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Abstract

This paper exploresShape from Motion Decomposition as a
learning tool for autonomous agents.Shape from Motion is a
process through which an agent learns the “shape” of some
interaction with the world by imparting motion through some
subspace of the world. The technique applies singular value
decomposition to observations of the motion to extract the
eigenvectors. We show how shape from motion applied to a
fingertip force sensor “learns” a more precise calibration
matrix with less effort than traditional least squares
approaches. We also demonstrate primordial learning on a
primitive “infant” mobile robot.

1  Introduction

To be useful in dynamic or unknown environments,
autonomous agents must be able to learn about the
environment in which they’re immersed -- in effect, internally
“calibrate” themselves with respect to it. But calibration, in
the traditional sense, is anything but autonomous. It usually
requires external stimuli from a previously calibrated agent
with careful coordination of measurements. This dependence
on other agents in order to function reduces the autonomy of
the agent and ultimately impacts its robustness.

To learn autonomously, the agent must derive a relevant
model of some interaction with the environment with
minimal reliance on external knowledge. Ideally, a fully
autonomous agent would develop models of interaction by
exciting variables over which it has control (through
actuators) and observing the effect on variables in the world
(through sensors), much the way a human infant learns its
limbs are part of its body by flailing around.

Yet, calibration and learning are fundamentally similar;
they both aim to represent interactions between variables. The
key difference is the basis for the representation. Calibration
relies on an explicit “shared ontology” -- or common
representation -- so the meaning of the output is consistent
across all agents. For example,calibrating a force sensor
involves generating a representation that provides a force
vector with respect to some known cartesian reference frame.
However, if the ultimate task of the agent is to maintain
contact during complex manipulation, for example, it may be
more appropriate to learn abstract input/output relationships

that achieve this behavior rather than going through the
transformations required by the explicit ontology. In fact,
most learning problems are cast in such a way that a
shared ontology is enforced by the system designer
(hence, the equivalence to calibration), although artificial
neural networks and principal component analyses
generally avoid this problem.

Our technique is derived from a novel approach in
computer vision and was first applied to a traditional
calibration problem. We describe briefly the computer
vision approach in Section 2 because it provides an
intuitive basis for discussion. The connection to force
sensor calibration is qualitatively discussed in Section 3
while the technique is rigorously developed in Section 4
followed by experimental results in Section 5. Switching
from constraint analysis to principal component analysis
allowsprimordial learning in Section 6.

2  Shape and Motion in Computer Vision

Shape and motion factorization is a recent and
successful technique in computer vision for extracting the
motion and shape of objects from a sequence of
monocular images. It is successful and robust because it
does not rely on first recovering the depth of the objects
(which is problematic), nor does it rely on constrained or
known motion. Instead, it employs singular value
decomposition (SVD) [4] to simultaneously decompose
the highly redundant image feature data into two matrices.
The rank of these matrices is fixed by the number of
degrees of freedom of the system and a fixed geometrical
relationship between them. From this known relationship,
the two matrices are transformed into themotion over
time andshape in space of the object in the image stream.

In the context of computer vision, theshape of the
unknown object (thex-y-z coordinates of each tracked
feature) and the motion of the object relative to the camera
are simultaneously recovered without calibration. Tomasi
and Kanade [10] first did this by tracking a large number
of image features (corresponding to points on the object)
through a large number of image frames during
unstructured, relative motion between the object and
camera. From this highly redundant set of data, SVD
produces the singular values and two unique orthonormal
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matrices from which the relative motion and shape can be
extracted with no assumption of smoothness of either
motion or shape.

It is important to note that “shape” and “motion” are
defined relative to an arbitrary vector space and have
concrete meaning only when particular spaces are chosen.
In the abstract sense, the matrices just represent a linear
mapping of data points; a specification of the structure
(shape) and history (motion) of someinteraction.

3  Calibration by Shape from Motion

The traditional force sensor calibration procedure[7] is
rather far from the ideal learning scenario. Many known,
externally-calibrated forces are applied to the sensor, then
corresponding output vectors are gathered, and the input/
output data is reduced by least squares. As we envision the
ideal autonomous learning scenario, no externally-
supplied calibration forces would need to be supplied. The
agent would “properly excite” the environment by flailing
around and a calibration matrix would “magically” result.

Shape from Motion calibration is not quite that simple,
but all that’s required is for the agent to pick up a known
mass in a gravity field and then randomly re-orient the
sensor while gathering the resulting output vectors from
the sensor. No information on the orientation of the sensor
in the gravity field is required! Only two known, external
loads must be applied to provide a calibrated reference
frame for a 3-DOF sensor. Shape from Motion
simultaneously extracts the calibration matrix and the
previously unknown motion of the sensor within the
gravity field.

Force sensor calibration is analogous to the computer
vision approach described above. Givenp sensing
elements (analogous to feature points) sampledf times
under differentunknown load conditions, one can produce
a similar redundant data set. The key is in recognizing that
the movement of the applied calibration forces through
the space of measurement corresponds to the object/
cameramotion while the calibration matrix is merely an
abstract mathematical description of theshape of the
sensor. These analogousshape andmotion descriptors can
be extracted from the measurement matrix using a similar
technique.

“Shape,” in the context of force sensors, can be
construed both literally and figuratively. In the literal
sense, the shape is an encoding of the mechanical
structure of the device, the positioning of the sense
elements, and the properties of the material from which it
is made. (This will be explored with respect to a particular
sensor in Section 4.) In the figurative sense, the shape is a
mapping from thep-dimensional sensing space to then-
dimensional space of resolved force/torque (where

). The shape can be thought of as a projected hyper-
ellipsoid that describes this mapping.
p n≥

4  Theory of Shape from Motion

In this section, we will incrementally develop the shape
from motion calibration technique for the 2-degree-of-
freedom (DOF) and 3-DOF cases. The full extension to 6-
DOF is reported in [11].

The 2-D Force Sensor
As a starting point for proof of concept, we first analyzed

a 2-DOF subset of a fingertip sensor of our own design
(Figure 1). The intrinsic force sensor is only one component
of a complete tactile fingertip that includes a surface array
tactile sensor and actuator based on an electrorheological
fluid [12]. We chose a 2-D starting point because it very
closely matches the shape and motion analysis presented in
[10]. It also provides an excellent example for explaining the
theoretical basis of the shape from motion approach.

Our fingertip force sensor is a cylindrical cantilever beam
with strain gages as the sensing elements. For the 2-D
experiments, we used the four axial gages that are
approximately equally spaced around the circumference of
the beam. Point loads were applied in a plane perpendicular
to the cylinder’s axis by a string and pulley arrangement
(Figure 2) to avoid applied torques.

The voltage,zi, from theith sense element is:

(1)

Figure 1: The reconfigurable force sensor shown with
both inactive and electrorheological outer surfaces.
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Figure 2: Test setup for the 2-D fingertip sensor.

zi giβiF θ αi– 
 cos=
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where gi is the electrical gain of the system,βi is the
mechanical gain,F is the radial applied force and the
angles are as shown in Figure 3.

The two gain variables are lumped parameters. The
electrical gain,gi, includes the amplifier gain, excitation
voltage, gage factor, and voltage divider or bridge
network. The mechanical gain,βi, includes the structure
of the sensing beams (i.e. cantilever beam, maltese cross,
etc.), the radius and length of the beam, the modulus of
elasticity of the material, the axial placement of the strain
gage along the beam, and the alignment of the strain gage
axis with respect to the cylinder’s axis. Exact formulae
relating these parameters can be found in [1].

Expanding (1) using the double angle formula yields:

(2)

which can be simplified to

(3)

if we keep the magnitude of the force constant (easily
achieved by using a constant mass on the string).

Equation (3) describes one strain gage, theith gage.
Givenp strain gages, we can combine thezi’s to produce
a p-vector of measurements for one time sample. For the
jth time sample, assumingp = 4 (for our fingertip sensor),
we can rewrite (3) in matrix form:

(4)

If we gatherf samples (or “frames” as in [9], described
at the beginning of Section 3 of this paper), we can
construct anf x p matrix, Z, from the strain gage
measurements; anf x 2 matrix,M , that collects the sine
and cosine terms from each applied force; and a 2 xp

θ

αi

F ith strain gage

Figure 3: Cross section of the cantilever beam with
pure force applied.

zi giβiF αi( ) θ( )
giβiF αi( ) θ( )sinsin

+coscos=

zi s1i θ( )cos s2i θ( )sin+=

zj1 zj2 zj3 zj4

θjcos θjsin
s11 s12 s13 s14

s21 s22 s23 s24

=

matrix, S, that collects all the gains from each strain gage.
This is written

(5)

and exactly corresponds both to equation (4), above, and the
planar images of [6]. We choose the symbolM  because the
sine and cosine of the force vector describe itsmotion. (In this
simplified case, we know the origin of the vector and it is
confined to the plane.) We choose the symbolS because we
view these gains as describing theshape of the sensor, as
mentioned previously. Thus, the gage measurements result
from the product of the motion of the force vector and the
shape of the sensor.

In traditional calibration techniques (i.e. least squares),
bothZ andM  are known.Z contains the output signals of the
sensor while M  is constructed from careful external
measurements of the applied forces that correspond to each
vector inZ. These external measurements generally involve
scales, bubble levels, and protractors and can be rather time
consuming. Our technique eliminates the need to knowM a
priori  by simultaneously determiningM  andS given onlyZ.
We achieve this by decomposingZ through SVD.

SVD produces the unique decomposition of anm x n
matrix,Z, such that:

(6)

where U is an m x m orthonormal matrix,Σ is an m x n
“diagonal” matrix1 of the singular values ofZ in descending
order, andV is ann x n orthonormal matrix. We will show
how to extract the right-hand side of (5) from the right-hand
side of (6).

To do this robustly in the face of noise, it is imperative that
we know something about the rank ofZ. SinceM  andS aref
x 2 and 2 xp, respectively, neither can have rank greater than
two. As a result,the rank ofZ can be at most two, in the
absence of noise. The degenerate cases, when the rank is less
than two, result when all forces are colinear and will be
ignored.2

Noise injected into a matrix adds dimensionality or
additional “structure” to the data that does not exist in reality.
The SVD provides an elegant mechanism for eliminating this
noise. First of all, the first two singular values of our
measurement matrix,Z, will be much larger than the others.
This is due to the fact that it is fundamentally of rank two. If
it were exactly rank two (no noise), all singular values besides
the first two would be zero. It can be shown [2] that the best
projection of this data onto a two-dimensional space (in other
words, the best rank-2 matrix) will be:

, (7)

1. padded with zeroes as needed
2. Bad sensor design can also result in degenerate cases.

Z MS=

Z UΣV
T

=

Z∗ U∗Σ∗V∗T
=
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whereU*  consists of the first two columns ofU; Σ*  is a
diagonal matrix of the first two singular values; andV*T

consists of the first two rows ofVT.
Since equations (5) and (7) both embody the best rank-

2 representation of the data, they can be equated:

(8)

Unfortunately,  and  are not yet the true motion
and shape. They are indeterminate by an affine transfor-
mation. Given any invertible2 x 2 matrix,A:

, (9)

so we must find an appropriate matrix,A, such that:

(10)

We do this by enforcing a metric constraint on the
motion. SinceM  consists of cosθ and sinθ, we can use

 as our constraint. Denoting the
elements ofA-1 by a11, a12, a21, anda22, and thejth row
of  by mj1 andmj2, the constraint equation becomes:

(11)

Based on this, we can construct a matrix of the vectors
[mj1

2 2mj1mj2 mj2
2] and solve for the combinations ofaji

in (11) using the pseudoinverse.
We use Mathematica code to perform the SVD and to

solve the nonlinear equations to extractA, S, and finally,
C. Figure 4 shows a polar plot of the recovered motion of
one calibration trial. Despite significant noise, the motion

MS U∗Σ∗V∗T
M̂ Ŝ= =

M̂ U∗ Σ∗( )
1 2⁄

=

Ŝ Σ∗( )
1 2⁄

V∗T
=

M̂ Ŝ

M̂ Ŝ M̂ A
1–

 
 

AŜ( )=

M M̂ A
1–

=

S AŜ=

θcos( ) 2 θsin( ) 2
+ 1=

M̂

1 mi1
2

a11
2

a12
2

+ 
 

2mi1mi2

a11a21 a12a22+( ) mi2
2

a21
2

a22
2

+ 
 

+

+

=

Figure 4: Polar plot of the recovered motion
(magnitude and direction) with 111.4g mass.
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displays excellent average circularity. (Quantitative assess-
ments of precision appear in Section 5.)

3-DOF Force Sensors
For the case of three forces, we took a standard 6-DOF

Lord force/torque sensor and mounted a compact mass on the
face plate. In reality, there is a small moment arm associated
with this arrangement, but we ignore that. Assuming pure
forces are acting at the origin of the sensor, superposition
applies, just as in equation (12):

(12)

whereψ represents the angle the force vector makes with
respect to thez-axis and  represent the electrical and
mechanical gains relating force in thez-axis to strain.

The resulting motion matrix consists of vectors of the
form [cosθsinψ sinθsinψ cosψ], so M  is now rank 3.
Likewise, S acquires another row, becoming 3 xp. The
derivation of motion and shape is the same as in the 2-DOF
case with the necessary modifications to the metric constraint.
This new constraint is easily derived so we will not repeat it
here. A plot of the recovered motion of the Lord force/torque
sensor during an actual calibration trial appears in Figure 5.
Although it is difficult to judge by eye, it is an accurate
sphere. (See [11] for more quantitative results.)

The structure in Figure 5 can be recovered without
applying the constraint equation. In that case, what is lost is a
known reference frame. Since the external reference frame is
dictated only by the shared ontology, it seems natural that the
shape can be exploited to extract all the meaningful content
of the interaction up to an affine transformation. We hope to
use this to learn tactile sensorimotor skills in the future [6][9].

5  Experimental Comparison to Least Squares

The point of calibration, with its shared ontology, is to
provide an accurate characterization of the sensor relative to
a known frame. But desired accuracy is almost always traded-
off with the time required to perform the calibration
procedure. Our motion and shape approach is exceptional in
that it produces amore accurate and precisecalibration, for a

zi giβiF q αi– 
 cos gi''βi''F ψcos+=

gi''βi''

Figure 5: Recovered motion of the Lord F/T sensor.
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given accuracy in calibration measurement, inless time as
compared to the least squares approach.

It takes less time because fewer accurately applied
loads are required. For a given accuracy of each
measurement, fewer of them results in less time.

The reason for greater accuracy is more subtle. The
least squares approach takes all the data available and
attempts to minimize the total error. It does this at the
expense of the shape because, from equation (15),C is the
only free variable. As such, both the measurement errors
and the applied load errors distort the shape. On the other
hand, theshape from motion approach has two free
variables: the shape and the motion. Errors are distributed
between them because shape from motion relies on a
known physical constraint of the motion and minimizes
error with respect to that constraint to maintain the shape.
It also allows us to gather more data in less time.

To demonstrate these assertions, we performed both
shape from motion and least squares calibrations on our 2-
DOF fingertip sensor. For the shape from motion
approach, we chose a single mass of 111.4 grams and
completed the calibration procedure in only 1.5 minutes
while collecting a total of 96 unknown data points and 1
known load.

For the least squares approach, we chose five different
masses, each of which was applied at 40-degree
increments around the circle for a total of 45 accurate
loads. For each load we gathered several measurements
and averaged them. The least squares calibration masses
were: 60.4, 78.3, 95.2, 111.4, and 122.8 grams. The
procedure consisted of adjusting the angle of the rotating
stage to within 0.2 degrees, sequentially applying the five
masses, and then incrementing the angle. The entire
procedure took 17 minutes to collect all 45 known data
points.

Because of the nearly exhaustive nature of the least
squares calibration, the time difference is more than 10:1
in favor of shape from motion. But even cutting the pro-
cedure down to 15 measurements results in nearly a 4:1
time advantage for shape from motion, not to mention the
loss in accuracy for least squares due to lesser noise rejec-
tion. The large number of least squares measurements
gathered should produce nearly the best possible least
squares calibration.

To assess the calibration results quantitatively, we
hung each of the five masses used for the least squares
calibration on the string and gathered raw data as the
sensor was rotated 360 degrees. We then calculated the
force magnitude at each sample point and performed two
calculations. The first determined the average magnitude
to assess absolute accuracy. The second smoothed the
magnitude signal to eliminate noise and determined the
standard deviation of the smoothed signal. This assesses
the precision of the measurement across all orientations.
The extremes of these data are tabulated in Table 1.

6  Primordial Robot Learning

Force sensor calibration is a successful application of
shape from motion learning with an explicit external
reference. We don’t think this exhibits the full power of the
paradigm, however. The above example is mired in the need
to transform the intrinsic shape to an explicit vector space. As
we hinted, for a machine to “learn,” it only needs to develop
its own internal representation of the “shape” (in the abstract
sense) of the interaction.

Primordial robot learning -- learning fundamental
interactions with no prior knowledge -- has been approached
by many researchers (e.g.[5][8]). To this end, we have applied
the shape from motion technique to a small mobile robot that
has no explicit knowledge of its limited set of actuators and
sensors. All the robot is “aware of” is the streams of data that
come from or go to the sensors and actuators. The shape from
motion technique allows the robot to develop an internal
representation of the interaction between sensors and
actuators to produce “meaningful” external behavior. In this
sense, the robot is infant-like because it must learn the most
basic input/output relationships from scratch.

The shape from motion technique is modified to match the
principal component analyses of Hancock and Thorpe [3] and
Pierce [8]. The standard principal components analysis
provides a substitute for the geometric constraint used in
equation (11). For primordial learning, we do not wish to
constrain the problem. Although some constraints can be
useful to achieve more sophisticated results (as in [8]), they
impose the potential limitations of a shared ontology.

We have two small robots that are very simple in
construction with minimal, but disparate, sensing and
actuation. The subject of this experiment is the MK-V, a
three-wheeled, non-holonomic structure with a single drive
wheel and an unpowered steering wheel. Sensors include
wheel encoders, a compass, bump sensors and motor current
sensors. The drive and steering motors have three-valued --
forward-reverse-off -- commands with no closed-loop
controllers on velocity or position. There are also no
redundant groups of very similar and correlated sense
elements such as a visual retina or sonar ring.

With no algorithmic structure imposed at all on the
learning process, the result learned is dependent on what the
robot is allowed to observe. For training, we teleoperated the
robot in a cluttered environment allowing it to wander while
bumping into obstacles.

Table 1: Fingertip Sensor Comparison

Least Squares Shape from Motion

load
(g)

mean
(g)

error
(%)

std dev mean
(g)

error
(%)

std dev

60.4 60.1 0.5 1.20 60.5 0.2 1.13

111.4 110.2 1.1 0.83 111.6 0.2 0.60
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We batch-processed the training data using SVD to
extract the eigenvectors and selected the largestn
eigenvectors using the largest ratio of adjacent singular
values as the threshold forn. For run-time operation, the
new sensor image is projected onto the eigenspace as
described in [3].

Using this technique, the real robot achieved both
wandering behavior and escaped stalls and collisions
without highly redundant or correlated sensors and with
no algorithmic structure imposed on the learned result.
Figure 6 shows a teleoperated run of the MK-V with com-
parisons of what the human did and what the MK-V
would have done on its own with eigenvectors learned on
a prior training set. The drive motor matches the human
quite nicely as this is more deterministic. The steering
motor, on the other hand, does not match steeringdirec-
tion, which is random, but does knowwhen to steer.

A benefit of this technique is that the mapping onto the
eigenspace produces not only the command vector for the
actuators, but a reconstruction of the sensor input, as well.
This reconstruction can be compared to the actual sensor
vector to derive a measure of the confidence in the
correctness of the command values for the given input.

7  Discussion

We have described an improved calibration technique
for linear force/torque sensors based onshape from
motion decomposition that learns a more accurate calibra-
tion matrix with less effort from the user. The intrinsic
“shape” of the sensor is extracted by randomly moving the
calibration force through a spanning range. The random
motion and the pseudoinverse of the calibration matrix are
simultaneously recovered from the raw sensor values.
Two known loads are sufficient for an external reference
frame for the matrix in 3-D. In the sense that little external
information is required to “discover” the matrix, it is an
appropriate learning paradigm for autonomous agents.

Figure 6: Comparison of Human and Shape from
Motion Commands on a Teleoperated Dataset.

Shape from Motion Drive Motor Command

Human Drive Motor Command

Shape from Motion Steering Motor Command

Human Steering Motor Command

Without an external reference, the shape can still be recov-
ered up to an affine transform. Although the internal reference
frame is unknown, the matrix still holds meaningful informa-
tion on the “shape” of the interaction. To that end, our first
experiments with the MK-V mobile robot used eigenspace
projection. We hope to more fully exploit internally-refer-
enced shape matrices in learning tactile manipulation skills.
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