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Abstract

We propose in this work the first model-based robust control
method for a team of underactuated manipulators jointly
manipulating a load. The method is based on feedback
linearization of the nonlinear dynamic coupling between the
torques applied at the actuated joints and the Cartesian
acceleration of the load, combined with a variable structure
controller. Singularities in the control method are addressed,
and a sufficient condition for a singularity-free controller
implementation is obtained. Simulation and experimental
results are presented to validate the theory presented.

1 Underactuated cooperative manipulators

When a single mechanical manipulator is not able to
manipulate a load because it is too bulky or too heavy, a
team of manipulators acting cooperatively may be
employed. Such cooperative systems have been extensively
studied in the past, and several authors have provided
elegant solutions to the problems of internal force control
[13], load distribution [16], hybrid position / force control
[14], teleoperation of multiple manipulators [15], joint
flexibility [7], and distributed control [9].

One problem that has only recently been considered is
that of controlling the position and orientation of a load
carried by two manipulators, when either one of them or
both are underactuated, i.e., are equipped with unactuated
joints [8], [11], [12]. Unactuated joints are those joints of a
manipulator which lack actuation, and they arise in practice
either because of actuator failures or because of design
considerations.

In this paper we propose a model-based control method
for the problem aforementioned. The method, based on the
theory of variable structure control, is robust with respect to
modeling uncertainties and external disturbances, a
characteristic not present in the common linear PID
controllers. Additionally, the control method is sufficiently
general to allow for both set-point and trajectory tracking
control. This way, complex control commands can be
followed without the user having to switch between
different controllers according to the control objective.
These two characteristics, robustness and generality,
distinguish this work from the authors’ previous ones, in
which a linear controller [3], and two separate controllers for
set-point or trajectory tracking control were proposed [8].
The contributions of the paper are the application, for the
first time, of variable structure control to a team of
underactuated manipulators, their modeling in terms of the
active and passive joints’ contributions to the system’s
dynamics, and a sufficient condition for singularity-free
operation.

The paper is divided as follows: in section 2 we review
the main results from the kinematic modeling of cooperative
underactuated manipulators, already presented by the
authors in [8]. In section 3 we present their dynamic
modeling, along with a sufficient condition for singularity-
free controller implementation. In section 4 we present the
robust control method. In section 5 we present simulation
and experimental results obtained with a team of two 2-link
underactuated manipulators to illustrate the validity of the
control method. Finally, in section 6 we present our
conclusions and directions for future work.
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2 Kinematic modeling

We present in this section the kinematic modeling of a team
of underactuated manipulators. The presentation follows
closely that of [8] and is concise for the sake of brevity.

Without loss of generality, consider two identical n-link
nonredundant manipulators grasping a common load
(Figure 1). We denote by q1 the  joint vector of the first
manipulator, and by q2 the  joint vector of the second
one. The combined joint vector q is defined as

(1)

and the position of the j-th joint of the i-th manipulator is
denoted by qi , j.

The m-vector x represents the Cartesian coordinates of
a point fixed on the load; since both robots hold the load at
their end-effectors, the individual forward kinematics of
each robot must be such that:

(2)

Equation (2) can be rewritten as:

(3)

The time derivative of the nonlinear transformations in (2)
yield the individual Jacobians of the two manipulators, J1
and J2.

Assume now that of the 2n joints, na are equipped with
actuators, and nu are completely unactuated (i.e., they are
not equipped with actuators or brakes). The actuators can be
arbitrarily distributed among the manipulators. The actuated
joints are grouped in the vector qa, and the unactuated ones
in the vector qu. In terms of qa and qu, Equation (3) is
rewritten as:

(4)

Taking the time derivative of (4) we obtain:

(5)

where , . From (5) we can
compute the velocities of the unactuated joints as a function
of the velocity of the actuated ones:

(6)

where the symbol ‘#’ denotes the pseudo-inverse. It is
important to note that this relationship between the
velocities of the actuated and unactuated joints arises
naturally when two manipulators handle a common load.
Such relationship cannot be found in general for a single
underactuated manipulator [10].

The instantaneous forward kinematics, in terms of the
actuated and unactuated joints, can be written as, for i = 1,2:

(7)

3 Dynamic modeling

To propose a model-based control method for cooperative
underactuated manipulators we must first obtain the
dynamic relationship, or coupling, between the torques at
the actuated joints and the Cartesian acceleration of the load.
This is the contribution of this section; singularities in the
dynamic coupling are also analyzed and a sufficient
condition for a singularity-free controller is presented.

Similarly to a single manipulator, the dynamic model of
two cooperative manipulators can be written as:

(8)

with M the inertia matrix, b the vector of noninertial and
gravitational torques, τ the torque vector, f a vector of
Lagrangian multipliers (which physically represent the
internal forces acting on the load), and 

(9)

To distinguish between the contributions of the actuated
and unactuated joints to the system’s dynamics, Equation (8)
is partitioned as:

(10)

where τa corresponds to the torques that are applied at the
actuated joints, and the zeros in the bottom of the torque
vector represent the lack of actuation at the unactuated ones.
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Figure 1: A team of cooperative underactuated 
manipulators. The dark links represent the actuated joints, 

and the white links represent the unactuated ones.
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For simplicity, assume that na = nu = n/2, and that the
number of DOFs of the task is also n/2. In this case the
matrix Q and the Jacobians defined previously are all square
matrices. (This is not an intrinsic limitation of the method,
which is certainly valid for other combinations of na and nu.)
To control the position of the load using the torques that can
be applied at the actuated joints we must find the dynamic
relationship between  and τa and then design a controller
to guarantee that x converges to a desired xd. To find this
relationship we start by factoring out f on the second line of
(10) and by substituting the result into its first line:

(11)

Taking the time derivative of (5) and factoring out  we
obtain:

(12)

Substituting (12) in (11) results in the following relationship
between τa and :

(13)

where

To write (13) in terms of  we take the time derivative
of (7) and factor out :

(14)

Substitution of (14) in (13) yields the desired relationship
between the input τa and :

(15)

To implement this relationship in real time we must
address the inversion of Ju and of Q. The inversion of Ju is
dealt with in [8], where the authors show with examples that
Ju is in general nonsingular, except at isolated points in joint
space; it rests then to consider the inversion of Q. 

Lemma 1: Matrix Q is invertible if neither manipulator is in
a singular configuration, nor is Ju a singular matrix.

Proof: Assume that Ju is a non-singular matrix; then the
determinant of Q can be computed as [5]:

(16)

Consequently, the nonsingularity of Q is determined by the
nonsingularity of the block matrix on the rightmost side of
(16). The determinant of that matrix can be computed more
easily by resorting to the definition of Ja and Ju and
performing the following sequence of elementary
transformations: (i) subtract the second line from the first;
(ii) exchange the sign of the first line; and (iii) exchange the
first and second lines. Since each elementary operation
changes the sign of the determinant, we obtain:

(17)

Rearranging the columns of the last matrix above so as to
collect all joint angles of the first robot on the left side, and
all joint angles of the second robot on the right side, we
obtain:

(18)

Consequently,

(19)

and

(20)

From Equation (20) the result of the Lemma is
immediate. It is interesting to note that Q may be singular
even when Ju is full rank, because of the Jacobians in the
numerator of Equation (20).

Besides considering the existence of the inverses of Ju
and Q, one must also take into account the number of
Cartesian coordinates that can be controlled by the use of the
system’s actuators. In underactuated systems, one can only
control, at any given instant, as many generalized
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coordinates as there are actuators, or at most na coordinates
[1], [4]. In the case of cooperative underactuated
manipulators, one must subtract from that figure the number
of mechanical constraints arising from the closed-loop
mechanical chain formed by the manipulators and the load.
Calling c the number of constraints, we conclude that one
can control at most na – c coordinates, or, in other words,
the number of DOFs of the load, m, must be such that

(21)

4 Feedback linearization and robust control

Having obtained the relationship between the torques at the
actuated joints and the Cartesian accelerations of the load,
we propose to utilize the following feedback linearization
law to linearize and decouple the nonlinear system (15):

(22)

where u is an auxiliary control input.

To robustly control the position of the load to follow a
prescribed trajectory or to reach an equilibrium position
despite the presence of modeling uncertainties or external
disturbances, we propose the use of the variable structure
controller (VSC) described in [4]:

(23)

where Γ and P are positive definite diagonal matrices, 

represents the error on the variable z,  is the desired
acceleration of the load, and 

(24)

is an user-defined sliding surface. The combination of the
inner-loop feedback linearization (22) and the outer-loop
VSC (23) guarantee the convergence of x to the desired xd

despite modeling errors or dynamic disturbances [4]. The
block diagram of the feedback linearization plus robust
control method is shown in Figure 2. 

One important issue to mention is the upper bound on
the internal forces, represented by the Lagrangian
coefficients, f. These forces are guaranteed to be bounded
because so are the norm of the inertia matrix and the norm
of the noninertial and gravitational torques [6]. However, if
the trajectory to be followed by the load in Cartesian space
demands a large joint acceleration, the internal forces may
be larger than the stress that the object supports. In this case,
slowly tracking the trajectory will decrease the internal
forces and guarantee the integrity of the load. Future work
will include the study of this issue.

5 Case study

To validate the robust control method proposed, we built a
team of two 2-link underactuated manipulators, both
equipped with one actuated and one unactuated joint. In both
manipulators, joint 2 is the unactuated one. They are
mounted horizontally on top of a table, with their bases
separated by a distance d = 30 cm (Figure 3). The load is
held in point contact by both end-effectors, generating no
mechanical constraints on the system. Therefore, c = 0 and
the number of DOFs that can be controlled is equal to na = 2.

The kinematic and dynamic parameters of the robots are
given in Table 1; the weight of the load is 0.2 Kg.

na m c+≥

τa MaaQ
1–
u MaaQ

1–
Q· q·a– ba+=

u Γx̃
·

x··
d

P s( )sgn+ +=

z̃

x··
d

s Γx̃ x̃
·

+=

Table 1: Kinematic and dynamic parameters of the 
experimental setup.

robot 1 robot 2

link 1 link 2 link 1 link 2

mass (Kg) 1.00 0.10 1.00 0.10

length (m) 0.21 0.21 0.21 0.21

center of mass (m) 0.10 0.10 0.10 0.10

inertia (Kg m2) 0.12 0.01 0.12 0.01

manipulator
dynamics

feedback
linearization
controller

linearized dynamic system

outerloop
controller

u xτxd

+ –

Figure 2: Block diagram of the robust control method.

Figure 3: Experimental team of two cooperative 
underactuated manipulators.
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Figure 6: Set-point control experiment: position of the load.


