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Abstract

The quality of a grasp can often be measured as the
magnitude within which any external wrench is re-
sistible by \unit grasp force". In this paper, we present
a numerical algorithm to compute the optimal grasp
on a simple polygon, given contact forces of unit to-
tal magnitude. Forces are compared with torques over
the radius of gyration of the polygon. We also ad-
dress a grasp optimality criterion for resisting an ad-
versary �nger located possibly anywhere on the polygon
boundary. The disparity between these two grasp op-
timality criteria are demonstrated by simulation with
results advocating that grasps should be measured task-
dependently. The paper assumes non-frictional con-
tacts.

1 Introduction

In this paper, we are concerned with �nding the op-
timal grasps on planar shapes, particularly polygons,
under two di�erent grasp metrics. The �rst metric,
called Mw, measures the quality of a grasp by the
magnitude of the minimum, over all directions, of
the maximum wrench resistible by the �ngers exert-
ing forces of unit total magnitude. This metric in-
volves comparing a force with a torque, which is feasi-
ble by dividing the latter by the radius of gyration of
the shape. The second metric, called Mf , measures,
under the same �nger force constraint, the maximum
external force applicable at the worst location on the
shape boundary without breaking the grasp.
It is known that a grasp optimal under one metric

is usually not very good under another ([8], [5]). In
a real task, the space of possible external wrenches is
often reduced due to the task speci�cation or the work-
ing environmental constraints. For instance, consider
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IRI-9213993.

the task of hammering a nail into wood. The reaction
force to the hammer acts only on the head of the ham-
mer; so the external wrenches constitute a ray if point
contact is assumed. In another instance, a basketball
player keeps the ball in the best possession of his hands
to prevent his defender from knocking (and stealing)
it away; here the external wrench would mostly re-
sult from a quick hit at some part of the ball by the
defender's hand. The full external wrench space is of-
ten too strong to assume for many real tasks, and it
is thus more adequate to seek grasps optimal for the
(reduced) wrench spaces speci�ed by individual tasks.
The metric Mf reects such a philosophy.
Throughout the paper we assume non-frictional con-

tacts. We will focus on how to compute the optimal
grasps under metrics Mw and Mf . We will see that
the optimization turns out to be di�cult under both
metrics. Section 2 reduces the optimal grasp problem
under metric Mw to constrained non-linear program-
ming and then solves it numerically; Section 3 ana-
lyzes the structure of grasp optimization under metric
Mf , unveiling the di�culty in the search for an e�-
cient algorithm; Section 4 discusses simulation results
on both metrics; and Section 5 concludes the paper by
outlining the future work.

1.1 Previous Work

A grasp on an object is force (form) closure if and
only if arbitrary force and torque can be exerted on
the object through the set of contacts. Salisbury and
Roth [19] identi�ed acceptable hand designs as those
which could immobilize a grasped object with the �n-
ger joints locked while also having the ability to impart
arbitrary grasping forces and displacements to the ob-
ject.
Mishra et al. [13] gave upper bounds on the num-

bers of frictionless �ngers that are su�cient for equilib-
rium and force-closure grasps respectively on objects
with piecewise smooth boundaries. Tighter bounds
were later obtained by Markensco� et al. [10] for force-
closure grasps on any 2-D or 3-D object, for frictional

Appeared in Proceedings of the 1995 IEEE/RSJ International Conference on Intelligent Robots and Systems.

1



as well as frictionless contacts.

Based on the work of [17], Nguyen [16] viewed a
force-closure grasp as the vector-closure of its con-
tact wrenches. He o�ered simple algorithms for syn-
thesizing the independent grasp regions for polygons
(with/without friction) and for polyhedra (without
friction). This work was later extended in [18] to a
numerical cell-decomposition algorithm

assuming frictional contacts for 2-D objects with piece-
wise polynomial parametric boundaries.

One early optimality measure was introduced in [7]
which considers the optimal selection of internal grasp
forces to be the one furthest from violating any of
the force-closure, friction and joint torque limit con-
straints. Trinkle [20] formulated the test of force clo-
sure as a linear program whose optimal objective value
measures how far a grasp is from losing the closure.

Li and Sastry [8] also argued that the choice of
a grasp should be based on its capacity to generate
body wrenches that are relevant to the task. They
were among the �rst to formulate this idea by intro-
ducing the notion of task ellipsoid based on which a
task-oriented quality measure was then de�ned. The
optimal grasp problem was also addressed but no al-
gorithm was described.

[11] presents an O(n3) algorithm to compute the
optimal three-�nger equilibrium grasp on an n-gon to
balance through friction its weight along the third di-
mension, as well as an O(n4) algorithm to compute
the optimal grasp against any worst-case unit force
through the center of gravity of the polygon. Both
algorithms have assumed zero external torque while
the second one can be viewed as a simpli�cation of
the optimization under Mf . Assuming non-frictional
contacts, [14] o�ers an O(n2 logn) algorithm to �nd a
three-�nger grasp on an n-gon to resist the maximum
external force acting through the center of gravity in
any direction.

Note the de�nition of grasp metricMw also appear
in [5] and [12] where the normalization of �nger forces
under L1 and other metrics are also addressed. Op-
timal grasp algorithms are given in the �rst paper for
two-jaw and three-jaw grippers to grasp polygons, in
which case only �nite number of good grasps need to
be considered. By decoupling force and torque, the
second paper is able to develop an easily computable
optimality measure.

The paper [15] summarizes various existing grasp
metrics with extensive discussion on the trade-o�s
among the goodness of a grasp, the geometry of the
object, the number of �ngers, and the computational
complexity of the grasp synthesis algorithms.

Grasp metrics also apply to the design of modu-

lar �xtures where round locators and clamps act as
�ngers to constrain parts. [3] describes an algorithm
that, given an arbitrary polygonal part, enumerates
all force-closure modular �xtures and then ranks them
according to some user-speci�ed quality measure.
The grasp optimization algorithms to be presented

in this paper, however, do not make any assumption
on forces and torques, nor on the set of grasps to be
considered. So the optimizations, inherently harder,
are performed over a 4-D con�guration space of force-
closure grasps (assuming four �ngers) with respect to
the 3-D wrench space.

2 The MetricMw

Let D be a non-circular 2-D object with smooth
boundary @D. Let w(p) = (n̂(p);p � n̂(p)) be the
wrench generated by unit force at some point p 2 @D,
where n̂(p) is the inward normal at p, and let W (D)
be the set of such wrenches:

W (D) = fw(p) j p 2 @D g: (1)

It is shown in [10] that, without friction, four �ngers
are su�cient and necessary to achieve force-closure
on D. Let p1;p2;p3;p4 2 @D denote the �nger po-
sitions of a force-closure grasp G on D. Then the
wrenches w(p1); : : : ;w(p4) must positively span the
wrench space <3 [16], that is,

4X
i=1

�iw(pi) = 0; for some �i > 0: (2)

Geometrically, the origin O is in the interior of
the convex hull of w(p1); : : : ;w(p4), that is, 0 2
Int conv(w(p1); : : : ;w(p4)). Mechanically, for any ex-
ternal wrench w, grasp G is able to generate its nega-
tive wrench �w by exerting adequate forces at pis.
For 1 � i � 4 let fi be the magnitude of force by

�nger i. The quality s(G) of G under metric Mw is
de�ned to be the minimummagnitude of any external
wrench that breaks the grasp, given that the �ngers
apply unit magnitude of force, that is,

P4
i=1 fi = 1.1

More precisely, we de�ne

s
�
G(fp1;p2;p3;p4g)

�
= max

�B�conv(w(p1);:::;w(p4))
�;

where B is the unit ball centered at the origin. The
problem of �nding the optimal grasp under metricMw

1Note this condition subsumes the condition
P

4

i=1
fi < 1,

following (the force-closure) condition (2). Namely, a force-
closure grasp applying less than unit force can easily be shown
to be equivalent to the same grasp applying unit force.
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can thus be formulated as

max
p1;:::;p42@D

s
�
G(fp1;p2;p3;p4g)

�
:

Note a subtlety occurs at de�ning the norm of a wrench
since forces and torques have di�erent units. To cope
with this issue, we borrow an idea from [4] which com-
pares a force with a torque over the radius of gyration �
of D. Hence we rede�ne w(p) = (n̂(p);p� n̂(p)=�).
If @D is not smooth, another subtlety arises for the
boundary points where the normals are unde�ned. If
D is a polygon, we regard a �nger at some vertex as
that �nger at a point in�nitesimally close to the vertex
on one of its adjacent edges. 2

In the remainder of this section we focus on the case
that D is a polygon P . Figure 1 shows a force-closure
grasp on a 5-gon. The set W (e) of possible wrenches
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Figure 1: A force-closure grasp on a 5-gon.

generated by a �nger with unit force on an edge e
is a non-degenerate line segment, called the wrench
segment, in the fx-fy-� wrench space (see Figure 2(a));
this wrench segment projects to the inward normal of
e in the fx-fy force plane (see Figure 2(b)).
Now we can rephrase computing the optimal grasp

on a polygon P as selecting four points (wrenches)

w1;w2;w3;w4 2
[

e an edge of P

W (e)

such that

� the origin O lies in the interior of the grasp tetra-
hedron T de�ned by w1; : : : ;w4;

� the minimum distance from O to the four facets
of T is maximized.

To solve this optimization problem, it su�ces to look
at the subproblem in which every �nger i can only

2Some other papers such as [12] have assumed a rounded
�ngertip model to handle this issue, in which case the grasp
wrench varies continuously at a vertex.
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Figure 2: The force-closure grasp in Figure 1 as illus-
trated in the wrench space. The tetrahedron T with ver-
tices w(p1); : : : ;w(p4) consists of all wrenches that can be
generated by the grasp exerting unit force. The radius of
the largest sphere centered at the origin and contained in
T measures the minimum wrench to break the grasp.

move on one edge, say ei, with unit normal n̂i. For
1 � i � 4 let wi = n̂i + ti�̂ denote the wrench by
�nger i exerting unit force. Thus an one-to-one corre-
spondence exists between (t1; t2; t3; t4) and a grasp so
from now on we identify them with each other. Note
that at least three of these n̂is must di�er from each
other, otherwise the grasp cannot be a closure on pure
forces.
In the below we only look at the case that n̂1; : : : ; n̂4

are all di�erent, as the other case is relatively simple.
Without loss of generality, let us assume throughout
this section that n̂1; : : : ; n̂4 are in clockwise order, and
viewed from +1 on the �̂ axis, T has the topology
that edge w1w3 is above edge w2w4.
The equation of the plane determined by three non-

collinear points q1; q2; q3 is given as

n � x = d;

where

n = q1 � q2 + q2 � q3 + q3 � q1;

d = q1 � q2 � q3:

Here n is the plane normal and jdj
jjnjj is the distance

from O to the plane; so n points to the plane if d > 0
and away from the plane otherwise. The force-closure
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condition O 2 Int T requires that O lie at the inte-
rior sides of all facets of T . Therefore the following
conditions hold:

w1 �w2 �w3 > 0;

w2 �w3 �w4 < 0; (3)

w3 �w4 �w1 > 0;

w4 �w1 �w2 < 0:

The above linear inequalities (in t), along with those
de�ning the wrench segments W (ei):

li < ti < ui; for i = 1; 2; 3; 4; (4)

de�ne a open convex 4-polytope P that consists of all
force-closure grasps.
Denote by F� the facet of T with vertices w1;w2,

and w3, by F� the facet with vertices w2;w3, and w4,
by F the facet with vertices w3;w4, and w1, and by
F� the facet with vertices w4;w1, andw2. The quality
of grasp t is de�ned by

s(t) = min(s�(t); s�(t); s(t); s�(t)): (5)

Here s�(t) is the distance from O to facet F�:

s�(t) =
d�
jjn�jj

;

where

d� = w1�w2 �w3

= (t1n̂2�n̂3+t2n̂3�n̂1+t3n̂1�n̂2) � �̂ ; (6)

n� = w1�w2+w2�w3+w3�w1

= (n̂1�n̂2+n̂2�n̂3+n̂3�n̂1) +�
t1(n̂3�n̂2)+t2(n̂1�n̂3)+t3(n̂2�n̂1)

�
��̂ ; (7)

and s�(t); s(t), and s�(t) are de�ned analogously.
Before presenting a numerical algorithm to maxi-

mize s(t), let us look at how s�(t), s�(t), s (t), and
s�(t) vary with t. This would suggest writing out the
gradients of these functions, which seems to be too
cumbersome. However, there is a much simpler way of
viewing these gradients geometrically.

Lemma 1 Let � = (�1; �2; �3; �4) be a force-closure
grasp, and T the grasp tetrahedron thus de�ned. If
at � the line through the origin O and perpendicular to
facet F� of T intersects F� in its interior, then

@s�
@t1

;
@s�
@t2

;
@s�
@t3

����
�

> 0:

Accordingly, we have

@s�
@t2

;
@s�
@t3

;
@s�
@t4

����
�

< 0;

@s
@t3

;
@s
@t4

;
@s
@t1

����
�

> 0;

@s�
@t4

;
@s�
@t1

;
@s�
@t2

����
�

< 0

if the perpendicular lines through O to facets F�; F
and F� pass through their interior respectively.

Proof. Let q be an interior point of F� such that
Oq ? F�, as shown in Figure 3. Now look at the facet
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Figure 3: The proof of Lemma 1.

F 0
� determined by �0 = (�01; �2; �3; �4), where �

0
1 = �1 +

��1 > �1. For small enough ��1, the perpendicular
line fromO to F 0

� intersects F� and F 0
� in their interior

at r and q0 respectively. We have

s�(�) = jOqj < jOrj

< jOq0j = s�(�
0); for some ��1 > 0;

which proves that @s�
@t1

j� > 0. The rest inequalities in
the lemma follow similarly. 2

Let 
 = f t j t 2 P and s(t) = s� g be the set of
grasps on polygon P that maximizes function (5). We
classify polygon P into one of the following four types
based on the structure of 
:

Type 1 si(t) = s� < sj(t); sk(t); sl(t), where ijkl de-
notes some permutation of �; �; , and �, for all
t 2 
;

Type 2 si(t) = sj(t) = s� for some t 2 
, but sk(t),
sl(t) > s� for all such t;

Type 3 si(t) = sj(t) = sk(t) = s� for some t 2 
,
but sl(t) > s� for all such t;
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Type 4 si(t) = sj(t) = sk(t) = sl(t) = s� for some
t 2 
.

The numerical algorithm hypothesizes every type
above, �nding its optimum whenever it exits. Finally
the optimal grasp is selected as the maximum of the
optima under all hypotheses.

2.1 Type 1 Polygon

The optimization on a type 1 polygon turns out to be
fairly easy, as stated in the following theorem.

Theorem 2 Every optimal grasp on a type 1 polygon
positions three �ngers at some vertices; and one opti-
mal grasp positions all four �ngers at some vertices.

Proof. Without loss of generality, let t =
(t1; t2; t3; t4) with s�(t) < s�(t); s(t); s�(t) be an op-
timal grasp. It follows that F� must intersect its per-
pendicular line from the origin O in the interior; hence
ti = ui, for i = 1; 2; 3, as shown in Figure 4. For other-

2
^ τ2

^

n τ

+u

^
3

^
3+u

n

^
^^

^τn
n 44

1 1

O

qα

τ+t
+u

Figure 4: An optimal grasp on a type 1 polygon with
s� = s�(t) < s�(t), s(t); s�(t): Fingers 1, 2 and 3 must
be at the vertices of e1, e2, and e3 to generate the maximum
torques u1�̂ ; u2 �̂ and u3�̂ respectively, while �nger 4 is free
to move along e4 without a�ecting s�.

wise, by Lemma 1, we could increase s�(t), hence s�,
by increasing t1; t2, or t3 in�nitesimally.

On the other hand, t4 may increase (decrease) mono-
tonically to u4 (l4) without decreasing s(t). Suppose
this is not true. Then at some t0 = (t1; t2; t3; �), one
of s�(t); s (t), and s�(t) must decrease to s�. But this
implies that the problem is not of type 1, a contradic-
tion. 2

The above proof also implies that a type 1 poly-
gon has an optimal grasp that positions all �ngers to
generate either all maximum torques or all minimum
torques. Thus to �nd the optimum, it su�ces to eval-
uate two grasps: ti = ui, for all i, and ti = li, for all
i.

2.2 Type 2 Polygon

When a polygon is of type 2, an optimal grasp can
position two �ngers at vertices. The optimization re-
duces to constrained non-linear programming solvable
by the Newton-Raphson method for root �nding.

Theorem 3 Every optimal grasp on a type 2 polygon
positions at least two �ngers at some vertices.

Proof. Let t be an optimal grasp on some type 2 poly-
gon, and T its grasp tetrahedron. There are 6 cases
according as which two facets determine the optimal
grasp quality s�. The four cases s� = s� = s�; s� =
s = s�; s = s� = s�, and s� = s� = s� are similar;
so we only need to look at one.
Suppose s� = s� = s�, the perpendicular lines

from the origin to facets F� and F� of T must pass
through their interior. So we have @s�

@t1
; @s�
@t2

; @s�
@t3

> 0

and
@s�
@t2

;
@s�
@t3

;
@s�
@t4

< 0 by Lemma 1. Since t is optimal,
no �t with t +�t 2 P exists such that�

rs�
rs�

�
�t > 0;

where rs� =
�
@s�
@t1

; @s�
@t2

; @s�
@t3

; 0
�

and rs� =�
0;

@s�
@t2

;
@s�
@t3

;
@s�
@t4

�
are the gradients of s� and s� re-

spectively. Now suppose t1 6= u1 and t4 6= l4. Let-
ting ` = (1; 0; 0;�1)T , we can easily verify that the

directional derivatives @s�
@`

= rs� � ` > 0 and @s�
@`

=
rs� � ` > 0. Namely, both s� and s� can be increased
at t along `, a contradiction with the optimality of t.
Hence either t1 = u1 or t4 = l4. (See Figure 5.)

^

τ+t 2n

1

^^

n τ+l
τ

2

^

1

qα

+t^
4

^
4

n

O

qβ

^^
3n 3τ+tF

Fα

β

Figure 5: An optimal grasp on a type 2 polygon with
s� = s�(t) = s�(t) < s(t); s�(t): Either t1 = u1 or t4 = l4

(as shown) holds. If t1 6= u1, then ti = li for i = 2; 3; 4; if
t4 6= l4, then ti = ui for i = 1; 2; 3.

If t4 = l4, then rs� = (@s�
@t1

; @s�
@t2

; @s�
@t3

) and rs� =

(0; @s�
@t2

;
@s�
@t3

). Let `1 = (a1; 0;�1)T for some a1 >
@s�
@t3

=@s�
@t1

. Hence @s�
@`1

, @s�
@`1

> 0, which implies that
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t1 = u1 _ t3 = l3, by the optimality of t. Now let
`2 = (a2;�1; 0)T for some a2 >

@s�
@t2

=@s�
@t1

. Hence @s�
@`2

,
@s�
@`2

> 0, which implies that t1 = u1 _ t2 = l2. So we
can infer the following from t4 = l4:

(t1 = u1 _ t2 = l2) ^ (t1 = u1 _ t3 = l3)

� t1 = u1 _ (t2 = l2 ^ t3 = l3):

Similarly, t4 = l4 _ (t2 = u2 ^ t3 = u3) holds if
t1 = u1. Combining the above two conditions, we
have shown

(t1 = u1 ^ t4 = l4)
W

(t1 = u1 ^ t2 = u2 ^ t3 = u3)W
(t2 = l2 ^ t3 = l3 ^ t4 = l4);

under s� = s� = s�.
Finally, it is easy to show that

t1 = u1 ^ t3 = u3 ^ (t2 = u2 _ t4 = u4);

t2 = l2 ^ t4 = l4 ^ (t1 = l1 _ t3 = l3)

hold under s� = s = s� and s� = s� = s� respec-
tively. 2

With Theorem 3 we are able to reduce the optimal
grasp problem to a nonlinear programming problem.
For the case s� = s� = s� with t1 = u1 and t4 = l4,
the problem takes the form

max
t2;t3

s�(u1; t2; t3)

subject to

s�(u1; t2; t3) = s�(t2; t3; l4); (8)

in addition to the force closure constraints (3) and (4)
which now de�ne a polygon P. This problem can be
numerically solved by introducing a Lagrange multi-
plier [9], but we o�er a simpler method here. Note
that equation (8) de�nes t3 as an implicit function of
t2 so that s�(t2; t3) = s�(t2; t3(t2)) attains its maxi-
mum only if ds�

dt2
= 0. The Newton-Raphson method

can be applied to �nd the zeros of ds�
dt1

.

The directives needed in the iteration, ds�
dt2

and d2s�
dt2

2

,

can be solved from di�erentiating equation (8) and ex-
pressed in terms of the �rst and second order partial
derivatives of s� and s� . The iteration starts at an in-
terior point on the monotonic curve s� = s� bounded
by P, and ends whenever it converges or reaches the

boundary of P. The solution (t
(k)
2 ; t

(k)
3 ) is invalid if

s� < s or s� < s� at (t
(k)
2 ; t

(k)
3 ; u3; l4).

The other case with three �ngers placed at vertices is
easy: The location of the fourth �nger can be directly
solved from the constraint equation.

2.3 Types 3 and 4 Polygons

A type 3 polygon has an optimal grasp t 2 P with,
say s�(t) = s�(t) = s (t) < s�(t), from which two
variables can be eliminated. The following theorem en-
ables the elimination of a third variable so that the op-
timization eventually reduces to non-linear program-
ming in one variable.

Theorem 4 Every optimal grasp on a type 3 polygon
positions at least one �nger at some vertex.

Proof. Let t be an optimal grasp with s�(t) =
s�(t) = s (t) < s�(t), without loss of generality. Sup-
pose that none of the �ngers is at any vertex, that
is, t 2 IntP. The optimality of t implies that no �t
exists such that

0
@ rs�

rs�
rs

1
A�t =

0
B@

@s�
@t1

@s�
@t2

@s�
@t3

0

0
@s�
@t2

@s�
@t3

@s�
@t4

@s
@t1

0 @s
@t3

@s
@t4

1
CA�t

> 0; (9)

where rs�;rs�, and rs are the gradients of s�, s� ,
and s . Such �t does not exist if and only if there exist
some non-negative �1; �2, and �3 with �1+�2+�3 > 0
such that

�1rs�(t) + �2rs�(t) + �3rs (t) = 0: (10)

(See [2, p. 27].)
Since s�(t) = s�(t) = s(t) = s�, we can easily show

that @s�
@t1

, @s�
@t2

, @s�
@t3

, @s
@t1

, @s
@t3

, @s
@t4

> 0 and
@s�
@t2

,
@s�
@t3

,
@s�
@t4

< 0, by Lemma 1. Then it is not hard to verify
that equation (10) cannot hold for any non-negative
�1; �2; �3 with �1 + �2 + �3 > 0. So there exists �t
satisfying inequality (9). A contradiction. Hence t 2
@P. 2

A type 4 polygon provides three constraints s� =
s� = s = s� that eliminate three variables, reducing
the optimization again to non-linear optimization in
one variable.

3 The MetricMf

We now move on to the problem of �nding the optimal
grasp to resist an adversary �nger positioned some-
where on the boundary of a 2-D object D. It follows
that such a grasp G at p1; : : : ;p4 2 @D must be able to
generate wrench �w for all w 2W (D). Therefore the
set �W (D) = f�w j w 2 W (D) g must be contained
in the convex of wrenches w1(p1); : : : ;w4(p4); so G is
also force-closure.
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The metric Mf on a grasp G at points p1; : : : ;p4 2
@D measures howmuch force by the adversary �nger is
always resistible by G with unit force. More precisely,
the quality of G is de�ned under this metric as

s(G(fp1; : : : ;p4g)) = max
��W (D)�conv(w(p1);:::;w(p4))

�:

In the below we address the grasp optimization on
an n-gon P . Figure 6 illustrates the grasp in Figure 1
under metric Mf . As seen from the �gure, only the
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Figure 6: The grasp on the 5-gon in Figure 1 under metric
Mf . The quality of the grasp is the largest scale to shrink
�W (P ) (shown as dashed lines) into the convex hull of
w(pi), 1 � i � 4.

2n wrenches in �W (D) related to the vertices of P
may a�ect s(G); let the set of these wrenches be de-
noted by Wv � �W (D). Again let wi = n̂i + ti�̂ be
the wrench generated by �nger i, for 1 � i � 4, and T
the grasp tetrahedron thus de�ned. As before, we only
consider the case that the �ngers are constrained on
four edges e1; e2; e3, and e4 with distinct inward nor-
mals respectively, because the other case is relatively
simple. Furthermore, assume the topology of T to be
that edge w1w3 is above edge w2w4, and let P be the
convex 4-polytope de�ned by inequalities (3) and (4)
which consists of all force-closure grasps on P .
Denote by F�; F�; F , and F� the four facets of the

tetrahedron T , 1 � i � 4, and by s�; s�; s and s� the
maximum scales onWv for it to be at the interior sides
of these facets respectively. Thus we have

s�(t) =
d�

maxq2Wv
n� � q

;

where d� and n� are de�ned by equations (6) and (7)
respectively; and s�(t); s (t); s�(t) are de�ned simi-

larly. Now partition P into cells C(q), for all q 2Wv,
in which q maximizes the dot product with n�. Note
the bisector of two adjacent cells C(q1) and C(q2) is
a hyperplane given by equation

n� � q1 = n� � q2:

Since s� is only related to t1; t2 and t3, the partition
forms a power diagram bounded by the projection of P
onto the t1-t2-t3 space and dual to some convex hull in
<3, all of which can be constructed in O(n2) time [1].
The power diagrams for other three facets F�; F and
F� can be similarly constructed.
Intersecting these four power diagrams yields a cell

complex C bounded by P, in which each cell is associ-
ated with some q�; q� ; q , and q� 2 Wv such that

s(G) = min
� d�
n� � q�

;
d�

n� � q�
;

d
n � q

;
d�

n� � q�

�
:

We have obtained the following results on the struc-
ture of C:

Theorem 5 If the optimal grasp is attained at t� 2
IntP, then s�(t

�) = s�(t
�) = s (t

�) = s�(t
�).

Theorem 6 The optimal grasp is attained on @P
(i.e., one �nger at a vertex) or on the skeleton of the
cell complex C de�ned above.

The proofs of the above theorems can be found in [6].
So far we have not been able to devise an algorithm

to compute t� due to the structural complexity of C.
For the case t� 2 @P, the dimension of the optimiza-
tion is lowered by at least one so that the computa-
tion can proceed in a hypothesis-and-veri�cation man-
ner similar to that of the last section. For the case
t� 2 IntP, we suspect that the set

f t j s�(t) = s�(t) = s(t) = s�(t) g

is an one-dimensional piecewise smooth curve so that
t� could be found by traversing along this curve and
checking its every intersection with the skeleton of C.

4 Simulations

Simulations on computing the optimal grasps on ran-
dom polygons under both metrics were conducted.
The data were generated as closed random walks on
an arrangement of 100 random lines. The radii of gy-
ration of the polygons were computed by a common
plane sweeping algorithm. The center of geometry of
each polygon was selected as its torque origin. Opti-
mal grasps are computed under both metricsMw and

7



Mf using polygon boundary discretization and under
Mw by a numerical algorithm.

The discretization method proceeded as follows.
The boundary of a polygon was �rst discretized into
25{50 equally spaced points. These points, together
with the vertices, were considered as possible �nger
locations. Next, all edge triples and quadruples were
enumerated as possible contact edges for the grasp.
Given the contact edges, a quick check was done on
whether the edge normals positively expand the force
plane. Then all possible �nger placements on these
edges were evaluated under metrics Mw and Mf re-
spectively. The best two grasps, each under one met-
ric, were retained after the iteration over all contact
edge choices as the optimal grasps.

Among the 30 polygons tested, only two had the
same optimal grasps under both metrics. The opti-
mal grasps under metric Mw were measured to be
61%{100% of the optima under metric Mf , while the
optimal grasps under metric Mf were measured to
be 71%{100% of the optima under metricMw. These
results have su�ciently demonstrated the disparity be-
tween the two metrics. An example is show in Figure 7.

Figure 7: The optimal grasps G�w (white �ngers) and G�f
(black �ngers) on a 10-gon under metrics Mw and Mf

respectively, computed by discretizing the polygon bound-
ary into 50 points. The grasp Gw can resist any wrench
within magnitude 0.376 but only any force within magni-
tude 0.261; the grasp Gf can resist any force within mag-
nitude 0.283 but only any wrench within magnitude 0.35.

The numerical algorithm was implemented to solve
for optimal grasps on Types 1 and 2 polygons, and
was tested on the same set of data. None of the tested
polygons was of type 1, as we had expected. Since
our algorithm does not handle types 3 and 4 poly-
gons, we cannot say that all tested polygons were thus
of type 2. However, all except one \optimal grasps"
found by the numerical algorithmwere better than the
\optimal grasps" found by the dicretization method
using a resolution of 50. These results suggest that
polygons are more likely of type 2. (See Figure 8.)

Figure 8: The optimal grasp on the same 10-gon found
by the numerical algorithm. It has a quality of 0.388 under
metric Mw.

5 Conclusion and Future Work

In this paper we argue that the goodness of a grasp
should be measured with respect to the external
wrench space speci�ed by each individual task. We
have introduced two grasp metrics, Mw and Mf , as
examples for full and reduced wrench spaces respec-
tively. The �rst metric measures how much external
wrench is necessary to break the grasp. The second
metric measures how much force by one nasty �nger
can always be resisted.

We present a numerical algorithm to compute the
optimal grasp on a simple polygon under metric Mw.
The algorithm essentially reduces the optimization to
constrained nonlinear programming. The grasp opti-
mization under metric Mf has also been addressed.
Simulations were conducted on both grasp metrics us-
ing polygon boundary discretization, and onMw with
an implementation of the numerical algorithm. The
results have su�ciently demonstrated the disparity be-
tween the two metrics.

More work is needed to devise an e�cient optimal
grasp algorithm under metric Mf . Further along this
line of work would be to develop more practical and
easily computable grasp metrics as well as to study the
associated optimization techniques.

The current work on optimal grasps can be extended
to frictional contacts for which the optimization will
become conceivably harder despite that fewer �ngers
are required. Extension of the work to 2-D objects
with curved boundaries and 3-D objects may also be
of our interest.
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