
ICRA ’94, San Diego, May 1994 IEEE Interational Conference on Robotics and Automation

Finding All Gravitationally Stable Orientations of Assemblies�

Raju Mattikalli David Baraff Pradeep Khosla
Robotics Institute

Carnegie Mellon University
Pittsburgh, PA, 15213

Abstract
Previous work by Mattikalliet al.[1] considered the sta-

bility of assemblies of frictionless contacting bodies with
uniform gravity. A linear programming-based technique
was described that would automatically determine a single
stable orientation for an assembly (if such an orientation
existed). In this paper, we give an exact characterization of
theentireset of stable orientations of any assembly under
uniform gravity. Our characterization reveals that the set
of stable orientations maps out a convex region on the unit-
sphere of directions. The region is bounded by a sequence
of vertices adjoined with great arcs. Linear programming
techniques are used to automatically find this set of ver-
tices, yielding a precise description of the range of stable
orientations for any frictionless assembly.

1. Introduction
Geometric models of parts are increasingly being used

to automatically plan their manufacture. Assembly of parts
can also be automated using geometric models by generat-
ing high-level plans of the sequence and manner in which
parts are brought together [2, 3]. To generate such plans,
it is necessary to have tools that simulate the mechanics
of bodies in contact. During assembly, contacting bodies
are subjected to forces such as gravitational forces, contact
forces and gripper/fixture forces. Since it is required that
objects do not accelerate with respect to each other, a quasi-
static analysis is adequate.

In Mattikalli et al.[1] the problem of the gravitational
stability of an assembly is discussed. The assembly is
modeled as consisting of frictionless contacting rigid bod-
ies, one or more of which is assumed to be fixed in place
(for example, an object held by a gripper). We will call
such fixed objectsgrounded. Solutions to two problems
are presented. The first problem is to determine whether
an assembly in a given orientation and subject to a uniform
gravity field with directiong is stable. An assembly is de-
fined to be gravitationally stable if all parts of the assembly
remain at rest under the influence of the gravity field. The
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second problem is to find an orientation of the assembly
(if one exists) which is gravitationally stable. A change in
orientation of an assembly refers to the rotation of all the
parts in the assembly about a fixed axis, keepinggconstant.
It is simpler however to imagine the assembly as existing in
some fixed orientation, and considering different gravity di-
rectionsg which induce gravitational stability. Both prob-
lems (determining stability, and finding a stable orientation)
are solvable by linear programming. However the solution
method described in this work yields only a single stable
orientation, even if many such orientations exist. In this
respect, the method fails to provide any characterization or
description of therangeof stable orientations.

This paper presents a method to find the range of all ori-
entations over which an assembly is gravitationally stable.
We begin by first characterizing the shape of the solution
space of stable orientations. This characterization shows
that the set of unit gravity vectorsg which induce stability
for an assembly (in a fixed orientation) covers a convex
region of the unit sphere (with the exception of one notable
degenerate case). Also, if the solution space is not con-
tained in a single hemisphere, then the solution is either an
entire great circle on the sphere, or the entire surface of the
sphere itself (the latter implying that the assembly is stable
for any gravity direction). In addition to being convex,
the boundary of the solution region is simply and finitely
described. We will show that the shape of the solution
region is the spherical analogue of a planar polygon; that
is, the region’s boundary is described as a sequence of ver-
tices, with adjacent vertices connected by great arcs. Our
method for describing the range of all stable orientations
identifies this set of vertices on the unit sphere, using the
linear programs originally described in Mattikalliet al.[1].

Having the entire solution space of stable orientations at
hand is clearly more useful than knowing only a single sta-
ble orientation. Consider the assembly in Figure 1a, where
the L-shaped part is fixed in place. This particular orien-
tation is unstable. (For visual simplicity, our illustrations
assume a fixed downwards gravity direction, and show
differing orientations as an actual rotation of the assembly
itself. As previously stated however, we view a change
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Figure 1: Finding a stable orientation. The L-shaped part is grounded. (a) Initial unstable orientation.
(b) and (c) Stable orientations at bounds of stability range. (d) Stable orientation in interior of stability
range.

of orientation as a variation in the gravity direction, and
not the actual parts orientation.) The assembly is however
stable in a range of orientations, three of which are shown
in (b), (c) and (d). The orientation in (b), although stable,
is at the boundary of the range of stable orientations, as is
(c). A small deviation in the orientation of the assembly
away from the stable region will cause the block to move.
In selecting a stable orientation for this assembly, it is clear
for the above reason that the orientation shown in Figure 1d
is superior to those shown in Figure 1b and Figure 1c. By
computing the entire range of orientations over which an
assembly is stable, we will be in a position to select the most
desirable one—for example one that lies at the “center” of
the stable region.

In Section 2, we describe a linear program that charac-
terizes the solution space of stable orientations forg 2 R3.
We then show that the restriction of the solution space to
the unit sphere implies the convexity properties described
above. In Section 3 we present the details of the method
to find the boundary of the region of stable orientations.
We show several examples of stable regions identified for
assemblies, using our method.

2. The Set of Stable Orientations
In this section, we show how the set of stable orienta-

tionsg for an assembly may be described. At first, we will
consider gravity vectorsg of any length inR3 which cause
the assembly to be stable. In general, this large solution set
will occupy some volume inR3. Note that this volume will
always include the solutiong = (0; 0; 0); that is, turning
gravity to zero makes any assembly stable! To discard this
trivial solution, we will then intersect our larger solution
volume with the unit sphere, to discover all unit-length
orientation vectorsg which result in stability. In analyzing
this intersection, the convexity properties of the set of unit-
length stable orientations will become apparent.

We begin by finding the set of stable orientationsg of
any length inR3. Figure 2 shows a set of contacting bodies
placed within a gravitational field, with one of the bodies
being fixed. The force of gravity acting on a part with mass
M is Mg. In addition, contact forces between parts will
also arise. We wish to know which gravity vectorsg 2 R3

give rise to contact forces such that the net force on every
part of the assembly is zero, meaning that each part is in
equilibrium.
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Figure 2: An assembly in a gravitational field g of
unknown orientation. To find a stable g, equilib-
rium equations are written for each object.

2.1 Contact Forces
Since we are dealing with frictionless contacts, we know

that the contact forces will act normal to the contact sur-
faces. We will imagine that parts contact at finitely many
points, which we will index from 1 tom. (If a line segment
or polygonal region of contact occurs, it is sufficient to
postulate contact forces only at the vertices of the contact
region.) Let̂ni denote the surface normal at theith contact
point between two bodiesA andB, directed outwards from
B. We consider a contact forceƒi n̂i , that acts on bodyA
of the contact, and a contact force�ƒi n̂i that acts on body
B of the contact, withƒi the unknown scalar magnitude of
the force. Sincêni is directed fromB towardsA, and since
contact forces must be repulsive, the magnitudeƒi must be
nonnegative; that is,ƒi � 0.

Let the vector of contact force magnitudesƒi be denoted
by f . The net forceFj 2 R3 acting on thejth body of the
assembly can be written as

Fj =

mX
i=1

sji ƒi n̂i + Mjg (1)

wheresji is either 1,�1, or zero. If thejth body is not
involved in theith contact, thensji is zero. If the contact
force exerted on thejth body from theith contact point is
ƒi n̂i , thensji is 1. Otherwise, the contact force acting on the
jth body is�ƒi n̂i , andsji is�1.

The net torque�j 2 R3 acting on thejth body of the
assembly is similarly written as

�j =

mX
i=1

sji (di �cj) � ƒi n̂i (2)

wheredi is the location of theith contact point, andcj is
the location of the center of mass of thejth body. The
scalarssji are the same as in the previous equation. The
�j are independent ofg since a uniform gravity field does

not exert a torque. If we define the 6n-vectorsQ andG as
the collections

Q =

0
BBBBB@

F1

�1
...

Fn

�n

1
CCCCCA

and G =

0
BBBBB@

M1g
0
...

Mng
0

1
CCCC

we can write
Q =Af +G

whereA is a 6n�mmatrix whose coefficients
equations (1) and (2).

Because the assembly is frictionless, its imp
tion is completely determined[4]. If there ex
contact forces such that the net force and torq
body is zero, then such forces will arise at
points, and the assembly is stable and will notm
a given gravity vectorg induces stability if and
existsf such that

Q =Af +G =0 and f �0:

The set ofg 2 R3 for which there existsf
equation (5) defines (in general) a volumeV. Note
the definition ofG, we have that(0; 0; 0) 2 V, si
g to zero, and all theƒi to zero clearly satisfies eq
Furthermore, ifg 2 V, then�g 2 V for any sca

since equation (5) is homogeneous. Because oft
solutiong =(0; 0; 0) is a point in theinterior o
V must be the entire spaceR3. Finally, since th
described in terms of a set of homogeneous linear
ties,V’s boundaries (if any) are planar, passing th
origin.

2.2 Characterizing Stable Orientations
Now we would like to consider the intersection

the unit sphere; that is, all gravity vectorsg that
length and induce stability. We will prove twop
The first property is the following:

Property 1: If the region of stable orientatio
sphere is not connected, it consists of two antipod
Otherwise, the stable region covers the entire sp
great circle, or is contained completely in one hem

We can prove this property by considering the
forms that the stable volumeV might take. Ther
possibilities.

1. The setV consists of the origin alone. In
the assembly has no stable orientation. Thi
satisfies property 1.
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Figure 3: V is a convex cone, whose intersection
with the sphere is contained in a single hemi-
sphere.

2. The origin lies in the interior ofV. In this case,V is
equal to all ofR3, which means that every orientation
of the assembly is stable. The stable region covers the
entire sphere.

3. The setV corresponds to a line passing through the
origin. In this case, there are two stable orientations,
represented by a pair of antipodal points on the sphere.

4. The setVcorresponds to an entire plane passing through
the origin. The intersection of this plane (since it
contains the origin) and the sphere is a single great
circle.

5. The setV is a convex cone, possibly planar (Figure 3).

The first four possibilities forV give rise to a stable
region on the sphere that satisfies property 1. IfV is not one
of the first four cases, thenV is a convex cone emanating
from the origin. In this case, the intersection ofV with the
sphere is contained in a single hemisphere, since the cone
is convex.

The second property we wish to show is the following:

Property 2: The region of stable orientations on the
sphere is convex (and therefore connected), or consists of
exactly two antipodal points. (We say a region on a sphere
is convex if given any two points in the region, there exists
a great arc between the two points that lies entirely in the
region. Under this definition, a single great circle is a
convex set on the sphere.)

Let us assume that the stable region on the sphere does
not consist of two antipodal points. If the stable region is
either empty, the entire sphere, or a great circle, then in each
case the region is convex. If the stable region is none of
the above, we must show that given any two points in the
stable region, there is a great arc that lies between them,
every point of which is itself in the stable region. Letg1

andg2 be unit vectors denoting two stable points. Sinceg1

andg2 are both stable orientations, they both belong to the
larger setV. SinceV is convex, consider the lineL 2 V
between them, given in parametric form by

L =g1 +t(g2 �g1) 0� t �1: (6)

But since for anyg 2 V and�� 0 we have�g 2 V, it
must be that the great arcA, defined by

A =
g1 +t(g2 �g1)

kg1 +t(g2 �g1)k 2
0� t �1 (7)

is also inV, and hence stable. Note that by property 1, the
stable region is contained in a single hemisphere, sog1 and
g2 cannot be antipodal. This meansg1+t(g2�g1) is always
nonzero, so thatA is well-defined. SinceA lies on the unit
sphere, and also inV, every point inA is by definition in
the stable region. This proves property 2.

As a further note, sinceV’s boundary are planes passing
through the origin, the intersection of those planes with
the unit sphere are great arcs, and form the boundary of
the stable region on the sphere (which we might term a
“spherygon.”) In the next section, we will show how the
vertices of this “spherygon” are found.

3. Finding the Vertices of the Stable Region
We now show how the vertices of the stable region

“spherygon” may be found. Essentially, we are looking
for the extremal pointsg 2 V, restricted bykgk 2 = 1.
We can greatly simplify matters if instead of intersectingV
with the curved surface of a sphere, we intersectV with the
flat surfaces of a unit cube. That is, we consider solutions to
equation (5) with the restrictionkgk1 =1. (For a vectorv,
k vk1 =maxi jvi j .) In this case, the intersection ofV with
any single face of the unit cube is a polygon (or degener-
ate polygon), rather than the more complex “spherygon.”
The solutionsg which are the vertices of this polygon,
will, when normalized to unit length, be the vertices of the
“spherygon.” The advantage of this transformation is that
it makes the entire problem a problem in linear inequalities,
enabling us to make use of linear programming techniques.

Thus, let us consider instead solutions to equation (5)
such thatkgk1 = 1. Furthermore, in what follows, we
will consider only a single face of the unit cubekgk1 =1.
Without loss of generality, in the remainder of this paper,
we will further restrictg by settinggx =1 and imposing
the constraint that�1 � gy; gz � 1. Any statements made

hereafter aboutgassume that they imply in turn to the other
five possibilitiesgx =�1 and�1 � gy; gz � 1, gy =1

and�1�gx; gz �1 etc.
Our problem is now to find the vertices of the region in

thegy, gz plane that satisfy

Q =Af +G =0 and f �0 (8)

254



ICRA ’94, San Diego, May 1994 IEEE Interational Conference on Robotics and Automation

ra
1r=

rar=

av

vb

g y

zg

r=rb

f

Figure 4: The projection of the feasible region
onto the gy gz plane. This projection defines the
range of stable orientations.

given the constraintsgx =1 and�1 � gy; gz � 1. If we
consider the set of feasible solutionsF =(gy; gz;f) to this
equation, we are trying to find the vertices of the projection
of F onto the(gy; gz) plane (Figure 4).

Our technique to find the vertices of this projection is as
follows: we find an initial vertex of the projection, and then
use the technique ofparametric programmingto traverse
the perimeter of the projection. Finding an initial vertex of
the projection is simple: we first find a solution(gy; gz;f)
which minimizesgz (always subject to�1 � gy; gz � 1).

Note that we are not interested in the value off when
gz is minimized; we are only interested in the coordinates
(gy; gz) at which the minimum occurs. If this first mini-
mization does not uniquely determine bothgy andgz, we
temporarily holdgz fixed, and find a solution(gy; gz;f)
which minimizesgy. In this way, we find some point inF
whose projection is a vertex of the projection ofF onto the
gy, gz plane. We will call this initial vertexva. (Note that
in Figure 4, the vertexva is determined with only a single
minimization ongz.)

Having found an initial vertex of the projection ofF, we
now need to traverse the perimeter. We found our initial
vertex(gy; gz) of the projection by minimizing a function
of the form

C1gy +C2gz: (9)

Let us assume that simply minimizinggz was sufficient to
find the initial vertexva. In that case, we have performed
a minimization withC1 = 0 and C2 = 1 to find va.

Suppose that we begin to increaseC1. While C1 is close to
zero, the vertex of the projection we obtain by minimizing
equation (9) will still beva. However, for some value of
C1, the vertex minimizing equation (9) will abruptly shift

to vertexvb (assuming that the positivegy axis is directed
into the page). Geometrically, the linera corresponds to
choosingC1 =0 andC2 =1. As we increaseC1, the line

ra swings towards the liner1
a. At the point that the linera

hits r1
a, we find another vertexvb (in addition tova which

minimizes equation (9)). We can determine this limit using
sensitivity analysis, a technique of linear programming. As
we continue swinging the line pastr1

a, vertex va ceases
to become a minimizer, and the values ofgy andgz at vb

are the sole minimizer of equation (9). By selectingvb as
the new optimal point, further sensitivity analysis can be
done to find the next vertex pastvb, and the process can be
continued. At some point of course, we will reach a point
where increasingC1 never reaches a vertex, and we will
need to switch to changing the value ofC2. Eventually,
we will find ourselves back at the original vertexva, and
the traversal is stopped. Note that procedure this is quite
similar to the manner in which the simplex algorithm for
linear programming itself works.

Having found the vertices of the stable region on all
faces of the unit cube, it is trivial to transform those ver-
tices to the unit sphere and map out the stable region on
the sphere. In Figures 5 and 6 we present some sample
assemblies and their stable regions shown shaded on the
surface of a sphere. In each figure, on the left is shown
an assembly along with a coordinate system. In both the
figures the larger of the two objects is grounded. On the
right, a wireframe of a sphere is shown, with the stable
region shown as shaded patches. The coordinate system
shown with the sphere is aligned with that shown with
the assembly. Figure 5 consists of a cube sitting within a
concavity in a grounded block. If the block is oriented such
that the 3 edges on the block that possess an internal angle
of 3�=2 are along the 3 positive coordinate directions, then
the stable region is defined by the 3 negative coordinate
directions. This region can be see as the shaded region on
the far side of the sphere.

Figure 6(a) shows a block that is placed within a grounded
L-shaped block. The stable region corresponds to a line as
shown on the sphere in Figure 6(b).

Figure 7 shows an example where the stable region is
less than an entire facet. The large parts with 3 hollows
is the grounded part. It is shown separately for clarity in
Figure 7(a). Figure 7(b) shows the assembly wherein 3
cubes are placed within the 3 hollow cubical spaces, such
that each cube make contact with the grounded part over 3
faces. The stable region is shown in Figure 7(c) in the same
orientation as the assembly in Figure 7(b).

4. Conclusion
In modeling assemblies to plan for product manufacture,

it becomes necessary to be able to predict their mechanics
under external forces such as gravitational forces, fixturing
forces and machining forces. Most often it is desired that
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Figure 5: (a) An assembly with the large block grounded. (b) The shaded region on the far side of the
sphere (a complete octant of the sphere) indicates all stable orientations.

Figure 6: (a) An assembly with the L-shaped block grounded. (b) The dark line on the sphere shows all
stable values for g.
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Figure 7: (a) The grounded part of an assembly. A cube is placed in each of the cubicals. (b) The assembly
with the 3 cubical parts. (b) The shaded region on the sphere shows all stable values for g.

the parts remain motionless. Assuming frictionless rigid
bodies and a single fixed body, in this paper we present a
method of findingall the stable orientations in which an
assembly can be placed within a uniform gravity field. The
method extends earlier work which found a single stable
orientation. To find all stable orientations, the proposed
method solves for the projection of the entire set of feasible
solutions of a high-dimensional linear program onto a two-
dimensional plane. Stable orientations are mapped onto
regions on the surface of a sphere. For a given assembly,
the mapping of stable regions onto the surface of a sphere
is graphically displayed. This mapping can be used during
assembly process planning. Any subassembly that is being
manipulated, or placed on a table, or within a fixture, can
now be placed in an orientation that keeps the subassembly
stable. The dimension of the linear program is given by
the number of contact points, so that an assembly with 100
contact points is solvable in well under a second of CPU
time.
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