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Abstract

We present a technique for calculating exact nearest-neighbor classifica-
tion accuracy. This is equivalent to averaging the results of an exponen-
tial number of trials (all test/train splits), yet it can be performed very
efficiently. The technique is applied to each of four common classifica-
tion experiment types. Complexity analysis and empirical results demon-
strate the superiority of this algorithm over the customary approach of es-
timating accuracy by averaging several randomized test/train splits. This
algorithm offers significant practical benefits to researchers in terms of
vastly reduced computation time.

1 Introduction

In machine learning experiments, a pool of labeled data,S, is typically split into a training
set,T , and a test setS nT .1 Items from the test set are presented to a classifier trained
onT , and the empirical accuracy (fraction of test items classified correctly) is reported as
the performance of the classifier. Given that the accuracy observed in such an experiment
depends on which items fromS appeared in the training set, the variance of this estimate
can be significant [7]. Since calculating an expectation over all permissible test/train splits
is normally impractical (the number of such experiments would grow exponentially with
jSj), it is customary to create a lower variance estimator simply by averaging the accuracies
reported from several trials, either from a random test/train split, or usingn-fold cross vali-
dation. Unfortunately, running these experiments is still very time-consuming, particularly
when an accurate estimate of the accuracy is desired. This paper presents a technique for
calculating theexactsample classification accuracy2 for the nearest-neighbor [2] family
of classifiers. Not only is this accuracy identical to that obtained by an exhaustive enu-
meration of splits, it can be computed more efficiently than averaging results from several
randomized trials.

The remainder of the paper is organized as follows. Section 2 applies our technique to
four common classification experiment types, along with a complexity analysis. Section 3
presents empirical results that support these theoretical claims. Section 4 discusses appli-
cations and concludes with an outline of future research.

1SnT denotes theset differenceof S andT : the elements ofS that are not inT .
2This corresponds tosample errorover the available data in [7].



2 Computing exact classification accuracy

In machine learning experiments, test/train splits are typically constrained by requirements
on the size and structure in the training or test sets. LetT denote the set of training sets
satisfying these constraints. The accuracy of a classifier in one trial (trained on a given
T 2 T ) is defined to be the fraction of items in the test set that are correctly identified.
The exact sample accuracy of a classifier (which is independent ofT ) is defined to be
the average of the accuracies, over8T 2 T . The goal of evaluation is to obtain this
expected accuracy. This goal is normally intractable given the prohibitive size ofT . For
instance, even forjSj = 100 (a small dataset) with the constraintjT j = 50 (half-half
split), jT j =

�
100
50

�
� 1029. Thus, it is customary to estimate the accuracy of the classifier

by averaging several (typically no more than 50) trials, each using a randomly-generated
T 2 T [7].

In this section, we show that it is not only feasible, butefficient to calculate theexact
accuracies for certain classifiers. We demonstrate that, in the case of nearest-neighbor,
this technique is also more accurate and more efficient than the standard approach outlined
above. The following definitions are used in the remainder of the paper:

c(x) The class label associated withx
C Number of class labels inS
N Size ofS (jSj)
Nk Number of elements in classk. Nk = jfx : c(x) = kgj

We note that the exact accuracy is obtained by dividing the total number of correct identi-
fications,A, by the total number of possible classifications. The former is given by:

A =
X
T2T

X
x=2T

correct(x; T ); (1)

while the latter is simply
P

T2T jSnT j. The binary function, correct(x; T ), returns1 iff x is
correctly identified3 by a classifier trained onT . Equation 1 is a large sum (withjT j terms)
of small inner sums (each with fewer thanS terms). We focus on efficiently computing this
seemingly-intractable sum. We begin by manipulating Equation 1 into a more manageable
form:

A =
X
T2T

X
x=2T

correct(x; T ) =
X

(x;T )2S�T
x=2T;T2T

correct(x; T ) =
X
x2S

X
T2T
T 63x

correct(x; T )

| {z }
Ax

: (2)

This identity expresses the key insight of our technique: that the total number of correct
identifications can be computed in two equivalent ways. In the standard method, the num-
ber of correct identifications for a particular test/train split is summed over all possible
splits (LHS). Equivalently, one can count the number ofsplits, Ax, for which a particular
item in the test set,x, is correctly identified and sum over every item in the data set (RHS).
Computationally, this transforms the problem into a small sum of large inner sums. Fortu-
nately, in the case of 1-nearest-neighbor, we can efficiently calculateAx without explicit
enumeration, enabling us to directly obtain exact classification accuracy.

2.1 Nearest-neighbor classification

The training phase of the basic nearest-neighbor classifier simply consists of storing all
of the labeled training items in a list. In the testing phase, to classify an itemx from the
test set, the distance fromx to each of the items in the training set is computed, andx

3It is implicit thatx 2 S, so thatx =2 T , x 2 SnT .



is assigned the label of its closest training instance. Despite its obvious simplicity, the
nearest-neighbor classifier has good theoretical properties [1], and has been successfully
applied to a broad range of problems. See [2, 7] for more details on this classifier, and its
common variants. We now examine the aspects of nearest-neighbor that enable efficient
computation of exact accuracy.

The distance between two items is just a measure of similarity that may involve arbitrary
transformations; it need not satisfy metric properties such as symmetry or the triangle in-
equality. However, since this distance is invariant over test/train splits, we can create a
fixedordering of items inS, sorted in increasing distance fromx, for everyx 2 S. For a
particular item,x, this ordered list looks like:4

x : x1 x2 x3 : : : xi : : : xN�2 xN�1:
 Nearest Farthest!

This list contains all of the items inS; for a given split, some of thexi items will be in the
training set and the remainder will be in the test set. A given split correctly classifiesx iff
x and its nearest neighbor have the same class label. Note thatx’s nearest neighbor is not
necessarilyx1; it is the leftmostxi that has been assigned to the training set. Furthermore,
the assignment of elements to the right of the nearest neighbor (intoT or SnT ) does not
affect whether the split correctly classifiesx; all such splits give identical classification
for x, and need not be individually enumerated. This observation enables us to avoid
computing the large inner sum,Ax in Equation 2. We now demonstrate how our technique
can be applied to four common experiment types, and in each case, derive an equivalent
efficient expression forAx.

2.2 Algorithm 1: class-independent test/train split

In this type of experiment, items fromS are assigned toT , with uniform probability, with-
out replacement, until theT reaches a specified size. For instance, the experimenter may
choose to use half of the data for training, and save the remaining half for testing. Let�

denote the required size of the training set. Now, sincejT j = �, jT j =
�
N
�

�
, which will

be very large unless� is close to0 or N .5 From the ordering shown in Section 2.1, we
determine how many training sets correctly classifyx.

Consider the set of training sets,E � T , wherex’s nearest neighbor isxi. If the c(x) =
c(xi), then all classifiers usingT 2 E correctly classifyx, else none of them do; thus,
the number of total correct classifications should be incremented byjEj iff c(x) = c(xi).
By examining the additional constraints onE , we shall see that it is possible to obtain
jEj without explicitly enumerating any element ofE . Our constraints are: (1) the items
x1; : : : ; xi�1 cannot be inT , sincexi is the nearest neighbor; (2) aside fromxi, there are
� � 1 items in the training set, all of which must appear somewhere in theN � i � 1
available positions to the right ofxi (see the diagram in Section 2.1). Therefore, givenx

andxi, there are
�
N�i�1
��1

�
splits that will create training sets satisfying these constraints.

Iterating over all possible positionsxi gives us:6

Ax =

N�1X
i=1

I(x; xi)

�
N � i� 1

�� 1

�
; (3)

whereI(xi; xj) is an indicator function that returns 1 if(c(xi) = c(xj)), and 0 otherwise.
Equation 3 reduces the number of terms in Equation 2’s intractable inner sum fromjT j =�
N
�

�
to onlyN � 1. Unless� = 1, or� = N � 1, this improvement is very significant.

4This technique is compatible with any reasonable tie-breaking criterion.
5Leave-one-out-cross-validation (� = N � 1) avoids this combinatorial explosion ofjT j.
6Whenn < r,

�
n

r

�
� 0.



2.2.1 Complexity analysis

The time required to calculateAx using Equation 3 is composed of the following parts:

1. Computing distances fromx to the otherN � 1 items:O(N);

2. Sorting theN � 1 items:(N logN);

3. Summing theN � 1 terms in Equation 3:O(N).

Therefore, the time required to obtainAx is bounded byO(N logN). SinceAx is com-
puted for eachx 2 S, the total time is:

O(N2 logN): (4)

When a significant fraction of the data is to be placed in the training set,Ax can be com-
puted more efficiently as follows. In Equation 3, note that wheni > N � �, the bi-
nomial coefficient

�
N�i�1
��1

�
= 0. So, rather than summingN � 1 terms, we need only

sum the firstN � � terms. Also, rather than sorting allN � 1 items, we need only de-
termine theN � � nearest neighbors, which can be done with a priority queue in time
O(N log(N � �+ 1)) [5]. This results in a total running time ofO(N2 log(N � �+ 1)),
which can be as low asO(N2) whenN � � is a small constant.

By comparison, a single trial of the standard algorithm takesO(� (N ��)).7 The exhaus-
tive computation (Equation 1) will therefore takeO(

�
N
�

�
�(N��)), which is intractable for

typical�. In fact, our algorithm is more efficient than averaging the results fromO(logN)
randomized trials.

2.3 Algorithm 2: ranked class-independent test/train split

The type of experiment described in Section 2.2 has a very strict criterion of correctness. In
some domains with large numbers of classes, a classifier is judged to be “correct” iff at least
one of theR closest items in the training set matches query item’s class label. For instance,
a face recognition system may be given a noisy photograph,x, and asked to return a list of
the three closest images in its database. As long as the identity of one of the retrieved faces
is correct, the system is judged to be correct. This results in a generalization of Algorithm 1
(which is recovered whenR = 1). Our technique can be extended as follows.

We first definefi(k) to be the number of items from a given class,k, that are farther than
a given item,xi in S (equivalent to the number of items of the given class appearing to the
right of xi in the diagram in Section 2.1):

fi(k) = jfj : j > i andc(xj) = kgj: (5)

Letxi be the nearestcorrectanswer, but also ther-th nearest neighbor overall in the training
set (i.e., there are exactlyr�1 items inT that are nearer tox, and whose class isnotc(x)).
The expression forAx in Equation 2 (after some algebra) becomes:

Ax =

N�1X
i=1

I(x; xi)

RX
r=1

�
N � i� 1

�� r

��
i�Nc(x) + fi(c(x)) + 1

r � 1

�
: (6)

The complexity of this algorithm may be derived by comparing Equations 3 and 6. Step 3
in Section 2.2.1 is affected as follows: (1) the single binomial coefficient has been replaced
by a sum ofR terms; (2) there is an additional cost of computing8k fi(k). The latter can
be computed in constant time per summand sincefi+1(k) = fi(k)� 1 whenk = c(xi+1),
and is unchanged otherwise; forN � 1 summands, this takesO(N). Since step 3 can now
takeO(RN) time, the total complexity of this algorithm isO(N2(R+ logN)).

7A kd-tree [3] with suitable data can reduce average case expected time toO(N log �).



2.4 Algorithm 3: class-constrained test/train splits

In some applications, the training set is constrained to contain a certain number of items
from each class. For instance, the ORL face dataset [8] contains 10 images from each of
40 individuals. The face recognition experiments presented in [6, 9] examine accuracy by
varying the size of the training set using 1, 3, or 5 images for each of the 40 classes. In
general, we define�k to be the number of items required from classk to be in the training
set8. This section shows how our technique may be applied to this problem, by extending
the algorithm described Section 2.2. Section 2.5 describes how this may be further extended
to the top-R rank case.

Consider all training sets,T , where the nearest items tox in T is xi. For each class,
k 6= c(xi), we must select�k items from a potentialfi(k) candidates for inclusion into
the training setT . For classk = c(xi), since we have already selectedxi, we only need
an additional�k � 1 items from thefi(k) candidates. Since the choices for each class
are independent, the number of training sets that correctly classifyx is the product of the
number of choices for each class. All possible training sets for itemx can be generated by
consideringi from 1 to N � 1, as above. In a manner analogous to Equation 3, we can
efficiently calculateAx as:

Ax =

N�1X
i=1

I(x; xi)

�
fi(c(x))

�c(x) � 1

� CY
k=1

k 6=c(x)

�
fi(k)

�k

�
(7)

2.4.1 Complexity analysis

A similar analysis to the one presented in Section 2.2.1 can be performed to calculate the
worst case bounds on running time for this algorithm. The time required to computeAx

using Equation 7 is composed of the following parts:

1. Distance computation and sorting (identical to Section 2.2.1);

2. Computingfi(k) as in Section 2.3:O(N);

3. Computing theNc(x) � 1 non-zero terms, each requiringO(C) to multiply the
binomial coefficients together:O(CNc(x)).

Thus, the total time needed to computeAx is O(N logN + CNc(x)). To computeA, we
must do this for eachx 2 S; the total time is given by:

X
x2S

O(CNc(x) +N logN) =

CX
k=1

X
c(x)=k

O(CNk +N logN)

= O(N2(C + logN)): (8)

By comparison, a single trial of the standard algorithm takesO(�(N � �)), where� �PC
k=1 �k. Therefore, the exhaustive computation will takeO(�(N � �)

QC
k=1

�
Nk

�k

�
),

which is prohibitive. Our algorithm is also more efficient than averaging the results of
O(logN) random trials for typical datasets; in the worst possible case, with pathological
data and�(N � �) � N , running our algorithm is more advantageous than averaging
O(N2) random splits.

8It is easy to compute�k for experiments that require a particular fraction of items per class to be
in the training set. Similarly,�k can be computed when a certain number (or fraction) of items per
class is required to be in the test set.



2.5 Algorithm 4: ranked class-constrained test/train split

The final algorithm shows how our technique can be applied to the rank-variant of the
class-constrained experiment (combining Sections 2.3 and 2.4). As in Section 2.3, letxi be
the nearest correct item that is also ther-th nearest neighbor overall in the training set. We
introduce the new variables,�1; : : : ; �C , where�k is the number of items in classk that
are to the left ofxi in the diagram shown in Section 2.1. We need to place�k items into the
Nk � fi(k) slots to the left ofxi; also, we must assign�k � �k items intofi(k) possible
slots to the right ofxi. Therefore,Ax is:

N�1X
i=1

I(x; xi)

RX
r=1

�
fi(c(x))

�c(x) � 1

� r�1X
�1=0

r�1�
�1X

�2=0

� � �

r�1�
C�1P
k=1

�kX
�C=0| {z }

Omit the sum over�c(x)

CY
k=1

k 6=c(x)

�
Nk � fi(k)

�k

��
fi(k)

�k � �k

�
;

Generating functions [4] allow us to express the inner sums over�k as the coefficients of
the following polynomial inz (details omitted for space considerations):

z

CY
k=1

k 6=c(x)

8<
:
X
�

�
Nk � fi(k)

�

��
fi(k)

�k � �

�
z�

9=
; ;

where the coefficient ofzs is the value of these sums atr = s. The expression forAk

now consists of a product ofC � 1 polynomials, but since we are only interested in terms
up tozR, we need not evaluate the higher order terms. Each of theC � 1 steps involves
multiplying a running product of degree� R, with a polynomial of degreemin(R;�k); this
can be performed in timeO(R2), thus the sums can be computed inO(CR2). Comparing
this with step 3 in Section 2.4.1, we see that the total complexity isO(N2(CR2+logN)).

3 Empirical results

Table 1 summarizes exact and estimated accuracy with 95% confidence intervals of the
estimate (computed over several independent sets), and timing results9 from a set of four
experiments that compare our technique (denoted “Exact”) against runs of the standard
algorithm (denoted S-n, wheren is the number of random trials averaged). All experiments
used a nearest-neighbor classifier with Euclidian distance function and unscaled features.
To avoid problems with overflow and accuracy (A can get very large), these experiments
were implemented using PARI10, an arbitrary precision math library.

Table 1: Results: Empirical accuracy (%) with 95% (2�) intervals, and timing (seconds).

# Exact time S-1 time S-10 time S-50 time
1 60.7 8.2 61.1�6.3 1.2 60.6�2.0 11.8 60.6�0.7 59.3
2 96.3 24.3 96.4�3.4 1.2 96.2�1.1 12.5 96.5�0.4 62.2
3 88.8 115.3 89.2�3.9 25.5 88.9�0.8 248.6 88.8�0.8 1248.2
4 94.0 153.9 93.5�3.3 25.0 94.2�1.1 246.6 93.9�0.7 1262.1

Experiments 1 and 2 used theliver-disordersdataset from the UCI Machine Learning
Repository (345 items, each with 6 numeric values from 2 classes); items were selected

9Timing results (seconds) were obtained from a Pentium II 300MHz running Linux 2.2.1.
10PARI: <http://hasse.mathematik.tu-muenchen.de/ntsw/pari/view/> .



uniformly without replacement. Experiment 1 corresponds to Section 2.2 (Algorithm 1:
� = 172); Experiment 2 corresponds to Section 2.3 (Algorithm 2:� = 172; R = 5).
Experiments 3 and 4 used the ORL dataset [8], with images reduced to16� 16 size (400
items, each with 256 numeric values; 10 items in each of 40 classes). Experiment 3 corre-
sponds to Section 2.4 (Algorithm 3:8k �k = 3). Experiment 4 corresponds to Section 2.5
(Algorithm 4: 8k �k = 3; R = 3).

These experiments reflect the theoretical results presented above. The accuracies reported
by our technique are consistent with those obtained by the standard method. Also, as
expected, the variance in the estimates for the standard method drop as more trials are
averaged. The timing information shows that it is advantageous to use our algorithm if,
to obtain the desired level of confidence, more than 5 to 20 trials of the standard method
(depending on the problem) would be required.

4 Conclusion

Nearest-neighbor methods appear frequently (in disguise) in real applications, typically as
the final stage of a complex system. Our technique, which is straightforward to implement,
is immediately applicable; for instance, Algorithm 3 reduced the time required to evaluate
the face recognition systems described in [9] from several hours to a few minutes. This
technique may also be used as a fast cross-validation component in other machine-learning
algorithms. We are currently incorporating it into a gradient-descent-based method for
feature weighting with encouraging preliminary results. We plan to extend our technique in
two main directions: (1) directly extracting exact higher-order statistics, such as variance;
(2) applying the technique to a broader set of classifiers, such as k-nearest-neighbor.
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