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Abstract

Goal-satisfaction in multi-agent environments via coalition formationmay be bene�-

cial in cases where agents cannot perform goals by themselves or they do so ine�ciently.

Agent coalition formation typically requires that each agent must be a member of only

one coalition. This may lead to a waste of resources and capabilities. Therefore, we

present algorithms that lead agents to the formation of overlapping coalitions, where

each coalition is assigned a goal. The algorithms we present are appropriate for agents

working as a Distributed Problem Solving system in non-super-additive environments.

They are any-time distributed algorithms with a low computational complexity and

low ratio-bound.
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1 Introduction

Goal-satisfaction in multi-agent environments via coalition formation may be more bene�-
cial in cases where agents cannot perform goals by themselves or they do so ine�ciently.
The typical approach to agent coalition formation requires that each agent be a member
of only one coalition. However, overlapping coalitions, where multiple memberships are
allowed, may improve the utilization of resources, thus improving the goal-performing ef-
�ciency and increasing the outcome of agent-systems. We present algorithms that enable
coalition-formation for distributed goal-satisfaction where goals have precedence order, with
no central authority, which provide sub-optimal solutions with a low complexity. The major
di�erences of our approach from the common coalition formation methods employed in DAI
[20, 11, 13, 15] and in game theory [19, 10] are the concepts of overlapping coalitions and
the precedence order of goals.

In [15] a coalition formation procedure for agents in a Distributed Problem Solving sys-
tem has been presented. There, dynamically alternating inter-related coalitional values was
presented. We adopt this approach and add to it the overlapping coalitions approach and
the precedence-ordered goals concept. This combination leads to a more realistic multi-agent
model. We present coalition formation algorithms, where each coalition is assigned a goal.
Our algorithms are based on a combination of a combinatorial algorithmic approach and con-
cepts from operations research with autonomous agents and distributed computing systems
methods. The resulting, possibly overlapping, coalitions may increase the bene�ts of agent-
systems with comparison to the case of disjoint coalitions. We concentrate on environments
which are not necessarily super-additive [7].

2 Related work

Several solutions to the coalition formation problem have been suggested by DAI researchers,
concentrating on the case of super-additive environments e.g. [11, 20]. Most of these solutions
address Multi-Agent Systems (MAS), where each agent tries to increase its own personal
utility via cooperation [?]. We present coalition formation algorithms which are appropriate
for the Distributed Problem Solving (DPS) cases, where the agents cooperate in order to
increase the outcome of the system [15]. In addition, our solution is most appropriate for
non-super-additive domains. This is the case when adding a new agent to the coalition is
costly1, and as the size of the coalition increases it becomes less bene�cial to form it.

In [13], a coalition formation model for bounded-rational agents and a general classi�ca-
tion of coalition games. There, the value of a coalition depends on the computation time.
We also allow for varying coalitional values. However, we consider cases in which values vary
with respect to the resource-consumption by previously-formed coalitions.

1Such costs may arise from the intra-coalition coordination and communication costs; these increase with
the size of the coalition.
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DPS systems in which tasks are allocated to agents have been discussed previously, e.g.,
the Contract Net Protocol (CNP)[16]. In the CNP, goals are allocated to single agents and
a procedure for goal-partitioning is necessary. The CNP allows for single agents to perform
more than one sub-goal. This is similar to our approach as we, too, allow that agents will
be involved in the performance of more than one goal. However, we solve the problem of
assigning goals to coalitions of agents. In cases where single agents cannot satisfy goals by
themselves and goals cannot be partitioned, or the partition is computationally too complex,
close cooperation (within coalitions) is required.

Game theory provides an analysis of the possible coalitions that shall form as a result of
a coalition formation process, and what the resulting disbursements to the agents shall be,
assuming that agents do not have multiple memberships in coalitions, e.g., [12]. However,
game theory does not provide the algorithms for coalition formation. Given a coalitional
con�guration, game theory usually concentrates on checking its stability or its fairness and on
the calculation of the corresponding payments. Game theory rarely takes into consideration
the communication costs and limited computation time, and the solutions are not distributed.
We are particularly interested in the distributed coalition formation mechanism. We also
seek a dynamic evaluation of the coalitions, where game theory usually provides a static
evaluation, and we allow agents to be members of more than one coalition.

Coalition formation where coalitions may overlap can be approached as a Set Covering
Problem (SCP). Exact solutions and approximations to SCP have been proposed in the �elds
of operations research, combinatorial algorithms, and graph theory [1, 4, 5]. However, the
solutions that have been proposed are inappropriate for the problem of coalition formation
among agents (see section 5).

Distributed computing systems (DCS) research has dealt with problems of task alloca-
tion with precedence order. Optimal solutions were provided only for strongly constrained
cases of two-processor systems (e.g. [6]). The general problem is NP-complete, but some
approximation algorithms [17] provide good solutions for the multi-processor system as in
[3]. There, the suggested solution is aimed at reducing the task turnaround time. The
minimization of the task turnaround time is the main objective of task assignment within
distributed computing systems. In our work, the main issue is the development of a task
allocation that will increase the bene�ts of the agent-system, and not necessarily reduce the
execution time.

Research on the Loading Time Scheduling Problem (LTSP) [2] presents approximation
algorithms for precedence-ordered task execution in cases where tasks may be performed.
The main factor in the LTSP is the loading time of the �rst task in a sequence of tasks on a
speci�c machine, while we discuss neither the loading time nor the e�ect of task-sequences on
a single agent. The di�erences of our case from the DCS research requires another approach,
as we present below.
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3 Problem representation

The problem we solve in this paper is that of the formation of overlapping coalitions for goal-
satisfaction among autonomous agents in a DPS system, where goals may have a precedence
order. Subject to this precedence order, the system as a whole must seek maximal goal-
satisfaction, thus maximizing its bene�ts. There is no central authority that distributes the
goals among the agents. An e�cient allocation is achieved via the formation of overlapping
coalitions.

A B

C

B

AA

C

Initial  configuration final  configuration

We demonstrate the problem using a Blocks` World domain as in the �gure above. The
blocks are of various sizes (for simplicity, we consider the case of a unit block and a row of
attached unit-blocks). Each unit-block weighs one weight unit. The blocks should be moved
from the initial con�guration to the �nal con�guration. This should be done by a group of
agents, each capable of lifting a limited weight (e.g., 2 weight units) and move it aside as
much as necessary. Each block can be carried by a limited number of agents (due to physical
limitations). We do not discuss the planning problem but assume a pre-given plan. This plan
shall divide the goal into subgoals with a precedence order. Such subgoals, which are part of
the global plan, are presented in the �gure above. One cannot place block C before blocks
A and B are properly located. In addition, cooperation among agents is necessary. Block C
cannot be lifted by less than 2 agents. However, 4 agents can do so but less e�ciently, due
to coordination costs, and 20 of them will be way to many. Obviously, any member of the
group that places C may be a member of a group that places A or B. However, if the agents
have a limited amount of fuel, they may run out of function after performing a set of tasks,
and therefore they cannot be part of all working groups.

4 The environment

We assume that agents can communicate, negotiate and make agreements [18]. To emphasis
the non-super-additivity property of the environment with which we deal, we assume that
the addition of agents to a coalition is costly, and therefore expanding coalitions may be
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non-bene�cial2. Without this assumption, in the case of overlapping coalitions, the grand
coalition as a coalition that includes all of the overlapping coalitions within it will form.

4.1 De�nitions

We recall de�nitions from [15], partially modifying them for the overlapping coalitions case.
N = fA1; A2; : : : ; Ang, a set of n agents, where Ai has a vector of real non-negative
capabilities Bi = hbi1; : : : ; b

i
ri. A capability quanti�es the ability to perform a speci�c

action. An evaluation function that transforms the capability units into monetary units is
attached to each capability type. G = fg1; g2; : : : ; gmg is a set of m goals where each goal g
requires Bg = hbg1; : : : ; b

g
ri for its satisfaction.

There may be occasions where gj cannot be performed unless gi has already been satis�ed.
This is generalized by a partial precedence order between the goals, g11 � g12 � : : : �
g1n1 ; : : : gk1 � gk2 � : : : � gknk , where gi � gj means that gi is the predecessor of gj and
gj is the successor of gi in the performance order. The precedence order and the resource
consumption are the only dependencies that we assume. This restricts our solution to cases
where no other explicit dependencies exist (this is appropriate for the Blocks' world and
similar domains).

A coalition can be de�ned as a group of agents that have decided to cooperate in order
to achieve a common goal. We assume that a coalition can work on a single goal at a time,
but each agent can be a member of more than one coalition, thus increase its ability to use
its resources for goal satisfaction. A coalition C has a vector of capabilities Bc which is the
sum of the capabilities that the coalition members contribute to this speci�c coalition. Note
that this sum is not the sum of all of the capabilities of the members, because the agents
may contribute their capabilities to more than one coalition. A coalition C can satisfy g

only if g has no unsatis�ed predecessors and Bg satis�es 8 1�i�r ; b
g
i � bCi . Each coalition C

has a value V which is the joint utility that the members of C can reach by cooperating via
coalitional activity for satisfying a speci�c goal3. The coalitional value V is directly a�ected
by the capabilities that the members of the coalition contribute to it, the precedence order
of the goals and the number of members of the coalition. The method according to which
the agents decide how to partition their capabilities between coalitions in which they are
members shall be provided in the coalition formation algorithm, in section 6. To conform
with common representation, we may use the coalitional cost c = 1

V
instead of V . The group

rationality (as described below), which leads agents to try to increase V , likewise leads them
to try to reduce c.

We assume that the agents are group-rational. That is, they join a coalition only if they
bene�t as a coalition at least as much as the sum of their personal bene�ts outside of it
[9, 12]. The agents bene�t if they satisfy goals. Group rationality is necessary to assure that

2The source of this additional cost is usually the communication and coordination activities, which grow
with the size of coalitions.

3This notion of coalitional value is di�erent from the notion of game theory coalitional value, since it
depends on the coalitional con�guration and on the goal allocation.
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whenever agents form a coalition, they increase the system's outcome, which is the sum of
the coalitional outcomes. We also assume that each agent tries to maximize the common
utility. Group rationality does not necessarily entail a super-additive environment, in which
rational agents will prefer the grand coalition [14] over all other coalitions. Our solution is
appropriate for non-super-additive environments.

Formally, givenG = fg1; : : : ; gmg with an (optional) precedence order andN = fA1; : : : ; Ang
with their capabilities; we are interested in an assignment of goals to coalitions Ci � N such
that

P
i Vi (the total outcome) is maximal and the precedence order is respected.

5 Set Covering

Since goal satisfaction by agents may be approached as a problem of assigning goals to
coalitions of agents, the partition of the agents into coalitions becomes the main issue. This
partition is similar to the set covering problem.

Set covering entails the partition of a set into possibly overlapping subgroups, and the
set covering problem is �nding such a partition that has a minimal cost. Formally, given
N = fA1; : : : ; Ang a set of elements and S = fC1; : : : ; Cmg a set of subsets of N , such that
Cj � N and S � 2N ; a set-cover is any S0 � S such that

S
Cj2S0 Cj = N . The members of

S0 are the covering sets. The cost of a cover S0 is
P

Cj2S0 cj where cj > 0 is the cost of Cj.
The set covering problem entails �nding the cover with the minimum cost [1].

The SCP is NP-complete [8]. Several algorithms that result in a sub-optimal solutions
have been suggested, e.g., [4, 1, 5]. The algorithm of Chvatal [5], for example, has a loga-
rithmic ratio bound4. That is, for any reasonable n, the derived solution is not too far from
the optimal one. The implementation of these algorithms for multi-agent coalition formation
is problematic: the SCP discusses only a small pre-given set of subsets, and in the case of
agents, the number of possible coalitions is 2n (hence, we need heuristics for reducing this
number); agents do not necessarily try to increase the common bene�ts of the group; the
algorithms for SCP are centralized, whereas we seek a distributed algorithm; the SCP algo-
rithms do not refer to cases with precedence order between the chosen subgroups. Despite
the de�ciencies indicated above, we shall try to borrow some of the properties of the Chvatal
algorithm.

6 Coalition-formation for non-precedence goals

We present below a greedy distributed coalition formation algorithm, based on SCP approx-
imated solutions and therefore has a low ratio bound. It was designed for the special case of
autonomous agents in a non-cooperative environment that work as a DPS system (i.e., they
try to act in order to increase the performance and the bene�ts of the system as a whole).

4An approximation algorithm for a problem has a ratio bound �(n) if �(n) is smaller than the ratio
between the optimal cost and the approximated cost.
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The algorithm is an any-time algorithm, i.e., if stopped before normally terminated, it still
provides the agents with a solution that is better than their initial state.

The solution of the set covering problem in the case of autonomous agents is exponentially
complex due to the number of possible coalitions. A reduction in this number can be achieved
either by restrictions of the speci�c problem under investigation, or via limiting heuristics.
In case no speci�c limitations accrue from the properties of the speci�c problem, we suggest
to prefer small sized coalitions. We justify such heuristics by the associated cost-estimation:
communication and computation-time are costly; small sized coalitions shall require fewer
such operations and therefore shall be more economical to design, form and maintain and
hence shall be preferred. These heuristics is implemented in our algorithm by an integer
k which denotes the highest coalitional size allowed or possible. The resulting number of
coalitions is O(nk), which is a polynomial number in n. However, this does not trivialize the
problem since even with such restrictions the problem remains NP-complete.

6.1 The distribution of the calculations

Prior to calculating of the coalitional values and forming the coalitions, the agents must
distribute the calculations among themselves. Each agent Ai shall conduct the following
preliminary steps:

1. Calculate all of the permutations that include up to k agents including Ai.

2. Form a list Li of the permutations. This is the list of the potential coalitions of Ai.

3. Contact all of the agents which are members of the potential coalitions in Li and did
not yet contact you5.

4. For each agent Aj that you have contacted, perform the following:

� Locate information about Aj's capabilities (i.e., retrieve Bj).

� Commit to the calculation of the coalitional values of all of the coalitions in Li in
which both Ai and Aj are members.

5. For each agent that has contacted you, erase from Li all of the common potential
coalitions.

6. To avoid redundant contacts, save a list LCi of agents that either contacted you or
were contacted by you. Avoid contacting the agents on the list LCi.

7. Repeat contacting other agents until LCi = N�fAig (i.e., no more agents to contact).

5This can be recognized by the sending time, which can be attached to any message.
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6.2 The calculation of coalitional values

After the preliminary stage, each agent Ai has a list Li of potential coalitions for which it
had committed to repeatedly calculate the values. In addition, Ai has all of the necessary
information about the capabilities of the members of these coalitions, and it updates the
information if necessary. Now, in order to calculate the values of the coalitions on its list Li,
each agent Ai shall perform the following steps:
Loop and for each coalition C on list Li, perform:

1. Calculate the coalitional potential capabilities vector Bpc
c , by summing up the unused

capabilities of the members of the coalition6. Formally, Bpc
c =

P
Ai2C Bi.

2. Form a list Ec of the expected outcomes of the goals in G when coalition C performs
them. 8g 2 G, perform:

� Compare Bg to Bpc
c , thus �nd the goals that can be satis�ed by coalition C.

� If 8i; big 2 Bg � bipc 2 Bpc
c , (i.e., g can be satis�ed by C), calculate g's expected

outcome eg with respect to jCj, by calculating the monetary values of all of its re-
quired capabilities as expressed in Bg, summing them and subtracting the internal
coordination costs. This is the expected outcome eg when coalition C performs
g. Put eg in Ec.

3. The maximal expected outcomes on list Ec will be the coalitional value Vc. Calculate
cc =

1
Vc
.

Having calculated the coalitional values and costs, the agents can proceed to the next
stage of the coalition formation procedure.

6.3 The construction of coalition con�gurations

In this stage, in each iteration of the algorithm, the agents decide step-by-step which coalition
should be preferred and formed, and the coalitional con�guration is gradually achieved. At
the end of the �rst stage of the algorithm, each agent Ai will have a list Li of coalitions and
their values and costs which it had calculated. At the second stage, the agents shall form
coalitions. Each agent Ai shall iteratively perform the following:

1. Locate in Li the coalition Cj that has the smallest cost cj .

2. Announce the coalitional cost cj that it has located.

3. Choose the lowest among all of the announced coalitional costs. This clow will be
chosen by all agents. The corresponding coalition Clow and goal glow shall be selected
as well. The value of glow is 1

clow
.

6Note that this sum is not Bc, the coalitional vector of capabilities.
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4. If you are a member of the chosen coalition Clow, perform:

� Join the other members of Clow and form the selected coalition.

� If you are a new member, i.e., not a member of any of the coalitions that were
formed prior to Clow, perform:

{ Inform the other members that you are a new member.

{ Count the number of such messages that you have received, add 1 and store
in z. This is the number of new members in coalition Clow.

{ Calculate your agent weight wi as follows7: the agent's weight is the ratio
between the coalition cost and the number of new members in it and is given
by wi =

clow
z
.

5. Erase from G the goal according to which the value of the newly-formed Clow has been
calculated.

6. Update the capability-vectors of all of the members of Clow according to their contri-
bution to the goal-satisfaction.

The above procedures of calculating coalitional values and costs, selecting the preferred
coalitions and forming them will be repeated until there are no more goals to be performed
or none of the possible coalitions is bene�cial. We emphasize that the coalitional values must
be re-calculated in every iteration because they are a�ected by the coalitional con�guration.
This is because whenever a coalition is formed, a goal is erased from G, the goals' set, and
the capability-vectors are updated. This means that all of the coalitional values that were
calculated with respect to this speci�c goal or with respect to the capabilities of the involved
agents are no longer correct and must be re-calculated.

6.4 Quality assessment

An important property of the algorithm above is its logarithmic ratio bound. Each time a
coalition Cj forms, its cost cj is added to ctot, the total cost of the solution. In the �nal
coalitional con�guration C:

ctot =
X

Ai2N

wi �
X

Cj2C�

X

Ai2Cj

wi (1)

where C� is the optimal coalitional con�guration. Since for any coalition Cj, the sum above
is bounded as follows:

X

Ai2Cj

wi �
X

Ai2Cj

cj

jCjj
= cj

X

Ai2Cj

1

jCjj
(2)

7Note that this weight is equal for all of the new members in Clow . The rationale for the form of wi is
that it weighs the contribution of the new member to the system as a whole, with respect to the number of
the other new members that have joined the current coalition.

8



and

X

Ai2Cj

1

jCjj
�

jCjjX

i=1

1

i
(3)

We can conclude from (1), (2), and (3) that

ctot �
X

Cj2C�

cj

jCjjX

i=1

1

i
� c�tot

max(jCjj)X

i=1

1

i
(4)

Hence, we derive the ratio bound

� =
ctot

c�tot
�

max(jCjj)X

i=1

1

i
(5)

This ratio bound grows logarithmically with the size of the coalitions. Since we determined
the maximum permitted coalitional size, we simultaneously limited the ratio bound to being
a constant. Without this limitation, the bound grows to in�nity, although very moderately.
Note that this ratio-bound is not di�erent from the one presented in [15]. However, the
bound represents the worst case. In the average and best cases, where the overlapping
ability improves the resource allocation with respect to the non-overlapping case, the results
will correspondingly be better.

6.5 Complexity

In addition to the quality of the solution with respect to the optimal solution (given k), the
computation and communication complexities shall be examined. The calculation all of the
relevant permutations of agents requires O(nk) computation operations. During the �rst
stage the agents contact one another; each of them contacts up to n�1 agents. The average
number per agent is O(1) but, considering the worst case, the communication complexity
per agent at the coalitional-values calculation stage is O(n).

In each iteration, after the value-calculation, jGj coalitions are formed to satisfy all of
the goals. The overall number of computation operations is therefore of order O(nk � jGj).
Assuming that the number of capabilities depends neither on the number of agents nor on
the number of goals, each assignment operation requires O(1) operations. However, the
constant here may be large.

Choosing the largest value is of order of the number of coalitions, i.e., O(nk) compu-
tations. The two processes of calculating coalitional values and choosing coalitions may
proceed up to jGj times. The resulting communication complexity is O(n � jGj).

To summarize, the computational complexity is of order O(nk � jGj) and the communica-
tion complexity is of order O(n � jGj), both on the part of the agent.
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7 Goals with precedence order

In a case that goals have predecessors, each goal can be satis�ed only if all of its predecessors
are performed previously. Hence, our algorithm requires that the choice of a goal implies
the choice of all of its predecessors. We denote by Pg the set of g and its predecessors. The
choice of g will depend on the costs of, and the bene�ts from, the formation of coalitions
that perform all of the goals in Pg.

7.1 Modi�cations to the algorithm

In the original problem the agents form coalitions iteratively, one coalition in each iteration
to satisfy the single goal g that currently appears most bene�cial. In the precedence-order
case, the agents shall form several coalitions in each iteration, to perform all of the goals
in the speci�c set Pg which appears most bene�cial among all such possible sets. For the
evaluation of these sets of goals, we introduce the concept of precedence value pVg, the sum
of the values of the goals in Pg.

As in the previous case, where the value of a goal was re-calculated in each iteration
until it was chosen, pVg will be re-calculated in each iteration as well. Each such calculation
requires the calculation of the values of all of the goals in Pg. For this we employ the
calculation methods of sections 6.2 and 6.3, where Pg is substituted into G from 6.3. The
internal precedence order within Pg is not considered as to this value-calculation since all
of the goals within Pg must be satis�ed, if g is chosen. The distribution of the calculations
among the agents will be performed as suggested in section 6.2. In each iteration, the best
pV is chosen from among all of the current pV 's. This implies that all of the goals in Pg will
be satis�ed, as well. Since we introduced the notion Pg, we must emphasize its di�erence
from G, which denotes the set of all of the goals that were not performed yet. Initially, G
includes all of the goals that must be satis�ed by the agent-system.

The agents may either each perform all of the calculations concerning each goal g 2 G,
or they may distribute these calculations, but in each step of the algorithm (when necessary)
agree upon the Pg to be calculated.

All of the agents, in parallel, should iteratively perform:

� Given the current status of capabilities; for each g 2 G do

1. Compute greedily the values of all of the goals in Pg using the distributed methods
of section 6.3, where the input set of goals for the greedy calculation is Pg.

2. If, in step 1, all of the goals in Pg were attached a coalition to perform them,
calculate pVg.

3. Otherwise, remove g from G.

� Choose the goal g� with the maximal pV to be performed together with all of its pre-
decessors. Form the required coalitions as in 6.3. Remove g� and all of its predecessors
from G and update the capability-vectors of the associated coalitions' members.
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The above iterative procedure of calculating p-values and costs, selecting the preferred coali-
tions for goal satisfaction and forming them will be repeated until there are no more goals
to be performed in G.

7.2 The modi�ed ratio-bound and complexity

The original ratio-bound calculation is based on the concept of choosing the lowest cost each
time and adding it to the total cost. The modi�cations of the coalitional values calculation
do not a�ect this concept. Therefore, the logarithmic ratio-bound of the original algorithm
is not modi�ed, but the ratio-bound of the p-values contributes another logarithm into the
ratio-bound, thus yields:

� =
ctot

c�tot
� log2max(jCjj) (6)

The change in the calculation of coalitional values due to the precedence order increases
the computational complexity. O(jGj3) additional operations are necessary for the calcula-
tion of each pV . This shall be performed up to jGj times. The overall additional complexity
is O(jGj4), by which the complexity of the original algorithm shall be multiplied. Thus, the
new complexity is O(nk � jGj5).

8 Conclusion

In this paper we presented an algorithm for coalition formation among computational agents
where multiple memberships in coalitions are allowed. The algorithm is suitable for cases
where the agents are motivated to act in order to maximize the bene�ts of the system
as a whole. It is most appropriate for the situations in which the agents cannot perform
goals by themselves. However, it may improve the e�ciency of goal-satisfaction when the
performance of single agents is lower than their performance within groups. The algorithm is
also adjusted to cases in which the goals have a precedence order, and agents can be involved
in the performance of more than one goal.

General task allocation problems are known as (at least) NP-complete problems. We
provide a polynomial-complexity algorithm with sub-optimal results. The distribution of
calculations is an outcome of the algorithm characteristics, since each agent performs mainly
those calculations that are required for its own actions during the process. In cases with no
precedence order, this distribution method prevents most of the calculations that may have
been repeated by distinct agents. However, the last property is less signi�cant in the case of
precedence-ordered goals.

The algorithm is an any-time algorithm. In the non-precedence case, the results when
halting are of good quality. In the precedence-order case, better subgroups of goals and
coalitions are formed prior to others. However, if the algorithm is halted before the perfor-
mance of such a subgroup has been completed, the accumulative value of the goals within
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the subgroup is not necessarily the best. This means that although the anytime property
of the algorithm exists for both cases, the case of precedence order may yield less bene�cial
intervention results. The any-time property of an algorithm is important for dynamic envi-
ronments, wherein the time-period for negotiation and coalition-formation processes may be
changed during the process.
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