
Partitioning Contact State Space Using the Theory of
Polyhedral Convex Cones

George V Paul and Katsushi Ikeuchi

August 1994
CMU-RI-TR-94-36

Robotics Institute
Carnegie Mellon University

Pittsburgh, PA 15213

This work was sponsored in part by National Science Foundation under IRI-9224521 and in part by the Avi-
onics Laboratory, Wright Research and Development Center, Aeronautical Systems Division (AFSC), U.S.

Air Force, Wright-Patterson, AFB, OH 45433-6543 under F33615-90-C-1465 and F33615-93-1-1282.



Keywords: Assembly planning, Robot programming, Teach-by-showing, Tele-
operation, Image Understanding, Object Recognition, Task Recognition, Screws.



3

Abstract

The assembly plan from observation (APO) system observes a human operator perform an
assembly task, analyzes the observations, models the task, and generates the programs for
the robot to perform the same task. A major component of the APO system is the task recog-
nition module, which models the observed task. The task model in the APO context is
defined as a sequence of assembly states of the part being assembled and the actions which
cause the transition between states. The state of the assembled part is based on its freedom
which can be computed from the geometry of the contacts between the part and its environ-
ment. This freedom can be represented as a polyhedral convex cone (PCC) in screw space.
We show that any contact configuration can be classed into a finite number of contact states.
These contact states correspond to topologically distinct intersections of the PCC with a lin-
ear subspace T in screw space. The models of any observed task can be represented com-
pactly as a transition graph obtained from these contact states. We illustrate the application
of the theory by implementing the APO system for the case of objects assembled in a plane
using rotation and translation motion.
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1 Introduction

Conventional methods of programming and operating robots are teach-by-showing, tele-
operation, textual programming, and automatic programming. This work is based on a
system which is based on a novel method of programming robots called Assembly Plan
from Observation (APO)[23].

When we consider a task such as assembly, the conventional methods all have draw-
backs. Teach-by-showing [11] has the disadvantage that the control is low-level, typically
at the joint level. Hence it is not robust enough for programming robots for assembly
tasks. Textual programming [3] needs a programmer trained in specialized robot program-
ming languages such as VAL, who converts the assembly task into basic robot commands
which can accomplish the task. Teleoperation [4][21][26] needs a human operator as an
essential part of the system. So, a system based on it cannot operate autonomously. Unlike
the previous methods, automatic programming [13][17][14] needs no human intervention
after the specification of the task. The system can identify and compute the solutions for
all aspects of the task automatically. But the disadvantage of this method is the over-
whelming complexity of the subtasks.

The APO system observes a human perform an assembly task before a perception sys-
tem. It then understands what the human did and how it was done. This information is
used to program a robot. Thus it incorporates the simplicity of teach-by-showing and tele-
operation. In addition, the robot programs are generated automatically. By using the oper-
ators solutions for the subtasks like assembly planning, grasp positioning, and collision
free path planning instead of computing them, the APO system avoids the complexity of
automatic robot programming.

When a part is assembled into another, there are three major aspects of the task that can
be observed. They are, the collision free path from the parts table to the assembly, the fine
motion resulting in the assembly, and the grasping strategy used to manipulate the part. In
this work, we concentrate on the fine motion strategy used by the operator to bring the part
into its final configuration.

To understand what was done and how it was done, the APO system observes critical
contact states of the manipulated part. It then uses models of tasks and matches the
observed task to one of the task models. The basic task model consists of a pre-assembly
state, a post-assembly state and the action necessary to get from the former to the latter. To
represent all possible assembly tasks, we classify all the possible contact configurations of
the manipulated part into a finite number of assembly states. The contact states are used to
build a transition graph. The model of the observed task forms a subgraph in this transition
graph. Once this abstract task model of the observed task is obtained, we use motion tem-
plates to generate the manipulator motions needed to program the robot manipulator to
perform the task. The APO system has already been implemented for polyhedral objects
when the assembly motions are all translations [23].

Although the previous APO system can handle a significant variety of assembly tasks, it
cannot reason about assemblies involving rotations. We have extended the APO system
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such that it can deal with assemblies of polygonal objects that are assembled using rota-
tion in addition to translation.

We use screw theory to represent the freedom of a contact configuration of the assembled
object. We then use the theory of polyhedral convex cones to classify the contact inequali-
ties into a finite number of topologically distinct states. The finite states are then used to
build a transition graph. The representation of the freedom and its classification based on
topology results in a comprehensive theory for partitioning contact state space.

Among related work, the most closely related is the work of Hirai [5][6], which deals
with the kinematic analysis of contacts to model robot assembly tasks based on contact
states. Laugier [12] also uses the contact geometry to plan fine motion during assembly.
Other work such as by Mattikalli [18] deal with representation of the motion constraints
based on contact geometry. The concept of partitioning contact state space and using it to
build task models was first proposed by Ikeuchi [23]. Our work provides the theoretical
basis for this.

1.1  Organization of this Report

Section 2 introduces the components of the system and the connections between them. It
also introduces the concepts involved in building the task recognition module for planar
assembly using translation only. Section 3 details the building of the task recognition mod-
ule for planar assembly with rotation and translation. This section contains most of the
contributions of this work. Section 4 explains the implementation of the system for polyg-
onal objects assembled in a plane. The final section draws conclusions on this work and
discusses future plans.
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2 The Assembly Plan from Observation (APO) System

The aim of this chapter is to briefly introduce the components of the APO system. The
schematic of the APO system is shown in Figure 1. The three major components of the
APO system are the observation module, the task recognition module and the task instan-
tiation module. We will indicate the input, output, and the method of operation of each
component.

The human operator performs the assembly task by manipulating parts in a sequence of
subtasks. The observation module observes the operator perform each subtask. The task
recognition module then understands what was done, how it was done, and uses subtask
models to represent the observed subtasks. Finally, the task instantiation module converts
the modelled subtasks into a task for the robot. This instantiated task is then used to gener-
ate the program that will enable the robot to perform the assembly task in its workspace.

Figure 1 : Assembly Plan from Observation System

2.1  Observation Module

The observation module uses a perception (presently, vision only) system to observe the
human operator performing the assembly task. The observation module performs the fol-
lowing:

• Temporal Segmentation - The vision sensors of the perception system provide us with a
continuous sequence of images of the operator performing the assembly. These have to
be split into meaningful segments in time. A meaningful segment will correspond to
one assembly subtask. Figure 2 shows the temporal segmentation of a planar assembly
task into 5 segments corresponding to 5 subtasks.

Figure 2 : Temporal segments of a planar assembly task
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• Object Recognition - In order to understand what the operator achieved during a stage
of the assembly, the system has to identify the object that was manipulated. The object
recognition program identifies the manipulated object and its configuration with respect
to a world coordinate system.

2.2  Task Recognition Module

In each stage of the APO system operation, the operator manipulates an object (called
the manipulated object) onto the previously assembled objects in the scene (called the
environmental objects). The aim of the task recognition module is to understand what was
done by the operator and how it was done. This involves the following:

• Modelling the Assembly Subtask - Every assembly subtask involves at least one
change in the assembly relations (usually contacts) between the manipulated and envi-
ronmental objects. Using the geometrical models of the objects and the configuration of
the objects, it is possible to compute this change in assembly relations and identify the
actions that caused it. This is called modelling the assembly subtask. The complete
assembly task can be represented as a series of such subtask models.

• Grasp Recognition - While performing the assembly task, it is useful to understand
where and how the operator grasps the assembled objects. This can be used for plan-
ning the grasp for the robot. A detailed description of grasp recognition from observa-
tion can be found in [8].

• Global Path Recognition - The objective here is to observe the path of the manipulated
object used by the operator performing the assembly. Using the path taken by the oper-
ator avoids the computation needed for searching out a collision free path in configura-
tion space [16].

The major part of this work deals with the theory behind modelling assembly subtasks
which are defined by contacts. We will try to illustrate the theory of task modelling based
on contacts, for the simple case where polygonal objects are assembled in a plane using
only 2D translation motions.

2.2.1  Assembly Subtask Modelling

If the configuration of the objects forming an assembly are known, we can geometrically
deduce the assembly relations (contacts) established between the manipulated object and
the environmental objects. Each of these contacts constrains the motion of the manipu-
lated object. The set of contacts in an assembly relation restrict the motion of the assem-
bled object to a set of legal motions. The actions that result in the assembly must be a
member of this set of legal motions.

The major premise of the APO system is that the actions of the operator while perform-
ing the assembly are aimed at causing the change from one assembly relation to another.
Using assembly relations as the basic representations, an assembly subtask can be defined
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as involving a pre-assembly relation, a post-assembly relation and the action that causes
the transition from the former to the latter (Figure 3).

Figure 3 : Task model schematic

There are infinite number of possible assembly configurations and actions which can
cause the transition from one to another. We represent them using a finite number of task
models. This involves the following steps.

• Classifying all possible contact relations (assembly relations) between the manipulated
and the environmental objects into a finite number of contact states.

• Building the transition graph by finding all the transitions that can occur from the pre-
assembly state to the post-assembly state. Each arc of the graph corresponds to one pos-
sible transition and each node corresponds to an assembly state.

• Assigning manipulator actions to achieve such assembly state transitions (the com-
pleted graph is referred to as a procedure graph).

2.2.2  Subtask Modelling for Planar Assemblies: Translation only

The following subsections describe the concepts and the methods involved in building
the subtask modelling for the assembly of polygonal objects. This is restricted to a two-
dimensional world where actions can be translations only. Section 3 will describe the
building of the subtask modelling module for the two-dimensional world with rotation in
addition to translation.

2.2.2.1 Assembly Relation

Consider two objects in contact as shown in Figure 4 (a). The contact relation can be
completely defined by the surface normaln at the points of contact. The translation vector
t which represents detaching or sliding of the two bodies, can be defined by the inequality
(1).

(1)

The solution for (1) can be represented by the unshaded semicircle on a gaussian circle
as shown in the Figure 4 (b). Any vector on the unshaded semicircle will cause the objects
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to detach. Any vector on the two ends of the semicircle will result in sliding of the objects.
The inequality (1) forms the basis of the representation of assembly tasks

Figure 4 : (a) Single contact geometry. (b) Assembly Freedom representation

2.2.2.2 Classification of Assembly Relations

When there are multiple contacts, then (1) becomes a system of inequalities given by:

(2)

N is the matrix of contact normals. The solution space of (2) can be represented as the
intersection of the semicircles on the gaussian circle as shown in Figure 5. The solution of
(2) represents the freedom of one object with respect to the other. This freedom can be
classified into a finite number of distinct contact states based on the topology of the solu-
tion space. This is based on the theory of polyhedral convex cones as will be explained in
Section 3. In the 2D planar case with translation only, this will result in six contact states
which are described below and are shown in Figure 5.

State S: There are no contacts and the object motion vector,t can be any 2D vector.

State A: There is a single direction of contact, so the solution can lie only on a semicir-
cle.

State B: There are two non-parallel contact normals, and the rank ofN is two. The solu-
tions can lie on a sector bounded by the two non-parallel vectors.

State C: The two contact normals are anti-parallel and the rank ofN is one. The solu-
tion can lie on a line.

State D: Three contact normals. A third contact normal, in addition to the two in state
C. The solution will be a single direction of translation.

State E: The contact normals are such that there is no feasible solution.

n
t
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y x

y
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Figure 5 : Contact States for 2D Translation.

2.2.2.3 Transition Graph for Polygonal objects

The goal of the assembly task is to change the contact state of the object. The transition
graph represents all the possible transitions between contact states and the actions neces-
sary to achieve them.

Theoretically there can be 52 transitions between the 5 states. But if we consider only
transitions which increase the number of contacts gradually and also assume polygonal
objects, we obtain 5 transitions between the 5 states. The transition graph is shown in Fig-
ure 6(a).

When the APO system is in operation, the task recognition module maps the observed
object configurations, into contact states in the transition graph. It also maps the observed
actions into the transitions between the states in the graph. The states along with the tran-
sitions are used to represent each observed assembly subtask.

The transition graph is the abstract representation of all the possible assembly tasks. In
order to use these models to program a robot, we need the manipulator actions necessary
to achieve each transition. The actions corresponding to each transition is called a motion
macro. These motion macros can be used to program the robot.

When all the transitions in the transition graph are associated with its corresponding
motion macro, the resulting graph is called a procedure graph (See Figure 6(b)). M1, M2.
M5 are the motion macros for corresponding to the 5 transitions.
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Figure 6 : (a)Transition Graph (b) Procedure Graph.

2.3  Task Instantiation Module

The task recognition module represents the observed task as an abstract task model. This
abstract task model has to be converted into a task for the robot. This is done by the task
instantiation module.

Here the subtask model is used to generate the programs for the robot to perform the
assembly subtask in its workspace. In order to accomplish this, additional information of
parameters like the distance of translation are needed. These can be obtained from the
results of object recognition, grasp recognition, and global path recognition. The instanti-
ated task can be used to generate the program for the robot. The task instantiation module
can also incorporate skills like hybrid control and visual feedback, to increase robustness
during task execution.

The subtask modelling part of the APO system for 2D polygonal objects described above
serves as an introduction to the concept. The detailed building of the APO system for the
case of 2D rotation and translation is described in Section 3
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3 Subtask Modelling for Planar Assemblies: Translation
and Rotation

Assembly tasks that require both rotation and translation cannot be analyzed using the
surface normals of contacts on a gaussian circle. Instead, we use screw theory, which can
represent rotation and translations in a single mathematical framework [1][7].

The screw is a convenient concept for representing three dimensional rigid body dis-
placements [1]. Any rigid body displacement can be accomplished by a rotation about a
unique axis and a translation along this same axis. The combined motion is called a screw
displacement or twist. The unique axis is referred to as the screw axis, and the ratio of the
translation to the rotation is designated as the pitch of the screw. The amount of rotation
about the screw axis is called the amplitude of the screw.

Figure 7 : Screw coordinates

A screwS is represented mathematically by two 3D vectors,[S0, S1] as shown in Figure
7(a).S0 is the direction of the screw axis and . The vector  is
the moment of the screw axis about the origin,P is a vector to the screw axis from the ori-
gin and the scalarp is the pitch of the screw.

For pure rotations, the pitchp=0, and the screwS will be [S0, ]. For pure transla-
tions, the pitchp is infinity, so the screwS will be [0, S0]. Screws can also be used to rep-
resent a line in space. In this case, the screw axis will be along the line, and the pitch of the
screw will be zero [1][7].

3.1  Assembly Relation

Consider two bodies in contact as shown in Figure 7(b). Let screwS = [s1, s2, s3, s4, s5,
s6] represent the line of contact in 3D space and screwT = [t 1, t2, t3, t4, t5, t6] represent the
displacement of one object with respect to the other. Any screwT that can cause the slid-
ing of object B on object A is called a reciprocal screw and is related toS by equation (3)
as explained in [1].

(3)
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Any screwT that can cause the detaching of object B from object A is called a repelling
screw and is related toS by the inequality (4) as explained in [19].

(4)

Thus the relation that defines the feasible set of legal motions which do not violate the
contact (sliding and repelling) can be written as the inequality (5) [19]. This is called the
contact inequality.

(5)

The contact inequality can represent any contact between objects in 3D space. If we con-
sider two bodies in contact in a plane as shown in Figure 8(a), then the screw representing
the contact will be[s1, s2, 0, 0, 0, s6] , wheres1=nx ands2=ny ands6=(pynx - pxny). The
vector(nx,ny) is the contact normal, and(px,py) is the vector from the origin to the line of
contact.T=[0, 0, t3, t4, t5, 0] will represent the screw displacement in the plane. The ine-
quality representing any feasible displacement in the plane can then be given as (6).

(6)

wherea = nx, b = ny, denotes the contact normal andc = (pynx - pxny). The variablestx =
t4, ty = t5 andwz = t3 represent the screw displacement in the plane.

The screw displacement in a plane represents either a counter-clockwise rotation or a
clockwise rotation, about some rotating center in the plane. If the solution of (6) is[t x, ty,
wz] , andwz is positive, then it implies a counterclockwise rotation. Ifwz is negative, it rep-
resents a clockwise rotation. The freedom of an object in contact can be represented by the
feasible rotation centers for counter-clockwise and clockwise rotations.

Figure 8 : (a) Contact Geometry (b) Constraint Space for 2D Translation and Rotation.

3.1.1  Graphical Representation of the Freedom of an Assembly Relation

Using the contact inequality it is possible to find the areas where the feasible rotation
center areas for clockwise and counter-clockwise rotations can lie. These areas can be
used as an intuitive representation of the freedom of the assembly relation.

Consider the coordinate space[t x, ty, wz] , the solution of the contact inequality (6) will be
represented as a half-space. The half space will be bounded by a plane passing through the
origin as shown in the Figure 8(b). The solution space corresponding to counterclockwise
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and clockwise rotations will then be intersections with the two planeswz = -1 andwz = +1
as shown in the Figure 9(a).

Given a feasible solution[t x, ty, wz], , and assuming that the corresponding
rotation center is[r x, ry] . If wz = +1, the rotation center for counterclockwise rotations is
given by equation (7). Ifwz = -1, the rotation center for clockwise rotations is given by
equation (7).

[t x, ty, wz] = [-r y, rx, +1] (7)

[t x, ty, wz] = [r y, -rx, -1] (8)

Figure 9(b) shows how the solutions of the inequality are mapped onto the plane of the
bodies in contact as corresponding rotation centers. All points to the one side of the con-
tact line can be feasible centers for counterclockwise rotation, and all points to the other
side of the line of contact can be feasible centers for clockwise rotation. Any rotation cen-
ters on the contact line will maintain the contact. These points correspond to the feasible
solutions lying on the constraint plane(a tx + b ty + c wz = 0).

The rotation center areas can be used to graphically represent the freedom of the contact
as shown in Figure 9(c). The shaded regions on the left and right rectangles indicate the
feasible counterclockwise and clockwise rotations respectively.

Figure 9 : (a) Feasible Solutions (b) Rotation Centers (c) Representation

When there are multiple contacts, the contact inequality (6) becomes a system of ine-
qualities as shown in (9).

(9)

The solution of (9) will be the intersection of the half-spaces corresponding to each ine-
quality. This solution space is called a polyhedral convex cone (PCC) in[t x, ty, wz]  space.
The feasible rotation centers will correspond to the intersection of this polyhedral convex
cone with the  planes.

Consider the case of two contacts as shown in Figure 10(a). The polyhedral convex cone
is a wedge-like space as shown in Figure 10(b). Feasible rotation centers exist only for
counter-clockwise rotations as shown in Figure 10(c). The freedom of the object is very
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different from the single contact case considered earlier. The object in this case can only
translate in two directions which lie on a line.

Figure 10 : Two Contact Case

The freedom of the object in the single-contact case and the two-contact case are obvi-
ously different. They are said to belong to distinct contact states. The infinite number of
possible contact configurations1 can be classified into a finite number of contact states.
The intuitive reason why two contact states are different is that their rotation center areas
are different. The precise explanation using the theory of polyhedral convex cones is
described in the following section.

3.2  Contact States

A graphical representation of the feasible rotation center areas gives us an idea of the dif-
ferent types of freedoms that can result from multiple contacts. In order to systematically
generate all the possible contact states, we use the topology of polyhedral convex cones.

3.2.1  Polyhedral Convex Cones (PCC)

Consider the system ofm linear inequalities shown in (10).X is a n-dimen-
sional vector. The solution space ofX, denoted byA*  will be a polyhedral convex cone
(PCC). The theory of polyhedral convex cones is explained in the paper by Tucker and
Goldman in [10].

(10)

The solution of each inequality in (10) is represented by a half space inn-dimensional
space bounded by a face of dimension(n-1). The solution to (10) is the intersection of the
m half-spaces and will form a PCC. The PCC is defined topologically by the number and

1.  We use vertex-on-line contacts to represent the contact configurations. Line-on-line contacts which are
common in real life assemblies can be represented by two vertex-on-line contacts situated at the ends of the
contact line [19].
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dimension of the faces constituting it. The faces2 of a PCC inn-dimensional space can be
subsets of then dimensional space,(n-1) dimensional space, ... ,0 dimensional space.

If n is the dimension ofX andr is the rank of matrixA, thend, (d=n-r) is the smallest
dimension of the faces constituting the solution spaceA* . This face is called thed-face.
Theorem-1 in [10] states that the solutionA*  is either a linear subspace of dimensiond, or
the convex hull of finitely many half subspaces of dimension(d+1) bounded by a common
subspace of dimensiond.

A consequence of this theorem is that the PCCA*  can be composed of faces of dimen-
sion d, d+1,..., n. Topologically distinct solutionsA*  arise when the dimension of faces
constitutingA*  belong to the sets{d} or {d, d+1},...,{d,d+1,... n}. In addition, for PCCs in
n-dimensional space, the value ofd can vary from0 to n. Using these facts we can gener-
ate all possible topologically distinct PCCs in an-dimensional space.

Figure 11 Polyhedral convex cones in 3d space

An example of the three topologically distinct solutionsA*  predicted by the theorem,
whenn=3, r=2 andd=1 is shown in Figure 11. Figure 11(a) shows the case when the solu-
tion A* is purely a linear 1D subspace (a line). Figure 11(b) shows the case when the solu-
tion A*  is composed of a linear 1D subspace (a line) bounding a 2D half subspace (half-
plane). Figure 11(c) shows the case when the solutionA*  is a convex cone composed of a
linear 1D subspace (a line) bounding two 2D half subspaces (half-planes), which bound
the 3D space.

When we apply the theory of PCC to the 3D space[t x,ty,wz] , which represents the free-
dom of a body in a plane as explained in Section 3.1, the system of inequalities resulting
from the contacts on an object in a plane will be given as (9).

(11)

2.  The faces of a PCC in a three dimensional space can be subsets of a point (zero dimensional face), a line
(one dimensional face), a plane (two dimensional face) or a 3D space (three dimensional face)
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The solutionA*  will now be a PCC in 3D space. The topologically distinct solutions will
form the basis for classifying contact configurations into a finite number of contact states.
For example, whenA*  is a 2D plane bounding a 3D space, the corresponding contact con-
figuration is a single contact (see Figure 12(a)). WhenA*  is just the 2D plane, it corre-
sponds to two opposing contacts lying on the same line (see Figure 12(b)).

Topologically equivalent solutions can correspond to different contact states. The reason
for this is as follows. The coordinatestx andty are different from the coordinatewz. The
translation freedom depends on the intersection of the solution space A* on thetxty planes.
therefore, if the same PCC intersects thetxty plane inn different ways, they will corre-
spond ton contact states (see Figure 13).

Topologically Distinct Solutions

We will now systematically analyze all the possible contact states in the following sec-
tions. For the (tx,ty,wz) space, thed-face can be the whole 3D space, a 2D plane, a line, or
a point. The faces other than thed-face can be subsets of spaces of dimensionsd+1 to 3.

The d-faceis the 3D space

When thed-face is the entire 3D space there are no contacts with the object. The object is
free to rotate and translate in any direction.

The d-face is a Plane

When the rank ofA is 1, thed-facehas dimensiond=2. The solutionA*  according to the
theorem will be either a linear 2D plane or a 3D half space bounded by a 2D plane.

The first case and its physical contact configuration is shown in Figure 12(a). Here, the
intersection ofA*  with the tx-ty plane can be either a line or the wholetx-ty plane. The
former case is shown in Figure 12(a). The latter case is physically impossible because it
corresponds to contacts located at infinite distance relative to the origin.

Figure 12(b) shows the case when the solutionA*  is a 3D half space bounded by a 2D
plane. No other cases due to the intersection with thetx-ty plane occur because the case
when thed-face (the 2D plane) lies in thetx-ty plane is physically impossible because it
corresponds to contacts located at infinity relative to the origin.

Figure 12 : r=1, d=2 Case. (a)A*  is just a plane. (b)A*  is a plane bounding a 3D space.
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The d-face is a Line

When the rank ofA is 2, the dimension of thed-face is d=1. The solutionA*  according
to the theorem can be either the linear subspace of dimension1 or composed of faces with
dimension1 and2, or composed of faces of dimension1, 2, and3.

Figure 13 shows the case when the solutionA*  is a line. There are two cases correspond-
ing to thisA* : Figure 13(a) shows the case when the intersection ofA*  with thetx-ty plane
is a point. Figure 13(b) shows the case when the intersection is a line. The physical contact
configurations corresponding to the two cases are kinematically different. One allows only
rotation, while the other allows only translation.

Figure 13 : r=2, d=1 Case.A*  is a line.

Figure 14 shows the case when the solutionA*  is a PCC composed of a 2D half plane
bounded by a line. Figure 14(a) shows the case when the intersection ofA*  with thetx-ty
plane is a half line. In this case, the object can only translate in one direction. Figure 14(b)
shows the case when the intersection is a line. Here, the object can translate in the two
directions of the line. The case when the half plane lies in thetx-ty plane is physically
impossible because it corresponds to a contact at infinity.

Figure 14 : r=2 and d=1 Case.A*  is a half plane bounded by a line.

When the solutionA*  is a PCC composed of the 3D space bounded by two half planes
which are bounded by a line, there can be three different ways of intersecting thetx-ty
plane as shown in Figure 15. Figure 15(a) shows the case whenA*  intersects thetx-ty
plane in a line. The object in this case can translate in two directions. Figure 15(b) shows
the case when the intersection is a half plane bounded by a line. Here, the object can trans-
late in all directions on a semicircle. Figure 15(c) is the case when the intersection is a
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plane bounded by two half lines which are bounded by the origin. The object in this case
can translate in all the directions bounded by the half lines.

Figure 15 : r=2, d=1 Case:A*  is the 3D space bounded by two half planes which are bounded by a
line.

The d-face is a Point

When the rank ofA is 3, the dimension of thed-face d=0. The solutionA*  can be either
the point (the origin) or a PCC composed of faces of dimension0 and1, or a PCC com-
posed of faces of dimension0, 1,and2, or it could be a PCC composed of faces of dimen-
sion0, 1, 2 and3.

WhenA*  is just the linear subspace, the solution is just the origin (Figure 16). This is the
case when there is no freedom of movement for the object in the plane.

Figure 16 : r=3, d=0 Case.A*  is a point.

When A*  is composed of a half line bounded by the origin, two cases are possible
depending on the intersection with thetx-ty plane. Figure 17(a) shows the case when the
intersection of thisA*  with the tx-ty plane is just a point. The object in this case cannot
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translate. Figure 17(b) shows the case when the intersection coincides withA* , that is, a
half line. Here the object can translate in only one direction.

Figure 17 : r=3, d=0 Case.A*  a half line bounded by the origin.

Figure 18 shows the case when the solutionA*  is a 2D plane bounded by two half lines
which are bounded by the origin. Figure 18(a) shows the case when the intersection ofA*
with thetx-ty plane is a point. The object in this case cannot translate. Figure 18(b) shows
the case when the intersection is a half line, thus limiting the freedom of the object to
translation in one direction. The case when the 2D face lies in thetx-ty plane is physically
impossible because it corresponds to a contact at infinity.

Figure 18 : r=3, d=0 Case.A*  is a 2D plane bounded by half lines which are bounded by the origin.

Another combination of faces making up the solutionA*  is the 3D space bounded by
planes which are bounded by half lines which are in turn bounded by the origin (Figure
19). Figure 19(a) shows the case whenA* intersects thetx-ty plane in a point. The object
cannot translate in this case. Figure 19(b) shows the case when the intersection is a half
line bounded by the origin. The object in this contact configuration can only translate in
one direction. Figure 19(c) shows the case when the intersection is the 2Dtx-ty plane

ty

tx

wz

d=0

d=1 ccw cw
ty

tx
wz

d=0

d=1 ccw cw

(a) (b)

ty

tx

wz

d=0

d=1

d=2

ccw cw
ty

tx
wz

d=0d=2

d=1

ccw cw

(a) (b)



22

bounded by two half lines which are bounded by the origin. The object in this case can
translate along all directions bounded by these half lines.

Figure 19 : r=3, d=0 Case.A*  is a 3Dspace bounded by planes which are bounded by half lines which
are bounded by the origin.
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The summary of the analysis is shown in Figure 20. There are 18 contact states. Any
contact configuration can be classified into one of these eighteen states. The PCC theory
guarantees that these constitute the complete set of contact states.

Figure 20 : Assembly State Classification for 2D Translation and Rotation.
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The topology of the solution A* and its intersection with thetx-ty plane can all be con-
cisely represented as a table as shown in TABLE 1. The six states for the 2D translation
case and the 10 states for the 3D translation case are simply special cases.

Rank r d = 3-r Dimension of faces of
the PCCA*

Dimension of faces in
the tx-ty plane

0 3 3 2

1 2 2 1

1 2 2,3 1,2

2 1 1 1

2 1 1 0

2 1 1,2 1

2 1 1,2 0,1

2 1 1,2,3 1

2 1 1,2,3 1,2

2 1 1,2,3 0,1,2

3 0 0 0

3 0 0,1 0

3 0 0,1 0,1

3 0 0,1,2 0

3 0 0,1,2 0,1

3 0 0,1,2,3 0

3 0 0,1,2,3 0,1

3 0 0,1,2,3 0,1,2

TABLE 1. Combinatorial Logic of Classification.
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Each contact state can be represented by a minimum number of contacts. The eighteen
states can thus be sorted by the minimum number of contacts as shown in Figure 21. This
is useful for building the transition graph which will be explained in the following section.

Figure 21 : Contact States sorted by the number of contacts

3.3  Transition Graph

The freedom derived from the lines of contact represents instantaneous freedom. Some
of the legal motions will change the contact state. The transition graph is a representation
of all the possible changes from one contact state to another, whether due to translation or
to rotation.

We assume that an assembly motion is a finite sequence of simple motions (pure transla-
tions or pure rotations) between contact states. Thus the assembly actions can be repre-
sented as a path on the transition graph. Each transition achieves a combination of the
following:

•Establishing a new contact.

•Maintaining a previous contact.

•Detaching a previous contact.

Using the contact states and the transition motions we can model what the operator
achieved, during an assembly.

ccw cw

ccw cw ccw cw

ccw cw ccw cw ccw cw ccw cwccw cw

ccw cw

ccw cw

ccw cw

ccw cw

ccw cw

ccw cw ccw cw

No Contacts

1 Contact

2 Contacts

3 Contacts

4 Contacts

ccw cw

ccwcw ccw cw



26

3.3.1  Transition Graph for Polygonal Objects

The transition graph for polyhedral objects is shown in Figure 22. Graph edges marked T
indicate that translation can cause the transition and R indicates that rotation can cause the
transition. There are 28 transitions possible between the 17 states. (The F state does not
allow any freedom, so is not included in the transition graph.) The transition motions are
chosen to be pure translations or pure rotations that decrease the number of contacts
(according to the sorted states) gradually if possible.

When we are dealing with polygonal objects and if rotation is involved, only the contacts
with normals going through the rotation center will be maintained. This implies that more
than one vertex on line contact cannot be maintained in a rotation. Thus, rotations of
polygonal objects can only cause transitions from that state to the A or S states.

When a sequence of observed states is available, the path from each state to the next can
be traced through the transition graph. When both translation and rotation can cause a
transition, then the observation is used to choose of the type of motion used by the opera-
tor.

It must be noted that in contrast to conventional task planning approaches like C-space
planning, the aim of the transition graph is to provide a framework for efficiently acquir-
ing the necessary information from the observations.
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.

Figure 22 : Transition Graph for Polygonal Objects

3.4  Motion Macros

A motion macro is the data structure holding all the information about the action needed
to change from the previous assembly state to the next assembly state. This information
can be directly converted into manipulator actions. We assume actions are simple motions,
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like pure translation or pure rotation of finite magnitude. To completely define a motion
macro, we need the parameters that are required for executing the motion.

All translation motion macros contain the following parameters:

•Direction of translation

•Magnitude of translation

•Final position (or initial position)

All rotation motion macros contain the following parameters:

•Direction of rotation (clockwise or counterclockwise)

•Center of rotation

•Magnitude of rotation

•Final position (or initial position)

The motion macros indicate the manipulator motions needed to achieve an assembly
state transition. In cases where the robot manipulator actions are extremely accurate, pure
position control may be able to achieve the task. In cases where there is uncertainty, the
manipulator motion will have to be controlled using both position and force (hybrid) con-
trol[15]. In these cases, the motion macros must indicate the coordinates along which
force control is needed and those along which position control is appropriate. This kind of
skill-based manipulation is implemented in [22].

There are 28 transitions between the 17 assembly states. The motion macros for each of
them is described in Appendix A. Two representative motion macros are given below.

S-to-A (Translate to touch 1) T1

The motion is Translation. The direction is opposite to the normal of contact. The magni-
tude (t) of translation is obtained from observation. If force control is available during
execution, the contact can be sensed as a force along the contact normal.

S-to-A (Rotate to touch 1) R1

The motion is rotation. The direction of rotation, center of rotation, and magnitude of
rotation are obtained from observation. If force control is available during execution, then
the torque about the rotation center can be used to sense the contact.

Translate to touch 1: S-A

t

Rotate to touch 1: S-A

Θ
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3.5  Procedure Graph

The procedure graph is the transition graph with the motion macros attached to the corre-
sponding edges of the graph (see Figure 23). The procedure graph is used by the task
instantiation module to convert the abstract task model into manipulator commands.

Figure 23 : Procedure graph for 2D polygons with translation and rotation.
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3.6  Task Instantiation

Once the assembly states of the manipulated object are determined, and the necessary
assembly actions are understood, the task instantiation module generates the necessary
robot actions to repeat the assembly task in the robot workspace. The pre-assembly state
and post-assembly state for the manipulated object together with the procedure graph pro-
vide the motion macros for accomplishing the task. The instantiated task will consist of a
series of manipulator motions which will accomplish the task in the robot’s workspace.

All the previous theory deals with only one subtask of an observed assembly task. This is
the final assembly of the manipulated object. To execute an assembly task involving a
newly manipulated object, we need the instantiation of the following subtasks in this
order:

1. The grasp strategy for gripping the manipulated object. This can be obtained
from observation [8]. Our implementation uses predefined gripping points for
each object.

2. The disassembly of the manipulated object from the robot’s parts-table. This task
can also be observed if we can observe the operator disassembling the object
from a parts-table. But for practical reasons, the objects are stored in known con-
figurations on the parts-table. The disassembly path for removing them from the
parts-table is obtained from the procedure tree by reversing the paths of the tran-
sitions.

3. The global path that is needed for the transition from the S state after disassem-
bly from the parts-table to the S state at the work-table before the assembly. This
subtask can also be obtained from observation. But for practical reasons a simple
collision free path planning approach is used for implementation.

4. The assembly of the manipulated object from the S state to the final state in the
assembly obtained from the observation as explained in the previous sections.

Once all these subtasks are instantiated, the robot commands are sent to the robot, which
then executes the subtasks in the same order.
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4 Implementation

We have implemented the APO system for the case of polyhedral objects assembled
using both rotation and translation. The structure is similar to that of the system which
deals with polyhedral objects assembled with translation only[23].

4.1  Observation of the assembly

The polygonal parts used for observation are lightly colored objects. They are assembled
in front of a monochrome camera in a black background. The stages of assembly corre-
sponding to each of the subtasks are then recorded as shown in Figure 24. (This temporal
segmentation can be done automatically [9], but is done manually here)

Each image is subtracted from its predecessor, and thresholded. The resulting regions are
fitted with polygons, which is then used for recognizing the manipulated object. The result
is the model and configuration of the manipulated object used in the subtask.

Figure 24 The Observed Assembly Sequence.

The parts used in the assembly are modelled using the geometric modelling system
VANTAGE [2]. The polygonal objects are modelled as flat 3D objects in VANTAGE. A
graphical representation of the final observation shown in Figure 24(5) is shown in Figure
25.

The observation can only provide a rough configuration of the object. To correct any
error in the observed configurations, the APO system uses fine localization based on face
contact constraints [24]. Fine localization is important in finding the true contacts and
computing the assembly state.

Figure 25 Models of the final assembly in VANTAGE

1 2 3 4 5
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4.2  Task Recognition

The task recognition module is built using the theory explained in Section 3 The process
involves building the following: The transition graph, the motion macros, the procedure
graph, the functions which compute the contact state and the functions for finding the path
in the transition graph, the functions to find the gripping point and the functions to find a
collision free path between two points.

In order to simplify the implementation we assume that the operator picks up the manip-
ulated object from a known location and then transfers it to the worktable and assembles it
into the environmental objects there.

When the APO system is in operation, the observation module provides the identity and
configuration of manipulated object. Using the VANTAGE models, pairs of the object fea-
tures and the environment features are checked for contact. The geometry of all the con-
tacts are used to compute the contact state of the manipulated object.

Once the state is computed, the transitions necessary to reach the S state or the previous
state is found by searching the transition graph. The path is stored as the sequence of tran-
sitions needed to get to the S state. For example, in the case of the assembly in Figure 24,
the L-shaped object is in state A1. The transition path is obtained as a S-to-A1 translation
for the assembly of the L-shaped part at the work-table.

There are three transition paths involved in a stage of the assembly. For example, for the
case of the assembly of the L-shaped part in Figure 24(2), it involves the following: The
transition from A1-to-S at the parts-table, the S-to-S transition during the motion from the
parts-table to the work-table, and the transition from S-to-A1 at the work-table. Once all
three transitions are obtained, they are concatenated to form a basis for the assembly plan
for accomplishing the subtask.

Since the emphasis of the work is not on grasp recognition, the grasping of the manipu-
lated object is simplified by using predetermined gripping positions for each of the objects
used in the assembly. In cases where there are multiple gripping points, a gripping point
that does not interfere with other objects during the assembly is used when picking up the
manipulated object from the parts table.

A collision free path is needed to get the manipulated object from the parts-table to the
vicinity of the work-table. A simple path planning function is used to avoid obstacles.
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4.3  Task Instantiation

The task is instantiated by obtaining the motion macros corresponding to the transitions
from the procedure graph. For the example of the L-shaped object, the motion macros for
the three transitions A1-to-S, S-to-S, and S-to-A1 are obtained. The corresponding motion
macros are translate-to-detach, move, and translate-to-touch respectively.

The values of the parameters needed for each of these motion macros are then obtained
by computation or from intermediate observations. The need for intermediate observations
is particularly useful in the case of the rotation motions involving polygonal objects

Intermediate Observations

The present APO system relies totally on one final observation in each subtask of the
assembly process. This is not sufficient in cases where the parameters of the motion such
as the angle of rotation and the distance of translation are important. In these cases the
intermediate observations can be used to compute the values of the necessary parameters.
For example, in the assembly shown in Figure 24, the rotation angle was computed using
the final two observations (4 and 5).

If the transition motion is rotation, the feasible rotation centers can be obtained from the
solution of the screw inequalities. The rotation center could lie in an area on the 2D plane
but the APO system uses the one employed by the human operator. This can be obtained
from intermediate observations. For the ease of implementation, we choose the rotation
center as the center of the feasible rotation area.

When both rotation and translation are possible from a state, then we need to recognize
which is being used by the operator. From consecutive observations, it is possible to
decide if the motion was a rotation or a translation. In the present implementation, we
assume that, when both rotation and transition are possible for a transition, then translation
is chosen.
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4.4  Task Execution

The instantiated task is used to program the Manipulator-1 inside RobotWorld3. The
manipulator commands are generated from each motion macro. The generated program
for the assembly of a part involves commands to pick it up at the parts-table, move it over
to the work-table, and assemble it at the worktable. An example is shown in Figure 26

Figure 26 Generated RobotWorld commands for an instantiated assembly task

The assembly task observed in Figure 24, is executed in three stages inside RobotWorld
workspace as explained below.

The snapshots during the assembly of part-1 is shown in Figure 27. Figure 27(a) shows
the disassembly of part-1 from the parts-table. The transition is from the state A1 to state
S. The manipulator then moves part-1 from the state S at the parts-table to the state S at
the work-table. Figure 27(b) shows the assembly of part-1 at the work-table. The transi-
tion is from state S to state A1.

Figure 27 : (a) A1-to-S transition for part1 (b) S-to-A1 transition for part1

3.  RobotWorld is a multi manipulator robot system. The manipulators have four degrees of freedom. The
three degrees of freedom are cartesian along the XYZ axes. The end-effector has a rotational degree of free-
dom about the Z axis. The actuators are stepper motors with an accuracy of 0.01 inch.

OPEN(1)
MOVES(1,[2.850, 10.965])
ROTATES(1,[2.850, 10.965, 2.638, 0.000])
APPROACHS(1,[2.850, 10.965, 2.638, 0.000])
MOVES(1,[2.850, 10.965])
ROTATES(1,[2.850, 10.965, 1.080, 0.000])
APPROACHS(1,[2.850, 10.965, 1.080, 0.000])
CLOSE(1)
ROTATES(1,[2.850, 11.358, 1.080, 0.000])
MOVES(1,[2.850, 11.358])
APPROACHS(1,[2.850, 11.358, 1.080, 0.000])

MOVES(1,[2.850, 11.358])
MOVES(1,[2.850, 15.295])

MOVES(1,[24.307, 11.516])
MOVES(1,[24.307, 7.579])
ROTATES(1,[24.307, 7.579, 1.080, 0.000])
APPROACHS(1,[24.307, 7.579, 1.080, 0.000])
MOVES(1,[24.307, 7.185])
ROTATES(1,[24.307, 7.185, 1.080, 0.000])
APPROACHS(1,[24.307, 7.185, 1.080, 0.000])
OPEN(1)

Disassembly at the parts-table.

Global Motion to the work-table.

Assembly at the work-table.

(a) (b)
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The stages during the assembly of part-2 is shown in Figure 27. Figure 27(a) shows the
disassembly of part-2 from the parts-table. The transition is from the state A1 to state S.
The manipulator moves part-2 from the parts-table to the work-table. Then, part-2 is
assembled at the work-table as shown in Figure 27(b). The transition here is from state S
to state A1.

Figure 28 : (a) A1-to-S transition for part2 (b) S-to-A1 transition for part2

The case for part-3 is shown in Figure 29. Figure 29(a) shows the disassembly of part-3
from the parts-table. The transition is from the state A1 to state S. Figure 29(b) shows the
assembly of part-3 at the work-table. The transition is from state S to state E. This is the
stage in the assembly task (Figure 24 (4)) where the intermediate observation is used to
obtain the angle of rotation.

Figure 29 : (a) A1-to-S transition for part3 (b) S-to-E transition for part3

The current task instantiation module has motion macros which assume no uncertainty in
the execution module. Thus the motion macros hold only position information. The task
execution is also done in the open loop mode. This is sufficient for the example shown,
because of the high accuracy of the RobotWorld manipulators. This may not be suited for
more precise assemblies. In these cases, we plan to introduce feedback to reliably execute
the assembly task.

(a) (b)

(a) (b)
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Conclusion

We have successfully used polyhedral convex cone theory to explain the basis for parti-
tioning contact space into a finite number of contact states. The theory now guarantees
completeness.

We have built and implemented the APO system for observing planar assemblies of
polygonal objects, where the assembly motions include rotation, in addition to translation.
This involved classifying the assemblies into states using screw theory, finding the transi-
tion graph, the procedure graph and the implementation of the system using a vision sys-
tem and the Robotworld.

The implementation brought into focus the need of intermediate observations and its use
for computing the parameters for the motion macros. A high speed perception system
might be needed for implementation.

The screw theory that forms the basis for the representation of freedom can represent
motion in 3D space. The polyhedral convex cone theory can be the mathematical basis for
the classification of the contact states in 3D. With these tools we hope to extend the system
for the case of 3D objects with rotation and translation freedom in 3D space. We also plan
to explore sensor-based manipulation during task execution to improve reliability.
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Appendix A

A motion macro is a template holding the information needed for a manipulator to per-
form an assembly task. The information in a template will depend on the type of action
performed and on the manipulator. There are 24 transitions between the 12 assembly
states as shown in the procedure graph (Figure 23). The motion macros for each of them
are described as follows.

A.1  S-to-A (Translate to touch 1) T1

The motion is translation. The direction is opposite to the normal of contact. The magni-
tude (t) of translation is obtained from observation.

A.2  S-to-A (Rotate to touch 1) R1

The motion is rotation. The direction of rotation, center of rotation, and magnitude of
rotation are obtained from observation.

A.3  S-to-C (Rotate to touch 2) R2

The motion is rotation. The direction of rotation, center of rotation, and magnitude of
rotation are obtained from observation.

Translate to touch 1: S-A

t

Rotate to touch 1: S-A

Θ

Rotate to touch 2: S-C

Θ
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A.4  S-to-C’ (Translate to insert 1) T2

The motion is translation.The direction is perpendicular to the normals of contact.The
magnitude (t) of motion are obtained from observation.

A.5  S-to-C” (Translate to insert 2) T3

The motion is translation.The direction is perpendicular to the normals of contact.The
magnitude (t) of motion are obtained from observation.

A.6  S-to-E (Rotate to touch 3) R3

The motion is rotation. The direction of rotation, center of rotation, and magnitude of
rotation is obtained from observation.

A.7  S-to-E’ (Rotate to touch 4) R4

The motion is rotation. The direction of rotation, center of rotation, and magnitude of
rotation is obtained from observation.

Translate to insert 1: S-C’

t

Translate to insert 2: S-C”

t

Rotate to touch 3: S-E

Θ

Rotate to touch 5: S-E’

Θ
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A.8  A-to-B (Translate to touch 2) T4

The motion is translation. The direction is opposite to the normal of the new contact. The
magnitude (t) of translation is obtained from observation.

A.9  A-to-B (Rotate to touch 5) R5

The motion is rotation. The direction of rotation, center of rotation, and magnitude of
rotation is obtained from observation.

A.10  A-to-B’ (Translate to touch 3) T5

The motion is translation. The direction is perpendicular to the normal of the previous
contact. The magnitude (t) of translation is obtained from observation.

A.11  A-to-B’ (Rotate to touch 6) R6

The motion is rotation. The direction of rotation, center of rotation, and magnitude of
rotation is obtained from observation.

Translate to touch 2: A-B

t

Rotate to touch 5: A-B

Θ

Translate to touch 3: A-B’

t

Rotate to touch 6: A-B’

Θ
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A.12  A-to-C (Translate to insert 3) T6

The motion is translation.The direction is perpendicular to the normal of the new con-
tact.The magnitude of (t) translation is obtained from observation.

A.13  A-to-C (Rotate to touch 7) R7

The motion is rotation. The direction of rotation, center of rotation, and magnitude of
rotation is obtained from observation.

A.14  A-to-C’ (Translate to insert 4) T7

The motion is translation.The direction is perpendicular to the normal of the new con-
tact.The magnitude of (t) translation is obtained from observation.

A.15  A-to-C’ (Rotate to touch 8) R8

The motion is rotation. The direction of rotation, center of rotation, and magnitude of
rotation are obtained from observation.

Translate to insert 3: A - C

t

Rotate to touch 7: A-C

Θ

Translate to insert 4: A - C’

t

Rotate to touch 8: A-C’

Θ
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A.16  A-to-A1 (Rotate to touch 9) R9

The motion is rotation. The direction of rotation, center of rotation, and magnitude of
rotation are obtained from observation.

A.17  A-to-E (Rotate to touch 10) R10

The motion is rotation. The direction of rotation, center of rotation, and magnitude of
rotation are obtained from observation.

A.18  A-to-E’ (Rotate to touch 11) R11

The motion is rotation. The direction of rotation, center of rotation, and magnitude of
rotation are obtained from observation.

A.19  A-to-D (Rotate to touch 12) R12

The motion is rotation. The direction of rotation, center of rotation, and magnitude of
rotation are obtained from observation.

Rotate to touch 9: A-A1

Θ

Rotate to touch 10:A-E

Θ

Rotate to touch 11: A-E’

Θ

Rotate to touch 12: S-D

Θ
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A.20 A1to-B (Translate to touch 4) T8

The motion is translation. The direction is perpendicular to the normal of the previous
contact. The magnitude (t) of translation is obtained from observation.

A.21 A1to-B’ (Translate to touch 5) T9

The motion is translation. The direction is perpendicular to the normal of the previous
contact. The magnitude (t) of translation is obtained from observation.

A.22 A1-to-C (Translate to insert 5) T10

The motion is translation. The direction is perpendicular to the normal of the new con-
tact. The magnitude (t) of translation is obtained from observation

A.23 A1-to-C” (Translate to insert 6) T11

The motion is translation. The direction is perpendicular to the normal of the new con-
tact. The magnitude (t) of translation is obtained from observation

Translate to touch 4:A1-B

t

Translate to touch 5:A1-B’

t

Translate to insert 5:A1-C

t

Translate to insert 6:A1-C”

t
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A.24  C-to-D (Translate to touch 6) T12

The motion is translation. The direction is opposite to the normal of the new contact. The
magnitude (t) of translation is obtained from observation.

A.25  C-to-C” (Translate to insert 7) T13

The motion is Translation. The direction is perpendicular to the normal of the new con-
tact. The magnitude (t) of translation is obtained from observation

A.26  C’-to-D’ (Translate to touch 7) T14

The motion is translation. The direction is opposite to the normal of the new contact. The
magnitude (t) of translation is obtained from observation.

A.27  C’-to-C” (Translate to insert 8) T15

The motion is Translation. The direction is perpendicular to the normal of the new con-
tact. The magnitude (t) of translation is obtained from observation

Translate to touch 6: C-D

t

Translate to insert 7: C-C”

t

Translate to touch 7: C’-D’

t

Translate to insert 8: C’-C”

t
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A.28  C”-to-D” (Translate to touch 8) T16

The motion is translation. The direction is opposite to the normal of the new contact. The
magnitude (t) of translation is obtained from observation.

Translate to touch 8: C”-D”

t


