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Abstract

Increasing interest in agent-based systems both in AI (in
terms of multiagent systems and distributed arti�cial in-
telligence) and in computational approaches to the social
sciences calls for a greater understanding of their compu-
tational properties. Often, problems that are di�cult for
agent-based systems because of issues of coordination or de-
layed information could be solved using a centralized root-
�nding algorthim. This paper proposes a method that allows
for the approximation of such centralized root-�nding solu-
tions by systems of decentralized agents. By making each
agent's responses to payo� signals heterogeneous, proper co-
ordination emerges among the agents without the need for
communication or negotiation. We apply this technique to
both Newton's method and Gallager's algorithm for multi-
commodity 
ow. In empirical simulations, the method is
shown to produce results comparable to the original algo-
rithm.

1 Introduction

The computational process of root �nding underpins many
systems of interest to distributed computation. Root �nding
algorithms take an equation f(x) and �nd the x such that
f(x) = 0, usually by incrementally adjusting x closer and
closer to the true root. In economics, the existence of general
equilibrium [1] depends on �nding an allocation such that
the excess demand function is zero. In many resource allo-
cation problems, for example multicommodity 
ow [2], the
optimal allocation is one that equalizes the marginal costs
of the resources (the derivative of total costs with respect to
the usage of each individual resource); this is accomplished
by pairwise subtracting the marginal costs of resources from
each other, and somehow �nding the allocation that sets all
these functions to zero, insuring equality in the appropriate
terms.

The properties of root �nding algorithms are well under-
stood. Numerical methods such as Newton's method have
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been developed for their quick convergence [7], and more ap-
plication oriented methods such as Gallager's algorithm for
multicommodity 
ow [2] have proven convergence results in
speci�c settings. Unfortunately, these techniques are di�-
cult to apply in decentralized settings where decision making
is spread across autonomous agents instead of under cen-
tral control. Multicommodity 
ow algorithms depend on
conceptualizing 
ow as passive, divisible entity under cen-
tralized control instead of as an aggregation of autonomous
agents.

An example that highlights this di�culty is the computa-
tional ecosystem model developed by Huberman, Hogg, and
their colleagues at Xerox Parc [6],[4], a simple model of dis-
tributed resource allocation, where individual agents choose
between two resources on the basis of which resource has a
higher payo�. Equilibrium is found when the payo�s from
the two resources are equal. If the agents were under cen-
tral control, this would be a simple root �nding problem;
however, the fact that all the agents make their decisions
independently of each other produces unstable oscillations.
The essential problem is one of coordination; it is di�cult
to get the number of agents using a given resource to adjust
incrementally, since once they see that the other resource is
paying more, they all want to switch to it. This leads to
instability and failure to converge.

Huberman & Hogg [4] �rst explored the idea of exploit-
ing agent heterogeneity to stabilize the system. Thomas &
Sycara [9] expanded on that insight. By slightly simplifying
the model, they were able to prove that while some forms
of agent heterogeneity guaranteed stability at the cost of
converging to a sub-optimal equilibrium, heterogeneity in
switching costs (ie, giving each agent a unique, �xed thresh-
old that the payo� di�erence between the resources must
exceed before the agent will switch) was shown to produce
guaranteed convergence to the true equilibrium of the sys-
tem. The aggregate behavior of the resulting system looked
very much like a root �nding algorithm.

This paper takes this line of research one step further by
reversing the design 
ow: we develop a technique that starts
with a traditional root �nding algorithm, and allows it to
be implemented in a system of decentralized agents.

The importance of this technique is twofold. First, when
we must solve a problem with a system of agents, it allows
us to design a system that exactly mimics the behavior of
existing serial algorithms. Second, it allows us to view many
problems in a new light. In addition to the computational
ecosystem model [6], the approach potentially o�ers new in-
sight into the aggregate behavior of any system that models
the decisions of agents that must make 'all or nothing' de-



cisions in the face of payo� signals, both in social science
inspired models such as the computational Tiebout mod-
els [5] and traditional computer science problems like load
balancing [8].

The organization of the paper is as follows. First, we
introduce the technique by applying it to Newton's method,
a canonical root �nding method. We then take Gallager's
solution to the multicommodity 
ow problem [2] and show
how the technique allows us to mimic his algorithm.

2 Decentralizing Root Finding

Root �nding algorithms [7] are a core part of the numerical
computation toolbox; they are used to �nd the roots of un-
known functions. In the example of multicommodity 
ow
discussed above, in order to minimize global shipping times
we need to �nd 
ow levels that equalize the marginal conges-
tion per unit of 
ow between competing links. Sometimes
the equations can be solved analytically; often they are too
complicated and the solutions must be estimated numeri-
cally. This is done by creating a new function formed by
subtracting one marginal cost from the other; if we can �nd
the root of this equation, the x such that f(x) = 0, we know
that the two marginal cost terms are equivalent.

The convergence properties of traditional root-�nding
methods are well studied, and we will not discuss them here.
The goal of this paper is to to mimic existing algorithms in
a decentralized format, and so the behavior of the tradi-
tional algorithm is approximated (modulo the granularity
forced on us by a �nite number of discrete agents) by the
decentralized system.

Our methodology will be as follows. We will describe
a root �nding method, and then show its equivalence to
an idealized decentralized system with an in�nite contin-
uum of agents. Normally, root �nding works over arbitrary
domains, but in order to deal with the in�nite number of
agents, we normalize the domain to the interval [0; 1]. In
our continuum of agents, we let the agents be either 'on' or
'o�', and denote the proportion of agents turned 'on' at time
t by x(t). The 'on' agents receive a payo� equal to f(x(t)),
and the 'o�' agents receive a payo� of zero.

2.1 Newton's Method

Newton's method depends on knowing the derivative of the
function in question; there are other algorithms that deal
with cases where such information is unavailable. The equa-
tions developed here generalize easily to other techniques
with little di�culty.

Newton's method starts at a point x(t). It calculates
the derivative f 0(x(t)), and extends the tangent line from
x(t), and lets x(t+1) equal the point where the tangent line
crosses the x-axis. In situations where Newton's method is
well behaved, it converges quadratically.

The basic equation describing Newton's method is:

x(t+ 1) = x(t)� f(x(t))=f 0(x(t))

The term f(x(t))=f 0(x(t)) represents the distance from
x(t) to the point of zero crossing of tangent line. Let us de-
note it by d(x(t)). Now we show how to get a decentralized
system to mimic this equation. We start with the math, and
try to gain intuition and explanation later. Our approach
will be to start with the simplest agent system we can think
of and '�ll in the gaps' between its behavior and the behavior
we want. We start with agents that make the simplest deci-
sions possible: if they see that d(x(t)) < 0, they know that x

needs to increase, and all the agents currently o� (1� x(t))
all switch on; if d(x(t)) > 0, all the on agents switch o�.
This gives us the following equations (we assume without
loss of generality that f(x) is monotonically decreasing):

x(t+ 1) = x(t) + (1 � x(t)) = 1 d(x(t)) < 0
x(t+ 1) = x(t) d(x(t)) = 0
x(t+ 1) = x(t)� x(t) = 0 d(x(t)) > 0

Clearly, this won't work; the system just switches back
and forth between x(t) = 1 and x(t) = 0. The key is to limit
the proportion of agents who switch. Understanding how
heterogeneity accomplishes this is the core of the technique.
If the agents are identical, and all see the same value of f(x),
it is unclear how they could coordinate their actions so that
the right number of agents switched. But by forcing the
agents to have heterogeneous responses to the same signals
(or by sending heterogeneous signals to identical agents),
we can force exactly the right number to switch. We will
calculate how to do this by introducing a term, Px(t), which
stands for the proportion of agents that move each turn. We
can now rewrite the above equations as:

x(t+ 1) = x(t) + (1 � x(t)) � Px(t) d(x(t)) < 0
x(t+ 1) = x(t) d(x(t)) = 0
x(t+ 1) = x(t)� x(t) � Px(t) d(x(t)) > 0

For the d(x(t)) < 0 case, since we want (1� (x(t))) �Px(t) =
�d(x(t)), setting Px(t) equal to �d(x(t))=((1�x(t)) will give
the correct behavior; for d(x(t)) > 0, Px(t) = d(x(t))=x(t).
Given these values for Px(t), we have (in the f(x(t)) > 0,
d(x(t)) < 0 case):

x(t+ 1) = x(t) + (1� x(t)) � Px(t)

= x(t) + (1� x(t)) � �d(x(t))=(1� x(t))
= x(t)� d(x(t))

which is exactly the behavior Newton's method requires.
The d(x(t)) > 0 case follows almost identically.

The key question now is how to understand and imple-
ment these Px(t) terms, which represent the proportion of
agents who need to switch, in a system of decentralized
agents. How we do this depends on the design of the par-
ticular system we are building. If we can control the agent
design, one way to accomplish this is to give each agent
a di�erent 'switching threshold' { a parameter drawn from
a uniform distribution over the interval [0; 1]. We could
then globally broadcast the Px(t), and an agent would only
switch if the Px(t) term exceeded the switching threshold.
Since each agent has a di�erent threshold, some will switch
and some won't. For an arbitrary agent, the probability
of switching is equal to Px(t) being less than some number
randomly drawn from a uniform distribution over [0;1], or
simply Px(t) itself. If we aggregate this behavior over many
agents, each with its own switching threshold, the expected
proportion of agents who switch is exactly Px(t).

Alternately, the values for f(x) and f 0(x) could be broad-
cast, and the agents could perform the calculations them-
selves. There is something unsatisfying in that this method
still requires the computation of the Px(t) terms. This is un-
avoidable, if the exact properties of Newton's method are
to be duplicated; however, in the next example, we will
see that we can make simplifying assumptions that sacri-
�ce some performance for gain in simplicity and intuitive
resonance.

Note that this technique can be easily extended to other
root-�nding methods. For the secant method, which re-
places the f 0(x) term with a linear interpolation (x(t)�x(t�
1))=(f(x(t))�f(x(t�1))), the calculations follow identically.



3 Decentralizing Gallager's Multicommodity Flow Algo-
rithm

Multicommodity 
ow is a problem that lends itself well to
interesting decentralization approaches. A multicommod-
ity 
ow problem consists of a set of locations connected by
directed links. There are batches of cargo that must be
shipped between the locations. The problem is to route the
cargo so that total shipping time is minimized; since the
links grow congested with overuse, this often means split-
ting each batch of cargo over di�erent routes.

Gallager [2] described an algorithm that distributed the
computation across locations. Essentially his solution esti-
mates the marginal cost (where cost meant total shipping
time across the whole system) of transport along each link
and incrementally adjusts 
ows across competing links until
the marginal costs were equalized. Wellman [10] took that
one step further by his application of the Walras algorithm,
a distributed optimization method based on general equilib-
rium theory. Wellman created agents whose economic inter-
ests incorporated the goals and constraints of the problem,
and the marginal cost estimates and 
ow allocations emerge
out of the equilibrium produced by adjustments in supply
and demand.

This paper explores a di�erent kind of decentralization,
that of letting the 
ow consist of discrete, autonomous agents.
We will assume (as Gallager did) that the marginal costs are
already estimated { this contrasts to Wellman [10], where
the estimation of costs emerged out of the market equilib-
rium. We will use Gallager's algorithm, and show how to
implement it with discrete agents.

Gallager's algorithm is as follows: let mi;j(k) be the
marginal cost (in terms of global shipping time) to send
a unit of 
ow destined for node k between node i and node
j. Let ti(k) represent the total 
ow destined for k passing
through node i, and xi;j(k) represent the proportion the to-
tal 
ow out of node i destined for node k that passes over the
link from i to j. Finally, let jmin be the j such thatmi;j(k) is
minimized, i.e., the link from i to j with the lowest marginal
cost per unit of 
ow. The basic idea is to increase 
ow along
this link, and decrease it along other competing links.
This change, denoted �xi;j is:

�xi;j = �� � (mi;j(k)�mi;jmin (k))=ti(k) j 6= jmin

�xi;j =
P

j 6=jmin
� � (mi;j(k)�mi;jmin (k))=ti(k) j = jmin

Thus, the proportion of agents that need to switch for each
i; j(j 6= jmin) link is simply ��(mi;j(k)�mi;jmin )=ti(k). The
similarity to the root �nding case should be clear. Again,
we can assign each agent a switching threshold uniformly
drawn from [0; 1], and broadcast the signal � � (mi;j(k) �
mi;jmin )=ti(k). If agents only switch when their switching
threshold is less than the signal, then the expected number
of agents who switch will be correct, and the system as a
whole will mimic Gallager's algorithm exactly. We could
simplify this algorithm by replacing ti(k) with some large
constant T , and multiplying the switching thresholds by
T=�; this would slow convergence somewhat, since the step
size would be smaller. Under this scheme, the only thing
needed to be broadcast to the agents are the marginal costs
of each link. This gives us a natural economic interpreta-
tion: think in terms of pricing the links by their marginal
costs and think of the switching thresholds as heterogeneous
transaction costs. Then, agents see the price di�erences to
ship goods along the di�erent links, and they only switch if
the price di�erence exceeds their unique, individual trans-
action cost.
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Figure 1: Simple multicommodity 
ow network

We tested out both of these approximations against Gal-
lager's original algorithm by applying them to a simple mul-
ticommodity 
ow problem and comparing it with the results
obtained using Gallager's original algorithm.

We used the network shown in �gure 1 (following [3],[10]):
There are 100 units of goods to be shipped from 4 ! 1,

and 100 from 1 ! 4. The only tricky thing about this
network is that at node 2, each 
ow must split itself between
two possible links; and since they both share the 2! 1 link
in common, their decisions by necessity e�ect the other. We
used the following cost functions:

c1;2(x) = c2;1(x) = c2;4(x) = c4;2(x) = x2 + 20x
c3;1(x) = c2;3(x) = c3;4(x) = 2x2 + 5x

Empirically, both of our decentralized systems mimic the
properties of Gallager's algorithm well. We set the problem
up so that the optimum 
ows were all integers, so that the
granularity introduced by having discrete agents doesn't af-
fect our evaluation of our system's performance (although
that graininess is an issue of real concern). Setting � = :1,
Gallager's algorithm settled into the optimal solution after
six turns. We ran both of our systems over �fty trials. In the
�rst case, where we attempted to exactly mimic Gallager's
system, in every trial the system came within 1% of the true
solution in seven turns and :1% in fourteen; for the simpli-
�ed case, setting T = 100, every trial was within 1% in six
turns and :1% in fourteen, producing near identical perfor-
mance. Of course, more detailed empirical investigation is
needed, but the preliminary results are promising.

4 Conclusions and future work

We have presented a method for implementing traditional
root-�nding algorithms in systems composed of discrete, au-
tonomous agents. The key to the technique is understand-
ing what proportion of the agents needs to shift from one
resource to another, and setting up heterogeneity (either in
the agents or the signals sent to them) that produces that
shift. We have applied the technique to Newton's method
and Gallager's algorithm for solving multicommodity 
ow
problems. We also showed that with a few simpli�cations
the system derived from Gallager's algorithm has a natural
economic interpretation.

There are obvious open empirical questions; since any
implementation of the ideas here is necessarily an approxi-
mation, understanding the e�ects of issues such as noise and
number of agents can only be done through simulation. In
addition, the heterogeneity terms can be implemented in a
number of di�erent ways, each undoubtedly with its own set
of advantages and disadvantages.



But in the longer term, the understanding of the impor-
tance of heterogeneity in agent design shows promise. In
computer science, we can use the technique to help us with
the design of distributed algorithms by allowing us to lean
on existing serial techniques. In computational modelling
in social sciences, we have another tool for analyzing the
aggregate behavior of heterogeneous agents.
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