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Abstract

In this paper, we present a robust method
for creating a triangulated surface mesh
from multiple range images. Our method
merges a set of range images into a
volumetric implicit-surface representation
which is converted to a surface mesh us-
ing a variant of the marching-cubes algo-
rithm. Unlike previous techniques based
on implicit-surface representations, our
method estimates the signed distance to
the object surface by �nding a consensus
of locally coherent observations of the sur-
face. We call this method the consensus-
surface algorithm. This algorithm e�ec-
tively eliminates many of the troublesome
e�ects of noise and extraneous surface ob-
servations without sacri�cing the accu-
racy of the resulting surface. We utilize
octrees to represent volumetric implicit
surfaces|e�ectively reducing the compu-
tation and memory requirements of the
volumetric representation without sacri-
�cing resolution (and, hence, accuracy) of
the volume grid. Our results demonstrate
that our consensus-surface algorithm can
construct accurate geometric models from
rather noisy input range data and some-
what imperfect alignment.
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1 Introduction

In this paper, we present a novel approach for build-
ing a 3D surface model from a number of range im-
ages of an object. The goal of this work is to use real
images of an object to automatically create a model
which is:

� Geometrically accurate: depicts the correct di-
mensions of the object and captures small de-
tails of the object geometry

� Clean: eliminates noise and errors in the views

� Complete: models the surface as much as is
observable from the sample views

We begin by reviewing three methods which are
most closely related to our work and follow that by
a brief discussion of other related work. The �rst
three works are similar to our algorithm in that they
all make use of volumetric, implicit-surface represen-
tation and the marching-cubes algorithm [Lorensen
and Cline, 1987] to merge the range-image data from
several views into a surface model. The main di�er-
ences between these algorithms are their methods
for computing the signed distance from each voxel
(volume element) to the closest surface.

Hoppe et al. [Hoppe et al., 1992] were the �rst to
propose constructing 3D surface models by applying
the marching-cubes algorithm [Lorensen and Cline,
1987] to a discrete, implicit-surface function gener-
ated from a set of range images. Their algorithm
computes the signed distance function from a set of
3D points. Much of their algorithm works to in-
fer local surface approximations from the cloud of
points. Nearest-neighbor search of the inferred sur-
faces is used to compute the signed distance from
each voxel to the surface of the point set.

Curless and Levoy [Curless and Levoy, 1996] followed
Hoppe's general scheme with a few signi�cant depar-
tures. First, their method was geared towards using
3D data acquired from range images. Rather than
performing a simple search for the closest point from
a voxel's center to determine the signed distance,
They take a weighted average of the signed dis-



tances from the voxel center to range-image points
whose image rays intersect the voxel|integrating
the signed distance along these rays through the vol-
ume.

The method most similar to our work is that of
Hilton et al. [Hilton et al., 1996]. As in our work
and Curless and Levoy's work, Hilton et al. generate
a volumetric implicit-surface representation from a
number of triangle sets obtained from range images.
Similarly to our algorithm, Hilton's method uses a
nearest-neighbor search to �nd the surface points
from each view which are closest to a given voxel's
center. Heuristics are used to determine which clos-
est points to use in computing the signed distance.

The main limitation of the above algorithms is that
they do not compensate for noise or extraneous point
data|the data is assumed to be part of the object
and noise is assumed to be negligible. In addition,
each of these methods can su�er from inaccuracy
due to their integration strategy (for more details
see [Wheeler, 1996]).

There have been several other approaches to this
modeling problem; most notably, Soucy and Lau-
rendre [Soucy and Laurendeau, 1992] and Turk and
Levoy [Turk and Levoy, 1994] presented methods
for piecing together sets of triangulated surfaces.
Both methods marked signi�cant advancements in
the state of the art, but often perform poorly with
respect to noise and alignment errors in the data.

2 Approach

The problem we are tackling in this paper is to build
a 3D model, a uni�ed surface representation, from a
number of range images of an object. To build a 3D
surface model from multiple range images, we must
address the following problems:

� View alignment: To merge the data, the data
from all the images must be in the same coor-
dinate system.

� Data merging: We need to merge all the image
data while eliminating or greatly reducing the
e�ects of noise and extraneous data.

Our solution makes use of a volumetric represen-
tation to avoid di�culties associated with topology.
We will show how the volumetric representation sim-
pli�es our data-merging problem|virtually elimi-
nating the topology issue. The volumetric repre-
sentation can be conveniently converted into a tri-
angulated mesh representation with little loss of ge-
ometric accuracy. The merging problem is then a
matter of converting our input surface data to the
volumetric representation.

The conversion problem is exacerbated by the fact
that input surface data from real sensors (e.g., range
sensors or stereo) is noisy and, in fact, will contain

surfaces that are not part of the object we are inter-
ested in modeling. Our method for merging the sur-
faces into a volumetric representation takes full con-
sideration of these facts to best take advantage of the
multiple observations to smooth out the noise and
eliminate undesired surfaces from the �nal model.

One important issue which we do not address in this
work is how to select views in order to best cover
the surface. The human operator determines the
number of views and the object orientation for each
view.

The rest of this paper provides the details of our
solutions to these problems which combine to form
a practical method for building 3D surface models
from range images of an object.

3 View Alignment

After taking several range images of an object and
converting them to surfaces (described in [Wheeler,
1996]), we need to eventually merge all these sur-
faces into a single model. The problem is that each
view is taken from a di�erent coordinate system with
respect to the object. In order to compare or match
the data from di�erent views, we must transform
all the data into the same coordinate system with
respect to the object.

There are several ways we can approach this align-
ment problem|each requiring varying levels of hu-
man interaction: manual alignment, semi-automatic
alignment, and automatic alignment. As view align-
ment is not the central focus of this work, we use
controlled motion with calibration as it is currently
the most practical option for an automatic solution.
In our experimental setup, we calibrate two axes of
a Unimation Puma robot with respect to a range-
sensor coordinate frame. We can then mount the ob-
ject on the robot's end e�ector and acquire images
of an object at arbitrary orientations with known
positions.

From this point we assume that the views are
aligned. Next, we consider the problem of merg-
ing all the data from these views into a single model
of the object's surface.

4 Data Merging

Given a number of triangle sets which are aligned
with respect to the desired coordinate system, we
are now faced with the task of taking many trian-
gulated surfaces in 3D space and converting them
to a triangle patch surface model. Even if we are
given perfect sets of triangulated surfaces from each
view which are more or less perfectly aligned, the
merging problem is di�cult. The problem is that
it is di�cult to determine how to connect triangles
from di�erent surfaces without knowing the actual
surface beforehand. There are an exponential num-



ber of ways to connect two triangulated surfaces to-
gether, some acceptable and some not acceptable.
This problem is exacerbated by noise in the data
and errors in the alignment. Not only does the de-
termination of connectedness become more di�cult,
but now the algorithm must also consider how to
eliminate the noise and small alignment errors from
the resulting model. Recently, however, several re-
searchers [Hoppe et al., 1992, Curless and Levoy,
1996, Hilton et al., 1996] have moved from trying
to connect together surface patches from di�erent
views to using volumetric methods which hide the
topological problems|making the surface-merging
problem more tractable. In the next section we dis-
cuss the volumetric method which we use to solve
the surface-merging problem.

4.1 Volumetric Modeling and
Marching Cubes

Recently, the marching-cubes algorithm [Lorensen
and Cline, 1987], an algorithm developed for graph-
ics modeling applications, has made volumetric
modeling more useful by virtually eliminating the
blocky nature of occupancy grids. The representa-
tion used by the marching-cubes algorithm is slightly
more complicated than the occupancy-grid represen-
tation. Instead of storing a binary value in each
voxel to indicate if the cube is empty or �lled, the
marching-cubes algorithm requires that the data in
the volume grid are samples of an implicit surface. In
each voxel, we store the signed distance, f(x), from
the center point of the voxel, x, to the closest point
on the object's surface. The sign indicates whether
the point is outside, f(x) > 0, or inside, f(x) < 0,
the object's surface, while f(x) = 0 indicates that x
lies on the surface of the object.

The marching-cubes algorithm constructs a surface
mesh by \marching" around the cubes while fol-
lowing the zero crossings of the implicit surface
f(x) = 0. The location of the surface can be inter-
polated by examining the signed distances of neigh-
boring voxels. Thus, the resulting surface will be rel-
atively smooth and the accuracy of the surface will
be greater than the resolution of the volume grid.

The marching-cubes algorithm and the volumetric
implicit-surface representation provide an attrac-
tive alternative to other conceivable mesh-merging
schemes. First, they eliminate the global topology
problem|how the various surfaces are connected|
for merging views. The representation can model
objects of arbitrary topology as long as the grid sam-
pling is �ne enough to capture the topology. Most
importantly, the problem of creating the volumet-
ric representation can be reduced to a single, simple
question:

What is the signed distance between a
given point and the surface?

The given point is typically the center of a voxel, but
we don't really care. If we can answer the question
for an arbitrary point, then we can use that same
question at each voxel in the volume.

Now we may focus on a more easily de�ned problem:
How do we compute f(x)? The real problem under-
lying our simple question is that we do not have a
surface; we have many surfaces, and some elements
of those surfaces do not belong to the object of inter-
est but rather are artifacts of the image acquisition
process or background surfaces. In the next subsec-
tion, we present an algorithm that answers the ques-
tion and does so reliably in spite of the existence of
noisy and extraneous surfaces in our data.

4.2 Consensus-Surface Algorithm

In this section, we will answer the question of how
to compute the signed distance function f(x) for ar-
bitrary points x when given N triangulated surface
patches from various views of the object surface. We
call our algorithm the consensus-surface algorithm.

We can break down the computation of f(x) into
two steps:

� Compute the magnitude: compute the dis-
tance, j f(x) j, to the nearest object surface
from x

� Compute the sign: determine whether the
point is inside or outside of the object

We are given N triangle sets|one set for each range
image of our object|which are aligned in the same
coordinate system. The triangle sets are denoted
by Ti, where i = 1; :::; N , The union of all triangle
sets is denoted by T =

S
i Ti. Each triangle set, Ti,

consists of some number ni of triangles which are
denoted by �i;j, where j = 1; :::; ni.

If the input data were perfect (i.e., free of any noise
or alignment errors in the triangle sets from each
view), then we could apply the following naive al-
gorithm, Algorithm ClosestSignedDistance, to com-
pute f(x):

Algorithm ClosestSignedDistance
Input: point x
Input: triangle set T
Output: the signed distance d
1. hp; n̂i  ClosestSurface(x; T )
2. d k x � p k
3. if (n̂ � (x� p) < 0)
4. then d �d
5. return d

where Algorithm ClosestSurface returns the point,
p, and its normal, n̂, such that p is the closest point
to x from all points on triangles in the triangle set
T .

The naive algorithm for f(x) �nds the nearest tri-



angle from all views and uses the distance to that
triangle as the magnitude of f(x). The normal of
the triangle can be used to determine whether x is
inside or outside the surface. If the normal of the
closest surface point is directed towards x, then x
must be outside the object surface.

Again, the naive algorithm will work for perfect
data. However, we must consider what happens
when we try this idea on real data. The �rst ar-
tifact of real sensing and small alignment errors is
that we no longer have a single surface, but several
noisy samples of a surface (see Figure 4 in the results
section for an example of the type of noise that may
be present). We are now faced with choices on how
to proceed. Clearly, choosing the nearest triangle
(as in Algorithm ClosestSignedDistance) will give a
result as noisy as the constituent surface data. For
example, a single noisy bump from one view can re-
sult in a bump on the �nal model.

Inconsistent values for the implicit distances will ap-
pear when a voxel center is on or near a surface,
since the samples will be randomly scattered about
the real surface location. It may become di�cult to
di�erentiate between several observations of a single
surface or a thin wall. This is especially a problem
if the noise is of similar scale to the voxel size.

A more sinister problem for the naive algorithm ap-
plied to real images is the existence of noise and ex-
traneous data. For example, it is not uncommon to
see triangles sticking out of a surface or other trian-
gles that do not belong to the object. This can occur
due to sensor noise, quantization, specularities and
other possibly systematic problems of range imag-
ing. This makes it very easy to infer the incorrect
distance and more critically the incorrect sign, which
will result in very undesirable artifacts in the �nal
surface. One badly oriented triangle can result in a
voxel which is assigned f(x) with the incorrect sign.
The result will be in a hole rising out of the surface
produced by the marching-cubes algorithm.

Our solution to these problems is to estimate the
surface locally by averaging the observations of the
same surface. The trick is to specify a method
for identifying and collecting all observations of the
same surface.

Nearby observations are compared using their loca-
tion and surface normal. If the location and normal
are within a prede�ned error tolerance (determined
empirically), we can consider them to be observa-
tions of the same surface. Given a point on one of
the observed triangle surfaces, we can search that re-
gion of 3D space for other nearby observations from
other views which are potentially observations of the
same surface. This search for nearby observations
can be done e�ciently using k-d trees [Friedman et
al., 1977].

If an insu�cient number of observations of a given
surface are found, then the observation can be dis-

carded as isolated/untrusted and the search can con-
tinue. Thus, we are requiring a quorum of obser-
vations before using them to build our model. The
quorum of observations can then be averaged to pro-
duce a consensus surface. This process virtually
eliminates the problems described previously (with
respect to the naive algorithm).

As an improvement over using an equally weighted
voting scheme, we can assign a con�dence value !
to each input surface triangle: weighting the surface
points/triangles from a range image by the cosine
of the angle between the viewing direction and the
surface normal. This is simply computed by

! = v̂ � n̂

where v̂ and n̂ are the viewing direction (of the given
point in the range image) and normal, respectively,
of the given triangle. The consensus can now be
measured as a sum of con�dence measures and the
quorum is over this weighted sum. The rationale
is that two low-con�dence observations should not
have the same impact on the result as two high-
con�dence observations. We can now specify the
consensus-surface algorithm:

Algorithm ConsensusSignedDistance
Input: point x
Input: triangle set T
Output: the signed distance d
1. hp; n̂i  ClosestConsensusSurface(x; T )
2. d k x � p k
3. if (n̂ � (x� p) < 0)
4. then d �d
5. return d

The only change from Algorithm ClosestSignedDis-
tance is that Algorithm ConsensusSignedDistance
computes the closest consensus-surface point and its
normal in line 1. The algorithm for computing the
closest consensus-surface point and its normal is as
follows:

Algorithm ClosestConsensusSurface
Input: point x
Input: triangle sets Ti, i = 1::N
Output: the point and normal vector pair hp; n̂i
1. Oset ;
(� Oset is the set of non-consensus neighbors �)
2. Cset ;
(� Cset is the set of consensus neighbors �)
3. for each triangulated set Ti
4. do hp; n̂i  ClosestSurface(x; Ti)
5. hp; n̂; !i  
6. ConsensusSurface(p; n̂; T )
7. if ! � �quorum
8. then Cset Cset [ hp; n̂; !i
9. else Oset Oset [ hp; n̂; !i
10. if Cset 6= ;
11. then hp; n̂; !i  
12. argminhp;n̂;!i2Cset

k x� p k

13. else hp; n̂; !i  argmaxhp;n̂;!i2Oset

!



14. return hp; n̂; !i

Algorithm ClosestConsensusSurface examines the
closest point in each view and searches for its con-
sensus surface if one exists. After computing the
closest consensus surfaces for each view, it chooses
the closest of those from the consensus set Cset. Cset

contains those locally averaged surfaces whose obser-
vations' con�dence values sum to at least �quorum .
Note that two consensus surfaces are not di�erenti-
ated based on their con�dence sum ! but rather on
their proximity to x. If none of the consensus sur-
faces exist, the algorithm selects the average surface
which has the highest summed con�dence out of set
Oset.

For completeness, we outline Algorithm Consen-
susSurface which is required by line 5 of Algo-
rithm ClosestConsensusSurface. AlgorithmConsen-
susSurface basically �nds all surface observations
that are su�ciently similar to the given point and
normal. These observations are then averaged to
generate a consensus surface for the input surface.
This algorithm relies on the predicate

SameSurface(hp0; n̂0i ; hp1; n̂1i) =�
True (k p0 � p1 k� �d) ^ (n̂0 � n̂1 � cos �n)
False otherwise

(1)
which determines whether two surface observations
are su�ciently close in terms of location and normal
direction, where �d is the maximumallowed distance
and �n is the maximumallowed di�erence in normal
directions. Now we present the pseudo code for Al-
gorithm ConsensusSurface:

Algorithm ConsensusSurface
Input: point x
Input: normal v̂
Input: triangle set T =

S
i Ti

Output: the point, normal vector, and the sum of
the observations con�dences hp; n̂; !i

1. p n !  0
2. for Ti � T
3. do hp0; n̂0; !0i  ClosestSurface(x; Ti)
4. if SameSurface(hx; v̂i ; hp0; n̂0i)
5. then p p+ !0p0

6. n n+ !0n̂0

7. ! ! + !0

8. p 1

!
p

9. n̂ n
knk

10. return hp; n̂; !i

Note that in Algorithm ConsensusSurface, the de�-
nition of AlgorithmClosestSurface was slightly mod-
i�ed to also return the con�dence !0 of the closest
surface triangle.

We refer to this algorithm as a whole as the
consensus-surface algorithm. The following condi-
tions are assumed:

1. Each part of the surface is covered by a num-

ber of observations whose con�dences add up
to more than �quorum.

2. No set of false surfaces with a su�cient summed
con�dence will coincidentally be found to be
similar (following the de�nition of Equation 1)
or this occurrence is su�ciently unlikely.

3. Given N surface views, the real surface is clos-
est to x in at least one view.

If these assumptions are violated, mistakes in the
surface mesh will result. From our experiments, a
quorum requirement, �quorum, of 1.5 to 3.0 is usu-
ally su�cient to eliminate errors given a reasonable
number of views of the object.

4.3 Accuracy and E�ciency

Volumetric modeling involves a tradeo� between ac-
curacy and e�ciency. To achieve desired accuracy
we must use a dense sampling of the volume. Since
the memory requirements of a volume grid is cubic
with respect to the density of the sampling for volu-
metric modeling, the �rst thing that gets sacri�ced
is accuracy. With the straightforward use of volume
grids, resources are wasted by computing signed dis-
tances in parts of the volume that are distant from
the surface. For our purposes, the only voxels that
we need to examine are those near the surface, a
small fraction of the entire volume grid. Curless
and Levoy [Curless and Levoy, 1996] alleviate this
problem by run length encoding each 2D slice of the
volume.

The octree representation [Meagher, 1980] solves
both the accuracy and the e�ciency problems while
keeping the algorithm implementation simple. In-
stead of iterating over all elements of the voxel
grid, we can apply a recursive algorithm on an oc-
tree that samples more �nely in octants only when
necessary|near the surface of the object. The oc-
tree in practice reduces the O(n3) storage and com-
putation requirement to O(n2) since the surfaces of
3D objects are, in general, 2D manifolds in a 3D
space.

4.4 Cost of the Consensus-Surface
Algorithm

To get a rough estimate of the cost of our model-
building algorithm, let us assume that there are
N views being merged and that for each view the
triangle set Ti has n triangles. Algorithm Con-
sensusSurface computes the closest surface for each
view which on average will be an O(N logn) opera-
tion assuming k-d trees [Friedman et al., 1977] are
used. AlgorithmClosestConsensusSurface computes
the closest surface and then the respective consen-
sus surface for each view, which adds up to a cost
of O(N2 logn). Assuming that an M � M � M
voxel grid is used, the modeling algorithm will cost



O(M3N2 logn). However, if octrees are used we may
loosely assume that the number of voxels or octree
elements which are evaluated will be proportional to
the surface area of the object, reducing the average
cost to O(M2N2 logn).

5 Experimental Results

Here we present some experimental results of our im-
plementation of the 3D object modeling algorithm
described in this paper. For our experiments, we se-
lected a variety of objects to model using our system.
We assume that the objects are rigid and opaque. In
this paper, we show the results obtained for model-
ing a toy duck. See [Wheeler, 1996] for a complete
description of our experiments.

For the example presented here we used 48 range
images, each containing 256 � 240 pixels with each
pixel containing a 3D coordinate. The resolution of
data is approximately 1 mm, and the accuracy is on
the order of 0.5 mm.

Figures 1-2 show the results, including an intensity
image of the object, a close-up of some of the tri-
angulated range images used as input to our algo-
rithm (shaded to better indicate the roughness of
the original data), a slice of the volume grid where
the grey-scale indicates the proximity to a surface
point (black closest, white furthest), and three views
of the resulting triangulated model. For this ex-
ample, the input images contained 555,000 trian-
gles and the resulting model contained 27,000. The
�nest resolution of the voxel grid was 1.8 mm and
approximately 4% of the 128�128�128 volume grid
was expanded by the octree. Parameters used were:
�quorum = 2:25, �d = 3, and �n = 45. Computing
time was 52 minutes on an SGI Indy 5 workstation
(a 124 MIPS/49.0 MFLOPS machine).

As an example of what the naive algorithm, Algo-
rithm ClosestSignedDistance of Section 4.2, would
produce we show the example of the result of the
naive algorithm on the duck data set in Figure 3.
Notice how many extraneous surfaces exist near the
duck from the input range-image data. The naive
algorithm fails because it trusts that every surface
observation is an accurate observation of the object
surface. As can be seen from the sample range data
of the duck in Figure 1, this is not the case.

To more clearly illustrate the accuracy of our mod-
eling algorithm, Figure 4 shows a cross section of
the �nal model and the original input range-image
data. This example demonstrates the ability of our
consensus-surface algorithm to accurately locate the
surface in very noisy data.

6 Conclusion

We have described a method to create a triangulated
surface mesh fromN range images. Robotic calibra-

tion is used to acquire images of the object under
known transformations, allowing us to align the im-
ages into one coordinate frame reliably. Our method
for data merging takes advantage of the volumet-
ric implicit-surface representation and the marching-
cubes algorithm to eliminate topological problems.

The main contribution of this paper is our algo-
rithm for merging data from multiple views: the
consensus-surface algorithm which attempts to an-
swer the question

What is the closest surface to a given
point?

With the answer to this question, we can easily com-
pute the signed distance f(x) correctly. While other
knownmethods also implicitly address this question,
their algorithms do not capture the essence of the
problem and produce answers by taking averages of
possibly unrelated observations. In contrast, our al-
gorithm attempts to justify the selection of observa-
tions used to produce the average by �nding a quo-
rum or consensus of locally coherent observations.
This process eliminates many of the troublesome ef-
fects of noise and extraneous surface observations in
our data. Consensus surfaces can be computed in-
dependently for any point in the volume. This fea-
ture makes it very easy to parallelize and allows us
to straightforwardly use the octree representation.
The octree representation enables us to model ob-
jects with high accuracy with greatly reduced com-
putation and memory requirements.

We have presented the results of our modeling al-
gorithm on a number of example problems. These
results demonstrate that our consensus-surface algo-
rithm can construct accurate geometric models from
rather noisy input range data and somewhat imper-
fect alignment.
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