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Abstract

High level assembly plans prescribe the sequence in
which parts come together along with their motions. At each
stage of assembly the stability of subassemblies is an impor-
tant concern. In this paper we address the problem of gravi-

tational stability of assemblies of frictionless rigid bodies. <
Solution methods to the problems of determining if an g =
assembly is stable, and finding a stable orientation for a (b)

given assembly are proposed. The solution methods for the
two problems compute constrained motions of individual Figyre 1: (a) An assembly that is gravitationally unstable. (b Th
parts that decrease gravitational potential energy, in order taassembly in an orientation that makes it gravitationally stable.
determine stability and search for stable orientations. Linear

programming is used to obtain numerical solutions. The right angled component;CFor the moment, let us ignore
problem of finding a stable orientation is formulated as a frictional forces. G is firmly attached to a gripper, as indi-
maximin problem. The solution to this problem is the first cated in the figure by the ground symbol. The vegtodi-
general method for automatically determining stable orien- cates the direction of a uniform gravity field. In the
tations. The program to solve the two problems takes asorientation shown in Figure 1(a), the assembly is unstable
input a geometric model of the assembly and information under the influence of gravity. Gravitational forces produce
related to grounding constraints. Preliminary results are pre-a downward translational motion on componestwhich

sented causes componeng@ translate towards the right. Is there
an orientation of the assembly in which it is gravitationally
1 Introduction stable? The orientation shown in Figure 1(b) is a stable one.

In recent years, there has been much interest in automatedhe gravitational force on componeny i€ balanced by the
assembly planning. High-level assembly plans prescribe thenternal contact forces exerted by the other two components.
order in which parts come together as well as the motionshe same is true for componenf C
that bring them together. Automatédiéassemblyf com-
puter models of assemblies is a good method for obtaining !N this paper, we address the problem of the stability of a
assembly plans [7][9][12]. At each stage of assembly, thecollection of contacting objects, acted upon by a uniform
stability of subassemblies is an important concern. An external gravity field. One (or more) of the objects is
assembly of parts is said to be stable if the parts are in stati@ssumed to be fixed in a gripper. All the objects are assumed
equilibrium under the influence of external and internal to be rigid and frictionless. Under these assumptions, we
forces. External forces could be in the form of field forces, solve the following problems:
for example gravitational forces, or in the form of contact
forces, for example gripper forces. Internal forces betweenentation, is the assembly stable?

parts arise from their mutual contact. Magnetic forces Problem 2 (Stable Orientation) Given an assembly.
between parts may also produce internal forces in an asseMyatermine an orientation (if one exists) that makes the

bly. e
assembly stable under the gravity field.
Consider the assembly of parts shown in Figure 1. Com- y g y

ponents G and G are identical and are placed within the  In the first problem, if we find that the assembly is unsta-
ble, we would also like to know which parts in the assembly
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Research Center, an NSF Engineering Research Center at Carn- either to redesign parts or provide fixtures during assembly.
egie Mellon University

Problem 1. (Stability) Given an assembly in a given ori-




In the second problem, if no stable orientation exists, wecompare our formulation with that of Boneschanscher
would like to find an orientation that is closest to being sta- et al’s and argue that their inability to handle loops is a fun-
ble along with the motion directions of the unstable parts for damental problem of the method.

that orientation. A measure of ‘closeness’ is defined in Baraff[l] presents a method to analytically calculate

section 2. forces between systems of frictionless rigid bodies in rest-
ing contact. At each point of contact, an unknown repulsive
1.1 Previous Work normal force exists. The normal forces must be strong

Palmer{8] obtained computational complexity results for enough to prevent interpenetration while at the same time
stability problems in which assemblies consist of rigid pla- being workless. This implies that the normal force must be
nar polygons. If a set of interaction forces exists that resultsZ€r0 wherever contact is broken. The normal forces can be
in static equilibrium for an assembly, then the assembly isfound by solving a quadratic program. Once the normal
said to bepotentially stable The complement of potential ~forces have been computed, the ensuing acceleration is
stability is guaranteed instabilityin which an assembly is ~ 9iven by Newton's first law. Thus, stability can be deter-
unstable for all valid interaction forces. If there exist no Mined by checking if any parts have nonzero acceleration.
legal infinitesimal motions for which the assembly is unsta- Additionally, the impending motion is indicated by the
ble, then it is said to biafinitesimally stableThis type of acceleration. This method differs from Boneschanscher
stability is a conservative approximation to the stability et al’s in that it can be used to solve the infinitesimal insta-
problem and is a stronger form of stability than potential ility problem for frictionless systems with loops.
stability. Palmer showed that the potential stability problem
is in P, while the infinitesimal stability problem féP-hard. 1.2 Approach Outline
The complexity of the infinitesimal stability problem is Our method to solve the stability problem follows similar
solely a consequence of ill-defined surface normals at con-lines to Baraff[1]. However, instead of taking a vectorial
tact points, for example, vertex-to-vertex contact. Following approach by solving for forces, we adopt the Lagrangian
Baraff[1], our method disallows degenerate contact geome-approach and solve for part motions. We formulate an
try by imagining a local extension of the contact surface in expression for the change in potential energy of a system of
order to generate a well-defined surface normal. bodies subject to a given virtual displacement. Given a set

One approach to determine stability is to model the inter- of all legal virtual displacements (that is, those which do not
action between parts in an assembly in terms of unknownviolate non-interpenetration constraints), the displacement
forces. Potential stability for systems with friction can be which results in the largest decrease in potential energy is
determined by attempting to find a set of forces that pro-selected. If no legal virtual displacement decreases the
duces equilibrium. Blum, Griffith, and Neumann[3] imple- potential energy of the system, then the configuration is sta-
mented a potential stability test based on linear ble. Although this approach offers no advance over Baraff’s
programming that searches for such a solution. The analysiin determining stability, it is extensible to the problem of
begins by assuming that the assembly in question is stablefinding the most stable orientation.

For an assembly in equilibrium, one can generate a set 0 Consider a system of frictionless bodies in contact with
force balance equations in terms of unknown interaction each other such as that shown in Figure 1(a). The system is
forces between parts and known gravitational forces. If at rest and is placed within a gravitational field. One (or
forces that simultaneously satisfy all the force balance equa-more) of the bodies are fixed. A valid configuration is one in
tions cannot be found, then the assembly is declared unstawhich no two objects intersect each other. Assume that the
ble. However, no information is obtained about the initial configuration of the system is valid, and let the sys-
impending motion of unstable parts. tem be displaced (in a virtual manner) from this initial con-

Boneschanschest al[11] tried to determine which parts figuration. Given the contact geometry, constraints can be
are unstable (but not their impending motion) by solving for placed on the displacement to prevent the system from mov-
the stability of each part individually. In their work, the ing into an invalid configuration. The system is conserva-
assembly is assumed to be sitting on a table with externative, since only gravitational forces perform work for any
forces being applied to it. Conditions on the forces betweendisplacement consistent with the contact constraints.
individual parts and the table are written as systems of ine- If the system is initially at rest, the kinetic enefiggf the
gualities. By transforming the contact graph, a larger systemsystem is zero. If the system undergoes a motion, Then
of inequalities is formed. The emerging system is solved must increase, which means that the potential endrgy
using linear programming. If any subassembly during this the system mustlecrease Thus, if there is no legal dis-
process is found to be unstable, the entire assembly iplacement which decreaskks the system cannot undergo
declared unstable. However, as Boneschansther point any motion. Conversely, if there exists a virtual displace-
out, their technique will not work if there are loops in the ment for whichU does decrease, then the system is unstable
contact graph. This is a significant shortcoming since loopsand is guaranteed to begin moving.
occur quite frequently in assemblies. In section 2.2 we shall Let dr; denote a virtual translation of tite part and let



oU denote the virtual change ihcaused by this displace-

ment. If theith part has mass;, , then
N
oU = - Z m,g [Br;. Q)

i=1
If all legal virtual displacements produce nonnegative val-

ues ofdU , then it can be concluded that the system is guar

anteed to be stable. Our approach will be to minindide
over the set of legal virtual displacements. If the minimum

to bodym undergoes a particular displaceméat, . Simi-
larly, a displacemendp,,  of body causes a separate dis-
placementda,, of poing, as attached to body To prevent
interpenetration from occurring, the relative displacement
da,,— 0a, cannot have any component opposite the direc-
tion I. Similarly, we must require that the relative displace-

ment atb also have no component oppoditélowever, to

prevent interpenetration from occurring along the segment

bc, we must additionally constrain the relative displacement
at b to have no component opposite the direction . This

value of 8U for a given orientation is nonnegative, then it gives rise to a total of three constraints.

can be concluded that the system is stable in that orienta= | ot < genote the position of the center of mass of body
tion; otherwise the system is unstable. Section 2 describes, i, 4 gnl10bal frame of reference. and be the displace-
the basic formulations employed. Numerical solution meth- '

e ] NV - ~ ~ment fromc, to point. Let c, andp_ = be defined simi-
ods for determining stability and finding a stable orientation larl. If body m undergoes n a displacement
if one exists) are presented in Section 3. _ ;
( ) P op,, = _(6rm, 38, ) . then the displacemerdla,,  af on
bodymis

2 Formulation B

The mathematical formulation of the stability problem is Say, = Oy + (86, %P . @)
as follows. Letdp; = (dr;, 69i) represent a virtual dis-  Similarly, the displacement afon bodyn is
placement of theith body in the system, where B
or,, 69i ORS. The vectordr; denotes a translational dis- ba, = or,+ (6en % pn) ' ®)
magnitudeuESBiH of the body around its center of mass.
The axis of the rotation is along ti®, direction. For an (%3, -6a,) U=0. (4)

assembly oN bodies, givery, we want to determind vec-  gypstituting equations (2) and (3) into (4) we obtain
tors dp; such that (1) the vectors correspond to a motion

that minimizes the changdU  in potential energy of the ~ ((0r+36, xp) = (3r,+086 xp)) 0=20. (5)
system, and (2) the bodies do not penetrate each other. Sincg, prevent interpenetration ain thel direction, we would
only the direction of the displacement (and not its magni- 544 the constraint

tude) matters, we will set an upper bound on the magnitude

of the vectorsdp; . (db,,—db) 0=0 (6)

where db was the displacement of paintalthough equa-
tion (6) would be expressed in termsnofindn’s displace-
ments, as in equation (5)). Similarly, to prevent
interpenetration in thé¢'  direction, we would add the con-
straint

2.1 Non-Interpenetration Constraints

Consider two bodiem andn within an assembly making
contact over the segmea, as shown in Figure 2. If body
m undergoes a displacemedp,, , then painas attached

(8b, ~3b ) 0'20

(again, in the form of equation (5)).

The constraint equation at a contact point is trivially mod-
I ified if one of the bodies is grounded. (If both bodies are
grounded, contact between them can clearly be ignored.)
For example, if body was grounded, equation (5) would
be

()

or,+ (06 xp ) =0

with similar modifications for equations (6) and (7).

Note that it is not necessary to generate a constraint for
everycontact point between two bodies. For example, if we
prevent points andb of bodym from interpenetrating body
n, we prevent interpenetration at any point along the seg-
mentab (for configurations near the present one). Thus con-
straints at the end points are sufficient to prevent
interpenetration along the entire line segment. Similarly, the

(8)

»

Figure 22 Two bodiesm and n within an assembly. The
displacements of poird and b on bodiesm andn are used in
formulating the nonpenetration constraints



(@) (b) motions_ must be solv_ed f_or simultaneou§ly. Our method
deals with loops by using linear programming to search for
1 a motion that decreases potential energy while simulta-
neously satisfyinall the motion-constraint equations for-
) € mulated in section 2.1. Another advantage of our method is
ey in terms of computational effort. For an assemblynof
parts, withn vertices of contact, Boneschanscle¢ral’s
algorithm requires an average(b(mn?) steps to determine
(©) (d) the stability of an assembly. Using linear programming, our
method takes an averagemnnz) steps. In section 4 some
results obtained by applying our method to assemblies with
loops are presented.

— > To determine stability, we need know if their exists a set
of displacement vectordp, that yield&) <O  and is con-
sistent with the motion constraints. Equivalently, we wish to
minimize dU over the set of legal displacements. However,

_ _ i if op; is a vector of legal displacements, ther(dp;) is
Figure 3: Contact between bodies. (a) A polygonal surface of 5154 3 yector of legal displacements, for any positive scalar
contact. (b) Edge contact. (c) Degenerate vertex-vertex contact. - .

(d) Degenerate contact resolved by planar approximation. a. It is therefore necessary to bound _the magnitudes of the
displacement®p; considered by the linear program.
non-interpenetration constraint for the polygonal contact of The formulation to determine if an assembly in a given
Figure 3 is written in terms of 5 constraint inequalities: one orientation is stable is the following. Given an assembly of
for each vertex of the convex hull of the polygon. The con- N bodies and a gravity vectgr we determine stability by
straint inequality for each vertex is a function of the solving the linear program
unknown displacements of the two bodies, the position of
the vertex, and the normal vectoiThe position of the ver-
tex and the vectdrare obtained from the geometric model
of the assembly. Figure 3 shows the normal vectors for the
different kinds of contact possible. Figure 3(b) shows two

N
minimize z=- Z mg LBr;
i=1

subject to HériHmsl, 66iHms1 1<i<N,

edges making contact at a vertex. In this case, the norma 5 =0 and 88 =0 0kOG ©)
vector | is well-defined and is perpendicular to the two K k ’
edges as shown. Figure 3(c) shows a degenerate vertex-ve (or, - 6rj) + (86, x pip - 69j X pJP) a0=0,

tex contact. As stated in Section 1.1, this contact situation O(p, ij,1) OP

makes the stability probletP-hard. Being an uncommon
situation, we shall assume that a surface of contact with The infinity normjivil,, of a vectov is the maximum
nonvanishing area exists. The orientation of this surface isabsolute value over all the components.cfhus, the con-
selected so that the normal directiolies within the solid, ~ dition | dr;|| <1 requires that all componentsaf,  have
as shown in Figure 3(d). magnitude less than one, and similarly &, . The index
To obtain constraints for more complex contact geometry, SetG indicates all grounded bodies.The Betontains tri-
Mattikalli and Khosla[10] propose a geometric representa- Ples (p, i,j, 1) , denoting a contact between bodisdj at
tion of motion constraints. This method can be used to gen-PoiNtp with surface normal The vectopP is the displace-

erate constraints for curved line segments of contact. ment from the center of mass of badip p, and similarly
for pP. Letz be the minimunz satisfying the conditions of

equation (9). Note thatcan never be greater than zero since
or; = 86, = 0 for each part is a legal motion and yiefds

= 0. If z= 0 thenU cannot be decreased and the system is
stable. Otherwise; < 0 soU can be decreased and the sys-
tem is unstable. (Note that the displacements which mini-
mize z only approximately indicate the impending motion.
Computation of the exact impending motion requires a
method such as that used in Baraff[1].) Solutions to some
test cases using the above linear program are shown in Fig-
ure 8 and Figure 9.

2.2 Determining Stability

As stated in section 1.2, a system at rest in a gravitationa
field will move so as to decrease its potential energy as
much as possible, subject to the system’s motion con-
straints. In Boneschanschet al[11], the stability of an
assembly was determined one part at a time. It was assume
that the motion constraints on each part could be separate
and satisfied independently. However, this assumption
breaks down whenever a closed loop is present in an assen
bly. When loops are present, the equations of motion of
parts are coupled, and cannot be readily separated. Instea



(b)

(@)

2(gy) =-2.5 = _
) 299 = 0
Figure 4: An assembly in three different orientations with respec

to gravity. The projectiormiér- indicates the closeness of th
orientation to a stable one. (ds shows a stable orientation.

2.3 Finding a Stable Orientation

This section describes an extension to the minimization of9; are all greater than zero agg+g,+g, = 1

difficult to solve, and have an extensive literature[5]. In the
next section, we present an iterative solution method for
maximizingz(g) by solving a series a linear progra?'ns.

3 Numerical Solution Method

Let us rephrase the maximin problem more formally. Let
op denote a vector oN displacements of the form
dp; = (0r;,88;) for 1<i<N. The constraints in equation
(9) on the displacements limit allowable displacemets
to some feasible region, which we shall denote as th& set
Note thatA is a convex domain since it is the conjunction of
some number of linear inequalities. In considering values
for g, we are concerned only with direction, and not with
magnitude. If we constrainepto be a unit vector, we would
have to perform a maximization over a nonconvex and non-
linear domain. Instead of maximizing over the unit sphere
of directions, we will maximize over vectors that lie on the
unit “diamond.” The vectors we consider will be of the form
g = (9 9y g,) such that|g, +\gy\ +]g) =1 . This is
still a nonconvex set but we can’ partition the “diamond”
into eight facets by restricting the signs of the components
of g. Thus, letS; be the set of vectogssuch thag,, g, and

. Sptbe

the previous section that enables us to find a stable orientatn® Same asS, except thatg, is less than zero and
tion for an assembly or show that no such orientation exists.9* 9y~ 9, = 1. The setsS; through & are defined to
Rather than reorienting all the parts of the assembly, we wil cover all the remaining sign combinations gp gy, and

imagine changing the direction of the gravity vegtan an
attempt to make an assembly stable. Henceforth then,

0,-(For planar configurations, we would need only four par-
titions.) We will letS denote the union of the eight parti-

regarded as a variable, and not as a constant. Consider tttions. When we consider vectagsin S, we first consider

assembly shown in Figure 4. For a given choiog, &t z(g)
be the optimal value of in equation (9) for that particular
choice ofg. Figure 4 shows how(g) varies as we change
the gravity directiong. When the gravity direction is
changed frong; to g,, z(g) increases from a value 86 to
-2.5. Wheng is changed tas, z(g3) is zero, which means
the assembly is stable with the chaice gs.

In general, since(g) is bounded above by zero for any

assembly, we can search for a stable orientation of the

assembly by trying to find a value fgpthat maximizeg(g).
If we can findg such thaiz(g) = 0, then we have found a

gravity direction which makes the assembly stable (or,
equivalently, we have found a way to reorient all the parts to

induce stability in a vertical gravity field). However, if

7(g) < O for allg then the assembly cannot be made stable. If

we regardz(g) as a metric for instability, then the directign
which maximizes(g) is the “most” stable orientation with
respect to this metric.

Let us phrase the above discussion as an optimizatior
problem. Given an assembly, we are searching for a value o

g that maximizes the functior(g), where z(g) is itself
defined as the minimum value oin equation (9) for a par-
ticular choice ofy. Thus, maximizing(g) results in anaxi-
min problem.

Minimax problems with constraints are in general very

vectors inS;, thenS, and so on, to avoid dealing with non-
convex search domains. Using this notation, we can phrase
max Z9)

our problem as
max [ } (10)
g0S g0S

wherel <i <8 andis regarded as a function gbinddp .

Let us consider an iterative solution method to solve this
maximin problem. A first approach to solving (10) might be
to guess an initial value @f in §, solve the minimization
with g fixed and obtaindp . Using thi§p as a constant and
g as a variable, we could then solve the maximization prob-
lem. However, this method is flawed:dp  is held constant
and the maximization problem with as a variable, we
might obtain a value fog that does not produce the same
op if we minimize with respect to thgt We can correct
this as follows. For a given value gfthere exists a unique
value of dp. In Figure 5, the domaif (which we tempo-
rarily imagine as the unit sphere for simplicity) is parti-

min z(g, dp)
opOA

1. Following the acceptance of this paper, we discovered a trans-
formation of our maximin formulation that admits a simpler
numerical solution method. There was insufficient time to include
those results in this paper, but details can be found in
Baraffet al[2].



tioned into sets, with members in a given set producing theregion in the space of tigevariables (that contairg) for

same displacemedp in the inner minimization. which the value of g may be changed without changing the
To remedy our solution method, the outer maximization optimality of dp =v;. When equation (11) is added to the
must be performed to find a direction gwithin a given list of constraints for the maximization in (10, is

partition. This can be done by imposing constraints on the restricted to lie within a partition.
outer maximization.

7

‘/ Set of Set of
partitions op's

different values of
functionz = z(g,, or)

[ or, A
17

feasible
Figure 5: The domain off can be partitioned into sets such that region
all elements in the set produce the samp for the ] Z3
maximization in equation (10). _f I J ory
Z1 4 Z
3.1 Restrictingg to within a Partition Figure 6: The feasible region and the objective function of an LP

Consider the B-dimensional configuration space (Figure Problem.

6) corresponding to the unknown displacements in formula-  The numerical solution method is thus as follows. We
tion (8). The shaded region represents the feasible set of disgia,t at an arbitrary poirg, (Figure 7) in the domain af
placementsA. The objective functiorz(gy,dp) is a linear  (again, with the domain af drawn as a unit sphere rather
function of the unknowndp wherg is fixed atg;, and  than as the linearized domas) We then attempt to move
defines a family of parallel hyperplanes. The direction of {5 5 pointg, that is “more” stable within the given partition.
the normal of the hyperplanes is determined by the value ofjs this pointgy, is on the boundary of the partition, we must
g1 In Figure 6, the objective functiaig,,dp) is shownfor  continue the search for a minimum by stepping into the
different values o®p: z; = Zg;,0p"), 2, = Z01,0p" ), and  agjacent partition. The property that each partition is convex
z3=29,,0p™ ). The functiorz achieves its maximum value s ysed to step into the adjacent partition. The convexity of
z3in the shaded region whép v Letlinezzbe pivoted  gach partition can be inferred from equation (11) which
at vertexv, and its slope changed. It can be seen that thegefines the partition as a union of half spaces (which is
slope of linez; can be varied to lie between the slopes of gjways convex). As shown in Figure 7, the directed arc from
lines |, andl; without changing the optimality of. This 4 tog, can be used to take an epsilon step into the adjacent
suggests that the value g@i{which determines the slope of = partition. The new valug, is now used as an initial guess, a

line z3) can be varied so as to maintain the same optimalpey optimal valuedp is obtained, constraints for the new
point The range of for which the optimality is maintained  partition G, are formulated, and the method repeats. If at

defines the partitio®, (assumingg, lies withinG,). Given gy stage the optimal solutidp ~ for a givgties in the

the optimal pointdp =v3, we can write down conditions  interior of the partition, the process is terminated. Also, if a
that tell us how muctg can be varied frong; without  point on the boundary of a partition is revisited, then the
changing the fact thaip % is optimal. process is terminated. In either case, we have found a statio-

The simplex method for linear programming finds what nery noint for the maximin problem. As we show in the next

are known adasicoptimal solutions. One of the key fea- section, the objective functicz(g) is concave, so that the
tures of a basic optimal solution is that it indicates an invert- stationary point found is in fact an optimal solution.

ible matrix B, a matrix N, and a row vectafsandcN. (The

elements of B and N come from the coefficients of the
motion-constraint inequalities of the problem, while the ele-
ments ofc® andcN depend upon part masses and the gravity
direction.) These matrices and vectors satisfy the condition

BB IN-V<o0. (11)
Furthermore, any change in the gravity direction which

maintains this condition results in the same basic optimal
solution dp =v4[4]. Thus, equation (11) defines a convex



\%@
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Figure 7: Searching for @ that maximizez. From the initial
point g,, maximization over the partition,Groducesy,. The
directed arc frong, to gy, is used to take an epsilon step into the
adjacent partition tg.

3.2 Convexity of the Maximin Problem

The domainA for legal displacements is convex, because
it is a conjunction of linear inequalities. The dom8ifor
gravity directions is nonconvex, but is the union of convex
partitionsS, throughSg. As stated earlier, we will run our

iterative procedure on each of these partitions. Thus, our

solution domains fog anddp are convex. To show that the
solution found by our procedure does in fact maxira{gg
we need merely show that the functmis itself concave.
Since we are maximizing we want to show theis con-
cave(equivalently~z is convex), that is

Zag; + (1-0a) gy 2azgy) + (1-a)Zg,) (12)

for any g, andg, in the same partition afk a <1
Since

N
o O
Z(g) = min = Z m.g EESriD (13)
i=1
we have
2(ag]_"' (1-0a) 92) =
N
o
min = gl(agl+ (1-0)g,) Em6 'D (14)
n N N N
—cxngz m6r —(1 a)gZDz m6r

i=1 i=1

Since min (f; +f,) = minf; + minf,
f, andf, , we have

for any functions

N N
n
—aglmz mESrID = (1 a)gZDz m6r

i=1 i=1

IZD

N N
DZ m,dr; +m|n —(1 a)gzDz m6r
i=1 i=1

min

= azgy) + (1-0a)Zg,)
Thus

2(cxg1+ (1_ (X) 92) 2 (xi(gl) + (1_ (X) 2(92)

and we have tha(g) is concave.

The result thaiz(g) is concave is significant since this
means that the stationary points found for each partiti@& of
by the iterative procedure of the previous section are a glo-
bal maximum for that partition & By computing the max-
imum over each of the eight facets of the “diamond” and
taking their largest value, we can find the global maximum
of z(g). If the global maximum is zero, then we have found a
value forg that yields a stable orientation. Otherwise, the
system is unstable, and we have a valugtbft minimizes
this unstability, as measured by the funcii(a).

(15)

(16)

4 Results

The solution methods for the two problems described in
section 3 have been implemented and tested. In this section
we present some results. Geometric models of assemblies
are created using the nonmanifold geometric modeler Noo-
dles[6]. The geometry of contact is derived directly from the
model and is used to construct the linear programs to be
solved. Figure 8 and Figure 9 are examples of the stability
problem and Figure 10, Figure 11 and Figure 12 are exam-
ples of the stable orientation problem.

Figure 8 shows an assembly of 3 parts where pais C
grounded. ¢ and G are chamfered at angles 60° and
30° and are arranged as shown. When the assembly is
tested for stability, it is declared unstable. The displace-
mentsdp that minimize produce a downward translation
for C, of magnitude 1.0 and a sideward translation of 0.577
(1/tan60°) for Cs.



5 Summary and Conclusions

Geometric models of parts and assemblies are increas-
ingly being used to plan manufacturing processes, including
assembly. Analysis of the physical behavior of objects and
assemblies is being automatically derived for process plan-
ning. In this paper, the problem of the gravitational stability

C, is grounded o .
1159 of assemblies is addressed. The assumptions made are as

oy = 1_0* follows. (a) The objects are rigid and their contacts are fric-
tionless and (b) one (or more) of the objects is grounded.
dry = 0.577 — The second assumption, in general, is a statement of con-

g straint on the absolute motion of some objects. Solutions to

two problems have been proposed. The first addresses the
problem of determining whether a given assembly is gravi-
| tationally stable. Using a Lagrangian formulation of virtual
work, motions that decrease potential energy are formulated
and computed using linear programming. The second prob-
lem that is addressed is that of finding a gravitationally sta-

The assembly in Figure 9 consists of four identical blocks ple orientation for an assembly. This can be formulated as a
chamfered at two edges at an anglé®f . They are placemaximin problem in terms of the orientation vector and the
within a square frame as shown. This assembly is a gootmotions of the bodies. Algorithms to solve the two prob-
example of the interdependence of part motions because olems have been implemented and preliminary results have
the presence of loops within the contact graph.This assempeen presented. The solution to the second problem is the
bly is stable because although the parts can move in a circufirst general method that automatically determines stable
lar fashion, this motion does not result in a net decrease irorientations of assemblies. This is a useful tool in automatic
potential energy. assembly planning.

In future work, the stability analysis needs to be extended
to include frictional forces. The stability result that is pre-
dicted by a frictionless model is too conservative. By con-
sidering frictional effects, the range of stable orientations
found can be extended. Additionally, we would like to
extend our method so that it can report the range of stable
orientations, rather than picking a single stable orientation
arbitrarily. This is useful during assembly planning when an
assembly needs to be reoriented.

Figure 8 The assembly is unstable. The displacements found are
indicated alongside the assembly.

«
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This is a good test assembly since its graph of connections has during our discussions in solving LP problems is greatly
loops. This assembly is stable. appreciated.

Figure 10(a), Figure 11(a) and Figure 12(a) show assem-
blies in unstable orientations; in all cases the L-shaped
object is grounded. The grid shows ¥ plane with grav-
ity along the-Z direction. Stable orientations are computed
and are shown alongside each assembly in (b).

In Figure 10, the assembly is stable over a range of orien-
tations. The method that we have proposed does not distin
guish between these orientations, and may choose any on
of them as a stable orientation. We plan to extend our
method to produce the entire range of stable orientations.
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Figure 10 Finding a stable orientation. The L-shaped object is grounded.

(b)

(@)

\
Figure 11 Finding a stable orientation. (a)The L-shaped part is grounded and the two blocks are identical with a chamfer

of 45 degrees. (b) The stable orientation shown on the right has the L-shaped part at ard&igle of

(@) (b)

. (b) In the stable orientation, the grounded

\
Figure 12 Assembly with the two blocks chamferedol’
L-shaped object leans at an angle66f .




