ,nr) from Il and
Ir, there exist two 3D lines L1 and L2 such that
L1 passes through points pli and �l, and L2 passes
through points prj and �r , as shown in Figure 1.

L1 and L2 are the projection lines of points pli and
prj , respectively.

Suppose each projection line Lk (k = 1; 2) is de-
�ned as

x� xk

uxk
=

y � yk

uyk
=

z � zk

uzk
(1)

with unit direction vector
!

uk =(uxk; uyk; uzk)T :



Consider �rst how to compute an optimal 3D
pseudo-intersection point Pq(xq; yq; zq) with the
smallest sum of distances from Pq(xq; yq; zq) to
two lines L1 and L2. The error function can be
de�ned [7] as

E = [(xq � xk)uyk � (yq � yk)uxk]
2

+[(xq � xk)uzk � (zq � zk)uxk]
2

+[(yq � yk)uzk � (zq � zk)uyk]2
(2)

After setting @E
@xq

= @E
@yq

= @E
@zq

= 0, we ob-

tain the optimal 3D pseudo-intersection point
Pq(xq; yq; zq)[7]2
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where
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If pli and prj are the corresponding image points
from two successive images Il and Ir, then Pq is
the real 3D point recovered by the traditional tri-
angulation algorithm. However, there are three
cases that are exceptions: (1) no 3D point could
be obtained for pli and prj , because the two 3D
lines L1 and L2 are parallel; (2) an incorrect \neg-
ative" 3D point could be obtained for pli and prj ,
due to the two 3D lines L1 and L2 intersecting
behind one or both cameras, as shown in Figure
2; (3) a wrong \epipolar" 3D point Pw is obtained
corresponding to pli and prj , due to incorrect cor-
respondences, e.g. pli could appear to correspond
to either prj or p

r
w as shown in Figure 3. This case

shows that a point pli in image Il could intersect
with the projection line of more than one image
point in image Ir.

The �rst case, with parallel projection lines, is ex-
ceedingly rare, but is easily be detected by exam-
ining whether there exists a solution for Equation
(3). It also can be detected by examining whether
the directions of the projection lines L1 and L2 are
the same.

For the second case, as all pairs of image points
from two images are considered as possible corre-
spondences, some of those will intersect in their
negative directions and satisfy the minimal dis-
tance condition to lines L1 and L2, but are incor-
rect. Fortunately, it is easy to detect this kind of
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Figure 2: A wrong \negative" 3D point corresponding
to a pair of image points.

\negative" 3D point by examining the directions

of rays
!

�lp
l
i and

!

�lPq or
!

�rp
r
j and

!

�rPq to make sure
that they are the same.

The third case is caused by an incorrect corre-
spondence, often due to ambiguity. For example,
as shown in Figure 3, suppose pli corresponds to
prj with Pq as the correct 3D point. However,
the known poses specify epipolar lines, and since
prw lies on the known epipolar line of pli in image
Ir, then pli and prw could intersect at a 3D point
Pw. However, this kind of ambiguity might be de-
tected because plw might correspond to point Pw

appearing in image Il. For this case, the maxi-
mum correspondences could be detected for two
sets of points, i.e., pli corresponds to prj and plw
corresponds to prw. Unfortunately, if the point P

l
w

doesn't appear in the �rst image Il, it is di�cult
to resolve this inherent ambiguity. In such situ-
ations, a third image would greatly reduce such
ambiguities.

For any pair of image points (pli,p
r
j), we project

the \pseudo-intersection" point Pq into the two
images Il and Ir, then get the two projected image
points pl

0

i (u
0

i; v
0

i) and pr
0

j (u
0

j; v
0

j):

u0i=Sxi
(Rl(Pq)+�l)x
(Rl(Pq)+�l)z

v0i=Syi
(Rl(Pq)+�l)y
(Rl(Pq)+�l)z

u0j=Sxj
(Rr(Pq)+�r)x
(Rr(Pq)+�r )z

v0j=Syj
(Rr(Pq)+�r)y
(Rr (Pq)+�r )z

(4)

where Sui and Svi are the intrinsic camera scale
factors along the \u" and \v" directions on the
image plane Il, and Suj and Svj are the intrinsic
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Figure 3: A wrong \epipolar" 3D point corresponding
to a pair of image points.

camera scale factors along the \u" and \v" direc-
tions on the image plane Ir .

Finally, we compute the error functions El
ij and

Er
ij:

El
ij = kpli � pl

0

i k2; E
r
ij = kprj � pr

0

j k2

A 2D similarity function sf(pli; p
r
j) is de�ned as

sf(pli; p
r
j) = El

ij +Er
ij = kpli � pl

0

i k2 + kprj � pr
0

j k2

The criterion underlying sf(pli; p
r
j) is that the best

estimate for any 3D pseudo-intersection point is
the point that minimizes the sum of the least-
squares distances between the predicted image lo-
cation of the computed 3D point and its actual
image locations in the �rst and second images. if
sf(pli; p

r
j) = 1, it means that pli is not similar

at all to prj ; if sf(p
l
i; p

r
j) = 0, it means that pli is

perfectly similar to prj .

The next two sections present two algorithms for
determining point correspondences using the sim-
ilarity function sf(pli; p

r
j).

3 Algorithm based on principles of
proximity and exclusion

Following the basic idea in Scott and Longuet-
Higgins' work[10], we uses pose information to
achieve a new powerful version of proximity ma-
trix. The �rst step is to detect any \negative" 3D
point Pe and construct a nl�nr proximitymatrix

H of a Gaussian-weighted error function Hij (i =
1, 2, ..., nl; j = 1, 2, ..., nr) using the similarity
function

Hij = e�sf(p
l
i;p

r
j )=2�

2

where � is the control parameter for the degree of
spatial interaction between the two sets of image
points.

The second step is to perform a singular value
decomposition (SVD) of H , i.e.

H = UDV T

where U and V are orthogonal matrices, and D is
a diagonal matrix in which the nonnegative singu-
lar values appear along its diagonal in descending
numerical order.

The �nal step is to compute the correlation be-
tween U 0s rows and V 0s columns and obtain an
association matrix A:

A = UIV T = UV T

where superscript T denotes the transpose of a
matrix. I was obtained by replacing each diag-
onal element in D by a 1, i.e. I is an identity
matrix. Each element Aij indicates the strength
of attraction between pli and prj . If Aij=1, there
is a perfect correspondence between pli and prj ; if

Aij=0, there isn't any a�nity between pli and prj
at all. The a�nity between pli and prj is strong
only if Aij is largest in both its row and its col-
umn.

4 Algorithm based on maximum
network ow

The problem of triangulation without correspon-
dences seems on the surface to have little to do
with ow networks, but it can in fact be reduced
to a maximum-ow problem. In this section, we
show how the problem of triangulation without
correspondences is formulated as a maximumow
problem on a ow network.

Given the two sets of points L = fpli j i =
1; 2; :::; nlg from Il and R = fprj j j = 1; 2; :::; nrg
from Ir, then an undirected bipartite graph G =
(V;E) can be constructed as follows: V = L [
R;E = feijg in which each edge eij (i = 1; 2;
..., nl; j = 1; 2; ..., nr) with a unit weight corre-
sponds to a weighted link between pli in Il and prj



in Ir if the \distance" between them, de�ned as
sf(pli; p

r
j) is less than threshold Td, and the cor-

responding optimal 3D pseudo-intersection point
Pq computed by equation (3) is not \negative".
Here, the threshold Td is chosen empirically. Ob-
viously, the graph arising in such a case is a bi-
partite graph by construction, since two points in
the same image cannot be linked.

Furthermore, from graph theory, we know that
given an undirected graph G = (V;E), a match-

ing is a subset of edges M � E such that for all
vertices v 2 V , at most one edge of M is inci-
dent on v. A vertex v 2 V is matched by M if
some edge in M is incident on v; otherwise, v is
unmatched. A maximum matching is a matching
of maximum cardinality, that is, a matching M

such that for any matching M 0, we have j M j
� j M 0 j. Therefore, the problem of triangula-
tion without correspondences can be considered
as the problem of �nding a maximum matching
in a bipartite graph G.

In order to reduce the problem of a maximum
matching in the bipartite graph G to a maximum
ow problem in the ow network G0, the trick is
to construct a ow network in which ows cor-
respond to correspondences. We build a corre-
sponding ow network G0 = (V 0; E0) for the bi-
partite graph G as follows: Let the source s and
sink t be new vertices not in V , let V 0 = V [fs; tg,
and let the directed edges of G0 be given by

E0 = f(s; u) : u 2 Lg [ f(u; v) : u 2 L; v 2 R;

(u; v) 2 Eg [ f(v; t) : v 2 Rg

and �nally, assign unit ow capacity to each edge
in E0.

The following theorem [21] shows that a matching
in G corresponds directly to a ow in the corre-
sponding ow network G0.

Theorem 1 Let G = (V;E) be a bipartite graph

with vertex partition V = L [ R, and let G0 =

(V 0; E0) be its corresponding ow network. If M

is a matching in G, then there is an integer-valued

ow f in G0 with value j f j=j M j. Conversely,
if f is an integer-valued ow in G0, then there is

a matching M in G with cardinality jM j=j f j.

Intuitively, a maximum matching in a bipartite
graph G corresponds to a maximum ow in its
corresponding ow network G0. If so, the cor-
respondence problem is equivalent to �nding the

maximum ow in G0 = (V 0; E0), and we can com-
pute a maximummatching in G by �nding a max-
imum ow in G0. It has been shown [21] that if
we use the Ford-Fulkerson method, the maximum
ow f computed by it can ensure that j f j is
integer-valued, and the cardinality of a maximum
matching in a bipartite graph G is the value of a
maximum ow in its corresponding ow network
G0. Therefore, the correspondence problem can
be exactly reduced to �nding the maximum ow
in G0. Speci�cally, our algorithm has the follow-
ing steps:

The �rst step which is the same as in the �rst
algorithm, is to compute sf(pli; p

r
j) for all possi-

ble pairwise matches between any pair of image
points (pli; p

r
j). Then, the second step is to gen-

erate a bipartite graph G = (V;E); V = L [ R,
where L and R are disjoint and all edges in E go
between L and R, such that if sf(pli; p

r
j) � Td,

then there exists an edge in E from pli to p
r
j . The

third step is to build the corresponding ow net-
work G0 = (V 0; E0) using the above process. The
�nal step is to use the Ford-Fulkerson method to
e�ciently obtain a maximum matching M from
the integer-valued maximumow. A complete de-
scription of their algorithm can be found in [21]
and will not be given here.

Since any matching in a bipartite graph G has
cardinality at most min(j L j; j R j) = O(j V j),
the value of the maximum ow in G0 is O(j V j
)=O(nl + nr). We can therefore �nd a maxi-
mum matching M in a bipartite graph G in time
O(j V E j). For each vertex, the number of edges
which is incident on the vertex can be considered
as a constant. Thus, the time complexity is ap-
proximately O(j V j2)= O((nl + nr)2).

5 Experimental Results

In this section, we will illustrate the two algo-
rithms and demonstrate their performance on im-
ages J1 and J2 (shown in Figure 4) from the RA-
DIUS \Model Board 1" set.

In order to demonstrate the robustness of the two
algorithms, they were compared in the presence
of noise. In general, there are two sources of error
which contribute to the error of 3D points recov-
ered from two images: (1) localization errors of
the 2D image points and (2) errors in the estimate
of the intrinsic and extrinsic camera parameters.



Figure 4: A pair of RADIUS images.

The contribution of the error of the 2D image
points from two images is complicated. To aid
the error analysis in determining the correspon-
dences between the two images shown in Figure
4, 32 ground truth corner points were selected and
projected into each image as shown by the white
dots. The image point locations from each im-
age were corrupted by Gaussian noise. Noise for
each image point location was assumed to be zero-
mean, identically distributed, and independent.
The standard deviation ranges from 0.5 pixel to
4.0 pixels. For each level of noise, 100 noisy sam-
ple sets were created and the two algorithms were
run on each of the samples. From each sample
run, the number of incorrect correspondences and
the squared distance error between the triangu-
lated point position and its ground truth position
were computed. The average number of incorrect
correspondences and average triangulation error
for each noise level are shown in Figures 5-6, re-
spectively. The experiments have shown that the
two algorithms work very well if there is no dif-
ference in sizes of image points from two images,
i.e. for two images, each 3D point to be recovered
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Figure 5: Comparison of number of correct correspon-
dences for the two algorithms as a function of noise.

appears in each image and only their correspon-
dences are unknown.

In order to show how the number of incorrect cor-
respondences is a�ected by the number of miss-
ing points (i.e. no correct correspondence in the
other image), new data sets were created by ran-
domly deleting some percentage of image points
from the same two sets of 32 image points used
above. Also, four levels of Gaussian noise from 1
pixel to 4 pixels were added to these new data sets.
The average number of incorrect correspondences
over 100 sets of samples for each noise level were
computed. Figures 7 and 8 show how the per-
formance of the two algorithms was a�ected by
the number of missing points and the noise. Our
experiments have shown that the two algorithms
can tolerate a di�erence in the number of image
points from two images and are robust against a
reasonable level of noise.

The experimental results [20] also show that it
is very di�cult to choose an appropriate value
for the parameter � in the �rst algorithm and a
� that is too large can not be chosen. For the
�rst algorithm to work well, a su�ciently large �
must be chosen, yet it must not be too large since
thsi would drive the smaller singular values to-
wards zero. If this occurs, the association matrix
becomes unstable. This conforms the conclusion
reached in [11].

The second algorithm utilizes a threshold Td on
the error function to build the initial bipartite
graph. This threshold must be chosen empiri-
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Figure 6: Average triangulation error for the two al-
gorithms.
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Figure 8: Comparison of number of incorrect corre-
spondences for the second algorithm.

cally. Our experiments showed that it is crucial to
choose an approriate value for the threshold Td.

6 Conclusions and Future Work

Based on a similarity function between two points
from two images via 3D pseudo-intersection, this
paper present two di�erent algorithms to recon-
struct 3D points from noisy 2D image points with-
out knowing the point correspondences. The �rst
algorithm is based on a principle of proximity and
a principle of exclusion. It �rst builds a proxim-
ity matrix to represent the a�nities, then does
a SVD decomposition of the proximity matrix
to get an association matrix, and �nally obtains
the correspondences from the association matrix.
The second algorithm �rst reduces the problem
of triangulation without correspondences to that
of a maximum matching problem of the bipartite
graph, then reduces the maximummatching prob-
lem to a maximum ow problem of the ow net-
work, and �nally determines the correspondences
by �nding a maximumnetwork ow from the ow
network.

The work presented in this paper compared the
two algorithms, in terms of robustness with re-
spect to noise and the di�erence between the set
sizes of image points from two images. The ex-
periments showed that the two algorithms are ro-
bust. The two algorithms do have several ad-
vantages: (1) they can automatically detect the
outliers from the 2D image points from a pair
of images by thresholding the error function for
left and right pseudo-intersection projections; (2)
they are not too sensitive to noise or the di�erence
between the set sizes of image points from two im-
ages; (3) their computational complexity is low;
(4) they can be expanded to reconstruct 3D lines
from noisy 2D image lines. From the preliminary
experiments conducted thus far, it appears that
there is only a small di�erence between the two
algorithms relative to the di�erence in the size of
the point sets. However, there are several reasons
to choose the network ow algorithm over the �rst
one: (1) potential instabilities in the association
matrix (as described earlier); (2) computational
consideration in the association matrix; (3) the
network ow is easily extended to multiple im-
ages.

For the two algorithms, however, there is some in-
herent ambiguity which cannot be distinguished.



For such cases, additional images are needed.
Currently, reconstruction from 2D image points
and lines without correspondences is a component
of the image understanding system being devel-
oped at our computer vision lab under the RA-
DIUS project.

In the future, we are examining ways of modi-
fying the second algorithm so that the threshold
Td is not needed. This will involve introducing
mechanisms for weighting in the matching prob-
lem and the maximum ow formulation. Further-
more, this algorithm will be extended to perform
triangulation frommultiple images without know-
ing the correspondences.
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