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Abstract | 3-D shape modeling is very important

for e�cient shape description and recognition. Su-

perquadrics that is a parametric 3-D shape modeling

function can represent various shapes by using a single

equation with some parameters. In this study, the su-

perquadrics parameters of 3-D shape are estimated from

a 2-D shading image by using genetic algorithm (GA),

which is an optimizing technique based on mechanisms of

natural selection. Ten parameters, which are �ve parame-

ters of the superquadrics shape, three eular angle param-

eters, and two shift parameters, are coded as a string in

the GA. The string is evaluated by the di�erence between

the given 2-D shading image and the calculated shading

image from the 3-D shape represented by the parameters.

By applying the GA to the optimization of the evaluation

value, the string having the minimum di�erence is sought.

The parameters are estimated from some shading images

of various 3-D shapes by using the proposed method, and

the results are presented.

Introduction

The shape from shading [1], which is the method for reconstruct-

ing 3-D shape of an object from 2-D shading image has long been

studied in the �eld of computer vision. Since a 2-D shading image

cannot determine the 3-D shape uniquely, many researchers have

tried to reconstruct the 3-D shapes by using some constraints on

the object shapes, such as the boundary conditions of the object

shape, smooth constraint of the surface, etc.

In our previous study [2], we regarded the problem of the shape

from shading as a kind of optimization problem, which is to search

for the shape providing the most similar shading image to the

shading image of the original object, and then genetic algorithm

(GA) was applied to the optimization problem. In this method,

however, the reconstructed shapes have some random noises be-

cause there are too many shape candidates to determine the shape

of the object uniquely.

In this paper, we reduce the shape from shading problem to 3-D

parametric model from shading. The 3-D shape modeling [3] is

very important issue in the study of computer vision and computer

graphics. We employ the superquadrics for 3-D parametric model

[4][5][6], which are proposed for representing 3-D smooth surfaces

by using primitives expressed as a simple parametric equation. A

complicated shape can be described by several parameters of the

primitives that are represented by superquadrics. By using the su-

perquadrics model as the parametric model, shape reconstruction

can be reduced to parameter estimation. Then the parameters

can be uniquely determined from a 2-D shading image.

As mentioned above, the objective of the study is to get su-

perquadrics model of the 3-D shape from a 2-D shading image.

The estimated parameters are ten; �ve is the parameter in the

superquadrics equation, three parameters represent the orienta-

tion of the object shape, and two represent the location of the

object. The estimation of the ten parameters at the same time

is di�cult by using the conventional optimizing method like hill

climbing approach and so on. In this study, therefore, genetic al-

gorithm (GA) [7][8] which is an optimizing techniques based on

mechanisms of natural selection, is applied for estimating the pa-

rameters. The advantages of GA are: (1) The solution is not

likely to be forced into the local optimal points, since the opti-

mal search of GA is principally a kind of multi-point searching.

(2) An optimized evaluation function is exibly designed because

the evaluation functions are not required to be di�erentiable and

analyzable.

In this paper, the principle of the proposed method for estimat-

ing the parameters of a 3-D shape from a 2-D shading image us-

ing GA is described. For demonstration of the proposed method,

model parameters of 3-D shapes are estimated from shading im-

ages that are obtained by computer simulation.

Shading Images

On the shading images in this study, we supposed the following

conditions:

1. The object surface is Lambertian.

2. The direction of the light source and the view point are same.

3. The imaging system is orthographic projection.

Under the conditions, the gray levels in a shading image S(x; y)

are determined by only the orientation of the object surface, which

is expressed as the following equation.

S(x; y) = r0 cos i (1)

where r0 represents surface reectance constant, and i is the angle

between the normal vector of the surface and the direction of the

light source (Z direction) as shown in �gure 1.
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Figure 1: The de�nition of the coordinate system of the object
and the shading image. The shading image is obtained under
the orthographic projection. The direction of the light source is
parallel to the Z axis.
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Figure 2: The various shapes of superquadrics for various ".

Superquadrics

The superquadrics is an extension of quadratic surface. The

complicated shapes can be described by several parameters of the

primitives which are represented by superquadrics. In this way,

the superquadrics can be applicable to not only computer graphics

but also computer vision.

The equation of the superquadrics is expressed as
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where a1; a2, and a3 are scaling parameters in x; y, and z direc-

tions, respectively, and "1 and "2 are squareness parameters. In

�gure 2, The various shapes of superquadrics for various " are

shown.

Rotation and Shift of 3-D Object

In equation (2), superquadrics surface is de�ned in an object

centered coordinate system (Xc; Yc; Zc). An actual object surface

must be expressed in a world coordinate system (X;Y; Z). The

relationship between (X;Y; Z) and (Xc; Yc; Zc) is de�ned with a

homogeneous coordinate transform T as the following :
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Figure 3: The de�nition of Euler angle parameters (�; �;  ) and
shift parameters (px; py; pz).
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Figure 4: Scheme for coding.

where S represents the shift of the center of the coordinate

(Xc; Yc; Zc) ; Rx, Ry, and Rz represent the rotation around the

axis of Xc; Yc, and Zc by angle �; �, and  , respectively. These

matrices are expressed as

S =

2
6664
1 0 0 px
0 1 0 py
0 0 1 pz
0 0 0 1

3
7775 ;

Rx =

2
6664
1 0 0 0
0 cos � � sin � 0
0 sin � cos � 0
0 0 0 1

3
7775 ;

Ry =

2
6664

cos� 0 sin� 0
0 1 0 0

� sin� 0 cos� 0
0 0 0 1

3
7775 ;

Rz =

2
6664
cos � sin 0 0
sin cos 0 0
0 0 1 0
0 0 0 1

3
7775 :

This equation represents that a point is �rst rotated by eular

angle (�; �;  ) and then shifted by (px; py; pz) using the transfor-

mation T . Accordingly, superquadrics for general orientation and

position can be expressed by Euler angle parameters (�; �;  ) and

shift parameters (px; py; pz), in addition to the shape parameters

(a1; a2; a3; "1; "2) shown in equation (2). De�nition of these pa-

rameters are shown in �gure 3.
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Figure 5: The �tness value is de�ned according to the similarity
between the shading image determined by the 3-D shape and the
given (input) shading image.

Parameter Estimation from Shading
Image Using GA

In this study, the parameters representing superquadrics for

general orientation and position are estimated from a 2-D shad-

ing image. The shading image is independent of pz, because the

orthographic projection imaging system is used as shown in �gure

1. Therefore pz is excluded for estimation. Then ten parameters

which are shown below are used for representing the superquadrics

model of the 3-D object shape, and estimated by using the opti-

mizing function of GA.
1. Model parameters of superquadrics ("1; "2; a1; a2; a3)
2. Eular angle of 3-D object (�; �;  )
3. Shift of 3-D object (px; py)

Coding and Decoding of the Parameters

For applying GA, the candidates of solution must to be coded and

then represented by strings. In this method, the ten parameters

to be optimized are coded as binary representation, and they are

cascaded each other. Figure 4 shows the scheme for coding.

The binary representations are decoded according to the follow-

ing equations.

"n = 2

6:0(128:0� En)

128:0
� 5:0

(n = f1; 2g) (4)

where En is 7 bits integer (0 � En � 128), and then 2�5 � "n � 2.

Since the orthographic projection is supposed as image forma-

tion system, only the relative size of the object can be estimated.

Hence, the scale of the object in X and Y direction is de�ned as

the same as the image plane (x� y plane). When the size of the

Figure 6: Scheme of the two point crossover.

image plane is considered as 32 � 32 arbitrary unit, the scale pa-

rameters can be considered as 16 in maximum. Accordingly, scale

parameters a1; a2; a2 are

an = 10:0
�
An

64:0
+ 0:5

�
(n = f1; 2; 3g) (5)

where An is 6 bits integer (0 � An � 63), and then 5 � an � 15.

For the orientation parameters,

� =
DX

128:0
(6)

whereDX is 8 bits integer (0 � DX � 255), and then 0 � � � 2�.

Decoding of � and  are the same.

For the shift parameters,

px =
(PX � 8:0)

4:0
+GX (7)

where PX is 4 bits integer (0 � PX � 15), and then �2+GX �

px � 2 + GX . Here, GX represents the gravity point of object

area in the input 2-D shading image. Decoding of py is the same.

Calculation of the Fitness Value of String

Each string represents a modeled 3-D shape. The �tness value

of the string is de�ned according to the similarity between the

shading image determined by the 3-D shape and the given (input)

shading image as shown in �gure 5. The error between the two

shading images is de�ned as

error =
X
x

X
y

jSi(x; y)� Sc(x; y)j ; (8)

where Si is the input shading image and Sc is the shading image

calculated from the 3-D shape represented by each string. The

�tness value fitness is expressed as the following equation:

fitness = error�1: (9)

Evolution

The string having the maximum �tness value is sought by the

evolutionary process which is described as follows.

The initial population of n strings is �rst made by the random

value. The population is reproduced for evolving into a population

consist of strings with larger �tness f . While the reproduction

of population, which is called as generation, is repeated, �tness

values of strings in the population are increased.
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Figure 7: The ow of the evolutionary process in the proposed
method.

Before the reproduction process, �tness values of strings in the

population are calculated as show in �gure 5. The best ne strings

are �rst copied into the next generation. This process is called as

the elitist strategy [8]. Using the elitist strategy, evolution speed

can be made faster. However, if the number of the elite strings

ne is too large, the population tends to be trapped into a local

minimum solution.

The rest strings of (n�ne) in the next population are reproduced

by crossover operation. The pair of strings are selected accord-

ing to the probability proportional to the �tness value. The two

parents make two children by two-point crossover operation. The

two point crossover can be regarded as exchanging a part of the

ring of each string as shown in �gure 6.

After n strings are reproduced by the crossover, nm strings are

selected randomly from the n strings for mutation. The mutation

is performed by calculating exclusive OR between the string and

a binary mask of the same length as the string which is randomly

produced. The probability of bit "1" in the mask is determined

by the mutation rate. The mutation is operated so that the pop-

ulation is not trapped into a local minimum.

From the n strings reproduced by the crossover and the muta-

tion, the best (n�ne) strings are remained into the next generation

with the ne elite strings previously selected.

The ow of the process described above is shown in �gure 7.

After repeating the processes, the parameters having the highest

�tness value is considered as the estimated parameters represent-

ing the superquadrics model of 3-D shape.

Computer Simulations

To demonstrate the proposed method, superquadrics parame-

ters were estimated from shading images obtained by computer

(a) Input shading image. (b) Output shading image.

(c) Original shape. (d) Estimated shape.

parameter a1 a2 a3 "1 "2

original 8.0 8.0 8.0 0.05 0.05
estimated 8.13 7.34 8.13 0.19 0.19

� �  px py

0.25� 0.38� 0.13� 0.0 0.0
0.57� 0.09� 0.86� 0.5 -0.5

(e) Comparison of estimated parameters with original
parameters.

Figure 8: Results of parameter estimation in the case for cube.

simulations. The input 2-D shading images was 32 � 32 pixels

with 256 gray levels. The strings representing the model parame-

ters were 64 bit binary. The number of the strings in a population

n was 500. The number of the strings selected for the mutation in

each generation nm was 50. This means that the total mutation

probability for each bit is 1/640 (= nm=n=64). The generation

was repeated 100 times. The number of the elite strings ne is 125,

which was experimentally determined.

Figures 8-11 show the input shading images (a), the output

shading images calculated from the modeled shapes by the esti-

mated parameters (b), 3-D shapes of the original superquadrics

parameters (c), 3-D shapes of the estimated parameters (d), and

the comparison of the estimated parameters with the original pa-

rameters (e).

In �gure 13, the transition of error of the population in case for

cube (�gure 8) is shown. This indicates that the error is decreased

e�ectively.

In accordance with these results, the estimated parameters are

roughly close to the original. However, the estimation parameters

of cube is not close to the original, although the reconstructed

shape is close to the original as shown in �gure 8. This is caused

by the fact that cubes can be represented by some parameters



(a) Input shading image. (b) Output shading image.

(c) Original shape. (d) Estimated shape.

parameter a1 a2 a3 "1 "2

original 10.0 10.0 10.0 2.0 2.0
estimated 9.84 10.8 8.75 2.0 1.8

� �  px py

0.30� 0.20� 0.20� 0.0 0.0
0.25� 1.73� 1.81� 0.0 -0.5

(e) Comparison of estimated parameters with original
parameters.

Figure 9: Results of parameter estimation in the case for regular
octahedron.

sets. As shown in �gure 12, cube shape can be expressed by both

" = 0:05 and " = 2:00.

Although the estimation in eular angle parameters for each

shape is di�erent from the original, the estimation is considered

as correct. The estimated parameters represent the same shape as

the original, since there are some way in eular angle representing

the same shape because of the axial symmetry of superquadrics.

Conclusion

In this paper, a new method for parametric reconstruction of 3-

D shape from 2-D shading image using genetic algorithm (GA)

is proposed. In this method, superquadrics parameters of su-

perquadrics 3-D model is estimated from 2-D shading image. For

the estimation, the genetic algorithm is applied to an optimiz-

ing problem such that parameters providing the most conforming

shading image to the input shading image are sought.

For demonstrating the performance of the proposed method,

parameters of superquadrics model were estimated from shad-

ing images obtained by computer simulations. The results shows

that the proper estimation was obtained because GA is robust for

searching the best parameters.

(a) Input shading image. (b) Output shading image.

(c) Original shape. (d) Estimated shape.

parameter a1 a2 a3 "1 "2

original 8.0 8.0 12.0 0.05 1.0
estimated 7.97 7.66 12.0 0.11 1.0

� �  px py

0.25� 0.25� 0.25� 0.0 0.0
0.67� 1.08� 0.10� 0.0 -0.5

(e) Comparison of estimated parameters with original
parameters.

Figure 10: Results of parameter estimation in the case for cylinder.

In this paper, we use the shading images that include only one

object. In case for actual application, there exists some objects

and some complicated objects in shading images. The application

to such images is the next objective in future.
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" = 0:05 and " = 2:00 can represent cubes, although the orienta-
tions of two cubes are di�erent from one another.
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Figure 13: Transition of error in population for the case of esti-
mating the cube parameters.


