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Abstract We are developing a materials handling

system where many small simple actuators cooperate to

transport and to manipulate large objects in the plane. A

discrete set of cells, each comprising two actuators, are

�xed in a planar array. By coordinating the actuators

in the cells on which an objects rests, an object can be

transported and manipulated. In essence, this system

is an improvement over traditional conveyor systems

in that objects can be re-oriented, as well as conveyed.

Such an array provides exible materials handling in

which many objects independently can be manipulated

and transported at the same time. The array is coor-

dinated in a distributed manner where each cell has its

own controller and each controller communicates with

its neighbors. Towards the goal of motion planning, in

this paper we consider the dynamics of parcel transport

and manipulation. The parcel dynamics are based on an

exact discrete representation of the system, unlike other

methods where a continuity assumption is made. Two

types of contact models are considered.

1 Introduction

Many applications require objects to be transported
and manipulated in the plane. Two such applications
are exible manufacturing and package handling. Flex-
ible manufacturing requires that working part paths
be arbitrarily speci�ed and that these paths be read-
ily updated by a \factory programmer." Package han-
dling systems, such as airport baggage handling, require
parcels to be sorted, oriented, and transported to one of
several locations.

Two existing methods of material transfer are con-
veyor belts and robotic manipulators. The conveyor
belts are able to transfer many large heavy objects for
long distances, but lack the ability to orient precisely
and to re-order the objects. Furthermore, while con-
veyor belts allow objects to be diverted to di�erent des-
tinations, they are not well suited to merging objects
from di�erent sources. Robots, on the other hand, are
able to precisely position and orient objects, but are lim-
ited by strength and reach. Furthermore, the robot can
only re-orient one object at a time. The Virtual Vehicle
system, described below, combines the bene�ts of con-

Fig. 1. A few manipulator cells carrying a parcel.

veyor and robotics transport systems while overcoming
their limitations.

We are developing an alternative method for manip-
ulating objects in the plane, where many small manip-
ulation cells �xed in a planar array cooperate to handle
objects. In our system, each cell consists of a pair of
actuators whose combined action can e�ect force in any
planar direction to a parcel resting on top of the array.
Furthermore, each cell contains up to �ve binary sensors
which detect the presence of an object. See Figure 1.

In our system, the parcels are signi�cantly larger than
each cell; several cells handle a single object. Through
proper coordination, parcels which ride on top of the
array can be made to translate and rotate in the plane.
Since sensing and actuation are distributed, each of
many parcels can be manipulated independently, ap-
pearing as if each parcel were carried by a separate ve-
hicle (Figure 2). Hence, the name Virtual Vehicle.

For many applications, a dedicated robot or conveyor
is the simplest and most appropriate solution. There
are cases, however, where features, such as additional
exibility and recon�gurability, are required. In these
cases, the Virtual Vehicle possesses many advantages,
including
� Flexibility. Since the actuation is distributed,
multiple parcels can be manipulated independently.
This allows for parcels to be sorted, re-ordered, and
re-directed quickly. Furthermore, objects of many
sizes and shapes can be passed along easily. Fi-
nally, multiple object pathways can be invoked in



Fig. 2. The Virtual Vehicle: Several parcels can be translated and

rotated, independently.

parallel.
� Redundancy. Since the Virtual Vehicle System is
a massively parallel array of cells, if one cell breaks,
the neighboring cells work around the broken cell
by either diverting parcels around the broken cell
or simply passing parcels over the it.

� Modularity/Recon�gurability. Many cells can
be produced at a low cost because of their small size
and relative simplicity. The cells are designed to
\snap" together to form an array. This modularity
allows the cells to be arranged in any con�guration.
The array can be easily recon�gured by moving cells
and adding new cells. The modularity also enables
easy repair because a broken cell is simply replaced
with a new one.

� Scalability. Cells can be designed to carry objects
of all sizes. For example, micromachined actua-
tors can carry near-microscopic objects such as in-
tegrated circuit components, whereas small plastic
wheels can carry suitcases (of many sizes) through
airports and large truck tires can carry box cars
around a ship/train yard.

The Virtual Vehicle can be used in conjunction with
traditional robots and conveyor belts to form hybrid sys-
tems. For example, in airport baggage handling, long
conveyors can be used to transport parcels over long
distances while Virtual Vehicle arrays can be installed
at conveyor junctions to sort and to re-direct parcel traf-
�c. In exible manufacturing, the Virtual Vehicle can
be used to transport objects between robot workspaces
where simple robots are used for object �xturing.

2 Prior Work

The notion of cooperative motion has been examined
in the past. For example, Reynolds (1987) has emu-
lated the ocking motion of birds using simple rules be-
tween independent agents which react to their surround-
ings. An overview of work in cooperating agents has
been compiled by Mataric (1995a). Among these con-
cepts presented, the idea of cellular robotics described

by Wang and Beni (1988, 1991) is somewhat similar
to our system in that a �xed array of robots cooper-
ates to manipulate parts for manufacturing with the
main di�erence being that the parts are smaller than the
robots such that only one robot handles one part at a
time. Much of the other work in cooperative distributed
agents has been concerning the cooperation of multiple
mobile robots (Deneubourg, et. al., 1990, Mataric, et.
al., 1995b) such as a robotic ant colony. Such a system,
however, does not have a �xed spatial arrangement as
does the Virtual Vehicle.

The idea of an array of actuators carrying an object
on top is described by Bohringer, Donald, et. al. (1994)
where microelectromechanical actuators are used to ma-
nipulate very small objects. Their system is di�erent in
that it is on a small scale, the control is centralized,
and the manipulation is entirely sensorless. It is worth
noting that Bohringer, Donald, et. al. consider kine-
matics and ignore dynamics because of their small scale
application.

The Virtual Vehicle concept was introduced in (Luntz
and Messner, 1995a) where a continuous medium model
of the system was used. This idea says that a regularly
distributed array of interacting dynamic systems can be
treated as a continuous medium, rather than a collection
of discrete elements. This was demonstrated by assum-
ing a simple control law for each cell in a row of cells
based on the speeds of the neighboring cells. The equa-
tion of motion for each cell contains a �nite di�erence
term which is recognized as the approximation of a sec-
ond partial derivative with respect to distance along the
array. The resulting equation is equivalent to the tran-
sient heat conduction equation, with actuator velocity
analogous to temperature. Physical analogies such as
these are useful to understand the dynamics and to de-
sign behavior for such distributed systems. Simulations
were performed to demonstrate these ideas.

More recently, prototype hardware was built and
tested (Luntz, et. al., 1995b, Luntz and Messner,
1996a). Simple tests, such as passing a cardboard box
back and forth along a row of cells were performed. A
distributed network and a communication languagewere
developed (Luntz and Messner, 1996b) which enables
the cells to communicate e�ectively with each other.
The network is briey described in the next section.
The language involves the construction of short \sen-
tences" which are made up of labeled pieces of data, or
words, punctuated by a checksum. Such a sentence may
be translated, for example, as \I know a parcel which is
three cells away and which should go at a speed of 20."

In this paper, we take a �rst step in examining the
dynamics of a parcel carried by the Virtual Vehicle. The
ultimate goal of this work is to be able to predict and



Fig. 3. Roller wheel. Fig. 4. Prototype cell.

Fig. 5. Two-dimensional array of cells.

control the motion of one or more parcels with two-
dimensional translation with rotation in the plane.

3 System Architecture

Mechanical Con�guration. We have built a pro-
totype system consisting of a small array of cells capable
of transporting objects about the size of a bread box.
Each cell consists of a pair of orthogonally oriented mo-
torized roller wheels (Figures 3 and 4) which are capable
of producing a force perpendicular to their axes, while
allowing free motion parallel to their axes. Each wheel
is driven through a gear reduction by a small DC motor.

Each of these cells is connected to a large breadboard
style base (Figure 5) to create a regular array of ma-
nipulators. Currently, we have only 20 cells which are
arranged in single row. The mounting system allows
us readily to recon�gure the array to a small 2-D grid.
Currently, we are studying the 1-D row to develop an-
alytical solutions, which will later be generalized to a
2-D system. Furthermore, we can analyze communica-
tion issues among cells with the 1-D row.
Electronic Con�gurationWe are exploring the use

of distributed control on the Virtual Vehicle because it
is a relatively underdeveloped and interesting control
paradigm, and because we believe that it would become
impractical or impossible for a single computer to con-
trol hundreds or possibly thousands of cells. The con-
troller of each cell is a single-board computer based on
the Motorola MC68HC11 microprocessor. The capabil-

ities of this processor allow it to control more than one
cell. In application, either multiple cells would be con-
trolled by one processor, or a simpler processor would be
used in each cell in order to build a more cost e�ective
system.

The speed of the wheels is measured by a quadrature
encoder. The presence of a parcel is sensed by a photo-
transistor which detects the shadow from the overhead
lights. The motor is driven by pulse width modulation
using an H-bridge circuit.
Network Con�guration An important aspect of

our control scheme is the communication between cells.
Each controller has an RS232 serial communications
port. This port is multiplexed between each of the four
neighboring cells, conceptually equivalent to a one-of-
four BCD switch controlled by the processor. For a
cell to send a message to or receive a message from a
neighbor, it must actively select the neighbor with the
multiplexer. Handshaking lines are necessary to alert
a neighboring cell that a message is pending since only
one neighbor can be selected at once. A hell's processor
polls through all four neighbor's handshaking lines to
look for pending incoming messages.

The above described communication may seem awk-
ward compared to standard local area network schemes
where each cell would have an address, and all cells share
a data bus. We require many communications to occur
simultaneously on the array which cannot be accom-
plished with a shared data bus. Also, we would like our
network not to be limited by a maximum address space,
or to require any particular cell to know its location rel-
ative to the rest of the array. Each cell need only be
aware of its immediate surroundings. If any informa-
tion needs to be sent further than one cell away, it can
be passed along the array, from cell to cell.

4 Dynamics

Towards the goal of representing the dynamics of han-
dling a parcel in the plane with an array of actuators,
�rst consider the dynamics of a single row of cells trans-
porting a parcel along a line. Each cell consists of just
one wheel oriented along the row. We are examining
the situation where all of the wheels in the row spin
clockwise (e�ecting right-wise motion to a parcel ), ex-
cept the right most wheel which spins counter clockwise
(e�ecting left-wise motion to a parcel) This right most
wheel acts as a restoring force that prevents a parcel
from falling o� of the edge of the linear array.

In the methodology of Bohringer, Donald, et. al.
(1994), each cell (i.e., wheel) would exhibit a constant
force in the direction of the the wheel's motion. Such
methodology would result in a horizontal force �eld as
shown in Figure 6. This simple force law is easy to cal-
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Fig. 7. Free body diagram of parcel in two-cell case.

culate, but does not demonstrate the dynamics observed
in our system. With this methodology, a parcel traveling
along the above described linear array would fall o� the
edge of the array because there is no net force pushing
it back onto the array. Nevertheless, our observations
show that the parcel �nds a stable equilibrium when it
\overhangs" the last reversed spinning wheel. (The x in
Figure 7 and in Figure 8 is the \overhang" of the right
most cell.)

In order to better represent the dynamics of the sys-
tem, a more accurate approximation of the forces be-
tween the wheels and the parcel is necessary. Forces
and moments are balanced to get a more realistic repre-
sentation of the load balance on the wheels. Initially, we
look at the dynamics of a parcel supported by two cells
with simple coulomb friction between the wheels and
the parcel. Then, we examine the more general case of
many cells supporting the parcel with both coulomb and
velocity-dependent friction models.

4.1 Two-Cell Case

We are modeling the parcel as a simple inertia that
rests on two point contacts (Figure 7). The wheels are
assumed to be both spinning inward (trying to keep
the box centered, with the velocity of the wheel surface
faster than that of the box, so that a simple coulomb
friction model can be used.

The normal forces acting on the box are obtained

from static equilibrium, balancing moment about one
wheel and total vertical force, as followsP
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2
� x)�N2(d)

(1)

Note thatN2 can be determined from the moment equa-
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These equations show that as the parcel's overhang
past wheel 1 increases, more of the load is supported
by wheel 1. The dynamics of the parcel can be derived
by obtaining the horizontal forces from the coe�cient of
friction, �. Since F1 = �N1, F2 = �N2, and W = mg,
the horizontal motion of the parcel is
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This is a simple harmonic oscillator. As the parcel
hangs over one end, that wheel's normal force increases,
increasing the friction force on the parcel which acts as a
restoring force. The parcel will oscillate around x = L�d

2

which corresponds to the center of the two wheels.

4.2 Many-Cell Case

Now we consider an array where n cells support the
parcel. We consider the the coulomb friction model, as
we did with the two-cell case. Then, we introduce a
viscous-like velocity-dependent friction model. Before
we can do that, we �rst must look at the normal forces
in the linear array.

4.2.1 Normal Forces

In general, when the parcel is supported by n cells,
the normal forces, and hence the friction forces, can-
not be found through static equilibrium because there
are only two equations (y-forces and moments) and n

unknowns. That is, the multiple support problem is
statically indeterminant, and depends upon mechanical
exibility in the system to supply the remaining n � 2
equations. A simple model of the exibility in the sys-
tem is shown in Figure 8. Each support is assumed to
be a spring, with Hooke's Law (N = k�y) represent-
ing its compression under a normal load. Physically,
this exibility can be thought of as a exible suspension
under each wheel, as will be included in the next gen-
eration of our hardware array. In the current system,
the exibility is apparent in the bottom of the parcel,
particularly when a rubbery material is used under the
parcel to increase friction.
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Assuming that the bottom of the box, without elastic
deformations, is straight, the di�erence in spring com-
pression between the ith and the i + 1st cells must be
equal to the di�erence in compression between the i+1st
and i+2nd cells in order to maintain a straight line be-
tween all of the contact points. Hooke's Law asserts
that for 0 < i < (n� 2),

Ni �Ni+1 = Ni+1 �Ni+2

Ni � 2Ni+1 +Ni+2 = 0; (4)

which says the discretized second derivative is zero, i.e.,
the box is linear.

This constitutive law supplies the remaining n � 2
equations needed to solve for the normal forces, i.e.,2
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The �rst two rows of the equation represent the equi-
librium of vertical forces and moments about the �rst
point of contact, respectively. the remaining n� 2 rows
represent the constitutive laws from Equation 4. A is
a constant matrix (for a given value of d) and can be
inverted so that the normal forces can be determined.

4.2.2 Coulomb Friction

In the case of coulomb friction, where the wheels are
assumed to be be spinning faster than the parcel is mov-
ing, the force from friction will always be equal to �Ni

in the direction of wheel rotation. In this case, the hor-
izontal dynamics of the parcel can be represented as

m�x = �
�
�1 +1 +1 : : : +1

�
�N (6)

where the +1 and �1 represent the direction that the
wheel is spinning and thus the direction of the friction
force. Note that in the case of coulomb friction, the
relative velocity of the surfaces in unimportant.

Since the normal force vector can be expressed in
terms of the matrices from Equation 5, Equation 6 can
be written as
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Equation 7 represents a simple harmonic oscillator with
the frequency and o�set constants determined by the
parameters of the 5

system, L; d; �, and by the number of cells supporting
the parcel.

4.2.3 Velocity-Dependent Friction

The coulomb friction model gives a system with no
damping, and thus there will be oscillations about an
equilibrium point. A large enough oscillation may result
in the parcel falling o� of the edge of the array, partic-
ularly because the equilibrium location is near the end
of the array. This di�ers from our experimental obser-
vation in which the parcel slows down and nearly stops
after oscillating around the equilibrium position. There-
fore, some damping must be added to the model.

Damping is added to the model with a velocity-
dependent friction force which is proportional to both
the normal force and the relative speed between the
wheel and the parcel, such that Ffi = k(Vi � _x)Ni,
where Vi is the velocity of the ith wheel, and k is a
friction constant. This is basically viscous damping
where the damping constant is proportional to the nor-
mal force. The horizontal dynamics of the parcel then
becomes

m�x = k(V1 � _x)N1 + k(V2 � _x)N2 + � � � + k(Vn � _x)Nn
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In the �nal equation, the cross term (x _x) does not
appear because it can be shown that this term is iden-
tically zero. The algebra is omitted due to space limi-
tations, but the intuition is as follows. The cross term
can be represented as the sum of n constants times x

times _x. These n constants come fromWA�1B
�
0 1

�T
which is equal to the x terms in �N (the monomials in
�N containing x). Therefore, for the cross term to equal
zero, the sum of the x terms of the normal forces must
add up to zero. The sum of the forces in �N must be
constant (in fact, it is equal to W ) in order to satisfy
the vertical equilibrium condition. The contribution of
the x to this sum is equal to x

P
�i, where x�i is the

x contribution to Ni. Since the only variable in �N is x,
the sum of the x coe�cients must be identically zero for
the sum of the forces to be constant. This sum is the
same sum which makes up the cross term, so the cross
term must be identically zero.

It is worth noting that the horizontal dynamics are
just that of a damped harmonic oscillator. The damp-
ing ratio, natural frequency, and o�set are again just
functions of the system parameters and of the number
of cells supporting the parcel.

4.3 Motion Prediction

The dynamics of the parcel in both the coulomb and
velocity-dependent friction models are linear second or-
der. When the number of cells supporting a parcel is
changed, the the constants of the di�erential equation
are simply altered. The overall motion of the parcel can
be predicted easily by calculating the number of cells
under the parcel at the start, and determining, from
the second order dynamics, when and where the number
of supporting cells changes. (In some cases, computing
the normal forces results in negative values, particularly
when the parcel overhangs the end of the array and thus
the cell at the other end may require a negative force
to balance moments and forces on the parcel. Since the
wheels can only push up on a parcel, a negative force
means that wheel loses contact with the parcel, and the
forces should be recomputed with one fewer support.)

It is interesting to examine the force as a function of
position for this type of arrangement. Figure 9 shows
this relationship for L = 12 and d = 5 in the case of

x

-1

 4-4

1
F/µW

Fig. 9. Force vs. position for coulomb friction model. Four typical

positions are indicated along graph. Positive distance mea-

sures how far the parcel overhangs the last cell. Arrows under

each wheel indicate the direction of force from that wheel.

coulomb friction. The equilibrium position of the parcel
is where the force equals zero. Since there is a con-
tinuous negative slope of force through the equilibrium,
this equilibrium is stable, unlike the constant-force case
equilibrium.

5 Conclusion and Future Work

We have shown that the dynamics of a parcel car-
ried by the Virtual Vehicle can be modeled as a sec-
ond order harmonic oscillator. We derived the equa-
tion of motion for a linear array with a particular ar-
rangement of motor velocities where all motors spin
clockwise and the right-most spins counter-clockwise.
This motion is speci�ed by the row vector �F which is
equal to

�
�1 +1 +1 : : : +1

�
. This row vector can

be changed without a�ecting the previous derivations;
therefore, the dynamics derived in this paper are appli-
cable to any arrangement of wheel velocities.

The next step of this work is to extend this type of
calculation to 2-D and to 3-D (actually, SE(2): 2-D plus
rotation). It is hoped that a similar low-order model can
be obtained for both translation and rotation. Allowing
for rotations complicates the calculations, particularly
in determining the distribution of cells under the parcel.

Another direction in motion prediction is to discretize
the dynamics in time and space. The dynamics over a
particular range of positions (where the parcel is sup-
ported by a constant number of cells) are known. Given
the position and velocity when the parcel enters this
range, the velocity and position where it leaves this
range and enters the next can be computed directly.
(The motion within the range becomes unimportant.)
A set of discrete-space state transition equations can
be computed, similar to those for discrete-time systems.
This would allow for predictions of overall motion all at
once, rather than in a piecewise manner.

Once the dynamics can be predicted, control laws will
be generated so that parcels can be positioned and ori-
ented as desired. Some work in this area has been done
by Bohringer, Donald, et.al. (1994, 1996) for a similar



system without parcel dynamics (just kinematics) with
sensorless manipulation. This work could be extended
for sensored systems with dynamics. Also, control laws
can be distributed so that several parcels can be handled
simultaneously.
REFERENCES

� Beni, G., 1988, \The Concept of Cellular Robotic
Systems," Proceedings. IEEE Symposium on Intel-
ligent Control, Arlington, Virginia, pp.57-62.

� Beni, G., and Wang, J., 1991, \Cellular Robotic
System with Stationary Robots and its Application
to Manufacturing Lattices," Proceedings. IEEE In-
ternational Conference on Robotics and Automa-
tion, Sacramento, California.

� Bohringer, K.F, Donald, B.R., Mihailovich, R.,
and MacDonald, N.C. \A Theory of Manipulation
and Control for Microfabricated Actuator Arrays,"
Proceedings. IEEE International Conference on
Robotics and Automation, May, 1994, San Diego,
CA.

� Deneubourg, J.L., Goss, S., Franks, N., Sendova-
Franks, A., Detrain, C., and Chretien, L., 1990,
\The Dynamics of Collective Sorting," From An-
imals to Animates: International Conference on
Simulation of Adaptive Behavior, MIT Press,
pp.356-363.

� Luntz, J.E., and Messner, W., 1995a, \Work on a
Highly Distributed Coordination Control System,"
Proceedings. AACC American Controls Confer-
ence, Seattle, Washington.

� Luntz, J.E., Rollins E., and Messner, W., 1995b,
\The Virtual Vehicle - A Materials Handling Sys-
tem Using Highly Distributed Coordination Con-
trol," Proceedings. IEEE Conference on Control
Applications, Albany, New York, pp.742-47.

� Luntz, J.E., and Messner, W., 1996a, \The Virtual
Vehicle-Materials Handling using Distributed Ac-
tuation and Highly Distributed Coordination Con-
trol," Japan-USA Symposium on Flexible Automa-
tion, July, 1996, Boston, MA.

� Luntz, J.E., and Messner, W., 1996b, \Network-
ing and Communication Language for the Virtual
Vehicle: A Highly Distributed Coordination Con-
trol System," International Symposium on Intelli-
gent Control, September, 1996, Deerborn, MI.

� Mataric, M.J., 1995a, \Issues and Approaches in
the Design of Collective Autonomous Agents,"
to appear in the special issue of Robotics and
Autonomous Systems., currently available at
ftp://ftp.cs.brandeis.edu/pub/faculty/maja/ras-
si.ps.Z.

� Mataric, M.J., Nilsson, M., and Simsarin, K.T.,
1995b, \Cooperative Multi-Robot Box-Pushing,"

Proceedings. IROS-95, Pittsburgh, PA.
� Reynolds, C.W., 1987, \Flocks, Herds, and Schools:
A Distributed Behavioral Model," Proceedings.
SIGGRAPH '87, pp 25-34.


