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Abstract

This report presents a general method for representing the motion of an object while
maintaining contact with other fixed objects. The motivation for our work is the assembly
plan from observation (APO) system. The APO system observes a human perform an
assembly task. It then analyzes the observations to reconstruct the assembly plan used in the
task. Finally, the APO converts the assembly plan into a program for a robot which can
repeat the demonstrated task.

The position and orientation of an object, known as its configuration can be represented
using dual vectors. We use dual quaternions to represent the configuration of objects in 3D
space. When an object maintains a set of contacts with other fixed objects, its configuration
will be constrained to lie on a surface in configuration space called the c-surface. The c-sur-
face is determined by the geometry of the object features in contact. We propose a general
method to represent c-surfaces in dual vector space. Given a set of contacts, we choose a ref-
erence contact and represent the c-surface as a parametric equation based on it. The contacts
other than the reference contact will impose constraints on these parameters. The reference
contact and the constraints constitute the representation of the c-surface. We show that the
use of dual quaternions simplifies our representation considerably. Once we define our c-
surface representation, we propose methods to compute the projection of a point in configu-
ration space onto the c-surface and to interpolate between points on the c-surface.

We used our theory to implement the APO system. We used our c-surface representa-
tion to correct approximate configurations of the objects at each observed instant of the
demonstrated task. We interpolated between corrected points on the c-surface to obtain seg-
ments of the assembly path. The complete assembly path used in the observed task is then a
concatenation of these path segments. Finally, we used the reconstructed assembly path to
program a six axis robot arm to repeat the observed assembly task.
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1 Introduction

Consider two cases of a pair of objects in contact in a plane as shown in Figure 1. Let
the shaded object be the moving object. Let the object beneath the moving object be fixed
and let its position and orientation be known. We are given the approximate position and ori-
entation of the moving object in the two cases. Let us assume that we can deduce the con-
tacts made in each case as indicated by the ellipses in the figure. Using these contacts we
want to describe the freedom of the moving object. We also want to correct the position and
orientation of the moving object in each case as shown at the bottom of Figure 1. Finally we
want to find the continuous motion of the object between the two corrected poses.

Figure 1  C-surface projection and interpolation

We can do this in the three steps;

1. Find the set of positions and orientationsC, of the moving object at which the con-
tacts are physically feasible.

2. Find the closest positions and orientations in this setC to each of the given approx-
imate positions and orientations.

3. Find the smooth path between the two corrected positions and orientations such
that all the points on the path lie in the computed setC.

The position and orientation of an object in space is known as itsconfiguration. The
configuration can be specified by a set ofn numbers. Then dimensional space is called the
configuration space of the object and denoted as thec-space[32]. When an object is free to
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move in space, its configuration can be any point in the c-space. But when there are other
fixed objects in space, the configurations at which the moving object overlaps with the fixed
objects are physically infeasible. The set of forbidden configurations in c-space is called the
c-obstacle. The set of configurations where there is no overlap between the objects is called
the free space. Now, in between free space and c-obstacles are configurations where a set of
geometrical features of the moving object makes contact with a set of geometrical features
of the fixed objects. This space is sometimes called thecontact space [17]. The geometrical
features are vertices and edges for polygonal objects and vertices, edges and faces for poly-
hedral objects. The set of configurations in c-space at which a certain set of contacts are
maintained is defined to be thec-surface [36]. The c-surface can be computed from the
geometry of the feature pairs in contact.

In this report we develop a general method to represent the c-surface for a set of con-
tacts between polygonal objects in a plane and polyhedral objects in space. This solves step
one of our example problem and the setC is the c-surface. Once we have the representation
of the c-surface we develop a method to project any point in c-space onto the c-surface. The
projection finds the closest point in the setC to the given point. This solves the second part
of the problem. Finally we explain how to obtain a smooth path between two points on a c-
surface. This solves the final part of the example problem stated earlier.

The computation of the c-surface is directly dependent on the representation of the c-
space. The simplest c-space representing planar displacements is the(x,y,θ) space. Here,
(x,y)are the two translation parameters andθ is the rotation angle. For spatial displacement
the extension of this approach is to use the six dimensional(x,y,z,θ,φ,ψ) c-space. Here(x,y,z)
are the translation parameters and(θ,φ,ψ) are the three angles representing the orientation of
the object in 3D space.

The disadvantage of this conventional representation of c-space is that the space is not
homogenous which makes the representation of c-surfaces difficult. Another approach pro-
posed by Ge and McCarthy[12] is to use planar quaternions to represent the c-space for pla-
nar displacements and dual quaternions to represent the c-space for displacements in 3D
space. The advantage of using planar and dual quaternions in representing rigid body dis-
placements is that all the group properties of displacements are preserved in it unlike the
simple c-space representation[35]. Thus the algebra of planar and dual quaternions can be
used to manipulate displacements. This greatly simplifies the representation of c-surfaces.

Ge and McCarthy[12] used planar quaternions to represent the configuration of polygo-
nal objects in a plane. The c-surface of the two basic contacts, (ve andev) between polygo-
nal objects is parametrized using a rotation angle and a translation parameter. They extended
their theory to use dual quaternions to represent the configurations of objects in 3D space.
The three basic contacts, between polyhedral objects (vf, fv, andee) can be parametrized
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using three Euler angles for rotation and two parameters for translation. They used their rep-
resentations to algebraically compute the c-surfaces for an articulated robot arm moving
among fixed objects. The c-surfaces are the result of a single contact between a geometrical
feature of a robot link with a geometrical feature of an obstacle.

In our work we use the representation of basic contacts developed by Ge and McCarthy
to build a general representation of the c-surface for a set of contacts. The use of dual vec-
tors to represent the c-space (planar quaternions for the planar case and dual quaternions for
the 3D case) was key in simplifying the representation of the c-surface. The ease of projec-
tion and interpolation on the c-surface is a consequence of this representation of the c-space.

In order to represent the c-surface for a set of contacts, we choose a reference contact.
The c-surface can be represented as a parametric equation using this reference contact. We
formulate the constraint on these parameters for each remaining contact. Each of these con-
straints can be represented as a matrix equation. The reference contact and the constraint
equations constitute the representation of the c-surface for multiple contacts.

We use our representation of the c-surface to compute the projection of a point in c-
space onto the c-surface. We can formulate the error in a contact using the constraint equa-
tion. The projection can then be formulated as a minimization of the sum of the squared
errors. This gives us an unambiguous solution to the projection problem.

Let the moving object maintain the identical set of contacts with the fixed objects in two
distinct configurations. These two configurations will correspond to two points lying on the
same c-surface. A smooth path which lies on the c-surface and passes through the two points
will correspond to a motion of the moving object which maintains the set of contacts. We
extend our projection technique to interpolate a smooth path between points lying on the
same c-surface.

A major advantage of our proposed approach is that it is possible to handle any number
of contacts without having to enumerate all possible configurations. Our representation and
projection theory is general enough to work in the planar space as well as in 3D space.

We implemented our theory on the assembly plan from observation (APO) system. The
APO is the primary motivation for our work. In the following section we explain the APO
system and its components.
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1.1 The Assembly Plan from Observation (APO) System

Conventional methods of programming and operating robots are teach-by-showing,
teleoperation, textual programming, and automatic programming. This work is motivated by
a system which is based on a novel method of programming robots called Assembly Plan
from Observation (APO)[28].

When we consider a task such as assembly, the conventional methods all have draw-
backs. Teach-by-showing [29] has the disadvantage that the control is low-level, typically at
the joint level. Hence it is not robust enough for programming robots for assembly tasks.
Textual programming [11] needs a programmer trained in specialized robot programming
languages such as VAL, who converts the assembly task into basic robot commands which
can accomplish the task. Teleoperation [14][46][53] needs a human operator as an essential
part of the system. So, a system based on it cannot operate autonomously. Unlike the previ-
ous methods, automatic programming [31][34][32] needs no human intervention after the
specification of the task. The system can identify and compute the solutions for all aspects
of the task automatically. But the disadvantage of this method is the overwhelming com-
plexity of the subtasks.

The APO system observes a human perform an assembly task in front of a perception
system. It then understands what the human did and how it was done. This information is
then used to program a robot. Thus it incorporates the simplicity of teach-by-showing and
teleoperation. In addition, the robot programs are generated automatically. By using the
operator’s solutions for the subtasks like assembly planning and grasp planning instead of
computing them, the APO system avoids the complexity of automatic robot programming.

When an object is assembled into another, there are two major aspects of the task that
can be observed. They are, the object motion resulting in the assembly, and the grasping
strategy used to manipulate the object. In this work, we concentrate on the reconstruction of
the motion used by the operator to assemble the object.

The schematic of the APO system is shown in Figure 2. The three major components of
the APO system are the observation module, the task modeling module and the task execu-
tion module. We will indicate the input, output, and the method of operation of each compo-
nent.

The human operator performs the assembly task by manipulating objects in a sequence
of subtasks. The observation module observes the operator perform each subtask. The task
recognition module then understands what was done, how it was done, and uses subtask
models to represent the observed subtasks. Finally, the task execution module converts the



1.1 The Assembly Plan from Observation (APO) System 5

modeled subtasks into a program that will enable the robot to perform the assembly task in
its workspace.

Figure 2  : Assembly Plan from Observation System

  Observation Module

The observation module uses a perception (presently, vision only) system to observe the
human operator performing the assembly task. The vision system records the scene at suffi-
ciently close instants in time. The module then tracks the assembled objects and the human
hand from the start to the end of each assembly task. The output of the observation modules
is a rough estimate of the object positions and orientations at each recorded instant of time
during the assembly.

  Task Recognition Module

In each stage of the APO system operation, the operator manipulates a moving object
into the previously assembled objects in the scene. The aim of the task recognition module
is to understand the assembly task performed by the operator during each stage and how it
was done. This involves the following:

• Modeling the Assembly Plan - This is the part of the APO system that motivates this
report. The aim is to extract the motion plan used by the human while assembling a part
into the other parts. This is called modeling the assembly subtask. The complete assem-
bly task can be represented as a series of such subtask models.

Task
Modeling
Module

Task
Execution
Module

Task
Observation

Module
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• Modeling the Grasp Plan- While performing the assembly task, it is useful to understand
where and how the operator grasps the assembled objects. This can be used for planning
the grasp for the robot. In addition to the grasp, we can also obtain the motion of the hand
before and after the grasp. This is called the grasping strategy. A detailed description of
modeling these aspects of the task from observation can be found in [23].

  Task Execution Module

Once the assembly plan and the grasping plan is reconstructed from the human assem-
bly observations, the output is a trajectory of the robot hand and its fingers. The task execu-
tion module takes this as input and can generate the motion control commands for the robot
to reproduce the trajectory in its workspace. This nominal motion has to be augmented by
feedback strategies to account for uncertainities in the world model.

1.2 Related Work

This work is one in a line of works related to its motivation, the APO system. The first
work in this series was by Ikeuchi et al[48]. The idea in this work was to reconstruct the
assembly plan by observing the beginning and end of each assembly task. Once they com-
puted the contact states at these two instants, they used a pre-computed skill library to obtain
the procedure for achieving the contact state transitions. The theory could handle assembly
motions using only translation motions. Further work on the system by Suehiro [48] resulted
in an iterative method to correct the configuration of an assembled object given a set of con-
tacts. Further improvements in the system using curved objects can be found in a later ver-
sion of the APO[27]. Kuniyoshi et al. [26] also has a system which also can teach robots by
demonstration, but it is limited to simple pick and place tasks.

A earlier part of our work dealt with the extension of the work by Suehiro to include
rotation[41]. In this work we developed the theory of contact states. We used the theory of
polyhedral convex cones by Tucker and Goldman[25] to partition the contact space into a set
of finite topologically distinct states. The draw back of this system as with its predecessors
was that the gross assembly motion cannot be reconstructed from just the contact states
without a lot of limiting assumptions.

Another aspect of the APO is the reconstruction of the grasp and the grasping strategy
from observation. This work was done by Kang[23]. Here the vision system and a polyhe-
mous device records the actions of the human operator continuously. This work was further
extended by Jiar et al[21] to obtain the grasp strategy by using just the vision system and
without the polyhemous device.
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This work differs from the contact state approach of the past. We recognize that the two
observations of the task is not sufficient to reconstruct the compliant motion. Instead we
obtain as many observations of the task as is possible. We then compute the c-surfaces cor-
responding to the contacts and correct the observations. The assembly motion plan can then
be reconstructed as smooth paths on these c-surfaces.

We implemented this new approach for the planar assemblies using Brost’s work[6] to
compute c-surfaces[42]. To extend the idea to 3D space we looked at work in robot motion
planning mainly the analytical representation of the c-space obstacle. Most of the related
work is in the field of motion planning for robots. The main idea in all such work is the ana-
lytic computation of the configuration space obstacles given the geometry of the features in
contact. One essential difference in these works is the type of representation of the configu-
ration space.

Work by Lozano-Perez originated the concept of c-space in the field of robot motion
planning. The c-space used in the work was the three dimensional (x,y,θ) c-space for the pla-
nar case and the six dimensional(x,y,z,θ,φ,ψ) c-space for the spatial robots. The major focus
was finding a collision free path. Donald[9] extended this work to use(x,y,z,R(θ)) to repre-
sent c-space, whereR(θ) is the 3x3 rotation matrix. The complexity of the c-surfaces are
such that they required symbolic mathematics software.

Brost[6] derived the c-surfaces for polygonal objects in a plane for the (x,y,θ) space.
This work considers all possible contact configurations and individually derives the equa-
tions for the c-surfaces corresponding to them. We used the results to implement a previous
version of the APO system[42]. Unfortunately the work has no counterpart in 3D. Avnaim et
al. [2] also developed a general method to analytically compute the c-surfaces for polygonal
objects in a plane. Bajaj et al. [3] presents an algebraic method to compute the c-surface for
curved convex objects. The limitation is that they consider only translation motions and con-
vex objects.

Other work such as by Canny[7] deals with finding the shortest collision free paths in c-
space. The work does not explicitly deal with computing the c-surfaces. The shortest paths
are connected path segments whose end points can be computed by solving a system of
homogenous polynomial equations. Canny provides an elegant solution to the problem. Our
work also involves the system of polynomial equations, but the equations are not homoge-
nous.

Work by Popplestone [44] and Koutsou [24] use the 4x4 transformation matrix repre-
sentation of displacement to compute the position of objects in contact. Popplestone’s moti-
vation is quite similar to our work, in that the qualitative relations between geometrical
features of the object in an assembly are used to obtain the compute the possible configura-
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tion of the assembled object. Koutsou’s work is in the same genre and proposes a method to
compute the c-surfaces for objects in contact using the matrices. Koutsou uses the graph
searching technique suggested by Hopcroft et al. [17]. Hopcroft et al. proposed that finding
a compliant path in c-space can be reduced to searching in a graph where the nodes are zero
dimensional c-surfaces and the edges are one dimensional c-surfaces. Hwang[18] also uses
theT matrix representation of the c-space to compute the c-surface for robot manipulators.
The work assumes stick like manipulators and triangulated obstacles.

Ge and McCarthy[12] introduced planar quaternions to represent c-surfaces. This work
specifically deals with generating the c-surfaces for a planar manipulator in contact with
objects in the plane. They extended their theory to represent c-surfaces for spatial robots in
3D space using dual quaternions[13]. Their work shows how basic contacts can be repre-
sented using dual quaternions. They use it to compute the algebraic equations of c-surfaces.
Both the 4x4 matrix representation and the dual quaternion representation have the valuable
property of being a group. Theoretically the ease of representation must be equivalent, but
the key difference is that the number of parameters in the a 4x4 matrix are far more than
those in the dual quaternion. This makes the dual quaternion a better alternative.

Our work uses the essentials of the basic contact representation of Ge and McCarthy.
We use it to build a general representation of c-surfaces. Unlike their approach our general
method can represent the c-surface for a set of contacts. We then show how the representa-
tion can be used to compute the projection onto a c-surface and finally, how to interpolate on
c-surfaces.

1.3 Outline

In section 2 we explain the basics of dual quaternions and how they can be used to rep-
resent the basicvf, fv andee contacts between polyhedral objects in space. We explain our
general method for representing c-surfaces in section 3. In this chapter we our representa-
tion to project and interpolate on c-surfaces. In section 4 we explain how we implemented
our theory on the APO system. Finally in section 5 , we summarize our work and draw our
conclusions and suggest directions of future research.
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2 Dual Quaternions

The dual quaternion can be used to represent rigid displacements of objects in space. In
this section we introduce the work of Ge and McCarthy [13] which uses dual quaternions to
represent the three basic contacts between polyhedral objects.

2.1 Representation of Displacement

The displacement of an object in 3D space can be represented by its translation parame-
ters(x,y,z) and the Euler angles(θ,φ,ψ) [8]. The dual quaternion can be used for representing
rigid displacements in space. The algebra of dual quaternions has a product operation which
has the property of linearity and associativity. In addition the dual quaternion space has a
unit element and an inverse element. These properties make dual quaternions a group. Rigid
displacements in space also possesses the same group properties. This makes dual quater-
nions suitable for representing and manipulating rigid spatial displacements.

Any rigid displacement of an object in space can be represented by a rotation about an
axis in space and a translation along the same axis as illustrated in Figure 3. This axis and
the rotation angle together with the translation distance is called a screw. The screw is an
intrinsic property of the displacement and is independent of the coordinate systems of the
objects. The dual quaternion can be obtained from this screw representation as shown
below..

Figure 3  Screw representation

The dual quaternion representation of displacementQ=(q,q0) is a combination of two

d

γ
sxsysz
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four element vectors. The four elements ofq are related to the screw axis direction(sx,sy,sz)
and rotation angle(γ) as shown in (EQ1). This is the quaternion which is commonly used to
represent rotations in 3D space.

(EQ1)

If the rotation is expressed using Euler angles(ϕ,θ,φ) whereϕ is the rotation angle
about the originalx axis,θ is the rotation about the newz’ axis, φ is the rotation angle about
the finalx” axis. The quaternionq in terms of the Euler angles can be written as shown in
(EQ2) [13].

(EQ2)

The remaining part of the dual quaternion,q0 is defined to be a combination of the
translation(x,y,z)andq as shown in (EQ3).

(EQ3)

This q0 can be conveniently expressed as a matrix equation as shown in (EQ4).

q

q1

q2

q3

q4

sx
γ
2
--- 

 sin

sy
γ
2
--- 

 sin

sz
γ
2
--- 

 sin

γ
2
--- 

 cos

= =

q

θ
2
--- 

 cos
ϕ ψ+

2
-------------- 

 sin

θ
2
--- 

 sin
ϕ ψ–

2
------------- 

 sin–

θ
2
--- 

 sin
ϕ ψ–

2
------------- 

 cos

θ
2
--- 

 cos
ϕ ψ+

2
-------------- 

 cos

=

q
0

q5

q6

q7

q8

1
2
---

0 z– y x

z 0 x– y

y– x 0 z

x– y– z– 0

q1

q2

q3

q4

D[ ]q= = =
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(EQ4)

Given a dual quaternionQ=(q,q0) we can compute the axis-angle(sx,sy,sz,γ) representa-
tion of the rotation fromq as shown in (EQ5).

(EQ5)

We can obtain the translation(x,y,z) from q0 using equations (EQ6)-(EQ8). Given the
axis-angle representation of the rotation and the translation, we can compute any of the
other representations of displacement.

(EQ6)

(EQ7)

(EQ8)

q
0

x Dx[ ]q y Dy[ ]q z Dz[ ]q+ +=

Dx[ ] 1
2
---

0 0 0 1

0 0 1– 0

0 1 0 0

1– 0 0 0

= Dy[ ] 1
2
---

0 0 1 0

0 0 0 1

1– 0 0 0

0 1– 0 0

= Dz[ ]

0 1– 0 0

1 0 0 0

0 0 0 1

0 0 1– 0

=

γ 2 2 q1
2

q2
2

q3
2

+ + q4,( )atan=

sx

sy

sz

1

γ
2
--- 

 sin

----------------

q1

q2

q3

=

x 2 q1q8 q2q7– q3q6 q4q5–+( ) q1 q2 q3 q4 2

0 0 0 1

0 0 1– 0

0 1 0 0

1– 0 0 0

q5

q6

q7

q8

q4Dxq
0

= = =

y 2 q1q7 q2q8 q3q5– q4q6–+( ) q1 q2 q3 q4 2

0 0 1 0

0 0 0 1

1– 0 0 0

0 1– 0 0

q5

q6

q7

q8

q4Dyq
0

= = =

z 2 q1q6– q2q5 q3q8 q4q7–+ +( ) q1 q2 q3 q4 2

0 1– 0 0

1 0 0 0

0 0 0 1

0 0 1– 0

q5

q6

q7

q8

q4Dzq
0

= = =
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One of the advantages of using dual quaternions to represent displacements is the ease
of composing displacements. The composition of two displacements represented by quater-
nionsX=(x,x0) andY =(y,y0) will be given by the quaternion productZ = XY = [X+]Y = [Y-

]X, which is defined as a matrix product shown in (EQ9)[13].

(EQ9)

The sub-matrices[x0+]  and [y0-]  are constructed fromx0 andy0 in the same way as
[x+]  and[y-]  are constructed fromx andy as shown in (EQ9).

Note that the rotation part of the dual quaternions in (EQ9) is isolated from the rest of
the equation. We will show how this characteristic can be taken advantage of when repre-
senting c-surfaces.

We also note that the dual quaternion has 8 elements while rigid displacement in space
has only six degrees of freedom. This means that in order to directly use dual quaternions to
represent rigid spatial displacements, the dual quaternion must satisfy two constraints[35].
The first constraint on the rotation part of the quaternionq is shown in (EQ10). This con-
strains theq to be a unit vector.

(EQ10)

The other constraint onq0 is shown in (EQ11) is the result of the definition ofq0 as
given in (EQ1).

(EQ11)

Mathematically this means that the set of dual quaternions inR8 space which can repre-

z

z
0

X
+[ ]Y x

+[ ] 0[ ]

x
0+[ ] x

+[ ]

y

y
0

= =

z

z
0

Y
-[ ]X y

-[ ] 0[ ]

y
0-[ ] y

-[ ]

x

x
0

= =

x
+[ ]

x4 x– 3 x2 x1

x3 x4 x– 1 x2

x– 2 x1 x4 x3

x– 1 x– 2 x– 3 x4

= y
-[ ]

y4 y3 y– 2 y1

y– 3 y4 y1 y2

y2 y– 1 y4 y3

y– 1 y– 2 y– 3 y4

=

q
T
q q1

2
q2

2
q3

2
q4

2
+ + + 1= =

q
T
q

0
q1q5 q2q6 q3q7 q4q8+ + + 0= =
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sent spatial displacements will have to lie on a six dimensional algebraic sub-manifold ofR8

called theimage space of spatial displacements[35].

2.2 Representation of Basic Contacts

For polyhedral objects in contact there are three basic contacts[32] as shown in Figure
5. They are;

1. A vertex of the moving object is in contact with the face of the fixed object. This is
known as the (vf) contact. An example is shown in Figure 5(a).

2. A face of the moving object is in contact with the vertex of the fixed object. This is
known as the (fv) contact. An example is shown in Figure 5(b).

3. An edge of the moving object is in contact with the edge of the fixed object. This is
the(ee) contact. An example is shown in Figure 5(c).

All other contact configurations can be expressed as a combination of these basic con-
tacts. In this section we introduce the work of Ge and McCarthy [13] and show how dual
quaternions can be used to represent the c-surface for basic contacts in a very uniform man-
ner. The representation of all three contacts can be done using a parametric equation or by
using an implicit algebraic equation.

Figure 4 Basic contacts

We will demonstrate this uniform representation of the c-surface for all the three basic
contacts in the following sub-sections.

(a) vf-contact (b) fv-contact (c) ee-contact
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2.2.1vf-contact

Figure 5 vf contact [13]

Consider the vertex of a smaller object in contact with the face of the larger fixed object
as shown in Figure 5. Let the coordinate systems on the moving object(M) and the fixed
object(F) be defined as shown in Figure 5. The relative configuration of the two coordinate
systems can be expressed as the following sequence of displacements ofM with respect toF.
A translation byd1 along thex axis. A translation byd2 along thez axis. An orientation by
Euler angles(α1,α2,α3). We can compute the dual quaternion of each of these displacements
using (EQ2)-(EQ4). Using (EQ9) we can compute the dual quaternion representing the
combined displacements as shown in (EQ12)-(EQ14).

(EQ12)

(EQ13)

(EQ14)

α3

α1

d2
x

y

z

F

α2

d1

x

y

z

M

Y d1 d2 α1 α2 α3, , , ,( )
y

y
0

X d1( )Z d2( )S α1 α2 α3, ,( )= =

y

α2

2
------ 

 cos
α1 α3+

2
------------------ 

 sin

α2

2
------ 

 sin
α1 α3–

2
------------------ 

 sin–

α2

2
------ 

 sin
α1 α3–

2
------------------ 

 cos

α2

2
------ 

 cos
α1 α3+

2
------------------ 

 cos

=

y
0

0 0 0 1

0 0 1– 0

0 1 0 0

1– 0 0 0

d1

2
-----

0 1– 0 0

1 0 0 0

0 0 0 1

0 0 1– 0

d2

2
-----+ y Uvf

d1 Vvf
d2+ y= =
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This is the parametric form of the c-surface equation for a singlevf contact. The param-
eters (d1, d2) are the translation parameters and(α1,α2,α3) are the rotation parameters. Note
that we can write the translation part of the planar quaterniony0 in terms of the rotation part
y and thed1 andd2 parameters as a matrix equation shown in (EQ14). This is a valuable
property of this representation as will be shown later.

Constraint Equation
The c-surface for thevf contact can also be represented using an implicit equation. In

thevf contact case this implicit equation essentially means that the displacement ofM along
they axis ofF will be zero. Using (EQ7) we can form the constraint on the dual quaternion
Y=(y,y0) as shown in (EQ15).

(EQ15)

2.2.2fv-contact

Consider the face of a moving object in contact with the vertex of a fixed object as
shown in Figure 6[13]

Figure 6 fv contact[13]

Let the coordinate systems on the moving object(M) and the fixed object(F) be as
shown in Figure 6. The relative displacement of the two coordinate systems can be
expressed as the following sequence of displacements ofM with respect toF. An orientation
by Euler angles(α1,α2,α3). A translation by -d1 along the newx axis. A translation by -d2
along the latestz axis. Using the same technique as for thevf contact we obtain the dual

y1y7 y2y8 y3y5– y4y6–+ y1 y2 y3 y4

0 0 1 0

0 0 0 1

1– 0 0 0

0 1– 0 0

y5

y6

y7

y8

yTvf y
0

0= = =

α3

x

y

z

α2

d1

y

M

F x

z

d2

α1
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quaternion as shown in (EQ16).

(EQ16)

The definition ofy will be exactly same as (EQ13). The definition ofy0 in terms of the
rotation party and thed1 andd2 parameters is given by (EQ17).

(EQ17)

Constraint Equation
The constraint for the fv contact is given by (EQ18). The equation essentially states that

they coordinate of the vertex in the face coordinate system is zero.

(EQ18)

2.2.3ee-contact

Consider the edge of a moving object in contact with the edge of a fixed object as
shown in Figure 7[13]

Figure 7 ee contact [13]

Y d1 d2 α1 α2 α3, , , ,( )
y

y
0

S α1 α2 α3, ,( )X d– 1( )Z d– 2( )= =

y
0

0 0 0 1–

0 0 1– 0

0 1 0 0

1 0 0 0

d1

2
-----

0 1– 0 0

1 0 0 0

0 0 0 1–

0 0 1 0

d2

2
-----+ y U fv

d1 V fv
d2+ y= =

y1y7 y2y8– y3y5– y4y6+ y1 y2 y3 y4

0 0 1 0

0 0 0 1–

1– 0 0 0

0 1 0 0

y5

y6

y7

y8

yT fvy
0

0= = =

α3
y

α2

d1

z

M

x
z

x

y
d2

α1
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Let the coordinate systems on the moving object(M) and the fixed object(F) be as
shown in Figure 7. The relative configuration of the two coordinate systems can be
expressed as the following sequence of displacements. A translation by +d1 along thex axis.
An orientation by Euler angles(α1,α2,α3). A translation by -d2 along thex axis. Using the
same technique as for thevf contact we obtain the dual quaternion as in (EQ19).

(EQ19)

The definition ofy will be exactly the same as (EQ13). The definition ofy0 in terms of
the rotation party and thed1 andd2 parameters will be as given by (EQ20).

(EQ20)

Constraint Equation
The constraint equation for theee contact is given by (EQ21). This constraint is

obtained by setting the displacement along the direction of the cross product of the two
edges in contact to be zero.

(EQ21)

2.2.4 General Form of the Contact Equations

The parametric equations for the basic contacts, (EQ13) and (EQ14) forvf contact,
(EQ13) and (EQ17) forfv contact, and (EQ13) and (EQ20) foree contact, have the same
structure. They can be written as a general equation as shown in (EQ22). The matricesUc
andVc depend on the type of contact.

Y d1 d2 α1 α2 α3, , , ,( )
y

y
0

X d1( )S α1 α2 α3, ,( )X d– 2( )= =

y
0

0 0 0 1

0 0 1– 0

0 1 0 0

1– 0 0 0

d1

2
-----

0 0 0 1

0 0 1 0

0 1– 0 0

1– 0 0 0

d2

2
-----+ y Uee

d1 Vee
d2+ y= =

y1y5 y2y6– y3y7– y4y8+ y1 y2 y3 y4

1 0 0 0

0 1– 0 0

0 0 1– 0

0 0 0 1

y5

y6

y7

y8

yTeey
0

0= = =
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(EQ22)

We can see that the constraint equations for the three basic contacts also have the same
form and can be written conveniently as a matrix product as shown in (EQ23). The matrixTc
depends on the type of contact.

(EQ23)

These two general representation of the basic contacts are a valuable feature of using
the dual quaternions to represent contacts. They simplify the general representation of the c-
surface we propose considerably.

2.2.5 Representation in World Coordinates

If the configuration of the objects are defined in terms of a world coordinate system as
shown in Figure 8. Then, the local contact quaternion can be related to the configuration of
the object in the world coordinate system. LetTbf represent the transformation of the fixed
object feature with respect to the world. LetTml represent the transformation of the moving
feature with respect to the moving object coordinates. LetY be the dual quaternion repre-
senting the contact. The configuration of the moving object with respect to the world isZbl.

Y d1 d2 α1 α2 α3, , , ,( )
y

y
0

=

y S α1 α2 α3, ,( )=

y
0

Uc
d1 Vc

d2+ y=

y1 y2 y3 y4 Tc[ ]

y5

y6

y7

y8

y Tc[ ]y
0

0= =
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The relation between the coordinate systems is shown in Figure 8,

Figure 8 World Coordinates

We can express the configuration of the objectZbl in terms of the contact quaternionY
as shown in (EQ24)[13]. The matricesB andC can be computed fromTbf andTml, both of
which can be computed from the geometry of the features in contact.

(EQ24)

Once again we see that the rotation is separate from the rest of the quaternion. This
makes it possible to split (EQ24) into two parts as shown in (EQ25) and (EQ26). The trans-
lation partz0 can be expressed in matrix form in terms of(y,d1,d2) by substituting (EQ22)
into (EQ24) to obtain (EQ26).

(EQ25)

(EQ26)

2.2.6 Limits on Parameters

In order for the contact to be legal the parameters(α1,α2,α3) and(d1,d2) can vary only
within limits defined by the geometry of the features in contact [13]. These limits for the

x

y

z
x

y

z

B

Zbl

Tbf

Tml

Yx

y

z

L

M

F
y

x

z

Zbl Tbf YTml Tbf
+[ ] Tml

-[ ]Y= =

z

z
0

C[ ] 0

B C

y

y
0

=

C[ ] tbf
+[ ] tml

-[ ]= B[ ] tbf
0+[ ] tml

-[ ] tbf
+[ ] tml

0-[ ]+=
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translation parameters will be as shown in (EQ27).

(EQ27)

The limits on the rotation parameters can be found indirectly from the rotation quater-
nion y. The limits ony can be determined by the fact that the neighboring vertices of one
feature of the contact cannot invade the other feature of the contact. As will be explained in
the following chapter, this condition is related to the constraint equation (EQ24). This
allows us to write the condition as shown in (EQ28).

(EQ28)

If vk is the coordinates of thek-th neighboring vertex in the local feature coordinate sys-
tem, then the matrix[vk

0-]  is obtained using (EQ9). The legal range ofy has to satisfy
(EQ28) for all thek neighboring vertices. The limits on the rotation parameters(α1,α2,α3)
will be determined from the legal range ofy.

vf contact

The limits on the translation parameters are as shown in (EQ27). The valuesd1 andd2
are determined by the length of the sides for a rectangular face. For a non-rectangular face
with axes not aligned to the face coordinate axes, the limits will be more complicated.

The limits on the rotation quaterniony are determined by the fact that the neighboring
vertices of the vertex in contact cannot invade the plane of the face. This condition can be
written as shown in (EQ28). The matrixTc will correspond toTvf.

fv contact

For thefv contact, The limits on the translation parameters will be similar to (EQ27).
The valuesd1 andd2 are determined by the length of the sides of the moving face.

The limits on the rotation quaterniony are determined as for thevf contact. The matrix
Tc will be replaced byTfv. The neighboring vertices will be that of the fixed vertex.

ee contact

The limits on the translation parameters for theee contact will be similar to (EQ27).
The valuesd1 andd2 are determined by the length of the edges in contact.

The limits on the rotation quaterniony are determined as for thevf contact. The matrix
Tc will be replaced byTee. The neighboring vertices will be that of the faces forming the
moving edge.

0 d1 d1≤ ≤ 0 d2 d2≤ ≤

y
T
Tc vk

0-[ ]y 0≥
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3 C-Surface : Representation, Projection
and Interpolation

When there is a contact between a single geometrical feature of the moving object with
a single geometrical feature of the fixed object, the c-surface representation will be identical
to the corresponding basic contact as explained in the previous chapter. In this chapter we
explain how to represent the c-surface when there are multiple basic contacts between the
moving object and fixed objects. We show how we can combine the c-surfaces of the indi-
vidual basic contacts to obtain the representation of the c-surface for multiple contacts.

The projection of a point in c-space onto a given c-surface can be defined as the closest
point on the c-surface to the given point in c-space. In order to find this point we formulate
the projection as a minimization problem. The solution of this minimization problem will be
the projection. We then show how we can interpolate between two points on the c-surface by
using the projection technique.

3.1 Representation

When there is just a single elementary contact between the moving object and the fixed
object, the parametric c-surface representation will be identical to the basic c-surface equa-
tion given by (EQ15). The five independent parameters will beα1, α2, α3, andd1, d2 and
their limits will be given by (EQ20).

Instead of using the Euler angles(α1,α2,α3,) to represent the rotation we use the rota-
tion part of the contact dual quaterniony. We keep thed1 andd2 parameters to define the
translation. The advantage of usingy instead of Euler angles is that it provides a homoge-
nous parameterization of the rotation space which becomes indispensable when we have to
differentiate with respect to rotation and when we have to interpolate between rotations.

When there is more than one contact between the moving object and the fixed objects,
the c-surface will be intersection of the c-surfaces of theN individual contacts. The indepen-
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dent parameters defining this intersection will be fewer than the number of parameters of a
single contact. In addition any point on the c-surface must now satisfy the limits of all the
individual contacts simultaneously. Instead of finding the independent parameters of the c-
surface and its limits, we represent the c-surface as follows.

First, we choose a reference contact, which can be any contact. We choose the paramet-
ric equation (EQ22) of this reference contact as the c-surface equation. We use they quater-
nion of this reference contact to represent the rotation and thed1 andd2 parameters of this
reference contact to be the translation parameters of the c-surface. Each of the remaining(N-
1) contacts will enforce a constraint on(y,d1,d2). We show that each of these constraints can
be expressed compactly as a matrix equation. As for the limits on(y,d1,d2), in addition to the
original limits of the reference contact, the parameters now have to simultaneously satisfy
the limits of the(N-1) additional contacts. We convert the limits of the(N-1) contacts to the
limits of the reference contact. Thus the c-surface representation for multiple contacts have
the same(y,d1,d2) parameters of the reference contact, except that, now the parameters are
subject to(N-1) constraints.

3.1.1 C-Surface Equation

Consider the objects shown in Figure 9, where the smaller moving object makes two
contacts with the larger object. LetZ be the configuration of the moving object with respect
to the world coordinates. Let the parameters of the dual quaternion representing the first
contactc1 be(y,d1,d2). Let c1 be the reference contact. Letc2 be the second contact and let
its parametric equation have parameters,(y,d1,d2)2. Now the parameters of the c-surface will
be (y,d1,d2). The parameter of the contactc2, (y,d1,d2)2 can be related to(y,d1,d2) as
explained below.

Figure 9 Multiple contacts

Let Z be the configuration of the moving object in world coordinates. Both the dual
quaternion of the first contact and the dual quaternion of the second contact can be related to
Z using (EQ24) as shown in (EQ29). The sub-matrices[C] , and[B]  correspond to the first
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z
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contact and can be obtained from its geometry. The sub-matrices[C] 2, and[B] 2 correspond
to the second contact and can be obtained from the geometry of its features.

(EQ29)

If we equate thez half of (EQ29) we get (EQ30). This equation essentially relates the
rotation of the second contact to the rotation of the reference contact.

(EQ30)

Equating thez0 half of (EQ29) and substituting (EQ26) we get (EQ31). This equation
relates the translation half of the dual quaternion to the translation parametersd1 andd2 and
the rotation parametery of the first contact.

(EQ31)

Now the constraint on the dual quaternion representing contact c2 will be given by
(EQ23) as a matrix equation . If we substitute the values ofy2 andy0

2 given
above into (EQ23) we can translate the constraint equation for the second contact into a con-
straint on the reference contact parameters. This is a constraint on the(y,d1,d2) parameters
due to the second contact is shown in (EQ32).

(EQ32)

For the example with two contacts this is the only constraint. ForN contacts there will
be (N-1) constraints. The generalized constraint due to thei-th contact will be given by the
general equation (EQ33).
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(EQ33)

Note that these are (N-1) simultaneous non-linear equations in(y,d1,d2), and their solu-
tion defines the c-surface forN contacts. The matrix coefficients in the constraints(E,D1,D2)
define the properties of the c-surface and are defined as shown in (EQ34).

(EQ34)

The(N-1) sets of(E,D1,D2) coefficient matrices together with the reference contact will
completely define the c-surface. The convenience of their use will become apparent when
we have to interpolate on the c-surface.

3.1.2 Limits

The limits on the parameters will be affected by the limits on the additional contacts.
Now all the limits of the individual contacts have to satisfied simultaneously. The limits on
the i-th contact can be mapped into the(y,d1,d2) of the reference contact.The limits on the
local contact angles can be mapped into the reference contact by using (EQ35).

(EQ35)

If we map the limits ofy of thei-th contact back to the reference contact, we can obtain
the legal range ofy. If we use the definition of(d1,d2) as given by (EQ8) we can convert the
limits of (d1,d2)2 to limits on(d1,d2) as shown in (EQ36).

(EQ36)
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(EQ37)

The matricesLx(d1,d2) and Ly(d1,d2) can be obtained in a similar procedure as was
employed forM(d1,d2).

3.2 Projection

Mason[36] defines the projection on a c-surface in the context of hybrid force-position
control of the robot. According to this definition the projection is the intersection of the
orthogonal space of the c-surface passing through the point with the c-surface. The difficulty
with implementing this definition is the concept of distance in this non-euclidean c-space.
Since rotation and translation are represented in the same space the distance along an axis
representing rotation will be different from a distance along an axis representing translation.

Despite this non-Euclidean c-space, the result of a certain motion in c-space on any
point on the moving object in physical space is obvious. The movement in c-space will
translate to movement of points of the moving object in 3D space. We show that if we con-
sider the distance travelled by the physical points instead of the distance in c-space the defi-
nition of projection becomes unambiguous. First, we reassert that the c-surface is defined by
the set of features in contact between the moving object and the fixed objects. Thus we can
define the projection of a pointP in c-space to the c-surface to be that pointPc on the c-sur-
face at which the cumulative squared distance travelled by the points in contact is minimum.

We can formulate the distance to a contact using the dual quaternions. The projection
can then be formulated as a minimization of the sum of the squared distances. The solution
gives us an unambiguous solution to the projection problem.

If the c-surface is represented using dual quaternions as explained in the previous sec-
tion, then the projection of a point onto the c-surface will be completely determined by the
values of the(y,d1,d2) parameters defining the c-surface. In this section we first illustrate the
projection technique for a single contact case and then develop the general method to project
onto the c-surface for multiple contacts.

3.2.1 Single Contact

We will first compute the projection for each of the three basic contacts. The equations

zi y
T

Lz d1 d2,( ) i
y 0 d2

i
→= = i 2 N→=
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for projection using dual quaternions for all three cases have the same structure. This fol-
lowing subsections will show that the LHS of the constraint equations of the c-surface
(EQ23) for all the three basic contacts is actually the signed distance of a point in c-space to
the c-surface.

3.2.1.1vf Contact

Figure 10  Projection for singlevf contact

Consider the object in a configurationZ shown in Figure 10(a). Now assume that the
vertexv is in contact with the facef. The closest configuration to the given configuration
which makes this contact is when the vertex is at the intersection of the perpendicular from
the vertex to the face. The projected configuration is shown in Figure 10(b).

The projection on the c-surface will be completely determined by the values of
(y,d1,d2). These values of the projection can be obtained by substituting the given configura-
tion Z into (EQ24). The value of the rotation parametery can be obtained directly as shown
in (EQ38).

(EQ38)

The value of the translation parametersd1 can be obtained by simply finding thex coor-
dinates using (EQ6) as shown in (EQ39).

(EQ39)

The value of the translation parametersd2 can be obtained by finding the z coordinates
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using (EQ8) as shown in (EQ40).

(EQ40)

The perpendicular distanced between the vertex and the face is exactly they coordinate
of the vertex in the face coordinates. It can seen that it is exactly the LHS of the constraint
equation for thevf contact (EQ13) and can be written as (EQ41). When the c-space point
lies exactly on the c-surface this distancee will be zero.

(EQ41)

3.2.1.2fv Contact

Figure 11  Projection for singlefv contact

Consider the object in a configurationZ shown in Figure 10(a). Now assume that the
moving facef is in contact with the fixed vertexv. The closest configuration to the given
configuration which makes this contact is when the vertex is at the intersection of the per-
pendicular from the vertex to the face. The projected configuration is shown in Figure 11(b).

The projection will be completely determined by the values of(y,d1,d2). These values of
the projection can be obtained by substituting the given configurationZ into (EQ22). The
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value of the rotation parametery can be obtained directly as shown in (EQ42).

(EQ42)

The value of the translation parameterd1 can be computed to be as shown in (EQ43).

(EQ43)

The value of the translation parametersd2 can be computed to be as shown in (EQ44).

(EQ44)

As with thevf contact the perpendicular distanced between the vertex and the face is
exactly they coordinate of the vertex in the face coordinates. It can shown that it is exactly
the LHS of the constraint equation for thefv contact (EQ18) and can be written as (EQ45).
When the c-space point lies exactly on the c-surface this distancee will be zero.

(EQ45)
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3.2.1.3ee Contact

Figure 12  Projection for singleee contact

Consider the object in a configurationZ shown in Figure 12(a). Now assume that the
edgee1 is in contact with the edgee2. The closest configuration to the given configuration
which makes this contact is when the moving edge moves along the cross product of the two
edge vectors. The is the projected configuration shown in Figure 12(b).

The projection will be completely determined by the values of(y,d1,d2). These values of
the projection can be obtained by substituting the given configurationZ into (EQ2). The
value of the rotation parametery can be obtained directly as shown in (EQ46).

(EQ46)

The values of thed1 andd2 parameters are not as simple as for thevf andfv contacts.
These values can be obtained by additional manipulation. The result ford1 will be as shown
in (EQ47).

(EQ47)

The value of the translation parametersd2 can be obtained as shown in (EQ48).
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(EQ48)

As with thevf contact the perpendicular distanced between the moving edge and the
fixed edge can be obtained as a distance along the cross product of the two edge directions.
It can shown that it is exactly the LHS of the constraint equation for theee contact (EQ21)
and can be written as (EQ49). When the c-space point lies exactly on the c-surface this dis-
tancee will be zero.

(EQ49)

3.2.2 Multiple Contacts

Figure 13  Projection for multiple contacts
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Suppose we are given a point in c-space which corresponds to the position and orienta-
tion of the moving object as shown in Figure 13(a). Now we need to compute the projection
of this configuration onto the c-surfaceC. Let the c-surface correspond to the multiple con-
tactc1 andc2.

We obtain the projection onto the c-surface using the same steps as for the representa-
tion. We first choose a reference contact and project the point onto the single contact c-sur-
face to obtain the configuration as shown in Figure 13(b). Let the parameters of this
projection be(y,d1,d2)0.

We then setup(N-1) simultaneous non-linear equations (EQ33) which define the c-sur-
face. Recall that after the projection onto the first contact, each of the errors in the(N-1)
remaining contactsei shown in Figure 13(b) can be written as one of the equations (EQ41),
(EQ45), and (EQ49).

The direct solution of these(N-1) simultaneous non-linear equations is difficult.
Instead, we use an iterative method. We first set up an objective function which gives a dis-
tance measure of the errors in contacts. This measure is the sum of the squares of theei val-
ues for the (N-1) contacts as given by (EQ51).

(EQ50)

Sincey represents rotation it is constrained to be a unit vector. If this constraint is not
enforced the iteration will rapidly gety to zero. To bring the constraint into the picture we
use Lagrange constantλ as shown in (EQ51)[47].

(EQ51)

Now the value of(y,d1,d2) at which the objective function Q is minimum will be the
projection we seek. This can be obtained by solving the simultaneous equations obtained by
setting the partial differentials to zero as shown in (EQ52).
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(EQ52)

We obtain the solution of (EQ52) in(y,d1,d2,λ) space using the Newton-Raphson’s
method.The method compute the solution iteratively using (EQ53). The starting point being
(y,d1,d2,λ)0. The first and second order partial differentialsQ’ and Q”  are computed as
shown in Appendix B.

(EQ53)

3.3 Interpolation

Consider two distinct configurations of objects in contact as shown in Figure 14. The
smaller moving object makes twovf contacts with the top face of the larger fixed object in
both cases. The c-surface corresponding to the two cases will be the same. The representa-
tion of this c-surface will be determined by the geometry of features in contact as explained
in 3. The two configurations in Figure 14 will correspond to two distinct points,P1 andP2
lying on this c-surface. IfP is a continuous curve in c-space which lies completely on this c-
surface and passes throughP1 andP2, then the motion alongP from P1 to P2 in the c-space
will correspond to a smooth transition from the configuration in the first case to the configu-
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ration in the second case while maintaining the contacts.

Figure 14  Interpolation on the C-surface

We obtain this smooth curve fromP1 to P2 by interpolation. If the c-surface is parame-
terized by a few independent parameters, we can interpolate the parameters independently.
The c-space point corresponding to the interpolated parameters will be guaranteed to remain
on the c-surface.

Mathematically, the one dimensional interpolated path can be described using a single
parametert. The method of obtaining this pathP givenPi andPf is basically first order inter-
polation subject to the constraints imposed by the c-surface. The interpolated pointP(t) will
be given in terms of the variablet as shown in (EQ54).

(EQ54)

The general c-surface representation we explained in section 5 is parameterized by
(y,d1,d2). Interpolating in the parameter space will mean interpolating in this(y,d1,d2) space.
We show how to independently interpolate in this space for the single contact case. How-
ever, for the multiple contact case, the parameters are not independent. They have to satisfy
the(N-1) constraints. We explain how to interpolate in this case.

3.3.1 Linear Interpolation of Translation

If d1i is the initial value of thed1 parameter andd1f is the final value. Then we can lin-
early interpolate (lerp) thed1 parameter using (EQ55). We can do the same for thed2 param-
eter as shown in (EQ56).

(EQ55)
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3.3.2 Spherical Linear Interpolation of Rotation

Interpolatingy between two values of the rotation in spaceyi andyf cannot be done lin-
early, because they is constrained to lie on the unit hyper-sphere in the four dimensional
quaternion space. We can interpolate on the surface of the hyper-sphere using a technique
called spherical linear interpolation (slerp)[50]. The idea is to find the shortest path between
yi andyf which lies on the hyper-sphere. The shortest path will be the arc traced by rotating
yi to yf about an axis perpendicular to the hyper-plane containingyi andyf. The quaterniony
obtained using spherical interpolation can be written as (EQ57).

(EQ57)

3.3.3 Single Contact

Consider a single basic contact between the objects at two configurationsPi andPf. The
parameters defining the c-surface will be(y,d1,d2) as explained earlier. Let(y,d1,d2)i be the
parameter values at the initial positionPi, and(y,d1,d2)f be the parameter values at the final
positionPf. The rotation parametery, and the translation parametersd1 andd2 are indepen-
dent.

The values ofd1 andd2 can easily be linearly interpolated between the initial and final
values as shown in (EQ55) and (EQ56). The quaterniony obtained using spherical interpola-
tion can be expressed as shown in (EQ57). The actual configuration of the moving object
can then be obtained by substituting the parameter values into (EQ22).

3.3.4 Multiple Contacts

As explained earlier the parameters of the c-surface for multiple contacts are(y,d1,d2)
of the reference contact, which are the same parameters of the single contact case. But, the
key difference is that in the multiple contact case, the parameters are not independent. This
means that the parameters cannot be interpolated independently. The dependence of the
parameters are given by the(N-1) nonlinear constraint equations as explained in section 5. If
we independently interpolate the(y,d1,d2) parameters they may not satisfy these(N-1) con-
straint equations. Nevertheless, if we project these tentative interpolated points onto the c-
surface using these constraints as explained in section 6, we can obtain the exact interpo-
lated points which will satisfy the constraints.
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Despite being unable to analytically solve the(N-1) non-linear equations for the general
case, we show that for certain special cases we can do exactly that. One major criterion for
such cases is that the translation parametersd1 andd2 be independent of the rotation param-
etery. In addition, these special cases can only occur when the rotationyi andyf have the
same fixed axis of rotation. The system of simultaneous non-linear equations in this case
reduces to a linear system ind1 andd2. The planar case is one such example and we can
exploit this linearity as explained in our previous work [43].

  Special Cases

We can check ifd1 is an independent parameter by checking if all theD1 matrices
shown in (EQ58) are skew symmetric or not. If it is skew-symmetric thend1 is an indepen-
dent parameter and its value can be interpolated linearly betweenPi andPf using (EQ55).

(EQ58)

The independence ofd2 can be checked exactly as ford1 except that we check for the
skew-symmetry of theD2 matrices as shown in (EQ59).

(EQ59)

The result of these checks can result in either one of three cases. Bothd1 andd2 are
independent. Second case is when eitherd1 or d2 is independent while the other is depen-
dent ony. The third case is when bothd1 andd2 are dependent ony.

d1 and d2 are independent

One such instance is shown in Figure 16. Note that the two translation parameters are
independent of the orientation of the moving object.

Figure 15 d1 and d2 are independent
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  Either d1 or d2 is independent

An instance is shown in Figure 16. Here the parameterd2 is independent of the orienta-
tion of the moving object while the parameterd1 is dependent on it.

Figure 16 d2 is independent

  Both d1 and d2 are dependent

For the moving object shown in Figure 17, both parametersd1 andd2 are dependent on
the orientation of the object.

Figure 17 d1 and d2 are dependent
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4 Implementation

We have implemented the theory developed in the previous sections on our assembly
plan from observation (APO) system. This section explains the details of this implementa-
tion. The APO system observes a human perform an assembly task, analyzes the observa-
tions and reconstructs the compliant motion plan used in the assembly task. The motion plan
can then be used to program a robot to repeat the assembly task.

The APO system contains a number of modules. First among them is the multibaseline
stereo system which provides us with 3d range images of each observed scene of the assem-
bly task. The second module is VANTAGE, a geometric modeling system which provides us
with the geometric details of all the features of a modeled object. The third module is the
tracking system which uses the models of the objects to localize the assembled objects
through the range image sequence. The output of these modules is the location of the assem-
bled objects at each discrete instants of time. This forms the input to our task modeling sys-
tem.

4.1 Observation Module

The aim of the observation module is to record the actions of the human performing the
assembly task. The output of the module will be the locations of the assembled objects at
each observed instant. We use a multibaseline stereo system to record the assembly task.
Once we have the sequence of stereo images we run a stereo algorithm on each set of images
to get the range image off-line. The next step is to track the assembled objects in each scene
from the start of the assembly to the end of the assembly.
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4.1.1 Multibaseline stereo system.

The schematic of the stereo system is shown in the Figure 18.

Figure 18  Multibaseline stereo system

The system contains three monochrome cameras arranged such that their optical axes
converge to approximately the space where the assembly is performed. The system is cali-
brated to compute the parameters of each camera. The scene is illuminated by a stripe pat-
tern using a slide projector. This provides sufficient texture to the intensity images which
make the stereo algorithm work efficiently. The camera outputs are connected to the RGB
input of a K2T digitizer. The K2T situated inside a sun workstation can record approxi-
mately 10 sets of images each second. This is sufficient for recording significant contact
configurations in a typical assembly sequence. The capture rate is not uniform, so we cannot
reliably extract the velocity information from the data.

Once we record the sets of stereo images of an assembly task we compute the range
images for each scene off-line. Each set of the input images is fed into a stereo algo-
rithm[22] which was optimized to work on this setup. The system delivers 512x640 pixels
range images up to an accuracy of one percent, which translates to an error of about 3 mm
for each pixel.

4.1.2 Geometric Modeling

We use a constructive solid geometry (CSG) based modeling system called VANTAGE.
VANTAGE has a set of primitive objects such as cube, cone, prism, sphere, cylinder etc.
VANTAGE also has a set of boolean operations which operate on these primitive objects.
The operators are, union, intersection, difference, mirror and move. VANTAGE then con-
structs a general object by combining or modifying the set of primitives using the set of
operators. For example, the CSG definition of the peg used in our assembly will be a tree as

Sun Sparc K2T
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shown in Figure 19. The leaf nodes will be the primitives or nil. The parent nodes will be the
boolean operation applied to the children nodes.

Figure 19  CSG node representation of a peg in VANTAGE

The representation by the CSG tree is the first step in the modeling of an object. The
next step is to construct the boundary of the object. The boundary representation of any
solid object can be represented as a network of faces, edges and vertices. Each face is a col-
lection of edges. Each edge is defined by a pair of vertices. The vertices are defined by their
(x,y,z) coordinates. The nodes representing the faces, edges, and vertices are spatially related
to reach other. This topological formation is encoded in VANTAGE in the form of the
winged edge representation.

If we consider every face, edge, and vertex composing an object as a node, then each
edge in awinged edge representation is connected to eight nodes as shown in Figure 20. The
two end vertices of the edge are theP-vertex andN-vertex. The four neighboring edges of
the edge arePCW, PCCW, NCW, NCCW. The two adjacent faces of the edge areP-face and
N-face.

Figure 20  Winged Edge Representation

The boundary representation for the peg shown in Figure 19 will now contain all the
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faces, edges and vertices as shown in Figure 21.

Figure 21  Boundary Representation Structure of the Peg

Since VANTAGE uses the winged edge representation of the boundary for all objects,
we can access all the topological and spatial information of every geometrical feature of an
object. This information is key to finding contacts in our application.

4.1.3 Localization and Tracking

The stereo algorithm gives us the range images from the stereo algorithm for each
observed scene. The next step is to localize the assembled objects in each scene. We do this
by manually localizing the objects in the first scene approximately. We then feed this to a
localization program to localize the objects in the first scene. Then we let the localization
program to track the objects in the remaining scenes automatically.

The 3D localization program is called 3D template matching algorithm (3DTM) [51].
The 3DTM can localize an object in a 3D scene, given a rough estimate of the location of
the object in the scene. The algorithm uses sensor modeling, probabilistic hypothesis gener-
ation and robust localization techniques to make localization fast and accurate. The input to
3DTM is a range image and the triangulated model of the object in the scene and an approx-
imate location of the object in the scene. The 3DTM uses the triangulated model and the
approximate location to compute an error using a special error function. It then deferentially
adjusts the location of the model to minimize the error. The definition of this error function
is such that it is very robust to noise and occlusion which makes it well suited for our APO.

The original 3DTM program can localize one object in one scene. We modified the
3DTM program to localize multiple objects. We then set up the system to feed the position
information of the objects in one scene to initialize the localization in the next scene. This
results in automatic tracking of the objects in all but the first scene. The sequence of
observed poses of the peg during the peg in hole task is shown in Figure 22. The localized
models of the peg and hole are superimposed as dark triangulated meshes on each of the

pegz:
csg_node: peg
rigid_motion: [[4 1 0 0 0][4 0 1 0 0][4 0 0 1 0][4 0 0 0 1]]
face_list: (B-PEG-2-f-9 B-PEG-2-f-8... B-PEG-2-f-0)
edge_list: (B-PEG-2-e-23 B-PEG-2-e-22... B-PEG-2-e-0)
vertex_list: (B-PEG-2-v-15 B-PEG-2-v-14... B-PEG-2-v-0)
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observed intensity images.

Figure 22  Object tracking (only 9 of the 70 scenes are shown here)

The result of tracking is a list of lists. Each list contains the pointer to the images of the
scene, the number of localized models in the scene, their identity, and the their poses, with
respect to a global coordinate system as shown in Figure 23. The pose of each object in a
scene is given asP (x,y,z,sx,sy,sz,α) in a global reference frame. The first three values are the
translation parameters of the object coordinate system. The last four numbers is the rotation
of the object coordinate system in axis-angle format. The output of the localization program
for a single scene is a list of poses of the objects in the scene. The output of the tracking sys-
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tem is a list of list of poses of the objects being tracked as shown in Figure 23.

Figure 23  Output of Tracking system

It should be noted that the raw pose obtained from the observation system is error
prone. Despite this, we can extract the essential contact information in each observation, and
use it to reconstruct the path.

4.2 Modeling the Assembly Path

The task modeling system can be considered as a module which takes in the list of
object locations at discrete instants of the assembly and uses it to reconstruct the path of the
assembled object. The schematic of the algorithm is shown in Figure 24.

Figure 24  Main steps of the Algorithm

The steps of the algorithm are as follows:

• Instantiate the models of the assembled objects at each observation,oi. Find the
feature pairs which are in contact for eachoi of the assembled object with the envi-
ronment. Let the contact feature pair set for the observed configurationoi beFPi.

Image: /usr/local/cmu/pkg/Obs/data/s130/s130.seq0.v
No of Models: 2
/usr/local/cmu/pkg/Tri/models/hole-3d.model.3dtm
108.11 911.80 1498.86 -0.0243 0.0240 -0.9994 3.1396
/usr/local/cmu/pkg/Tri/models/peg.model.3dtm
-47.13 927.02 1495.72 0.0480 0.0210 -0.9986 3.1217
Image: /usr/local/cmu/pkg/Obs/data/s130/s130.seq1.v

One set

{o1, o2,... ok}

Find Contacts

Compute C-obstacle features

Compute Path Segments

{PS1, PS2,... PSn}
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• Compute the c-surfaceCi corresponding to each observationoi using the feature
pair setFPi as explained in section 5. Project the observed configurationoi onto the
c-surface to obtain the corrected configurationpi.

• Segment the observed configurations{p1, p2,... pk} into contiguous segments{S1,
S2,... Sn} such that all observations in a segmentSj maintain the same contact pair
setcj and have the same c-surface.

(EQ60)

• Compute the path segmentPSj lying on the c-space obstacle featureCj through the
observed configurations in the segment .

• The complete assembly motion path is then the concatenation of the path segments
PSi.

4.2.1 Computing Contacts

The first step in the module is to find the contacts between objects in each observed
scene. The basic information extracted from the raw position information from the tracker is
the set of contacts between the objects in each scene. As explained in section 4 there are
only three types of contacts between polyhedral objects, namelyvf, fv andee. We say that
there is a contact between two features if the distance between them is less than a threshold.
The distance measures for the three types of contact are given below.

vf and fv contacts

Figure 25  Contact condition for vf contact

If the coordinates of the vertex is(vx,vy,vz) and the equation of the plane of the face is
(fax+fby+fcz+fd = 0), then the distance between the features is the perpendicular distance of
the vertex to the face is given by (EQ61). If this distance is within a threshold then we say
there is a contact.

Sj pj1
pj2

… pjk
, , ,{ }=

FPj1
FPj2

… FPjk
… cj= = = = =

Sj pj1
pj2

… pjk
, , ,{ }=

δ

(vx,vy,vz) (fax+fby+fcz+fd = 0)
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(EQ61)

In addition to the distance threshold, we check if the projection of the vertex lies within
the boundaries of the face. The contact condition forfv contact is the same asvf contacts.
The only difference is the face is moving and the vertex is fixed.

ee contact

Figure 26  Projection for single ee contact

With edge on edge contacts the distance between two edges is the perpendicular dis-
tance between the two lines forming the edge. If the first edge has end pointsa andb and the
second edge has end pointsc andd, then the distance will be given as shown in (EQ62).

(EQ62)

In addition to the distance threshold, we check if the contact point lies within the
bounding vertices of each edge.

Distance Threshold
The value of the distance threshold depends on the accuracy of the range data and the

localization algorithm. It also depends on the scale of the objects used in the assembly. We
use a two pass method for computing the contacts. In the first pass we use a 3mm threshold
to compute contacts. Once we obtain the c-surface and project the observed configuration
and correct it, we recompute the contacts using a threshold of 0.3mm.

In order to compute the contacts for each scene, we first instantiate the models of the
assembled objects at the locations given by the 3DTM. We then compute the boundary rep-
resentation of the objects in this model world. We then iterate through all the possible fea-

eavx ebvy ebvy ebvy+ + + δvf
< ea

2
eb
2 ec

2
+ + 1=

a

b

c

d
δ

b a–( ) c d–( )
d1

d2
c a–( )=

δ a b a–( )d1+( ) c d c–( )d2+( )–=
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ture pairs between the assembled object and the objects in the environment and find the
feature pairs satisfying the contact condition. Thus, for every observed scene and we end up
with a set of feature pair sets in contact{ci1, ci2,...}.

4.2.2 C-Surface Computation

For each observed scene, we are given the set of contacts between the moving object
and the fixed objects. We choose a reference contact from this set of contacts. Then, we
compute the three coefficient matrices(E,D1,D2)i for each of the other(N-1) contacts. The
set of(E,D1,D2)i and the reference contact is the definition of the c-surface. Note that these
coefficient matrices are dependent only on the geometry of the features in contact. So they
can be pre-computed and stored as soon as the contacts are identified.

4.2.3 C-surface Projection

The projection of a point in c-space onto a c-surface depends on two functions. Every c-
surface has two main methods associated with it. These are the space_to_surface method
and the surface_to_space function.

Space_to_surface
The input to the function is a point in c-space in(x,y,z,θ,φ,ψ) coordinates. The output of

space_to_surface is the values of the parameters defining the c-surface(y,d1,d2).

Surface_to_space
The input to the surface_to_space function is a point on the c-surface and described by

the (y,d1,d2) parameters. The output of the function is the c-space point corresponding to
these parameters in(x,y,z,θ,φ,ψ).

Given a point in c-space(x,y,z,θ,φ,ψ), we first send it to the space_to_surface function.
The output of space_to_surface is then fed into the surface_to_space function. This is the
projection of the observed configuration for the c-surface. This will be the corrected config-
uration of the assembled object in the scene.

Once we have the corrected configuration, we recompute the contacts. We repeat the
contact computations and projections. The result of the second pass gives us the exact con-
tacts and configuration of the assembled object in the scene. Because of the qualitative
aspect involved in the computation of contacts these two passes are usually sufficient.
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4.2.4 Segmenting the Observations

The previous step gives us the correct contact feature pair lists for each observed scene.
We then use a simple set equivalence check to compute whether the contact features of two
given observed scenes are equal. Using this, we segment the sequence of observations into
contiguous segments such that all the contact feature pairs in all the scenes in a segment are
the same.

4.2.5 Computing Path Segments

There is an important aspect of compliant motion paths lying on the c-space obstacle. If
Ci-1, Ci andCi+1 are consecutive c-space obstacle features with finite path lengths. The start
point of a path segment onCi lies on the intersection ofCi andCi-1. The end point of this
path segment will lie on the intersection ofCi andCi+1. These points are critical points in the
path. We compute these start and end points of each path segment explicitly using a numeri-
cal technique.

The technique can be illustrated by considering a simple 2D case as shown in Figure 27.
Let the last observation corresponding to the c-surfaceCi beoi, and letCi+1 be the c-surface
corresponding to the next contact configuration. We want to compute the intersectionq of
the two c-surfacesCi andCi+1 closest tooi.

Figure 27  Intersection of two path segments

We find the intersection by successively projecting the observed point ontoCi and the
Ci+1 until the point converges. The procedure is as follows.

1. Projectoi ontoCi to obtain the projected pointqi.

Ci+1

Ci

q

oi

qi

qi+1
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2. Projectqi ontoCi+1 to obtain a projected pointqi+1.

3. If |qi -qi+1| < ε (threshold), returnqi+1; else setoi = qi+1 and go to step 1.

The procedure converges because the initial configurationoi is usually close to the
intersection point of two c-surfaces. An advantage of this technique is that it can find inter-
sections of path segments lying on different classes of c-surfaces.

We compute the end points of all the path segments using this procedure. The start
points of a path segment coincides with the end point of the previous path segment. The path
segment is then obtained by interpolating the(y,d1,d2) parameters from the start point
(y,d1,d2)i to the end point(y,d1,d2)f through all the observed configurations with the same
contacts .

Once we have the path segment on the c-space obstacle featureCj, any point on this
curve will maintain the contactscj. This will be the path segmentPSj.

Figure 28  Path segments in task

The main path segments of the assembly task shown in Figure 22 is shown in Figure 28.

Sj oj1
oj2

… ojk
, , ,{ }=

(a) (b) (c)

(d) (e)
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The path segment shown in Figure 28 (a) corresponds to the path of the peg in free space.
This is considered special because no contacts exist. This path usually avoids obstacles.
Hence unlike other path segments, this path is interpolated between all observed configura-
tion points. The path segment shown in Figure 28 (b) corresponds to the a doublevf contact
that is made initially. The segment following that in Figure 28 (c) corresponds to the multi-
ple vf andfv contacts once the peg enters the hole. The remaining path segments complete
the rest of the assembly. The concatenated assembly path corresponds to the motion of the
assembled peg as shown in Figure 29.

Figure 29  Path of the peg in Vantage

4.3 Robot Execution

The compliant path reconstructed from the observation is a nominal assembly path. In
order to robustly execute the assembly task using a robot, we need a force-position control
strategy. But, if we have a very accurate robot and are given the position of the objects in the
robot space, then we can still use the motion plan to generate a trajectory for the robot.
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The transformations involved in converting the modeled path to a robot trajectory is
shown in Figure 30.

Figure 30  Transformations in the Robot Space

If Thb is the transformation matrix representing the hole with respect to the base of the
robot.Tph is the transformation matrix obtained from the modeled path. The matrixTpt is the
transformation between peg to the tool of the robot. FinallyTtb is the transformation of the
tool with respect to the robot base. Then the robot transformation matrixTtb is given by
(EQ63).

(EQ63)

We are given a series ofTph matrices defining the assembly path of the peg into the
hole. We can compute the series of transformation matricesTtb. Each of theseTtb can be
converted to the coordinates of the robot and will form the trajectory of the robot. The exe-

Ttb

Thb

Tph

Tpt

Ttb TtpTphThb=
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cution stages of the robot for the assembly task is shown in Figure 31.

Figure 31  Fujitsu Arm Execution
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5 Conclusions

Our theory took shape from its motivation, namely the APO system. We believe that the
basic methods we proposed are general enough to apply in other domains. In this section we
summarize our results, discuss the limitations and suggest future directions of research.

5.1 Summary

The method we proposed for representing c-surfaces is general. The generality means
that it can represent any given set of contacts. It is also general in the sense that it works for
both polygonal objects in planar space and polyhedral objects in space. Using this represen-
tation, we showed how we can compute the projection of a point in c-space onto the c-sur-
face. The interpolation of a smooth path between two points on a c-surface is then an
extension of the projection technique. The motivation for our theory was the assembly plan
from observation system. We demonstrated our theory by implementing the APO system.

5.2 Discussion

The biggest limitation of our projection method is the lack of an analytical solution for
the system of non homogenous polynomial equations which form the constraints. We
showed that for special cases the constraints reduce to a linear system of equations. But an
analytical solution would be the perfect answer to the problem. The iterative solution to find
the projection is not only less elegant but could take more time if the projections on the c-
surfaces are needed for real time task execution.

The 3 mm distance threshold we used for finding contacts between objects in our imple-
mentation is a “magic number” which depended on the dimensions and errors in our vision
system. One can easily find objects which can be shaped such that the contacts concluded
from this threshold will result in a infeasible set of contacts. The remedy is to replace the
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current simplistic contact finding function with a better framework which can reason about
the contacts.

The displacement of objects can be also represented using the transformation matrix
(T). TheT matrix possess the group properties of dual vectors which we used to great advan-
tage. But the major limitation is the number of elements in a4x4 T matrix is12 compared to
8 in the dual quaternion. (6 in the 3x3 matrix compared to4 in the planar quaternion).
Unlike the single constraint on the rotation part of the dual quaternion, the constraints on the
elements ofT matrices are six in the 3D case (2 in the planar case). Solving for the c-surface
analytically among these myriad constraints will require complex symbolic mathematics
software such as the one used in Donald’s work [9]. On balance we think that the dual vector
representation is less complex.

5.3 Directions for Future Research

The application of a general and computationally manageable representation of c-sur-
faces is enormous in the field of motion planning. The future directions of research lie not
only in the application of our theory, but also in the investigation of the possibility of direct
solutions of the non-linear equations which form the constraints.

The obvious application of the theory of c-surfaces would be to use it on-line during the
execution phase of the robot. The nominal path reconstructed from the observations is not
sufficient for guaranteeing success during execution because of uncertainty during robot
execution. The actual c-surface can be computed from the position of the objects obtained
from vision sensors in the robot workspace during execution. The differentials of our error
measure in our projection technique provides a good estimate of the error control vector on
the robot trajectory.

Mason et al. [36] work details the compliant-guarded motion strategy to reliably exe-
cute given an assembly plan. Further work by Erdmann et al. [10] incorporated additional
parameters like friction into this strategy. Future work on the execution module of the APO
could incorporate our c-surface representation into this approach to guarantee the success of
the assembly task even in the presence of uncertainty.

As we explained in the representation sections of this thesis, the set of three coefficient
matrices(E,D1,D2) decide the independence of the rotation and translation parameters of the
c-surface. The skew symmetry of allD1 matrices makes thed1 parameter independent.
There might be a good chance that there are individual or aggregate properties of the matri-
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ces which can decide the characteristics of the c-surface. Canny proposed an analytical solu-
tion of a system of homogenous polynomial equations. A similar solution may be possible
for the non-homogenous equations in our case.

The basic contacts involved pairs of primitive geometrical features of the polygonal and
polyhedral objects such as face, edge, and vertex. If we can define a set of such features for
curved objects, it should be possible to derive the representation in dual quaternions. Admit-
tedly they will be much more complex that the simple parametric and implicit equations for
the case we dealt with in this thesis. Solving this problem will probably be a big step
towards analyzing real world objects used in assembly.
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Appendix A : Projection Formula

The minimization problem we are concerned with is given by (EQ64).

(EQ64)

The solution to (EQ64) in(y,d1,d2,λ) space can be obtained by setting the partial differen-
tials to zero and solving the resulting equations. Since the problem is non-linear we solve it
iteratively by using the Newton-Raphson’s method as shown in (EQ65).

(EQ65)

The first order partial differential terms are given in (EQ66).
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(EQ66)

The second order partial differential equations are given in (EQ67).
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(EQ67)
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