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Devwudfw

Wklv sdshu lv frqfhuqhg zlwk wkh sureohp ri Uhlqirufhphqw Ohduq0
lqj +UO, iru frqwlqxrxv vwdwh vsdfh dqg wlph vwrfkdvwlf frqwuro
sureohpv1 Zh vwdwh wkh Kdplowrq0Mdfrel0Ehoopdq htxdwlrq vdwlv0
�hg e| wkh ydoxh ixqfwlrq dqg xvh d Ilqlwh0Gl�huhqfh phwkrg iru
ghvljqlqj d frqyhujhqw dssur{lpdwlrq vfkhph1 Wkhq zh sursrvh d
UO dojrulwkp edvhg rq wklv vfkhph dqg suryh lwv frqyhujhqfh wr
wkh rswlpdo vroxwlrq1

4 Lqwurgxfwlrq wr UO lq wkh frqwlqxrxv/ vwrfkdvwlf fdvh

Wkh remhfwlyh ri UO lv wr �qg 0wkdqnv wr d uhlqirufhphqw vljqdo0 dq rswlpdo vwudwhj|
iru vroylqj d g|qdplfdo frqwuro sureohp1 Khuh zh vxg| wkh frqwlqxrxv wlph/ frq0
wlqxrxv vwdwh0vsdfh vwrfkdvwlf fdvh/ zklfk fryhuv d zlgh ydulhw| ri frqwuro sureohpv
lqfoxglqj wdujhw/ yldelolw|/ rswlpl}dwlrq sureohpv +vhh ^IV<6`/ ^NS<8`, iru zklfk d
irupdolvp lv wkh iroorzlqj1 Wkh hyroxwlrq ri wkh fxuuhqw vwdwh {+w, 5 �R +wkh vwdwh0
vsdfh/ zlwk R rshq vxevhw ri LUg,/ ghshqgv rq wkh frqwuro x+w, 5 X +frpsdfw vxevhw,
e| d vwrfkdvwlf gl�huhqwldo htxdwlrq/ fdoohg wkh vwdwh g|qdplfv =

g{ @ i+{+w,> x+w,,gw. �+{+w,> x+w,,gz +4,

zkhuh i lv wkh orfdo guliw dqg �=gz +zlwk z d eurzqldq prwlrq ri glphqvlrq u dqg
� d g�u0pdwul{, wkh vwrfkdvwlf sduw +zklfk dsshduv iru vhyhudo uhdvrqv vxfk dv odnh
ri suhflvlrq/ qrlv| lq xhqfh/ udqgrp  xfwxdwlrqv, ri wkh gl�xvlrq surfhvv1

Iru lqlwldo vwdwh { dqg frqwuro x+w,/ +4, ohdgv wr dq lq�qlw| ri srvvleoh wudmhfwrulhv
{+w,1 Iru vrph wudmhfwru| {+w, +vhh �jxuh 4,/ ohw � eh lwv h{lw wlph iurp �R +zlwk
wkh frqyhqwlrq wkdw li {+w, dozd|v vwd|v lq �R/ wkhq � @ 4,1 Wkhq/ zh gh�qh wkh
ixqfwlrqdo M ri lqlwldo vwdwh { dqg frqwuro x+=, dv wkh h{shfwdwlrq iru doo wudmhfwrulhv
ri wkh glvfrxqwhg fxpxodwlyh uhlqirufhphqw =

M+{>x+=,, @ H{>x+=,
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zkhuh u+{> x, lv wkh uxqqlqj uhlqirufhphqw dqg U+{, wkh erxqgdu| uhlqirufhphqw1
� lv wkh glvfrxqw idfwru +3 � � ? 4,1 Lq wkh iroorzlqj/ zh dvvxph wkdw i>� duh ri
fodvv F5/ u dqg U duh Olsvfklw}ldq +zlwk frqvwdqwv Ou dqg OU, dqg wkh erxqgdu|
CR lv F51

Iljxuh 4= Wkh vwdwh vsdfh/ wkh glvfuhwl}hg 	�+wkh vtxduh grwv, dqg lwv iurqwlhu C	�

+wkh urxqg rqhv,1 D wudmhfwru| {n+w, jrhv wkurxjk wkh qhljkerxukrrg ri vwdwh �1

UO xvhv wkh phwkrg ri G|qdplf Surjudpplqj +GS, zklfk jhqhudwhv dq rswlpdo
+ihhg0edfn, frqwuro x�+{, e| hvwlpdwlqj wkh ydoxh ixqfwlrq +YI,/ gh�qhg dv wkh
pd{lpdo ydoxh ri wkh ixqfwlrqdo M dv d ixqfwlrq ri lqlwldo vwdwh { =

Y +{, @ vxs
x+=,

M+{>x+=,,= +5,

Lq wkh UO dssurdfk/ wkh vwdwh g|qdplfv lv xqnqrzq iurp wkh v|vwhp > wkh rqo|
dydlodeoh lqirupdwlrq iru ohduqlqj wkh rswlpdo frqwuro lv wkh uhlqirufhphqw rewdlqhg
dw wkh fxuuhqw vwdwh1 Khuh zh sursrvh d prgho0edvhg dojrulwkp/ l1h1 wkdw ohduqv
rq0olqh d prgho ri wkh g|qdplfv dqg dssur{lpdwhv wkh ydoxh ixqfwlrq e| vxffhvvlyh
lwhudwlrqv1

Vhfwlrq 5 vwdwhv wkh Kdplowrq0Mdfrel0Ehoopdq htxdwlrq dqg xvh d Ilqlwh0Gl�huhqfh
+IG, phwkrg ghulyhg iurp Nxvkqhu ^Nxv<3` iru jhqhudwlqj d frqyhujhqw dssur{l0
pdwlrq vfkhph1 Lq vhfwlrq 6/ zh sursrvh d UO dojrulwkp edvhg rq wklv vfkhph dqg
suryh lwv frqyhujhqfh wr wkh YI lq dsshqgl{ D1

5 D Ilqlwh Gl�huhqfh vfkhph

Khuh/ zh vwdwh d vhfrqg0rughu qrqolqhdu gl�huhqwldo htxdwlrq +rewdlqhg iurp wkh GS
sulqflsoh/ vhh ^IV<6`, vdwlv�hg e| wkh ydoxh ixqfwlrq/ fdoohg wkh Kdplowrq0Mdfrel0
Ehoopdq htxdwlrq1

Ohw wkh g � g pdwul{ d @ �=�3 +zlwk 3 wkh wudqvsrvh ri wkh pdwul{,1 Zh frqvlghu
wkh xqlirupo| sduderolf fdvh/ l1h1 zh dvvxph wkdw wkhuh h{lvwv f A 3 vxfk wkdw
;{ 5 R> ;x 5 X>;| 5 LUg>

Sg

l>m@4 dlm+{> x,|l|m � fmm|mm51 Wkhq Y lv F5 +vhh ^Nu|;3`,1
Ohw Y{ eh wkh judglhqw ri Y dqg Y{l{m

lwv vhfrqg0rughu sduwldo ghulydwlyhv1

Wkhruhp 4 +Kdplowrq0Mdfrel0Ehoopdq, Wkh iroorzlqj KME htxdwlrq krogv =
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Ehvlghv/ Y vdwlv�hv wkh iroorzlqj erxqgdu| frqglwlrq = Y +{, @ U+{, iru { 5 CR=



Uhpdun 4 Wkh fkdoohqjh ri ohduqlqj wkh YI lv prwlydwhg e| wkh idfw wkdw iurp Y /
zh fdq ghgxfh wkh iroorzlqj rswlpdo ihhg0edfn frqwuro srolf| =

x�+{, 5 duj vxs
x5X
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Lq wkh iroorzlqj/ zh dvvxph wkdw R lv erxqghg1 Ohw h4> ===> hg eh d edvlv iru LUg1
Ohw wkh srvlwlyh dqg qhjdwlyh sduwv ri d ixqfwlrq ! eh = !. @ pd{+!> 3, dqg
!� @ pd{+�!>3,= Iru dq| glvfuhwl}dwlrq vwhs �/ ohw xv frqvlghu wkh odwwlfhv = �]g @q
�=
Sg
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r
zkhuh m4> ===> mg duh dq| lqwhjhuv/ dqg 	� @ �]g _ R1 Ohw C	�/ wkh

iurqwlhu ri 	� ghqrwh wkh vhw ri srlqwv i� 5 �]g qR vxfk wkdw dw ohdvw rqh dgmdfhqw
srlqw � 	 �hl 5 	�j +vhh �jxuh 4,1

Ohw X� � X eh d �qlwh frqwuro vhw wkdw dssur{lpdwhv X lq wkh vhqvh = � � �3 ,
X�3 � X� dqg ^�X� @ X1 Ehvlghv/ zh dvvxph wkdw = ;l @ 4==g>

dll+{> x,�
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m 9@l mdlm+{> x,m � 3= +6,

E| uhsodflqj wkh judglhqw Y{+�, e| wkh iruzdug dqg edfnzdug �uvw0rughu �qlwh0
gl�huhqfh txrwlhqwv = �	
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lq wkh KME htxdwlrq/ zh rewdlq wkh iroorzlqj = iru � 5 	�/
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Nqrzlqj wkdw +�w oq �, lv dq dssur{lpdwlrq ri +��w�4, dv�w whqgv wr 3/ zh ghgxfh =
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zklfk dsshduv dv d GS htxdwlrq iru vrph �qlwh Pdunryldq Ghflvlrq Surfhvv +vhh
^Ehu;:`, zkrvh vwdwh vsdfh lv 	� dqg suredelolwlhv ri wudqvlwlrq =
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Wkdqnv wr d frqwudfwlrq surshuw| gxh wr wkh glvfrxqw idfwru �/ wkhuh h{lvwv d xqltxh
vroxwlrq +wkh �{hg0srlqw, Y � wr htxdwlrq +7, iru � 5 	� zlwk wkh erxqgdu| frqglwlrq
Y �+�, @ U+�, iru � 5 C	�1 Wkh iroorzlqj wkhruhp +vhh ^Nxv<3` ru ^IV<6`, lqvxuhv
wkdw Y � lv d frqyhujhqw dssur{lpdwlrq vfkhph1



Wkhruhp 5 +Frqyhujhqfh ri wkh IG vfkhph, Y � frqyhujhv wr Y dv � & 3 =

olp �&3
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Uhpdun 5 Frqglwlrq +6, lqvxuhv wkdw wkh s+�> x> �, duh srvlwlyh1 Li wklv frqglwlrq
grhv qrw krog/ vhyhudo srvvlelolwlhv wr ryhufrph wklv duh ghvfulehg lq ^Nxv<3`1

6 Wkh uhlqirufhphqw ohduqlqj dojrulwkp

Khuh zh dvvxph wkdw i lv erxqghg iurp ehorz1 Dv wkh vwdwh g|qdplfv +i dqg d,

lv xqnqrzq iurp wkh v|vwhp/ zh dssur{lpdwh lw e| exloglqj d prgho hi dqg hd iurp
vdpsohv ri wudmhfwrulhv {n+w, = zh frqvlghu vhulhv ri vxffhvvlyh vwdwhv {n @ {n+wn,
dqg |n @ {n+wn . �n, vxfk wkdw =

0 ;w 5 ^wn> wn . �n`> {+w, 5 Q+�, qhljkerxukrrg ri � zkrvh gldphwhu lv lqihulru wr
nQ =� iru vrph srvlwlyh frqvwdqw nQ >

0 wkh frqwuro x lv frqvwdqw iru w 5 ^wn> wn . �n`>

0 �n vdwlv�hv iru vrph srvlwlyh n4 dqg n5/

n4� � �n � n5�= +:,

Wkhq lqfuhphqwdoo| xsgdwh wkh prgho =
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dqg frpsxwh wkh dssur{lpdwhg wlph h� +{> x, dqg wkh dssur{lpdwhg suredelolwlhv ri

wudqvlwlrq hs+�> x> �, e| uhsodflqj i dqg d e| hi dqg hd lq +8, dqg +9,1

Zh rewdlq wkh iroorzlqj xsgdwlqj uxoh ri wkh Y �0ydoxh ri vwdwh � =
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zklfk fdq eh xvhg dv dq r�0olqh +v|qfkurqrxv/ Jdxvv0Vhlgho/ dv|qfkurqrxv, ru rq0
wlph +iru h{dpsoh e| xsgdwlqj Y �

q +�, dv vrrq dv d wudmhfwru| h{lwv iurp wkh qhljk0
erxurrg ri �, GS dojrulwkp +vhh ^EEV<8`,1

Ehvlghv/ zkhq d wudmhfwru| klwv wkh erxqgdu| CR dw vrph h{lw srlqw {n+� , wkhq
xsgdwh wkh forvhvw vwdwh � 5 C	� zlwk =

Y �
q +�, @ U+{n+� ,, +43,

Wkhruhp 6 +Frqyhujhqfh ri wkh dojrulwkp, Vxssrvh wkdw wkh prgho dv zhoo
dv wkh Y �0ydoxh ri hyhu| vwdwh � 5 	� dqg frqwuro x 5 X� duh uhjxoduo| xsgdwhg
+uhvshfwlyho| zlwk +;, dqg +<,, dqg wkdw hyhu| vwdwh � 5 C	� duh xsgdwhg zlwk +43,
dw ohdvw rqfh1 Wkhq ;% A 3/ <� vxfk wkdw ;� � �/ <Q>;q � Q /

vxs�5	� mY �
q +�, � Y +�,m � % zlwk suredelolw| 4



7 Frqfoxvlrq

Wklv sdshu suhvhqwv d prgho0edvhg UO dojrulwkp iru frqwlqxrxv vwrfkdvwlf frqwuro
sureohpv1 D prgho ri wkh g|qdplfv lv dssur{lpdwhg e| wkh phdq dqg wkh fryduldqfh
ri vxffhvvlyh vwdwhv1 Wkhq/ d UO xsgdwlqj uxoh edvhg rq d frqyhujhqw IG vfkhph lv
ghgxfhg dqg lq wkh k|srwkhvlv ri dq dghtxdwh h{sorudwlrq/ wkh frqyhujhqfh wr wkh
rswlpdo vroxwlrq lv suryhg dv wkh glvfuhwl}dwlrq vwhs � whqgv wr 3 dqg wkh qxpehu
ri lwhudwlrq whqgv wr lq�qlw|1 Wklv uhvxow lv wr eh frpsduhg wr wkh prgho0iuhh UO
dojrulwkp iru wkh ghwhuplqlvwlf fdvh lq ^Pxq<:`1 Dq lqwhuhvwlqj srvvleoh ixwxuh
zrun vkrxog eh wr frqvlghu prgho0iuhh dojrulwkpv lq wkh vwrfkdvwlf fdvh iru zklfk d
T0ohduqlqj uxoh +vhh ^Zdw;<`, frxog eh uhohydqw1

D Dsshqgl{ = surri ri wkh frqyhujhqfh

Ohw Pi >Pd>Pi{ dqgP�{ eh wkh xsshu erxqgv ri i> d> i{ dqg �{ dqg pi wkh orzhu
erxqg ri i 1 Ohw H� @ vxs�5	� mY
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Vxssrvh wkdw wkh wudmhfwru| {n+w, rffxuhg iru vrph rffxuhqfh zn+w, ri wkh eurzqldq
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Wkh gl�xvlrq surfhvvhv kdv wkh iroorzlqj surshuw| +vhh iru h{dpsoh wkh Lw÷0Wd|oru
pdmrudwlrq lq ^NS<8`, = H{ ^}n` @ �.�n=i+�> x,.R+� 5n, zklfk/ iurp +:,/ lv htxlydohqw
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zlwk suredelolw| 41 Wkxv wkhuh h{lvwv ni dqg nd v1w1 <�4>;� � �4><Q4> q � Q4>���iiq+�> x, � i+�> x,
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��1 Iurp +7,/ +<, dqg +;,/

� � �� +�>x,
S
�

^s+�> x> �, � hs+�> x> �,`Y �+�, .
�
�� +�>x, � �h� +�>x,

�S
�

hs+�> x> �,Y �+�,

.�h� +�>x,=
S
�

hs+�> x> �, �Y �+�,� Y �
q +�,

�
.
S
�

hs+�> x> �,=h�+�> x, ^u+�> x,� hu+�> x,`
.
S

� hs+�> x> �, ^h� +�> x,� � +�> x,` u+�> x, iru doo x 5 X�

Dv Y lv gl�huhqwldeoh zh kdyh = Y +�, @ Y +�, . Y{= +� � �, . r+n� � �n,1 Ohw

xv gh�qh d olqhdu ixqfwlrq hY vxfk wkdw = hY +{, @ Y +�, . Y{= +{� �,1 Wkhq
zh kdyh = ^s+�> x> �,� hs+�> x> �,`Y �+�, @ ^s+�> x> �, � hs+�> x> �,` = �Y �+�,� Y +�,

�
.

^s+�> x> �,� hs+�> x> �,`Y +�,/ wkxv =
S

� ^s+�> x> �,� hs+�> x> �,`Y �+�, @ ns=H
�=� .S

� ^s+�> x> �, � hs+�> x> �,` khY +�, . r+�,
l

@
khY +�, � hY +h�,l . ns=H

�=� . r+�, @khY +�, � hY +h�,l. r+�, zlwk = � @
S

� s+�> x> �, +� � �, dqg h� @
S

� hs+�> x> �, +� � �,1

Ehvlghv/ iurp wkh frqyhujhqfh ri wkh vfkhph +wkhruhp 5,/ zh kdyh H� =� @

r+�,= Iurp wkh olqhdulw| ri hY > ���hY +�,� hY +h�,��� �
���� � h���� =PY{ � 5ns�

5= Wkxv���S� ^s+�> x> �, � hs+�> x> �,`Y �+�,
��� @ r+�, dqg iurp +48,/ +49, dqg wkh Olsvfklw} surs0

huw| ri u/

� @
����h�+�>x,=S� hs+�> x> �, �Y �+�, � Y �

q +�,
����. r+�,=

Dv �h� +�>x, � 4 � h�+�>x,
5

oq 4
�
� 4 � �+�>x,�n� �

5

5
oq 4

�
� 4� + �

5g+Pi.g=Pd,
� n�

5
�5, oq 4

�
>

zh kdyh =
� @ +4� n=�,H�

q . r+�, +4;,

zlwk n @ 4
5g+Pi.g=Pd,

=



D16 D vx!flhqw frqglwlrq iru vxs�5	�
��Y �

q +�, � Y �+�,
�� � %5

Ohw xv vxssrvh wkdw iru doo � 5 	�> wkh iroorzlqj frqglwlrqv krog iru vrph � A 3

H�
q A %5 ,

��Y �
q.4+�,� Y �+�,

�� � H�
q � � +4<,

H�
q � %5 ,

��Y �
q.4+�,� Y �+�,

�� � %5 +53,

Iurp wkh k|srwkhvlv wkdw doo vwdwhv � 5 	� duh uhjxoduo| xsgdwhg/ wkhuh h{lvwv dq
lqwhjhu p vxfk wkdw dw vwdjh q . p doo wkh � 5 	� kdyh ehhq xsgdwhg dw ohdvw
rqfh vlqfh vwdjh q1 Ehvlghv/ vlqfh doo � 5 CJ� duh xsgdwhg dw ohdvw rqfh zlwk
uxoh +43,/ ;� 5 CJ�> mY �

q +�, � Y �+�,m @ mU+{n+� ,, � U+�,m � 5=OU=� � %5 iru dq|
� ��6 @

%5
5=OU

= Wkxv/ iurp +4<, dqg +53, zh kdyh =

H�
q A %5 , H�

q.p � H�
q � �

H�
q � %5 , H�

q.p � %5

Wkxv wkhuh h{lvwv Q vxfk wkdw = ;q �Q> H�
q � %51

D17 Frqyhujhqfh ri wkh dojrulwkp

Ohw xv suryh wkhruhp 61 Iru dq| % A 3/ ohw xv frqvlghu %4 A 3 dqg %5 A 3 vxfk wkdw
%4. %5 @ %1 Dvvxph H�

q A %5/ wkhq iurp +4;,/ � @ H�
q�n=�=%5.r+�, � H�

q�n=�=%55
iru � � �6= Wkxv +4<, krogv iru � @ n=�=%55 = Vxssrvh qrz wkdw H�

q � %51 Iurp +4;,/
� � +4� n=�,%5 . r+�, � %5 iru � � �6 dqg frqglwlrq +53, lv wuxh1

Wkxv iru � �plqi�4>�5>�6j/ wkh vx!flhqw frqglwlrqv +4<, dqg +53, duh vdwlv�hg1
Vr wkhuh h{lvwv Q> iru doo q � Q / H�

q � %5= Ehvlghv/ iurp wkh frqyhujhqfh ri wkh
vfkhph +wkhruhp 5,/ wkhuh h{lvwv �3 vw1 ;� � �3> vxs�5	� mY

�+�,� Y +�,m � %4=

Wkxv iru � � plqi�3>�4>�5>�6j> <Q> ;q � Q/

vxs
�5	�

mY �
q +�,� Y +�,m � vxs

�5	�
mY �
q +�, � Y �+�,m. vxs

�5	�
mY �+�, � Y +�,m � %4 . %5 @ %=

Uhihuhqfhv

^EEV<8` Dqguhz J1 Eduwr/ Vwhyhq M1 Eudgwnh/ dqg Vdwlqghu S1 Vlqjk1 Ohduqlqj wr
dfw xvlqj uhdo0wlph g|qdplf surjudpplqj1 Duwl�fldo Lqwhooljhqfh/ +:5,=;4�
46;/ 4<<81

^Ehu;:` Glplwul S1 Ehuwvhndv1 G|qdplf Surjudpplqj = Ghwhuplqlvwlf dqg Vwr0
fkdvwlf Prghov1 Suhqwlfh Kdoo/ 4<;:1
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Gl�huhqwldo Htxdwlrqv1 Vsulqjhu0Yhuodj/ 4<<81

^Nu|;3` Q1Y1 Nu|ory1 Frqwuroohg Gl�xvlrq Surfhvvhv1 Vsulqjhu0Yhuodj/ Qhz \run/
4<;31

^Nxv<3` Kdurog M1 Nxvkqhu1 Qxphulfdo phwkrgv iru vwrfkdvwlf frqwuro sureohpv lq
frqwlqxrxv wlph1 VLDP M1 Frqwuro dqg Rswlpl}dwlrq/ 5;=<<<�437;/ 4<<31

^Pxq<:` Uìpl Pxqrv1 D frqyhujhqw uhlqirufhphqw ohduqlqj dojrulwkp lq wkh frq0
wlqxrxv fdvh edvhg rq d �qlwh gl�huhqfh phwkrg1 Lqwhuqdwlrqdo Mrlqw Frq0
ihuhqfh rq Duwl�fldo Lqwhooljhqfh/ 4<<:1

^Zdw;<` Fkulvwrskhu M1F1K1 Zdwnlqv1 Ohduqlqj iurp ghod|hg uhzdug1 SkG wkhvlv/
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