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Abstract In this paper, we present a new particle-based approach to sam-
We present a new particle-based approach to sampling and conPling and shape control of implicit surfaces that addresses these
trolling implicit surfaces. A simple constraint locks a set of particles Problems. At the heart of our approach is a simple constraint that
onto a surface while the particles and the surface move. We use thd2cks a collection of particles onto an implicit surface while both
constraint to make surfaces follow particles, and to make particles the particles and the surface move. We can use the constraint to
follow surfaces. We implemermontrol pointsfor direct manipula- make the surface follow the particles, or to make the particles follow
tion by specifying particle motions, then solving for surface motion the surface. Our formulation is differential: we specify and solve
that maintains the constraint. For sampling and rendering, we run thefor velocities rather than positions, and the behavior of the system
constraint in the other direction, creatifigaterparticles thatroam IS governed by differential equations that integrate these velocities
freely over the surface. Local repulsion is used to make floaters OVer time. _ o .
spread evenly across the surface. By varying the radius of repulsion, Ve control surface shape by moving particles interactively, solv-
adaptively, and fissioning or killing particles based on the local den- Ing for surface motion that keeps the particles on the surface. This
sity, we can achieve good sampling distributions very rapidly, and technlque Iets.us pin down the surfaqe at some pomts.whlle inter-
maintain them even in the face of rapid and extreme deformations gctlvely dragging others. These particles actastrol pointsfor

and changes in surface topology. irect manipglation of the sqrface. o

) ) . For sampling and rendering, we run the constraint in the other
CR Categories: |.3.5[Computer Graphics]: Computational Ge-  gjrection, creating particles that may roam freely over the surface,
ometry and Object ModelingCurve, surface, solid, and objectrep-  pyt are compelled to follow it as it moves. We call these particles
resentations, Physically based modeling,6 [Computer Graph- floaters.Our starting point is the idea that uniform sampling density
ics]: Methodologies and Techniquesiteraction techniques.1.6 can be achieved by making the particles repel each other. This
[Numerical Analysis]. Optimization:Constrained Optimization. approach was used by Turk [29] to resample polygon meshes, and
General Terms: algorithms, design. by Figueiredcet al.[12] to sample implicit surfaces.

Simple repulsion can work quite well for stationary surfaces, but
only if a reasonably good initial sampling is available. If large-
scale non-uniformities exist, convergence can be extremely slow
for even moderate sampling densities. We eliminate the need for
. a good starting point, and dramatically accelerate convergence, by
1 Introduction employing an iterative “fissioning” approach, in which we start with

Implicit surfaces have proven to be useful for modeling, ani- @ small number of particles and a large radius of repulsion, allow
mation, and visualization. One appeal of implicit models is that them to equilibrate, then split each particle in two, reducing the
new surfaces can be created by adding or otherwise combining theradius of repulsion. We repeat the process until the desired sampling
functions that define them, producing a variety of subtle and inter- density is reached. Each level thus inherits a distribution that is
esting shape effects. Another is their role in the visualization of already uniform at large scale, requiring just a few iterations to iron
volume data. In addition, the implicit representation lends itself to Out the local irregularities.
such calculations as ray/surface intersection and inside/outside test, Global fissioning still fails to handle surfaces that move and de-
However, implicit surfaces suffer from two serious drawbacks: first, form, since irregularities can arise after the density becomes high.
although well suited to ray tracing, they are not easily rendered at in- We introduce a local adaptive repulsion algorithm, in which the re-
teractive speeds, reflecting the underlying problem that it is difficult Pulsion radius and particle birth and death are regulated based on
to samplethem systematically. This is particularly a problem if we ~local density. This method is fast enough to maintain good sampling
wish to render time-varying surfaces in real time, which is vital for €ven in the face of rapid and extreme surface motion and deforma-
interactive sculpting. Second, the shapes of implicit surfaces havetion. ) ) ] )
proven to be more difficult to specify and control than those of their ~ The remainder of the paper is organized as follows: we begin
parametric counterparts. by discussing previous related work. Then we introduce the basic
constraint mechanism that attaches particles to surfaces. Next we
Mail to the authors should be addressed to the Department of Computerdescribe the use of particles for surface shape control. We then
Science, Carnegie Mellon University, 5000 Forbes Ave, Pittsburgh PA 15213, explain our adaptive repulsion sampling algorithm. After describing

USA. Email should be addressed to Andrew Witkiraag@cs.cmu.edand the implementation and results, we conclude with a discussion of
to Paul Heckbert agsh@cs.cmu.edu future work.
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2 Previous Work penalty methods, however, which lead to stiff differential equations
Related work can be divided into two categories: sampling meth- whose solution is generally either slow to repel into a nice pattern, or
ods and control methods. inaccurate at staying on the surface. Once the particles have reached
equilibrium, a polygonization is found using Delaunay triangulation.
Their work resembles ours most closely, but our simulation method
differs from theirs, and our technique supports interactive control

2.1 Sampling Methods o ] of surfaces and incremental sampling of changing surfaces, while
Related research on surface sampling includes both particle-basedheirs does not.

sampling techniques and polygonization techniques for implicit sur-
faces.
Turk used repelling particles on surfaces to uniformly resample 5 5 ~gntrol Methods
a static surface [28] and to simplify a polygonization by reducing = o . . . .
the number of polygons [29]. Hoppet al. also explored mesh One of thg pr|n(:|p.al dllsadvar)tqges of implicit modellng relative
simplification, framing it as an optimization problem with penalties 0 Parametric modeling is the difficulty of controlling the shape of
for geometric error, number of samples, and edge length [16]. Their @0 implicit surface [11]. The effect of the parameters of an implicit
method did not restrict the points to a surface, however, as Turk’s Surface is often non-intuitive. L )
and ours do. With algepralc.surface.s,. for instance, itis hard to predlc't the sur-
Szeliski and Tonnesen used oriented particles to model surfacesf@ce shape givenits coefficients. Modeling is further complicated by
[27]. Their technique allowed the user to move the particles interac- the global nature of an algebraic surface’s polynomial basis func-
tively, employing short-range repulsion and long-range attraction to tions. which prevent local shape control. For these reasons and
keep the particles from clumping or flying apart. The system gen- others, piecewise algebralc.surfaces have recgntly becpme popu-
erated a surface by connecting neighboring particles appropriately, 1 [25]. Piecewise algebraic surfaces are typically defined by a
but it did not manipulate a high level representation for a surface, Weighted sum of Bernstein polynomials over a lattice of tetrahe-
such as a parametric patch or an implicit function, as ours does. Thedra. Least squares methods for fitting surfaces to a set of points are
output of their system was a triangulation. Their system bears a Su_avallablg both for standard a’lgebrallc surfaces [22] and for piecewise
perficial resemblance to ours because we both use disks to visualize2lgebraic surfaces [1]. Pratt's algorithm can f|2t a surface mifhe-
the surface, but in other respects our techniques are quite different.Fameters tm points i > m) in time O((n+m)m?). These methods
Animplicit surface, also called an iso-surface, is the set of points are limited to algebraic surfaces, however. -
x that satisfyF (x) = 0. Implicit surfaces are typically defined by Blobby models employ local basis functions, so they are often
starting with simple building block functions and by creating new Mmore intuitive to work with than algebraic surfaces [8]. In an inter-
implicit functions using the sum, min, or max of simpler functions. &ctive blobby modeling system, a user might use dials or sliders to
When the building blocks are polynomialsiny, andz, the resulting ~ 2djust the position and radius of each blobby center [7], but arriv-
surfaces are callelgebraic surfacesand when the building blocks ~ Ing at a desired surface is a matter of guesswork, and the real time
are spherical Gaussian functions, the surfaces are ¢tibHieq8], display is typically just a wireframe, with a higher quality rendering
“soft objects”, or “metaballs”. The use of sums of implicit functions ~ réquiring off-line ray tracing or polygonization. Some recent work
allows blend surfaces to be created [24], and the use of min and maxhas fit blobby models to a set of surface points, but the method is
yields the union and intersection of solid objects. quite slow, one example requiring days of computer time to fit 2900
Rendering an implicit surface is often difficult. If a ray tracer control points using 1200 parameters [20]. Direct manipulation of a
is used, intersecting a ray with an implicit surface reduces to one- blobby surface at interactive speeds has remained an open problem.
dimensional root-finding, but this can be very slow for a complex _The differential methods we use to constrain the motion of par-
implicit function [8]. To exploit the speed of graphics hardware, ticles and su_rfaces are roo_ted in classlcal mechanics _(see, e.g. [15]
we would prefer to render using a z-buffer algorithm. This requires for a discussion of mechanical constraints and constraint forces) and

converting the implicit surface into polygons or other parametric are closely related to constraint methods used in physically based

surfaces. modeling for computer graphics [5,2,3,32,31,4]. Allied methods
Most existing methods for polygonizing implicit surfaces sub- have also been used for interactive geometric modeling [30,14].

divide space into a uniform grid of cubical or tetrahedral voxels,

sample the function at the vertices of the voxels, and then, for each

voxel whose vertices are not all in or all out, generate polygon(s) ap- 3 The Particle/Surface Constraint

proximating the surface [33,18,21,10]. This approachisoftencalled |, g section we derive the basic machinery that allows us to

themarching cubealgorithm. Improvements on this algorithm use attach moving particles to moving surfaces. First we derive a ba-

adaptive subdivision based on curvature [9]. Unfortunately, all of ;o oonstraint on particle and surface velocities that establishes, then
th_ese a!go_rlthms will miss small surfac'e feat'ures if th? initial SaM- maintains contact as the system evolves over time. We then pose two
pling grid is too coarse, except Snyder's, which uses interval arith- o|4te4 problems: solve for particle velocities given time derivatives

metic to guarantee that the topology of the polygonization matches of the surface parameters, and solve for surface derivatives given

the topology of the real surface [26]. . . particle velocities. Since the problem will generally be undercon-
These polygon!zatlon algorlthms were d_eS|gned for static SU™ strained, we express it as a constrained optimization.

faces; to polygonize a changing surface with them would require ) o

beginning from scratch each time. The algorithm of Jewras. is Notation: ~ We use boldface to denote vectors, and italics for

an exception. It re-polygonizes only those voxels that change [17]. scalars. Subscripts denote partial differentiation. Superdooip}
Physically-based approaches to the polygonization of implicit denote theth or jth member of a collection of objects. E.g. is

surfaces were pioneered by Figueireztal. [12]. One of the two thel_th in a collection of vectors, anBy is the derlvat_lve of scalar

methods they describe starts with particles randomly scattered in F With respect to vectox, hence a vector. Superscripts other than

3-D space, subjects them to forces that pull them to the surfacei or j have their usual meaning as exponents, &g- c|? or e,

(an idea proposed in [11]), and uses repulsion between particles toA dot, as ing, denotes a derivative with respect to time.

distribute them uniformly over the surface. Their technique uses

©1994 ACM 2 Computer GraphicsProc. $GGRPAH '94.



3.1 The Basic Constraint The classical method of Lagrange multipliers [13] solves con-
We represent the moving implicit surface B(x, q(t)) = 0, strained optimization problems by adding to the gradient of the ob-
wherex is position in space, angit) is a vector ofn fime-varying jective a linear combination of constraint gradients, with unknown

shape parameters. For example, an implicit sphere could be definedoefficients. One then solves simultaneously for the original un-
by F = |x — ¢|? — r2, with centerc and radiug . The parameter ~ Knowns, and for the coefficients. In the case of linear constraints

vectorq would then be the 4-vectog], ¢,, C,, r]. and a quadratic objective, this is a linear problem.
The condition that a collection af moving particles lie on the _The two problems we wish to solve—obtainipiggivend, andq
surface is givenp'—seek to minimize the same objective subject to the same
FP'(),qt) =0, 1<i<n, 1) constraints, differing only in regard to the knowns and unknowns.

_ Even so, the solutions will turn out to be quite different because of
wherep' (t) is the trajectory of theéth particle. In order for this the structure ofCi’s dependencies opf and¢. We next consider
condition to be met from some initial timig onward, it suffices each problem in turn.
that equation 1 is satisfied &t and that the time derivative =
0 thereafter. Since we want to manipulate velocities rather than

positions, we obtain an expression féusing the chain rule: 3.3 Floaters
F = F . p + F(i:1 -9, ) !n s.olving for. thep'’s, thg re.quirement that thg gradignt of.the
objective be a linear combination of the constraint gradients is ex-
pressed by

whereF', Fy, and Fy denoteF, Fx, andFq evaluated ap'. By
settingF' to zero in equation 2, we obtairiinear constraints on the Gp + Z)chi b= p—P +AF =0 (4)
p's and org. In principle, if we began with a valid state and ensured J.

that these conditions were met at every instant thereafter, we would

be guaranteed that the particles remained on the surface. In practicesgr some value of the unknown coefficients The summation over
we might not have valid initial conditions, and numerical integration j drops outbecaus® cannotdepend gsi unless = j. Inaddition
errors would cause drift over time. We cure these problems using \ye require that the constraints be met, i.e. @at 0, 1 <i <n.

a feedback term [6], setting' = —¢F', whereg is a feedback  £quation 4 allows us to express thés in terms of the unknown
constant. This yields the set oflinear constraint equations Al’s. Substituting fop' in equation 3 gives

C(p'.p.a.0)=Fx-p+Fg-a+9F =0 (3 Fy-(P' =2 F) + Fg-q+¢F =0.

We may solve for each’ independently. Doing so yields
3.2 Constrained Optimization
We employ these constraints in two ways: first, in order to use . Fx-P'+Fq-q+¢F
particles to move the surface, we solvedagiven thep'’s. Second, o Fi - Fx )
to use mutually repelling particles to sample the surface, we solve
for thep'’s givenq. In either case, we generally wish to solve un-  Substituting into equation 4 yields
derconstrained systems. To do so we minimize a quadratic function

of p' andq, subject to the constraints. The objective function we S _ pi Fy - P+ Fg-q+ ¢F Fi 5
use here is p=pP- = X ®)
XX
n
G= 1 Z P — P2+ }|q — Q5 whichis the particle velocity that solves the constrained optimization
2 = 2 problem. Notice that in the case that the surface is not moving and

the constraints are met, so tHat = 0 andq = 0, this reduces to

whereP' andQ are knowrdesiredvalues forp' and¢ respectively: O
These desired values can be used in a variety of ways. Settitug i i P
zero minimizes particle velocities. Setti@yto zero minimizes the F)i( F X
surface’s parametric time derivative.

In unconstrained optimization we require that the gradient of which is just the orthogonal projection Bf onto the surface’s tan-
the objective function vanish. At eonstrainedminimum, we re- gent plane ap'.
quire instead that the gradient of the objective function be a linear
combination of the gradients of the constraint functions [13]. This
condition ensures that no further local improvement can be made3 4 Control Points
without violating the constraints. In the case of a point constrained
to a surface, this condition is easily visualized: the gradient of the
objective function must lie normal to the surface, so that its orthog-
onal projection onto the tangent plane vanishes. Though harder to
visualize, the idea is the same in higher dimensions.

We follow the same procedure in solving fprexcept that deriva-
tives of Cl andG are taken with respect tp The condition that the
gradient of the objective be a linear combination of the constraint
gradients is

1Although we do not give the derivation here, a straightforward and useful Gq+ Z MCly=9-Q+ Z A Fcl1 =0. (6)
generalization is to allow error to be measured using an arbitrary symmetric j j

positive-definite metric tensor, e.gq — Q)TM (¢ — Q). In particular, it

is possible to automatically compute a sensitivity matrix, analogous to the This time, the sum does not vanish, because e@rgenerally
mass matrix in mechanics, that compensates for scale differences among thelepends of.

components ofq (see [31].)
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We next use equation 6 to substitute dpin equation 3:

Fi-pl +F&-<Q—ZAjFé)+¢Fi —0.
j
Rearranging gives us thex n matrix equation to be solved far :

Z(F&-F&)Aj:F&»Q+F§(-pi+¢Fi.

J

@)

Note that element, j) of the matrix is just the dot produﬂi] . Fd.
Having solved for the.i’s, we then solve fof] using equation 6:

4=Q— ) MF. ®)
i

3.5 Summary

In this section we have given the solutions to two very closely
related problems:

e Given the instantaneous surface motipnsolve for particle
velocitiesp' that minimize deviation from desired velocities
P' subject to the constraint that the particles stay on the sur-
face. Each particle’s constrained velocity may be computed
independently.

¢ Given the particle velocitie§', solve for the implicit function
time derivative that minimizes deviation from a desired time
derivativeQ, again, subject to the constraint that the particles
must remain on the surface. Calculatipgntails the solution
of ann x n linear system, where is the number of particles.

mesh) but is extremely slow to converge if the initial sampling is
irregular at large scale, and fails completely to track surface motions
and deformations.

After describing our basic repulsion scheme, we introduce the
idea ofglobal fissioning we start the sampling process with a very
small number of particles but a very large radius of interaction, com-
ing close to equilibrium in just a few iterations. We then fission each
particle, imposing random displacements that are smaller than the
interaction radius. At the same time, we scale the interaction ra-
dius to a smaller value. We now have a new starting point, locally
irregular but with nearly uniform large-scale structure. A few itera-
tions suffice to smooth out the small irregularities and reach a new
equilibrium. The scaling and fissioning process is repeated until the
target sampling density is reached.

Global fissioning still fails to handle surface motion: should new
nonuniformities be introduced after the fissioning process termi-
nates, the system suffers all of the shortcomings of simple fixed-
scale repulsion. So, for example, the sudden introduction of a bulge
in the surface can create a gaping hole in the sampling pattern that
will be repaired extremely slowly, if at all. Intuitively, we would
like particles at the edge of such voids to “feel” the reduction of
density, expand their radii of interaction to quickly fill the hole, then
begin fissioning to restore full density. On the other hand, if density
becomes too high, we would like particles to die off until the de-
sired density is restored. We will conclude the section by describing
a fast and robust adaptive repulsion scheme that provides just this
behavior, meeting all of our goals.

4.1 Simple Repulsion

As a windowed density measure, we employ a simple Gaussian
energy function based on distances between particles in 3-D. We
define theenergyof particlei due to particlegj to be:

We combine these methods by maintaining two populations of i [ril|2
particles: control pointsand floaters. Control points are moved EY = anp(— 202 )
explicitly by the user, and is calculated to make the surface follow - ) )
them. In contrast, floaters’ velocities are calculated to make them wherer) = p' — p! is the vector between particlas,is a global

follow the surface, onc§ has been computed.

4 Adaptive Sampling

In this section we address the problem of sampling implicit sur-

faces, building on the floater mechanism that we presented in the

previous section. Good sampling is a requirement both for quick

rendering and for the evaluation of integrals such as surface area or

volume.

Our primary goal is to obtain sampling distributions that are either
(a) uniform, with user-specified density, (b) or non-uniform, with
density based on local criteria such as surface curvature. We wis
to reach the specified distribution quickly from a few seed points
(ideally, only one per connected component) angh&intaina good

distribution as the surface moves and deforms. To supportinteractive™™ <
do its position:

points at 10Hz or better. Additional goals are thatthe particles should
move as little as possible in response to surface motion, and that only

sculpting, we must be able to update at least a few hundred sampl

basic and generic information about the functime required. It
should not be necessary to supply a surface parameterization.
The starting point for our approach is the idea, introduced by
Turk [28] and by Figueiredet al.[12], that particles can be made
to spread out to uniform density by local repulsion, relying on the
finiteness of the surface to limit growth. Simple repulsion can do a
good job at ironing out local irregularities given a reasonably good
initial sampling (as in Turk’s application to resampling of a polygon

©1994 ACM

repulsion amplitude parameter, asd called the globatepulsion
radius, is the standard deviation of the Gaussian. The repulsion
radius controls the range of the repulsion “force.” Note that=
El.

The energy of particlein its current position is defined as:

E' = Xn: E"
j=1

Ultimately, we would like to reach the global minimum of each
E' by varying the particle positions on the surface. Finding the

palobal minimum is impractical, but we can find a local minimum by

gradientdescent: each particle moves in the direction that reduces its
energy fastest. We therefore choose each particle’s desired velocity
to be negatively proportional to the gradient of energy with respect

n
P'=—0%Ep =) rIE
j=1

The formulas for energy and desired velocity have been carefully
chosen here so that “energy” is unitless, while desired velocity is
proportional to distance. This guarantees that the sampling pattern
computed by this simple repulsion method scales with a surface.

If desired particle velocities are set in this way, and constrained
particle velocities are computed with equation 5, particles repel, but
their behavior is highly dependent on the parameterhe slope of a

Computer GraphicsProc. $GGRPAH '94.



Gaussian peaks at distancesof and itis near zero at much smaller  gradient of energy with respect to position:
or much greater distances. When the distance between particles is N - -
; o 0 . L . r r't
not between03s and 3, for instance, the repulsion is below 7% P — _(0')2El, = (o2 Z( EJ,> ©)
j=1

1 _
of its peak. Ifo is chosen too small then particles will (nearly) stop (01)2 E (01)2
spreading when their separation is abawf 8nd ifo is chosen too
big then distant particles will repel more than nearby ones, and the  The time-varying repulsion radii will be controlled differentially.
resulting sampling pattern will be poor. The bestvaluef@sabout e want the radius to grow when the energy is too low and to
.3\/(surface area)/(number of particles). shrink when the energy is too high. This can be done indirectly by
controlling the energies.
As stated earlier, our energy measure is scale-invariant. That is,

4.2 Global Fissioning if all surfaces and samples are scalgdgnds'), theE' will remain

If a surface is seeded with several floater particles, and an initial constant. Therefore, to ensure that neighboring particles repel each

value ofo can be found that causes these particles to disperse, thenOther' we canAS|mpIy quve all of their energies to "’_1 global _deswed
the sampling can be repeatedly refined by allowing the particles €nergy level,E. To arrive at a value foE, we consider an ideal
to reach equilibrium, then simultaneously fissioning each particle Neéxagonal close-packing, whichis the best uniform sampling pattern
into two, giving the new particles a small random displacement, and for @ planar surface. In this configuration, all should be equal,
simultaneously dividing by +/2. The particles are considered to be and the distance between nearest nelghbors should be_ roughly 2
at equilibrium when their net forces, and hence their speeds, get low, [0 guarantee strong fe.pu's'o.” forc_es. Since gach particle has six
With this global fissioning scheme, early generations will spread out nearest r)elghbors in this c;)nflgl;ratlon, thze desired energy should be
sparsely, and succeeding generations will fill in more densely. roughly E = 6« eXp(_(_Z(’) /(o ))_ =6e ‘o~ 8a.

Simple repulsion with global fissioning is acceptable for main-  Theportionofa particle’s repulsion energy thatis directly affected
taining a good distribution on a very slowly changing surface, butthe bY & change in its own repulsion radius is:
population is always a power of two, and particles do not redistribute n
quickly in response to rapid surface changes. Global fissioning fails D = Z Ell
to adapt to changes in a surface adequately, as mentioned earlier.

i=1

To keepD' near the desired value, we use the linear feedback equa-
4.3 Adaptive Repulsion tion:

To develop a more adaptive repulsion scheme, we employ an anal- D' =—p(D' —E) (10)
ogy to a population of organisms distributing itself uniformly across wherep is the feedback constant.
an area. Specifically, imagine a population of pioneers spreading The change to the repulsion radius of a particle that will yield
West and colonizing America. In order to settle the entire country this change in energy can be derived with the chain ribé: =
as quickly as possible, a good rule is for each male-female pair to Dle‘yi + ZJ. D = pi, neglecting the latter terms, thus:
spread out as much as possible away from their neighbors, until the
encroachment on them is roughly equal in all directions, and only L Di
then to homestead and have children. If the encroachment from o =5 (11)
neighbors is low, then each pair can claim more land (be greedier), o

but when neighbors are pressing in, each pair must relinquish land.The rule above works fine for particles that are exerting some force on
Early pioneers travel great distances and claim huge tracts of land.their neighbors, but it causes infinite radius change when a particle
while later generations move less and divide up successively smalleris ajone in a sparsely sampled region of a surface (or is the first
shares until the desired density is achieved. particle), whereD' = D', = 0. In such cases we want the radius

These ideas can be applled to pal’ticle behaViOI’. To aChieVe Uni'to grOW, but not Catastraphica”y’ so we mod|fy equation 11:
form densities quickly, and maintain them as the surface moves or
deforms, we will allow each particle to have its own repulsion ra- g D
diusc', and to decide independently when it should fission or die. o= m (12)
A particle’s radius should grow when all of the forces on it are small o'
and it should shrink when the forces on it are big. For a particle for somes. The change in energy with respect to a change in radius
near equilibrium, birth and death occur when the density is too low is;:
or too high, respectively. We now quantify these principles. i 1 & e
Similar to the simple repulsion scheme, we define the energy of D, = W Z Ir*I°E
particlei due to particlej as: j=1

(13)

. Using equations 9, 12, 10, and 13 to control particle positions and
_ Ir 2 ) repulsion radii will do a good job of moving particles into sparse
2(01)2 regions quickly, but their radii might become very large, and hence
the density might remain too low.

El = aex

Note that the global parameter has been replaced by the local
parameter', so thatE'! # E! in general.

The energy at particleis defined as: 4.4 Adaptive Fission/Death
_ n.oo . To achieve uniform density it is necessary that large-radius par-
E' = 2:(EIJ +EM" ticles fission. Likewise, particles that are overcrowded should be
j=1 considered for death.

We use the following criteria to control birth and death of parti-
The repulsion force and desired velocity is again proportional to the cles: A particle is fissioned iff:
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o the particle is near equilibriunip’| < yo', and
e either the particle’s repulsion radius is hugeé & ™), or
it is adequately energized and its radius is above the desired
radius @' > vE ando' > &).
Fission splits a single particle in two. The two particles are given
initial radii of ' /+/2 and a desired velocity that is arandom direction
scaled by a fraction af'. A particle dies iff:
e the particle is near equilibriunip’| < yo', and
e the particle’s repulsion radius is too smaill, < 86, and
o the following biased randomized test succed®s: o' /(§6),
whereR is a uniform random number between 0 and 1.
The death criteria are made stochastic to prevent mass suicide in
overcrowded regions.
This combination of adaptive repulsion, fissioning, and death
is much more responsive to changes in the surface shape than the
simple repulsion scheme.

5 Implementation and Results

The techniques described above have been implemented in about
3700 lines of C++ code. Particular implicit function classes are
derived from a generic implicit function base class. Adding a new
implicit function to the system is easy, requiring only the imple-
mentation of function&, Fx, Fq, and bounding box. Each of these
exceptFq is standard in any system employing implicit functions.

For example, we define the blobby sphere implicit function to be
the sum of Gaussians of the distance to eadha#nter points [8].
The parameter vectayconsists of &4 + 1 parameters: a bidsplus
four parameters for each sphere (a center 3-vattand standard
deviations'). Thus,

g=I[bc, s % ..., s
Y
gi (X) — exp<_u)

(s)?
then the functions needed by the system are

If we define

k
Foo=b-2 g

i=1

P =2 g 00

Fq(X) = [Fp, Fa1, Fa, Fe2, Fe, ..., Fex, F]

Figure 1: This sequence illustrates the adaptive repulsion and fis- Where

sioning mechanism. The topmost image shows a deliberately poor Fo() =1

sampling of a blobby cylinder produced using simple repulsion: the X—c |
cylinder was rapidly stretched, leaving the sample points behind. Fo (%) = -2 s)2 9 *)
The remaining images, from top to bottom, show the recovery of P12
good sampling when adaptive repulsion is enabled. The particles Fo (X) = _2|x _ cl g (x)
at the frontier increase their radii of repulsion, rapidly filling the (s)?

voids. As the particles slow down, they fission, restoring the de- |t \ve assume thag' (x) = O beyond a radius ofs8, then a con-
sired sampling density. This process takes about four seconds on areryative bounding box for blobby spheres is the bounding box of
SGI Crimson. non-blobby spheres with centeg'sand radii 3'.

We have also implemented spheres and blobby cylinders. A
blobby cylinder function is defined to be the sum of Gaussians of
the distance to each of several line segments. A systénblabby
cylinders has K + 1 parameters: a bias plus seven parameters for
each cylinder (two endpoints and a standard deviation).

It is often useful to freeze some of these parameters to a fixed
value so that they will not be modified during interaction. This is
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done simply by leaving them out of tlgand Fq vectors. To get of the linear system, which has cd3{n?), the computation of re-

blobs of equal radii, for instance, one would omitgill pulsion forces between all pairs of floaters, which currently has cost
The system starts up with a single floater positioned arbitrarily O(r?), and the display of the floaters, which has dost) (with a

in the bounding box of the surface and then begins the physical large constant). Our current system does not handle overconstrained

simulation by repeating the following differential step: surfaces, san > n, thus the total asymptotic cost of the algorithm

e The user interface sedgsiredcontrol point velocitie®'. Sta- is O(mr? +r?) per iteration.
tionary control points of course have zero desired velocity, Ve haverunsimulations as complexms= 56,n = 10,r = 500.

— 2 H H
while control points being dragged by the user have desired APOVer = 250 floaters, thé(r®) repulsion cost has dominated,
velocities that are calculated as a function of cursor position. but this could easily be optimized using spatial data structures. For

e SetQ, thedesiredvalues for the time derivatives of the surface  STaller numbers of floaters & 150), our system runs at interactive
parameters. These are typically set to zero to minimize para- rates (10 Hz or faster on a Silicon Graphics workstation with 100

metric change in the surface, but they could also be calculated MHZ processor). _ .
to attract the surface toward a defauit shape. The following parameter settings are recommended (wtase
e Compute the actual surface parameter changesis con- surface diameter):
Ztralned by the control point velocities, using equations 7 and PARAMETER MEANING
y . . . At = .03 time step
Compute repulsion forces between floaters to set their desired —
) veIocFi)tiesPi IDusing equation 9. ¢=p=15 feedback coefficients to keep
e Compute actual floater velocities, as constrained by the ?aaggd?] Jr?(r:edrlft;r;g clc:ef; seur:_er-
already-computed surface time derivatives, using equation 5. izea res ecti\?elp
(When the gradienfy is near zero, however, the surface is lo- g : Fesp y

cally ill-defined, and itis best to leave such floaters motionless, @=6 repglsmn amplitude
i.e.p =0.) E = .8« desired energy
o Compute the change to floater repulsion radfij,using equa- g =10 to prevent divide-by-zero
tions 12, 10, and 13. o =d/4orless desired repulsion radius (user-
e Update the positions of the control points and floaters using controllable)
Euler's method, that isp' (t + At) = p'(t) + Atp'(t), and o™ =max%,1.56) maximum repulsion radius (note
similar formulas to update the surface parametefrom q, that this changes over time)
and the floater repulsion radif from¢'. y=4 equilibrium speed (multiple of
e Test each floater for possible fission/death. o')
e Redisplay the floaters and control points as disks tangent to v=.2 fraction of E, for fissioning
the surface, with normal given iy and (for floaters) radius 5=.7 fraction ofé, for death

proportional tas .
Using the mouse, the user can pick a control pointand move itin ~ Most of these parameters can be set once and forgotten. The only
a plane perpendicular to the view direction. Pulling control ppint ~ parameter that a user would typically need to control is the desired
sets the desired control point velocRy. Since the velocities feed  repulsion radiusg.
into the constrained optimization solution, which in turn feeds into ~ Overall, the method meets our goals, it is fast, and it has proven
a numerical differential equation solver, some care must be taken toto be very robust. It has recovered from even violent user interaction
ensure that control point motions are reasonably smooth and well causing very rapid shape change. The adaptive sampling, fission,
behaved, which they might not be if positions were set directly by and death techniques seem to be well tuned and to work well to-
polling the pointing device. A simple solutionwhichworkswellisto  gether, as we have not seen the system oscillate, diverge, or die with
make the velocity of the dragged particle proportional to the vector the current parameter settings. During interactiéris the only
from the point to the 3-D cursor position. This in effect provides parameter that needs to be varied.
spring coupling between the cursor and the control point. Although ~ Another result of this workis that we have discovered imaticit
the control point can lag behind the cursor as a result, performancesurfaces are slipperywhen you attempt to move them using control
is brisk enough that the lag is barely noticeable. Similar dragging Ppoints they often slip out of your grasp.
schemes are described in[14,31]. The user can also create and delete
control points and adjust the desired repulsion radiukrough a
shider. . N _ _ 6 Conclusions
The matrix in equation 7 is symmetric and in general positive | . h d icle-based method §
definite. It thus lends itself to solution by Cholesky decomposition __ " IS paper we have presented a new particle-based method for
[23], which is easy to implement, robust and efficient. However, the S&MPling and control of implicit surfaces. It is capable of support-
ing real-time rendering and direct manipulation of surfaces. Our

matrix can become singular if inconsistent or redundant constraints . 2 . ;
are applied, that is if the number of constraints exceadsr if control method is not limited to algebraic surfaces as many previous
some of theFiL’s are linear combinations of others. While the techmques are; it allows fasF control of general procedural implicit
- . . functions through control points on the surface. We have presented
former condltlonlls easy to detect by counting, the Iat.ter Is not. a dynamic sampling and rendering method for implicit surfaces that
The problem of singularities can be circumvented by using a least- g5 pjes 4 changing surface more quickly than existing methods.
squares techmque, or singular value depomposltlon [23]. The use of constraint methods allows particles to follow the surface
The system is fast enough to run at interactive rates.n.ee as it changes, and to do this more rapidly and accurately than with
the number of degrees OT freedom of the implicit surfacenlbe penalty methods. Our algorithms for adaptive repulsion, fission, and
the number of control points, and letoe the number of floaters. death of particles are capable of generating good sampling patterns

The most expensive parts of the algorithm are the computation of much more qui ; :
- ) . : quickly than earlier repulsion schemes, and they sample
then x n matrix of equation 7, which has co®(mr?), the solution the surface well even during rapid shape changes.
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There are a number of directions for future research.

We intend to investigate other uses for the samplings we obtain.
One of these is the calculation of surface integrals for area, volume,
or surface fairness measures such as those described in [19,30].
Another is the creation of polygon meshes.

To polygonize a surface within the framework presented here it
is necessary to infer topology from the sample points. This is more
difficult than finding a polygonization from a set of samples on a
grid in 3-D, as in marching cubes algorithms, where an approximate
topology is suggested by the signs of the samples and by the topol-
ogy of the grid itself. Delaunay triangulation in 2-D or 3-D is one
possible way to extract topology [12,27]. A more robust alternative
would employ Lipschitz conditions and interval arithmetic [26]. To
preserve the basic advantages of our method, we would require a
polygonization algorithm that allows efficient dynamic updates as
the surface changes.

Although we developed it to sample implicit surfaces, our adap-
tive repulsion scheme can be applied to meshing or sampling of
parametric surfaces as well: each floater would be defined by its
position in the surface’s 2-D parameter space, rather than position
in 3-D space.

Several performance and numerical issues remain to be addressed.
As we tackle more complex models, we could exploit sparsity in
F’s dependence og. Notably, with local bases such as blobby
models, the dependence Bf on faraway elements is negligible.

An additional numerical issue is the handling of singular constraint
matrices, due to overdetermined or dependent constraints. Excellent
results can be obtained using least-squares techniques.

An additional area of investigation is the use of local criteria,
notably surface curvature, to control sampling density. Surface cur-
vature can be measured directly, at the cost of taking additional
derivatives ofF. Since this places a considerable extra burden on
the implementor of implicit primitives, an alternative is to estimate
curvature at each floater based on positions and normals of nearby
points. Having established a desired density at each point, based
on curvature or any other criterion, relatively simple modifications
to the adaptive repulsion scheme will yield the desired nonuniform
density. Another possible density criterion is the user’s focus of
interest, e.g. the neighborhood of a control point being dragged.

Finally, there is room for considerable further work in interactive
sculpting of implicit surfaces. Dragging one control point at a time
can be somewhat limiting given the slippery behavior of the surface.
However, the basic control-point machinery developed here could be
used to build more complex sculpting tools that influence multiple
surface points in coordinated ways.
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Figure 2: This sequence illustrates the construction of a shape com-
posed of blobby cylinders. The shape was created by direct manip-References
ulation of control points using the mouse. In the topmost image, all
three cylinder primitives are superimposed. Each subsequent image
represents the result of a single mouse motion.
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