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Abstract

This paper presents a direct reinforcement
learning algorithm, called Finite-Element
Reinforcement Learning, in the continuous
case, i.e. continuous state-space and time.

The evaluation of the value function enables
the generation of an optimal policy for rein-
forcement control problems, such as target or
obstacle problems, viability problems or op-
timization problems.

We propose a continuous formalism for the
studying of reinforcement learning using the
continuous optimal control framework, then
we state the associated Hamilton-Jacobi-
Bellman equation.

First, we propose to approximate the value
function by a numerical scheme based on a
�nite-element method. This generates a dis-
crete Markov Decision Process, with �nite
state and control spaces, which can be solved
by Dynamic Programming. The computa-
tion of this approximation scheme, in rein-
forcement learning terminology, belongs to
the class of indirect learning methods.

Then we present our direct learning al-
gorithm which approximates the previous
�nite-element scheme and prove its conver-
gence to the value function of the continuous
problem.

1 INTRODUCTION

In this paper, we present a theoretical study of Rein-
forcement Learning (RL) in which the state space and
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the time are continuous and we propose a reinforce-
ment learning algorithm, called Finite-Element Re-
inforcement Learning (FERL), that converges to the
optimal solution. An adequate formalism using the
continuous optimal control framework is given. The
Hamilton-Jacobi-Bellman (HJB) equation is stated.
Then some problems due to the resolution of the HJB
equation are underlined and references to viscosity so-
lutions are indicated.

A number of reinforcement learning algorithms have
been implemented with neural networks or other ap-
proximation systems (see Barto, Sutton and Anderson
(1983), Barto (1990), Gullapalli (1992), Lin (1993) and
many other). However, as it has been pointed out by
Baird (1995), in general, these learning methods do
not converge. The Residual-gradient advantage updat-
ing proposed by Harmon, Baird and Klopf (1996) is a
convergent algorithm in the sense of the convergence of
gradient descent methods. The main di�culty of these
methods is to �nd how to design a suitable architec-
ture so that the network could approximate the value
function. Besides, gradient descent methods only in-
sure local optimum.

Our approach is di�erent. First, we study an approxi-
mation scheme that discretizes at some step � the HJB
equation using a �nite-element method (with linear
simplexes). The important feature of this scheme is
that the discretized HJB equation is itself the Dynamic
Programming (DP) equation for a suitable Markov De-
cision Process. This property has been extensively
used to construct convergent numerical schemes (see
Souganidis (1985), Kushner and Dupuis (1992), Flem-
ing and Soner (1993)).

Secondly, we propose a direct RL algorithm that con-
structs a piecewise linear continuous function that
��converges to the previous approximation scheme.
This is the main contribution of this paper.

Section 2 presents a formulation of reinforcement
learning in the continuous case using the formalism
of optimal control theory. We are interested in de-
terministic systems with discounted reinforcement and



in�nite horizon.

Section 3 is a very brief study of some properties of the
value function. It introduces the HJB equation and
gives some conditions for the continuity of the value
function.

Section 4 presents an approximation scheme using as
a �nite-element the linear simplex. The convergence
of this scheme is stated but the proof is not given here.

Section 5 presents the Finite-Element Reinforcement
Learning algorithm and the convergence is proven in
appendix A.

2 REINFORCEMENT LEARNING,

A CONTINUOUS FORMALISM

In this paper, we are only interested in deterministic
systems with in�nite time horizon and discounted rein-
forcement. Let x(t) 2 �O � 
 � IRn be the state of the
system with O an open subset and 
 a neighborhood
of O. The evolution of the system (called its dynam-
ics) depends on the current state x(t) and control u(t) ;
it is de�ned by a di�erential equation :

d

dt
x(t) = f(x(t); u(t))

where the control u(t) is a bounded, Lebesgue measur-
able function with values in a compact U .

Starting from initial state x at time t = 0 and choosing
control u(t) leads to a unique trajectory x(t). Let �
be the exit time of x(t) from �O (with the convention
that if x(t) always stays in �O, then � =1). Then, we
de�ne the discounted reinforcement functional of state
x, control u(:) :

J(x;u(:)) =

Z �

0


tr(x(t); u(t))dt+ 
�R(x(� ))

Where r : �O � U ! IR is the running reinforcement
and R : 
 n O ! IR the terminal reinforcement. 
 is
the discount factor (0 � 
 < 1).

Then, the value function is de�ned by :

V (x) = sup
u(:)

J(x;u(:))

In the following, we consider problems satisfying hy-
potheses :

Hyp. 1 We assume that :
- f : �O � U ! IRn is bounded with Mf and Lips-
chitzian : jf(x; u)� f(y; u)j � Lf jjy � xjj,
- r : �O�U ! IR is bounded withMr and Lipschitzian :
jr(x; u)� r(y; u)j � Lr jjy � xjj,
- R : 
 n O ! IR is Lipschitzian : jR(x) � R(y)j �
LRjjy � xjj.
- The boundary @O is C2.

3 THEORETICAL STUDY OF THE

VALUE FUNCTION

3.1 THE HAMILTON-JACOBI-BELLMAN
EQUATION

The following theorem comes from Bellman principle
in the continuous case (See Fleming and Soner (1993)
for a complete survey).

Theorem 1 (Hamilton-Jacobi-Bellman) If the
value function V is di�erentiable at x, let DV (x) be
the gradient of V at x, then the Hamilton-Jacobi-
Bellman equation :

V (x) ln 
 + sup
v2U

[DV (x):f(x; v) + r(x; v)] = 0
(1)

holds at x 2 O. Besides, the value function satis�es
the following boundary conditions :

V (x) � R(x) for x 2 @O (2)

Reinforcement learning methods intend to approxi-
mate the value function in order to build an optimal
policy, i.e. a feed-back control �(x) : �O! U that op-
timizes the reinforcement functional J . Indeed, know-
ing V enables the choose of an optimal control :

��(x) 2 arg sup
v2U

[DV (x):f(x; v) + r(x; v)]

We consider the following hypothesis concerning the
dynamics around the boundary @O and we state a the-
orem of continuity for V (whose proof is in Barles and
Perthame (1990)).

Hyp. 2 For all x 2 @O, let ~n(x) be the outward nor-
mal of O at x,
- If there exists u 2 U with f(x; u):~n(x) � 0
then there exists v 2 U with f(x; v):~n(x) < 0,
- If for all u 2 U , f(x; u):~n(x) � 0
then for all u 2 U , f(x; u):~n(x) < 0

Theorem 2 (Continuity) Suppose that Hyp. 1 and
Hyp. 2 are satis�ed, then the value function is contin-
uous in O.

3.2 SOLUTIONS TO HJB EQUATION

If the value function is di�erentiable then it solves the
HJB equation. However, in general, the value func-
tion is not smooth enough to satisfy the HJB equation
everywhere, so there is no classical solutions (di�eren-
tiable everywhere) to HJB equation. Besides, there are
many functions other than the value function that sat-
isfy (1) and (2) almost everywhere (i.e. many general-
ized solutions). An other problem is that the boundary
conditions (2) may hold with a strict inequality.



A well suited method to overcome these problems is to
de�ne a weak formulation of solutions to HJB equa-
tion, which are called viscosity solutions. This notion
has been introduced by Crandall and Lions (1983) (for
a complete survey, see Crandall, Ishii and Lions (1992),
Barles (1994) or Fleming and Soner (1993)). The de�-
nition and the usefulness of viscosity solutions are be-
yond the scope of this paper but a result is that if the
value function is continuous, then it is the unique vis-
cosity solution to HJB equation (1) with the boundary
conditions (2).

4 STUDY OF A CONVERGENT

APPROXIMATION SCHEME

The continuous optimal control problem is approxi-
mated by a controlled Markov process on the set of
vertices of a triangulation upon the state space. The
discretized HJB equation is a DP equation for a suit-
ably de�ned stochastic control problem for Markov
chains. We use a �nite-element method (with linear-
simplexes) derived from Kushner (1990) for approxi-
mating the value function.

For a maximal length � of the sides of the simplexes,
consider a triangulation of the state space (�gure 1)

Let U � � U be a �nite control set that approximates

U , such that : � � �0 ) U �0 � U � and [�U � = U .

ξξ

Ω

O

i
j

Figure 1: Triangulation �� = f�ig � 
 of the state
space. We assume that : 9k�, dist(��; O) � k��

2 and
that 9k� s.t. the radius of the sphere inscribed in each
simplex is > k��

We consider piecewise linear continuous functions de-
�ned upon �� : �(x) =

Pn
i=0 ��i(x)�(�i) with ��i (x)

the barycentric coordinates of x inside the simplex
(�0; :::; �n) 3 x.

Thanks to a contraction property due to the discount
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Figure 2: Approximation scheme in a simplex : the
values �(�; ui) are the projection of vertex � in a par-
allel direction to f(�; ui)

factor 
 (see Bertsekas (1987)), DP theory insures that
there is a unique solution, called V � that satis�es equa-
tions :

V �(�) = sup
u2U�

[
�(�;u):V �(�(�; u)) + � (�; u)r(�; u)]

= sup
u2U�

[
�(�;u):
nX
i=1

��i (�(�; u))V
�(�i)

+� (�; u)r(�; u)] for � 2 O (3)

V �(�) = R(�) for � 2 
 nO

where �(�; u) is the projection of � in a parallel di-
rection to f(�; u) onto the opposite side of the sim-
plex (see �gure 2) and � (�; u) is such that : �(�; u) =
� + � (�; u)f(�; u).

We need the following hypotheses for the convergence
of the scheme V � :

Hyp. 3 We assume that :
- 9�1 < 0 such that 8x 2 @O; 9u 2 U; f(x; u):~n(x) � �1
- 9�2 > 0 such that 8x 2 @O; 9u 2 U; f(x; u):~n(x) � �2

Theorem 3 (Convergence of the scheme)
Suppose that Hyp. 1 and Hyp. 3 are satis�ed, then
the approximation scheme V � converges to the value
function of the continuous problem as � tends to 0 :

lim
�
�#0
�!x

V �(�) = V (x) for all x 2 O

The demonstration of this theorem uses the general
convergence results of approximation schemes for non-
linear equations of Barles and Souganidis (1991) and
a comparison principle of Barles and Perthame (1990)
and Barles (1994) but we will not give the proof here.
(similar approximation schemes have been proven in



Kushner (1990), Kushner and Dupuis (1992), Sougani-
dis (1985), Fleming and Soner (1993) but without the
boundary conditions used here).

Remark : Hyp. 3 is rather strong and can be weakened
in some cases (see Barles and Perthame (1990)).

In the RL terminology, the computation of the value
function with such an approximation scheme is called
an indirect learning method, because �rst the system
has to learn the dynamics f (thus �(�i; u)) and sec-
ondly it computes the value function with DP algo-
rithms (value iteration or policy iteration) (see Barto,
Bradtke and Singh (1991) and Bertsekas (1987)).
On the contrary, a direct learning approach is a real
time learning method that approximates the value
function without learning any model of the dynamics.
An example is the Q-learning algorithm (see Watkins
(1989) and Watkins and Dayan (1992)). In the next
section, we present a direct learning algorithmwhich is
a kind of Real Time Dynamic Programming (RTDP)
(see Barto et al. (1991)).

Remark : The equation (3) may be rewritten by de�n-
ing upon �� the Q-values (this notation will be useful
in the next section) :

Q�(�; u) = 
�(�;u):V �(�(�; u)) + � (�; u)r(�; u)

and V �(�) = sup
u2U�

Q�(�; u) (4)

5 THE FINITE-ELEMENT

REINFORCEMENT LEARNING

5.1 PRESENTATION

Here we construct a direct reinforcement learning al-
gorithm that �-converges to the solution of the approx-
imation scheme previously studied.

xξ

x(t)y

Figure 3: The trajec-
tory exits at y 2 O

xξ

y

O Ω

ξ
j

Figure 4: The trajec-
tory hits the boundary at
y 2 @O

Let us consider a trajectory x(t) which enters simplex
T at point x = x(t1), then some control u is chosen and
kept until the trajectory exits T at y = x(t2) (�gure
3) or hits the boundary @O inside T (�gure 4). This
means that the choice of the control only occurs when
the system crosses the border of simplexes.

Let �x = t2 � t1. Let Tin 3 x be the (n-1)-input-
simplex and Tout the (n-1)-output-simplex. (y 2 Tout
in the case of �gure 3).

The algorithm is the iterated version of equation (4)
and use the available knowledge for approximating
V �(�(�; u)) and � (�; u) : when the system exits from
T , (�gure 3), the algorithm updates the Q-value of the
vertex � opposite to the exit side Tout according to rule
(6) below.

The idea is that for small �, thanks to Thales' theorem,
�x

��(x)
approximates � (�; u), and

V �
n (y)�V

�
n (x)

��(x)
+ V �

n (�) approximates V �(�(�; u)),

where as in the previous section, Q�
n and V �

n are the
iterated values such that :
V �
n (�) = supu2U� Q�

n(�; u) and V �
n (x) =

P
��(x)V �

n (�)
with f��(x)g the barycentric coordinates of x 2 T .

In order to prevent the trajectories from staying in-
�nitely inside a simplex, we assume that :

Hyp. 4 9mf > 0; 8x 2 �O; jjf(x; u)jj � mf

5.2 THE ALGORITHM

Let us choose a constant � 2 (0; 1] close to zero. For
any initial values Q�

0(�; u), we consider the controlled
dynamical system described previously. For any tra-
jectory going through a simplex T with control u, let
consider the two cases :
- the trajectory exits from T , so y 2 O (�gure 3).
- the trajectory hits @O inside T , so y 2 @O (�gure 4).

� If the second case happens, the nearest vertex �j 2

 nO from y is updated with :

V �
n+1(�j) = R(y) (5)

� In both cases, if Hyp. 5 and Hyp. 6 :

Hyp. 5 ��(x) � �
(this relation eliminates cases for which ��(x) is
too small)

Hyp. 6 8�i 2 Tin \ Tout, ��i(y) > ��i(x) + �
(these relations imply that y�x strictly belongs to
the cone of vertex � and base Tout and insure that
for small enough �, �(�; u) 2 Tout).

are satis�ed, then update the Q-value of vertex �
opposite to the exit side Tout with :

Q�
n+1(�; u) = 


�x
��(x)

�
V �
n (y) � V �

n (x)

��(x)
+ V �

n (�)

�

+
�x

��(x)
r(x; u) (6)



The following hypothesis (similar to the one of RTDP)
allows the statement of the convergence theorem whose
proof is given in appendix A.

Hyp. 7 When experimenting the FERL, we consider
series of trajectories such that the algorithm leads to
update (with rule(5)) every state � 2 
 n O at least
once and update (with rule(6)) every state � 2 O and
control u 2 U � in�nitely often.

Theorem 4 (Convergence of the algorithm)
Suppose that Hyp. 1, Hyp. 3 and Hyp. 4 are satis�ed,
for all � > 0, there exists � such that for all � � �,
for any triangulation �� satisfying hypotheses of
section 4, if we use the FERL algorithm such that
Hyp. 7 is satis�ed, then there exists N , for all n � N ,

sup
x2O

jV �
n (x) � V (x)j � �:

Remark 1 : Rule (6) is similar to a RTDP iteration ;
it could be replaced by a Q-learning like rule :

Q
�
n+1(�; u) = [1 � �n(�;x)]Q

�
n(�; u) + �n(�; x)

h



�x
��(x)�

V �
n (y)� V �

n (x)

��(x)
+ V

�
n (�)

�
+

�x

��(x)
r(x; u)

�
(7)

for appropriated �n(�; x) � 1. This rule enables the
averaging of the Q-values, and the convergence of the
algorithm is still insured.

Remark 2 : We can note that for a �xed �, the V �
n -

values do not converge as n tends to in�nity (this is
natural because the discretized process is not Marko-
vian). Meanwhile, these values get closer to the value
function V with some error �. The convergence of the
algorithm is insured as � tends to zero.

Remark 3 : For computational aspects of this algo-
rithm, we can start with an a-priori rough triangu-
lation of the state space (high �) and progressively
decrease � and modify the triangulation (for example
splitting each simplex into n + 2 smaller ones) until
the desired estimation error is reached.

6 CONCLUSION

This paper proposes an adequate formalism of Rein-
forcement Learning in the continuous case and states
the Hamilton-Jacobi-Bellman equation. This is an im-
portant result in the �eld of reinforcement adaptive
control.

After a brief study of some properties of the value func-
tion, a �nite-element approximation scheme using lin-
ear simplexes is proposed. Then we de�ne a direct

RL algorithm that builds a piecewise linear continu-
ous function using a triangulation of the state space.
The function computed by the Finite-Element Rein-
forcement Learning is proven to converge to the value
function of the continuous problem.

For computational aspects of this algorithm, and in
general, for all approximation systems of continuous
functions, we are faced to the combinatorial explosion
of the number of values to be estimated. Future work
should consider multi-resolution simplexes (using the
work of Akian (1990) for multigrid methods or Moore
(1994) for variable resolution), or use other �nite-
element than the linear simplex. Following remark 3,
we are currently working on a non-homogeneous split-
ting of the simplexes depending on a local estimation
of the regularity of the value function.

An other improvement should be to consider the
stochastic case where the dynamics is described by a
stochastic di�erential equation.

A APPENDIX : CONVERGENCE

OF THE ALGORITHM

The main idea of the demonstration is to prove that
for all � > 0, for small enough values of �, the approx-
imation error between the computed V �

n and the V �

values of the convergent approximation scheme is < �2
(with �2 linear function of �) for n � N , i.e. :

sup
�2��

jV �
n (�)� V �(�)j � �2 (8)

The theorem is then easily proven : let �1 be such that
�1 + �2 = � ; thanks to theorem 3, for small �,

sup
�2��

jV �(�) � V (�)j � �1

Thus we have :

sup
�2��

jV �
n (�) � V (�)j � �1 + �2 � �

In order to prove (8), we need to evaluate the modi-
�cation of the error jQ�

n(�; u)� Q�(�; u)j after updat-
ing Q�

n(�; u) with rule (6). This is the object of sec-
tion A.3. Section A.1 introduces some useful notations
and Section A.2 gives some properties, a comparison
of times �� and �x and a important majoration result.

A.1 SOME DEFINITIONS

Let T be the current n-simplex. The trajectory x(:)
enters T at x = x(t1) 2 Tin the (n-1)-input-simplex
(for example triangle (�; �1; �2) in �gure 5) and exits
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from T at y = x(t2) 2 Tout the (n-1)-output-simplex
(for example triangle (�1; �2; �3)).

Let P be the hyperplan of dimension (n � 1) parallel
to Tout through y (in the case y 2 O, see �gure (6), P
is the hyperplan generated by Tout). In the following,
all the projections are made onto P .

Let � (resp. y2) be the projection of � (resp. x) in a
parallel direction to f(�; u). Let y1 be the projection
of x in a parallel direction to f(x; u), Let �0 be the
projection of � in a parallel direction to x � �. Let
y0 = �0 + 1

��(x)
(y � �0) and y01 = �0 + 1

��(x)
(y1 � �0)

(hence, from Thales' theorem, y01 is the projection of
� in a parallel direction to f(x; u)).

Let �x = t2�t1. Let �� be such that : � = �+��f(�; u),
Let �1 be such that : y1 = x + �1f(x; u), Let �2 be
such that : y2 = x + �2f(�; u), Let � 01 be such that :
y01 = � + � 01f(x; u). Let y3 = x+ �xf(x; u) (�gure (6)).

Let MV � be a majoration of V �.

A.2 SOME PROPERTIES

A.2.1 y0; y01 and � belong to Tout

In this section, we study the case depicted in �gure (6)
and we prove that if Hyp. 6 and Hyp. 5 are satis�ed,
for small enough �, we have y0; y01 and � 2 Tout.

From Hyp. 6 and the de�nition of y0, we deduce that :
8�i 2 Tin \ Tout, ��i(y0) > �.

Some geometrical considerations give jjy � y1jj �
jjf(x;u)jj
f(x;u)~n jjy � y3jj. Besides, Taylor's majoration gives :

jjy � y3jj � 1

2
Lf �

2
x (9)

Since �x � �
mf

we have : jjy � y1jj � Lf�
2

2m2
f

jjf(x;u)jj
f(x;u)~n .

Thus, for small enough values of �, y1 2 Tout.
So there exists a vertex �i 6= � of T such that :
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f(x;u)~n
jjf(x;u)jj

� (�i��)~n
jj�i��jj

. Let �� be the orthogonal projection

of � onto P , then : f(x;u)~n
jjf(x;u)jj � jj����jj

jj�i��jj
� 2k��

�
� 2k�.

Thus, we have :

jjy � y1jj � 1

2k�
jjy � y3jj � Lf �

2

4m2
fk�

(10)

From Thales' theorem : jjy0�y01jj = 1
��(x)

jjy�y1jj. So
with Hyp. 5 we have :

jjy0 � y01jj �
Lf�

2

4�m2
fk�

Thus for small �, y01 is as close to y0 as wished, so
8�i 2 Tin \ Tout; ��i(y01) � �

2 .

Besides, jj� � y01jj = 1
��(x)

jjy2 � y1jj, and using majo-

ration (13) below, we deduce that :

jj�� y01jj �
(1� �)

�

Lf

mf

�
1 +

1

2k�

�
�2

Thus, � is as close to y01 as wished, so there exists �0
such that for any � � �0, we have y0; y01 and � 2 Tout.

A.2.2 Comparison of �� and �x

From Thales' theorem : jj�0�xjj
jj�0��jj =

jjy2�xjj
jj���jj , so ��(x) =

�2
��
. Besides, some geometrical considerations give :



�2
�1

= f(x;u)~n
f(�;u)~n

. From the majorations (9) and (10) we

have :

j�1 � �xj:jjf(x; u)jj= jjy1 � y3jj � jjy1 � yjj+ jjy � y3jj

� 1

2
Lf �

2
x

�
1 +

1

2k�

�

Thus, from what precedes,�����(x) f(x;u)~nf(�;u)~n �� � �x

��� jjf(x; u)jj � 1
2Lf �

2
x

�
1 + 1

2k�

�

j��(x)�� � �xj:jjf(x; u)jj � 1

2
Lf �

2
x

�
1 +

1

2k�

�

+ ��(x)��jjf(�; u)� f(x; u)jj jjf(x; u)jj
f(x; u)~n

From the Lipschitz property of f , we have :������ � �x

��(x)

���� � k� �
2 with

k� =
Lf

m2
f

�
1

2k�
+

1

2mf

�
1 +

1

2k�

��
(11)

We deduce from this majoration and from the property
of exponential function : 
x � 1� x ln 1



, that :���
�� � 


�x
��(x)

��� � k� ln
1



:�2

A.2.3 Majoration of V �(�)� V �(y0)

Some geometrical considerations show that the gradi-
ent of the linear function V � de�ned upon the (n-1)-

simplex Tout is majorated by n�1
2k�

jV �(�i)�V
�(�j )j

jj�i��j jj
, for

some vertices �i and �j of Tout. Thus, we have :��V �(y0)� V �(�)
�� � jjy0 � �jj (n� 1)

2k�

jV �(�i) � V �(�j)j
jj�i � �j jj

Moreover,
��V �(�i) � V �(�j)

�� � ��V �(�i) � V (�i)
�� +

jV (�i)� V (�j)j+
��V (�j)� V �(�j)

��.
We know that V � converges to V , so let consider any
�1 > 0, then there exists �1, for any � � �1, we have :
jV � � V j � �1.

Besides, thanks to the continuity of V , there exists �2,
for all � � �2, we have : jV (�i)�V (�j)j � �1. Thus, for
any � � minf�1;�2g, we have :

��V �(�i)� V �(�j)
�� �

3�1. Knowing that jj�i � �j jj � 2k��, we have :��V �(y0)� V �(�)
�� � jjy0 � �jj3(n� 1)�1

4k2�� (12)

Now, let's estimate jjy0 � �jj. We have the relation :

jj� � y
0

1jj = jj��f(�;u)� �
0

1f(x;u)jj

= � 0

1

����
����f(x; u):~nf(�;u):~n

f(�;u)� f(x;u)

����
����

Using the lipschitz property of f, we have :

jj�� y01jj � � 01jj� � xjjLf
�
1 +

1

2k�

�

� Lf

mf

�
1 +

1

2k�

�
[1� ��(x)]�

2 (13)

Remark : these majorations have been established in
the case y 2 O. But in the case y 2 @O (see �gure (7))
the last one becomes :

jj�� y01jj � jj�� �0jj+ jj�0 � y01jj (14)

� k��
2

2k�
+

Lf

mf

�
1 +

1

2k�

�
[1� ��(x)]�

2

Besides, we have : jjy01 � y0jj = jjy1�yjj
��(x)

� Lf �
2
x

4��(x)k�
,

and : �x
��(x)

� �� + k��
2, so :

jjy01 � y0jj � Lf

4k�
�x(�� + k� �

2) � Lf (1 + k�mf�)

4m2
fk�

�2

(15)

Putting together (12), (14) and (15), we get :

jV �(�) � V �(y0)j �
�
Lf

mf

�
1 +

1

2k�

�
[1� ��(x)]

+
Lf (1 + k�mf �)

4m2
fk�

+
k��

2k�

#
3(n� 1)�1�

4k2�

A.3 CONVERGENCE OF FERL

A.3.1 Majoration of Q�
n+1(�; u)� Q�(�; u)

Let E�
n = sup

�2��\O;u2U�

jQ�
n(�; u)�Q�(�; u)j.

After updating Q�
n(�; u) with rule (6), let � denote the

value Q�
n+1(�; u)� Q�(�; u). We have :

� = 

�x

��(x)

�
V �
n (y)� V �

n (x)

��(x)
+ V

�
n (�)

�
� 


��V
�(�)

+
�x

��(x)
r(x; u)� ��r(�; u)

= 

�x

��(x) V
�
n (y

0)� 

��V

�(�) +
�x

��(x)
r(x; u) � ��r(�; u)

= 

�x

��(x)
�
V
�
n (y

0)� V
�(y0)

�
+ 


��
�
V
�(y0)� V

�(�)
�

+��[r(x;u)� r(�; u)] + V
�(y0)

�



�x
��(x) � 


��

�
+

�
�x

��(x)
� ��

�
r(x; u)

j�j � 

�x

��(x)E
�
n +

��V �(y0)� V
�(�)

��
+

�
Lr

mf

+MV �k� ln
1



+Mrk�

�
�
2

� 

�x

��(x)E
�
n + k0�1[1� ��(x)]� + k1�1� + k2�

2



with :

k0 =
3(n� 1)Lf

4mfk
2
�

�
1 +

1

2k�

�

k1 =
3(n� 1)Lf

16m2
fk

3
�

k2 =
Lr

mf

+MV �k� ln
1



+Mrk� +

3(n� 1)Lfk� �1

16mfk
3
�

A.3.2 Hypotheses for E�
n � �2

Let us suppose that the following conditions are true
for some � > 0 :

E�
n > �2 ) j�j � E�

n � � (16)

E�
n � �2 ) j�j � �2 (17)

From Hyp. 7, all states � 2 �� \ O and controls are
updated an in�nite number of times, so there exists an
integer m such that at stage n + m all the states in
O and controls have been iterated at least once since
stage n. Then, from (16) and (17) we have :

E�
n > �2 ) E�

n+m � E�
n � �

E�
n � �2 ) E�

n+m � �2

This implies that there exists N1 such that :
8n � N1; E

�
n � �2.

Besides, from Hyp. 7, all states �j 2 �� \ (
 n O) are
updated at least once with rule (5). Then :

jV �
n+1(�j)� V �(�j)j = jR(y) �R(�j)j � LRjjy � �j jj

� LR� � �2

for any � � �3 =
�2
LR

. Thus, 9N2, such that :

8n � N2; sup�j2��\(
nO) jV �
n (�j) � V �(�j)j � �2.

So : 8n � N = maxfN1; N2g,
sup
�2��

jV �
n (�) � V �(�)j � �2

A.3.3 Su�cient condition

A su�cient condition for conditions (16) and (17) to
be true is that the following inequality is true.



�x

��(x)
�2

2
+ k0�1[1� ��(x)]� + k1�1� + k2�

2 � �2

2
(18)

Proof : if E�
n > �2 then

j�j � E�
n � (1� 


�x
��(x) )�2 + k0�1[1� ��(x)]

+k1�1� + k2�
2

� E�
n � (1� 


�x
��(x) )

�2

2

From a property of the exponential function, we have :

1� 

�x

��(x) � �x
2��(x)

ln 1


for any small enough value of

�x
��(x)

. Besides, from (11), �x
��(x)

� �� � k��
2 and �� >

2k��
Mf

. So : 1 � 

�x

��(x) � 1
2 ln

1



�
2k��
Mf

� k��
2
�
. With

� = 1
2
ln 1




�
2k��
Mf

� k��
2
�

�2
2
, there exists �4 such that

the �rst equation (16) is satis�ed for any � � �4.

The second condition (17) is true because :

j�j � 

�x

��(x)
�2

2
+ 


�x
��(x)

�2

2
+ k0�1[1� ��(x)]�

+k1�1� + k2�
2 � �2

2
+
�2

2

Let us �nd a su�cient condition on ��(x) for condition
(18) to be true :

1� ��(x) �
k� ln

1



2k0Mf

�2

�1
� k1

k0
�
�
k2

k0
+
k� �2

4k0
ln

1




�
�

�1

For any � � �5 = �21, it is su�cient that :

1� ��(x) �
k� ln

1



2k0Mf

�2

�1
� k1

k0
�
�
k2

k0
+
k��2

4k0
ln

1




�p
�

(19)

A.3.4 Proof of the theorem

For any � 2 (0; 1] and � > 0, let us choose �1 > 0 and
�2 > 0 such that �1 + �2 = �, and

k� ln
1



2k0Mf

�2

�1
� k1

k0
= 2(1� �)

That is :

�1 =
k� ln

1



2k0Mf

�
2(1� �) + k1

k0

�
+ k� ln

1



�

�2 = �� �1

The su�cient condition (19) becomes :

1� ��(x) � 2(1� �) �
�
k2

k0
+
k��2

4k0
ln

1




�p
�

As
p
� tends to 0, there exists �6 such that for any

� � �6, a su�cient condition is :

1� ��(x) � 1� �

So, using the algorithmwith points x satisfying Hyp. 5
with � � � = minf�0; :::;�6g implies that con-
dition (18) is true, so conditions (16) and (17) are



true. Thus there exists an integer N , such that
8n � N; sup jV �

n � V �j � �2. The theorem (4) is then
easily proven. Indeed, for all � 2 (0; 1], for all � > 0,
we de�ne �1 and �2 as above. From the convergence
of the approximation scheme V � , for � � �, we have
sup jV ��V j � �1 and 9N; 8n � N , sup jV �

n �V �j � �2.
Thus :

sup
x2O

jV �
n (x)� V (x)j � sup

x2O
jV �
n (x)� V �(x)j

+ sup
x2O

jV �(x)� V (x)j � �2 + �1 � �
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