
Abstract

In the process of automating an earthmoving machine, we
have developed a model of soil-tool interaction that predicts
resistive forces experienced at the tool during digging. The
predicted forces can be used to model the closed loop behav-
ior of a controller that servoes the joints of the excavator so
as to fill the bucket. In this paper, we extend the state of the
art in two ways. First, we present a reformulated version of
the classical Fundamental Equation of Earthmoving often
used to model soil-tool interaction. The new model includes
consideration of previously unaccounted phenomena in the
interaction of an excavator bucket as it moves through soil.
Secondly, given that soil properties can vary even within a
work site, we present an on-line method to estimate soil
parameters from measured force data. Finally, we show how
the predicted resistive force is used to estimate bucket trajec-
tories.

1 Introduction

Automation of earthmoving offers improved efficiency, con-
sistency in work quality and improved safety. This is partic-
ularly the case in mining sites where mass excavation is
performed. Even reducing the execution time of a single
cycle of an operation by a few seconds can translate into a
large savings over the entire job. We have developed an
autonomous excavator that is able to sense its environment,
make plans, and execute trajectories to dig and to load trucks
at speeds comparable to a human operator [14].

Automation of earthmoving with an excavator, presents
unique challenges. The dynamics of the mechanism and link-
ages are complex, there is uncertainty in the shape of the ter-

rain and soil parameters, and, the interaction forces between
the excavator and the environment are very large. Planning
earthmoving operations requires the ability to model the
effect of actions when the actions are carried out open-loop,
and, the result of initial conditions when a closed loop con-
troller is involved. A key problem in the modeling of digging
trajectories is the estimation of resistive forces that are not
only a function of the shape of the terrain, soil and tool
parameters, but, also the controller that servos the joints
using force feedback, to fill the bucket.

In this paper we present a model of the interaction between
the tool (the excavator bucket) and the terrain. This model
reformulates a classical formula that has been proposed to
model flat blades moving through flat ground, as in the case
of a bulldozer blade or a tilling device used in flat terrain. Our
model accounts for some phenomena that are particular to
excavation. Since such models are not analytically invertible,
we have developed a numerical scheme that uses measured
data from excavation experiments to extract parameters of
the model. These parameters are then used to predict resistive
forces and bucket trajectories for future candidate actions
[13]. In addition, since the soil parameters can vary signifi-
cantly—the difficulty in digging often varies with the strata
being excavated— it is necessary to determine the soil-
parameters on-line. We present results that shows the utility
of a method that uses data from a small number of digs to
predict forces for candidate digs in the future.

2 Related Work

There has been some research on the operation of earthmov-
ing machinery [16][1] that explicitly addresses the issue of
estimating forces necessary to overcome the shear strength of
soil. Unfortunately, this work is mostly stated in empirical
terms for specific types of machines and it is not clear how to
extrapolate the methodology for arbitrary mechanisms. A
considerable amount of research has explored finite element
analysis of the soil plasticity, for example [2]. While this
work performs a painstaking analysis of soil displacement, it
is not suited for our purposes since it requires a very large
number of iterations of numerical integration for each prob-
lem. Faster, but more approximate methods have been devel-
oped for the purposes of simulation [7] but the emphasis is
on “realistic” looking motion of soil, not on accuracy of the
force model.

There has been some work in the field of agricultural engi-
neering that has been directed at producing estimates of cut-
ting resistance for tilling implements [10],[3], [4] using well
understood physical principles. This work is important in
understanding the mechanics of simple motions of a blade

Fig. 1 The testbed excavator is based on a commercial grade 25
ton machine. It is equipped with onboard computing, joint sensing
and range sensing that allows mapping of surrounding terrain.
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moving through soil. We have found that this analysis
accounts for first order effects and allows for order of magni-
tude predictions. Singh used insights from these physical
models (such as “the force is quadratically related to depth)
to develop a memory-based scheme to predict resistive forces
for an excavator bucket operating in dry sand [12]. He saved
measured resistive forces along with a topological descrip-
tion of the terrain excavated in a look-up table that was inter-
polated to predict resistive forces for candidate actions. In
comparison, the reported research depends on a stronger
model of the interaction between the soil and tool. The inputs
to the model are bucket trajectories, a topological map of the
terrain excavated, and pressures measured in the hydraulic
cylinders of the machine. The output is a compact set of soil
parameters that are used to instantiate the model in the future.
The advantage of such a scheme is that a small set of data can
be used to extract meaningful parameters. Extraction of
parameters can be slow (although we present a scheme that
can be used on-line) but estimation once the parameters are
obtained is very fast. The disadvantage of such a method is
that it does not deal well with respect to systematic unmod-
eled phenomena.

One of the main distinctions of the work reported here and in
[12] is the use of the shape of the terrain in the model. We
have used a topological map of the terrain to be excavated as
shown in Fig. 2 using range sensors onboard the excavator.
Such accurate measurement of the terrain has not been pos-
sible until recent advances have made non-contact range
sensing reliable and inexpensive.

In our work, the forces obtained are used as an input to the
identification process, but can be applied to a buried obstacle
detection algorithm as in [5] that compares real forces and
predicted forces to detect major changes that imply some
kind of buried object in the bucket path.

3 Soil-Tool Model

In this section we present the classical soil-tool model called
the “Fundamental Earthmoving Equation” along with a
reformulated version that accounts for other phenomena.

3.1 The Fundamental Earthmoving Equation.

Our work is based on the well known Fundamental Earth-
moving Equation (FEE), described by Reece[10] as:

WhereF is the resistive force experienced at a blade,γ is the
soil density, g is the gravity,d is the tool depth below the soil,
c is the soil cohesion,q is the surcharge pressure vertically
acting on the soil surface,w is the tool width, andNγ, Nc, and
Nq are factors which depend not only on the soil frictional
strength, but also on the tool geometry and soil-tool strength
properties [8].

If we assume a static equilibrium and that the shape of the
failure surface can be approximated by a plane (of unit
width), as shown in Fig. 3.

The components of the resistive force can be written as:

Solving the equations for F:

After some manipulation, the force equation can be written
as Reece’s equation. Assuming the surcharge (the amount of
material that has been displaced in the past) is uniformly dis-
tributed we obtain that:

Fig. 2 A topological map of the terrain that is being excavated is
used in the identification and estimation process. This map is built
using range sensors located onboard the excavator.

section of the terrain used in
estimation and prediction

(1)

Fig. 3 Static equilibrium analysis using an approximation of the
failure surface. W is the weight of the moving soil wedge, Lt is the
length of the tool and Lf is the length of the failure surface, Q is the
surcharge pressure, φ is the angle of soil-soil friction, c is the
cohesion of soil, ca is the adhesion between the soil and blade and δ
is the friction between the metal and the blade, R is the force resisting
movement of the wedge and F is the total resistive force. From[8].
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This is a two dimensional model. The justification a two
dimensional model for our application is that the sidewalls of
the bucket do not allow shearing in direction transverse to
bucket motion. We also assume that the inertial forces are
negligible. This assumption is acceptable because the accel-
erations involved during digging are typically low.

3.2 The reformulated soil-tool model

The total force acting on the bucket has been decomposed
into three main forces. They are the shear or cutting force
(Fs), the gravity force (Fg), and the remolding force (Fr). The
shear force is the force required to shear the soil away from
itself. This force is encompassed within a modified Reece
equation. For the case of earthmoving in flat ground the FEE
is just the sum ofFs andFg. In our case we have modified the
computation ofFs by adding a term for the remolding force.

As can be seen from Fig. 3, the FEE assumes that the soil
profile is horizontal. Since this assumption is not always
valid (in fact only rarely the case in our application), a mod-
ification was made in which the terrain profile angleα is
included within the rake angleρ as shown in Fig. 4.

In addition, the volume of material swept by the bucket,Vs,
is assumed to result in surcharge and the material shown in
the shaded region above. Assuming that the surcharge is uni-
formly distributed above the shaded region, the FEE can be
rewritten as follows:

and the factors can be written as:

At any moment, the “swept” volume or the amount of soil
displaced into the bucket, is assumed to account for the entire

gravitational force acting on the bucket. Therefore:

Note that the gravitational force has been subtracted from the
cutting force equation so that it is not accounted for twice.
The gravitational force is represented separately so that it can
be applied when the cutting force equation is not relevant,
such as when the bucket comes up out of the ground.

The remolding force is the force required to remold the soil
in the bucket. As the bucket begins to fill up, additional force
is needed to form the soil within the bucket, and then to com-
press the soil. We write this force as follows:

Fig. 5 gives an indication of the relative magnitude of these
force components for four separate digs. Note that the shear
force is clearly the dominant force.

Note that the cutting force is referenced relative to a coordi-
nate frame parallel to the ground. In the rest of this paper, we
will examine the forces after they have been transformed to a
coordinate frame relative to the bucket. This new coordinate
frame is shown in Figure 6. Note that the origin of the coor-
dinate frame is at the bucket tip, and thex axis is parallel to
the blade. This choice for the coordinate system is more intu-
itive in terms of representing the forces that affect the bucket
behavior.

4 Mechanism model

Since the method of reliably measuring forces during opera-
tion uses pressure sensors that are mounted inside the
hydraulic cylinders, we need a method that converts cylinder
pressures into forces experienced at the bucket. (9) represents

Fig. 4  The reformulated model of soil-tool interaction
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Fig. 5 The three force components in the soil model.  is the
shear or cutting force,  is the gravitational force, and  is the
remolding force.The gravity force (dashed line), is limited because it
is based only on amount of soil swept into the bucket.
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the excavator dynamics in joint space:

WhereM is the inertia matrix,V is a matrix containing the
centripetal and Coriolis terms,G is a vector containing the
gravity terms andf is a vector representing the end-effector
contact forces,τ is a vector used to denote the torque at each
joint and J is the jacobian matrix of the manipulator. Under
the assumption that acceleration and velocity terms are neg-
ligible during digging, (9) can be reduced to:

The forces at the tip of the bucket are obtained from the
above expression. The masses of the links of the excavator
are known, as well as the jacobian matrix, soJ andG are
obtained through these data and the joint positions.τ is
obtained through the pressure measurements and some data
from the cylinders. The calculation of the force and the
torque that each cylinder exerts on each joint are obtained
through a simple fluid mechanics analysis.

Based on Fig. 7, the resultant force applied on the fulcrum of
the excavator link can be written [15] as:

wherePi are the measured pressures in the cylinder cham-
bers, Ai the areas on both sides of the pistonmr the mass of
the rod,y its displacement, andF the exerted force. OnceF
is obtained from pressure and displacement measures, the
effective force is computed based as shown in Fig. 8 shows
an schematic drawing of the boom and stick links.

Distancesa andb are known and fixed, angleγ is also known
(from resolver measurementθ plus a constant angle), so dis-
tanceL is obtained as follows:

The rod acceleration is obtained from the above equation,
and with the value ofL, the sine of angleα is calculated:

Finally, the torque is obtained:

In this section we have developed a framework with a new
soil model and a method to obtain the forces at the tip of the
bucket. The former is necessary to understand the soil reac-
tion forces, and the latter is very necessary to understand how
the measurements are related to the soil-tool interaction
forces.

5  Estimation Methods

This section explains how the above model and the measure-
ments are used to extract missing parameters. The parame-
ters identified are:β, δ, φ andc. As can be seen in the above
section, the equation of the soil model presents a highly non-
linear behavior. This makes it impossible for the equation to
be solved analytically for the characteristic parameters. More
over the form of the equation does not allow estimation using
methods like linear least-squares. Below we consider three
methods that can be used to extract the soil parameters.

5.1 Exhaustive Search

A simple solution is to test a range of each of the four param-
eters and use the set that minimizes the difference between
the predicted and measured forces. The cost of such a method
is that it is necessarily discrete valued and in general it is dif-
ficult to determine the range of parameters to be searched.
This method is also computationally taxing. We have used
this method to get a baseline in terms of performance.

5.2 Efficient gradient descent

If the function is well behaved it is possible to use gradient
descent to minimize the errors. One option is the use of con-
jugate gradient methods, but they require the calculation of

Fig. 6 Coordinate system used to relate resistive forces in the
following graphs.
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Fig. 7 Simplified cylinder model.
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the gradient of the function, an expensive process. We have
used a variation of gradient descent called Powell’s method
[9] that uses the concept ofconjugate directionsto do gradi-
ent descent starting from the basis vectors of the search
space.

5.3 Stochastic search

The method of simulated annealing [6] is specially suited for
problems of large scale where a desired global extremum is
hidden among many local extrema. It consists of a pseudo-
random search for the minimum (or maximum) of an objec-
tive functionJ (in this case the error between the measure-
ments and the output of the model). Each trial starts at an
initial random point within the searched parameters interval.
At each step a random movement is made. If it improves the
error, the new point is chosen. If it doesn’t, it is still chosen
based on a decaying function. This way, initially, many steps
are taken even though they do not improve the objective
function. As the search proceeds, the algorithm is less likely
to choose steps that increase the error.

5.4 A combined method

We want our method to be fast (both in identification and
estimation). Ideally, we would like the method to be used on-
line so that it can react to changing soil characteristics. We
have found that a combination of the simulated annealing and
Powell’s method works well. Each trial of simulated anneal-
ing is followed by a gradient descent from the point in the
function space that had the lowest error for the trial. Using
Powell’s method in conjunction with simulated annealing
provides both accuracy and speed. The former because it
covers the search space with integer discrete steps, and the
latter because it picks up isolated points in a random way.

6 Results

In this section we present a sensitivity analysis given a set of
data collected on our testbed. We find that some parameters
are more sensitive than others. We show how the predicted
forces compare with the measured forces for both the FEE
and the reformulated version.

6.1 Sensitivity

We conducted a sensitivity analysis to determine which of
the parameters were most sensitive. We used as the starting
point, the set that produced minimum error from an exhaus-
tive search. Then the value of each parameter (one each time)
is varied from the starting point, and the error between the
predicted force and the real one is calculated. The results for
β,  δ, φ are shown in Fig. 9. This shows thatδ is the most sen-
sitive among the three angles. In contrast,c, is not very sen-
sitive— a 50% change inc from the best value, only changes
the error by 25%.

6.2 Results with the FEE

Several tests were carried out with this model, and the esti-
mation process of the soil parameters was made through
exhaustive search and simulated annealing. These times were

obtained with data from 8 digs (about 800 measurements).
The root mean square error between predicted and true force
is about 30000 N. The parameters found areβ=37.31
δ=51.947φ=44.85 degrees and cohesion=30000 Pa.

6.3 The reformulated model

Using the reformulated model with the same data, the root
mean square error is approximately 13000 N. Using this
method, slightly different soil parameters were found
(β=29.15 δ=51.5 φ=36.18 degrees and cohesion=29234.9
Pa.) There seems to be generally greater agreement between
the measured and predicted forces as shown in Fig. 10.

6.4 Estimation Methods

We used the same data set as above to compare exhaustive
search and the method from 5.4 (referred to as justsimulated
annealing below). Fig. 11 and Fig. 12 show the convergence
of exhaustive search and simulated annealing to the best fit
parameters when the modified FEE is used. Convergence of
results in exhaustive search is more uniform than in simu-
lated annealing. This is essentially because simulated anneal-
ing is a stochastic procedure. The main difference is that
simulated annealing produces results in minutes that are
equivalent to the results produced after hours of exhaustive
search. In our trials simulated annealing runs for 4 minutes as
opposed to 20 hours for exhaustive search.

6.5 Correlating Over Extended Operations

In this section we show how predicted and measured forces
compare over a long run. We took data from 20 digs and first
used this data to extract soil parameters. Even though the
characteristics of the soil changes as the excavation
progresses, we get a reasonable prediction for resistive forces
as shown in Fig. 13. The error is clearly visible in the sections
when a new strata is encountered (around 45 secs).

Next we used a sliding window, in which the parameters used
to calculate the force for a given dig is extracted from the data
corresponding to the previous three digs. Using this method,
the comparison between predicted and measured forces is

Fig. 9 Sensitivity analysis of β,  δ, φ, and c. These graphs show
how the error increases when one of the parameters is perturbed
from nominal values.
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shown in Fig.15. The error in this case is noticably reduced
for the last 3 digs.

6.6 Predicting Bucket Trajectories

One of the main objectives of our work has been to improve
the prediction of digging trajectories in order to select opti-
mal locations for digging [13]. Our autonomous excavator is
equipped with a closed-loop controller that uses resistive
forces (as measured by cylinder pressures) to fill the bucket.

The predicted trajectory of the bucket tip is dependent on the
modeled soil reaction forces. We have shown that by refor-
mulating the soil model and by correlating the model param-
eters, that the predicted trajectory can be much improved as
illustrated by an example in Figure 16.

7 Conclusions

The main advantage of the new formulation is that accounts
for the terrain slope during the excavation. Without this con-
sideration, forces are either under or over estimated. In addi-
tion we have presented an online method to extract soil
parameters from reasonably sized data sets. Instead of hours
of computation required by an exhaustive search method, the
online method produces comparable results in a few minutes.

We expect that the new force model, and the ability to adjust
the model parameters to changing soil conditions, will
improve the ability to effectively plan automated earthmov-

Fig. 10 X and Y components of the force. Measured force is
shown a solid line. The FEE model is shown with a dashed line, and
the improved model with a dotted line. Only 4 digs shown for clarity.

Fig. 11 Error and parameters of best 100 trials using exhaustive
search. Since exhaustive search is orderly, the parameters
converge linearly. The left most trial is the “best”. Asterisks represent
δ, circles β and pluses φ.

0 20 40 60 80 100 120 140 160 180 200
−14

−12

−10

−8

−6

−4

−2

0

2
x 10

4

0 20 40 60 80 100 120 140 160 180 200
−4

−2

0

2

4

6

8
x 10

4

Time (0.1 secs)

F
or

ce
 X

 (
N

)
F

or
ce

 Z
 (

N
)

0 10 20 30 40 50 60 70 80 90 100
10

20

30

40

50

60

de
gr

ee
s

Fig. 12 Error and parameters of best 100 trials using simulated
annealing (method from 5.4). Because of the stochastic nature of
the search the parameters are found more randomly. The left most
trial is the “best”. Asterisks represent δ, circles β and pluses φ.

Fig. 13  Measured vs. modeled force (magnitude) using the entire
data set of 20 digs to obtain the model coefficients. In the upper
graph, the solid line shows the actual measured force while the
dotted line shows the predicted force. The lower graph shows the
percentage error in the prediction.
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ing operations.
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Fig. 14  Measured force versus modeled force using a sliding
window of 3 digs to obtain the model coefficients. In the upper
graph, the solid line shows the actual measured force while the
dashed line shows the predicted force. The lower graph shows the
percentage error in the prediction.

Fig. 15  Actual versus predicted path of the bucket tip during
digging. The solid line is the actual path of the bucket tip. The stars
indicate the predicted path of the bucket tip using forces from the
FEE soil model. The pluses show the predicted path using the
forces from the reformulated soil model.
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