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Abstract

We propose a method to drive an underactuated
manipulator among obstacles in its workspace. The method
allows for collision-free trajectories to be generated from
the dynamic equations of the manipulator. When the
passive joints are locked, these trajectories lie on surfaces
parallel to the axes of the active joints. When the passive
joints are free, the trajectories lie on surfaces determined by
the nonholonomic constraints imposed by the lack of
actuation at the passive joints. By switching the joint brakes
on and off, we obtain a sequence of trajectories that connect
the start and the goal configurations. A robust controller is
utilized to ensure that the manipulator follows the pre-
planned trajectories closely despite modeling errors and
external disturbances. Simulation and experimental studies
demonstrate the validity of the proposed theory.

1 Introduction

Underactuated manipulators are robotic mechanisms
equipped with both active and passive joints. The presence
of passive joints introduces nonholonomic constraints on
the dynamic equations which makes development of
control methods a difficult task. This has led to an increased
interest on the study of underactuated manipulators for
both theoretical and practical purposes. Interest on
theoretical issues, such as controllability and development
of control methods, has grown because the nonholonomic
constraints involve joint velocities and accelerations. On
the practical side, interest has grown because these
mechanisms represent conventional manipulators with
failed joints, as well as mechanical systems with inherent
underactuation, such as a robot mounted on a free-floating
satellite.

The interest on underactuated manipulators has
brought about several experimental systems. Early work
focused on the control of mechanisms similar to the
Acrobot [18] to demonstrate the validity of nonlinear
control techniques [8] or for locomotion [3], [17]. More
recently, research efforts have been directed to the position
control of underactuated manipulators with or without
brakes [1], [2], [5], [6], [7], [9], [13], [14], [15], [16], [19].

A common characteristic of these works is the fact that only
a subset of all joints are controlled at any instant. While one
controls the position of these joints, one must sacrifice the
position of the remaining ones, which may make some
links end up hitting obstacles or other links. In this paper,
we discuss the problem of how to drive underactuated
manipulators in a collision-free fashion within their
workspaces. In the discussion we assume that all passive
joints are equipped with brakes, which can be used to keep
the passive joints fixed at a constant angle. We also assume
that the passive joints are not acted upon by gravitational
forces.

We are motivated by the scenario shown in Figure 1.
There, a 2-link manipulator works on a gravity-free
workspace populated by two obstacles. The manipulator
must move from the initial configuration q0 = [0, 0] to the
desired (goal) configuration qd = [90o, 0]. If both joints are
actuated, this objective can easily be accomplished with
classical configuration space approaches [12]. If one of the
joints is passive, however, this is impossible, because not
all generalized coordinates of an underactuated
manipulator can be independently controlled. We will use
the term constrained configuration space (CCS) to refer to
the configuration space of underactuated manipulators,
because their motion is constrained by nonholonomic
differential equations. 

The obstacle avoidance method proposed here is based
on the fact that, at any instant, we can only control as many
joints as there are actuators [1]. When we control the active
joints and keep the passive ones locked, the point
representing the robot in the constrained configuration
space moves along surfaces perpendicular to the axes of all
passive joints. Therefore, it is easy to check whether these
surfaces collide with obstacles in the CCS. On the other
hand, when we control some or all passive joints (and
consequently keep them unlocked) the robot moves along
surfaces described by the nonholonomic constraints.
Because these constraints are easily obtained from the
dynamic equations, once again we can check for collisions
during the robot’s motion. Combining a series of collision-
free motions, i.e., switching between the control of the
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are independently controlled. While we control θa, we
cannot control θu, and the unactuated coordinates “wander”
in the CCS, possibly hitting other machines or objects
present in its workspace. We need to characterize the
motion of θu while θa is being controlled, so that we can
check for collisions or out-of-range conditions before
commanding the manipulator to execute any motion.
Equation (4) cannot be used for this purpose, because it
implies that the motion of the manipulator depends on its
current position and velocity. Therefore, motions starting
from the same positions may be substantially different if
the velocities differ. What we wish to obtain is a description
of the motion that depends only on the current position of
the manipulator. It has been shown, however, that in
general it is impossible to obtain an algebraic expression of
the form  from the integration of the
nonholonomic constraints (4) [15]. (It is important to
remember that integration of the nonholonomic constraints
only makes sense when the robot is being controlled by
strategies P or AP.) Here we discuss a method to overcome
this difficulty by studying these constraints and showing
how they can be integrated approximately to any desired
accuracy.

Equation (4) can be integrated to first-order constraints
if the following relationship is satisfied [15]:

(6)

The  vector S is the sensitivity of the kinetic energy
with respect to the passive joints’ positions. Equation (6)
implies that the kinetic energy of the manipulator must not
be a function of the passive joints’ positions. It is true when
either (I) M is a constant matrix; (II) M is a function of qa
only, i.e., not a function of qp. 

Condition (I) is very restrictive; a manipulator must be
specially designed to have a constant inertia matrix [20]
(except, for example, when the manipulator consists only
of mutually perpendicular prismatic joints). Condition (II)
is as restrictive as condition (I), because the inertia matrix
of robot manipulators usually depends on the angles of all
joints. One can verify that even for a simple 2-link
underactuated manipulator with joint 1 active and joint 2
passive, neither condition (I) nor condition (II) are
satisfied, unless the mechanism is specially designed with
a mass distribution that locates the center of mass of the
second link exactly at the second joint.

From the discussion above, it is unlikely that
manipulators have inertia matrices obeying either condition
(I) or (II). On the other hand, the joint velocities of
manipulators can be commanded at will. We then study the
following condition which makes Equation (6) true: (III)
the manipulator’s velocity  is zero. Condition (III) is not

as restrictive as conditions (I) and (II), for it does not
impose rules on the structure of the manipulator. It allows
one to integrate the second-order constraints (4) to the
form:

(7)

where k1 is a constant dependent on the initial velocities. If,
in addition, 

(8)

defines an involutive distribution, then (7) can be integrated
to the form  [15].

One might claim that condition (III) is of no practical
use, for it implies that the manipulator does not move. If,
however, the joint velocities are “small” enough to keep S
close to zero during the manipulator’s motion, then (7) will
be a good approximation of the integral of (4). This allows
us to obtain first-order nonholonomic constraints from (4)
without the downside of having to consider only
manipulators with a constant inertia matrix or whose
passive joints are cyclic. Note that S is a function of q, ,
and the manipulator’s kinematic and dynamic parameters.
We can intuitively expect that S will grow larger (and,
therefore, do not allow us to approximately integrate (4) to
(7)) when we either force the robot to move faster or farther
from its initial position. For any given manipulator, one can
simulate its motion with all possible control strategies (A,
P, or AP) and compute the value of S along a desired
trajectory of θa. In practice, the nonholonomic constraints
vanish when control strategy A is used, and we only have to
measure S along a P or an AP motion. We demonstrate this
in the next example.

Example 1   Consider a 2-link underactuated manipulator
whose first joint is active and second joint is passive
(Figure 1).1 For simulation purposes we adopt the dynamic
parameters shown in Table 1. The sensitivity S is given by:

 (9)
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Table 1: Dynamic parameters of a 2-link manipulator 
with one actuator located at joint 1.

link mi (Kg) Ii (Kg m2) li (m) lci (m)

1 0.994 0.0270 0.262 0.108

2 0.932 0.0322 0.464 0.237
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Figure 2: Contour curves of max(|S|) along P motions 
followed with different lengths and speeds.

θ·a θ·u

θ·u µuu
# µuaθ·a– Gθ·a= =

q·2 0=

q·1
M22
M21
----------q·2–

m2lc2

2
I2+

m2 lc2

2
l1lc2

q2cos+ I2+
-------------------------------------------------------------q·2–= =

q·p 0=



Figure 4: Initial and goal configurations, joint limits, 
and obstacles in the constrained configuration space.



Figure 7: Collision-free joint trajectories corresponding 
to the CCS motions in Figure 6.



Figure 9:  Experimental evaluation of the collision-free 
planning method on the UARM.
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when the manipulator has only one actuator. In fact, for the
2-link manipulator with joint 1 active and joint 2 passive,
Equation (11) is equivalent to:

where , , and

(12)

The reader may ask why we did not use (12) to
characterize the CCS trajectories of the 2-link manipulator
studied. The reason is twofold: first, one cannot assume
that in general (8) defines an involutive distribution.
Approximation (7), however, is valid for any manipulator
whose sensitivity S is sufficiently small. Second, even
when (8) does define an involutive distribution, obtaining a
closed-form solution like (12) is time-consuming and may
require resorting to the Frobenius theorem (except for
simple cases). It is important to note that even when a
closed-form is obtained, the underlying assumption that S
must be kept small along the trajectory cannot be ignored.

6 Conclusion

This work addresses for the first time the planning of
collision-free trajectories for the special case of fixed-base,
serial chain underactuated manipulators equipped with
brakes. Planning is performed in the constrained
configuration space of underactuated manipulators, whose
motions are constrained by nonholonomic equations. The
planning procedure was explained through a series of
figures that convey the methodology adopted, namely, that
of forcing the manipulator to follow different surfaces in
the constrained configuration space from the initial to the
goal configuration. We also discussed how the planning can
be performed automatically, and why it can also
accommodate the case of underactuated manipulators
without joint brakes.
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